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E{ ABSTRACT

An underwater explosion forms a gas bubble which pulsates, generates a
changing pressure fleld, and induces flexural vibrations in a floating or submerged
ship. Equations are derived which couple the motion in each normal flexural mode
to the pulsation of the bubble. Some special cases of target response are discussed.
The analysis is shown to be applicable if the duration of the compressive phase,
the shock wave, is small compared with the pulsation period of the bubble and
with the flexural period of the target. Equations are also derived which give the
mode shapes and frequencies for free vibration in water in terms of these modes

T

INTRODUCTICN

and frequencies for free vibration in air.

When an explosive charge 1s detonated under water, the detonation
products form a gas bubble which pulsates and migrates in the water, and thus
induces a changing pressure fleld. These pressures, in turn, can act upon a
submerged or floating target, causing bodily motions and elastic vibrations.
There already exists an extensive literature which describes both experimental
and theoretical investigations into the motions of the gas bubble, but w!thoul
any reference to its effect upon an elastic target.'

This report presents a theoretlcal analysis of how a slender target,
such as a ship or submarine, reacts to the pressures. The purpose of the in-
vestigation was to establish the physical mechanism responsible for the flexu-
ral motions and to show quantitatively how these motions depend upon the
elastic properties of the target and upon the size, position, and motion of
the gas bubble. The method used In the analysis 1s to separate the target
reactions and water motions into normal modes of motion and then to show how
each mode 18 coupled to the bubble pulsation. The effects of the initial
shock wave are at first omitted, but these effects are included in a later
stage of the analysis.

Although the theory may seem to be unduly mathemat! .. a 1 dlvorced

rom practical problems, the applications of this theory are significant and
will be discussed in subsequent reports.

'Rororw'on are llated on page 20, ..
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NORMAL MODES OF THE BODY

We shall consider only small vertical motions of an elongated body
for which the i{nstantaneous displacement is uniform for all points in the
same transverse section. Such motlons are generated by rigid vertical dis-
placements, by rigid rotations about a horizontal axis perpendicular to the
length, and also by combined bending and shear vibrations in planes perpen-
dicular to the length. For a body which 1s long in comparison with its width
or depth, there exlists a set of natural modes of motion of this type, 1i.e.,
motions which {t may have when moving freely, in vacuum, without applied ex-
ternal forces. These motions may be described by specifying the vertical
displacement p(z,t)of a longitudinal axis of the body as a function of the
time ¢t and the distance r from one end.

Y, t) « ¢ (x)cos a;t A0 1.0 (]

The functions ¥, (x)describe the mode shapes. The index i, which labels the
various mode functions, may conveniently be taken as equal to the number of
nodes of’#Jx)over the length of the body. The frequencies a,; are the natural
circular frequencies in air. These mode shapes and frequencies completely
specify the flexural properties of the body and will be taken as known func-
tions. In practice, they may be determined by calculating the eigenfunctions
and eigenvalues of some differential equation which governs the flexure, or
perhaps by experiment.

In general the mode functions ¥, are orthogonal over the length of
the target, with m(x)the mass per unit length as a weighting function, so that

t
L\w' wl mdx = 4‘1(6.‘, i'j=0|1.2 (I [2)

where M, 1s defined as the generalized mass assoclated with the itk mode.
Also these mode functions form a complete set, so that the most general dy-
namic configuration of the axis, even in forced motion, can be expressed as
a superposition

W(x,t)=jq‘-(t)¢"(x) (3]

v  where q,(t)are a _set of generalized coordinates. For these motions the in-
stantaneous kinetic energy of the body can be given as

T,-2 § & (4]
and the instantaneous potential energy as
M,

Vo=g g el (5)

CONFIDENTIAL




5 CONFIDENTIAL

In order to 1llustrate the mode functions, we may consider the
special case of a uniform bar of length {. Then ¥,=11!s the mode function
for a rigld vertical translation, w‘(;)- 1 - %; denotes the mode shape for roe
tation, &ltr)denotcs the mode shape when the bar '8 flex!ng !'n ‘woe-noded v!bra-
tion, the center moving out of phase with the two ends, etc. also M, aenctes

the mass of the bar, M, denotes the moment of inertia of the bar about 'ts

midlength, etc.

MOTION QOF THE WATER
Consider now the motion of the water, We assume that the riow is
Incompresstve and inviscld, and that a veloc!ty potential @(& p & f)entate

which satisfles the followilng conditions:

? g R
Vg =0 at interior points &,n ¢ of the fluld L O
Ve =0 at infinity (7]
—g{ -Y, on the surface of the bubble (8]

where n 18 an oulward normal and v, s the local normal velocity of ¢

e dubble

outward; and

_Q!. ;."-wm(" k) w » surfacre of the hod Q)
an — Q. ' . on the surface of the body (Y]
L}

where (n,k)!s the angle between the vertical and the outward normal to the sur-
face. AlsO the pressure must be continuocus across the bubble surface so that,
!f}h(t)!s the Internal pressure in the bubble (assumed un!form), then at !ts

surface

l\;‘l'u‘ﬁg% {10]

where p, 's the hydrostat!c pressure at the point and p !'s the water dens'ty,
BEquattons (o] through [10] plus an equat!on of state for the gas bubble come
pletely spec!fy a boundary value problem for @, Thls functlion may now be
constructed by superposition of several d!fferent potenttials as follows,
First there 1s the velocity potential @, which 18 due to the mottion
of the gas bubble when the elastic body is replaced dy an immovadble rigld
surface and the bubble s constratned to matntatn 1ts original motion. Then

0' {8 a harmontic function whose gradient vanishes at infintty, and
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- nl -0, on the surface of the bubdble G (1)
. :—:-l il on the surface of the target S (12)

Second there are the velocity potentials
o =q¢e(tin) =012 (13]

Each potentlal describes the flow when the body is vibrating in a prescribed

: mode and the bubble 1s absent. Thus ¢, 1s a harmontic function whose gradient
van!ishes at Infin!'ty and

0¢,; S
_.on__-w‘.m(n.k) on S (14]

With these definitions it 1s easily verified that

-

=0 + > q,9 (5]
.
sat!sfles Equattons (0] through [10] except perhaps for (8], the boundary
condition on G. 1In order to satisfy this last condition it would be necessary
E
I
At =0 on G (6]

a cond!itton which has not been prescridbed in order to avold making ¢, depend
on ¢. However, !n the furtner analys!s we shall suppose that the bubble is
sufficlently far from the body that the values of ¢, at ( are small and %_:'
at G s negligidle.

Now we can wr'te the kinet!ic energy of the water as an integral over
the ent!ire volume of water !n terms of the potentials @, and @, and then trans-
form the result, by means of Green's theorem, into Integrals over the sumfmee
of the solld § and the surface of the bubble (.

9o o

- . g "
T, -g (V) dr = {J-\cg: deo g (o%: deo (17]

Substituting for @ from [15] and using the boundary conditions (11], (12],
and [14]
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= §)el Y o contuido + § [ ( Td 0] 0,9, 0 x.)]de

: . o~ d i
t g‘_.,t'_,da g‘\':( S 9.)‘“‘ (18]

< "ian

o

cr S )nte § (a0 ) (e

Some of these terms can be consolidated by means of a relat!on deduced frowm
Green's second theorem,

R N - R

[0 o < [ S8 ae ] o e
Js L% an Bl

which may be substituted in the flrst term in (18],

Constder now the last integral in [18]. The factor @, ls approx!-

mately uniform over (¢ If the bubbdle {8 sufflctently distant from the solld
) ~

Also %.‘J averages to zero over G, Hence thls last !ntegral can be neglected
comp;u-o':i. for example, to the preceed!ing term.
We constder now the integrand of the last term in [20]. The func-
tion ¢, descrides the flow which would prevatl 1f the bubdle were removed.
Hence 1ts mean value over the surface of G !'s equal to the value which would
exist at the center of (. However, the presence of the bubble modlfles this
flow by adding a component which s essentially a dlpole term proportional
to the magnitude of' @, . The mean value of thits induced component over ( will
be zero. Also, If the bubble is sufficiently distant from N, the bdubble wmust
be essentlally spherteal, and vy will be approximately wuntrorm over the sur-
face. Hence, we can write the last term in (0] as
3, J vt = o tfi\t” o
where V, ls the volume of tne bubble and @,, !'s the value for @, which would
} exist at the postition of the center of ¢, f the bubble were abaent,
Likew!se, since v, ts almost uniform over (7, the third integral n
(18] can be transformed

CONFIDENTIAL

el




CONFIDENTIAL 6

Ve 221
I ov,do ~ _!Q“d (2]
where @ 15 a sultable mean value of @, over G. Flnally we can further
stmplify the terms in (18] by defining an entralned mass of water

i 09, oe,
‘” j¢ &n da .'.\ ) 8"' de L“ . l.“}

I ( @, ¥, cos(n,k)de = pJ @, ¥, cos (n,k)de
JN N

The symmetry property of L., follows from Green's first equat!ion.
Substituting (20], [2V], {22], and (23] tnto (18] and rearranging

terms, the kinetic energy of the water now becomes

\C L T Y. . ey

- chv+2 ¢w‘u+ w"'f

L P \

(4]

There are two terms which contribute to the potential energy of the
bubble and water. First there is the internal energy change of the bubble
in 1ts adlabatic expansion. This depends upon the volume and upon the equa-
tion of state for the gas; it snall be dencted simply by H(\' ). Second there
{s the potential energy of the water which has been displaced by the expanding
bubble. This energy must equal p, V- There are also additional potential
energy terms which are due to the migration of the bubble in a fteld in which
pressure gradients exist. JSuch gradlients will be due to gravity and to the
presence of surfaces. However, these additional terms will dbe neglected n
order to simplify the analysis. This means that the further analysis 1s
applicable only to those times during which bubble migration (s negligible.

Adding all terms now, we have for the Kinetic and potential energles

of target, water, and bubbdble,

M Y < s . LW ik
T - ‘_\- \q + \ .).l q.q’ +%¢”\g + p¢'°\ (25
' ." - -
: NMN: ¢+ 9 " e
| -‘_\- "‘ a; @, +pV, + EWN 261
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EQUATIONS OF MOTION OF THE SUBMERGED BODY

We can now apgly Lagrange's equation

4 (8T | 8T , oV _
d (a¢|) e e (27]

and obtain the differential equation for the flexural motion

M+ DLy, + poigV,+ Malq, = 0
J

. < =t [
(M,""L“‘)(q"*qui)+2L|~,‘(fj=—P¢.‘9Vg ‘28]
EE
where
M
2 D
Ty af (29]

It appears that each mode of motion behaves like a linear oscillator
which 1s inertia-coupled to each of the other modes. The generalized mass
for the ¢t» mode has been augmented by an entrained mass of water L;;, and
this increased mass is also effective in decreasing the apparent natural
frequency according to Equation [29]. The generalized force, the term on the
right in Equation (28], is the product of a time-dependent factor ii, which
depends only on the bubble, and a space factor ¢;,, which depends only on
the flexural properties of the body and the position of the bubble. An alter-
nate form of this generalized force can be obtained from Equations (20] and
[21], whence the generalized force becomes

Qi=—Lo¢‘,w.cos<n,k)do+jcpé, %du 130]
Now 0, is approximately uniform over G, wht.le %—:' averages to zero over G. F
Hence the last term is negligible. Also p®, is the pressure due to the 3
bubble motion when the target is clamped rigidly. Hence the generalized £
force can be computed as though the body were rigid. 3
i The coefficients L, (7 # j)measure how much the inertia of the water

i

couples together two modes which had been independent for vibrations in air.
These coeffliclents may vanish if there is sufficlient symmetry. For example,
suppose the target is symmetric about a vertical transverse plane through the
midlength. Then th; functions ¥; will be symmetrical or antisymmetrical about
this midplane depending on whether ¢ is even or odd. Likewise ¢, must have
the same symmetry as ¥;. Hence for such a body, whenever 7 and j are of
opposite parity, the coupling coefficient L,; must vanish, or

e e ey 1

el i

CONFIDENTIAL




r —

| CONFIDENTIAL o

iy ™ PJ.G.w.cos(n-k)do ) (31]

For the more general case of a body of arbitrary shape we can trans-
form to a new set of coordinates and mocde shapes so that in these new ccor- f
dinates there w!'ll be no coupling coefficients. Thus, return to Equations
(25] and [20] and transform to a new set of coordinates g, (t) so that in ] !
I terms of these new coordinates the kinetlic and potential energy terms which
i are independent of the bubble become simultaneously sums of squares.

5, SO T - .2
Zuit e Shiis= X, %)
' 5 | r
and
Miatel = Vuiq:?

Stnce the kinetic energy 1s a positive definite form, this can be accomplish-

ed by a real l!inear transformation:

‘ Q|(') "‘:a|rq‘r(') [5“]
1
i Now !f we define
i3 0¥ [35)
Pr e Sir [30]

and substitute in (2%] and (20], we get from Lagrange's equation
0t wg - pe,V, (34k

where 0;, {s the value of ¢', at the position of the center of G. The details
of the transformation are snown in the Appendix. The final result is that
each mode of motion for the combined system of water and body acts !ndepen-
dently as a simple linear oscillator.

The function ¢,,' cannot be expressed analytically as a functtion of
the bubble postition because of the generality of the boundary conditions.
However, we can derive a useful approximation which !s applicable over a large
range of particular cases. This approximation applies to submerged bodies
when (1) the distance from the charge to a point on the target surface lIs
large compared with the cross-secttonal dimenstons of the target, and also,

CONFIDENTIAL
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(2) the body 1s symmetric about a horizon-
tal plane containing its longitudinal axis
(s'nce we are considering vertical motions).

We write @,,' in the famillar form 5

f Equation [38] below, in terms of the
v

values of ¢', and 8¢;/8n at S, r, denoting

the distance from G to a point on S, see

Figure 1 - Geometry for
Submerged Body

8 L S PV A ] (38]
rs = [0 i Eae-[ 58 ao L
Now cut the body into disks of width dx by transverse planes perpendicular
to !ts axis and let ds be an element of the perimeter around the disk at z.

Then, since — 2% . Y. cos (n, k),
on

!
ang = [ j ¢'8n )dsdr +.L w:f é—«muukukdx [39]

Consider the specfal case for which 7, is much larger than the cross section
of the disk, and let r be the distance from G to the axis of the disk. Then

g > >
A B Wy s R Fhree
50' on ("q) ds ——f ¢| rpa ds =~ ‘f ¢,~ —'rs ds [40]

k. R S
or, in terms of the unit wvectors ¢ , J » k& , in the directions of the §,1,¢

axis
fo. (&)= & o (W T)as - T fo (TF)as & fo (W F)as ()

Because of the assumed symmetry about the horizontal midplane, ( n ! )and

(n. J) must both be symmetric about this midplane, while ¢, must be antisymme-
tric about the same section. Hence the first two integrals must vanish.

Also the integrand of the third term in [41] can be transformed by Equations
(83] and (87] of the Appendix, so that [41] reduces to

o & (Bt 3 o)

where p."1s a particular combination of the ¥,  functions as described in the
Appendix. Now, returning to the second term ‘n {39],

CONFIDENTIAL
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f ;:wcos o, k) dsdr = fdiv Z% dAdz = - f‘»’ Adx (43]
where A 1s the section area of the dlsk and the left side may be considered l ;
as an integral over the entire surface of the disk. The second integral
follows from Gauss' theorem applied to the volume of the disk. Note that ¢ ‘
ts the depth of G below the axls of §, and If G 1s above §, then ¢ 15 negative. %

o

Substituting (42] and (43] tnto (39]

A l ‘
4 A LA 4 Ap-m .
i pfo e f S W da oy b
This last result s a generalization of an analysis given by Lamb for the f
effect at a distance due to the rigld translation of a solid in a liquid.? &
Finally, substituting this value for ¢}, i LT
2 ¢ U 4 b 4 ® ¢
AN (A [ Hihd g —- aAp-=-m . 4 45 &
i q, tw q, [4” L | dz + = .L ) v dx |V, (45 i
L
Note that the transformation between ¢'and ¢ 1s the inverse of that between v
. !
r and ¥ as detalled In the Appendix. In many practical cases, the body dis- %
places 1ts own welght of water, so that '
[
(Ap—m)dx = 0, H
o
and we should expect the second integral on the right to be small compared 3
with the first. In thls equatlion, all the parameters may be determined ex- &
perimentally by observing the free vibrations of the target in water and the §
gas bubble in a free fleld. %
PROPORTTONAL BODY &
The simplest version of this analys!s occurs In the speclal case .
where the density of the body 1s uniform and equal to p = ™ and where the }
body 1s "proportional." We define a proportional body as one for which &
W ¢
‘ : I k
}¢, cos (n,k) ds = a, my, [46] ,
|
where a; 1s a constant, independent of x. Multiply the equatton by ¥; and \ ;

Integrate. over the length of' the body:
1

[
J’ v, fcb‘ cos (n.k) dsdx = a'f my, ¥, dr
0 0
Therefor

lt.-=aipﬁlld- l“?]

1) (Bt ¥ )

CONFIDENTIAL |
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Hence a proportional body 18 one for which the cross coupling coefriclients
of (28] vanish, and the transformation to new coordinates is trivial, !.e

1

=0 M1t - v, =M+ YTy
: M, \} v (M, + 1.,,1t
@ rv) A Pt

!

and substitut!ng in [45],

|
d 2 e o :’,‘¢ ol \
ootoc(ay [ A o]

The entratned mass L|Jhuu disappeared from the equation except for its effect
on the natural frequency. This notion of a proportional body is not merely
a mathematl!cal abstraction but 1t 18 a useful concept in practice where the
mode functlon in water is experimentally the same as the mode function in a!r.

A slmple consequence of this applies to the vertical translation
of the solld. Thils may be conslidered a mode for which g, = ¥,» a constant,
and w,+0. The terms in [48] now no longer have any dependence upon the
elastic properties of the body, and they may equally well apply to a body of
water with an envelope S of the same shape as the surlace of the body. Hence
the vertical motion of the center of gravity of a proportional body is the
same as the vertical motion of the centrold of the displaced water in the ab-
sence of the body.

More generally, 1f we consider a very rigid structure of arblitrary
density, then all modes of motton should be negligible except those which de-
seribe vertical translatton and rotation, and these modes cannot be appreciably
coupled to the flexure modes. Assume sufficlent symmetry to elim'nate coupling
between translation and rotation, and denote the translation mode by the sub-
seript 0. Then, effectively the body acts as a prupurtionnl solid for this
mode, and

T
b= 1, gy = Magle
: 4
q = q ‘A‘l‘) + l,“) a
Substituting in [45]), we get ;
l - '
" mdx |4 ;
- RS ___B_m L
o [I M ‘1,,+1,0 .L ] I (49 ]
Considering only the case for which r>»

e . E 2 Mesdiow ; |

S o So(MoM) ] il 0 gt l(\OJ
L R VAT g "“] " G M+ L, b “
|
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where M, 18 the mass of the displaced water, Since everything starts from
rest, the dlsplacement 1s simply proportional to the bubble volume, This sim-
ple result could have been derived much more directly, without any reference
to elastic mottons, by basing 1t on the equations for the translation of a
solld tn a rluld.”

FLEXURAL MOTIONS OF A FLOATING BODY

The problem of the flexural reactions of a floating body to a pul-
sating bubble can be treated by the same methods described for the submerged
body. An added complication 1s that, besides the other boundary conditions,
the veloclity potentlial @ must vanish at the free surface. This condition is
necessary in order to approximately satisfy the condition that the pressure
al the free surface must always equal atmospher!c pressure.

The condition that @, = @y= (0 at all points on the free surface may
be sattsfied by the usual device of constructing an image space which 1s the
reflectton of the fluld space in the plane of the free surface, and where the
potenttal at any polnt '8 *he negative of the potential at the corresponding
point in the fluld. Hence {f S'1s the Image of the underwater surface S and
G' 's the tmage of the bubble (¢ (see Figure 2), then @, and ¢, must satisfy
the additional boundary conditions

o y
" Y on G (51]
o) i
e on N 152 ]
g% = ¢, cos (n,k) on N’ (53]
e
\\ r‘/GI

A
Water

N

Mlgure

- Geometry for a Floating Body

CONFIDENTIAL

B4 T




I

& CONFIDENTIAL

where

v, on G =-p for image point on G' [54)
') v

and

cos (n. k) on S = -cos (n, k) for image point on §' (55)

Then the same analysis as before leads to the same differential equation,
as in (37]:

ii"+u;‘q"=—p¢'.'g iz'“ﬂjd,, w,-'eos(n.k) do [501

and 1,|: = +pJ. 8, ¢, cos (n,k) do
S

!s deflined as an integral over the underwater area only. Likewlse the gener-
allzed force on the right stde of the equation s computed by integrating over
S, the underwater area, only.

However, 1n order to evaluate ¢,,' by Green's function

it £ 8 [ oo,
ine, J;,_\-' [“s' on ﬁ)* 7‘1; aﬁl] do [57)

the Integration must be made over Sand §. This leads to a factor two in the
equation for ¢ ‘ under conditlons analogous to [U4], 1.e.,

oot (Y ompidr e Yy (Ap-m) :
Nty 7’~~£ s p{ o L dux [58)

where A 1s now the area of the underwater section of the body at a distance x
from one end.

As a speclal example, we glve the equation for the vertical flexural
vibrations of a float!ing proportional body of uniform density: !

53 . ¢ Ay L3
osto[is | 48

Note that the only difference as compared with [48] 1s the factor of two in
the generallzed force.

MOTTON OF THE BUBBLE

In order to solve the differential equations for the motlons of the
body, we must know the volume acceleration of the bubble V,, or an equivalent.
In a practical case this might be known from prior knowledge, e.g., from

CONFIDENTIAL
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photographs of the bubble motion. However, the equation for the motion of
the bubble may also be obtained from this analysis.

We shall assume that the bubble is spherical at all times, of radius
R(t), and that near the bubble the velocity potential is given by

R*R v 60
’, = E - 4’rr¢ ’ l ]
and
s W
¢,= Rk = [61)

®, is a harmonic function which satisfies the boundary condition [11] at the
bubble, but not the boundary condtion [12] at the body. It is clear that near
the body the potential must be augmented by a term representing a "reflected"
potential. We assume that the body is sufficiently distant from the bubble
that this reflection term is negligible at the bubble itself. Then, substi-
tuting (61] into [25] and [26],

M, . T 3 5
T=2 '+ i, + emoR B + 3 amoi 6, RR  162)
i ) i

M, ’
V=2‘2“'°&2¢I? +§-1r11’3p,,+E (R) (63)
and applying Lagrange's equations to the coordinate R,
D 4T pd, R* + 4mpR°E + 6mpR*R* + anRip, + §E =0 (64]

The first term couples the pulsation of the bubble to the motion of the
solid. This term may be written as 41rR’%Gwhere

L =4‘\:'p¢—m =A“:pé'i B

is the pressure at G due to the vibration of S. Again if the body is suffi-
ciently distant, then Py 1s small compared for example with p, which enters
into the fourth term. If this first term is neglected, then the remainder
of Equation [64] 1s equivalent to the differential equation which is usually
derived for a bubble in an infinite fluid.' The equation must be solved
either by numerical methods, or the main characteristics of the pulsation
can be estimated by methods which are described in the literature.®

CONFIDENTIAL
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EFFECT OF AN INITIAL SHOCK WAVE

The foregoing was all based on the assumption that the flow which
{s generated by the bubble pulsation 18 an incompressive motion. This is a
common assumption !n bubble theory and 1s known L0 be accurate during a large
part of the bubble osctlllation pertod when the radial velocity of the bubble
surface 1s small compared with ¢, the velocity of sound {n water. However,
in the !nitlal stages of 1ts motlon, when, for example, a bubble 18 created
by the detonation of a charge, a compressive wave is emitted and the veloclity
potentlal d!'ffers markedly from a harmonic function. We shall assume that
this flow satisfles the wave equation

. o°e
Vo= o 54 165)

and we shall determine under what conditions the incompressive analysis re-
mains valtd. It !s still assumed that the flows described by @, are incom-
pressive.

Lagrange's equat'ons can no longer be applied to the motion of the
water, because 't has been demonstrated only that they are applicable when
the flow !'s incompressive.® We return, therefore, to the mode functions
which describe the normal vibratlions {n alr, and consider the forced vibration
tn the '™ mode due to an applied pressure of magn!tude

P"ﬁ‘,'*:piij 9, (60]
The generalized force for thls mode must be computed by integrating this
pressure over S with — ¥, cos (n, k) ac a welghting function. Hence

M [ +alq]= J’ p®, ¥, cos (n.k) do +..‘:0iisf’s b
- (o7)
d
--p Jt,[" Y, cos in, k) do : I’., q,

Agaln we use Green's second ident!ity to transform the first term on the right
,J." wi ﬁl(l(.n.k)do-wj.“"i’-d¢+J¢‘ V",d‘r lDS]
b (H

where the last integral 1s taken over the whole volume of water. Hence
- \ dl; i
pjd, ¥, cos (nk) do = -p Q. dC‘ +pja ®, dr

. (09]
- o, dh +J' % 3 dv
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where p(&ng,t) 1s the local excess pressure due to the bubble. Substituting
in [07)

M ‘.’.-"'Zl‘u i+ M ol ¢=-0¢,1 +J‘-3- pdr (70)
)

Now Integrate twice with respect to time, starting with time zero when every-
thing s at rest and the bubble 1s created:

‘“. [Q.+ af J-o' J::Q.dt d(] +2’.” q, --pd, Vn +J‘-£‘L pdr (7]

Consider the integrand of the last term. ¢, 1s a function which drops off

as }g- from the target (see Equation {(45]). Also 1t is of opposite sign above
and below the target. p(&nd,t) s inftially very large at the bubble, but
th's phase travels off into the water, the amplitude decaying as-% ‘
Furthermore 1t 18 Known that p becomes negative at the bubble at about 11
percent of the bubble period and this negative phase travels out into the

water. Hence it !s cles» that shortly after the creation of the bubble, a
time ¢ will exist at which the last term in Eguation [71] will be negligible,
or even zero, compared with the first term on the right, and after this time
the last term will remain negligible. If also this time ¢ 1s small compared
with the natural pertod of oscillation in the ¢t mode, 1.e., 1 ¥t << 4 m?,
then the integral term on the left stde of this eguation must be negligible
compared with the f{rst term. Hence at this time ¢, the displacement y,, as
calculated from Equation (71], will be the same whether or not the compressi-
bil!ty term is included. Furthermore, after this time the compressibility
ef'fect !s known to be negligible and need not be included. .

This result means that the incompressive theory 1s adequate to ex-
platn the flexural vibrations of the body even though the solid 1s {nftfally
] exposed to a compressive shock wave, provided that the pertod of osclillation
ts long compared with the duration of the compressive wave. On the other
hand, for high-frequency motions of the body the generallzed forces are not
related to V, in a simple way, and the theory is not applicable.

SUMMARY AND CONCLUSTONS
We may sum up the results of this analysis as follows.

1. When a flexible body !s submerged in water, the modes of flexure

tn wh'ch the body vibrates become modified in two ways: (a) The water

{nereases the tnertla of the system and so decreases the natural frequency,
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and (b) the inertia of the water couples together the various modes of flexure.
However there does exist a new set of flexure modes in each of which the

body may vibrate independently. The equations for these new modes are derived
in terms of the old.

2. When this flexible body is exposed to a pulsating bubble in the 1!-
quid, the bubble motion is affected in two ways: (a) The presence of the
body will modify the pressure fleld from the bubble and thus set up a pressure
gradfent at the bubble which will cause the bubble to migrate to the body,
and (b) the motion of the body will generate a fluctuating pressure at the
bubble which will modify the pulsation. The first effect has been ignored,
an equation has been derived for the second effect.

3. The bubble will generate flexural motions in the body. An equation
1s derived which relates the motion in each normal mode of flexure to the
volume acceleration of the bubble. This equation is applicable whenever the
bubble !s sufficlently distant from the body so that (a) the normal modes of
the body are not changed by the presence of the bubble, (b) the migration is
negligible, and (c¢) the distance between bubbie and body is large compared
with the section diameter of the body. In the event the body has some spectal
symmetry or "proportional" structure, a simplified form of these equations
{s der!ved.

4. The theory !s based upon the assumption that the flow assoclated
with the bubble motton s incompressive. Yet the initial stage of the motion
may 'nvolve a highly compressive wave motion. Nevertheless 1t is shown that
the analysis remains applicable provided the duration of the compressive wave
ts small compared with (a) the period of pulsation of the bubble and (b) the
pertod of vibration of the body. Another effect of the compressive wave,
which has not been d!scussed, 1s that 1t provides a mechanism by which bubble
energy s radlated away from the system.

It 18 also assumed implicitly that the compressibility of the water
has negligible effect upon the flexural vibration modes of the body. However,
ft 1s clear that 1f the normal veloclties of the surface are not wmall com-
pared with the velocity of sound in water, then we may expect that the effect
of the water on the normal modes !s not only to increase the lnertia of the
system but also to provide a mechanism for energy dissipation. The sound
waves radiated by the vibration will drain energy from the body and thus
dampen the vibration.

The experimental verificatton of the analyst!s wlll be discussed in
a subsequent report, as well as some quantitative implications of the varia-
tion of flexure w!th target and charge characteristics.
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APPENDIX
THE RELATTONS BETWEEN THE FRER FLEXURAL MODES IN WATER AND IN AIR

We derive here some explicit relations between the normal modes and
frequencles of a body In water and the corresponding modes and frequencies in
alr. These relations are most conveniently obtained 'n matrix notation. We
will write a2 matr!ix in bold face A, its transpose will be written A and 1ts
inverse as A\

Let q denote the column matrix with elements ¢ (t),
¢ denote the column matr!x with elements ¥,(z),
$ denote the column matrix with elements ¢,
and be def!ned only on surface of the body,
M denote the dlagonal matr!x with elements M,,
L L denote the symmetric matrix with elements L,,, and

ot denote the dlagonal matrix with elements a, .

Then from Equations [25] and [20] we can write for the kinetic energy and the
potential energy of the system in the absence of the bubble
2 !1 1

2T = (M*L)Q - M{“{Miﬂ ‘ML) o 'm Mg 172]

2V a Ma'q - (d Mg' oz) (aMlq) 173)

where the insertions have been made in order to express V as a sum of squares.
Now diagonalize the matrix in brackets by means of an orthogonality trans-
formation:

[M'-l‘o ‘(M+L)u'M‘l3J~R‘n. ‘R (74]

wherefl 1s a matrix such that 0 *1s a dlagonal matrix whose elements (w, %)
are tne characteristic roots of the matrix in brackets, and R !'s an orthogon-
al matrix which i1s compounded of the characteristic soluttons of the matrix
in brackets. Hence

27 (a MR ) A (Ram'e) = & a (79)
2) = (6 Mgaalnﬁ)n! (n"R“MQQ)T’i'ngQ' [76]

where we now have a new set of normal coordinates

q'f(n‘RaM%)QsAq y
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where A 1s the transformation matrix in parenthest{s. Hence V and T are both
now sums of squares, the modes are independent, and the new natural frequen-
cles are the inverse square roots of the characteristic roots of the matrix
in [74]. Also we define an associated set of mode functions and potentials

P = A 0= AT 78]
and substituting in [72]
27 *6 (M i L)Q o a‘M'Q' 4 aoLoal - acao l?9]
where
3
¢ = Bl 1 s ey
M= AIMAT | @@ mda 93
and
L'= A 'LA! =+P' "@'cos(n.k)do (81)
and
M’ + L' =1 the unit matrix. (82)

This completes the specification of the new coordinates and parameters as
unique functions of the old coordinates and parameters.

There exists a relation between the new potentials and the new mode
functions which 1s usetful in the analysis. We define a new serles of functions
i?(:) as an integral of ¢, around the perimeter s of a sectlon of the body at
the distance x from one end, 1.e.,

¢, (x) = ¢¢] cos (n, k) ds [83])

Let @' denote the column matrix with elemenxs]ﬁ(r)und consider the relation

between ;’and *" Now since the functions ¥,, and also ¥,’, are assumed to

form a complete set, the function (x) can be expanded in terms of ¥,(x) and
m(x)

we can take

¢ = m()BY’ (84]

where B 1s an undetermined matrix with constant coefficlents. Now postmultiply

both of above by the matrix § 'and Integrate with respect to x.

‘ct'i'dx"=8j:¢¢'mdx 2
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i '
s = BM (85]
and from (81] and (80] and substituting in (84)
S E T ¢ S DR T (86)
b= (e - ) (87
where
*M = M:-l*n 188]

and represents a column matrix of mode functions which are particular combina-
tions of the mode functions ¥,’. This final result 1s an expresstion for the
potential distribution on the surface of the body as a function of the motions
which generate the potenttal. It 1s interesting that, !'n general, the poten-
tial ;? does not depend on the single mode ¥,’, but also on all the modes ¥,

3 ++¢. Thils dependence on all the modes enters through the presence of ¥,”

tn (87].
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