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AB8TRACT 4

An underwater explosion forms a gas bubble wh ich pulsates , ganerates a
changing pressure f ield, and induces fl ezural vibrat ions in a floating or submerged
.hlp. Equations are derived wh ich couple the mot ion in each norm al fiexu ral mode
to the pulsation of the bubb le. Some special cases of target response are discus sed .
The analysis is shown to be appl icable If the dur at ion of the compress ive phase ,
the shock wave , La small compared with the pulsation period of the bubble and

w ith the flezural period of the target. Equat ions are also der ived wh ich give the
mod. shapes and frequencies for free v ibration In water in terms of tho se modes
and frequenc ies for f re. vibration in air .

INT HOD UC TIO N

When an explos ive charge Is detonated under water , the detonation
products form a gas bubble which pulsates and migrates in the water , and thus
Induces a chang ing pressure field. These pressures , In turn , can act upon a
submerged or floating target , causing bodily motions and elastic vibrations .

There already exists an extensive literature which describes both experimental

and theoretical investigations into the motions ol’ the gas bubble , but without

any reference to its effect upon an elastic target .’

This report presents a theort’ttcal analysis of how a slender target.,

such as a ship or submarthe, reac ts to they pressures. The purpose of the In-

vestigation was to establish the physica l mechanism responsible for the flexu-

ral motions and to show quantitative ly how these motions depend upon th e
elastic properties of the target and upon the size , position , and motion of

the g:~s bubble. The method used in the analysis Is t o  separate the target

reactions and water motions Into normal modes of motion and then to show how

each mode Is coupled to the bubble pulsation. The effects of the initial

shock wave are at first omitted , but these effects are included in a later

stage of the analysis.

Although the theory may seem to be unduly mathemati- I divorced

from practical problems , the applications of this theory are significant. and

will be discussed In subsequent reports.

R.tør~~t .is ~r. ~!~ t.ed I’ ll ~~~~~tU 20 . —
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NORMA L MODES OF THE BODY

We shall consider only small vertical motions of an elongated body
for which the Instantaneous displacement is uniform for all points in the
same transverse section. Such motions are generated by rigid vertical dis-
placements , by rigid rotations about a horizontal axis perpendicular to the
length , and also by combined bending and shear vibrations in planes perpen..
dicular to  the length . For a body which 18 long in comparison with its width
or depth , there exists a set of natural modes of motion of this type, I.e.,
motions which it may have when moving freely , In vacuum , without applied ex-
ternal forces. These motions may be described by spec ifying the vertical
dIsplacement *(z,t)°~ 

a longitudinal axis of the body as a function of the
time t and the distance x from one end .

~‘(x , 1) ~‘~(x)eoe a~ t i 0,1,2. . . [1 ]

The functions #4(x)descrlbe the mode shapes. The Index i , which labels the
various mode functions, may conveniently be taken as equal to the number of’

nodes of~~(x)over the length of the body . The frequencies a, are the natural
circular frequencies in air. These mode shapes and frequencies completely
specify the flexural properties of’ the body and will be taken as known func-
tions. In practice, they may be determIned by calculating the eigenfunctions
and elgenvalues of’ some differential equation which governs the flexure, or
perhaps by experiment .

In general the mode functions 
~
. , are orthogonal over the length of

the target , with rn (x)t he mass per unit length as a weighting function, so that

~P, mdx M~ o~, i ’j  =0 , 1 , 2 . . [ 2)

where M , is defined as the generalized mass associated with the ~~ mode .
Also these mode functions form a complete set, so that the moat general dy-
namIc configuration of the axis, even in forced motion, can be expressed as
a 8uperpositton

[3 )

,/ where q~(t)are a t of generalized coordinates. For’ these motions the in-
stantaneous kinetic energy of the body can be given as

T1 ?~~Q~ [14 J

and the inatantaneous potential energy as

~~~~~~~~~~~~ [ 5 ]
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on the surface of the bubble G [11]

on the surface of the target S [1.~]

~ec¼ ’t1d there are the velocity potentials

— i — 0,1,2 p

1.aot . ~o~~’ t I i .  describes the flow when the body is vibrating In a prescribed
mode and tnt ’ bubble Is absent . Thus 0, is a harmonic function whose gradient

va n St,e! S at  I at ’ I ti ’t y and

-::~ ~~
*1~~~(~ ,k) °n

W I t n  these defInitions It Is easily ver i f Ied  that

•~~ •, 4
~~~

•
~ *

Ot L i ” ]

S it sf tea ~~ua t ‘ ons i~ through 1 excep t perhaps for 
~~ 

) , the bou ndary
rs.t ’. t  Ion on G. In order i. sat ¶sfy this last cond It lou I t would be necessary

t ,at

— O o n (,
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on S .  h~ w eve r , ¶ f l  t he’ :‘ur I :;t ’ r :walys Is we sha ll supp ose’ t ha t  the bubble ¶ a
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EQUATIONS OF MOTION OF THE SUBMEFI G ED BODY

We can now ap~ly Lagrange ’s equat ion

A_ I~i\ ~~~ + ~~ -‘~~~ — 0  [27]dt  ~~~~ Oq , ~q,

and obtaIn the differential equation for the flexural motion

(M , +L ,~)( q + ~~~~~~~~~~~~~~~~~~~~ ~28]

where

2 M 
2

— [29)

It appears that each mode of motion behaves like a lInear oscillator

wh ich is Inertia-coupled to each of the other modes. The generalized mass
for the i~~ mode has been augmented by art entraIned mass of water ~~~ and

thIs increased mass is also effective In decreasing the apparent natural

frequency according to Equation [29]. The generalized fZrce , the term on the
right In Equation [28), Is the produc t of a time-dependent factor V,, whIch
depends only on the bubb le , and a space factor 

~~~~~~~~ 
which depends only on

the flexural properties of the body and the position of the bubble. Art alter-
nate form of this generalized force can be obtained from Equations [20] and

[21), whence the generalized force becomes

Q, =_ J S P,~~
,,% COS (n,k ) d o- +jp ~~ ~-~!dc 130 1

Now •, is approximately uniform over G, wh ile .1~~i averages to zero over G.
Hence the last term Is negligible. AlSO ~~~ is the pressure due to the
bubble motion when the target is clamped rigidly. Hence the generalized -

‘

force can be computed as though the body were rIgid .

The coefficients L11 (i *j)measure how much tao Inertia of the water

couples together two modes wh I c h had been Inde penden t for v ibra tions in a ir.
These coefficients may vanish If there is sufficient symmetry . For example ,
suppose the target Is symmetric about a vertical transverse plane through the
mlldlength . Then the functions ~~ will be symmetrical or antisymmetrical about

this mldplane depending on whether I Is even or odd . Likewise ~~~,
- must have

the same syimnetry as #~. Hence for such a body , whenever i and j are of

opposite parity, the coupling coefficient L,, must vanish, or
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I,. — p~ Ø,~~, c t t s ( n . k t d o  0

F r’ I he more- gent’:’ i I  cisc ’ 1’ a body of’ m b  It nary shape we can I rans—
fo rm I - .m new S e t  ‘ C ‘ - - i ’d  I mm it em: tad mode :;t::ipt’ s so I t a t  In these new t’ oc r—
a ¶ ~.ite~ I Z .t ’ r ’ e’  w ’ 1 1  mm . coupi  ‘ :m ~’ c o e t ’f t o  Ient~~. Thus • retut’n t o  Equat t.mi

mad ~~c J tri , 1 t r : 4rIs o rm I: i new set ol’ co ord Inates q,. ( I )  so tha t In
It’ !‘ l tm - ot ’ “ fit ’ ~~ c ’ m e w  ¼ ‘! ‘ a ’ mm +1  t m -  I t e ’  ~ ‘ at ’ I I ’  ma d tent I.ml energy terms wL I oh

ire’ I ode e’ride’ : 1 o:~ I t t  hut’ h It ’ become s Imu it ric o mm ; ly sums ot ’ squares.

V M ,Q
_ 

t I.,, çr,q, —_ q

i l l  

‘M, q~ w, q

f lOe ’ t h~ k I net !~ ‘ Cflc’l~.’ . t a pomi It  I ye del ’ 1:11 C f orm , th’ s can bet aL’comp i I sim—

I I’ t re’ a 1 1’ at’ ii ’ t:’ t : m s ’ - rmti t ¶ 0!; :

q, (1 ) 
~~‘a , r q ( t )  i ~ I

‘
~ 

-w ‘ :‘ we de’ I’ ’  at ’

I ~~]

~~~ r ‘ _�.~~
‘ ‘~~

o

tad ,-uI ’ m- t I I  m.1 e ¶ mm 
~~ 

m d  
~~~~
‘ j ,  we get f rom I~t~ti’ m : m ~

’ e’ ~~~ equ.tt I - mi

+ t~) , i,’ , p0 1’ 1
~1

W l t ’l’t’ Is I l. value ot ’ •‘, mit t i m e ’ p . m  ‘ t l o n s I’ I t ’ s  center’ of ( .  The deta I is
o :‘ : he t n- ins f _ ’r’m it Ion i m c’ s : ow n In I tic’ App endIx. I: ‘s 1’ 1 ma I result I:: that

t i c  mod’s ot ’ no I on t’o a I he ’ o -mb I mcd 03’ stem ot ’ w i t  ‘sr - rid body .m o t o  ‘ nde’pe ’n—
It ally ma a sImple k l m i e it’ ~~ct II.i ’~~’t’ .

TIme functIon 0,.,,’ c inro ’t be c’xpI ’ e’ s sc ’ ,: r i m I y I  Ic lily am~ i t ’u ito t Ion o f

Il - c bubb~,e p os I t  ‘ on bec ause 01’ I he’ ~‘e r1 e r ’  It y ol’ the boundary cotid I t  Ions

However • we c in icr ¶ ye 1 l i m e :  I’ m: 1 mp;’r -x In it ‘ ‘ mm wm.  ol: ‘ o a pp 1- to  ib Ic ove r’  a large

a tn~e 01’ 1 rt lou  I ?‘ 0.4 S t ’S .  Tb’ s - ipprox I m mml Ion . i p; l Ies I o submerged hod I

W:mCf l  ( 1  ) t h e’ d’ s tanc e ft ’om t~~c’ cIm :ir 1-t’ t o  a poInt on tt,e targi’: surf a5’e Is

1 m r +’e co mpar ed w I th t he ¼’ m ’ o s s — m :e c t  1 ’n:il dImens~oi-tm~ ot ’ t he ta rge t , arid :11:0 ,
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( )  I: .,’ 1 . ‘ m- , , m r ~m e t m ’ ’ c a: ~+I a h~ r 1z5n — - -
~~ 

di

‘,- il ~~ i t t ’  s o n ’ ~‘ :.t ng t I m  I~ m ,~’ I Iud Im, i l axis _
~
—‘— — —

~~~~ ~~
‘

( m
~

as’: we - - re  0:rio ’ ac:’lr:g ver tI cal m~.~:It~ - r i s - ) .  
-- 

‘~~~~~ -~~~~~—~~~~

wi teO ,~ 
‘ m r 

S

i 

~

‘

r 

r~

— i~ r~ omtst m y 1’ .
s ub mtir ’~ ’sd ~odv

4ir Ø ’~, = J 0 ’ -~~ - (_L ) dQ -f _L 
~~

-
~~‘ do,, on t’q -‘ rp On

I. ~w out  tm . e  body ‘ :10 d Isks ot ’ wI~:tr . dx by t r ’ -~no ver ’ s t -  plant ’ s pe rpend Icular
I - IL m x tu timid l~ t ds be lfl element or ’ t he pe: ’ t m eter :iI’ound the alsk m~t x .
Toe m ., olmico - 

~~~~~~~~ 
— 

~
‘ 

~~~~~~

— ~ 0,’ 
~~ 

(-
~

--) ds dx -+ j 
~~~~

‘ -L COs (n, l~i dsdx

t’i’ t o ’s  pes Itt 1 case  1’::- w t . I c rm r,, ~s much large:’ that : Inc cross sec t t o t ;

a: ’ ‘. l t  j ’ Or , , t,. t let r be t: .e d I s t a n c e fr om G to the a x Is  of the d Ish. Then

~~~~~~~~

‘ 

~~- (~~)d s _ f
’
ø,’
~~~~~ds ~~~~~ 

-~
- -

~ ds H C 1

or , In  terms f tr,e unIt ‘.ecLr’m I , j  , k , In: toe d Irect  Ions of t im e ~~~ ~
‘
5

~~~~~~~~ 
~~~~

— (*) d~ = -- A f~~
’ (~~~ ) ds -4  ~O. (~~

) ds ~ Ø ’( ~~T) d N f l ]

~ec i - use .1’ t oe  assumed symmetry about the horIzontal mldplane , ( u . 1)  ar id
(n . j )  must both be symmetric about this mldplane , whIle ~~~,

‘ must he a n t  Isyrnne-
ta lc  ahsj t  t he same sec.t ’ on. Hence the f irst two Integrals must vanish .
A lso the Integrand of the timl rd term In [Z n ] can be transformed by :‘~ uaI to r ts

i~~ J and ~87] of’ t l e  Append Ix , so that ~41J reduces to

J o~’ - ( ds =~~~~~
.

(~ ’_~i ’)

where •~“ Is a particular combInatIon of the ~~‘ functions as described In the
Append Ix. Now , returning to the second term In L 3 9 J ,
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cos (,c,k~ dsdx  fd i v  ~ dAdx~~ - Adi

wm er ” A 1:; t I m e t  s ec t  Ion area of t i m e ’ disk arid Lime - left s ide may be co rmslder ’cd

- i ;m a r m ‘ r I c -~~I’- : 1 OV eI ’  t i c  c - n i t  Ire surfmic C of t i c  dl sk . The SeCul ~d Integral
I - l i  ~w m : f rom Gun:;;; ’ Ll,t ’ - ;t ’ t’m appl ied t o  t ime vo~ ume of t ime (Ii :;i-: . Note that ~
‘~~~ m i t - til t ; ,  of G belo w t i e ’  axi s of S , and it ’ G Is al ) oV ( ’  ~~~, ti:~~ii ~ 1:; rmeg : i t i v t - .
i diot ’  t o t  ¶ 1m g H - I  and H I ‘nto [ 

~
) j

~
• f ‘

~~ 
~

“ dx j ~‘I “ ‘ d 
~ 

[ 14 1j

- : 1 . 1 : 1 - mm ; t r ’ e m u l t  I:; a g&’nen’ mi I ¶ s m i t ’ omi o f an analysIs g iven by Lamb l’or I lit ’
e f f e c t  a t  mm d is tance due t u  the rin d t r ’ mmnmo lm i t l c i n  of a sol Id In mm liquid .0

Finally, s ubs t it u t i ng  t h i s  value t ’ur 
~~

- ,, in  [ 5~fl
2 ~ 

t n,~” ’ I
+ w q , — 

[4tr ~ r1 dx 4- 
~

— - J 11 /’ ;!’l 
tb ’dx ] i~;

N - I  e I h a t  t ; . t t  t ransformat ion be tweemi q and q Is t i c  ¶ n t Ve ’ r ’ o ’ .’ o f  t i - i t  hi’ tw een i  ~“
rot ~i t i m :  detmi I led In the Append ix . In m a r t y  p r ac I i  c mi i  c mi  :;i’ :; , t i e ’  body dl

p lace:; i t -u own weight of w: i t  er , m;o that

J ( A p — r n ) d x  — 0.

arid we should expec t Li me oc ’conm d Integral nm the right- to be small compa red
W I  th t itt ’ f t  ro t .  In I-h is equaL ton , mm l i  t i me  pm rr mnn et c rs may be determi ned ex-
pe r imenta l ly  by observ ing the free v ib ra t ion s of’ t ime target In water mind time

gas bubble in mm f ree fIeld.

PllOh’Uh’I’TO NA[, IIOPY

‘I i  me I nip it’:; t Vet’: ; ¶ on ot’ th I m; mmmi I y mm ¶ s oc ‘Ut’ :- I a I - h ’s Opt -C imi l  Cmi Set

wi crc  t he  dens ¶ t.y I’ t ime body 1 m m  un I f~ tin mind eq um i I t s p = ‘!‘ . and Wi t ’r l ’ the
looi v ¶ mm ‘‘ prop in ’t ‘ ona l.’’ We defIne mm propor’t ‘anti I body mm:: one’ Von ’  which

cos (n, k) ds a1 in ,j, I ~~~

wi cr’c a , i s  a con i : : t mmnm t , , independent ‘1 ’ x. Mul l Iply t i e  equa l- tor i  by 
~~ 

mi nd
l n m t - eg t ’ m i t - c  over Ice leng th ; of ’ I-he body :

J t,b cos In . k)  (Is dx a, in ~
‘i
, tb~ dx

t o ”

— a~~ M d ,~ [)i7]
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i1e ’ t iO(’  a pmo ’ t o r ’ I  I,’ im : t I  body ¶ 0  - t i e ’ f or  wit ’ t’ tm t h,e e’i’ m m o~~’o upL t r ig CO ef’1’’ t ’ lt’r ;t, m

of ’  ,‘~ v iii ’ oh , mitid t i t t ’  I r’ mm n im:t ’ornmmit Ion t o  new ~‘,‘ot ’d ’m n ;  it  i’ m : 1:: t- i ’ ’ v lm il , I .e • ,

— -~ 
(.11 !., , 

- - 

“, (.~!, + I,, ,
~~

S ,~ ~r , (~ / +1,
- 

~~~~~ ~~~ 
I

,. , ,
) 

— 
_
31

arid m m i i ’ s :  it  i t t  ‘ rig i t t  ~a

+ W I

2 
— [ 

~~~ 
~‘t %~m. ti .rJ i; I ~~

I’ :,e emit X m L  Inmeel  mm im ; m ; I, l i m o  ii i m m i p p e m m i ’ t5’ I  from I I t t ’  e - ; i i o t  lou exi t-pt ‘
~ i’ it :-

~ni t i m ’  t m  i t  i t t - . I f requem rmcy . Li: ¶ mm n i t  ‘ant of mm proport lomi m il h~’mIy ¶ riot mex’ely
- m  m :i t i ,emn m: i t  It ’:m I i t ; m : t ra~ ’ t -  to r i  but ¶ t 1:; m m useful c o nc e p t  t n t  p r ’ m c t  I’ ’,’ W i m e ’ i ’ e ’ t I m e -

r io -dc ’ l’unmc I l i i  ¶ ni w .m I en ’ 1:; e’X p e ’I’ ¶ menmt m ml ly the m it i l l i e ’  :mm ~ I it t - mode ’ t’uZit ’ t_ I on in a

~l :;l niple cormm ;eque ;nmce of’ tl . Im ; m ipp i lets t o  I i i’s  ~‘t ’n ’t  i;’ ,i 1 t ma : : ; :  i m i t  t o r t

‘at t I c ’  ‘a i t ~ l . ‘11 , 1 0 nitty be ’ eoi mm ; I ,l t’re ’d mm mode’ f o r ’  ~‘t : 1 ch 
~~~ ~~~~ 

, ti Co t  t o t  m I t t

and iii ,, -~ 0. ii c terms iii I I now rio I omige a ima V t ’  r ;,v de pt -i mdc i i i ’ em m m i ’ ~ ni I, cc ’

e lmiot  te propel’l It ’:-’ of’ tIme body, mind t h e y  m u m m y e qua lly well a p p ly  t o  a h d ~-
w i t  ~r w ¶ I ii 1 ; c o V e ’  lope’ S ‘at’ t i m e ’  mi mi flh e ’ mm b s L l e -  m o the omi t  ~

‘ : i C e ’ i t ’ t h e ’ bod y .  He-ri o t ’
l O t ’ v c ’ t ’ t t o t i  I riot I oil t~t’ t t ; e  ~ ‘snt ci’ 01 ’ gr: iV it ~ ~‘l ’ - t  b i ’ l , u t ’ l  I ‘a i m; I ho ly  1:; 1 I c ’
mm mnne is t h e ’  ve t - I  tenil motIon of ’ l i i i ’ ccitt I’oid of t i m e  ii’ ~‘pI:i ,’t’d W : m t ’ s i ’  In t ime ’ ;h~
m ; t ’ i ie ’ e ’ i t ’ t h e ’  body .

More genie ’ n ’ m m fly, I t ’ we 0 , 11 : ;  idea mm very i ’ ¶ g ¶ d m; I inc I UI’C ‘at’ :mi’h ¶ I r:mr ’y

Jenmmm l Iv ,  I- heat m m l i  mn m , de ’o ‘a t ’ mot ton should be iteg i Ig ’b it’ t ’ x ce ’p t  t i ;oot ’ which tIe—
.-~‘r I  P, ve i l. I ,o:i 1 I-rants 1: mt tort m ind t o t  it I ot t , and I i ;e ’ m3e ’ m odem : O:iiuiot Pt’ mipprec lilly
‘~ u p L t ’ 1  t o  I i t t ’  f’ iexUi’ c’ modes . Am mm: umt’ m m uft ’It’ I t -m i t  symmetry t o  e l im t nate coupi luf

t e l  W i t h  t - n ’ :mmmm:  lit to r i  m m m i rot it  Ion , m i n d  i t —r io t  e t i m e ’ t - i ’ : m m m : m l m m t  lou mode by the out —
m;er ’ 1 p1 0. ‘I’iieni , e ’t ’ t ’ec I ¶ ‘~‘ c ’ 1~V t he h otly m e t  ;; m m : ;  , m 1r ’ ipo ! ’ t  I ona l ~o I id  for t imI
m o l e ’  , ~inoi 

~f + I IV,0 — 1, ~ — -. ‘i’M -

— ‘i L~I,, + 1.,,)
t :t ubs I ¶ t i t t  ¶ rig ¶ a ‘y 1~ we ge t

~j ,) — { ~ £ + 

~ i,,, ~~~~ ~
-‘
~

- d .m’ J ~~ I

it, i nmmm I lot ’ l u g  ,‘ nm I y I ht’ (‘ :1:0 ’ fc ’i’ wh i ‘sit r )
~ I

— [ 
~ M,, ,,,, -

~~~~ (3I~
, i~1 -

~ 
— ~~~~~~ --:

~:‘ f::: ~ 1 ‘01
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where M~ t o  I-t ie nuiss of ’ the displaced water. ~ttice everything starts from
n’ e’zm I , U m e - dl up l iii ’ emrmemi I I m; simply puopurt I ona I to time bubble volume . T h i s  s mm—

p l’s n’euu it con Id I ;. ly e: beteni i t t ’  i- I  Ve~t muc h mo re di rect ly , w i  I - t o u t  a rty reference

- e l iot  to nuo t t~ ’~imt , by hamm ing It on the equal tunm i for the tra nsimit loni of mm
m - o i  iii iii . m t ’ luIeI .°

FL1~XU H AL MOTIO N~i OF A F L+)AT ING BODY

‘l’tie pi’oblem of the flexura l reactions of a floating body to a pul-
O mit trig bubble c ma be re’,mted by the amuse m9thods described for the submerged

An mmdd e;d compliemit lon is that , besides the other’ boundary conditions ,
t i me ’  V t ’ b e  i t  y po t e n t i a l  • must vanish mi t the I t’ee surface • This condi Lion i s
t i ’s i’ 1’ m t :t , m ry I r m ‘a a~lc ’r’ to approx I mat ely mom t 1m m f ’y I I mc~ C o mmit I t tor i tiia t time pressure ¶

mit  t i m e ’ fre ’e :m ; mn ’ f ,~i’ e’ must - a iw ay mm equ:m 1 mi t mospimer I e pressure .
‘t I m e ’ ~ ‘ar id it I - nm t l im i t  •~ — — 0 it - mi ll p01 nits on t ime free surface may

he mmii ‘ m m ! ’ led t ’y  I he uoiimm 1 dcv i ’st’ of ’ con:; t rue I- tag -mn image space wti I ch Is the
re-I ’ t,c ’~~~’ ‘S -nm o t ’ t ime t’ lu Id spac e In t he p lan e of the free surface • and where the
pot eat I ml m t army po m i t  t o  lie n m ~;g m mt ly e of t i m e  poterh t i;ml mit the correspondIng
p ’ l n i t  in the fl uid , h ence If 1mm the Image of the underwater surface S ari d

!~ t i m e  !mtm mge ‘at’ t he ’ bubb le G ( see Figu re ~ ) ,  then •~ arid ~, mus t sa t i s fy
the :tddi I ¶ otis I boundary em~ -r id it I - -r io

— a,-
’ 

— “i’ on 1 1 , 1 1

— — (I on 5 ’ 1’ )-~

~~~~~~~ —t ,-’, eos tn .k )on S L-~ I

I
- -’- 

/
_ 

‘\

-

- 

-;

— Ge- mime - i  ry t o t ’  .m 1- 1~~mt ‘ mig li~’iIy
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15 CONFIDENTIAL

where

on — - i ’ ,, f or Image point on G ’ 154 1

and

(‘OS in. k) on S — — costa , k) for Image point on 5 ’ V-5 1

Then t Ie  same analysis as befo re leads to the same differential equation ,
as In [~ 7 ] :

~i;+ ~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~ tI~’ Coa bj .k)  do 15°]

and 
— -i-p

J ø,’~~’ ci’s (n,k do

to def 1 ned as a rt int egral over the underwater area only, Likewise the gener-
a lized for -ce on time right side of the equation to computed by integrating over
5, I- t ie underwater area , only.

However , in order to evaluate O,~ ’ by G reen t s func ti on

4n0, _ f ,  ~ ~~
- 

~
-
~- - )—  ~!~— ~~~~~S] do 157)

the integration must be made over 5 and s: This leads to a factor two In time
equation for  undt’i’ conditions analogous to [L~4J , I.e. ,

m
~~~

dx 
+ 

~~ 
j tm 

,~ L!~~~~__~‘~ dx

where A Is now the area of the underwater’ section of the body at a distance ,r
f rom one end ,

As a special  example , we give the equatI o n for the vertical flexura l
vibrat ions of a f loat trig proportional body of un i form densi ty :

~~~~~ 
{2P ~~~ç ~~ i~

Note that the only difference :1mm compared wi th [4i~J Is the factor of two in
the generalized force.

PImJTTON OF TB~ RU BBLE

In order t-o solve the differential equation-u for I-he motions of’ I-he
body , we must know the volume acceleration of the bubble t’~, or an equivalent .
In a prac t ica l  case this might be known from prior knowledge , e.g. , from
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photogr aphs of the bubble motion . However, the eq ua t ion for th e mot ion  of
the bubbl e m a y  also be obtained from this analysis.

W e shall assume that the bubble is spherical at all time s , of radius
R(t). and that near the bubb le the velocity potential is given by

0 _ I f f ia.... [60 ]
g 

~ 4~rr9
and

[61 ]

•~ Is a harmonic function which satisfies the boundary condition [11) at the
b u b b l e , but not the boundary condtion [12) at the body . It is clear that near
the body the potential must be augmented by a term representing a “reflected”
potential . We assume that the body is sufficiently distant from the bubble
that thIs reflection term is negligible at the bubble itself. Then, substi-
tutIng [61 ] into [2 5 ]  and j 2 o J ,

~~ q,~ +2;’ ~~~ + 2 i1’p R 3 R 2 
+

~~~~~ 
47rp~~~ I?2 1? [6 2)

V =2;’ -4j~- cs~ q~ + 
~

- 7rR 3p~ + E (R) [63)

and applying Lagrange t s equations to the coordinate R,

— ~~~~~~~~~~~ 1?2 
+ 4rrp R3 F~ + 6irpR2 R

2 + 41TR2 p~ + ~~~~~~
- — 0  [64 ]

The first term couples the pulsation of the bubble to the motion of the
so lid. This term may be written as 4irR’p36where

P8~=2;”POjg =~~~~Pq t øjg

is the pressure at G due to the vibration of S. Again if the body Is suffi-

ciently distant , then p,~~is small compared for exampl e with  Pk which enter8
Into the fourth term. If this first term is neglected, then the remainder
of Equation [ 64) is equivalent to the diff erenti al equation whi ch Is usually
derived for a bubble in an infinite fluid.1 The equation mu s t b e solv ed
either by numerical methods , or the main characteristics of the pulsation
can be estimated by methods which are described in the literature.3
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~F’~’EC T dF AN I N I T I A L  SHOCK WAVE

l im e f’ o reg~- trig wm- ms mmli based on I-li t- ~mssump t ion that the flow which
Im ~ generated by the bubb le pu lori t ton ¶ 5  ~m ni ineompresslve motion. ThIs 1 - .m

cu~ nori aosuIflpt’on In bubbl e ’ theory arid im ~ known to  be accurate during :m large
part of ’ the bubble 0:-C ii tat ion period when t Ime rmid ¶ met ye to~ ¶ ty of the bubble

aurI’ mce Is ommill compared w ith c • the velocity of  sound in water. However .
1mm the’ ‘ r i tt t  ii : t A g e s  of 11m m motIon , when , for example , -i bubbit’ is created
by the d e t ¼ n mmm t Ion of mm e’ t m mi t ’ ~~e , a compress ive wave is emi t i t ’d and the veloci ty
p- t e r it ta l. d’ E’fers markedly from mm harmonIc function. We ii:ill assume tha t

this flow - uatls t’Ies the wave equat1 on

v*.u
_ -

~~ ~ë e1
mmmd we simmil determine under what conditions the Incompress 1 ve analysis re-
mains v :m lt d. It Is still assumed that the flows described by 0, are incom-
pz’eso ’ve.

L-mgr:uige ’mm equatIons can rio longer be applied to  the motion of the
w a te V ,  because ‘ I -  1 m m: ;  been demonotm- mit ed only that they are applicable when
the t’low Is  inc omp rem ;m; l ve . ° We return , t imerefore , to the mode functions
which de~cm’ l t’e’ t ime norma l vibrat ions In a ir ,  arid consider the forced v ib ra t ion
in the I ‘~ mode due to in m ppli ed pressure of magnitude

The gene ra l i zed fo rce for thi s mode must be computed by IntegratIng this
pressure over S w ’ th — 0, ece (s, k) -mc - m we i~~i~t iris’ fund ion, h ence’

M, Eu , + ø~ — —f p
~~9 ct’s t aM do +,2;’~~i~ $ O~ ~~~ ct ’s

[o7j

~P J~ J~ 0, ce’s tn.k~dq ~~~~

‘ L
Again we use Green ’s second ldent ’ ty to transform the first term on the rIght

C
_ j # * i cos tn.k i do _~~J O , rg dO+~~O, V 2 0g d-r [o8 ]

whe re the last integral is taken over the whole volume of water.  Hence

~‘t’s in k)  do — -p Ø,~ ~~~1 +pj ~ dr

1°9 1d 11 r ø  --P~~~ 7j’j +j ‘~f p d r
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where p(I,n,~,e) is the iocal excess pressure due to the bubble. Sub stt tut’ ng

~ I-~1)

M ~, +~~~~~~

“ L,, ~ + M, ~~ 
q , — - P0,, i~ + $ ±h~ ~ dr 1701

Now Integrate tw i ce w ith respect to t ine , st art i ng w ith time zero when every-

~ m 1mmg Is it rest and the bubble is created :

M, {q,+ ø~ 5 5 q, dt dtJ +~~~~~ 1.,, q , - -pØ ,~ %~ +5~ 
p d ~ [7 1 ]

Cc:mm ; !de ’ r t i me ’  rit eg rmmn d i’ the l .m st term . •, I mm a func  I I on wh ¶ cii dm’cpc off

~ fr om t i m e  t mm ’gc t (see Equ~mt I o n  [~~ 1 ) .  Al so it I:; of oppo:;i te sIgn above
arid b elow ‘- i t ’ target. p (e ,~~ ,t) is i n I t i a l l y  very large at the bubble , but

~se t r ’ m v t ’ t s  of f  Into the w a t e r , the amplitude decayIng mis 3
~urt~,e’n’;mL’r’e It ts known tha t p becomes negative at time bubble mit about 11

~- e ’~~C e m i t  o f ’ t i m e  bubble’ ~‘ct- tod md I-h I negmi t I ye E- i mm lse t rmivels out into the

t em ’ . henc e It I:; ~le’ .- -‘ t i m mi t m~t mc r t  ly af t  ci’ t ime- cm’eat ton ot’ the bubble , a
‘ThC S W I i  1 exIm ; t mit which the last term In Equat ion L71 will be negligible ,

-vt - r m . t : o , oomnpmr ed wit h t i me ’ fIr~ t ter’m on t i m c  x ’ I~t mmt  , and m t ’tcm ’ this time

t~.c i ;c t  t erm w ’ 11 remaIn neglI~~Ihle’ . If’ m il~ o 1mb time ( Is small (‘ompared

mm t i m e ’ m m i t  un - m I  pt -r i ,-d of oso ¶ liat ion In the I ‘~ m d c’ , I.e • , I t ’ a~t~ ~< 4 n~ ,

1 ~,oni : e - :;t eg:’.m 1 e’rm on the left Ide of liii s e’quat ¶ 0 m m must- t’e negligible

o on~’ mt ’ t’d w i t  he f i rs t  term . Hence ’ m i t  t i m  I t ime I , the displacement q, , :15

o m Cu i- it  ed from 1- ~uat I -on; 7 1 1 , will be the same whether’ or riot- the compress I —

i’ I l ’ t v  term Is Included . Furthermore , af ter th is t ime I-tie compress ib i l i ty
e f fec t 1m m ~nmow n t o he nc~ 1 ‘g lb it’ and need not he Included .

I c  result means I hat the incomprem; i;ive I i:vot -v Is melequat t’ t o  cx—
p - ilr ; m e  flexuril vibrations of the body even t imou 1- i .  t i m e  solid Is Intl I; Ely

o - i  c omp re:;m; I ye shock wave , provIded t h a t  I 1:t pen- ’ ott of’ ose ill ill on

~‘n;~ ~‘ ‘ m~- - i  re ’d w i t h  me’ dura t I on of the compress I vt’ w ave- - ~n; me other

- - m m  c m • t ’o I’ I - ‘ ~ i m  — f t ’ c ’~1ue’r~~y limo I ions ot’ 1 tie body I-tie gent’ n.m It  Cdei  fo re - cm ; mire not
m l  cci t~ V, i ri a I mn~ It ’ w ay ,  mmd thc I hiecry is riot mm pp ii e mit ’ it ’ .

SUMMAHY AND Ct.)NCLUSh)NS

We may sum up the resultm ; 01’ thIs analysis ,ms follows.

1 . When ; ml flex Ible body Is submerged ¶ n water , t im e m ode’s of 1’ 1 ext irt ’
In ; w ) m I di m t i me body vibr ates become mod It’ ¶ ed in two way s (a ) ‘l’hc Wa I e’r
I:;crt’:ises the Inertia of the sys tem and so deem- cases the natural frequ ency ,

CONFIDENTIAL

- -- - -- -- - - - 
-
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and (b) tim e Inert Ia of the water couples together’ tine various modes of ’ f lexure .
However there does exis t a new set of t iexure mode s in each of wht c h the
body may vibrate inde pendently . The equatIons for these new modes mire de r ive d

in terms of the old.

When th is f lex i ble body is ex p ose d t o  ml pulmait ing bubble in the 1’ -
quid , t n ie bubble mot Ion ; is affe cted in two ways: t m m ) The presence of ti:c

body wil l mod i fy the pressure field from th e bubb le and thus s e t  up mm pressure
gradient at the bubble watch w ill cm use the bubble t -- o migrate to the body,

and ( b )  t i me motIon of ’ the body w i l l  generate m m f luctuatIng pressure m it , t i me

bubble which will modify the pulsation;. Tine first effect has been igr ;or’ed~
an equati on has been der’ ived t’or the second effect.

5. The bubble wi l l  generate flexur a l motions In the body . An equat Ion

Is derived wimlen : relates the mot Ion in each normal mode of t’lexure to t h e

volume accelerat ion of the bubble. This equation is applicable whenever the
bubble Is suf’t’I clently dt~ tant from the body so that (a) t Im e normal modes of ’

the body mire not changed by the presenc e’ of’ I he’ bubble , (b ) t ime ’ m l gr’m m I I  or; I:;
n egl Igib le ’, and (c) the distance between bubble arid body Is lmirge compared

w I t h  the oe’dt Ion d Iamete r of the body . In the event the body m m m ms some cpe ’c ia l

symmetry or “I’r’oport ¶onal ” structu re , a simplif ied for-rn of ’ these equations
is der ’ve d.

:4 • The theory Is based upon the assumption that the fi ow a m ; Se ’o I mi t e’el
w it h the bubble motIon is !ncompressive. Yet the m i t  Im i l  s i m ige  o f ’ the mot Ion
may Involve ml highly compressive w ave mot io n . Nevertheless it is shown t hat
the analysts remains applicable provided the duration; of the c o mpre s s iv e w ave
I s small com pare d wi th  ( ml ) the period of ’ pu 1 a  t I or; of’ the bubble m ind (h ) t i m e ’

per Iod of v ibration of ’ the body . Another- effect of ’ the c¼ ’mpn’csm ;ive W aV e ,

which has not been d Iscussed , is m r m m ; t  i t  pr ov i des a mechan ism b y which bubb le

energy Is radiated away I’rom the system .
It. is also missumed Impl i citly that the compressib ility of the water

has negl ’ gt b le ef fect  upon the t’lexural v ibration modes of the body . However ,

It Is clear tha t If the normal velocities of the surface mire n~ .-mall corn-

pa red wi th the veloc i ty of sound In water , t hen; we may expect that the effect r
of the water on the normal modes is not only to increm ist ’ tim e ’ inertia of ’ the
sy stem but also to pr ovIde mm mech ,mn:lsm for energy d is s i pat ion . The sound
w aves radiated by the v ’ br at ion w i l l  dr ’ i lm ;  energy from the body and thus
dampen the vibrat ion .

The experimental veri ficati on of the analy s ts wi l l  be discussed In
a subsequent report, as well as so me qu a nt i t a t ive  Im pl i cat io ns of the varia-
tion of flexure w ith target and charge character istics.
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mm - t ’L,~- 1h~N~m I~i• 1”~~~m - N THh i— h i-,r I”U X l h , ~ M ,Pb .  IN WA’i’ ~ 1~ :‘,N l  IN A Th

~~e eie X ’ I V t  t’l’e -oiiit e X ~~i O I t  rd t t  Ion; ; -  i’e Iwt’ e’ n t i e  nmt rm-ml in, - cIe ’~ - . i mnei

f m - c - q u e l L ’ I c -s o body In; w i t  er mm ct t m t - oo1re m ;~ - - mmci  In ~ mode’s and f’r’c’quenc t in
i ’ r . T t . e . t  t - e ’ l m m t !on : m ;  ire - mo m- I ‘o m mv t - nm ’ e r it ly  o b t m I i m e d In rn mmtr ’ I x  nio l_ m i t l o n .  We

w i l l  w r I t e ’ i m n m m m t r ’ x 1 mm I- -o ld fact- A , It s  t !’ m m n;m ;pL s( w ’ll be’ wr 1lten A mmmd I t s
inve rse A _ 1

~

L et  q denote the column matr Ix witi elements q,(t),

$ - t en; . te ‘ i .e  e’c lumn mnaU- ‘x wI m- c it -mt -n i t ; -  ~‘,( .m-),
Je lL m~e- t I e’ column matr ’x w It h t i e - m e - m u m 0 ,

mind t~e- dci ’ ned on ly on; m um’f  moe of ~~e 1-ody
N den ,tc  Ut  dl m~~~- ni  ii m:m t r’Ix w i  U. - l e - r n t - m m t  m-

L ac m; t e  t n t -  s~- m1uine t i ’ s mm:. it i ’ ~ w t im c it Inc m -~ 1., , - mn ~t

~ den t t I i.e cnI : ~~- - m ; ii mi tm ’ I  x W I  m l ,  e-le’meLt a ,

Tt ,enm f rom ~qua I rim ; 5) arid ‘ iO We’ e . i i  wm ’ I t ‘0 L— ;-  i t - i~ I lie I Ic ’ n me - n’gy mm ni ; t i e

o~ ent I ii c’n ;e ’ r-~
- y of U e sym ; t 1--;; ‘ m m I .e mt ’ m~t - T ie ’ e of  I m e  I t t’i~ it

21’ — ~~ 
+ — ~ M~~~ ~~ 

‘
~~~~ L~~~ ‘ N ~~M 4  i 7 - ~

.)~~_ Q  M~~~q~ = (q N

wn mere t i c  Im m m - e - rt Ionm ~ l i V e  t~e en ni m. ~e - ‘ n - m a t  t I ~- e ’X p n ’e  ;- ;- V mm ; . m sum o f ’ s~~ui m r’ e - m ~
N~-w dl m~~. nmm c ‘ ~~e I m e ’ mn.m t n I  x ‘ m m bm ’ .m~ ke -t I’’, rne’;im u ;- ‘ 1 m m ;  o ; t  m . 0p ’ m m m  - II v I r’ .m m ;m ~—
fo t i n m t  ‘ or;

~M ~oi ‘(M * L) ~i R tm fl

wimerea 1m m mm matrIx s uc i m th a t  I;; .i aI .m~ . m ; . j m m tr Ix wm. - -~ clelinerits (a) , ~~
are tn:e charact er stic t- sot s of ’ t i me ’  matr ix In; br’ .ic ’ ket  ;;, m m ;; R I;; . i ;u  on t imogo n ; —
I matrix which is compoun ded of ’ t i m e ’  ck .m mr ’ m is It- ri st Ic so I tit I o m m o  of  I he’ mat n- I x

‘n brackets. Hence

2T— (~~ 
M o ~ R 1) 11. “ ( R~~

M.
~~) — H’H

~i’ — (q M cnR mn l)nm (i IR~~w~ q) q..n.2q.

where we now have a new set of ’ normmm l coor ’din ;m;tes

L I I I
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where A is tine t ransformation matr ix in parenthe s is. Hence V and T are both
now sums of squares , the modes are independent , and the new natura l frequen-
cies are the Inverse square roots of the character is t ic roots of’ time matrix
In L7 ~

j .  Al so we define arm associated set of mode functions and potentials

— ; •‘ A ’ $  178 1

and substItutIng In ( 7~’]

21’ — ~ (~ + — 6’ M ’~ ’ + ~‘L ’~
where

— A ’M A  p q ~ U, tIX 
180)

mmmd

I..’ A 1 L A  ‘ — ‘+ p~~~’~~’coa (ni , k) do 1q 1 1
and

N’ * L’ I the unit matrix .

Tnt ;; completes the spec I I’ Icat  I o m m ~- I’ I m me new ooot’d I am; tes and parmime ten’;; mis

unique i’UIIC II OflS of’ the old coo n’d I mmmi I-es arud pmir m m m nnt ’ t ’ r’ s .

There exists mm relmi I- ion between; the new pcI emit I,iis and t. l it n e w  mode

func t loris which Is uset’ul in t h e  anm aly m ; Is. We del’Ine a new Ocr  I es of fuac t loxn~
x ) mìm ; mn Integra l of 0.’ miroumud the perimeten’ a of ’ a sect  ‘m ~‘mi of time ’ body mit

the’ dIstance x from -one end , i.e.,

~ 0: cos (n , k)  ds

Let denote t i m e ’  column matr Ix wi tin elements ~
‘
~(x) mind cons lde -r I he relm i t Ion

I’ e’ twem t- i ;  and $‘. Now since the fuac t I onms ~
,, , mi nd .i iso ~~‘, ~, m i m ’ e’ .is~unied t

form mm complete set , the  func I-ton ~
( x)  

L’ ,ln he expm ;m ;ded in t erms 01’ i’. , (~~) and

we em m n t ike

— m (x )  B4’

w; me re ’ 8 ¶ s .i n i undeterm i ned mat n~i x wI tim con;s I mint cot ’ fl’Ic I cut ;; Now post mult I ply

bo Ii; ot ’ miho ve by t i m e ’ matr ix $ 
S mind tn;tegx’a t- c wit 1: re’speo t t o  x.

4i ’ dx — B ~~4) 4”
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— B N ’  [85 )

and from (8 1 ) and [80 ) and substituting lxi [8~J

— 
~~~ L’N’ 1$’ 

~~~
- ( i— N’)M ’ ’$ [ 86)

4’ — ;‘ (*“ — s )  187 1

where

— M - ’$ ’

and rep resents a column matrix of mode f unct ions which ire particular combinma-
t ~-ons of’ the mode functions i’, ’ . This final result Is an e’x px ’eSs lox ; fur tine
potential dIstributi on on the surface of the body as a ft~nctton of ’ the nIuot~ ons

which generate time p ote nt lm ni . It Is In terest ing tha t , In; genmermi ~~, t i me - po t e n—
lal 0 dcc;; not depend on the single mode i, ’ , but also or; .mll t i me ’ modes ~~~~~~

j  * I . Th Is dt’pt’m;den;ce on all the modes enters through the px’ese’nL’e of’ ~~ , “

in [ $ 7 ] .
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