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ABSTRACT

The initial-value problem for equations of the form u, - M (u) = 0
where ¢: R +» R is nondecreasing arises in many contexts. The main
results of this paper concern the continuity of the solutions of this
initial-value problem as a function of ¢ . Depending on the behavior
of ¢ near zero, one finds either that the solutions are continuous into

1 _N ; : . : ..M
C([0,»):L"(R )) as a function of ¢ or into a weaker space in which L (R )
is replaced by a certain weighted Ll space. A variety of auxiliary results

are proved and the sharpness of the condition which distinguishes between

the above cases is established.
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Significance and Explanation

The initial-value problem for equations of the form o Ay (u) = 0

where ¢: R » R is nondecreasing arises in many contexts. The main

|
|
i

results of this paper concerm the cantinuity of the solutions of this
initial -value problem as a function of ¢ . This question is of interest
from many points of view. To have a physically meaningful problem, ane
wants continuity in ¢ . Or, for example, ane might like to approximate

solutions of the problem u_ - A(u3) = 0 (which is degenerate where the

t

solution vanishes) by solutions of the nondegenerate problem

u, - A(u3 + €u) = 0 for € >0 . This is justified by the current

work.
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THE CONTINUOUS DEPENDENCE ON ¢ OF SOLUTIONS OF ut - M) =0

Philippe Benilan and Michael G. Crandall
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Introduction.

The initial-~value problem for equations of the form u

sl ioA

t-Av(u) =0, where ¢: R> IR

: is nondecreasing, arises in many contexts. The main results of this paper concem the :

continuity of solutions of these initial-value problems as functions of the nonlinearity !

5 ¢ . These results will be obtained via nonlinear semigroup theory, in a generality in

which ¢ may be a monotone graph; however we will preview the results here in a more

restrictive setting.

If ¢: R » R is continuous and nondecreasing and u

e ™) o LT@N ), then

there is a unique u € C([0,®) : L]'(IRN )) n Lm((o,m) x ]RN) which satisfies

u, - M) =0 in DO, x B,

u(0,x) = uo(x) ’ X € RN o

The existence assertion is explained in Sectiaon 1 and the uniqueness is proved in [8].

Assume that continuous nondecreasing functians L R > R with wn(O) = 0 are

+ N @
given for n = 1,2,...,»=2Z u {»} together with initial data Uy, € Ll(]R\) nL (RN)

and let u_ e c(lo,=1st "))  be the sssociated mnique solution of

' © N
“t-Mn(un)=0 in D' ((0,=) x IR)

n
(1n)
u (0,%x) = u_ (x) T
n I — on v X € .
If \Pn gl and um = uOG in suitable ways, we will prove that un * u_. However, the

precise situation is rather complicated. If N > 3 , there are (at lcast! two cistinct

possibilities depending on the behavior of ¢,(x) near r = 0.

Roughly speakinc, if

the graph of e, (r) is too steep near r = 0 , the associated diffusion is so stronc that

the convergence of u,  to u  near |x| = » is not as good as it is in che case where

vm(r) approaches 0 more rapidly as r + 0 . To describe the condition on the behavior

Sponisored by the United States Army under Contract No. DAAG29-75-C-0024. This matcrial is
based upon work supported by the National Science Foundation under Grant No. MCS76-01.45.
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of ¢  near zero, let § = v-l . Then Bm is a monotone graph which is a function only

w

if ¢ _ is strictly increasing. Let 82(!) be the element of least modulus of ﬁm (r) if
re R(p ) (the range of v, E.g., if r >0 and r = v (s) for some s , then
B:(t) = min{t :x = "..,(‘“‘ If r>v (8) (r <y (s)) for all s we set ﬂ:(r) -®

respectively, 8:(1') = ==}, With these conventions we have:

1 @
Theorem: Let u e C((0,*):L'(®')) a1L7((0,®) x ') be the solution of a),

n = 1,2,---'“\1
(2) lim ¢ (r) = v, (r) for re R,
noe® &
and
(3) lim flu_ - u_ | w0y
‘ now B 0= 1N

Then the following assertions hold:

(1) If N=1 or N =2, then u »u_ in c(lo,®:L} (@),

n
d (ii) If N >3 and
N-1 o -1 N-1 o 1
4) -Fr Bm(-—u;?]dr=fmr Sw(N_z]dr-w for a >0,
a r a T
: N
then u *wu_  in ctro,= :Lh(®M).
(i) 1€ N>3, 0<a and p (x) = 1+ 1x1%)" * then Pu, * Pu, in

co,=) Lt @y .

To clarify the nature of the condition (4), let e (r) = |rlm signr where m > 0 .
Then g8  is a function and B (r) = |r|1/m signr. The condition (4) is fulfilled exactly
when (N-1) - (N-2)/m > -1 or m > (N-2)/N. It will be shown in Section 3 that if
0 <m < (N-2)/N the conclusion of (ii) fails in general. However, even if
0 <m < (N-2)/N we still have (iii) holding. The behavior near |x| = w ig
adquately damped by the weights Pyt

Parts (i) and (ii) of the above theorem are proved in Section 1. The proof of (iii),

formulated in an appropriately general way, is given in Section 2. 1In fact, we associate
an m-accretive operator in the corresponding weighted Ll space with each problem (1)
and show this operator depends continuously on ¢ . Section 3 establishes the necessity
of (4) in the class of nonlinearities v (x) = lr‘msignr v 0 <m .,

There appears to be little previous work on continuity of solutions of (1) in .

“Qe
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The problem (1) with v¢(u) = |u|™ signu and u, > 0 is discussed in, e.g., (12], [15]

0
via replacing uo by v, + € > 0 and letting ¢ tend to 0 . The point of this method
is to deal with strictly positive approximations for which the problem is nonsingular
(since ¢' 13 bounded above and away from zero on the approximations.) In our framework,
this corresponds to introducing the approximation wt(r) = ¢(r+e) -~ ¢v(e) of v . A
simpler (in some sense) approximation is wt(r) = ¢(r) + er, which yields nonsingular

problems if m > 1. Moreover, it permits u_  to change sign. The question of the

0
dependence on the nonlinearity of solutions of problems related to ours appears in the
papers (31, (111, (12}, (14], but the results of these works and the current paper have
nothing in common. The requirement (4) plays a strong role in (4] in the study of the

asymptotic behavior of solutions of an associated time-independent problem.

afe
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1. Continuity in c((0,=):L} (®")).

We beain by a review of the material we will draw upon in the sequel. In order to

discuss u, -M (u) = 0 within the nonlinear semigroup theory we first associate an m-

F accretive operator AW in Ll(lz“) with the formal expression Awu = -0 (u). This is
done via the results of (5]. Let ¢ be a maximal monotone graph in R (see [7]) and
consider the problem

(1.1) u-Aw=f in D' (RN) , wix) € v(ulx)) a.e. x ¢ R
where f ¢ Ll(li"). The following theorem holds ([5]):

Theorem 1 Let ¢y be a maximal monotone graph in R, Oe€ ¢(0) and f ¢ Ll (]RN).

Then:
; (i) If N > 3 there exists unique u ¢ Ll (lR") and w e MN/(N-z) (]RN) for which
1 (1.1) holds.
* (ii) If N=2 and 0 € int D(¢), there is a unique u ¢ Ll(mz) for which there

exists w ¢ Lioc(mz) with w(x) € ¢(u(x)) a.e., gradw e r42(:IR2)2 and (1.1)

is satisfied.

(iii) If N=1 and O € int D(¢), there is a unique u ¢ Ll(lR) for which there

exists w € L}oc(m) with wi(x) € ¢(u(x)) a.e. and (1.1) is satisfied.

Remarks : See [5, appendix] concerning the spaces HP(RN) . To relate (1.1) to the
problem studied in (5], put B8 = w-l and rewrite (1.1) as B(w) - Aw 5 f .

The operators AW may now be defined by setting Awu = {g ¢ Ll (IIRN): u is the solu-
tion of (1.1) for f = g + u} for each u ¢ Ll(RN). The results of [5] also contain:
Proposition 2 Under the assumptions of Theorem 1, (i), (ii), (iii), A\w is m-accretive
in LtY@®"). Moreover (1 + Aw)-l =3, ) ) + 11 (®") has the following properties:

(i) Jv is a translation and rotation invariant contraction on L' (lRN).

(ii) vf,g ¢ LI(RN) + f <ga.e. implies wa iJv’g a.e.

(i) ve e th®Y), g7

4,
N <J £ <Ifl N a.e.

. @y - Y L™ (R)
where f = max(f,0), £ = -min(£f,0).
Moreover, if f,u = Jwt, w are related as in Theorem 1, we have:

(iv) If N >3 there is a constant CN depending only on N such that

hwll o <c, gl 2
MN/ (N=2) (l’(“) N Ll (IRN)




‘ ' (v 1t N>

2 there is a constant D“ depending only on N such that

it [arad wlil < DN“fll y ap

W7 (N=2) (N, Rt )

RS Ry

In view of these results, the problem ut - Av(uw) =0, u0,x) = u”(xl may be

b g transcribed as
a v
[ du
1.2 b gl - )
;: (1.2) at .\“\.\ 0, uil0) = \10
)
i and solved by the nonlinear semigroup theory. (See, e.g., (], (9],(101), t ¢ is
1, N w N &
j continuous and u, < L'(R) 0o L (R') the resulting solution satistios i
g 1, N N N . :
d e CO,:L (R)) n L ([0, » R) and (1) of the introduction. (While this i
: not in print, it is easy to show.) In the general case, we are interested in the con-
tinuity of the solution of (1.2) with respect to ¢ . For this we will employ the t
result of nonlinear semigroup theory which states that if each of An e N 1,200
. is an m-accretive operator in a Banach space X , X DZAHS and u is the solution
of |
i dun
: <& — 0 Q) =
g (1.4) p o An“n - » un(\) X,
| then e A X implies R in C(l0,™):X) where o A means
; -3 =) 4
E (1.5) Lim (T¢A ) "x = (I+A ) "x for x ¢ X .
n s e g
(See, e.g., [9]), [10] for statenents and references.) Thus we are teduced to studving
the question of when ¢ ¢ = (as m-accretive operatars in R)  aaplic A, > A as
iRy el
! m-accretive operators in LT (R) .
i O N
] Remark : The convergence ¥, * 9, o be rephrased as .~"h) . »‘f\_(x) a.,e. ¥ ®,
where »“;(r) denotes the element ot v’i(r) of least modulus and »“;(z\ wi=w ) iy
¥ is above (respectively, below) l\(»“).
k g "
The main result of this section is:
Theorem 3, lLet ¢“, ne=1,2,...,% Dbe maximal monotone graphs in &K with
let 5 ¢y, W A w. 184
(1.6) N=1 or N=2 and 0 ¢ int l\(»‘m),
or
[3 LS

N -

——




(1.7 823, B =y and
= W=l .0 p -1 : ~ N-1 o 1
r . ( N__,]dl = f 5 o [ N_z)dr = w
a t a r

then A+ A as m-accretive operators in LL(RN).
A A

N

3 mo >
If v (x) = |r|"signr , we saw that (1.7) is equivalent to (N=2)/N <« m . Another
example which helps fix the ideas is ¢ (r) 0. Then 8%r) =~ for r » 0 ¢ == fox

r<0 and 0 for r =0 and (1.7) holds. Also, if ¢ (r) = R for r =0 and

v () = # for r # 0, then 8 (r) 0 . In this case (1.7) fails and so does the

conclusion. If .‘n(r) = nr, then "n * v+ HOwever, the solution of u + A u =
¥
n
un - n.\un = f satisfies f N un = }'Nf for n = 1,2,... while the solution of
R R

U+ A, u > f is u 0. Thus u ~u_ in R is impossible if | LW O .

x ¢ w©

Proof of Theorem 3 for N > 3 . The principle new step in the proof is:

Proposition 4. let ;n s N = 1,2,..., be as in Theorem 3. Let (1.7) hold and
X, N -1 s g :
felL (R). Then {(I+A ) f:n=1,2,...,} is precompact in L (R ) .
\d
n

Proof: First let ¢ be an arbitrary maximal monotone graph in R with 0 < ¢(0) and

3w et
L _

v

. Let tyg(x) = g(xty) for vy « IRM . Since we have that J\:o = Q ;

J =J_ 1 and J_ is a contraction on Ll(lRN) (Proposition 2) we also have
L

I €l < Ul
) Y
(1.8)
3 £ - ¢l -« i3t 8 -3 < lr_g-gl
y ¥ oY vy Y Yo Y

which shows that ({J f: ¢y a maximal monotone graph in R with 0 « ¢(0)} is a bounded
\d

1, N g : 3 x S i
subset of L (IR ) on which translations are equicontinuous. This implies precompact-

ness in L}oc(lRN) . We need then only show

(1.9) lim J |9, £(x) [dx = 0 uniformly for n = 1,2,...,~

B xRy M

b=
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let ¢ » 0 and choose N R, > 0 such that
N

+
(1,10 (e - Ny R s
Ul "o} 1'l(lta) .
where 1 « max(r,0) and \y '8 the characteristic function of A o R ., Set
9™ N\, . . « We have r\t'~q¢(r‘-q)' and so
“‘1 - h“| - —
e .
+
W, N <3 g (git-)
L) 'I\ i

because J 1s order preserving (Proposition 2). Using this and (1,10,
v

n

» . 4 +

{ . n" < f a2 uwis [ o, e =)
{|x|>R} Vn {x[>R) Y {|x]>R} "n

. A )
< | J g 1o, g+ (£=q)) - 3@
{Ux[>R} "n  {|x|>R} “n n
. > :
< J . g+ H(t-g) } < { J g+ e,
* thalsg) v 5 N s 1) e ) O O
{Ix|>R} "n L (R) {Ix|>R} “n

S .
since  J 18 an L (R) contractian, Recalling that
“n
that 1t 15 enough to show

¢ >0 1is arhitrary, we conclude

{1.12) am f J g 0 uniformly for n =
R {[x|>R} “n

> .
8 ST

) : + : .
in order to establish the same for W f) . Treating (I f) in a similar way, (1.10)
"n “n
holds for £ if it holds for g = !M\(lxl L N>O0 , R\ >0 ¢ Thas, without loss of
S \
o
Jenerality, we assume
i : R
l N it X 2 Ry
() €(x) = l
b
Q it x| R,

whete M O. The case N+ 0 1s entirely similar. We proceed now by giving some

estimates on J £ for arbitrary ¢ and £ given by (1.13). Since

18 rotation
k

invariant there are nonnegative fuanctions u(x), w(r) for r >~ 0 such that

N-1 L W N-
: 8w B 1o RO
x ulr) (x w'(r) X ‘N\N 2 )

(1.1

wir) ¢ v(uir)) a.e.

wPan




and J f(x) = u(|x|). (Observe that we are abusing notation a bit by using u(r), w(r)
A4

to denote the functions of a single variable corresponding to the rotation invariant

functions u,w of N variables in Theorem 1 and Proposition 2.) The next task is to
rstimate rh~1u(r)dr {which differs from j ]J“f! by a constant factcr). Letting
o B (xf>ry 7
8=y we rewrite (1.14) as
N-1 - o~
(1.15) M lawie)) - T here)) = 2V iy
{Q < x < Ro}

and hereafter usually ignore the possibility that £ 1is multivalued for notational

simplicity. Let

(1.16) H=~1—f“f=%RgM
N R
where iy is the area of the unit sphere in mﬁ . The relation f N J £ < f N £ s
R K
equivalent to
(1.17) [V gwendr < ow .
0

In addition, the estimate of Proposition 2 (iv) (see [S, Appendix]) implies

(1.18) R aatsn s has < e (T N as) N <o one?
r r
where N will denote various constants depending only on N . Since (1.15) implies
N- N-

(1.19) "Rt = ey 20 for xRy,

N-1 : . ; N-1 (

r w'(r) is nondecreasing on (Ro,w). Thus if ro w'(ro) > 0 for some K, € \RO.W),
w' will be strictly positive on (to,w) and w(+x) > 0 . However, (1.18) then implies

that if > x

0
wir) f2r sN-lds < er w(s)sN-lds < an r2
r 5
2-N e
and w(r) < cgHr and so w(+®) = 0 , a contradiction. Thus we have
(1.20) Nl () 26  for EiR .

Next we integrate the inequality tN_lw'(t)/st““l > w'(s) (which is valid for R, =~ s < t)

over r < s< t to find

1 p 3 1 N-1
(1.21) w(r) Lo wit) + E:E( ;E:E-- ;E:E ) (-t w'(t)), RO frc<t

and so, choosing t = 2r and using w >0,




:

b )

S e 2y A

(1.22) w(r) Cpy (=(2r) w'(2r}), R 3
N N-2
¥
Now we set ¢ = ¢ and correspondingly write B , w , etc. Let
n n n
follows from (1.7) that there is an R(t) > R) such that
L

R(e) N-1 o ¢
(1.23) / r B [erile > 2

R S

Q

. =) \
The convergence ;x *¢, 1implies B8 =¢ + B By Fatou's lemma we
L - n n o

and ;%n * the existence of an integer Mir) such that

tR(e) N~1 o ¢ -
(1.24) v r 8 [~== Jar > 2n for n > M)

- n N-2 -

R | 5

4 N-1
Using (1.17), (1.20), (1.22), that -x w'(r) 1s nonincreasing and the monoto
8 we have
n

{R(t) N-1
r
B n
R7
i

But then by (1.24) and

N=-
(1.25) 0 -R

We are now prepared to
po N-1
(1.26) lim | r
R R

Indeed, by (1.19), if

r* N-1
J 2

Bt wn
R

However, by (1.25), kn

wWe can guarantee

(X.27)

provided only that n

indices n ,

End of Proof of Theorem

(1.27) also holds if only R

1 N-1

o (= (2R ¥ Nt (2R(e))
N n
\ s ST

———— Jar < H

the monotonicity of :in '

I\rlr"(R) < -R(e)N-lw;‘(R(:)) ¢ c g for R > Rle),

N

demonstrate (1.12), which is equivalent to

:*'" (w(r))dr = Q uniformly for n = 1,2,...

N-1
k (r) = r w'(r) we have
n n

(r))dr = kn('\-) - k (R)

(w) - kn(R) € s if n > M(¢) and R R(v).

0 N=-
J xr .‘(Wn(r))dl' < §
R
and R are large enough. For the remaining fin:

3 for N >3: Fane £ l.l(l{N) and let v ,

satisfy the conditions of Theorem 3.

It is enough to show that if n oo k

Jeo £ > u in LllRN)

Mx\,f (N=2) (RN)

n
By Proposition 3, {J_f} is prec
“n
is a subsequence o 1,4
implies u = J_ f. Thus we assume u J |
¥ n Y
e W (X) e v (u (x)) a.e. and u - Aw f (as
n AN n n

-9

is sufficiently large and th

obtain fre

n

Thus, if

te

number

1 Sy
ve o
“t v
T
n L

um

o

1

o




1P () for
loc

3 .
loc

The estimates (1v) and (v) of Proposition 2 imply (wnl is bounded in W

1 < p < NA(N=1) (see |5, appendix]) and hence we can assume v, *w in

I»‘N/(N-L’

But then w(x) « ¢ (u(x)) a.e., )(RN) (by Proposition 4 (iv))) and

: F N 5
u - Aw in %R . 'Thus u J £ by Theorem 1. The proof is complete.

¥

Proof of Theorem 3 for N = 1,2. The proof is analogous to the case N > 3  in many
respects and we only sketch it here. The analogue of Proposition 4 is:

Proposition 5: Let & > 0, r0 0 and ¢ = {maximal monotone graphs in R with

. N
0 ¢ ¢(9) and Iv"ﬂ(‘\\)l . rl)l. Let N ¢ {1,2) and f e Ll(R ). Then

iz » &) %svw £ 5l
¥

18 precompact in l,l(IRN) .

As before we reduce to the case f = Mx{ |x| R} and the problem of estimating
= ()

o0 N - o0 -
[° M gwenar = 7 N woar
R R

where J f(x) = ullx]), w(r) ¢ ¢(u(r)) or u(r) ¢ R(w(r)) and
A

N-1 N-1
r Blw(r)) = (r w'(x))' = My 3 »
10 % ¥ < RO}

The condition on y corresponds to

(1.24) 8 < |Btsr)) |

: N-1 !
Integrating w'(r) > (s/r) w'(s) with respect to r vyields

/ w(r) > w(s) + (r-s)w'(s), Ry<sc<r, N=1

(1.25)
\w(r) > w(s)+ sin(r/s)w'(s), R0 <s<r, N=2

Thus either w'(s) 0 or w(w) = o ., But w(w) = » {is inconsistant with (1.24) and

(1.26) [* N ogwoar < w

0

N-1 i
Thus w' < 0 on (R,,»). Now we integrate (r/s) w'(r) > w'(s) with respect to s

find the analogues of (1.20):

;w(r) 2 wit) + (e=m){=wi(t)) , Ry <

sX«2t)
w(r) > w(t) + en(t/r)[-tw'(t)], Ry <
Now the monotonicity of w(r) and hence A(w(r)) implies

Blw(zr)) [%F s« [T sV Bw(s))ds < H for 1 >

r (8]

!:N_Id:

50 we have




—

I P

‘N
(1.28) fiw(r)) - oy 1 foxr ¥ > .'N“
“N
) § S e large enoagh to guarant ee \'NI He &, we Find w(r) ¥y from (1,28 and
Al n A N“ .
(1.24), Thus (1.27) {wmpliea = (t wh(t)) » 0 asw t o w uniformly for ¢ ¢ ¢ and the
proot v campleted as bhetore,
End of proot of Theorem t tor N = 1,2, The convergence ) and 0 ¢ dint Dy )
. N \ - -
implies that there are o, ¥y * O fter whiteh v’l o an defined in Proposition S 1t only
\
. oN
nooas o sutticient ly large. Hence for f ¢ L (R) (0, fan = 1,2,,..)  in precampact, The
'II
proot s completed as o in the case N 1 However we must use that iwl «Jd fine
\ >
\ N i
Lodeooo b s bounded in l'l\w(k ) oaddition to the intormat ton in Proposit ton 2,
‘
See the proofs of |5, Thms .1 & 4.1],
We will record one further vesult here for ftuture reference:
Proposition o, Lot v be a maximal monotone graph in R with O ¢ ¢ (0), 1t N = |

or N o= 2 assume, tn oaddition, that O ¢ int D), Let A', be the assoctated m-accret ive

Y .=N
operator in L (R ) . Then

BA) = (v e M) v « B®) a.e. )
A .

whoer e l‘(‘.‘\;“ s the closure of “‘Av‘) in l-‘(l\‘N,‘ '

Proot: Mo must show that it ;
(1.29) v o l.l(liN) and  Ant D) < v(X) « sup D) ae. X ¢ I<N

then v« DAY, Let \ > 0 and set u = (1 + A Av.)"‘\' - (1% K&,) by TV

1 N
Now DAY, and we will establish that u ry L(N) as A 4 0, whence the
v

result e has W v“‘ as Vb 0 where

(N int DI < map W)

[=%,0} v int D(v)
(1. ¢ (x)

0
[Oyw) v wup D)
[ otherwise,
- \
Lo the "aubditterent tal of the indicator function" ot D). Since (1t t\‘. ) vev by
O

(L2 (L), Theorem t implles " L IR v‘ﬂ sat fatftes the nypothesos on ¢ 0 dn
heorem This s clearly the case (f inf D) = 0« wap D), while the case
int D) sup D) = 0 (which (s allowed for N 1) v trivial, 1t, for example,

\
ANt DY sup D) = max D) =0, (which tu possible tor N> D, let @) = ()t v s 0,

.‘l,

DT} o) A A S e 4




A A A

. N
é(ﬂ) =¢(0) n (==,0], v(r) = (0} for r > 0 . Then, since J.\v

< J A0 = W 2
3o \)\ 0 by ().

"
and Proposition 2, and ¢ (r) ¢« ¢(r) for r S0 Jx’v}tv - J\V'v. The above argument

o
applied to ¢ in place of ¢ yields J

remaining case inf D) = min D() = O

is exactly the same.

1 N
- J "\ -, 4 3 A ¢ 0 - The
wv va v in L (R) ar ( Th
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2. Continuity in L (n‘) for N * 3
Throughout this scction we assume N > 3. The weights p, are given by
2 -a
(21 P 0 = (14 54 ol e
1 : 1 A
L (p ) denotes the weighted L -space determined by the norm
o

(2.2) Nl = f 0 (%) futx) |ax.

L (u“) RN

The main result of this section is:
Theorem 7. Let ¢ be a maximal monotone graph in R with 0 ¢ ¢(0). Let
0 < a < (N-2)/2. Then the operator Aw in Ll(uu) defined by

Yo =AW ¢ Ll(n') and w(x) ¢ ¢(u(x)) a.e.!

p
(2.3) %u=(4mw‘l.mml

1 ; . i ’ :
for ue L (p‘) is m-accretive in Ll(n“). Moreover, if cn s = 1,2,...,* are maximal
O

monotone graphs in R with 0 ¢ wn(G) and vn i (as maximal monotone graphs) as

1
n+e , then A * A as m-accretive operators in L (p )
W Vo a

As a preliminary to the proof of Theorem 7 we consider the problem =-Aw = { « L’(u").

Let
(2.3) By (X) = aN/lxl"'2
where aN is that constant for which -AEN = 50 , the Dirac mass at the origin. That i:,

EN is a fundamental solution of =A.

Proposition 8. Let 0 < a < -

1
and f e L (p“) . Then there is exactly one solution

1
we Ll (p“ ) of -Aw = f. This solution is given by

+1
(2.0 wix) = E * £(x) = [ -——~:5L-—f(y>dy ;s
N N lx"Y'N-2
R
Moreover, grad w « Ll(p )N and
a+l/2
. * - “
(2.5) ey f"xl(» ) + IHlgrad (e f)lull N el 2
R ) (ﬂu’ 2) L (-”

for a constant N depending only on N
Proof: There are two main points whose proofs we will sketch. Firt we claim that it

1
we L (p“ and -Aw = 0 , then w = 0. This is observed, for oxomnle, in the proof of

01)

the remark following Theorem 2.1 in [5]. Alternatively, Ll(p"l\ is a subspace of

. N
S'(R ), the continuous linear functionals on the Schwartz space .'(m“\ of rapidly

™ 1
decreasina ¢ functions. Hence w ¢ L (nM ) and Aw = 0 implies w is a constant.

1

-13-




But if o < (N=2)/2, the only constant function in l.l(p 01) is 0 . This establishes
- a

the uniqueness claim of the proposition. The existence, (2.4) and the estimate (2.5)

all tollow easily 1f we establish (2.5). Observe that

> ad 2 ~(a+l
(2.6) negeel { a i y 1y I MR ’dxlf(y)ldy)
L™ (¢ ”l) R R lx-y
and
(N-2) = \
-« )
_ (2.7 I (grad e ysfi | P salioy (1% 7 a1 o) Jay)
| N - N N N-1
L' (o 3 K R | x-y|
y+1/2
1
. To estimate these quantities appropriately we use:

Lemma 9. Let B,y 0 , RB+y-N > 0 and N > 8.

! o

L Then there i1s a constant ¢ = C(8,y,N) such that
ke Wik 1

E B b | §
Ix=y|" 1+|x] 14yl

where § = min(B+y=N,8).

sketch of Proof of Lemma 9. Using the assumptions that g+y-N>0 for large lxl and

that N > 8 for X near y oOne sees

1 1
gigh v ol a4
[x-y|® 1e]x|?

and g is bounded on compact sets. Decomposing the integral defining g into the sum
1
of three integrals, one over each of the sets Q, = {(xe R [x-y| < 3 lylY,

Q, = (x e R: [ x-y| > ;ly| and  |x| < 2lyl}  and &}j = {x ¢ R | x| 2]yl)and using that

2

v

N-(y+ ﬁ)’ lyl'l*)

| x| ‘_‘%ly] on &, while | x-y] :%|x| on 9, ., one obtains gly) = c(|y|

where the temm lyl_g arises from the integral over ﬂ2 . The result follows. |

End of Proof of Proposition 8. From Lemma 9 we find
! ! e 1 o ’ cons, cons .
-2 2 a+ : - 2,8/2
B ey V7 kB eyl aslyHY
and
f ! TR 1 S < SRR cons.
- 2, (ot ™~ 0 - 2,8/2
TS SN § 1lyl® T eyl HY
where & = min(2a,N=2) = min(2a,N-1) = a for a < (N=2)/2 . Together with (2.6) and (2.7),

these estimates imply (2.5).

-14-
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i The next ingredient in the proof of Theorem 7 is:
LS
& Proposition 10: Let w « l.l(.-"l), Aw « Ll(.») and 0 < a < (N=2)/N. Let
—— e o [\ R}
d 1 " w 2 1
¥ p o CHR) LARY, 0« p', p* « L (R) and p(0) = 0 . Then p'(w|gradw|” ¢ (L (p )
- and
-
Al
¢ (2.8) _" N (Aw) Mw).“ * pr'(u)Iqudw l'u + fN |(w)(-Ap‘) <0
g! ‘( . n Y .( \
r
§ where j(r) = fl p(s)ds.
: 2 “ N 1
| s Proof: Let {f } c C(R), f *» =-Aw in L (p ) . Then w = E *f satisfies (by
i Gt n 0 n o n N n
Proposition B)
) % = w %n 1.1(,» ) G
n atl
& (2.9) (11) gradw » gradw in (l.l(v ))N
n avl/2 i

(iii) =~Aw = f + -Aw |in Ll(u ! (-
n n o

We may integqrate the itdentity

\.\w“h‘(w“).'.‘ - dw(p(wn)u“ qudwn - )(w")qudn“)

v ]
- ® nt
Iqudwnl ¥ (w“) o, * A (wn)Ao'“

N
over the ball {x ¢ R ; |x]| < R} = BR and let R * =* to conclude that (2.8) holds with
' w N . Nt 2

w replaced by w". Indeed, since fn ¢ \'“\ll ¥s v and \1radwn decay like 'x]

y | =N - A
and x| .l, respect ively, as Ini * » while p e L and l)(w")l < lipl _"(\v“).

L
Thus
-2 “N+1 “N+2 -2a-1
_;w“h ~|l.tdhl“ - Hu")qrmlv‘l ©oconst, (|x| “le + Ix[ Ix’ Y
1 ‘

< const, ('xi“N-l)o.‘..))

as “.\\ s oand the antegral over JHR arising trom the divergence term above tends to

zero as R * =, Now we pass to the limit as n * = jin the relation

, 2
A ) + 54 )+
I ot w“); lv“)n\‘ IN‘ (w") lqrndunl L ,f

flw V(=40 ) = Q
n w
K L R

N
to establyah (2.8 The first and third terms above have the desited limiting values by

2.9) (1), (iii) and l\(w ) (=Ap )[ < const ., |w l.\ , while the second term 1s handled
n o nooat

1

by Fatou's lemma and (2.9)(11).

“1%=
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Sketch of Proof of Theorem 7. It 1s now a (somewhat lengthy) exercise in the use of

1

the arguments of [5] to verify that Av as given by (2.3) is m-accretive in L (;p ).
1Y

We leave this to the reader. (The third temm, IN j(w)(-Ap‘), in (2.8) 1s nonnegat ive
R (
since -Ap‘ > 0 by direct calculation. It may be dropped while doing the exercise.)

It remains to show that ¢ * ¢ implies A * A in Ll(p ). Each A has the

n » on L% a ¥
properties used in the proof of Theorem 3 for N - 3. 1In particular, J_ = (I + I\_)‘l
- A4 A

. - : - p 1
is order preserving, translation invariant and an L (u‘)-vontravtxon. Thus for each
¢

1
2 &% (p‘), (wa: ¥ a maximal monotone graph in R with O ¢ ¥{(0)} 1is precompact in

N 2
iOC(R ) . To see this set is precompact in Ll(vu) we need only show
(2.10) lim £ o lef| =0
R |X _1 R 8]
uniformly in ¢ for a dense set of f's. But if f ¢ L‘(F”)
1 1
[ o la ) <« —5— [ |of] < 0el
[x|>r & ¥ s Y aat® | ol

and so (2.10) holds uniformly in ¢. The convergence Aw > Aw then follows as before.
n -

«l6=

oy
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A counterexample tor N - 3,

B e o o
-

We consider the special case
‘ v, - Aw™ =0

(3.1) '
\ u(0,x) = u_(x)
Q

of (1) where ¢(r) = rm, 0 < m~ (N=2)/N. (More precisely, we mean v(r) = |y :m siany,
X m : . 3 1 _N
but will often write r for brevity.) Let .‘;m(() be the semigroup on 1 (R)
.
associated with (3.1). With 2 = 2N/(N-2) we will prove:

. * 24 | N
Proposition 10. et 0O <m< (N=2)N , B8 = (2-m2 )/(2 -2) and Yy ° L7 (R LIRY .

A TIPS NI R AR R AT S

- -
Then there is a T > 0 such that Sm(t)\l0 «0 :for t>7

-

This has the following relevance for the preceeding results: Set
. m !
¥ [mm(m'.r ) for r2> 0,
? (3:.2) v'n(r) = W
\max(nr, w lrl ) for r< o0
{ . -
and n=1,2,... . Then vn(r) > le Signr  as maximal monotone graphs as n o~

However, one can easily show that if n“ is the solution ot

: du
H L A U =0
| dt ¥ on
) n
(3.3)
u (0) = u
n [\]
then -[N un(t) - fN vy for all t > 0 . It follows from Theorem 3.1 that n"\“
R R * &
cannot converge to 8 (t)u for any t >.T unless | o, =0
m QO - "ty Q
R
Proot of Proposition 10.  The formal idea of the proof runs as follows: Multiply the
| L m 1 ( . N
i equat ion u‘ -8a = 0 by E—:l‘ u and inteagrate over W to fand
| B8+1 1 m R
(3.4) = f u + - f Vu® Vu" = 0 .
4 ac N +
; R B+ 1 “N
Now the Sobolev inequalities imply
"'_' ‘{i
m R P
(3.5) '{N w" vt - -ﬂ\% fN [vu
R (m+g) " R
meg ¢
- AL §
“'U’N W /.
R
where 2%= IN/(N=2). When £ = (2-m2*)A2*-2) we have (meg)2e D g+1 so, in all,

(3.4), (3.5 imply

R TN ) gea o




d ¢ 341
) (3.0) (] i

\ .
Rel 272
. )= d
at In " LA "'N u <

However , every solution of the inequality
(3.7 fr4+Ct s 5
-

where f:[(0,») » [0,»), C >0, O < y < 1 has the property that there isa T > 0

-
such that f(t) = 0 for t - T . This is proved by comparison. The function

e 1
. 1- 1= "
git) = a(r -t)" Y, a= ((1-y)e) ¥ satisties
L Y «
(3.8) g'+cg =0 on {0,T )]
L.
- l_‘ 3 - L
and g(0) = aT 210) 2 % is large enough. Hence f < g on (0,7 ] and
-

f O for £>7

This formal proof can be made rigorous. We sketch how this is done. Assume that

. ¢ l.‘«ll“l n l.m(RN). Let A > 0 and define v_= u_, and then v, ¢ LI(RN) n
Q Q Q i+l
- N
L (R) Dby
v -V
jex & m - B
(3.9 \ l\vi*l (
or, more precisely v = (1 + \A )-‘v . We multiply (3.9) by vﬁ and use t.hat
. sely, v, W o i+l
V‘ vt:ol < ﬁ—}T V{:‘l + i V::: to conclude
1 Rel el m 8
" . - - < 9 .
o7 Wiea =¥ 2 = WM L
N
Integrating this inequality over R yields
1 1 Rel gl m R
v e f v - f v ] - f Vv Vv <0
A i i =3
gel RN Ll RN 1 i+l 1+1
and s0, by Sobolev,
M‘B L] -
(= }2 /2
1 1 g+l g+l 2 )
S et - . <0
(3.10) T 51 ! IN Viel J’N “w ). el | vy ) < ¢
R K
m san be justified by [5, Appendix]).
The minipulations involving I('\VNI)V?OI o s v 1 PF
Set v\(t) o for 1\ < t < (i+1)). Then the semigroup theory implies v\ *u .,

1.8
where u  is the semigroup solution of (3.1), in L (R) uniformly on compact subsets

N .
of (0,*). Since v I <l ll _, v, *+u in tP(R)  for 1 <p <~ , uniformly on

- \
L L
1 1 " .
compact sets.  Thus (\(H " va‘ for i\ <t < (1+1)\ converges uniformly

18-
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on compacts to f(t) =

>l

1 R
'S IN (u(t)) 1 . The relation (3.10) can be rephrased as
R

Rt tesk = Bt e B 272"
\ | \(t - t\(t 1+ < fx(tn) <0

for 0 < t. Multiply this relation by ¢ « C;((O,w)) ¥ > 0 and integrate to find

L]
1 e = ot
Uy =g v v e U e e yoa
A
0 [\
£l
- [T o (HENZ RO g o [T @ poae <o
0 0

provided ¥(t) = 0 for O < t < A . Letting 140 we have

.
2/2

-7 tetae v e TR yode < o
Q

0
272
s0 f' +c ()77 <0 in 2'((0,%)). However, the comparison argument made above
is valid if (3.7) only holds in the sense of distributions. We conclude that f(t) \]

-
for t > T , where
$or il L3 B G
L [ % Y ((1=y)c)

Now we can eliminate the assumption “0 ¢ L

L]
(IRN) by approximation (since T depends
only on ||le|| PR )
L (R )

Remarks: The solution u of the problem (which can be generalized)

m o
S .\(Iul signu) = 0 £E>0, el
(311 u(o,x) = un(x) X € Q
m . .
I u (t,x) =0 for >0 x e 3R

N ™
where 1 1s a bounded open subset of R and u, ¢ L (8) has a finite extinction

. .
time T such that u 0 for w0 if 0O < m< 1 . This may be proved tor

L]
our notion of solution much as ahbove. The behavior of u as t ¢+ 7T

is considered in Berryman and Holland [6], who remark in passing on adapting a proot of
L]
sabinina [15] of the existence of T it N=u]l: It Q= RN , Aas in our case, then

“
T exists only if O <« m « (N=2)/N as our results prove. (There can be no extinction

in the case we have continuous dependence in LI(RN) L) The results of Benilan and
Aronson (1] establish that there is no extinction for (N=2)/N <m < 1. Veron (17]

exhibits other cases of extinction times.

“19-
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