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F L
The init ial-value problem for equations of the fotin u~ - ~P (u) = 0

whe re p :  I~ ~ P is n crtdecreasing ar ises in many contexts. The muu m

results of thi s paper concern the continuity of the so1ution~; of thi:;

initial-value probl em as a function of p . Depending on the hehavior

• of 4p near zero , one finds either t hat the solution s are continuow . into

C ( [ O ,o,) :L l (PN 
) )  as a funct ion of p or into a weaker space ~~ ~~~~~~~~ 1

l (pN)

is replaced by a certain weighted L1 space . A variety of a u x ii ’ , : ’y ‘ u  i t s

are proved and the sharpness of the condition which di stingui~ h ~

the above cases is established. -
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Sicpiificance and E3q lanat icn

The initial-value problem for equat ions of the fons u~ - 
~~~ 

(~1~ = 0

where p :  P * P is nondecreasing arises in many contexts. The main

result s of this paper con cern the cont inui ty  of the solution s of this

initial-value problem as a function of p . This question is of interest

frcm~ man y points of view. To have a physically meaningful problem, one

~~nts continuity in *p . Or , for exmnple , one might like to approx imate

solutions of the problem u~ - Mu 3 ) 0 (which is degenerate where the

solution vanishes) by solutions of the nondegenerate problem

u~ 
- A ( u 3 

+ ~u) 0 for ~ 0 Thi s is justified by the current

-• werk.
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THE CONTINUOUS DEPENDENCE Ct~ ~ OF SOLUTION S OF U - £p (u) = 0

Philippe Benilan and Michae l G. Crandall

Introduction .

The initial—v alue problem for equations of the form u~ - Li~ (u} = 0 , where ~~; ] R m

is nondecreasing , arises in many contexts. The ma in results of thi s paper con cern the

continuity of solutions of the se initial-value problems as fun ctions of the nonlinear i ty

• These resu lts will be obtained via nonlinear semigroup the ory , in a generality in

which ~ may be a monotone graph; however we will preview the results here in a more

t restrictive setting.

If ~~: IR + ~ is continuous and nondecreasing and u0 ~ n L (]R’ ),  then

there is a unique u e C ( ( O ,— ) : L
1
(~~ ) )  Ii L ( ( O ,°’) ( which sat isfies -•

r — ~~(u) = 0 in D ’((O , )  x

(1)

I N
L u(O ,x) — u0 (x) , x € B

The existence asse rt ion is explained in Section 1 and the uni queness is proved i-~ [81 .

Assume that continuou s nondecreas in g fun ct ion s 
~n 

: E~ 
-
~ B with ~~~(o) = 0 are

given for n — l ,2 , . .., = = Z ~ u (
~‘1 together with initial data L1 (s ~~) n

and let U ~ C([O,~ ):L
l(lRN)) be the associated unique solution of

r u~~ — t w (u )  = 0 in D ’ ( (O ,=)

L u(O ,x) = u~~ (x), x

If 
~ 

• and u~~ • u0 in suitable ways, we will prove that U • u .  However • ~~~

precise situation is rather conplicated. If N > 3 , there are (at ~~~~~~~ two cj st inct

possibilities depending on the behavior of ~~~(r ) near r 0. Roughl y speakin c , ~f

the graph of (r) is too steep near r 0 , the assoc iated diffusio ’;  i~ so st ronc tqat

tP~ convergence of u~ to u,~ near l x i  is not as good as it is i; ~he c~~ ;c where

~~~(r ) approacl~~s 0 more rapidly as r -~ 0 . To describe the condit ion on thc  hehavior

Spon sored by the Un ited State s army unde r Contract No. DAAG29-75 -C-0024. This r c t ’r i a l is
based uoon work sumoorted by the National Science Foundat ion unde r Grant No . ~~~~ f t 1 . 4 .
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of ~ near zero , let ~ . Then I~ is a monotone graph which is a func tion  only

if ~ is strictly increasing . Let 6°(r) be the element of least modulus of ~~(r) if

r lit (~~ ) (the range of ~~~ ) .  E . g . ,  if r ~ 0 and r — ,(s) for sone a , the n

8°(r) — min {i :r  — ~? ( t ) 1 .  If r -. 
~~~(a ) (r < ~~ (a)) for all a we set t~°(r) —

~espectively , L~°(r) — -=) . Wit h theac conventions we have:

‘Li~eoreta; Let C([0,.~):L
l (BM )) L ((0,’~’) x R

N
) be the solution of (1)

n = 1,2 

(2) ).~~~ 
~~~~ 

— ~~ (r) for r , B ,

(3) lisi Iu~~ - u0 11 1 N — 0
n’.’ L(R )

Then the following asse rt ions hold :

(1) If N = 1 or N — 2, then U u in

( i i)  If N~~~~3 and

(4)  - f ’~ 
rN~~ ~

o ( 
r~~

2 )ar r r~~
1 

~~ 
( N-.2 ) dr — = for a > 0

then u u in C ( ( O ,o~~:L
1(fli M ) ) .

( i i i )  If N > 3 0 ~ a and p (x) — (1 ~ I x 1 2 ) ° then PeUn • PU in

C ( ( O ,~.~) :L l (BN ) ) .

To clar i fy  the nature of the condition ( 4 ) ,  let , (r) — In
tm sign r where m > 0

Then ~i is a funct ion and 8 (r ) — In 
1/tm 

signr. The condition (4) is fulfilled exactly

when (N-i) - (N-23/m ‘ -1 or is ~ (N-2 ) /N . It will be sho~a~ in Section 3 that if

0 m < (N—2)/N the conclusion of (ii) fails in general. However , even if

O c ~ ( N — 2 ) / N  we s t i l l  have ( ii i)  holding . The behavior near x l  =

adquately damped by the weights ~~~ .

Part s (i) and (ii ) of the ahove theorem are proved in Section 1. The proof of ( ii i ) ,

formu lated in an appropriately general wey ,  is given in Section 2. In fact , we associate

an m—accretive operator in the corre spondin g weighted space with each problem ( 1)

and show th is  operator depends cont inuously on ~‘ . Section 3 establishes the  necessity

of (4 ) in the class of nonlineanitie g ~~~(r )  — j r l
maignr 0 -~ m

There appears to be li t t le previous work on cont inui ty  of solutions of (1) in ~~.

—2— 
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The problem U) with ~(u) - lu im signu and u0 > 0 is discussed in , e.g., [~ 3J • (15 1

- 
via replacing u

0 by u0 + ~ ~ 0 and letting r tend to 0 . The point of this method

- 
is to dea l with st r ictly positive app roximations f or which the problem is norisingular

(since ~~ x~ bounded above and away fron zero on the approximations.) In our framework, -

this corresponds to introducing the approximation ~p~ (r) — .p(r+c) - ~~(~~) of ~ . A I
simpler (in sone sense) approximation is ~~~(r ) — ~p ( r )  + cr , which yields nonsingular I

probl ems if m 1. Moreover . it permits u
0 

to change sign . The question of the -

- dependence on the nonlinearity of solutions of problems related to ours appears in the

-- papers (31, (111. (123, (143, but the results of these works and the current paper have

nothing in conmon . The requirement (4) plays a strong role in (41 in the study of the -

-, 
asymptotic behavior of solution s of an associated time-independent problem.
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1. Continuity in C((0, o~) : L 1(J~~))

~~ begin by a review of the material we will draw upon in the sequel. In order to

discuss u
~

_frP(u)
~ 
0 within the nonlinear semigroup theory we first associate an m-

accretive operator A in L1 (E N ) with the formal expression A~u = -1w’ Cu). This is

done via the results of (5). Let ~ be a max imal monotone graph in P (see (71 ) and

consider the problem

(1.1) u - l w —  f in D ’ (P ~
’1 ) , w ( x )  ~~(u (x ) )  a .e .  x c

where f € L
l (JIN ). The following theorem holds ((51):

Theorem 1 Let ~ km a maximal monotone graph in B , 0 € ~ (0) and f c L1 (]8N )~

Then:

Ci) If N 3 there exi st s unique u € Ll (IRN ) and w € M
t4
~~~~

2 I (BN ) for which

(1.1) holds.

(ii) If N — 2 and 0 • m t  D(~’), there is a unique u € L
1
(P2) for which there

exists w L~~~(P
2) with w(x) c ~ (u(x)) s.c., gr ad w c M2 (]R 2 ) 2 and (1.1)

is satisf ied.

(iii) If N — 1 and 0 € m t  D~p), there is a unique u € L1 (P) f or which there

exi st s w € L~~~~(]R ) with w(X) € ~~( u ( x ) )  a .e .  and (1 .1)  is satisfied.

Remarks: See (5 , appendix) con cern in g the spaces NP (PN ) . To relate (1.1) to the

problem studied in (5), put B — ~,—l 
and rewrite (1.1) as 8(w) — lw • f

The operators A~, may now be defined by setting A~ u = {g € Ll (IRN): u is the solu-

tion of (1.1) for f — g + u } for each u L
]
(PN). The results of (5] also contain :

Proposition 2 Under the assuisptions of Theorem 1, Ci), (ii), (iii), A~ is m—accretive

in L’(Di!1). Moreover (I + A )
1 

— .3 : L’(IRN) • L
l(IRN) has the following properties:

Ci) J is a translation and rotation invariant contraction on

(ii) Yf,g € L~ (P~
1
) f < g  a.e. isplies J f  < J g  a.e.

(iii) ‘if € Ll(PN), -0 f 11 N ~ f < IPf ’I N a .e .

+ 
L’~(P) ~ L~

’(P)
where f — max (f ,O), f — -eLm Cf .0) .

Moreover, if f,u — J~ f , w are related as in Theorem 1, we have:

(iv ) If N > 3 there is a constant CM depending only on N such that

< C
M 

L
l
(IR
N
)

-4-
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t I t  N there  is a ~-onst ant  : ~~~~~~~~~~~ . ‘ . I V ‘ N %A -

I ‘i t’~’l w~ II 
N ~N- .’t N 

- 
N~~ I N

M ID - ~ ( 11-.

In v t , ’w . ‘t t •.- ., . ‘~t , i t  , t 1:,~ ~‘it~hI,-m u — — ) , u • — ~ ••• _ t • t - •

t t a n ,~ -t  t b- .1 .- t .

t i . : )  ~~~~~~~~~~~~~~~~~~~~~~~~
•.it ~

.

an.t s.~ 1 v,’,i t~’~- t he nonl inear  semi.j out’ t heot ’~ . (~~e.e , • . , . I • ‘ ‘ I  , 11 ~‘ I . t

~ont i nuous ~nd u~ L1 (EN) ~~
-- ~N t he t ewt i l  t jn.~ ~‘1 ut t .~n ‘ .t t t

u , ~ [ i i , .-i ~ t 
1~~~N

1 ) L I • 1 ~N) and (I) ~‘t t he ott  t~ siu.-t i .~n . l Wh t  1.- t h i

nOt in ~ i t n t  , it  i s  easy to show .) in t 1 i ~ .i. ’nt t .tl . . i~~t , We •tt - t e l  , t . - - t  • . i  in

t it t i t  i t  
~ 

,‘t t he  so i~ t ton ot (1. 1 w i t h  t e .) ’ e, -t  t .. ,‘ • t . ’t I l i i  . we w t I i  •‘m~• . v h,-

rest: i t  .~ t non i t  n~-~t: seFmttjroiq’ t 1ie~ .t v whi  .‘h t .~t •-e th at  t t , t h~~t , 1 — , .~ -

an m—& -~- t , - t  iv , - ~~~~~ .it ~~ in ~ ItSi tSeb i . e  x x t~ (A 
) . i.i it ‘~Ti U Ii

dii
fltI . 41 —- f A it — 0 , u • x

dt n n U U

t hen A • A , x x tm 1 1 t ,‘~~ it • it i n  C ( C • - ‘-i X i -h e  ,- A \ s. - t t tn - - -  ii • U -‘

tim (1+A )
1
X — ( t t A I t x t . ~ i x x

U “

.-,‘, ,‘ -~~ • , ( ‘i l , IC 1 for st~~tenent  and ~~~~~~~ • Thu we .it ~~’ t .-~~u, . .i I • uCv

t he  .~tt, - st  t . ’n ..t when ~ . ( .t u  m— . t . . t - ’ t  i v , — . s
~~’ , t .,t .~ t i t :  D~) t w ~~ -

U -- 
‘

-

r i Nm— a . - . t t .t  iv. ’ •~~~
‘
~

-
~ 

t t . ’t s Lf l  I .  t l i~

Remark: The ~~ t t V ( ’ t~ t F’ti. ’ t ’ ~ • S~ St I \  1’,~ .‘~~lit i’.* ’.t .i ~ 1 . ‘ . - t E
U -‘- U

wh et,- ,‘ I si t- tes t ,‘s the e- lement I I . e  t I -jnd 
- 

‘
1 1

t t Msstv e’ ( i  ,~~~ ‘.- .- t iv,’ lv , be low) 1’ ~.‘

rite ma in result 01 t hi s. • . . , t  iOn I

Theorem .1. t.* t ~ , n — 1 ,.‘ ,. ..  -‘ he maX I C.-t I Si ~te’ I .tnv - - U —
It

l et  ~~ • ~ as n • -‘ - . it
U

i i  . t s)  N — 1. ~~t N — —‘ an.i C i t i t  
~
,‘ I

L . . —
- - - -
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11. 7 ) S , — and

•‘~ ~~_~;)dr — r
N
~
1 

~~ (—~—~)dr -

t hOn A - A t~ f l t — i C t  c ’t t v t ’  ssl s-i It ist S in i.
l fl t

~) -
-‘

i f  t 1 — v t~ tn t , we saw t hat 11. 7) i S equ 1 vait-n t to IN— .’ N m • Anist her

~x~Xn~’le wit i 5 h  he~ 1_pS I ix th,’ 1 sit ’ ts ; is ( r )  it . Then ~~ ( r) — -‘- t o t  r C . — -‘- to:

r 0 and C t o t  r — C and ( 1 . 71 holds. Also , i t  ,- (r) — I~ t is : r — ii anti

— ~ to i  r C , t hen  t i U - In this case (1.7) fa i l s  and so ~ioes the

conclusion. if I r )  — t i : , then ,? • However , the solution of u + A un U -‘- U ~‘ n

U - n.\u • sat L s t i e ~ J N u - f t  for n i , ,... While the solution ot

U 5 A U  • f 15 u C . TItus U
n 

U in Lh (P N ) t :s itmpossible j~ f ~ C

Proo f of Theorem 3 t o r  N ~~ 3 . The isrinciple new step in the proof is:

Proposition 4. Let . • n — l ,. be as in Theorem 3. Let (1.7) hold and

Then (U  + A H
1f :  ri — 1. is prec~~npact in

Proof: Firs t  let  C be an a r b i t r a r y  maximal monotone graph in E with 0 • ~~( O )  and

+ A l 1 l Ot  : g ( x )  — g(x-+y) for y . Since we have that  J O  — C ,

.3 — ~ t and J is a contraction on Ll(PN) (PropoSition ~) we al so have
y C C C

ii J t ic ii f II
L (EN

)

(1.81

I I :  J f — J f~ — I IJ  t — .3 l I t  f—f i t
L
l
(DI

N
) ~ L1(1~~) 

‘
~

which shows tha t (C f : ~ a maxima l monotone graph in P with 0 ~- W )  I is a bounded

subse t of L1 (~~~) on which translations ar e cijuicontinuous. This implies pres’~~ pact-

ness  in L1 
~f l~~) . We nt-ed then only  show

b c

ti m f J t (x) dx — 0 unifoflltly to: n — 1,.~ 
n

~~(5~~

- .S-i•~-~~- ~~~~~~~~~~~~
- ••_S - ~~~ — -

-- _js~~
___  -

~~~~~~ 
-
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— *\ ~~ • We hay,, I $ I t - .3 1 and so

- _ — t 
- I .-~ -

, 
* 

01 • i t  — i t i
‘ I: S

t .

becau se C t t ‘I,. : p t ess  I V t  tig (1’ iOp~’s t I ion I - t. i :i~t I hi  a ansi I I . ) -
-

- 
t . ’ I J •1 t t ’ l C (g •

I X  ‘ N 1  ‘n i x -R~ 
‘ti { X c~R ’

—~ g 
~ 

i C 
• 

—i • i r — .t ) I — 
- 

i-~ 
t

4 ( x~~~~ 
‘it I x - i ~ 

‘n 
i
n

• 
Si • I -s i i • i~ 1 N -- - 

g •
U L ~5i 1 X ti

a tn~-e- C 
- 

is an 
t
~ 1~

N 
~~~~~~~ ~~~~ j 5t t ~ ) i~~~~ l l ~~ng that C is  atbit t a t y  • we s ’Ot i i  I tt~IC

that i t  is enough t o

~~~~~~~~~~~~~~~ i t . t : t  tim C ~ C u n i f s snnly to:  ti 1,: 
R~~— - N 1  ‘U

i t t  s :  d ot  t~ . 1  .tI’ I t  ~ it t h e  same l ot  iC 
- 

I t  + 
- Tt ,-~it i tist ~C I I  

— 
in  S - - IIF I 1st is~~~ i i .

holds  to :  I i t  i t  hoi5ts t O t  ~ — M \ • It • C • R * U . Titu s  - w i t  tout  l~ ss- ~~t

-)OUOi •t 1 • W assume

M ~ t ~~~~~~~~

t i _ i t ’  t i ’.~ —

L . C i t  ~t I ~~~~ N

whets ‘ U .  lit,’ c.a-,, * N C Is ,‘t it t is l y s i~~t t  lat . W~ pt  s ’’ .-ed now by ~t t  i -i  tn t

CMI teat ,- SSU C 
- 
t I ‘t at b i t  : .ti y C an 5t r g l i-el i  1. - t I • 1 : i • ~ ~~~~~ C 

- 
I s  ‘t at  t o t t

inv a r I at:  I I it. - : e  Si C fls~ itWs lat IVC I i tUCt ~~~~ ~ ~i I • W i t  t~ ’t ‘ C s t t s It t h a t

N - I  N—i • N - 1
t- i l l : t  — 

~
:- w ~t t~ — I

it.t4 1
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~~~~~~~~~~~~~

and C - 
t lx) — ill x ) . ICbt .-x ye that ~~~ a: t- abu~ An q r i o t  at  t i n  a b i t  i-y u~ , I F ;  u 5  r 1 • w (  )

iii si. -n - I s  th0 tunctions i t  a single var t a t s l ,  c o r res p o n din g  t i  t ho l i i  5 it i ,r i  t r i v ~:x ian -

t u ~~s t  i ons u ,w of N var iables  in Theorem 1 and pr o 1sos lt  tor i  2 .) : i s -  n t - s t  t 5t~~k i~~ to

- - t i ~~~ t s - r r 1 1
u(r)ut (which ditfers f r ~~~ J C f  by a conu tarit t is -ti r) . -s t I  i t ~ -~

H
-
, C c. rewrite (1.14) s

(1.15) r
N I

:s(w (r)) - ir~~~ w ’ (r)) — r~~~ M~ 10 r R I

~ t t - i  het&at t ,- , usually ignore tin’ possibility that t~ is m ul t iv a l ued  f o r  n o t a tio na l

- t i nt j l t s - 1 F y .  A t

( . l ~s)  i t . f  f
1

H1’~~t
~ N C

is the area of the unit sph ere in . The re la t ion ~~~ - -~~ N 
is

e iUivalt-ri t to

(1.17) rr N_ l 
ri (w (r))dr ~~H .

0

In addi tion , the estimate of Proposition 2 (iv) (see 15 , Appendix)) imp lies

(1.18) 5
2r ( ( ) ) N l

d .::~ 
c
NH(! 

$
N_l

ds)
2/N 

-~~ 
c
N

Hr

where C
N 

wil l  denote various constan ts depending only  on N . Since (1.15) int 1lis’~

(1.19) (r
N l

w ( r ))1 = rN
~~~~(w( r ) )  — 0 for r ~‘

( r )  is nondecreasing on (R
0 ,~-) . Thus if r~~~

1w (r
0

) ~
- 0 for sante r

0 ~ 
tH~~. ‘ )

w~ w i ll be str ictly positive on (r ~~ , s-’) and w ( + ’ - )  • 0 . However , (1 .18) then xrrtp li1’c

that if r

2r N—I 2r N—i 2wIt) 5 s ds ‘- 5 w ( S ) s  ds c H  r

and w ( r)  C
N 

it r 2
~~ and so w(+ ’-’) = 0 , a contradiction . Thus we have

(1.20) r
N
~~ w (r ) -~ 0 for r >

Next we integrate the inequality t ~w (t)/s~~~ ~~w ’(s) (which is valid for K5 — s -_

over r < s~ t to f i n d

(1.21) w(r) ~~w(t) + ~~~ N—2 
— 

1_ N— 2 )(_t
N l

w ,(t)), R
0 

z- t

and so , choosing t = . r  and using w 0

—8-
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~ilt t 
_
~ 

~ t i n  t o F . - , ‘1 ,tF ~ t : t 5 - - n - r  M~~ I such r i , i r

•N h t  N - i  

~
N _ :  h - 2 1) t~ sr ~~~~~ -

1. 1 1  • t l . C C )  - ( 1 . 2 2 1  • t c t t —1
N I

~~ ( : 1  i s  1 ’ F F i F F  F s , O i i r t , t  c i  I i i  mt ’ ! S - t , - l t c I ’  y

h , iv

R I  ) • -~ , l — c 2 R (  t I
s 

t
~ 5

(2R (t ) I 
-I ~~1 

- -  - - ,- — ) - t ~ ii
H r

h r~ t~ , (1 _ S — t i  ~:r t  I h5- FIFs ’ F F _ I I i i _  1’, ~t •
S 1  N ’11.25) C~~ - i  ‘ -. - ( H ’  ~~~-N ~~s )  w ( R ( ~~ ) )  ~~~s ’ ’ ~~‘t N ’  li ( - )  ii ’I t ~~ l -

W
~ 

t r , - - -~ - ; - r . ’-, t mer i t ’  t r i t ,  - ( I  - 12 1 w h i c h  i s  i- C I V , : I s  ‘ I t t  t o

1~ ‘ , - i 
- 

~ 
: I W I  t ) C k r  U I - r m  V I s ’! U 1

k -  K

i r i ~h ’ I ,  h - s  ( 1 . 1 - ) , N ( r I  = i~~~~~~w ( t  we ha v e F
It U

— ~~~~I 
~~i i i t~~~~~~ t = k t - ’  -~~~, h’ F  -I F  It

i i  ‘ c r  - k ’ - . (1.2’’ , ~ h’)  N ( N I  — - - - i t  it - M I s  I I F , i  H —  k -  1 ‘‘ t~ ’ - F  ~~‘ ,~ — 151Ii  n — — —

we - an - l - t~i r -
~:r t t ~‘~~‘

(1.27) 
~(w Cr ) )dr

N 
-

t - t - r v t d 5 - 51 s ’r’l v ’~ i at n :ri~1 H j r s ’ 1 . : r s i s ’ s -t n ’ t i 5 i i -  . 1 c r  t he  i i t ’ t i i  1 I ( ‘ I l k ,  ‘‘, i i i i t l s ’~ sO

( 1 . 2 ’ )  t t t ’ s s  r5 ’ Id , ,  i f  cIt y N 15 51: 1 15 - i e i t t l v  Lo~ : - , 1 F  - t i e  ic ccl t ’ s , , ”\ F -  s I  0 .

~ r id - t i’ r~~~-f cf T i t i - crem 3 i s :  N I  F i i t . 1 1~~~ N 1 t~~J h i  C , - ‘ -

S -a t i r i f y  I c sms)  F t  t • ’i ts  ~- t  h o ot  ott’ 1 . Ps’ I t  ‘ s - ’ ~ t t s ’Fi 1 , ‘ J  - t t ~ - ‘sw’; i i i t
n

It i c  enough t , ’ r i h i w t h a t  i t  U
N - N I is  . t ~~~~~~~~~~~~~~~~~ o - -

- . - - t h eir

I - u in N 
tm i’l i s ’,; ii — 1 , • Thus Wo F F F r F F t ’IF0 II  , F 

- 

- F t f l~~ )

Le t w M I N . ) ~ N 1 , w ~x l  C u  Ix; 1 - and u — ‘ s i -  ~ -i I h 5  ,‘r s -tI 1’ -• n F’ ii fl It I :
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I
f it

i ts’ ’ ’’ 1 t i n , t t  • - - C t v )  i i i s i  C v )  F •t  I’ l l s ’  i t  l u l l  2 im ) i 1  / { w C is bound. U in W~~~
’ ( I~~ ) j u t

p - N - ( N — i )  ( ‘ s - I i t t - - t i -  l x i ) a n s i  i u - n s - , ’ we can •:s~~umr• w w n i~~ i~~~)

N / I N - C ) N - ‘ -
C h i t  then w (~~) - •‘ (ti(x)) a t ’ . ,  w N (~ C (by ProposItion 4 (iv))) i i i , )

o — \i-j t ~~ - ( - t h u -  u - - ~~ by ‘ l ’ t i . • ~ i t . - m  1. The p roof i r s  com ;i let , - .

l’ i s F , s t  s t  ‘P) i , ’ t ’ i . i i i  4 t O  N 1 , .  ‘rho ~‘r s t ’ i t  is analss;ous t o  l I t . -  s-a s:- N I in many

i .~~~~” i t S  .it :si W i - s ’ F i  l \ ’ I ; k s -  I ‘I t  i t  ku - t i ’ , Plie ati :lcxiu - u t  pr o p O s it i o n  4 i~ ;:

F t  F F 1  ‘ ‘ F  I - c t  ~ -. i i  - i 1) a r id  s) — (maxim ,: 1 monotone  qr aphs  in *‘t w i t h

i t • ( a )  and -‘‘ C I ~~ I - Let N , ( 1 ,2) s i r u s i  f  , I~~ (}1N ) Then

C ( 1  + ;~~ ) f :  t ,

iS  ) ‘ t i ’ s ’uS) ~~ t fl 
~ )

‘ l o s’ 1  - A- h it  s o . -  w s -  r i - s lu c s -  I s ’  t i:1- S a l ; . ’  t — M~ 1 ~ ~R 
) and the prob lem s i t  ,~t;t (mat i r i s ;

-- 0

f - 
r~~~~~~w~ m,ir I r u(r)dr

w h et . -  _ T f(x) = u( x~) 
• w ( r )  ‘ C ( i : ( r )  ) or 1 1 ( r )  . f~~w (r) 

) and

( 1 . 2 1 )  r
N _ l

I I I w ( r ) )  - ( i ~
N _ 1

w • (r )~ — M X 1 0 - r - R0
}

The 5 ‘111111 u Ii ion F ( I t  C t~nr’respond s t u

(1.24) I~
( r 0)

I r t t . - s j r t t i n g  w ’ (r) (;;/r)
N 1 w ( s )  wi t h t i ’I ; } ’ i ’ s ’t t o r Y l O I F I S

f w ( r )  w (n ) * ( r — s ) w  ( s )  , N
0 

< s < r ,  N = I
( 1 . ’ ”’) ~( w I t )  > w(r;) + r ;Q n ( r / s )w  Cs), N

o 
‘ S -‘ r , N = 2

i - i t  hot’ w (u) - - S or wI-’ ) — - . ‘  . Hut  w(-’-) — --‘ is inconsistant with (1.24) and

- i -- N-i( 1 .  2 4 . )  I r I~( w ( r ) d r  II

Titus w i t  on ( H , - - - ) .  Now we integrate Cr/SI
N 1

w (r) w’(s) with respect to s to

fit ~ I the :rui l  i s ; t l i -S ( i f  ( I  . . t t t )

( 1 .  2 / )  
J w( i )  w I t )  + ( t - : )  ( -w ’ It)) , H

0 
r t , N = 1

: 1  - - w(t) 4- l n ( t  /r )  I —tw (t )J , N
0 

r t , N — 2

Now I I t  5 5 S F , ’ t  r t t  c i t y  ( F t  w(r) and hence I(w( i-C ) inqil jet ;

t 4 ( W ( . ’ r ) )  ~ ;~~~ ,t: ;  
f 5

N~~~ ) U w ( r ; ) ) d s  II f u r  r - 2K
0

r ; s s  we h a y s

— It )—
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tin — C ~~~ ~~~~~~~ , C r )  — ( i l l  I s’: : 0 . Then , s:n.- ,- 1 
~~

s
~~’ - 1 
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— ;,

~
- 

- “ s t

and Propos I t  Ion 2 • and (r) • ~ (r ) to: r 0 , ,1 ~ ‘v  1
1 v. Thin ,1I’s’i ’~ ~~

aI’I’ l ied I t t  I’ in Place u t  
~ y IeIuI~ ,t ~~v C ~-‘-v v in ~1 

1~
N 

~~ I ii - ;‘t~~,

i ematn (n q  .‘arso j U t  51+ ’) — m l i i  0(e ) — S is enact ly the s.ame.
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C - i s)flt inuity i :t I ,~ (i ’ )  for N ) ,

Throughout I h I F ’  se - t ion  we .i ;ro t l i i i -  N I - “ ‘CF.’ WC I .4ht F -  i i ,  - i t -  i s  t - y

( 2 . 1 )  (x l  - ( 1  +

~ d,’i iss t  s’ the We ighited L
1 

— ,;pas s ’ d e t e r m i n e d  by t h e  norn ,

(2 ,.’ )  f (x1~ u (x) J dx .
I.  ( - )

Th~ stain r e su l t  of t h i s  sect ion is:

Theo rem 7. Let C be a maximal monotone graph  in F w i t h  (1 - C ( S ) . I ” t

i t < si < ( N — 2 )  / 2 .  Then the operator AC in L
1 

( i ’ ) d e f i n e d  iuy

( 2 . 3 )  A u — ( -A w :w  , L 1 
Cc ) , -,\w  . L

1 
(~ ‘ ) and w ( x )  C ( u ( x )  I -u . ~~~. I

C s i+ I  a

for  u - L
1

(p  ) is m— a c c ret i v e  in L
1

( t ’  ) - Moreover , i f  C • n 1 , 2 - i t s  mixtm.: 1
a ii n

monotone grap hs iii F with 0 s ~I ( O )  and C • ~ (as max imal  mono~ onc’ s r i 1) 10- ) an

o “ , then A A as m— accre tive  operators in L
1 

( i ’ )

As a ~‘r c1imittary to the proof of Theorem 7 we s ons isis-i the ~robIs -m -\w — - I ~ ( s  
- i  

I

I - i - t

N-2( 2 . 3 )  E (x) — a
~N
/ x

wher e aN i s  tha t  constant for which — -
~

1-
~N , the D irac  nua~sr ; ,at I I i .-  s l i  O l in .  That  15 I F ,

E
N 

is a fundam~ nt a1  sol ut ion  of — ,\.

Pr op osi tio n  8. L~ t 0 - si — —~~
- al-si I , L ~~ ) , Then I tu, ’i ,- is - - > . i - t  Iv  ‘ii , - - - ’  C u t  t , ’it

w L 1 
)~ ‘ ) i i !  —~~W — f . Tb i ~ soluf ion is Si  von I’-,-

(2.41 w ( x )  — E
N 

* f ( x )  = f - 
N 

f (y ) d y  -

FN f x-y f
1 NMorc ’over , grad w . L ( i ’~~~ , ) and

( 2 .  ~ ~ 1N ~ + IC ~qrad (E N 
* ~~ —~ 

I
N ” t I C

~ 
~~ a+ L~ 

1 ( ‘  ‘ C  I .  p t

t. i r i ’oIist  ,uit ~ ‘ depen d i n g  only  on N , -

I’ t s s s ’ I :  There  are two main points whose )sissof r; we w i l l  r s k . - t  5 -h - I - t .1 is i ’ L i i m  l ’ s i t  F

w , I) ( p  I and —Aw — 0 - then w — I) . This  is  s s h s r ; O t ~~’s’s l , F ‘5 s ’X ‘ F ’ h , - u s  I t i c  F ” , s s ’t(if I

the ri-mark to! lowing Theorem 2 .  1 in I “I) . A l t e r n a t i v e l y ,  p ~C t - ; ~~~ r u )”  ‘is ‘ 0 . 5 1

I Ft’
~) , I he con t inuous  l i n e a r  f un ct  jon a Is otu t he  hs -)i is’ai I i ;) ’ ~ t o s - - 

- C I ’ t ‘‘
5 I ,:i

(II’s !  l ’ass kn~ C f u n c t i o ns .  llpnce w . ~~ (c i l  I ’ and ,\w — 0 t nt) ’ I C ,  1 ’  W I ‘; 1 s ’s ’F t  - I ,- u i i t

-14-
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But i t  • I N — -’ )  2 , I t ie  ‘ ‘:ity c ’ : t - t , u t t  tu:is’t ion in I .~ (p  I s ,  I )  . T):i i i  , ‘ st  aN ishi’s,

t h i s ’  sir,  i pi , ,us’sr, c l i  ,m ‘ ‘ I  t i s . -  C i s - I - s I ,  i t  i s ’U  - I’Is,’ ,‘x I r ; t  t ’ t t s -e — ( 2 . 4 )  and t hi ’ i - s t :mat e ( ‘ ‘ ‘ ‘‘ C

, i h I  I s I i  ‘w - ,: - - : ly  i t  wi 5 - - I  i i ’  I :  ish ) ! . s )  . t i - - s - i  vt  that

h - i  

~N 1 - N N 
— 

‘N 
tl • 

- - ( - : + 1 1
dxi 1 (y) dy)

p i~

.0 5 -  I

( 5 , i )  l l t ’ i : i - i t ~~ ’ ’i I I  1 N ~ :~,
I Cc ’ , 4 1 , 2 ) ~ I~

t o  eu st  :m,,t — - t tti F - .)sLuit i t  1 , 5 -  t t ’ ) t ’ ’ )  t i t t  e ly  W I -  US t - :

I, , nim,t 4 , I tt  - I) 
• tt~ 4—N 0 ,itid N

Then t h i s - i s -  is a - - s ‘ i s  - , : ir  F C — i ( ~ , ,N) ‘sit -I t that

- 1 1 lx -
- I t t

i x - v , i i I x l

wI, e r . -  -~ m t t i ) ; i + u — N , C u ) .

-k . -t~~ h s st  )‘ t s , i ’ I s ’l  Lemm a ‘4 , iJis :it ; t h i , - s i , ; I i U m h ’ t i O n s  t h a t  ~~~~ ‘ N F t  t t ’ t  1s~~t s t ~~ .iti ’t

t h a t  N I s , !  x near  y

1 1
g ly )  — f — - — “

~~ 
- - — -  Ix  -

ix -y l l + i x I

anti  q IS litiUndt’tl On (IOIflpa( ’t u , - t  - - - Iie- -i*n;ssis I ng the integral def :r : i  Os; 5 I I l l s ’  I h i t ’ -sulu

st three in t i-gr al - ;  , sri, ’ over ,‘as ’h s st t he  sst~ t — I x i : t x— v < y 1 -

— - ~ N • x—~’~ ~l vt ansi Jxj t y j  ‘i and H ) — I X  : lx i  C l y t ’ I and u s in g  t ti., t

4k~~t c-in wh ilt ’ ix—y t ~I x t  silt - otto obtains g(y) c( ~
-I
~ ~~~

where t~’to tens yt
8 

arises fr~~t the integral over - The result folloWs .

End of Pr oof of }‘ rs~j~ s r i i t  ion It . From I ,-num.i ‘ we f i n d

r I I s ’On st . cons.
N 

- - 
N - ’ ~~T,”4ï dx - - - ‘

~
- 

~~
. 2 ,S/ 2

F t x — v t  ( 1 +  l x i  1 t + 1 y j  ( l 4 l y ~

and

C I , s’uifls - cot) is -
~N i

N
~~

l ( I+H 2 ) (5
~
+r dx

where 1 m i n ( . ’-: , N — 2 )  — m in (2st ,N— 1 ) a ( si t  - :  - (N—C ) ‘2 . Together with ( 2 . 1 - )  and ( . .  -‘s .

Ii , ’; , ’ , - r s t  i mat ,-s  imp ly  ( C  •

— 1 4 —

--~~~~~~~~~~ -_~~~J—5- ------ —=- __~__*~~~

_ -
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rI t i s - i s , -~~ t - i u s t t  ,~ I I , ’t s l  i i i  I i:.. I !’~ .I s’t ‘Vlie.i’i ,~~~ ‘ ( i s ,

i r  , ‘j ’ - - - ii t o r i  C ‘ 1 . - I  is- t t~ p I - ,\~~ . )~ - 1 and S - (N-)) N , 1, -I

p - s 
1 4 ) i t I ) D 5 ’ , i t  ‘ , t~~~ L~~(It ) ,iuiC I~~) s 4 )  • i t . ‘rh,.;i i s ’ )w )tq sa sl w

i i i  I

-i ‘ ‘ I’ tW)~~ J’ N ~ - (w) ‘-i * adw I - I N (WI — - \ , ‘ I — i i
It It

w it , - , , ’  I i i  — 
- 

I ’  ( - , I , l - , -

I :  ~~~~ ~~ s - t  I t  - C )  ItN 1 - t • - .\w in 1.
1 

C , I . Thee: w — • I rotC i r . I i . -’ , (b y- t i  S ti ,, n N is

I’ : — ‘ ) ~~~
‘ -  - i t  i i i  S t

I 1 I it • W l i i  I ~, ‘ ) 
-n s : + l

N
h _ s

- - I F  ( i i )  1’ , I s i i s  • 1 r _ I s h i s ’ i t i  (I I, ’ I I —i t  ~ $ 1 2
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