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NOTICES

“When U.S. Government drawings , specifications , or other data are used for
any purpose other than a definitely related Governmen t procurement operation ,
the Government thereby incurs no responsibility nor any obligati on whatsoever ,
and the fact that the Government may have formulated , furnished , or in any
way supplied the said drawings , specifications or other data , i s not to be
regarded by implicati on or otherwise , or In any manner l icensing the holder
or any other person or corporation , or conveying any rights or permission to
manufacture , use or sell any patented invention that may In any way be related
thereto.”

FOREWORD
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Order No. 2307M1KT. The principal author was Michae l H. Quinlan, now at
the Univers ity College Cork , Cork City , Ireland . Some sections of the
report (as detailed in the Background Section) we re written by Ourwood I.
Thrasher.

This report has been reviewed by the Information Offlce/XOJ and is releasable
to the National Technical Information Service (NTIS). At NTIS it will be
ava i lable to the general publi c , includ i ng forei gn nations . This report
is unclassified and suitable for general public release.
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TO ALL RECIPIENTS OF
AFRPL-TR-78-37

ERRATA

On Page 17, the line following Equation (5,3) is incorrect. This

line should be corrected to read as follows:

“whenever c = (c~ (1-a) + c.zp) / a~i = 0, and”
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1.0 BACKGROUND

This report is the interim product of more than eight years of research

by Dr. Michael Quinlan. He was sponsored and provided with fac i l i t ies by

the AFRPL during the period October 1975 through October 1977 as a National

Research Council Postdoctoral Research Associate . From October 1977 through

April 1979 , Dr. Quinlan continued work on the theoretical development and

analysis of propellant test data (ge nerated during his work at the AF RPL )

at University College Cork , Ireland .

Equipment and propellant sample s, and some technical support for

Dr. Quinlan ’ s experimental efforts , were provided under AFRPL In-House

~~~~~~~~~~~~~~~~~~~ Propellant Mechanical Behavior. Subsequent support

was provided under AFRPL Project 23O 7M1 KT , Propellant Constitutive Theory ,

until Dr. Quinlan returned to Ireland in 1977. His wor k since that time was

conducted without support from the Air Force by mutual agreement.

Dr. Quinlan authored Section 3, Theoretical Development. Section 3

comprises the major content of this report. The remainder of the report F
was authored by the current Air Force Project Manager , Durwood Thrasher.
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2.0 EXPERIMENTATION

Varied experiments were performed by Dr. Quinlan during his research

at the AFRPL on two propellants : ANB-3066 (a carboxy-terminated polybutadiene

(CTPB ) propellant containing amonium perchlorate and aluminum ) and TP-H1Oll

(a pol ybutadiene—acryl ic acid-acry lonitr i le ( PBAN) propellant containing

ansnon iuin perchiorate and aluminum).

Much of the testing was done to gain qualitative results on the genera l

mechanical behavior of the two solid propellants as well as to develop a

characterization technique to allow determination of a specific nonlinear

constitutive law .

The test specimen used is portrayed in Figure 1(a). The specimen is

a cylindrical uniaxial tensile bar , carefully milled to achieve a uniform

diameter. The ends of the specimen were cut using a razor blade and a

special j ig to obtain square ends and a reproducibl e length . The ends of

the specimen were bonded to a luminum end tabs using epoxy adhesive. A j ig

was used to assure accurate alignment . The aluminum end tabs were designed

to fit into special grips and incorporated set sc rews to clamp the end tabs

securel y. This feature prevented slipping of the specimen in the grips under

load reversal. Considerabl e effort was expended to elimir~te play and lost

motion in the load linkage of the test machine. Some troublesome ‘ strange ”

~~e1lant behavior was , in fact , traced to elast ic “play ” in a part of the

load linkage.

The testing was performed using a standard laboratory tensile tester ,

manufactured by Instron Corporation . The test assembly included a gas

dilatometer manufactured by Dr . Richard .J. Farris , and the dilatometer load

cell was used to measure force on the spec imen . The speci men ex tens i on was

determined from crosshead travel of the tensile tester. A temperature

conditioning unit was used to maintain a stable “room tempera ture ” 77 °F

—4—



(a)

0.50 in. Diameter

2.89 in.

- Alum inum End Tab

- 

(Both Ends )

Strain (C)

(b) 

- - A / Ti me ( t )

Figure 1. Propellant Testing Approach . (a) Specimen Confiquration ;

(b) Schematic Strain History

— 5—

_ _ _ _ _ _ _ _ _ _ _  - -- ---- —~~~~- - ~~~~-~~~~~~ 



- -- - -~~~~ - -- -~~~~~ -~~~~ - - ~~~- - - - - - —-5- -- - - - -- - - - - - - .

environment on the specime n . (Whi le problems with the dilatometer precluded

di latation measurements , its load linkage was found to be very satisfactory

for obtaining data under strain histories that produced load reversals.)

The characterization test eventua lly selected is schematicall y shown in

Figure 1(b) .  The test consists of a series of sawtooth events of increasing

strain amplitude . A long (several minutes ) “rest period at zero strain

is interposed between the sawtooth events to al low the visoelast ic part

of the propellant response to decay to a negli gible level. The loading and

unloading parts of each sawtooth have the same constant strain rate.

Some useful variations of the above strain history include:

a. Insertion of a sawtooth event with a lower maximum strain

than the previous maximum .

b. Insertion of a relaxation process between sawtooth events.

c. Changing the strain rate for specific sawtoot h events.

Data from the characterization test (as described above) performed on

a single TP- HlOl l propellant sample were used to produce the propellant

constitut ive law constants described at the end of the following section

of the report. The overall response of the TP-HlOll spec imen was similar

to tha t of all TP-HlOll specimens tested . The ANB-3066 specimens also

~hr.wed the same general response characteristics (e.g., rejoining the

-r~rg ir1 stress-strain curve when strained to a level higher than the

previous maximum strain). These characterist ics have , of course , been

widely observed and reported for solid propellants in general .

— 6 1
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__
3.0 DEVELOPMENT AND APPLICAT iON OF THEORY

3.1 Introduction

We consider the behavior of cylindrical solid propellant bodies ,

of small diameter-to-height ratio and weight , subject to small deforma-

tions which preserve , and are parallel to , the axis. A temporal

sequence of deform ati ons emanati ng from the same equ i lib ri um st ate at

time zero and termi nating at some individual current time is called a

process and the average traction subsiding on the disk boundaries upon

termination is called the force-response . The value of a deformation

in a process at a given time is the axis l ength at that time divided

by its initial length. Assuming that the force-response to any given

process is unique , our task is , then , to adequately describe , or model,

this correspondence .

Structurally, propel l ants consist of minute (i.e., in the order

of mi crons) rigid particles densely embedded in a rubbery-like polymer.

Such materials respond to processes wi th an alteration in the amount of

species to species bonding - hence the idea of a process inducing or 1 :

creating a particular current state of bonding. An adequate continuum

descri ption of bonding changes can be effected by the i ntroduction of an

equivalance relation on the totality of processes . The intuitive

interpretation attached to two processes being equivalent is that they

both induce the same state of species to speci es bonding at their

respecti ve current times . The validi ty of taking such a concept as being

basic can only be measured by our ability to frame intuitively plausible

and useful axioms ; useful in the sense of ultimately unravelling the

force-response function . Of course if one is persuaded to accept

-7-
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(6.1) arid (b ,2) as being basic on the basis of matching experimental data ,

trien all considerat ions related to bondinq can be i gnored. This woul d be

a~ un~ - i -~t i t ie d as to accept the Navier equation of elasticity , with all

boundary conditions in  terms of displacement s , and i ~nure the concept of

A l li ed to the notion of a state of bonding is the idea of continuing

cr extending a rocess for any preassigned length of time so that the

ex rended and ori g inal process create the same state of bonding. As the

preassigned lengths of time are allowed to increase without bound , we

~.u DLo~ O that the corresponding current stretches tend to a limit. Thi s

1i~ it , calleu a L -I:~L I ~a ~~~~~~~~~~~~~~~~~~~~~~ serves to label the state of bonding

cre~tt~il by t n~ ori q in al process.

~~~~~ phys i cal requirement that a unique state of bonding subsist in

ea~h ~~u ili b ri um state is equivalent to the requirement that all processes

~~~ the same bonding parameter create the scvnc state of bonding and

cur~verse ly. Assuming that such is the case, the set of all processes

wi th the same bonding parameter , and hence each state of bonding , can be

~~~~~~ by a uni que number , namely, the bonding parameter of any , and

hence all , processes in tne set. Correspondences of this type are not

. . .~‘i ’ ~r o r i  in uechan ics , indeed , m aterial particles are defined by the

re 1~ i rement that they can be put into one-one correspondence with points

in a Euclidean space . Further associations , while important , are entirely

subjective.

These i deas suitably axiomatized , serve as a basic framework for

acq air ing an explicit know l edge of the evolutio n of bonding states

(i.e., the bonding parameter at each time versus time) in a process.

—8—



Moti vated to some extent by reaction rate theory and the fact that vari ous

integral representations are inadequate , we explore the possibi l i ty of

representing the various evolutions of bonding states as the corresponding

sol utions of an ordinary differential equation .

A,



3.? ba~ ic Structure

Let an open neiqhhourhood 0 of unity in the s t r ic t ly  posit ive

reals he q iven. Then a process ~ of dura ~ - : n  d(9 > 0 is a continuous

function

(9 : [O idq,) -. 0 ; (0) = 1

whose right derivative ~ is piecewise continuous. An extension (9(°)

of a process q is cal led a ~~~~ ~~at i ’  ~
s-),

~f - i u l i a ! - ~ m provided that

(0)

(9 (t)  = p(d ) for all t € (dt~,dq,~+o) where dq,+O is the

duration of q,(0~ The notation for t € (O ,d )  is used to denote

the process gotten by restricting p to [0 ,t).

A process tp gotten by extending a process ~ such that ~t 
tp for1

all t € (d~~c1;) is called a J’ u: ;~’t- i ! or !,~ : n 7  , t - i~uA-z t f~ -i of p. On

the question of whether each process can be so-continued , and if so,

for how long ?, we assert that

AM2 Each process ~ has a ~~~~~~ frozen bonding continuation i.p6 of

duration d + ~s for a’n .s > 0 and that the limi t

def .
= Lun5 (9 (d ÷5 )

exists -

We irote that AM? is a strenqthened version of adon ! ,‘ in [11.

~~ staterI: (~nt inu t. a i,, - , ,; ~~
- st a~t - o~ bnnd ir iq sub si’-,ts in a qiven

equi ii b ri urn c ’n frquratio n mi-an s that the (~wrreral ly different) frozen

bnndinq co r t inua t i o i i~
, of ~~ and ~ ‘ seek the ~i,~~”i.? u l t c mate stretch

whenever ~~ -~~
. tp anu conversel y. ~1ather~ia t:ical l y th i s-. ~tatement is:

(b) t~ t t~ and (4~ ~r proce~s t S  - I hen

w - -— I ft it ( ;)) r ( p )  . 
- 

-

Clearly, a i ~‘ t ’n st .~ t o f  hondi rig is I nducc’d or crea ted by some

p rocess ~ and all processes ~ that create the same 
bond ing as ~

1 (9 9 means that (9 and p create the same state of bond ing.

— 10-
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sat i s ty  u (~
) ri (ip) ii in wh i di a s~ ’ it hai t i  P i l  I ; ‘~. t P i p ’ -

~ P a t e

uni quely. 1 he p os it i ye number n ~ Is i i  11 ed t he .‘ • . - : , - : ~~~~~.
- - .- p.

c (1 t~res pond i ug to t hi’ proct’ s ’. 
~~~~

. It I nfl ows t Ii at a~ I om ,‘ ~~t r b )

In [11 i s an i mined fate cons ,‘qut’ric(’ of and A’l (I’)

Clearly the L ridino s t a t e  ~r i t  t~d [ t y  (9 ( 
~ti ’iht t t t  t’e (1n~~’

( ‘ ‘I  ‘s ’P -t on s t.ant as o 1 flt reas(’ c w i t Piout h01111(1 in wh 1 h t a ’ .,’ ~~‘ i c

essent ìa ly a fro:t’n bonding continua t. ion ot  tjt~ 
‘ 

i i , a l l

sufficiently large and each ~ 0.

Let c.p he any process. Ihen

~ ~( d )  smoothly as o -. 
~~.

lhe qua Ii ficat ion smoot hly is taken to mean that t he den vat i ye of

~~ (
( it )

) (‘X i c t  s and l i m i t s  to  ;ero as - e n’ A knowle (Ige of

events p ni or to time ; ero i s i m e  I eva n t i f  f an eq ni I i hr I urn ‘. t a t e

subsists at time :ero. I et s(~~i) he the tor ce— responsi ’ ( st ross) to

th~ proci.’Sc i.p and let the st atenit’nt. that n’ i~ a

of tIII~ ph~( O 5 5  ip he takt ’ri to mean th at  
~‘( t ) • ~~ t~ ~) ta r  a ll 0..t ~d

and ~‘ 1 on (0, ~c ) ti rid ~~ d .  ~ for S nine ~c ~0 . l iii ’ n I Pit’ as’. un~’ d ~ 
p s I

en ce of an equ ill (‘ni urn st at t ’ at t ii~e :orn i s  t-’,it ire 1 y i’qui va lt ’ti t t ~:

I I 
~
. N’ a ni nil P t raii’. .1 P 1  on of (hi’ prot ‘ ‘s - S ~. I hen ~~‘ ~

- 
~

Wi’ not e  t h a t 1 n ( 1 1  , 
- 

I s i nip I $ ci t. in P he do l i i i ) ( 1  nIl of a P I’(t t i’s s las s

P (‘t (hi’ pt rnce ’ .si’s ~ and ~ have i dent 1 t a l  dura P ion t r no’ .  I l i eu

In’ po nt_w i ‘.(‘ ) di I tent ’nt o — t
~
’ anti t ’ ii’ di d ant o

‘ ( S .) -~~~~~‘~~ ~t )  ~‘(t ) f t  0 .d )  I - i - , -  
~~t -  I I  •~ ‘f  iri ~~I I ,

ii j’ 
. i t  , WO P i ’ r - ’ r  t Pu ’ ni oh I t rarts t a t  1 (111 l~~~ t4t WI f l u  ~~~ ‘

‘ 
, and  t aLe

- I  Il S

he d~ st an~ e h - am ~ t 0 (9 ii hi ’ if ~ t ’ .~ ‘) - 1, ’ n P  v P I i , ’ P ot a 1 r P n’

c ’ •
~~~‘‘. has t he ct  ,-igrt ure of a pcuodo rrn ’t n c  s itat o W I t  11 ni’’~pt’ct to ii

-I l-

- . ~~—-- -5- .~~~~~ — - - —~~~~~~~—~~~~~~



it is a s impli ’ mat P or to rot . is t the t h~ory of materials with

va ri att i e bond i rig as presen ted in 1 1 1 wI th a xi oni 1 (resp . ;’ )  replaced

by the weaker (re sp. stronger) AM 1 (resp. AM2 ) , and ver i f y tha t  the

various definitions , assumptions , and prop ositions , If riot un-

altered , have obvious conten t preserving modif ic ations .

3.3 Bond Breaka~jo and Forma t ion as a Rate rroces~

The po 8~t ibl :1i t -y  of representing bond breakage and formation as

a rate process is mathematically equivalent to finding a func tion P

such that the bonding

t C (O ,d~,) n(t p~~) (3 ,1)

corresponding to any process tp may be cha,’acterized as the u~:iqu~

funct i on sat i s fying

= 

~~~~~~ 
q~(t), s~b(t)) V 0 < t ~z d (3 .~)

together with the limit condition

-. 1 as t ~ 0

tc ~ v i  rtiii’ of . (4e tacit lv assume that (3 ,1) h~i-. the 1r c i c c t  hrwss

p- o 1i,’rt nes ot .1 process tin (0, ) - Cl .‘arl y , , (3, 1) has a uni quo

m u  I i flUous ox  ton ’- n oun t. a [0 . d(9) a m d  the not a P ‘on it (
~ 

is innea n I nq ful

I li,nuq hout the rt?ma I nder of thi s secti on WV 1~ t ‘p be a neneric process

i:I’j ’et to .ini a fortior l ,c ’ r u  P ica~ inn . we proceed iron the

P 1  Oip ~‘ i,if .iic?m a cent I flUOII~ I umn rt . I t o  P o x  s ( I- ’ 1’ P y

‘ -i  t ( .t) and t lie con t i nun ty of I’ onstn.. that I’( c i (~~1) ~~~ ~
) .C) 0.

ion ve rsol y , suppose that the value of I’ ii ( i ( . ~~) . (d 1) ,o) ,-.

P bOil ~~ ~ mud the (‘ Pill s tant I urn ti flfl



t I ld ,d~,’’l • n(tp )

sati sfy (.1 ,.’) on I d ,d . ’  ) f o r  each 0 . s inre Ph i~ - - ‘ lul i~~fl - n t

be unIque and 
~
‘
~l ~~~~ 

rt (a) nuus t hi’ sat I s t i ed , we in It ’ I 1 1.1

n ( p )  r tp(d(9). Clearl y, then , the rostmi. t ion

P(n(ip ) , tp(d ) ,0) () 1ff n(ip ) = tp(d ) ( 1 . i )

must always be satisfied.

Since each iwocess must have a frozen bonding ont inuat i .m , i t

follows from (3 ,2 ) that the algebraic equation 
‘ I

P(n(~’), (9(d ), .) 0

must have at least one root e(tp). We require that 
~‘(~

.p) , called th~

neutral rate corresponding to s.p, ha unique .

For tp to have a un ique frozen bonding cont inuit  ion up to t p in,’

d + ~ , i t  is both necessary and suff icient that a min i quo func t 1 111

t i [d ,d~~ s) ~ z(t) exists such that

r(n((9) , z ( t )  , ~(t) ) = 0; z (d ) ( 9 ( d ) ;  .(d ) i ’ (tp )  • 1

for all t I d .d ~ ) - Whi le nt ’tc ’ s  sa my t ct nd~ t ions I hat ens lire 0 x i  ‘- I l’rlt 0
1 tL)

- in’ ul c ’ p  tir reuf lv ava niab le , a plausibl e c u f t ’ii i t’ni v ondi t ion , t h a t

‘nsure s ,‘x i s P  ,‘nce tar ii 1 su f l i t  ient lv sii i,ill S 
~ 

1 , ~~‘, • i t t - ’ . -  I

P~ ri (w )  , tp ( d )  ,- ) has a non ?t ’l’() d~ r n vat i n’ at  - (u t )  ( 3 ,’ t )

‘his i t i l l 0  i t  I Ofl • tti ’ ii5mn d i f l i j  tPi~it P Pu’ rat(’ of t Pl~tl1sa’ of ‘~‘~i 0 i  lii i ‘i’ P ~‘ , ilP ~

iii ~- u ’~ I ed by I he c p- oces ’ . r~i P e , ‘5mi f f i  p’ . o oct 5ih I n ‘~Pi fli p ’ ~~~ i S P ~ii~ e ‘1

fl I ~ fl fl~ 
j qhb~~jrhood ~ Of t~O( 0 .1 fld ill i gu i’ ‘i~ I I o t t ’. • P p  1 I i ~~’ u p t  n i

P unction 
-

: c ) ’- I) . R

called the . ; t ~ i’:~
’ n’ ; ~. t ’s ’ : s sut h that

— 13—
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(a)C(n(~,), ip (d )) a

(b)each forwa rd solution to

C(n(tp),z) ; :(d ) tp(d~,) (3 ,6)

s a t i s f i e s  ( I~4) uniquely.

We requ ire that (3 ,5) be satisf ied , thereby ensuring t hat ~p has a

uni que frozen bondfnq continuati on up to d(9+6 for all 6 suffici ently

small . It follows that AM
2 is satisfied If (3 ,6) has a s~c1ut j cn

on It ,— ) (cf sec3.4).

A Taylor series expansion of P(n(.pt). p(t), ) about

it ’ Id’, the first order approximat i on:

~~~~ 
a ci(n ( i~~ ) ,  ip (t ) )  (4(t)_C(n (D t). ~ ( t ) ) 1  (3,7)

In view of (3,3)

C(n (pt), W~( t ) )  0 1ff tp (t )  = (3 ,8)

Wi’ assume that ~ is the constant function w i t h  valu e i-

To avoid a return to the classical theory of viscoe lasticity , inodulo
a dri ving term iD (c.f.[l]. sec. 9) we assume that ~ 1 . Finally In

v iew of

— ,~ t j ’ ( t )  when tp(t)

we ’ im pos e the growth c onditions (1 
~. . < 1.

-14-



3.4 Frozen Bpnd i nQ Cpntinu atio~jjjbe Nritra ! ~~~ ~~~~~~~

Let the processes ..p and tp have the same current bonding

parameter it
0 

and satisfy

0 < n = .p(d~)-n0 = ((9(d )-n0 ) (4 ,1)

For Si gni fi cant values of no~ 
experience of bond i s-  I c ”~ ’..ft ion ( r i ’s p l .

rupture) indicates that each frozen bonding continuation of .p

(resp. ip) ought to be weakly increasing (rosp. significant ly

decreasing) in each sufficiently small right neighbourhood of d(9
.

This imp l ies that p (q,) = C(n0,-n0+n0) (re sp. o(tp ) = C(n0
,ti0+n0))

ought to be small and positive (resp. significantly negative).

Clearly , then, the funct ion

ii -.. C(n~,r,+n~) 
d~f C (it ni)

is defined in a neighbourhood N of zero and Is p lausibly of

exponential character in the sense that:

NRF There exi sts an upper hound ;i( n
0

) such that th e den vat i ye of

~ c( *~ • n)— ~i(f f
0

) is proportional to it self tiii ~ onstant of

proportionality o ( i t 0
) being strictly po siti ve .

Immediate ly, then ,

- ~i (n )n( ~tT , q )  — I~ ( n T )  ii~nT~ ) ,
~ ~ V ( N.

~ consequence of (3 ,8) , i 1. fol low s that c - ( nip ) •

Moreover I f ~~(n 0
) ,  n(i10) and ~~(n ) ,  j~(n 0) 

sat i s fy ~4R U , then the

corresponding constants are identi cal. The ascumpit ion that ~ - ) and

• ) are constant functions wi Ph val LIVS ~u and ;‘ yie ld the reprocont~i P ion

C~n09n) . ~( 
1 -e’ t 1

) V ~ ~ 
N

let ~ be any process. 
then the restriction z to Ld(9~d(9~t ) of

the frozen bonding continuat ion of q~ up to d(9
46 (it it exists )

must be the unique function satisfyin g

—1 ¶a —

_____________________ 
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z — n ( d ) ) ;  z (d~ ) .p(d~)

on [d
~
,d
~
+6) or, equivalently, be such that r~ = z - n (d ) is the

uni que function satisfying

= u (l-e’~ ); ~(d) = tp(d )-n(d ) (4,2)

on (d .d -..6). The smoothness of i~ -, ii (l-e°~) suffices to ensure

that any solution to (4.2) on [d(9.d~,+6) is necessari ly unique .

Let t > dv,, then some entirely elementary calculations show that
the function ~ with definition : ~(t) = 0 if ~(d~,) = 0 and

e0~~
t) 

= {l_e u (t-d~) (l~ e~~~
(dip) )}~~~ 

(4 ,3)

if 
~
(d
~
) ~ 0, is a solution to (4,2) on [d(9.~). Since the first two

- j terms In the denominator are non negative and the remaining term is

strictly positive , t(t) is well defined. Furthermore when

> 0 (resp. 
~
(d
~
) < 0),the replacement of ~~~~~~ by unity

shows that the denominator is bounded above (resp. below) by unity

in which case ~(t) 4c~resp. + 0) as t ~
. 

~~ . The satisfaction of

All2 is Ininediate .

—l 6—
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35 The Evolution of Bonding States

In order to characterize the bonding (3,1) corresponding to

each process i.p the unique function satisfying (3,2) it is n~c.o~~ry

for

= - p(l~e~~~
d)} (5 ,1)

subject to n(0) = 1 , to have a uni que solution it on [0,d~,) or

equivalently, upon set t ing ~~ i-p - u , for

= i-b(l-~) - c*~i(e
0
~_l ) (5,2)

subject to ~~0)=O, to have a unique solution ~ on

Let ip be p iecewise linear and I = [i,f] be any subinterval of

[0,d
i-~) 

on which ~ is linear. Then (5,2) has the solution

= ~(i) on I whenever ~(i) = 0. Otherwise (5,2) integrates to

yield

• 
eu~~

t) 
= (a~u (t-I) + ~~~~~~ > 0; t € I (5 ,3)

• whenever c =(i-~,(l-c*) +

em1
~~

t) 
= c/ (l_e~~(

t_ I)(l_ce~
1
~~

I)
)); t € I (5,4)

whenever c -~ J , where -u - upiuc. Clearl y (5 ,4) is equa l to t~5,3) in I’
the limit as c 0. Since tue first. two terms in the denominator in

(5 ,4’l a re non -negative (resp non-positive ) and the remaining term is

str ict ly  positive (resp negative ) when c > 0 (resp c < 0) ,(5 ,4) is

well behaved. Also , when c - 0, the bonding ultimat oly lags behind

the corresponding stretch by ‘he amoun t,

Iimt _,,~
(t) = (Ln c)/~., (5,~)

Since the right hand side

— 17—
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(t ,~.) E I x R -. i-~ ( t )  (1-a) +

is continuous and locally Lip schitz in f., we conclude that the

solution ~ corresponding to the initial data ~~i) is , in fact,

uni que. Iterating this result we have the desired existence and

uni queness of solution to (5,2) for all piecewise linear processes.

Let i-p be the continuous ly di fferenti able on 1 = [i ,f].

Clearly, then, we can construct a sequence of piecew i se l i near

processes such that -. ~ un iformly on I. It follows that

4 (t) (l- vt) + ct~t(e°~-1)

uniformly on I x R. Since for each n, the so lution ~ to

÷ ~(e°~—l); t~(i) = ~~i)

ex i sts and is uni que on I , it follows [2;  theorem .“ .4 J that there

exists a subsequence r~ 1 , ,... such that
n( ) n ( c - )

~(t) L im 
~ k (t) v t € I

is a solution to (5 ,2) on I corresponding to the initia l data t~(i ).

In view of the smoothness of the ri ght hand side , we conclu de that

1 is unique. Since processes are continuous and piecewise con-

tinuously di fferenti able , an iteration of the preceedin g result

cuffic i’s to establ ish that (5 ,2) has a unique solution corresponding

to oacn proces s. The characteri zation of the evolution of bondin g p

s t a tes is , then , complete.

Let ~ hi-’ any proces s in wh i ch ca se ~~~ is constant on [d ,t]

f o r  all d t i-I ~1 Let L he the corro’~nond I ug sal uti on to
(p (P -

on [d , tJ . Since the va l ue of c corresponding to ~ 0 is

~iity , we have that i. is zero and hence the imp l ication : the

bondi ng corresponding to ultimat e ly tends to i-p(d(9) from above

when ~.(i) < 0 and below when ~( i )  ~ 0. The satisfaction of AM1

part (a) is , then , immedi ate .
—1
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3.6 The E~asic [,guatiouis Reproduct ion at \ I ’e r lnlental ~~~~~~ -I

We ass utne that p rope 11 ants are fad i ng menx~ ry ma t o r i  a 1 i n t no

sense of [1 ;sec 3]. Following [3;sec 4] and fl;sec ~I to~t -tho ’- w i t h

some obvious linean izations , we have

+ Ls[(9(t)~
n((9t)] + L G (t -

~~ ~~
-( ~~ ÷ -\~~~~~ ~~ .

The rapidity with which a zero stress state is re—established upon

unloading requires that E = E5 . Whi le  the proce ss to be onsidere d

is extremely general it avo i ds introducing excessive s t re ss r e l ax at io n s

in wh i ch case the stress response ought not to he critic a ll y affected by

the particular choice of G( .) .  For convenience we choose G(t) = t~

where -l < n < 0. The explici t gove rning equations are, then ,

s((9t ) = E0 J: (t - t)~ ~ ( t )  th + B
0 ~~~~ 

(6,1)

and

~~~~~~~~~~~~~~~~~~~~~~ u((90) = 1 (6,2)

1Isin~i the test m g  approach discussed in Section •
‘ 

- ~~~, a propel 1 ant

specimen of the can t i qur ati oui shown in Figure 1 ~al was sub ‘ected to

the characteni zati on test descri bed in Sect ion .‘ - 1 he ~ori e~

increas ing amplitude sawtooth events (see Fiq ur e l(b~ at a st r iiui

u-ate of 0.0058 inches per second was followed h~ a sawtooth e~ouit
I,

term inat ing at a stra in below the previous mas imum . then h’. sawto oth

events at both higher and l ower rates and to van Ou\ ainp l i t udos - he

actua l piecew i se linear process is represented in Tabl e - Rit a

points were taken from the tensi le tester ’ s pen recorder ~~s t r i p

chart ) plots of load cell output versus time . The stretch valu es

(up (t)) were calculated from the crosshe ad rate and t u e  ~chau -t

distance) values using the known sample length.

—19—
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TABL L 1

TEST DATA AND 0 A~ CUL AT ION Rk 511 15 I 0I~ TI’-H1 011 PROPELLANT

t onuputed Measured
ttsecs) ~o( t~ n~ t )  ~‘(t ‘ i r i s  s e c )  s (~’1 ~P.S. I.) s(.)(P.S. I)
0.0 1 • COO 1 . 00 Ci) 0 • 0 0. 0 •
0.70 1.0C~ 1.0002 0 . 0 0 ’ 0 ~~~~~~~ ‘

1 . ~O 1 .010 1.000) 0.~~~’d 10.53
0 1 . 0 lb 1 . 00 ~~ 0 . 00 1 0. t~ i i-’ .

~~. ~o 1 . 0.’ 1 1. 00 1 ~ 0 . 0 1 L4 • ~4 .~1 • b
1 .0010 0 . 0 0 ’ ’8 l 0 . -~4 .76 1 i .0.’~

’ 1.00 .’ 1 0. ~0~~8 21 .3.’ 20 . 1 ~
‘) .  20 ~~

‘ 1 . J .’S 1 • 00 -
- — 0 • 0 0 -  S 12 . 14 . -~ 0S.70 1.O .’.~ l.0O~~ — 0 . ~~0”8  ‘~~. 10

t..70 l.01~’ 1.00~~
_’ —0 .00’~ti ~~~~~

‘.70 1.010 1.00:0 — 0.0055 1. i i 1

5 .70 1. 1 .00 1’ —0 • 00’- 0 — 1. - — 0 . i~0
1.001~ — 0.co’ o —~~~~ •~~~~~~

11 .2.’ 1.000 1 .00 15 0.0 - 1 .00 - ‘.13
lb. 27 1 .000 1 • 00 1 0 .0  — c . -~ —o .

1.000 1.0015 0.0 — 3 . • —0 . )~ )

~l 0 3. 22 1 • C 00 1 . 00 0~ 0 • — 0. 0 1 . 0
O O’~ . 1.’ 1 • O0’~ 1 . 00 0-~ 0 . 00 ‘s O . 2 t-  •J)
005. ~.‘ 1 .01 1 1 —~~~~~~ 1 .’ 0.20 0 .0 i ‘

~~ . -~08th~. 12 ~.01 7 1.0015 C.00” 11 .  2.-

50 . 1 2 1 • 0 22 1 . 00 •‘O 0 . ~~ 0 1 • 1 •
008. 12 1. 0.’0 1 .00 .‘‘~ 0. 0-) ‘O . 1. • 0 • 00
50 • 12 1 . 0 1 • oO L~ L~ 0 . 0~’ 0 

‘ . • 0

~o. i ’ .
8 10. 12 1. 0 th 1 .00 t~ 

-, — 0 • 20’ 0 .‘~~‘ . 2 . 
-

5 11 .12 1.030 1.00 ~4 —0 .00’- 1 L~~~ 11.00
5 12. 12 1 • C ~~~~ 1 . 00 ~‘. — o  . C 0~~S 7 . 7 h •

81 • 12 1 • 0 10 1. 00 ‘2 —O . 70 ‘- -0 -~ • 1 . 1 • 0 - -s
8 14. 12 1. 01 ~

‘ 1 .00 b’4 1’ . 00’~8 1 • 1 4  1 •

0 1 • 1’ I • 03 7 1 . 0¼ 7 — 0  . 00 ,0 — 1 • 7 — 0 •
5 1 • 1. 000 1 . 00~ — 0 • C ~‘ 0  —

~~~ . 
-s —- . 1

5 .25 1 • 002 1. COb 0 .0 — 1 . Li ~ — 1 . 0
83 5 .25 1.000 1.00 0.7 - O.~~ -0 .:-’ S

1 )‘5 .25  1.000 1.0041 0.0 — 0 .C ~ 4 .0
1J76. IS 1.005 1.oO’~L 0.CO’~5 Li . 4 - l  

~~ .
‘ - s S

1377 .15 1. 011 1.00 ’~7 O .0i7~ 8 1 . 0 7  -~.10
1 1’S. 15 1 . 01 • I . oO ~ ) ¼ . 00~~8 10. : •

1 ~7’4 . 15 1 .022  1.0053 0.O0’O 14 .1
1380.15 1.020 1. 00~~4 0 . 0 0 0 10 . 0 - s
I~ 81.15 1.0~~e 1.a0b ~

) 0.00’~8 2 t , . u C
1)82. 15 1. 040 l .000-~ 0.C0’-sD 30. 4 i ’~ .~ ’
13a3.oo ~~~~ i . o~ s 1.01 r o.oo ’ - o ~~~~~. 4~- .00

Symbols in clrclc s ident i f~ Daints ~~ peak s t r ~iifl
(See  Figure 2 ) .

~~~~~~ • - ~~~~~~~~~~~~~ r - --
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TABLE 1 (CONT)

TEST DATA AND CALCULATION RESULTS FOR TP-H 101 1 PROPELLAN T 
- -

13 ’ 1 3 65 1.041 1.0130 - O .L058  2’ .141 •
S ( ~~~~~~

1 3 8 4 . 1 5  1.038 1.0134 — 0 . 0 0 5 8  18. 7 e . lr ,.5o
130 5.1 5 1.032 1.0 135 0 .L058 11 .7t
1386.1 5 1.027 1.0134 — 0 .0 0 5 8  7 .6 ( -  6 . u J
1388.1 5 1 .015 1.0129 —O .C058 1 . b ’ 3
138~ .15 1.009 1.0126 —0 .0058 —0. Y~ 

(‘ i) 3-
1390.75 1 .000 1.0122 —0.0058 — 4 .97  — l . 2 o
1392.20 1.000 1.0122 0.0 —1. 14 • 1. 4 ’) r111 26.20 1.000 1.0120 0.0 —0.fl -~~..‘o
2026.20 1.000 1.0088 0.0 -o.oe 0.0
2028.00 1.010 1.0092 0.0058 7 . 4 - 1  ‘•~~~~~~

2030.00 1.022 1.0098 0 .0058  1 3 . 0 k  11 . 4 3
20 32.00 1.033 1.0108 O. o0 58 2 1. 2 1  2 2 . 5 3
2033.50 1.042 1.0128 0.0058 34.74 311 .10
2034.50 1.048 1.0155 0.0058 117. 91 117.50
2035 .00 4 1.055 1.0211 0.0058 6 1 .99  5 5 . 6 0
2036.50 1.051 1.0220 -0 0058 30 . 7c  2~~. 7 2
2037.50 1.046 1.0234 —0 .0058 18. 1 4
20 39. 50 1.034 1.0232 — 0 . 0 0 5 8  - 3 . 9 - .  ‘ . 7 3
204 1.50 1.022 1.02 27 —O.C 058 L 4 . 2 ’ i  1.140 S

2 0 4 3 . 5 0  1.011 1.02 21 —0.00 58  — 0 . 4  — 0 . ls)
• 2 04 5 .3 9  1.000 1.0216 — 0 . 0 0 5 8  — 5 . 5 8

2067.07 1.000 1.021 5 0.0 — o . 6 - 4  3 . 3 3
26 97 .07 1.000 1.0176 0 .0  — 0 • c ° 0.Q
2698.57 1.009 1.0180 0 .0058 6 .6 1  6.23
2700.57 1.020 1.0185 0 . C 0 5 8  11.80  11 .70

— 2702.57 1.032 1.0191 0 .0058  17.23 17 .80
2704. 57 1.04 3 1.0201 0 .0 05 8  2 5 . 5 2  27.0 -u
2706.07 1.052 1.0222 0 .0058 39 .54  4 1 . 6 0
2lO7.O7 ç

~~ 
1.058 1.0251 0 .0058 52 .72

2708 .47 (.~) 1.066 1.0313 0 .0 05 8 67 .01  65 .00
2709.07 1.062 1.0329 — O . c O ’ ,8 37 .06 3 3 .2 0
2710.07 1.057 1.0337 —0 .0058 23.70 1’l .t~
2712.07 1.045 1.0335 —0.0058 14 .111 10 .63
2715.07 1.028 1.0327 —0.0058 5 . 6 1 1  14 .23
2717.07 1.016 1.0322 —0.0058 0.62- 1 .Ou
2719.87 1.000 1.0314 -0 .0058 — 6 . 1 ’  - 1 .6 o
2745.22 1.000 1.0312 0.0 —0.81 -O.li )
3405.22 1.000 1.0271 0.0 —0.08 0.0
3407.22 1.012 1.0276 0.0058 7.9’j
3409.22 1.023 1.0282 0.0058 13.0€ 12 .80
3412.22 1.040 1.0290 0.0058 20.63 21 .80
34 14 .22 1.052 1.0299 0 .0058 2 8 . 1C 3 1 .50
34 16.22 1.063 1.0328 0 .0058  4 6 . 8 c  514 .70
3417.72 1.072 1.0383 0.0058 uS.4? 7°.3C)
3418.38~~~~ 1.076 1.0414 0.CO58 71 .01 71 .70

—21—
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TAOE 1 1 ONT

lE ST DATA ANI) CAt ~OL Al ION RISUL 15 1 OR TP-HlO ] 1 DOOPI [ LANT

1 .071 1.09 1 4  — 0 .0U’ 5 3 t .  17 3 1 .50
22 1, O~ 5 1 .014 70 —0. C u - ~8 . ‘

~ . 
‘ :1 . ‘0

1 . O L l its — 0.00’S 1 7 .0-’ 17. 7 0
1.¼ ’ 142~1 0.~-050 0S . IS  •

3~~.’ 0 . 2 2  1 .01,-I 1.04 23 — 0 . ~~O~~5 1 . 1 0  1 .1-3
~~~ Ii . .14 1.000 1 .0410 -0 .sjO ’-S h~~ ‘ s

1.000 1 .0140 k O.¼ — 1 . 0 2  —~~.20
1, 030 1 .u i ’ - 0 .t —i ).11 0.0

I ~-l • H 1 • 008 1. (3 3  75 • 0~~ ,i~ 5~ 147 14 •5 1
47iu 1 _ 3 4 1 .018 1 .0303 0.cI)- ’S 10. 7 7  l (’ .0C
4 0 1 4 .19 1.0 15  1 .0 Hi 0.00 .5 1- ’..O~-

1 . 0 1 1 ’  1 . 0 3 ’ . ’ 0.C0”0 .2.9t~ ‘1 .07’
34 I • 0 s S  1.0404 0. 00~ S 20 . ’ 3 3 ~ 00

-4 , - ) ¼~~~ . 39 - 1. 0614 1 .04 ii) 0.00’.S 3 3 . 5 _ s 1

_______  
1 . 0 4 1 - i  0. 0 0 5 0  40 . 11  4 0 .50

4 0 1 0 . 09 1.06 5 1. 0 1 1 2 2  ~ O . L S ~) , S  00 ..’ ‘0 .30
4011 • 54 1 . 0”~’) 1 • 04 . 3 —0 . 0 0 ’ S  .~~~~~. 

J s , 0~ 30

140 1 1 . 1 • 04 1 • 04 10 — 0 . 1 ‘8 114 • 0 & -  1 1 .00
112 1 ts .09 1 • 331  1. (114 17 —0 . ~7 ¼ ’ 5 • 14 - S U
401 1.04 1. 0 11  1 • 014 i~. —0. C0’’0 — 0.0’) -~~~. _‘ L~
-~0 _ 7.’.1-) 1 .0 00 1 .0 3 9 5  — 0 . 3 0 ’ S  — t - . I t  —

~3.0. H 1.000 1 . 0 3 ’ ) 4  0 .0  -O .’~ s . -0 . 12
5 • ) - l  1. 000 1 • 03  ‘s t- s 0. — 0 • 1 1 .0

11~ .0. H 1.00-6 1.0 35 -1  0 . 1 0 2 - 1  ~~~~
1 .01 2 1 . 03 6 1  0 . 3 0 2’4  -s .14~~~

4~~~~~’h . 19 1. 0 2 3 1 • 036- ’ 0.1 Ø • 9 1 1 . 11 10 .
4t - s p O.  H 1.0 35 1 . 0 3 7 2  0 . 0 - 0 - 2 - )  1~J . 1  1’ S . 01

4 6 6 4 . l’l 1.046 1.01 75 0. oo: ‘1 20. ’2 20. 3¼ )
1 .05S 1.0 1 57  0 .0 0 2 9  ‘t. .0 2 - ~.2 0

146 ’.) . 19 1 .06 1 1 . 0 190  0 . C 0 2 9  12 .30 3 ’. . 1 ’
_ _ _ _ _ _  

1 .0417 0.o02’4 17 .142 ~4 4 .4 ’ s

1467 3 . 1 5 1.Oc-.t’ 1.04 .’4 — 0 .2029 ~‘~ . 0 1 4

4h75. 1~ 1.060 1 . u4 - 2 S  —0 .0029 .~1. ’- ’
1. 0140 1 .01425 ¼1 .C¼ ~ ’4 16 .-I -I 1 1 . _ ’S

1 .01420 O.3’0 2~ ‘4 . ’~~ 12 .’.’
1 .025 1 .04 1 14 — 0 . ¼ - 3 : - ’4 ~..‘0 

S

• ‘.8 1 .01— . ‘.04~~ — U . s ’C .’ ’-l 7 ’.  3 )  1 . 0 )

1 .01.’ 1 . 0 1 4 0 1  —0. 11 . 4 — 1 1 . 1 ’- — 1 . 1 2
1.000 1 .01101 — 0.0O~~ —“ ..O

140 • 20 1 • C 00 1 • Si 3 —.0 0 . C — C- . 0 2 — 0  • 30
1.000 1.UJ t . 1 0 .0  — 0 .  1’ - ~.0

5 3 18 . 114 1~ 00’ 1 .0 3 6 6  • C l i ’ s . ‘‘.05
53 1’I . 311 1.01: 1.Olbs 0.0115 10.51 0.87’
£, 12 0  1e  1.0. 14 1 .0 37 11 0 . 0 1 1 5  1t . .’~ 14 .40
S ) 2 1 . 3 - ~ 1 . 035  1.0379 0 . 01 15  .‘1 .4r 1 1 .15
‘.1 2.’. 14 1 . 0~~ 1 .0.355 0.2 115  ~~~~ . 6 ( 5  •

‘( .52
5 3 2 . 1 . 1’~ 1 .0”8 1 .O3~~1 0 . 0 1 1 5  3 3 . 2~
5 3 2 3 . 92 1 .065 1 . 03 ’ s 7  0 . ¼ ’ 1 1 5  4 0 - . ’s .

- — 

-,,2-

_ 
---—- -~~~ -- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -
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TABLE 1 (CONT)

TEST DATA AND CALCULAT ION RESULTS FOR TP-H 101 1 PROPELLANT

5324.14 1.063 1 .0397 -0.0115 27. IC 0 1 .65
5)24.59 1.057 1 .0396 — 0.0115 21.3. ’ 19 .50
5325.59 1.0116 1.0392 — 0.0115 13. 112
5326.59 1.034 1.0386 — 0 .0115 7• 3 1 4 ~~~~~~~~

5327.59 1.023 1.0381 — 0 .3115 1.77 2 .15
5328.59 1.011 1.0375 —0. 1- 115 —3.5 8 - 1 .1 3
5329.56 1.000 1.0370 — 0 . 0 1 1 5  - 8 . 60  -14 .~~C
53 146 .28 1.000 1.036 9 0 .0  — 0 . 7 7  -1 .0.)
5796.28 1.000 1.0340 0 .0  -0 . 12 (1 .0
5801.28 1.006 1

• Ø 34 3  0.0012 3.00 1 .20
50 11.28 1.017 1.0348 0 .00 12 7.4 9  7.15
5021.28 1.029 1.0353 0.0012 11.67 10. ’~

)
5831.28 1.040 1.0358 0 .0012 15.73 15 .u3
5841.28 1.052 1.0368 0.0012 2 0 . 3 8  2 2 - . 1 4 ¼
5845.78 10 1.057 1.0378 0.0012 23.22 2~~.005848. 78 1.054 1.0382 — O . C 0 1 2  19.01 17 .00
5856.28 1.0115 1.0382 —0 .0012 14.01 11 .Ou
5866.28 1.033 1.0376 — 0 . 0 0 1 2  8. 97 6 . 85
5876. 28 1.022 1.0371 — 0 . 0 0 1 2  4. 117 1.75
5886.28 1.010 1.0364 — 0.C012 0.20 (1 .45
589 5.27 1.000 1.0359 — 0 . 0 0 1 2  — 3 . 40 —1.7 5
5970. 27 1.000 1.0354 O . C  — 0 . 8 3  -‘ .50
6570. 27 1.000 1.0317 0 .0  — 0 . 1 7  fl • Q
6570.72 1.010 1.0322 0.0231 14. 1111 9 .50
6571.22 1.022 1.0327 0.0231 20.38 10 .00
6572. 22 1.045 1.0338 0.0231 31.82 29.51’
6572.72 1.057 1.0344 0 .0231 4 0 .0 1  141. 00
6573.27 1.069 1.0359 0.0231 71.85 t3. 2 0
6573.71 1.059 1.036 1 — 0 . 0 2 3 1  21 .37  19 .0 - 0
657 4 .71  1.036 1.0352 — 0 . 0 2 3 1  4 .35  5.02
6575 .71 1.013 1.0341 — 0 . 0 2 3 1  —7. 38 — 7 . 0 0
657 6 .26 1.000 1.0335 — 0 .02 31 —1 3.42 —5 .00
6589.76 1.000 1.0334 0.0 —0.6 6 -2.Os)
6859.76 1.000 1.0317 0.0 —0.1 5 0.0
6874.76 1.009 1.0320 0 .0 0 06  3 . 6 3  L e O
68 94 .76  1.020 1.0324 0.0006 7.7 .2 ‘.13
6914.76 1.032 1.0329 0.0006 11.60 10 .60
6 944 .76  1.049 1.0345 0.0006 17.78 17 .30
6966.76 1.062 1.0403 0.0006 2 3 . O C  25 .Su
698 4 . 76 1.051 1.0421 — 0. 0 0 0 6  15 .4e 12 .90
7014.76 1.034 1.0415 —0.00(6 8.32 6.73
7044.76 1.017 1.0405 — 0.00o 6  2 . 2 3  2 . 5 0
7073.05 1.000 1.0395 — 0 . 0 0 0 6  - 3 . 1 5  — 1 . 5 0

T I l E  M E A N  S Q U A R E  E R R O R  FOR 179 P O I N T S  IS 2 . 7 0 0
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[he force—responses

tc [o. d~ ~~~~~~~~

in t h ’ s ix th  column (Mtasured ‘.(p  ) ) were calculated from the chart

read inqs usinq the appropriate factors for ca l i b ra t ion  and specime n

t ross -s ect iona ]  area.

Each t r ia l  set of values ~~~~
‘ 0, n 0. U - Q , and fl — 0 determines

(orrespoildi nq vol ut’s for  
~~~~ 

and from the requi reinent that the root

mean square error of the force responses as computed from (6.1) and

(n .2) m inus the corresponding experimental ly incas ured val ut’s hi? a

miii imuin. The Bo thm - Powell functional opt i ml at ion techn Ique [4]

estah l i~~hed that the values

- -3 . 05
a-  C

0. 132 x li)~~
o =  195

n=  - iL103

and the torrt’spor c ing values

L = 495
0

= 7679

,-rridered th is mini mum equa l t o 2~ 7 poundS per square inch - 01 e ar l y

the tabu lated values of n(11,t) in Table I are entirely compat ible wit h

our  intuit ive expectations (also see the hysteres is plots of

~ 

~~~~~ - -~~~~~~ ~~~~~~~~~~~~~~
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) V ’ 5 tp( t )  iii I i qurt’ • ‘)  In • on. I .  — o n  ‘ ‘. - i t  I’ . i - l i ’ i ’o  .

hat Ui ‘.1 titl ~ IS  ilili ’ .1 t Si l l IIII 1 , 1  II 11,1 ir.’ I i-  I n~ . ,~ ‘.‘

(he $ or~
- o— response rt’product ion appear t t’a.oo t’ I i ’ to the u’. •i.u ’ . ‘

the powe r l~ w . thi s usiqe W as jii ’ - I l~ .)‘ it ii 1 •~~~s l s i  Ii 1
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correspond ing to peak strain
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‘ See Table 1 for actual
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elapsed time .
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4.0 CONCL USIONS

The work represented in thi - s report is considered to I’.- a st  art -

i ng point , with a very fi nii foot i n’i in cont I nuum inechan I - , , I UI a

usable const i tu t ive theory for so l id  propel l a nt- .. A- in sl i t ited in

Section 3,0. the deviation of calculat ed force- response (.‘~ ‘ - I t ’ .’ - - )

from the measured values is suffic ient to he l o s  than tot ail- ,

sat is f ac tory . Dr. Quinlan suspects the power law represent at m u  i - - c l

for the linearly v iscoelast ic component of the I t o - n i ’ u - e - ~p o u i - ~.- as

being the cause of this devi ation . However , a t o. t oi - whu i~~ii • ,unn.it

be i gnored is the non—continuous nature of so l id  propel lant ’ . , ~ h i t t i

may require introduction of non-cont inuum cons I derat 1 Ufl- . hi.’ fo r .’ -i

totall y workable propellant con stitutive law can he produ ced .

The degree to which the results here in reproduce daI Ia~ .’d 1 V Is ~~~I 
- 1

lant response is e\trenuely encouraging, and further work in t h i - .

area will un doubtedl y resolve the remaining problems .

-“7-
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APPENDIX - MATHEMAT ICAL NOTATION

Section 3 of this report uses certain mathemat ical notation and

terminology which may be unfamiliar to many readers of this report .

T hi s append i x i s intended to a id these rea ders in fol l ow i ng the

theoretical development. With the explanations given in t his appendix ,

the remainin g development of terminology and use of symbols in

Section 3 should be self-explanato ry .

The notation used is explained be l ow using a tabular format , in

no particular order. Notation which should be clear to most eruqineet”-

is (hopeful ly) not included .

NPTATiP~
“Such tha t” ; e.g., t : (t_ l )=0 means

“t such that (t-1) 0” .

“Is an element of (a set)” •‘ .q .

a € (A) means “a is an element of the

set (A) ” . Also can be read “helonq’- to ” .

V “For all” .

C “Is a subset of” ; e.g. C c [1 means

C is a subset of 11”

V -, “Approaches ” ; e.g . .  a -. h means

“ a approaches b’ .

‘-29—
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NOTAT ION MEANIN G

~ or ~ “Approaches from above ” or “approaches from

below ” ; e . g . ,  t -~ 0 means the same as

-. 0; t ? 0” .

“Maps into ” ; e.g., f : 0~- Rf uiieans

“f such that D~ maps into Rf ’ where D~ is the

domain of the function f and Rf is the range

of values assume d by the funct ion . Also ,

x ~.. f(x) can be read , “Assi gn to

x (in some obvious domain) a function f(x)” ;

e.g.~ x ~‘. x2 is more fully written as

(x) 2: ( - °“  , — ) [O ,~’ ].

~a,b] A closed interv al , which includ es a and b ;

e.g., x : ~a ,h] nieans the same .u~~ x :  a < x > Ii .

[a,h) An interval which includes a hut excludes b .

ì ,b] An i nterval wh i ch includes b hut excludes a.

(a.b) An open interval , which excludes a and b.

( • )  Means “A variable which is obvious from the

context” .

(A .B,’) Means the variable represented by (‘) is allowed

to vary while A and 13 are held constant.

—30—
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NOTAT ION MEANING

resp. “Respectiv ely ” .

sup Sup remum , or least upper bounu.

moduluo “Except for” .

Lipschitz A function which is “Lips chitz ” has a contin uous

derivative . “Locall y Lipschitz ” is a more

stringent restriction than “continuous ” and

a less stringent restriction than “continuously

differentiable ” .

• ~~~ ~~~ 
NRF Reference to an axiom (underscored in the

s tateme nt of the axiom) or an assumption

(underscored in the statement of the

assumpti on).
t

I x R (As used in the equation fol lowing

Equation (5, 5) , i.e., (t, 
~ 
) E I x R )

an interval of t (defined previously as a

subinterval of [O ,d~~J ) and a correspond ing

interval of ~ consisting of all real numbers .

—31 —
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