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SUMMARY

N This example, which is one of the simplest to exhibit vortex refraction of

sound, is solved using an approximation which is uniformly valid at all frequencies

and small Mach numbers.

sheet which implies that

The region of solid body rotation is bounded by a vortex

the results obtained have little physical relevance.

However this flow field gives acoustic equations which are comparatively easy to

solve and thus an ideal test case for the various approximate techniques used to

investigate the effect of more realistic vortices on sound.

The present Report
the acoustic pressure as
found that this approach

frequency increases at a

rives an assessment of a method which sets out to express
an asymptotic power series in the Mach number. It is
produces an error which increases progressively as the

fixed Mach number. At higher frequencies it appears

that the ray theory approximation is likely to be more accurate and it is hoped

to publish an assessment of the utility of this method later. _
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[ INTRODUCT [ON

Experiments have shown that the refraction caused by vortices shed from
lifting surfaces can significantly influence the noise nuisance of an aircraftl
This fact has led to vortex refraction being the subject of many theoretical
investigations, in order to understand the c¢ffect better, and even perhaps to

exploit it.

The majority of published analyses are based on ray theory whose application
to vortex flow has been well described by Bruadbentz. Ray theory has two built-in
restrictions which may be violated in practice. First, it is assumed that the
acoustic wavelength is small compared with the length of significant variation of
the underlying flow field. Secondly the results obtained cannot be applied in
the limit of the extreme far field if the predicted acoustic pressure varies by
large amounts in different directions due to such effects as wing shielding.

Ray theory takes no account of the smearing out of discontinuities like shadow

boundaries which takes place over large distances.

The first restriction is not serious since ray theory has been shown to
give good agreement with the results from wind-tunnel experiments where micro-
phones normally cannot be placed very far away from the model. However, if one
wishes to predict an aircraft noise footprint, for example, then most of the

regions of interest on the ground will probably be well into the far field.

Broadbent also mentioned a second theoretical approach, which was tried as
long ago as 1959 6. based on the assumption that the maximum Mach number M of
the vortex flow is small compared to one. This is a reasonable approximation to
make for an aircraft which has just taken off or is about to land. The method
consists of expressing the acoustic pressure as an asymptotic power series in the
Mach number. In practice this process has so far only been applied to first order

in M, since the higher order terms get progressively more difficult to

calculate.

Both theoretical approaches, which have just been outlined, pose various
questions as to their range of practical application. The purpose of analysing
in detail the particular example described in se®tion 4 (which is not physically
realistic, but is comparatively casy to solve) was to assess the errors
introduced by the different approximations that can be made. The analysis is
greatly simplified by the use of a low Mach number approximation which is
uniformly valid for all frequencies. This contrasts with the last described

method of approximation which clearly, from the form of the equations to be




solved and the results presented in this Report, is not uniformly valid as the

frequency tends to intinity., The results trom the unitormly valid approximation
.

will contain an error ot  O(M7)  when compared with the exact solution, but the

author believes that this error is always insigniticant tor the range ot M

considered (trom 0 to 0.3). Thus the results described 1n section 6, tor
various Mach numbers and wave numbers, serve as a check on any technique used to
analyse the effect of more realistic low Mach number flow tields on acoustic
propagat ton.

This Report only contains an assessment of the asymptotic power series in
M tor acoustic pressure, but it is hoped to produce an assessment ot ray theory

it a tuture publicat ion.

2 THE ACOUSTIC EQUATIONS IN STEADY TWO-DIMENSIONAL HOMENTROPLC VORTEX FLOW
ln what follows, the adjective "basic' refers to the tlow in the absence

of any acoustic disturbance. The acoustic cquations were derived in Ret 4 and are

ap

e 6.\'.\ + ‘].\‘R + R div :1 + p odiv \5 = % o)

\\‘ > > » » 4 W
24y curd 6 N oroocurl ogoN é t VQ g = 3 ?\3 ' (G|
at 3 R p
R
Y s »
‘:'+(:‘.\=l¢x|.\:€ « 0 )
and
~far aw )
P " I5R).P T \59.° : i
S i

where t 18 the time, R basic density, \5 baste velocity, ' basic pressure,
S basic specific entropy, p is the acoustic density, \; acoustic velocity,
p acoustic pressure, and s 18 the acoustic specitic entropy. 1t viscous and
heat conductivity effects are ignored, the usual equations of tluid mechanics

show that the basic state quantities satisty

RIN

+ div R\S - (0 %

‘(‘ » .v \'l\
RN surl G % O I0* = == \
" +ocurl Q v Q + VIQ R ’ ()

(5)
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R o .
= (S . V8 = 0 " (7)
and
P = P(R,S) - (8)
L

We will now particularise equations (1) to (8) to acoust ic propagation in
a steady two-dimensional vortex tlow, ‘o \5 has the torm (O,V(r),0) in a system
of cylindrical polar coordinates (r,0,2), and R, ' and § ave independent ot
2 and t . Then equations (5) to (8) show that R, Poand & arve tunctions ot

r only, and that

P _ RV

)
dr ¥ .

Substituting these particular torms ot the basic state quant tties 1nto cquations

(1) to (&) gives

iR g . P
Do + u = + Rdivqg = 0 - ()
d
> Vv feV \'p AN
l‘\]' - '\ o'u“ s 4 + ‘k : \ - 0 . \“‘
5 rodv R &
R
is
Ds + u - - 0 < (12D
dr
and
/
af ar
P " \\\) e (\\‘) = y K13)
AR s S/
Rl vV 3 >
hoetre ) - - 0
wvhere 1 5t ' £ 58 and  q (U,v,w) .
Finally we add the assumption that the basic state is homentuvopic,
s 5 ; . ; :
e ‘ﬁ- 0 . Then equation (12) shows that & is constant for cach tluud
A

particle tor all time and thus is independent ot the acoustic disturbance. Uhis
implies that s must be sevo tor the homentropic tlow considered.  Further, trom
equations (8) and (13),

ve COVR (14)

and

P . CP . \|~“

ar : . : :
where  C(v) \/( ) is the speed of sound.  Fquation CTOY multiplied by \R
S

.

RN

now gives




T
__r
&)
)
) Ve 2f 1 dru v dw
DE+u—2+cq=:SE > =) = 8 (16)
R r r or ragd dz
and equation (11) implies
2Vv d p
D = S ) a (O 17)
r 3r R » (
udrtV 3 p
Dv + — —= 0 18)
r dr rag R ) e
and
! = ) )
+ = =
w4 o= L (1
Equations (18) and (19) may now be used to eliminate v and w from equations
(16) and (17) and thus obtain the following two equations which conveniently
describe acoustic propagation in steady homentropic vortex tlow:
Al Al Y Al
D 3 : ) ' 1 Vv’ frV 23
. - i ‘> ]‘ L O e I ,1_ ‘llr —tu 0 (20)
( =30 T \ Y 1 CSy (8 ) A
and
3 2V 3 P 4 2V drV
D e ) + DT + ~— u = 0O . S
( r T ot/ R 2 dr >
v
3 THE ACOUSTIC EQUATIONS IN FLUID UNDERGOING SOLID BODY ROTATION
3. ] The exact equations
Examination of equations (20) and (21) shows that they have their simplest
form when Vo ovaries linearly with r For then D  and the operator on in
equation (21) become independent of r , and equations (20) and (1) can be
casily combined to give
» Al
Al " e ) 3 " - .I
f b ? Yo' d Yo 3 Vo » P
DY~ - V) + —— (D[4 ~ v =] - o S o @ 5 2
i ar 1 d0 2 2] R
( Ca a 3z
: v or
. R 0 23 - \k . : s . .
where D18 now 1t M) and \ g b the basic velocity distribution
takes the form for a solid body rotation. Equation (21) becomes
v 4V°
R] (4] il 3 2 Q
D=~ + _— L+ DT+ =la = 9 ] (23) §
r a rag/ R y ®
ad ~
x
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3.2 Separating the variables

From now on we will be dealing with an acoustic disturbance which is
independent of z , and has a constant frequency w . Accordingly, the acoustic

pressure and radial velocity component can be written in the forms

: i {00
g . olwt Z ln(t'.)t‘ln . (24)
l‘=-$\\
and
u o= geE Z g,n(t:)c“‘0 : (25)
=

BERNY - ) ! 4 . : - ; o :
where & © — . Substituting expression (24) into equation (22), and equating

o

Fourier components, gives

d Q 1 d 0 2 2 Ka n
St L ——]| o7+ — {(Ka + Mn)" - 2M (1+—,~,-—+—-~—) -=\lft. = o0,
ac” ¢t £ d¢ c? Ka Mn g? n
pasaes LI
\'0
where CU = C(a), M = . and K = ﬁi . Similarly, equation (23) gives
0 0
bl ) 3 "w
(Kn & M)s = A%s = o {fRa + M) o+ SH3g (27)
n (0 dg £ n

33 _.'\__Linoijorm_l}'_ ~v‘.1_1'i.q *uppruxima l‘_i_on at low Mach number

Equation (26) has two different types of term dependent on M . The first

is contained in the variation of € , which can be quantified using the equation

C
1 dC 1 ac i 2 OR /3 »
o a ( F‘”(TR') 3‘5) L E(ﬁci) £ A28
i) [l g Ny B D
v Y
C\M'::h
and is also contained in the term ———— which is part of the coefficient of
C
Y
] g~, Provided & = 0(1), these terms are uniformly of 0(M7) and so may be
£ dE




The second type of dependence is characterised by the parameter Mn which may or
may not be small, depending on the value of n . It is therefore important to

retain all the terms containing Mn if serious errors are to be avoided even at

quite small Mach numbers. Fquation (26), then, will be approximated by

2 L ]

2 v ik . 2

d 1 & . 2 P Ka n a
—_ - — : Mn)® - 2 to— ] - a 0 29
l_,.‘ o £ dE Al - \l Ka + Mn) i rn . 2%

which is a torm of Bessel's cquation. The solution of this equation which is

finite at the origin is

[ = o e K 0
Ln An n(‘n') ' (30)

where An is an arbitrary constant, Jn 1s the Bessel function of the first
kind and nth order, and

u /:KJ + Mn)? = JMJ I # - - A 31)
N ' Ka + Mn

The advantage of employing the above approximation is clear in this case,
since fn can then be evaluated in terms of a function which is well documented.
However, the author believes that the classification of the terms containing M
into two types is 1mportant in general, and only terms which are uniformly
small may safely be ignored without significant error. This point of view is
reinforced by the results of section 5 where a cruder approximation process is

used for comparison,
4 SCATTERING BY A REGION OF FLUID IN SOLID BODY ROTATION OF SOUND GENERATED

BY A CONSTANT FREQUENCY LINI® MONOPOLE -

4.1 The mathematical model

The particular problem which we are going to investigate in detail, using
the approximation developed in the last section, is illustrated in Fig 1. It

consists of a region of tluid in solid body rotation bounded by the cylinder

£ = 1, with an infinite region of stagnant fluid outside containing a monopole of
acoustic pressure on the line given by & = 50 and ©® = n . The possibility of id

instabilities developing on the vortex sheet separating the two regions will be

ignored in this analysis.

The approximation described in section 3.3 is uniformly valid since the

TR 72100
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iwt ind |

, = Re E AJ (a e 32 i
‘ S n l\(‘ n ( ) :
l‘a—\\‘ 'V‘

when £ ¢ 1. In the stagnant fluid, the acoustic pressure is the sum of two out-
going waves, one due to the monopole, the other to scattering by the rotating
fluid. The first contribution is the incident wave which represents the total

acoustic pressure in the limit M > 0 . This is given by

e g ey s & s
» . . 4 3 [ 4 ~ )
P; ‘i‘ “0 ka/{> + o + 2L, cos ¢ 5 (33)

g 3 G - . :
where Pi 1s a given constant and ”n is the Hankel tunction of the second

kind and nth order. Equation (33) can be rewritten as

W

1wt 0 ., (2) ind
= P.e E - ) (Kai VI (Ka®)e
P; I (¢ ¢ 1) lln (K 1,0) “(k 8 e (

L 5a
la)
<

-

-
‘e
‘\
~—

n—w

by using Crat's addition theorem. (See Ref 3, result 9,1.79.) Then the total
acoustic pressure, in the region 1 & § « EO , is given by an infinite series of
the form

w

1wt § W s () e o - . R ind
= P.e - { al at) e ’ 35)
p I i€ (-1) lln (Ka 'U) {Jn (Kai) + B"lln (Ka )} e 3

==

where B“ is an arbitrary constant.

Since the expansion in equation (34) is required for the application of
boundary conditions at & = 1 so that A“ and B“ can be determined, we have
chosen the form which is valid in the region ¢§ < & This restriction does

not affect the subsequent evaluation of the far-field acoustic pressure described

in section 4.3.

4.2 Conditions on the vortex sheet houndiqﬁ.thc solid body rotation 3
LA DAL Bhare —— A1 L - a b AR L) :

There are two boundary conditions which are normally applied across a
vortex sheet. They are: i
€1) continuity of pressure;

(ii) continuity of the velocity component normal to the sheet.




The first condition ensures that the acceleration of fluid particles in the

sheet is finite, and the second is a consequence of the principle of conserva-
tion of mass. Assuming that the basic pressure has been made continuous,
condition (i) implies that p is continuous across the sheet and, in particular,

the Fourier components in equations (32) and (35) are equal at § =1, e
R@AJ (@) = p.- D8P (kag ){s ka) + B 8P xa)} . (36)
nn n 1 n 0 n nn

Condition (ii) 1s more complicated to apply. Suppose the surface of the
vortex sheet is described by ¥ = 0. The form of ! should show that the
acoustic disturbance linearly perturbs the sheet away from the circle r = a
which the sheet would occupy if the line source were absent. Thus I may be
defined by

KO

. Lot . 1n8 .
L P~ e Z ._\ncln . (37)

n=-—w

where § <a .

>
For a point r_ on the shect,

« 9% = 0§ . (38)

and thus
dr . »
0 . LWt ing :
- . 9L = iwe W . (39)
dt n

Condition (ii) implies that

Lim q . V& = ~in . VI = Lim {(0,V,0) + a} . =, (40)

e+ Sl
where §+1+ means that the unit circle is approached from outside, and
£+1- means that the unit circle is approached from inside. After rejecting the

sroducts of linear perturbations and using the definition of £ , these equations
I I

simplify to
100
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- G K
ar, 1\0 1wt ind
Lim u = — , VI = Lim u - — e = nd e - (41)
. dt - a n
Erle Lrl-
.
| Thus, combining equations (39) and (41), using equation (25), and equating
| Fourier components, we obtain
F
i\'on
x (1+) = iwé = g (1-) - —— ¢ (42)
Byl n nl a n
which leads to
Kag (1-) = (Ka + Mn)g (l+) . (43)
n n
Now, equation (27) applies outside the solid body rotation if M is made

zero, and so it can be used to express g in terms of £ on both sides of

equation (43) to give

3 %

4 K dfn(l*)
K‘J‘{(K.x + Mn) Ic + 2Mn L'n(l*)

(Ka + Mn){(Ka + Mn)~ - 4M e -

1}

Finally, substituting the forms of t'n implied by equations (32) and (35), we

obtain

R(a)A Ke ¢ Mn)a J' (¢ 2MnJ . (a )
i\(l)\nkl{(kl + mhn n(x“) + 1!17“\\w}

Al

Al 3
(J\Kar‘_o\(]\'a + Mn) {(Ku + Mn)~ - -'oM“} JI'\(K;H + BnH

= P.(-~1"H (2)
1 n

“'(Ka) =
s (Ka

Equations (36) and (45) together determine the values of An and Bn .

4.3 Calculating the effect on the far-field acoustic pressure

We are now in a position to calculate the acoustic pressure. In order to
keep the number of calculations within reasonable bounds, numerical results were

obtained only for the far field where the azimuthal variation of p is

independent of & . This can be seen by taking the limit as § = « of the
f )
right-hand side of equation (35) and using the principal asymptotic form of Hé‘)

]

(described by result 9.2.4 of Ref 3) so as to obtain
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100

E——— W




s 2 ei{wt-Ka(F,+&()vos())+(n/lo)} 5
b ia TKag

o

iKaf cos 0 § n (2) in® 1
¥ 0 ~ >
x (1 + e (-1) Ban (Ka&o)c + 0

n=—w

The effect of the solid body rotation on the far-field azimuthal variation
of p was assessed by cvaluating the ratio of the amplitudes of p and P; »

fe the far-field directivity defined by

(o8]

_ Pl - . iKaf( cos @ T (2) ino
10 loglo = 10 lnglo 1 + e () Ban (KaCO)e
n=—-«
v wions K&T)
Eliminating An from equations (36) and (45) gives
r . '
) ﬁan(ka) Yan(Ka) Sy
= S 1 ’
oy 1D v kay - 8 1P (ka)
nn n n
5 - r( r 1 2 q
where Bn = ku{(ka + Mn)aan(an) + Man(dn)} (49)
and
. 2 2
Yn = (Ka + Mn){(Ka + Mn)~ - 4M Jn(an) . (50)

The infinite series in equation (47) has similar convergence properties to that
which would be obtained if the rotating region were replaced by a hard circular

cylinder. For, as n » two, ]n/Rn » @ and

. J' (Ka) 5
. €2) in® Sty n 2) ind
(- i) "B 1 (Kat e - - (-1 — H' "/ (Kat, )e (51)
nn 0 Hiz)'(Ka) n 0

which is the exact form of the nth term in the series representing the far-field
; ap , . .
acoustic pressure scattered when ——= =0 on r = a . Since the latter series 1is
or
known to converge, it follows that the corresponding series in equation (47) also
converges. There is a further similarity between the two series in that, to
obtain a required accuracy, progressively more and more terms have to be summed

as Ka increases.

100
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The series in equation (47) was approximated by the partial sum (rowm
n=-m to +m , where m (- 0) was chosen s0 that the terms omitted were
smaller in magnitude than the rounding error ot the computer upon which the
calculations were pertormed.  This procedure was justitied by increasing w  and

showing that the ettect was tndeed nepgligible (o the order of accuracy ot the

computer in single-precision arithmetic.  The results are discussed in section 6.

5 THE EVALUATLON OF THE ACOUSTIC PRESSURE AS AN ASYMPTOTIC POWER SERIES IN
MACH NUMBER

Sl .-\H\l tcation of the method to vortex tlow in general

We now return to equations (20) and (21), and solve them, when M <1 |

by the second theoretical approach outlined in the tntroduction.  Let

Fixr) vV '\'0 vhere \'U Hax !\' f , and let \'U be a charactervistic value ot the
speed of sound.  The detfinittons ot \'“ and k‘“ are compatible with those
adopted tn section 3 provided = . tor the solud body rotation. Using these

more general detinitions in equations (20) and (21), we obtain

. Al ’
. y \ e,
p. 2 Uk
[} S J ) ) ) | 2 0 drefF o
e A gl s | K T SRR Cu = 0 ,
8 V. p. B 1 r ¢dr radd J
( r av V2 G ¥

. \\_“

and
d ¥ J ) 2 " S t
\ v 2OM Eslat st Sty = g (5 1)
N F rdvJ R « oF 0
1
) F d 4 -
wvhere A T o+ Paquations (D) and (F4) dmply
\“‘( t t
/ G
IR 2 0
——fR = M - Cha)
dr o
i
and
Al Al
Cop-
ac€ /. 2 R {8C \‘l
l-l‘ 8 - M R R = z £55)
\ . % B
/ S 6%

80 that R and € are, formally at least, constant to 0M)

lu this method, tt ts assumed that p and u  can be expressed as

asymptot ic power sevies in Mo,

= P T Su et

e -

T AT T T

3
!
$
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-
P~ } p“M" and u o~ Z u"M“ . (H%)
=

n=( n=Q0

where Py and v, are independent of M . Substituting these series into
cquations (52) and (531), noting equations (54) and (YY), and equating powers of
M, we tind that the first two terms are piven by r
A} Al »
J 3’ ) R] R] 1
; ) (57)
) ) y ) ) | ) C 3 (.‘ x ) ,( )ll“ ( 3
Coat %50 Yo ( U\t RA 1 0 (
0
A} A}
3a°p AR C
ll) '\() (\“n
- w @ (H8)
€t e d
( 0" (
Al
Y A\l ) “
\ % 3 ¥ * Py \ ISP | g
t
B 4 4 2 ) Pl r C. .ot C. ot M 1 "0 n“l
{ ‘J( H 1) )
(

(
} 0O (H9)
r ox P dr RIY
and
y y ) ‘
) p UL g R.,.C 1 |
Py ¥ {3 . 3\ %Po 0 o' F ° “0“0% I
. - 14 + - . + 2 —em e I\l . (60) |
Catar r \dc r/ 36 v r C.3tcde |
\] € ot 0 |
0 |
|
whore R . Lim R . The acoustic velocity terms can be eliminated from these !
MO [
cquations to give
Al Al p | Al |
) y I B \ )
5 Jak A - = 51Pg = 0O, (1)
=9 e W 2
( 0 { 1 1 8
and
Al A Al Al Al ‘\“
2 g ‘e i 5 ! 3 g 9 d F & 0
‘l \t Al Y Al ‘ “ Al Al Al “l - - l Al Al ‘ ‘ \|l- l )' l )\‘
0 C.ot " ' v de’ C.at°
(4] O
..... (M)

The equation tor Po which is the incident acoustic pressure, is the
ordinary wave cquation governing acoust ic propagation in a stationary howogencous

mediom, o the basic state of the fluid when M = 0. The first order cltect ot

TR 72100

the flow, in this model, is to ntroduce a source distribut ion (the vight hand 100
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side of equation (62)) which is the vesult of interaction between the given
incident acoustic pressure and that tlow. The effect of the vortex can be
expressed in a similar fashion to equation (47), that is

: P, ,
10 tog, \ = 10M log e x Re — + 04 (6 1)
) )
0 0
| where  Re  denotes the real part.,
b S The method applied to the problem of section 4
The bounded vegilon of solid body rvotation in the analysis of section 4
implies a non-dimensional azimuthal velocity component given by
. v
F = - H(a = r) $ (64)
where the Heaviside function H{x) is detined by H(x) = 1 for x >0 and
H(x) = 0 for x < 0 ; here it avises as a consequence of the vortex sheet at
r = a . The incident acoustic pressure is given by equation (33), and so
iu‘t (.‘) 2 2
- > @ et + vt o+ 2ev “a 5
P PLe Hy (K v, rr, cos @ > (65)

which is a solution of equation (61). Substituting equation (64) into equation

(62), we obtain

2 2 9 Jp
J e 1 3 K.‘ 21 l\'"ll Yy + &8 ) J | 0
——— —— — ) - — a-r r - a — —— %
S IR W " Ka { X ar  aJ{ 30
r r do

swsans (B6)

where use has been made of the fact that P is independent of =z and has
frequency « . The factor &(r = a) , wherve § 1is Dirac's delta function, arises

from differentiating H(a - r) .

The solution of equation (66) can be found by convolving the source term
with the two-dimensional free-field Green's function for Helmholtz's equation
(appropriate to outgoing waves), namely

i :) ) 2 2
- H( Kfvr" + v, = 2vv, cos (&8 - @,) .
4 0 1 1 1

‘R /8100
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Thus
iwt @ m
P.e i
Tl E il 2 L
pl = ~Ka 30 [ / riHO (K\/r + ri 21rri cos (6 Ui))x
r.=0 8.=-mu
i i
2 % g e e (2) 2 2 . )
x {K H(a ri) + G(ri a) (3;; a)} H0 (éj;i + ro + Zriro cos Oi)dridoi -
...... (67)
and if use is made of Craf's addition theorem as in equation (34), then
ol Tt . in(86-0;) im(8j-n) (2) .
Py " 2'a W Z Z e e dei ril{n (kr)Jn(kri) X
n=-o m=-© @, ~—ﬂ r.=0
1
X KZH(a -r.) + §(r. -~ a) . | H(Z)(Kr )J (Kr.)dr.do. (68)
1 1 ari a m 0" " m 1 1 31
P eiwt ©
o ek 3 in(06-m)  (2) ),
= < 9 Z e Hn (Kr)l-ln (}\rO) X
n=-w
a
2 2 ¥ ;
_ ‘. - . 9
x | K .[ riJn(Kri)dr1 + Jn(ka) {KaJn(Ka) Jn(ka)} (69)
0 I
The integration with respect to r, can be performed vsing results 11.3.31, q
9.1.5 and 9.1.27 of Ref 3 to give ’
|
imP. e 1
pl = - Z (— ]) n x N
i
J——— 1
2.2 2 J
Kot = = & ol e - N |
X { 3 Jn(Ka) + kaJ“(Ka)Jn(ka) H
e & o
5
> K a J'Z(Ka)} (2)(Kr )H(Z)( )\uu
2 n 8
®
...... (70) o

100
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Finally, using equation (63) and the principal asymptotic form of Hsz) , Wwe can
show that in the far field
107M 1 -
™ log, .e -
10 . 1KaEn cos 8 .
10 log,, B% i Ka Reie 0 E (- i)™ x
n=-—w
2 2 2
Ka -n =2 .2 é
x { 5 Jn(Ka) + KaJn(Ka)Jn(Ka)
2 2 .
K a”™ 12 (2) in6
+ 5 Jn (Ka)} Hn (Ka&o)e
...... 71)

10mM log, .e : -
= 10 Imexl(a&ocose Z g J.‘)nn -
Ka
n=-—-oo
2 2 2
Ka =-n -2 .2 '
x { 5 J (Ka) + KaJ_ (Ka)J!(Ka)
2.2
> K a

12 (2) in6
5 Jn (Ka)} Hn (KaEO)e ’

where Im denotes the imaginary part.

L RPN, 5 T S W o 1

There are a number of interchanges of limiting processes in going from

equation (67) to (72). They can all be shown to be justified since the region of

e vy

integration is effectively finite and the series are all uniformly convergent.

It can also be shown that the form of the nth term in equation (72) is the same

" G g

. —-w
Al s

as that which would be obtained from equation (47) by writing it correct to

O(M) . This provides a check on the working used to derive both equations.

The most interesting feature of the final expression is that it is an odd H

function of 6 . This is a general property of 10 log10 #L , correct to O(M)
0
when Py is an even function of 6 . This can be deduced from equation (62),
ap
since its source term, which is a function of Tﬂ? , must be odd, and its operator H

’

2
on p, preserves parity. This feature has also been demonstrated by Broadbent”,

starting from the expressions obtained in the ray theory limit.

TR 78100
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6 DESCRIPTION AND DISCUSSION OF RESULTS
6.1 The presentation of results
I'he main body ot results presented in Figs 2 to 16 are calculated from

equation (47). The values of the dependent variable are shown only for the range

O . . &
of 0 ftrom =45 to +45 where the vortex has the most significant effect on the

acoustic pressure. In this particular example there is also a significant effect
in the region on the opposite side of the solid body rotation because the vortex
sheet at the edge of the rotation causes back scattering in a manner analogous to
a solid circular cylinder. However, this region is ignored since the back

scattering would not be present in more practical cases where the basic velocity

tield ts continuous.

A turther restriction on the results presented here is that they are all

for a single value of bo (&g - 2) so0 as to study in detail the variations

brought about by changes in Mach number and wave number.  Some calculations,

which were done for higher values of indicate that the directivity pattern,
§ |

‘j‘) »
for tixed values of M and Ka , is reduced both in amplitude and angular spread

as the distance of the source from the centre of rotation increascs.

The graphs of far-field directivity are grouped in three diffevent ways

)

depending on the range of Mach number and wave number. Figs 2 to 7 are designed

to show how the directivity changes as M > 0 at fixed Ka . Since equation (72)

, 1 ) : 3 : ;
shows that Lim  log -+ 1s i1ndependent of M, the two curves calculated from f
Al

M0 Po K
] equation (47), at each fixed wave number, are scaled with Mach number so that b
.

’ g e P . i
thev should be close to the third curve which is calculated from equation (72) i

for a Mach number of 0.1. The latter value of M 1is chosen for convenience, "

. | ] i . W . . -
since then M 10)(m equals the far-field directivity defined by equation (47).

= p() ;'1

Figs 8 to 10 and Il to 16 both have the same dependent variable calculated

: » » o . i
from equation (47), but the former group cmphasises dependence of far-field 1
. - . . . . . |
directivity on wave number whereas the latter group compaves directivities at H
tixed Ka , again, tor the higher Mach numbers. At these values of M, the low 1
Mach number approximation made In section 3 is probably beginning to break down.
|
6.2 Ihe variation of far-ticld directivity with Mach number and wave number \

The dependence of far-field directivity on Mach number and wave number is

shown to be quite complicated. However, there are some trends which can be

Y

identified from Figs to 16, As M > 0 with Ka fixed, the directivity tends

TR 78100

to the odd function of 0 predicted by the analysis of section 5 corvect to  0(M) 100




but, as M increases away from zervo, the divectivity becomes less like an odd
tunction. For the lower values of Ka , tor which the directivity pattern
remains relatively simple, this diverpgence may be characterised by the behaviour
of the three parameters 8 1 and 1

0" "max min :
the smallest positive value of @ where 10 luy,ln 4 18 zevo, the maximum
»
Py
|

which are detined respectively by

and the mintmum value of 0 log

Al Al
value ot 10 log i & I . These parameters
a1 10 P;
1

are plotted apainst Mach number, for Ka = 5, 10 and 15, in Fig 17. This shows

that as M 1increases, :‘0 increases away from the value zevo predicted by the
|

O(M)  theory of section 5, and that lm.“ 1s 1ncreasingly overpredicted and
A

lllllill' increasingly underpredicted by the OM)  theory.

For all the values of M and Ka covered by Fig 17, the directivity can
be simply described as giving a region of decreased acoustic pressure for 0 < 00
tollowed by a region of increased acoustic pressure tor @ > 0“ .  The value of
M , upto which this simple picture holds, decreases as Ka increases and the
directivity evolves into an interference pattern which is probably bettern

described by ray theory., The numbers of maxima and minima, in the region

- h‘“ & 0“ < m“, are plotted apainst wave number at tixed Mach number in Fig 18.
This clearly shows that as  Ka increases, the numbers increase and thus the i
angular distance between directions of constructive and destructive intertference ‘
decreases, an important property of interfervence. It is hoped to give a detailed '
explanation of how this interterence pattern arises, as well as an assessment ot b
g
the accuracy of ray theory in this example, in a future publication. L_
The overall tmplication of these trends 1s that the asvmptotic expansion '
in powers of M is not unitormly valid as Ka * & . The reason tor this can be
readily seen tfrom the remarks made on the convergence of the 1ofinite series in '1
equation (47). As Ka increases, more terms have to be included to achieve a ‘4
given accuracy. This impliecs that the average value of [Mn|, amongst the !
significant terms, increases and it reaches a point where the eftect of this 3
parameter can no longer be regavded as small enough for the asvmptotic power i
series approach to be adequate.,
.
More pencrally, ray theory shows that it is necessary to distinpguish between |
the phase and amplitude of the acoustic pressure.  Thus an obvious improvement to ‘:Q

the method of section 5 is to adopt an asvaptotic expansion 1n powers ot M tov

> 1

both amplitude and phase when  Ka

100
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6.3  Assessment of the utility of the asymptotic power series in M for

acoustic rrvs:.un‘

In section 5, the asymptotic expansion was taken only to O0(M) . In the
example used in the present Report however, that order of accuracy was achieved
with about the same amount of computational effort as was required for the
inherently more accurate method of analvsis described in sections 3 and 4. To
take the asymptotic expansion a stage further to U(M") would require at least
twice the eftort needed tor the other approach. Although this may not be a
generally applicable criticism, in that the tunctions derived in section 3 are
particularly simple tor the solid body rotation, the results have shown that the
asvmptotic expansion is not uniformly valid as Ka *» « | and so this method will
not give necessarily useful estimates of the vortex refraction effect in

practical cases.

It seems to the author that the best approach to the general problem of
predicting the effect of a vortex, and indeed the propagation effects of all low
Mach number flows, is to retain the O0M) terms in the operator on acoustic
pressure and then attempt to solve the resulting approximate acoustic equation as

accurately as possible. An example of the successtul application of this

approach, in the case of potential flow, 1s described in Ret S,
7 CONCLUSTONS

The scattering of sound by a region of tluid in solid body rotation at low

Mach number i1s an easily analysed example which can be used as a test case for

assessing the accuracy of various approximate methods for calculating the effect
on acoustic propagation of more practical vortex flows. The main body of results
presented in this Report arve obiained by solving the acoustic equation after
ignoring certain terms which are \?L)t"‘ and are believed to have a uniformly

small effect at least up to the maximum Mach number considered of 0.3. For this

reason, the method i1s considered to be suitable for use as a check against which

athey approximate methods can be tested.

One such method 1s that of an asymptotic expansion in powers of M . It
has been shown that such an expansion i1s not unitormly valid tor large Ka and,

when tested against the uniformly valid results, it is found to be seriously in

error for Ka = 15 even at a Mach number of 0.1,

For large wave numbers the directivity of acoustic pressure takes on the
appearance of an interference pattern. This implies that ray theory will provide
a better description at these wave numbers and the next task will be to assess !

100 |
the accuracy of this approximation.
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Fig 1 Ilustration of the problem described in section 4.1 1




Fig 2

| !
I 'd
G =8B Bmofsmm..N

Otboy W jounomeysqayy z614

l

{

<] 6o

(LY®3) S0D2*W —- — ===
(LY D3) 0= — — ——
(ZLb3) 10:=w




Fig3

1
Ol =B) 10} 0 « |\ Se %ﬁ Olso; w_ jounoineyaqayy ¢ by

als \".’

b

y\/
)

r /

e

/ g
i 2
/
o |
| / |
i lad s |
/ SRR G
/ ;
/ “
,_
¢ m
A
_.m_o_ao_@
d __
£ i
(LYY) SO0~ e

WY U] 10 e N e . s
(Ze ®3) 10:=wW

-




1
gL =ey s.orzs_%‘o;o_ “!‘ JO Inoimeyaq ay) 1 big

¥- . /
\n’/
- (Ly b3) 10=WN — — — | ¢- L

\// (2L b3) 10=W —m— Y

WARFORESCR . % T \g

)
\
N
\lvs/ / /W
\/ .\\ \ SN

N
/
(L b3) 500 W - — — — — [
/
/

e

Fig 4




Fig5

0Z =B) 10} 0 « I\ S8

1

i
.% _ Olgoy W Jo inoiAeyaqayl G big

MI
7

A\ %
/ //
771 \\N

/ \ v \L)/ o
\

// 3
0% om// 02 0l N\ 05-
,/ \\

LW
\ I z
\ hy
\\ (L% b3)Z00=WN —————
w( \ (LY P3) 600 =N —— —
| /,\ dlot. W (Ze b3) 10=N
w BRI




Fig 6

I
GZ=8) 1040~ SR %

Olgoy mn. J0 inoiAeyaq 3y L G iy

e—— PR —

IJ “ s —
4_
G

Iql )

(LYb3) 200=W—— — — =

{L783)s
(2L b3)

U= — —— —

l0=w




Fig 7

_n E ‘ m_
0E=ex 4040 Wse 7 Olbo T jounomeysqayy 614

..0 |\~\ o7 ,//. 0z 1/\7\
\
'\
\
v\ ,
b
\
// \\ | _
\ o
| 3 /. v _
v N\ 4 | | |
| __m_o_mo_d | _ H
“ ;a : |
L 3 |
(£YDF) 20D =N e =

(LY DI) GO0 N = e
ANNUNV 1'0=NW




L'0 = W 40j A11A1103.Ip P|al}-Jey UO JaquInu 3AeM O 133443 3y} g Big

!

e —————
— ]

Fig 8




Fig9

Sl B e T i R - SEEPS EACT RPN,

GL'0 = W 10} A31A130341p p|3lj-Je) UO JBQUINU BABM 4O 3984J3 3y |

6 614

R

SRS RRe—

- -

o B T e




paal o e T

SL'0 = W 40} A11ADBIIP P)3lj-ie) UO JBQUINU BABM JO 10343 ay] (L Biyg

o
o~

"

<
X

|

|

L}

|

|
|
|
—

-

Fig 10




Fig 11

G = ) 10} AUIARDRIIP Pjal}-1e} UO JBQUINU YIBlY 4O 108448 3Y |

L1 Big




Fig 12

0L = &) 40) AJIAILDB.IP Plalj-18) UO JBQUINU YIe JO 135343 84 |

rARIE




Fig 13

GL = ) 40} AJIAIROBUIP PIaty-ie) UO JSGUINU UBYY JO 195443 54 |

gL By

-




Fig 14

0Z = &) 404 ANARI3BIID PI@1}-42) UG JBGWNU YI2W 40 193445 34 |

—02- —

0N ———— —
SZOBWN — — —
€o=w




7}
-
2
w

GZ = )] 10§ AJIAI199JID Pol}-1e) UO JBQUINU YJe 40 193}43 By G| Big

I
|
]
|
i

[
|
“
— - . = S1-
{

0Z- 114-1
|
|
A
_ﬂ




T —

g

e L ———

Fig 16

0£ = B 10} ALIAILD31ID PIaly-dr) UO J3GLINU YIB 40 193349 3y |

9l fig

Z0aW ~——=====
SZOU= W — — —

E0=W




Fig 17

poyisw uoisuedxa
onoldwAse ayl Aq pauieiqo (|g)Q 01 1934109 1jNsal 3yl WOy AJIADBIP JO aousbianig /| Big

W
€0 Z0 10 0
0
Vil
T
/1!
/i,
VTS
X \_
At 1.
an
x
—— \J. S
o
poyjew uolsuedxa 7 _ " )
51j0)dwAse ayy o) _ \. /7
puodsaiiod saul) - g \.\ L
1ybrenys ayy x /
= x 8
ﬁ\ 7
/
o \ m
/ o]

1




SB111A110941P Yl Ul BUWIUIW pUE BWiiXeW JO AMsuap ayl ul uonenuep gy big

eX 0t S¢ 0¢ Sl 0l S 0

|
_
| g
‘
S00=W O * h m
| |
3 = e I S
—o z D % _ = s IHI c—
| |
SI'0=W A _ ‘
I0=nW ¢ , } i
SZ0=W + m,
€0=W x | L0 >0 0¢-
U ewivlw pue ,
— ST A - BWIXEW 0 JIQWAN

Fig 18




REPORT DOCUMENTATION PAGE

Overall security classification of this page

=

\UNCEASSIFIEY ¢ b= e’

As far as possible this page should contain only unclassified information. If it is necessary to enter classified information, the box
above must be marked to indicate the classification, e.g. Restricted, Confidential or Secret.

1. DRIC Reference 2. Originator’s Reference 3. Agency 4. Report Security Classification/Marking
{to be added by DRIC) Reference
RAE TR 78100 N/A UNCLASSIFIED
5. DRIC Code for Originator 6. Originator (Corporate Author) Name and Loca!xol;
850100 Royal Aircraft Establishment, Farnborough, Hants, UK
Sa. Sponsoring Agency’s Code 6a. Sponsoring Agency (Contract Authority) Name and Location
N/A N/A

7. Title The scattering of sound by a region of fluid in solid body rotation
at low Mach number

7a. (For Translations) Title in Foreign Language

7b. (For Conference Papers) Title, Place and Date of Conference

8. Author 1. Surname, Initials | 9a. Author 2 9b. Authors 3,4 ... 10. Date Pages  Refs.
Taylor, K. - = A?ggzt 39 6
11. Contract Number 12. Period 13. Project 14. Other Reference Nos.
N/A N/A Aero 3440

15. Distribution statement
(a) Controlled by —

(b) Special limitations (if any) — Unlimited

16. Descriptors (Keywords) (Descriptors marked * are selected from TEST)

Acoustics. Scattering. Noise. Vortex refraction.

17. Abstract

This example, which is one of the simplest to exhibit vortex refraction of
sound, is solved using an approximation which is uniformly valid at all frequencies
and small Mach numbers. The region of solid body rotation is bounded by a vortex
sheet which implies that the results obtained have little physical relevance.
However this flow field gives acoustic equations which are comparatively easy to
solve and thus an ideal test case for the various approximate techniques used to
investigate the effect of more realistic vortices on sound.

The present Report gives an assessment of a method which sets out to express
the acoustic pressure as an asymptotic power series in the Mach number. It is
found that this approach produces an error which increases progressively as the
frequency increases at a fixed Mach number. At higher frequencies it appears
that the ray theory approximation is likely to be more accurate and it is hoped
to publish an assessment of the utility of this method later.

RAE Form A143




