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SUMMARY

\j T h i s  examp le , w h i c h  is one of t he’ s imp le s t  to exhihi I v o r t ex  r e f r a c t  io n  0!

sound , is  solved us j ug an a p p r o x i m a t i o n  which  is u n i f o r m l y valid at all frequencies

and s m a l l  Mach numb& ’ rs . The reg ion of  so I i d bo dy ro t a t  ion i s  hounded by a vortex

sheet wh icli imp l i e s  that t he re’ su I t s obt m e d  have 1 i t t  to pIty si cal re I evance

h owever t h i s  f l o w  f i c l d  g ives  aco t i st  ic equations w h i c h  are comparativel y easy t o

so lve  and thus an ideal t e s t  case f o r  t he  various approximat e t e c h n i q u e s  used t o

inves t  i gate  the e f f e c t  of n~~re real ist ic vor t  ices on sound .

The P F0 Sent Report gives an assessment oI .1 me t ho d wh i oh se ts  out to ex p r e s s

the  acous t i c  pressure  as an asympto t i c  powe r ser ies  in the  Mach number.  I t  i s

found that this approach prod uces an error which increases progressivel y as the

freq uency inc reases at a fixed Mach number. At hi gher frequencies i t appears

tha t the ray theory approximation is like l y to be n~~re accura te and it is hoped

to publish an assessment of the  u t i l  i t y  of this method later.
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E x p er i m en t s  have shown that t l t t ’  r e f r a c t  ion caused by v o r t i ce s  sited from

l i f t i n g  surfaces t’aii significantly influence the noise nuisance of an aircraft ’

This  fac t has I vd t o  v o r tex  r e f r a c t  ion b e in g  t lie s u b jec t  of many t h e o r e t i c a l

inves t  igJ i t  i ons , in order  to  u n d e r s t a n d  t h e  ~‘fIect b e t t e r , and even p erhaps  to

exp l o i t  it.

The m a j o r i t y  of p u b l i s h e d  an a l y se s  are based on ray t heory  whose application

t o  v o r tex  f l o w  has been wel I d e s c r i b e d  by Broadbent 2 . Ray theory  has two b u i l t — i n

r e s t r i c ti o n s  w h i c h  may he v i o l a t e d  in  pract i ce .  F i r s t , i t  is assumed t h a t  the

,icoust  ic wave leng t h is  sina i I compared w i t h  t h e  l en g t h  of s i g n i f i c a n t  v a r i a t i o n  of

t he u i i d o r ly  I I U ~ f l o w  f i e l d  • Sec ot td i v  t he  r e s t i l t  s o b t a i n e d  cannot  be app l ied in

t h e  I [m i t  of t h e  ex t  reme f a r  f i e l d  if  t h e  pred ict cd acous t i c  pr essure  var i e s  by

l ar g e  .III1OI ,IIIt s in different direct [oils due t o  such e f f e c t s  as w i n g  s h i e l d i n g .

R ay t h e o r y  takes no account of (lie smear m l ’, out of di  scoot inui t i e s  l i k e  shadow

b o un d a r i e s  wh ic  Ii t ak es ~ I ice over l arge  ( l i s t  ance s

The f i r s t  r e s t r i c t i o n  is not ser ious  s ince  ray theory  has been shown to

g i v e  good agreement  w i t h  the ’  r e s u l t s  f rom wind—tunnel exper iments  where micro-

p hones n o r m a l l y  canno t  be placed very  far  away f rom t h e  mode l .  However , if one

wi shes  to p r e d i c t  an a i r c r a f t  noise f o o t p r i n t , f o r  examp le , t h e n  most of ( lie

regions of interest on the ground will probably be well into the far field .

Broadhent ar so mentioned a second theoret ic a l  approach , which was trii’~I as

long ago as l’)59 
6
, based on the assumption that the maximum Mach number M of

the vortex flow is small compared to one. This is a reasonable approxima t ion to

make f o r  an a i r c r a f t  which has just taken off or is about to  land . The method

c o n s i s t s  of expressing the acoustic pressure .-ts an asymptotic power series in the

Macli number. in pr act ice t h i s  process has so f a r  onl y been app li ed to first order
‘in M , s i n c e  the higher order term s get progressivel y more difficult to

calcula te.

Hoth theoretic a l approaches , w h i c h  have j u s t  been outlined , pose various

que s t  tons as I o t h e i r  r ange of pr :lc t i ca l  ipp i  i c at i o n . The pu rpose of anal vs lug

~fl tie t a ii the p ar t  i c u t  a r examp le ste so r i bed in S~~~t i~ n 4 (which is not p hy s  ica l i v

reali st i t ’ , but  is comparatively easy to s o l ve)  was t o  a s s e s s  t he  e r rors

in t roduct ’d by t li t ’ I i f  f e  r en t  appr ox  i mat  [OIlS t hat can be made. T u e  ana l y s i s  is

S grea t  lv simplified iw t h e  use  ol  a low Mach number approxim ation which is

unif orml y va l id for a l l  fr e quenci es . This contrasts with the last described

100 method of approx i mation which clearly, fr om t h e  form of t.he equations to be
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1.1 S~j~~~. i t t n~~~t h e  v a r i a b l e s

I~roiit ttow e~ti Wt~ w i l l  be’ d eal i ug wit hi an acoust  i t ’ d i s t u r b a n c e  wit i cit i ~

i ndi’pendetit of • zitid has a con St  an t  f r equenc y  w • At ’ cord ing 1 y , t he no oust i c

pr essure’ jnd rae! ía! vi’ 1 s ’O i t v component  can he writ t en in ( l i t ’  form s

- ~~~~~ t~~(Oe l
~~

t (2~~)

a iid

u — ~~~~~ 

~ 
g ( i ) t s u t

~~ (2~~)

where  ‘
~ : ‘~- . Stubs t I t i l t  t ng ex p r e s s  i o u  ( 2-’+ ) int o t’qwt t ion (2 ,2 ) , and equa t i ng

l’ oii I ’ i or c o l i ip t i i l u ’i t  I S • i vu ’s

+ 

(

~ + ~~~~~~~ 

~: ~~~
‘
, 

+ ~~~ {t ~~a + ~lnY 
- “

~~
‘(‘ + Ka 

- I = 0 

where C 0 C (a ’) 
, M ~~~ and K : 

~~~

-- . S t i n t  larlv , t’qti~it i0n ( 21) g ives
I,) ¼)

i I I ‘Mn 1{ (Ka ~ MnY - ‘tM g ~~
- - (Ka + Mn’) j - ’  + ‘n:— . (2 2 ’)

I . I A u n i f o r t n t v  v a l i d  aj~pr ox i ma t ion ~~~t 1 ow Mac Ii number

Equ at ion (2(’~ has two d i t ft’r~’nt t vpt’s of term depe ndent on H . The t i rst

is coot a hue d in I he va i’ i at join of C , which can he quant  if i ed using the  equa t ion

!_ “ , L (’ L ( ~~
’
\ ~~~ — M •~~~~

) R ( :
~.c

’
~ ‘~~C 0 dF.~~~ 1 1 \ h/ 5 d~~/ 

- C C \ . ’t R/ 5 ’

—

and is ~tl so e’on t~t itte’tI in t h~’ t e r m  - -~- — wh i ch  i s  t’al ’ t of the  c o ef f  ~ t’ j oin of

: Provided ~ , 0 ( I ) , 1 hese t erm s  ~t r e ’ u i t i  I ~‘i’mI v ~‘t 0 ~M ‘) and so may he

100 
ignored wli ’tt M ‘~~ 1 , w ith ito error in  t h e  I inti l answer  whjt’ti is ruir 0(M’

t t  
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TI i i ’ set ’ ot id t V ~ e ot ’ d5~ i~~’nd s ’ 1iu ’ 0 i s  • harac ten sod h’s’ he ’ p.i r 5uhi s ’ t or Mn wh j o b  may or

i ihiv t i e ’ t he 5 1 S t  11 . uteps ’iisi uig on t Ii~ ‘sst (t i e ’  0 1  0 . I t  is  t h ie ’re  f o re  i n ipor t  t int  to

r’t a i n  a l l  t I i ~ ’ e rms s’ s ’ i i l  a i ; ii ng Mit if serious t’r r or s  a re  to be avo We d even at

q u I t  e ’ s’:st  11 M _ ic ) i  i t t u ml i t ’ i’ s . I” qit _ ut Wit  ( 1  Ii ’) , t h en , w i l l  be’ _ u p p r o x  i ma t ed by

{ -
~~ i’ + 

~: ~ ~ + - ~~ + ~~~~~~~~ - f - (I

w iti cit is i t o t ’;;; s ’t  U, ’ -; ;s ’ ( ‘ S s ’ s i t i a t  i o i i •  ‘[‘ l i e ’ solut ion 01 thi s t’quat ion whiclt is

t ’ j t  t t t t ’  oi ’ i ’ s’, i i i  i s

f = A .J ( ‘ s  •,) ¼, 10)
i t 11 ii 11

w h e t e ’ A is an 5ii ’hit i a i v  u ’oli~~t a h 1 t  • J i s  (lie Iis ’ sss ’l f t t n c t  io fl  of t he  f i r s t
Ii - ii

I,, j f ld _ nid i l  ~u ~ ‘ i s ! e s !  • ,iiitl

~c.; :~~~~~: ~~i)

I’li~’ ,t d v , t i u  ,i u t ’ s i t  ~‘inp 1 cv :tg t h e  abo’s ~ .ipp r ‘xi i i 1  I on i s ~ u ’ t  r i n  t ii i s  c, i so ,

Si  t i c e  I c i t  t i 5 ’;; ~‘c s ’V , t  1 u i a t ~’d i n t o  i t t ;  0 1 ’ 
~t t wit ’ oi t  W i l l  e’li i s  s l l  ~I 5 ’~’u nt c i ’st e~l

Ft

{~‘Wt ’Vt ’ r , t he n i t  lu ~~ r is , ’ I I s i n ’ ;  t h a t  t I i , ’ u ’ l , u ; ;  i f  i ~‘ , i  I t O i l  0 1 1 l i i ’ ( 5 ’ ‘s’rns C O O t  1 n t  i t u ~ M

~‘ t ~~ t “ l’~’~ ~s i :~j ’oi’ t an  1 in  Ou ’O O  r i  , an~I on! v t c i i i ; ;  wit i ch  ar t ’ Un i t’ort ;;l v

;5 ,i I I  m t v  S , t t t ’ l v  h i ’ l t ’ t l O t ’OuI ‘s,’ i t  i ou ’ S i n i  l O d O t  ~‘r ’, ‘i ’ . l i i i  s p o t n t  of Vj cu , ’ ’,S

r eiiltu ’r cs ’st h’s I lu ~ rt’sitlts u ’ t  Ss ’t’ t  j , ’;; V,’I i t ’j ’c a ~‘i’ ud~’r ,Ii’prox :mation ~‘roeos~ is

u sed I or s ’0P~tpa I’ I son •

U l ’~ I N C IL )’ A R i ’ ; I O N  01’ I~ ,l Li) I N  SIl L Ii) ~0i)Y Ru ) I’AT ION OF S O t N I ’  CLNI ’K ,\ l ’E i )
hY ,\ Cu ~ N S ’ l ’ . \N ’l ’ I : K L u h i ’ N ’ Y I , I N F  MONOI’OLE -

• I ‘l ilt ’ 1 , 1  t l i s ’ ;Sl t c i t  mu ds ’ I

The part j s ’fl 1 ,ir  p r t i b  t e r n  wit ich  we are going t o  i n v e s t  i ga te  in dot  ai 1 , u s i n g

the 5 l p j i r o x i l h t t  i o n  ~!e~’~’1op~’d in t l i t ’ la s t  S e c t i o n ,  i s  i l l u s t r a t ~~eI in  Fi g I .  It

co n s i s t s  01 .1 r u ’ ’ t o i i  t ’l  I b i d  j l i  501 id  bs,’d~ r o t a t i o n  ti~ uiude’d by  t i t e ’ cy l intler

= I • W i t  Li i i i  i of iii it s ’ i t ’ ’, I on o f  st ;tg i iaf lt  I ( U i  d Ot t I  S i  do con  I .11 1)1 i t t ~ ~l 1l i s ’ i ; , ’~ ’0 It’ o t  ‘

, i c ou s t  i t ’ pi ’ i ’s~~u i r t ’ ott lie l i i i ’ g t ’ s ’t’ii l ’v 7 ‘

~~~~ 

and ;~ “ . The p~~~~ i I ’ i 1 i t ’s’ ci

in s t a h i  l i t  h e s  di ve ’ lop 1 i i u ’, s’s t h ~’ v on ox s I i ~~t,’t ss ’~’;it’ .i t I i i i ’ ,  I l i i ’ t ’s.’ u ’ I’es~ i s i l t S  will Iso

ignored i l l  l i i i S ~i i i a i  vs i s .

The’ appr ox m a t  on these ’ r i he’d i n  se c t  i on 1 . 1 1 s ui t t i f o r m  l v  v ,i Id s I it~~ e’ t he
r t ’g i  s ’n s i t ’ s o t  iti body rot , i t  ion  i s  hounded . Thus t Lie l o c u st  ic  p r e s s u re  is g t V e ’il by  I 0t~
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P R ”
~
’
~ V A J (a . ) I t t t i ( 1 2 ’)

0 0 it

when 7 ~ I .  l i i  t his ’ s t a gn a n t  t i t t i d , t h e  ~tt ’o u st  ~~t
’ r t s ’~~~~su r t’  is t h e  stint oL t w o  out

gel i ttg wav es , O tt o di i i ’ t o  I lit ’ n~~nopo h’ • I be’ o t lte’ r t 0 50 a ( I t ’ i’ ing by tht ’ rot at i iig

1 u i d  . Tilt ’ t i t •  St  0 t i l t  t I ’ I but  i c i i  15  1 t ie t i l t ’ i dci i  C W ave ~ hi i t ’h rt ’pr e ’Se u S t i l e ’ ( t I C a 1

•t c o t i s t t t ’ pi ’ c s s e i t e  i i i  t h i s ’ l i m i t M (1 ‘l ’I i is  i s  ~‘,~~ Vt’i; liv

i , ,  t 
~~~~~~

. 
+ + cos  , ( I I )

w h o  re I’ . i s  ~u g i V e ’i i  t’O u t S  t an t  ~t i tui  lI t ” ’) I t  t t ie L t 5 t n k e ’ I fu t i c  I ion oil t h e  sec ond P

k t ilt! and nI ii o r d e r .  L ’ qu ;t t  ion ( I ) ’ i t ’a;l be’ t’ewr i t t  t’fl ~is

p m  - l• i o ~~55~ 
~~~~

‘ 

~~
_ 1) ~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~ \ ( 1 4 )

1w its i ng (rat ‘s ~udd it on I lis ’or s ’m. (~~~‘e R ’  i ~. Fe ’ SO I t  . I • .‘ • ‘) I ’h on ‘ lie ’ I o t  ~t I

t t ’o i U S t  i s ’ p n u -s s u t’ e’ . i i i  t tue  r eg ion 1 
~ ~~ • i s  e~ I V O U  by au j u t  i i i  i t t ’ SC i ’ l s ’S ~lf

t h i s’ f orm

P = ~~~~~~ ¼,~~ 
IY 1 1L~~~

’) (K5t 7 1) ) {J ( K~t 7)  + B h (~
’
~ (KaO~ 

j f l h l 
¼

where B i s an , i t l ’  i t  i ~t i ’s ’  e’ ons t an
I’

S hoes ’ t h e  e’xp5t uts on in  e’quat Ion t. 1’~ ‘I i s  r eq u i red  fo r  t ile  app l i t’J t iOn  01

boundary e’ousl i t  i ~ns ~i t  7 = I so t ha t  A and B c t ii be’ dot erm i ned we have ’
0 it

ch oise’n t ile’ f o r m  whi~-lt is ~‘ali d i l l  t ilt ’ r eg i  s’ll i. 
~‘() • flu s r e s t r i c t  ion does

not a It ’ ot t t he subsequent t’V8 1 na t  I O n  01’ t h ’  f ar— fit ’ i t t  .ic ot i s  t it ’ i~re ssure 5t es~ r ibed

t f l  St ’t ’ t  l o in  ~~~ 1 .

~ Cou i d iti m i s  s li t  t he ’ ‘s’ o l t e ’X S l i s ’t ’ t  l iotuiid i ns, t h e ’ s o l i d  ho$,~~~r o t . u  t ion

l’he ’re’ 5t re t w o  hs ’une1~ur v cond it I oits whi i cit 5i re’ uoi’rna i 1~’ app l ie d  across  a

‘so t ’ t  ox s l ie s t , They , iu ’ e
8

I )  s o u t t  t i l t u i t  V ol 1’iOsS Ut’ e’

~
‘ I ~)() ( i i ’) s ’ s’l it  i iou i t V o t  t i l e ’ i t ’ I u’s’ i t  V t’oilipe ii l en t  itor u ta 1 t o  t i t ~’ ~h~~e’t



It)

‘l’lit ’ I t i n t , ‘ c t i t l t t  j u t  e ’ i i S i ; i ’ s’” th at t lit _ i~’~’ ,’1 er ,ititiu of I m i d  particles iii the

s l i e s t  is t j u l  l u ’ , ;t nd t h e  ‘;econd i s .1 t’oflSs ’s I tlt ’ l lu ’ t ’ of t h e ’ I’ i’ i ilt ’ i P l t ,’ of  c o n s u r v a —

I i o n  ci  ii~i ss .  A’; ’ u i t : i i i i ’5’, t h a t  t he ’ l i _ u s i t ’ p r e s s u r e  has I see l l  made coot  m uons ,

t’Oflti i t lo l l  1)  i t t ip l i t ’S that p is  ~‘ont m ucus  ~ ross  t he’ sh t ’e t and , in p ar t i c u la r ,

t h e  Foiu i  i’i or c t u i i l i i s ’ i i m ’ i t  5 lit m j u ; i t  i on s  12) and ( l ’ s )  a re’ e’qua I a t  ~~ I ,

I’ , ¼,- I ‘)
fl 

11
( 2 )  ( K:i~ ) 3 ~K , i )  + B ~~( )  (Ka ) . (36)

it ii ;i n 0 ii it 0 j

i’~i t t d j t  i s ; ;  ( i i i  i s  mor e’ t’oiflp l j,’,it ed to  app ly .  Su p p o s t ’ t h e  s u rf a c e  of t h c

‘, ‘ s ’ C t  ex  ; l ; ; ’ 1 ’t i s  ,l, ’~~s ’ t ’ i i ’esI  h’s’ ~: 0. The t o t ’;: ~~t Y should show that the

.uL ’ous! i t ’ d i s t ’ i i i ’  O u t ’ I i i ;u ’ ii ’lv pert u i !l s s the Sl l t ’e ’ t , tw , iv  f r o m  t h e’ c i rcl e r = a

wli job t it ,‘ ‘ C 5 I won ~ ‘~~
‘ , ‘; i ~iv i f  t i l t ’ I L fl~ ’ St ~lI t ’c e wo i i ’ abst ’iit . ‘I’hus r,;av he’

t t i • I i h i t 1  l~V

— 
i, ., ’ t  l i t ,’

- ‘  ‘ i a “ 5 0 , ~ l 7 )
ii

w l i , ’ i c  ~ ‘

~‘i n t r ~~~~ t~~t s ’ i t ’ s I

+ —~- = U , (15)

and t i t us

~ t 1115 
( I t I )

ciol i t  isin (ii) imp l i t ’S t h a t

5’
1r

Ur n  q . V ” = ‘
~~~

-

~~~
- . ‘-

‘

~~ 
= L i m  ~(0 , V~~, 0’) + . \‘~ , ( s O ’ )

w i l t  t ’~ ’ ~ I + ilte’ ,t f lS t h a t  the ’ ito i t  c i  re’ It ’ is  approached  f r o m  O u t s  i de ,  and

7 1 — f l im ’ ,l i) S t h at  I he ’ t u n i t  0 r u ’ le is appr oac  hu ed f rom in s i d e  . Aft er r e” j  oct i og t he ’

p r o du c t  s c t I i  ne’~i F i t~ r t  i u i ’i i ; t j o in  S :10th US ~ itg I ho do f i l l  i t  i Ofl 01 E , t h e  Se’ e’t lt t it  i O I l S  8

s i m p l i l ’v to

I 00

k
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Ii

1, 1 m ii  - -~ , 
‘

s Y — L i n t  u — 
0 i ~~t n ’ e ~ 

• (“ I)
F, ‘ 1 +  

d t  ‘ I —  11

Thus , ~‘~iuil’ii;iii~’ s’qu iat  ions l ’l ’) and (~ I • u s i n u ’, s ; u i a t  io n (2~~) , and o qL i at  i t i t ~

r o u t’ I e!• t’s itit l’ t’ l i e h i t  5 , Wt ’ t ’lit  5 t i t t

I ~) i~~’~ c, ( I - )  - ( .~ , ‘ )

5 1 1  i ~ ii l s ’ , S I S  1

K,u ; ’ ( I — ~ = (K,a u M n ) ’ , ( 1 + 1  . (‘‘ ~)
I I  0

‘5’ , t ’~~t i , l  ( i s 5h i  ¼, ,~ 
‘I app  I I , ‘~; , ‘t i i  i, j ,i~’ t h~’ “ c i  1 s t  !~~ 3~’ , ‘ ‘, , t t  i t ’ll L I “‘, ‘s i’t ~ t , i s i u ,’

‘ s i ’ , ’ • 1:1,1 Sc t I caul  1’ i i i ’  eLi 0 s ’ ‘:1 1’ s 55  ‘ ‘  i i i  t u ’i ’ ’:;s of I ’ 5 ’n h5 ’ i I ;  i’ 1 d~’c s~

0 ~~tt, t I, i o n  ( ‘ ~ t o c, i Vt’

i i ,, L i t  ( I ’ )
+ M n )  ~~~‘ + ~‘~In }l ( I _ )  = (Ka + M~~~~{1K~u + - s~ t _ )  -~~~~~~~~~-~~~~ 

Fi n_ t h y , ~uhs t jt u t m c ,  the b u t t s  o t  I i :; ;” l i t ’d ~v e’sl;l:i t ions ( 1 ,’) and ( ‘, 1~~) ,  so
hi

e’b t a in

R (a  )A K5t (K 5i + M t t ) ’ s  ,I ’ (a ) + ) inJ ~ ,‘s
0 II Ft ii It ti

= , , 
~~

— ~ II~~~~ ( K a 7  ~ (Ka Mn )  + Mn ) ~ 
,
~“1 Lt~ ( K s )  + B (Ka )

I it  L J [ It ii it

Fu ;t ia t I ons  (3 1’) 5tnd ( .‘s ~~ t t ’c,s ’ t he  r Lit ’ t o t — n i  t ilt’ t i le’ va l i l t ’S of  A and B5 
I ’t U

:~ •3 Cale-ulat mn~ the’ e t  t t ’ct on the ’ far—f ield ,ice’iu s t  ic p ressure

We are now in  5t p o s i t  ion to  0:1 I~~ t i t ~~ t ~ t h e ’ ,tc o~~s t ic  p re s s u r e . In order  t o

keep t h e ’ t i umbe’ r of ~‘~ i 1cu l i t  I s ’f lS w i t  l i i  n re’:i s o n ,u h  it ’ b ounds  , nume’r b _ i l rt ’su u I t  S we n o

~~l i (  ,i I nt ’ti on Iv  t’ci ’ t h e ’  Ui ’  t’ ~~t ’ I Li w h e re  I l i e  a.’ l im i t  ha I ‘s’~ui’ ia t i t lit ~ f ~ i s

i nsie ’pt ’n d e i t t  o f  F . ‘I ’li i s  ~~in i’e Se’Cn liv t ,tk  i is ’, t he I I m i t  .is’ ” ~ ~~ of t i l t ’

r I c,lt t — h i a u i e l  S i  the ’ o f  u ’ u l i i , t t  l o t ;  ( .~ 
‘ i ’s Siltt i ; s i  t i e , t it o iir j i l t ’ I i’:l l : lsviiiptt lt  ic fo r m  s’I ’ ~~~ ~

Lit ’ st ’r i h~’d liv i’ e ~ii l  ~ 
t) 

• ,‘ — s c i  K ’  ‘I ils ’ ,i s t o  ~~f s I , u  i l l

1 1)0
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~~~~~~~~~~~~~~~~~~~~~~~~~~~~

= ~
, / 2  i (wt—Ka (F ,+;’,() ( ‘OS O) +( i if4 ))

I I~ J iT K~~F

~~ 

{~ 

+ 
iKaF ,~ Oi lS U 

(~ 1) fl B } 1~
2
~ (Ka7 0)e mO 

+ 

~~~~~~~

,

(4 6)

T h e  e f f e c t  ol  t h e  so l i d  body r o t a t i o n  on the  f a r — f  i e ’ld  az i n i u t h al  v a r i a t  ion

of p was ,sssess ’(I b y t ’va l oa t  i i t ~~ t h e  r a t  io of t h e  ampi i L u d o s  of p and p 1
t h e  t a r — f  i u ’ l d  d i  r ’ ’ t  i v i l y  ‘as ’f ine d  by

10 i t i i
l ( )  ~() lO f ~~~ + 0

j K~~~0 C0S 0 (— i) fl
B i l

(2) (Ka~~
0

)e
1fl 0 

( 47)

El  inl i tiatiop A from equations (‘36) and (65)  g ives

f3 J (1(a) — Y J ’ (Ka )
fl Ii fl 11B = , (48)

n u t  o n

wher e  .~ K~i {( Ka + Mn)c e J ’( ~~~) + 2MflJ (a )} (4 9)

ai id

(K a  + Mn) {(Ka + Mn)
4 

— 4M 2 JJ (a ) . (50)

The i n f i n i t e  son  (‘S ill ul l u u : i t i on  ( 47 )  lets ,s i i n il ar  con v e r gen ce  p r o p cr t  ic s  to  t h a t

wit i t - li wo’.ild ht~ ti l i t aini’d I I’ the’ rotat Log rL ’~’,ion were  r c l) l a ( -ed  by a hard c i rc u lar
cy l i r i d e r .  l’ s ) i ’, t i t i  El ‘ , ; /12 t ando n

- J ’( K a )
(— ~~~~~~~~~~~~~~~~~~~ -÷ — (_  ~) fl 

~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~ ( S I )
II ‘ ‘ (1(a)

0

wh ich is the exact i~’rni of ’ the u t h  t e i’in j n  t h e  sen t’s r ep r t ’Sent  I u l g  the  l’ ,’i t ’ ’— f ‘ I d

acoii st Ic pressure St’ : I t  t er cd  when = 0 on r = a . S i n c e  t i l e ’ l a tt t ’r ser i e s  isDr
known t o  converge ’ , i t follows t his t the Cc) nrc  s pond j o e ,  st’r Ic s in e i l i i a t  i i i i i  ( ‘i 7 )  i i  so

converges. The Fe i s  a ‘ ii i’ her  s imi l an ty b c t s u ’en t he  two series i n  that , o 8

obi a i n  a requ i red tu e ’s-u r :l C y ,  p r o f ’ ,r t’ ;S I v o l  y t ic no and more t e F ins have t o  be SI t f lUh i t ’(I
10(1as Va incr eases.

a ~~~~~~ - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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Thus

= - 
P~~e~~~~ 

~ L L r.H~~~~(K~~~ + r~ 
- lrr. s ’

r .  0 1) . hI
1 1

x 
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H(a — r.) + uS (r. — a) 

(
~!_ — !) 1 u~~2 )(K,,j

t-~~ + r~ + ‘ r’

’

~~~ e’us o .) (Ir .dn . 

(h7)

and if use is tn5ide of Craf ’ s addi t ion theorem as in  e q u a t i o l t  ( 3 4 ) ,  th eit

j ot  ‘ ‘ ‘° ii

- - 
2Ka 

~~~~~~ m~~~sn O~~’-1T 
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(Kr 1) ~

~ 
{
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2
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— - i5)

} 
H
(2)(Kr

0
)J (Kr .)dr.dO . (68)

j ot
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1

~~~ a 
‘

~~~~ 

~~~~~~~~~~~~~~~~~~~~~~~~~ x

* ~K2 f r .J 2 ( K r . ) d r .  + J (Ka) 
{

KaJ~~(Ka) - J
n

(

~~~~~}1 

.

The integration with respect to r. c’at t  be p e r f o r m e d  u s i n g  r e s t u l l  s 1 1 . 3 . 1 1 ,

9 .1.5 and 9 .1.27 of Ref 3 to g ive

lot
iiiP . e

= — 

~a 
(—1 )~~n x

0=—sn

~ {i

2
a
1 

- n
2 - 2 

J
2
(Ka) + KaJ (Ka)J’ (Ka)

+ 
K

2 2  
J ’2

(Ka)} H (Kr
0

)H (2)
(Kr)e , i

~~
0 

(70)
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Finally , usin g equation (63) and the princ ipal as~~ p totic fo~~ of H~
2
~ , we can

show that in the far field

lOiTM iog e •

10 lo~~io~
_2_~ — 

10 
Reie~~~~ 0

C05 O 

~~~ 

(_ j~)
fl~ ~

{K

2
a
2 

2
n 

~~~~ J 2 (Ka ) + KaJ (Ka)J ’(Ka)

K
2
a
2 

‘2 1 (2) m O
+ -•-

~~—— J (Ka)1 H (Ka~0
)e 

(71 )

= 

I OIT M ~og 10e j K,a~ cos 0 

~ =—sn 

(_ .) n 
~

~ {i~ a 
2 

~~~~~~~~ J 2 (Ka ) + K,aJ (Ka)J ’(Ka )

+ 
K2a2 12 1(a

} 
H

(2) (Ka~0)e~n0 

(72)

where Im deno tes the imag inary par t.

There are a number of in terchanges of limiting processes in going from

equa tion (67) to (72). They can all be shown to be justified since the reg ion of

in tegration is effectivel y fini te and the series are all uniformly convergent .

It can also be shown that the form of the nth term in equation (72) is the same

as that which would be obtained front equation (47) by wri t ing it correct to

0(M) . This provides a check on the working used to derive both equations.

The most interesting feature of the fina l expression is that it is an odd

func tion of 0 . This is a general property of 10 log 10 ~a’ , correct to 0(M)
p0

when p
0 

is an even func tion of 0 . This can be deduced from equation (62),

~p0since its source term , which is a func tion of —
~~~~

— , mus t be odd, and i ts operator

on p
1 

preserves parity. This fea ture has also been demonstrated by Broadben t ,

star ting from the expressions obtained in the ray theory limit.
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Fig i

Fi g 1 Illustra tion of the proble m described in section 4,1 
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