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PREFACE

In December 1975, the Automatic Data Processing (ADP) Center of the
U. S. Army Engineer Waterways Experiment Station (WES), Vicksburg, Miss.,
submitted a proposal to implement and evaluate interval arithmetic, a software
system for digital computer numerical analysis, on the Corps of Engineers'
primary engineering computer--the WES Honeywell G635. The proposal was later
expanded to include the implementation and evaluation of an interval arithmetic
software package on six different computer systems. Engineering and scientific
data problems were selected to be used on each of the six computers with the
interval arithmetic software.

The work was funded by the Office, Chief of Engineers, U. S. Army,
through the Integrated Software Research and Development (ISRAD) Program,
AT11l, Engineering Software Research.

This is Report 5 of a series entitled "Implementation and Evaluation of
Interval Arithmetic Software." The other reports to be published in the
series are:

Report 1: The State of the Interval: Evaluation and Recommendations

Report 2: The Honeywell MULTICS System

Report 3: The Honeywell G635 System

Report 4: The IBM 370, DEC 10, and DEC PDP-11/70 Systems

This report was written by Mr. David A. Cohn, Mr. J. Brian Potter, and
Dr. Myron Ginsberg of the Department of Computer Science, Southern Methodist
University, Dallas, Tex. Their work was performed under Contract No.

DACA39-77-M~0105, dated 24 February 1977, and under National Science Foundation

/-——__.-—

Grant MCS 77-06611. The work concerned implementation and evaluation of an
—
interval arithmetic software system on the CDC CYBER 70 computer system.
e —————

Dr. J. Michael Yohe, Director of Academic Computing Services, University

of Wisconsin-Eau Claire, developed and wrote the interval arithmetic software




package which was {mplemented on each of the si{ix computer systems. Dr. Fred D,
Crary, formerly with the U. S. Army Mathematics Research Center, University of
Wisconsin-Madison, developed and wrote the AUGMENT precompiler which was {im-
plemented on each computer system as a front-end to the interval arithmetic
software package. Dr. Yohe and Dr. Crary are specially thanked and recognized
for their technical contributions and assistance.

Mr. James B. Cheek, Jr., formerly with the ADP Center, WES, provided
inftial impetus and guidance for the project. Mr. Fred T. Tracy, ADP Center,
WES, provided expert advice and techutical guidance during the project. Dr. N,
Radhakrishnan, Special Technical Assistant, ADP Center, furnished technical
guidance and general project supervision. The project and the report were
monitored by Mr. William L. Boyt under the general supervision of Mr. D. L.
Neumann, Chief of the ADP Center.

Directors of WES during the project and the preparation of the report
were COL G. H. Hilt, CE, and COL J. L. Cannon, CE. Technical Director was
Mr. F. R. Brown.

Coples of the other reports of the series, computer listings of the in-
terval program and of AUGMENT for each computer system, and runs of the bench-

marks for each computer system may be obtained from the ADP Center, WES,
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IMPLEMENTATION OF THE 'AUGMENT' PRECOMPILER AND INTERVAL
ARITHMETIC ON THE DC CYBER 70 SYSTEM
L. Cyber 70 and Operating System Architecture
Architectural differences amongst the 6000 Series, 7600, Cyber 70

Series, and Cyber 170 Seri{es are sufficiently minimal for this report to

Baiaiais

refer unambiguously to CDC computers,

On Control Data computers, 1/0 and operating svstem functions are
resident in the ten to twenty peripheral processors (referred to as PPUs)
rather than in the central processor. There are no direct communications
between the CPU and the PPUa, The CPU caunnot be interrupted; requests
for operating systems’ and 1/0 functions arve detected by a PPU polling loop.
All commun{cations between the CP'U and the external devices are through
main memory, where all user code is resident. The use of PPUs for 1/0
and the high memorv bandwidth are kevs to the high syvstem performance.
Extended Core Storage (ECS), {f present, i{s often used as a fast swapping
drum and for small usev files. Some of the relationships amoungst the
architectural components are {llustrated in Figure !,

The CDC KRONOS Operating Svstem which {8 used on our host machine is
highly modular. 1t {s based on the File Name Table (FNT). Each control
card that {s encountered causes the FNT to be searched for a user file tq
be loaded and executed. If the sequential search fails, the FNT is searched

again for a PPU program or system CPU utility; {f the second search suc-

ceeds, that svstem rourine {s executed.
The Southern Methodist University Computer Center has a Cyber 70,
model 72 machine with 1l peripheral processors, no FCS, and a max{mum main

memory user space of approximately 2008N words (l.o.o&lux words).  The Fortran
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compiler is FIN (version 4.6). At the time of the initial implementation

of AUGMENT and INTERVAL, the KRONOS 2.1.0 version of the operating system
was in use. After the completion of the implementation, the Computer Center
changed from KRONOS 2.1.0 to KRONOS 2.1.2 which is compatible with NOS 1.0
used at other CDC installations. It was found that this change was trans-
parent to AUGMENT/INTERVAL, due to the upward compatibility inherent in the
CDC product (both hardware and software). Inasmuch as ne changes had to be
made efther to AUGMENT or INTERVAL to make use of CDC's FTN Compiler or to
allow for either version of the operating svstem, {t {s our belie{ that no
changes would be needed t{f AUCMENT/INTERVAL were to be {mplemented at another
CDC site. None of the code makes anv calls to specific svstem routines.
Note, hcowever, that calls to certain UNIVAC Fortran routines (e.g., the FLD
funcecion) had to be replaced by {n-line code to achieve the same purpose,
and that certain UNIVAC routines (e.g. URWALK, CBRT, STRACE) had to be re-
placed by equivalent routines, coded at SMU.

We did find (hat AUGMENT, even when overlatd, was too large to de run
as a time-sharing job (SMU TELEX permits a maximum job size of 100SK words,
i.e. }:XOK words), sc that we were forced to run in bhatch bhut this was a
minor {inconvenience, at worst., It is our belief that a host computer con-
figured to allow larger TELEX jobs would not be faced with this problem but

1t is not necessary to have this configuration.




2. lmplementation of AUGMENT

AUGMENT {s a Fortran-based precompiler that facilitates the use of
non-standard constructs in Fortran programs. It can also be used to aid
in translation between varfous dialects of Fortran, or to implement non-
standard operators. It accepts programs written in a user-defined exten~
sion of Fortran where the extension consists of new data types, new opera-
tors, and/or new t. library functions. It requires a description of the
extension, which consists essentially of a descri ~ion of the user-supplied
routines that implement the extension. It then uses this description to
translate the extended Fortran into standard Fortran, with the non-standard
constructs translated into references to the routines in the supporting
packages.

In the SMU implementation of AUGMENT, we found that the non-overlaid

version required 170 _Xwords (i.e. 6(‘l K words) of core memory (and, of

8

course, a disk channel). Using the overlaving sugpestions given in

Q

ra
L€l

we overlaid AUGMENT, which reduced the size requlirement to l?OSK words (i.e.
4010K words) of central memory but at the cost of increasing the execution
time required. We were able to follow the suggested overlays with the
exception that we were forced to move one routine from the suggested overlay
to the root overlay.

On CDC computers the output from AUCMENT can be compiled on the FTN
compiler with any desired compiler options. The resulting object decks are

ther. loaded with libraries INTLIB and BPALIB which contain, respectively, the

routines defining the interval aand BPA operations, and the primitives which




perform the basic ar thmetic operations for the entire package. The resu't
of the load can then either be executed or written to absolute central pro-
cessor overlays (see Figure 2). The control card sequence for the use of

the AUGMENT precompiler as well as the entire job deck structure is dis-

cussed in Section 6 of this report.




AUGMENT Source PRoGRAM

AUGMENT PREPROCESSOR

CDC TRANSLATED FORTRAN Source
(WITH REFERENCE TO ROUTINES IN INTERVAL PACKAGE)

\

|_CDC FTN ForTrAN COMPILER’

|

WV
ReLocATABLE OBJECT Cope

[/INTLIB

NP \L iprPALIB

; LOADER ,
L |

LoADED FOR ExecuTion

OR

CPU OveRLAY(s)

Figure 2: Processing Sequence for Program Using

Interval Analysis Package
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3. Implementation of interval Routines

The INTERVAL set of routines {mplements interval arithmetic. Interval
arithmetic 1s an arithmetic system in which rules are defined to create in-
terval versions of the primitive arfthmetic operations and then to combine
these intervals to create interval extensions of user-defined mathematical
expressions and functions. The application of interval analysis to a com-
putational problem results in the gpeneration of a rectangular parallelpiped
which encapsulates the exact solution. In our {fmplementation, all the usual
arithmetic operations and Fortran library routines have interval counter-
parts; 1in addition, several interval-oriented operations are also available.
The reader unfamilfar with the details of interval analysis should read the
explanation in Appendix B and/or should consult some of the references
given in the bibliography in Appendix A.

Since chained computations, especiallv those involving multiplications
and divisions, cause the size of the resulting iantervals to grow rapidly, the
concepts of Best Possible Arithmetic (BPA) and directed roundings come into
play (see references [3,4]). BPA {s a set of algorithms for performing the
four basic arithmetic operations while retaining the maximum possible amount
of accuracy on a given host machine (CDC Cyber 70 Series). The directed
rounding algorithm rounds the double precision result of such an operation
futo a single precision final result. This rounding may take one of four
directions: {nwards (towards zero), outwards (away from zero), upwards (to-
wards zero if negative, away from zero {f positive), or downwards (towards

zero {f positive, away from zero if negative). The direction of the rounding

L e« s it

i
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is spectified by the computational environment in each interval routine.

Our CDC implementation of this software package has followed the sug-
gestions of Yohe and introduced only those changes necessary to accommodate
the CDC software and floating-point arithmetic. These changes are described
in the UPDATE deck on our release tape (see Scction 4). For the BPA routines,
we have {mplemented two versions. The flrst version, called BPALIB, contains
the following routines:

BPAADD - Yohe's addition algorithm

BPASUB - Yohe's subtraction algorithm

BPAMUL ~ Yohe's multiplication algorithm

BPADIV ~ Yohe's division algorithm

BPARND ~ Yohe's directed rounding algorithm
All five routines fmplement the algorithms given {n [3) with modifications
made only to allow for the ope's complement Cyber 70 floating-point format.

In addition, we have implemented a second vers{on, called BPFLIB (resi-
dent in BPALIB), which contains the following routines:

BPFADD - Sterbenz' algorithm for an ssd addition

RPFSUBR - Sterbenz' algorithm for an ssd subtraction

BPFMUL - Sterbenz' algorithm for an ssd multiplicat{on

BPFDIV —~ Sterbenz' algorithm for an ssd division

BPFRND - & double -to single rounding, similar to BPARND
These routines {mplement the algorithms suggested by Sterhenz [6]. All these
routines are coded in CDC 6000 assemblv language. In contrast to the BPA
routines which implement Yohe's algorithms to perform best possible floating-
point arithmetic, the BPF routines use the CDC 6000 floating-point hardware

to perform faster, reasonably accurate computations that ave within one ulp




of the corresponding BPA results; initial numerical tests of our imple-

|
———

mentation indicate that BPF routines tend to require from 50 to 80 perceat

of the execution time of their BPA counterparts. The CDC loader may be

used to substitute any BPF routine for any BPA routine {f computation

time is more critical than computational accuracy (tighter bounds); the
LDSET card with SUBST parameter allows the user to switch from any BPA to
anv BPF routine (see Section 6). The documented listings of BPALIB and
BPFLIB are available from the Automatic Data Processing (ADP) Center of the
U. S, Army Englneer Waterwavs Experviment Station (WES), P. 0. Box oll,

Vicksbure, Miss, 39180,




4. Limitations of Interval Analysis Package

The potential user of this or any other interval analysis package should
take into consideration the limitations of this technique. Some of the limita-
tions are inherent in all interval analysis implementations and others are
dependent upon our specific package. First of all, the user should be aware
that software interval analysis tends to be very slow; cases run on our CDC
machine have required as much as 100 fold increase in execution time over a
non-interval version. From 50 to 300 fold increases of execution time over
non-interval versions have been observed for various implementations of the
Yohe package (see Yohe (1977)). Thus large production codes involving signif-
icant amounts of floating-point computation are not viable candidates for a
complete interval implementation; however, small portions of the computation
might benefit from the use of the package and/or the utilization of a hard-
ware-assisted interval analysis such as that currently being proposed by
Intel Corporation for microcomputers (interval versions would be only 2 to 4
times slower than non-interval versfons).

Another important aspect of {nterval analysis {s that the computed bounds
can be overly pessimistic as well as being time-consuming to determine. The
innate structure of interval analysis can make 1its application insensitive to
situations in which common mathematical expressions (such as in a numerator and
denominator) are assigned different bounds; this situation is usually referred
to as the simultaneity problem (see Sterbenz (1974)). The bounds for a par-
ticular computation are dependent on both the form in which the computation is
expressed and the data which is imput to the expression; thus it is difficult,
if not {mpossible, for the user to define in all cases the "best" form of the

expression as well as the "best" data in order to ensure smallest growth in the

interval size associated with the resultant computation.




Furthermore, the tightness of the bounds {s dependent upon the arithmetic
of the host computer and possible numerical anomalies introduced by compile-
time arithmetic.

The (/0 routines provided by the interval analysis package do not easily

permit as much flexibility as that offered by standard Fortran 1/0 routines;

§
£
'
£
§

also the interval 1/0 {s very slow (e.g. =10 minutes to input 10,100 {nterval
numbers on the CDC Cyber 72). This lack of flexibility can be partially over-
come by using Fortran [/0 with explicit lower and upper bounds of interval

variables in the argument list.

Further difficulties can arise when converting non-interva! arithmetic
or logical IF stalements to interval versions. Since the space defined by
i{nterval arithmetic has ne total ordering, any of several possible partial
orderings could be employed. The user must be careful when selecting an
interval relational operator based on a particular partial ordering that he does
not viclate the intent of the original non-{unterval IF statement. This {ssue
{s discussed in more detail in Section 5 along with package supported relational
operators based on two possible partial orderings.

Another factor affecting the performance of the interval package i{s the
accuracy of the Fortran library routines. In order to provide the tightest
possible bounds on these routines, a thorough analysis must be performed of the
accuracy of each routine across the entire range of representable numbers for
each argument. Bounds (not necessarily optimal) on the errors associated with
CDC Fortran library routines used on our host machine, provided by Control
Data, are available from the ADP Center, WES, 1t is this author's opinfon that
a much more thorough analysis must be conducted but such a task i{s beyond the
scope of the current project; {t could be done with the afd of a multiple pre-

clisfon package and with detailed knowledge of the algori{thms and implementat {on




features employed in the Fortran library routines.

Additional constraints on the use of the interval analysis package include

memory requirements and provisions for dealing with intervals which are infinite
and/or include zero. The latter problem has been somewhat resolved by Kahan

and others who have advocated entension of classical interval analysis. The
former problem caused some problems at SMU where the maximum user memory

space is 2008k words; even using overlays, the storage requirements of the

package prevented application to medium or large scale matrix problems.
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5. Using the Interval Analysis Package

This section focuses attentfon on the mechanics of running the i{nterval
analysis package on CDC computers. An overview of the actions taken by the
control cards used in this section {s given {n Section 2. It {s assumed that
the potential user of the package can modify his Fortran program for use with
the {nterval analvsi{s package {n accord with the limftations discussed in
Section 4. Here we will discuss the general and specific form of the job
control cards used, the input and ocutput of interval quantities, and an ex-
ample run with the given software.

The following control card sequence is typical for use of the AUGMENT

1 precompiler:

JAR: ACCAUNT. (installation dependent)
ATTACH, AUGMENT. (not required if AUCMENT {s system-vesident;
PN, UN, and NA parameters may be required)
* SETTL(time 1limit)
RFL, (size of AUCGCMENT) (varies from 20k to 200k
depending upon overlay tactics)
AUGMENT (, SF, SC1)
REWIND, SF.
* RETURN, SC1.
* RETURN, AUGMENT
* RFL, S50000.
FTN, I=SF(, vour options).
* RFL, 20000.
ATTACH, INTLIR, RPFALIB.
LIBRARY, INTLIB, BPALIB.
LDSET (USEP = BPABKDT/INTBKDT (, vour options))
RFL, (program size)
LC¢ (, FILE parameters).
* RFL, 20000.
LIBRARY.
* RETURN, INTLIB, BPALIB, LG@.

e

(control cards for post-interval analvsis processing)

(end of record)

All cards marked with * are optional, but generally have the effect of {mproving
system throughput. Note that one of the options on the LDSET card could be the

"substitute" option to replace references to BPA routines with references to

the BPF routines (see discussion in Sectfon 3) {f the faster arithmetic provided
by these routines is desired.

|
:
lf!
|
|
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The encire job deck structure is as follows:

(control card record)
(end of record)
description deck
*BEGIN
program in extended FORTRAN
*END
(end of record)
i{nput, if any, for extended FORTRAN program
(end of record)
input, {f any, for post-interval program
(end of information)

At SMU, the software {nterval analysis package {s run on a CDC Cyber 72 and
resides on a private disk pack (PRO1036). The specific deck setup for a run
with this package {s as follows in our environment:

Bin number. name
ACCOUNT, 7 character alphanumeric account no, password.
SETTL, appropriate time lim{t in octal seconds.
ATTACK, AUGMENT/UN=EACRQ0S5, PN=PRO!036, M=W,6NA.
ATTACH, INTLIB/PN=PROL0O36, UN=EACROQ7, M=R NA.
RFL, appropriate number of words i{n octal.
AUGMENT (INFUT, COMPILE, QUTPUT, PL=999099  AUGSRC)
RT, AUGSCR.

TTACH, RPALIB/UN=FACR007, PN=PRO1036, M=R,
. FIN, 1, PL=9990999,
LIBRARY, INTLIB, BFALIB.
LDSET (USEP=BPABKDT/ INTBKDT)
LG,

‘8
9
*DESCRIBE EXTENDED

AUGMENT description deck
*BEGIN

/ PROCRAM Name (INPUT, @UTPUT, TAPES=INPUT, TAPE6=@UTPUT, DESUG=@UTPUT)

Fortran source program
* END
'8
9
data, if any




-

In the above control sequence all commands are written beginning in

v

column 1. The cavd ’g. Tepresents a multiplie punch in column 1 signifying
9

end of record and the card 0, represents 4 multiple punch {n column 1 in-
8
dicating end of information. Note that for the COC PROGRAM card, a slash must be

inserted in column 1 in order to indicate to the AUGMENT preprocessor that

it 1is to ignore thia statement (othetwise a diagnosti{c error message ia
generated). he word PROGRAM begins {a column 7 on this card. 1f the user
wishes to use the faster BPF interval avithmeti{c vather than the BPA interval
arithmet{c specified by the adove contro! sequence, then two changes ave

necessary:

replace ATTACH, BPALIP/UN=EACROO7, PN=PRO1036, M=R,
with ATTACH, BPAULIP=BPFLIBI/UN=EACROQ!, PN«PRO1036, NA.
and aftevr LDSET (USEP=RPARKDT / INTRKDT)
{nsert LDSET(SUBST=REAADD-RPFADD /BPASUB-RPFSUR/BPAMUL - SPFMUL/BPAD IV-BPFDIV

The above insert can be varied to permis the programmer to mix the use of RPA
and BPF arithmetic; for example, the use o! the control card

LDSET (SUBST=BrAMUL-BPFMUL/BPADIV-BPFDIV) would result {n RPA arvithmetic
being performed for addition and subtraction and PF arithmet{c deing performed
for multiplication and diviston,

From the {nformation provided by the velease tape (descrided in sSection o),

the programmetr could set up the package to be used with the adove control se-
quence employed at SMU or could devise any other arrangement more convenfent to
the user and/or his computer i{nstallation.

An {nterval variable or array is declaved by the INTFRVAL declarvation which

when processed by AUGMENT generates a REAL declarvatfon with an additional di-
mension intvoduced to provide space for doth endpolnts of each fnterval element

for example, a declaration of

s
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INTERVAL A, B(3,3)

would generate a declaration of

+ REAL A(2), B(2,3,3),
where A(l) and A(2) would represent the left and right endpoints, respectively,
of interval variable A, B(1,1,1) and B(2,1,1) would represent the left and
right endpoints of interval variable B(l,1), etc. Interval quantities can be
expressed in a variety ot ways both within the program or a data input to the
program; a description of these representations i{s provided by Yohe (1977) and
is reproduced as Appendix ¢ to this report.

Interval quantities can be input or output via standard READ, WRITE, or
PUNCH statements and/or by the INTRDF, INTRD, or INTWR statements provided with
the package. When using the standard Fortran 1/0 routines with interval argu-
ments, it is necessary to place a / in column 1 (to tell AUGMENT not to pro-
cess this card) and to refer to the {nterval quantities in their expanded form
as generated by the INTERVAL declaration. Thus if for the interval quantities
referred to in the preceding paragraph above we wanted to output the left and
right endpoints of A, B(2,1), and B(2,2) we could use the following statement:

/ WRITE(6, 100) A(1,2), A(2,2), B(1,2,1), B(2,2,1), B(1,2,2), B(2,2,2)
100 F@RMAT (1X, 6E21-14)
We can proceed in a similar fashion when using READ or PUNCH statements, i.e.
slash in column 1 and interval variables expressed in their expanded dimensional
form when referenced in the argument list.

The format for the I/0 provided by the interval analysis package is as

follows:
CALL INTRDF (UNIT, X)
CALL INTRD (UNIT, FMT, A, N)
CALL INTWR (UNIT, FMT, A, N)

B - g S 1 QU TNT Fre I C WP
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where

UNIT = S(standard tnput) or O(standard reread)

6(standard print unit) or l(standard punch unit)

P

FMT = a user supplied format which must be declared by the user as
a lJ-element integer array for use with input statements and

1

as a 4-element integer arrvay for output statements.

FMT(1l) = number of interval variadbles in each record

FMT(2) = number of characters to be skipped between
interval variables in each record

FMT(3) = number of decimal digits in each interval variable
= (for output) 23Q+15 where Q is number of decimal
digits to be displayed for each ifunterval endpoint
FMT(4) = (for output only) Hollerith printer carriage control
character ' ' or '0'
For input, the INTRDF routine obtains the next data field from the input stream,
converts it and stores the result in the declared interval variadble specified as
the second argument in the call to the routine (this variable is X in the above
routine call); only one value is read by each call to routine INTRDF. In
contrast, INTRD can be used to input the first N elements of an array of interval
variables whose name {s speciffed as the third argument in the call to the
routine (A in the above example); the interval data elements can be expressed
{n any of the forms given in Appendix C. The number of elements to be read
can be expressed explicitly or as anv user - defined {nteger varlable given as
the fourth argument in the call to routine INTRD. For output, the interpre-
tation of the third and fourth arguments for INTWR {s essenti{ally the same as
that for INTRD except that the interval quantities are expressed in one form

in which each endpoint is represented by a Q decimal digit signed mantissa

with a three digit signed exponent as specified by FMT(3) above. Since our




CDC machine has roughly the equivalent of 14 or 15 decimal digits in single
precision floating-point arithmetic, the selected value for Q should probably
by less than or equal te 15. The value of FMT(3) should not exceed 135 since
the width of our printer line is 136 (which includes 1 character for carriage
control). Above we have given a very brief account of I/0 with the interval
analysis package; extensive additional details are given by Yohe (1977).

In the remainder of this section an example i{s presented which i{llustrates
the use of the inrerval analysis package on a CDC Cyber 72 computer and how the
non-interval version of a Fortran program can be modified to produce an inter-
val version. The main program SPLIST calls subroutines SPLINE and SPLINT
which are used for spline interpolation problems. Computational details and
analysis of results using these routines can be found in the paper entitled,
"Some Numerical Computational Experience with a Software Interval Analysis
Package and FORTRAN Preprocessor on Control Data Cyber 70 Series Computers"
by Myron Ginsberg and available as report CS 7808 (July 1978) from the
Department of Computer Science at Southern Methodist University in Dallas,
Texas. The non-interval version of the main program and the accompanying sub-
routines along with the dayfile (includes job control statements as well as
statistics about the execution of the program) are available at WES, as is an
interval version with its dayfile.

The interested reader should obtain these from WES and compare the non-
interval and interval versions to observe the similarities and differences.

It is first noted that the dayfiles are substantially different; this occurs
because the non-interval version merely requires a Fortran compilation of the
source program whereas the interval version requires, in addition, the use of

the Fortran preprocessor AUGMENT and a large collection of interval arithmetic

- o T




support routines. The job control statements for the interval version are

in accord with the discussion at the beginning of the section. Also the

PROGRAM card in the non-interval version has a blank in column ! whereas a

slash appears in column ! of the PROGRAM

card for the interva. version; the

slash indicates to AUGMENT that it is not to attempt to alter this card but

instead te pass it on intact (but without the slash) te the Fortran compiler.

Similarly, other statements in the interval version with a slash in column 1l

(for example, the PUNCH statements) are not to be processed by AUGMENT. In

the earlier part of this section use of slashes was mentioned with I/0

with 1/0 state-

ments such as READ or WRITE when interval variables are present in the argument

Observe in the interval

that there are INTERVAL statements
present at the beginning of the program and each subroutine and that all

single percision floaring-point variables used in each routine are declared in

the accompanying INTERVAL statement. Such statements when processed by

AUGMENT generate a REAL statement in which each variable is changed

into a
variable of the same name but with an additional dimension added as the new

first dimension of the original variable; this action is necessary to provide

storage for the lower and upper bounds associated with each interval quantity.

The REAL statements generated by AUGMENT for our example under discussion are

1lso available from the ADP Center, WES

Another alteration of a non-interval program required to transform it

into an interval version involves the re-writing of arithmetic and logical IF

statements which employ interval quantities. Since interval arithmetic has no

total ordering, any of several possible partial orderings could be used to pro-

vide definitions of relational operators. Two sets of such operators are pro-

re
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vided by the interval analysis package - value operators and set operators.

The value operator definitions are as follows:
.VE. where [a,b] = [c,d] 1f and only if a = b = ¢ = d

’ .VNE. where [a,b] # [c,d] if and only if they are disjoint

.VLT. where [a,b]

A

[c,d] 1f and only if b < ¢

.VLE. where [a,b]

I A

[c,d] 1f and only 1if b < ¢

.VGT. where [a,b]

v

[c,d] 1if and only if a > d
.VGE. where [a,b] > [c,d] 1if and only if a > d
The set operator definitions are as follows:

.SEQ. where ({a,b] =

[
-
0
-
o
Al

if and only if a = c and b = d

.SNE. where [a,b] # [c,d] if and only if a# c or b # d

A

.SLT. where [a,b] [c,d] 1if and only if a < ¢

.SLE. where [a,b] < [c,d] if and only if a < ¢
.SGT. where [a,b] > [c,d] 1if and only if b > d
.SGE. where [a,b] > [c,d] if and only if b > d
The reader should note that for the value operators, if two intervalsare non-
empty and with corresponding endpoints equal, then neither equality nor non-
equality of these intervals 1s true; in such cases the user could decide to use
the set relational operations.

Several alterations of the non-interval versions of IF statements are
present in the program under discussion (e.g. see lines 9510 or 9590 in routine

SPLINE). For example line 1580 of routine SPLINT in the non-interval version

is transformed from

IF(XP - X(1)) 100, 170, 110
to

IF(XP .VGT. X(1))GP T@ 110 i
IF(XP .SEQ. X(1))G® T@ 170

in the interval version. The user must alter all logical and arithmetic IF

&3




statements fonvolving interval varfables. When the programmer (s making

such changes he must be caretul to select the appropriate operator which
best reflects the fntent of the compar moin the non=i{nterval versfon of
the IF statement in the context of the program; such selection of interval
operators {s particularly crucial for IF statements fnvolving termination
and/or tolerance criterla where an {nappropriate operator selection could
significantly alter the behavior of the {nterval version of the program from

its non-interval counterpart.

As discussed earlier in this section, the user has several ways to pro-
vide 1/0 for interval quantities and a couple of these are present in our
example program. Note that an ovdinary PRINT statement is used in the main

program to output the non-intervva! quality YP whereas (n the {nterval verstion,

routine INTWR from the interval analvsis package {s used to output the in-

terval variable YP. Also note that the format used with routine INTWR is
provided by integer array FMT' which {s explicitly declared and (nitfalized
by the user in the routine in which INTWR is invoked. Also observe that

{nterval variable YP {8 output by the use of a PUNCH statement but that in

this statement a slash appears {n column | (80 AUGMENT will not

process the
atatement) and that the lower and upper bounds of YP (namelv YP(1) and YR(2),

respectively) are explicitly referenced {n the argument list.

In completing the transformation of the non-interval program inte an {n-

terval program, the user can utilire severa! operators that are supported by the
interval analvsis package and applicable t

o interval quantiti A list of all

such operators and their definitions {8 avaiable at WES. ln our sample program

we have used MDPT and LGTH to provide the midpoint and length,

respectively, of

any interval quantity.

be _aami  aae _mea

o Se—.




From our discussion above the user should realize that to change his non-
interval program into an interval version on (DC machines, he must perform the
following steps:

1. Use the job control statements (or equivalent) to invoke the

AUGMENT preprocessor, interval analysis package, and Fortran
compiler.

2. Place a slash in column 1 of the PROGRAM statement.

3. Introduce an INTERVAL declaration in each routine for
all single precision floating-peoint variables (and arrays)
appearing in that routine.

4. Change all arithmetic and logical IF statements {nvolving

interval quantities, replacing Fortran relational operators
with the appropriate interva! value or set operators.

5. For I/0 interval quantities use the interval supported
routines (INTRDF, INTRD, INTWR) ot the regular Fortran 1/0
routine (but with slash in column 1 and explicit reference
to lower and/or upper bounds of each interval quantity in the
argument list).

6. Introduce any desired interval oriented operators supported by
the interval package.

7. Select an appropriate time limit (use SETTL instruction) and
field length (use RFL fnstruction) for the interval version of
your program, keeping in mind that the interval version may re-
quire from 50 to 100 times (or more the execution time of the
non-interval version and that the storage requirement for all
interval varfables and arrayvs i{s doubled from that of the
non-interval representations.

After the non-interval program has been converted {nto an {nterval source
program using steps 1 through 6 above, the AUGMENT preprocessor generates another
Fortran program which invokes calls to subroutines provided by the interval

analvsis package {n order to execute the {nterval program.




6. Format of the Release Tape for Distribution of the CDC Version

The interval analysis software is currently contained on two CDC UPDATE
libraries. One library contains the BPA primitives and the other library
contains all other routines including the AUGMENT routines. The format of

the release tape is as follows:

7-track
E 556 BPI
KRONOS Internal Format (512 word blocks)
unlabeled
File No. Description |
1 BPA and BPF Primatives (Source Card Images) |
2 INTERVAL and AUGMENT (Source Card Images)
3 BPA and BPF Primatives (UPDATE Source Format)

/,

|
|
!
4 INTERVAL and AUGMENT Package (UPDATE Source Format)
Files 1 and 2 are card images which can be read by almost any machine. Files

3 and 4 are to be used with UPDATE to create new UPDATE libraries. They are

basically the same as files 1 and 2 except they have UPDATE directives embedded

within them.




’—-—-—-——-—-———————-———

EVALUATION OF INTERVAL ARUTHMETIC
FOR THE CDC CYBER 70 SYSTEM

7. Problem: To solve for x the linear algebrafc system of equations

Ax = b

where A {s full (non-sparse) matrix. Test data for A {s
100 x 100 case from WES

Code used and references:

FORTRAN code from WES called GAUSS and written by
F. T Tracy.

Conditions under which test was conducted:

The FIN 4.6 FORTRAN compiler was used with no optimi-
zation ({.e. opt = 0). Noninterval and interval (both
BPA and BPF) cases were vun.,  Timing {{gures were ob-
tafned by using the SECAND function to measure the

CPU time for each run excluding time for 1/0. The INTRD
and INTWR routines were used with all varfables declared
{nterval. 1Inequalities fnvolving interval variables
used the interval operators VLE and VGE to replace the
noninterval operators LE and CF, respectively.




Execution time for noninterval version:

e

14.763 seconds CPU time (excludes time involved
with 1/0) |

Execution time for BPF interval version:

1139.251 seconds CPU time [18.99 minutes] (ex-
cludes time fnvolved with 1/0)

1424.297 seconds CPU time [23.74 minutes) (ex-
cludes time involved with I/0)

:
:
2
i
i

Observations:

1. The BPF interval version requires 80% of the execution time
used by the BPA version and produces competitive bounds.
(This compares with 81 for DECOMP and SOLVE code with WES
data.)

2. The BPA and BPF interval versions take 96.477 and 77.169
as much CPU time, respectively as the noninterval version.
(This compares with 83.865 and 68.072 for DECOMP and SULVE
code on this same WES data.)

3. The BPF {antervals for the x elements are wider than the
corresponding BPA intervals; 79% of these intervals have
a difference in width with corresponding BPA intervals on
the order of 1077 to 107!, This is the same distribution
of interval width ditferences as occurred with the same
problem with the DECOMP and SELVE code, although the specific
values of the Interval width differences vary slightly
from those of the DECAMP and S@LVE code. The distribution
of BPF - BPA interval widths for x elements is as follows:

5 A AT

difference in width

10 X §1

1078 XXXXX XXXXX XX |

[' 1077 | XXXXX XXXXX XXXXX XXXXX XXFXX XXXXX XXXXK X a

79% 10720 XXXXX XXXXX XXXXX XXXXX XX t%
\\ 10711 XXXXX XXXXX XXXXX XXXXX X |
g XXXXX :E

103 XXX |

~1

i

o
28
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Observations: (cont.) 4
4. The distribution of BPA interval widths for the components s

of the solution vector x is the same as for the BPA intervals

using the same data and the DEC@MP AND S@LVE code. The dis-
tribution is as follows:

difference in width
-4

10 X
1077 XXXXX XXXXX XXXXX X
- { 10': XXXXX XXXXX XXXXX XXXXX XXXXX XXXXX XXXXX
10 XXXXX XXXXX XXXXX XXXXX XXXXX
1078 XXXXX XXXXX XXXXX X
107° XXXX
10710 XXX

5. The distribution of BPF interval widths for the components
of the solution vector x is the same as for the BPA interval
widths as well as for the BPA and BPF interval widths from
the same data used with the DECPMP and SPLVE code:

1074 X
1077 XXXXX XXXXX XXXXX X
602 {: 10:: XXXXX XXXXX XXXXX XXXXX XXXXX XXXXX XXXXX
10 XXXXX XXXXX XXXXX XXXXX XXXXX
1078 XXXXX XXXXX XXXXX X ¢
1077 XXXX
10710 XXX

Since the distribution of widths of intervals is the same for
BPA and BPF versions, it is therefore justified to use BPF
bounds especially since BPF bounds require less execution time
than BPA bounds (80% of BPA execution time for this problem).

6. The computational results (x) (both interval and noninterval
versions) for both the GAUSS code and the DECPMP and S@PLVE
code are remarkably similar which is somewhat reassuring con-
sidering two different codes (with slightly different algorithms)
were used on a problem that seems to slightly {ll-conditioned
(determinant ¥ .361 x 10-20 and condition number X 8176). Pos-
sibly with a better conditioned A matrix, the bounds with both
codes might have been tighter than the order of magnitude
distribution indicated in observations 4 and 5.

The computed results for x, the residuals, interval widths and midpoints
of x components, as well as CPU timings are given for the noninterval
and interval (BPA and BPF) versions in the attached listings.




8. Problem: To solve for x the linear algebraic system of
equations

AX = b

where A is full (non-sparse) matrix
Test data for A is 100 x 100 case from WES

Code used and References

DECOMP and S@LVE from Computer Methods for Mathe-

matical Computations hy GéGf;FM§:>Fursythv, Michael

A. Malcolm, and Cleve B. Moter, Prentice-Hall,
Englewood Cliffs, New Jersey, 1977, pp. 52-55.

Condi Lt {ons under which test was condu cted:

The FIN FORTRAN Compiler was used with no optimi-
zat{fon (f.e. opt = 0). Noninterval and interval
(both BPA and BPF) cases were run. Timing figures
were obtained by using the SECOND function to mea-
sure the CPU time for each run excluding time for
1/0. The INTRD and INTWR routines were used with

3 all variables declared interval. Inequality in-
volving interval variables used the interval oper-
ators SEQ, VGT, VLT, VLE to replace the noninterval
operators EQ, GT, LT, LE, respectively.




Execution time for noninterval version:

18.90. seconds CPU time (includes calls to DEC#MP
and SQLVE)

Execution time for BFF iuterval version:

7 ST RN SRR

1286.701 seconds [21.445 minutes] CPU time (includes
calls to DECOMMP and SOLVE)

A

Execution time for BPA interval version:

£

1585.217 seconds [26.42 minutes] CPU time (includes 3

calls to DECOMP and S@LVE) t

}

Observations: i

1. The BPF interval version requires 811 of the exe-
cution time used by the BPA version and produces
competitive bounds.

2. The RPA and R®PF interval versions take 83.865 and
68.072 as much time, respectively, as the non-
interval version.

3. The BPF intervals for the x elements are wider than ;
the corresponding BPA intervals; 79% of these in- by
tervals have a difference in width with corresponding '
BPA intervals on the order of 1070 to 10-11. The :
distribution of BPF - BPA {nterval widths {s as 2
follows: !

difference in width g
-7 o
10 X ]
108 XXXXX XXXXX XX
]

10-9 NXXXXX XXXXX XXXXX XXXXX XXXXX XXXXX XXXXX X

. -10

79% 10 . XXXXX XXXXX XXXXX XXXXX XX i

W XXXXX XXXXX XXXXX XXXXX X €

= {

10 i XXXXX h

i 10733 XXX 8
i S
| &
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Observations: (cont.)

4. The distribution of BPA {nterval widths for the
components of the solution vector x is as follows:

107%

107>

-b

60% 10
1w’
1078

-9
10 °

10—10

X

XXXXX XXXXX XXXXX X

XXXXX XXXXX XXXXX XXXXX XXXXX XXXXX XXXXX
XXXXX XXXXX XXXXX XXXXX XXXXxx

XXXXX XXXXX XXXXX X

XXXX

XXX

5. The distribution of BPF interval widths for the
components of the solution vector x is as follows:

10
107

607 ( 10"6
10
10'8
1077

lo-]O

|
|
g
|

X

XXXXX XXXXX XXXXX X

XXXXX XXXXX XXXXX XXXXYX XXXXX XXXXX XXXXX
XXXXX XXXXX XXXXX XXXXX XXxxx

XXXXX XXXXX XXXXX X

XXXX

XXX

We observe that the distritution of widths of intervals
is the same for BPA and BPF versions, therefore further
justifying the use of BPF bounds since the BPF bounds
also require less execution time than BPA bounds (817
of BPA execution time for this problem).

6. We observe that the computed value of the determinant
of A is small (¥.361 x 10-°0) and the extimate of the
condition number (x 817¢) is fairly large, thus indi-
cating some {ll-conditioning in the problem.

The computed results for x, the residuals, interval widths and mid-
points of x components, as well as CPD timings are given for the
noninterval and interval (BPA and BPF) versions in the attached

listings.
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Code used and

references:

To solve for x the linear algebraic system of equations
Ax = b
where A 1{s sparse.

Test data for A {s 10 x 10 block tridiagonal matrix with

10 x 10 blocks where

B L )
~
A~ ) B\\\ ~ D
N N ~
N -
\\ \\.
~
L 8
with =

-1.5 (\
D= ~1.5 vy
N ~
\ .. -
7 ~
L e g
NSPIV - a tortran routine which uses sparse Caussian elimination

with partial pivoting and was written by Andrew H. Sherman
(Unfversity of Texas-Austin). The code s listed in NSPIV: A
FORTRAN Subroutine tor Sparse Gaussian El{minat{on with lax((\l
Pivoting, kepott TR-05, Dvputtm\n' of Computer Sciences, bu\\.x»(ly
of Texas, Austin, Texas, January 1977. Also see Algorithms for
Sparse Caussian Elimination with Partial Pivoting, Report No.
UIUCUCS-R-76-817, Department of Computer Sclence, University of
I1linois, Urbana, Illincis, 1976. Both reports were written by

Andrew H. Sherman.
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Conditions under which

test was conducted:

Execution time for
noninterval version:

Execution tiwe ftor

Execution time for
BPA interval version:

Observat ions:

The FTIN 4.6 FORTRAN compiler was used with no optimization
(1.e. opt = 0). Noniuterval and interval (both BPA and
BPF) cases were run. Timing figures were obtained by uc g
the SECOWD function to measure the CPU time for each ru.
excluding time for 1/0. The INTWR routine was used with
variables declared {nterval in 1¥F statements involving
interval quantities, the operators EQ, GT, and LT are re-
placed by SEQ, VCT, and VLT, respectively.

.34 seconds CPU time
11.665 seconds CPU time
13.963 seconds CPU time

1. Slow interval version (BPA) requires 41.07 times
as much CPU time as noninterval! version.

2. Fast interval version (BPF) requires 34.31 times
as much CPU time as noninterval version.

3. The fast interva! version (BPF) requires 83.54% of
slow (BPA) interval! CPU time.

4., The ratios for fast and slow interval versions to
the noninterval version are smaller for this 100 x 100
sparse case than for 100 x 100 nonsparse WES case us'® 3
DECOMP and SOLVE (in that situation BPA version was
§4 times as slow as noninterval version and RPF versior
is 68 times as slow as noninterval version). As a
matter of fact, comparing the specific nonsparse and
sparse 100 x 100 cases mentiocned here, we note that
sparse ratiocs ave 1/2 those of the corresponding non-
sparse ratios.




10.

Problem:

To apply interval analysis to the solutfion of a linear system of
equations, Ax = b, where A is non-singular but nearly singular.
We want to observe for slight perturbations of b, the effects on
the size and/or midpoint of the generated {ntervals associated
with the resulting solution and the relationship between these
values and those corresponding to the original problem.

Code used and references:

Cond

DECYMP aund S@LVE from Computer Methods for Mathematical Compu-
tations by George E. Forsvthe, Michael A. Malcolm, and Cleve R
Moler, Prentice-Kall, Englewood Cliffs, New Jerseyv, 1977, pp.
52-55.

1{tions under which test was conducted:

The FTN 4.6 FORTRAN compiler was used with no optimization (i.e.
opt = 0). Non-interval and interval (both 8PA and BPFF) cases

were run. Timing figures were obtained by using the SECEND func-
tion to measure the CPU time for each run excluding time for 1/0.
The INTRD d IWTWR routines were used with all variables declared
interval. wequalities involving interval variables used the in-
terval operators SEQ, VGT, VLY, and VLE to replace the non-interval

operators EQ, GT, LT, LE, respectively.

Note: The test problem used in this experiment is defined by G.J. Tee

in an article entitled, "A Simple Example of an Ill-Conditioned
. i t

Matrix," SIGNUM Newsletter, Volume 7, Number 3, October 1972,

pp. 19-20.

The suggested test matrix A is of order 3 and has a determinant

of 1
1 10 14 )
A= 13 1} =13
L 14 13 =66
Let ! 1.001 ;
b - | 0.999 |
| 1.001 J

then the exact solution of Ax = b is
[ -0.683 7]
X W } 0.8423

[A 0.006

Let ¥ 3
b+ Sb o 1

then the perturbed equation for this experiment is Az = b + §b.




Computational results:

Noninterval Version* for Ax = b
Computed values for x

~ —.6830000000364 58

opt=0 |

truncated | .843000000039922

arithmetic | 4,600000000012932
-.682999999999616

opt=0 ( .842999999999577

rounded

\

arithmetic \\ .00599999999999803

Noninterval Version* for Az = b + &b
Computed values for x

¢ 1.00000000005106
opt=0
truncated -1.00000000005591
arithmetic

=t
ro

-1.81188397628383 X 10~

/£ .99999999999647¢

opt=0 f

rounded -.9999996999961 38

= - =y )
SEELIMRNLS .133226762955049 X 107"

Computational value of determinant of A = .999999999999545,

_— < A L DR 6
Estimate of condition number of A = ,164135602084493 X 10 .

*Noninterval versions were also run under opt = 1,2, and 2 U0 with
rounded and truncated arithmetic;

truncated results under all options
gave exact agreement as did rounded results under all options.
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Computational results: (cont.)

Interval Version* for Ax = b

BPA computed intervals for x
(-.68000000274032,-.682999999775020)
(.842999999762525, .843000000291192)
(.00599999999922828, .00600000000094667)

BPF computed intervals for x
(-.683000000277098,-.6829599999773805)
(.842999999761271, .843000000294467)
(.00599999955922420, .00600000000095733)

BPA midpoint of x length of x
~.683000000024528 .499010610610640 X 1072
.8430000000268 58 .528665111687587 X 1072
2 11

.600000000008749 X 10 .161837544193290 X 10~

BPF midpoint of x length of x
~.683000000025451 .50329163059359 X 107>
.843000000027871 .533194821628058 X 1077
.600000000009077 X 1072 .173311365259110 X 10 -t

Total CPU time for BPA version = .198 seconds
Total CPU time for BPF versicn =~~.164 seconds

Total CPU time for Noninterval version = .005 seconds

*Interval versions were run for BPA and BPF under opt=0,1,2, and 20
with rounded and truncated arithmetic. Truncated and rounded interval
bounds were identical under all options for BPA and likewise for all

BPF versions.
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Computational results: (cont.)

Interval Version* for Az = b + &b
BPA computed {ntervals for z
(.999999999947554,1.00000000011969)
(=1.00000000012800,~.999999999945636)

(~.415667500471075 X 10712 2

,.175859327122378 X 107! )

BPF computed intervals for z
(.999999969944471,1.00000000012126)
(=1.00000000012963,~.9999999999.42339)

e =k

(-.420996570989935 X 107, .186517468160098 X 10”'7)

BPA midpofint of =z length of z
1.00000000003362 .172128977737884 X 107"
~1.00000000003681 .182353687705472 X 10™

L119904086674349 X 107~ ° . 59126827593453 X 10

BPF midpoint of = length of =z
1.00000000003286 .17678303]657113 X 10
~1.00000000003598 .187284854291647 X 10~
- .117239551414919 X 10717 517514039150033 X 10

Total CPU time for BPA version = .197 seconds
Total CPU time for BPF versfon T .163 se¢conds

Total CPU time for noninterval versfon = .005 seconds

*Interval versions were run for BPA and BPF under opt=0,1,2, and 2U0

with rounded and truncated arithmetic; truncated and rounded interval

bounds are identical under all optfons for BPA and likewise for all APF

versions,
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Observat {fons:

1.

L2

BPF CPU tiwme
e S, | 2

BPF CPU time OO

(This compaves with 81 for the same code when used with
100 X 100 WES case.)

_BPF CPU tiwme
Noninterval CPU time

(This compares with 68 for the same code when used with
100 X 100 WES

\'-l.\‘(‘.‘
BFA CPU time
Noninterval CPU time

(This compares with 831.9 for the same code when used with
100 X 100 WES case.)

The ratios of the widths of the intervals corresponding to
the x and z solutions are approximately the same for all

components for BPA and BPF versions, l.e.

width of x, interval "

width of =z, interval
{

Thus the intervals associated with the perturbed problem
are actuallv smaller than the corresponding fntervals as

clated with the X solution and therefore do not alert the
user.  Although the vight-hand side of Az=bL+Sh has heen per-
turbed only 1% from that of b in Ax=b, the solution = {s
actually pervturbed == >220% (sece Observation 5). Thus, {n-
terval widths in this experiment do not warn the user of the

{ll-conditioning of this problem (note the estinmate of

the condition number of A is 164,136 which indicates the

problem is ill-conditioned). As a1

ter of fact, the in-
terval lengths for x and 7 computed components are very small
3 . ‘I

¥ € 0
(on the order of 1079 to 10714) and thereby do not alert the

user of numerical dfftficulty.

The absolute value of the relative error of the midpoints of
the z dntervals ave better fndicators of the numerical €luc
tuwation, i.e.

.'( \( ‘]
oo
I
2. =X, !
l‘ L 2,404
i
‘ E,7K,
\
—— . X 2,186
| ™
o ek -
1.00
f *y |
iQ




Observations: (cont.)

O,

We note particularly for the larger components of x, the
absolute value of the relative error in the midpoint of =z
is on the order of >2182 (i.e. for first z component ™ 246%
and for second z component 2197%) and this is caused by a
1% varfation in the right-hand side of the original system
Ax=b. Thus the midpoints of the z component {intervals ave
better indicators of the numerical difficulty than the
widths of these intervals.

Examination of the absolute value of the relative error for
the z values in the noninterval version of this problem in-
dicates approximately the smae values given in observation S
above when dealing with midpoints of the generated solution
intervals. Thus the noninterval solution was just as good
an indicator of numerical difficulty as were the midpoints
of the interval solution and has the added advantage of re-
quiring less time and storage.

Note *that the resfduals associated with the z solution ssvo
attached listings) {indicate values on the order of I("'l
which might deceive the user into believing that the results
are very accurate. The user should realize that for ill-
conditioned problems such as this one (recall that the esti-
mate of the condition number is 164,136), small residuals
do not indicate that the computed solution Is close to the
exact solution.

The interval solution computed for the perturbed problem
(1.e. Az=b+8b) does not warn the user of numerical dif{i-
culty mainly hecause the widths of the resultant solution
bounds are dependent upon the number, type, and sequence
of arithmetic operations {nvolved in the linear equation
solver but do not take into account the condition number of
the amatvix in the problem.

The attached listings for the noninterval, BPA, and BPF
versions of this test for the original and perturbed problems
give the computed solution, timings, and residuals.




1l. Problem: To apply the WES SPLINE interpolation routine (in both non-interval
and {nterval versions) to WIS 4-point and 10-point data.

Code used and references:
The WES SPLINE routine is adapted from work by Creville (see
TS Report No. 893, U.S5. Army Mathematic Research Center, University
of Wisconsin, June 1968). The documentation for the WES SPLINE
routine is contained in WES Miscellaneous Report No. 0-71-2
(July 1971) which {s available from the Computer Analysis Branch,
ADP Center, U.S. Army Waterways Experiment Statfon, Vicksburg,
Mississippi. The WES routine SPLINT written by Jay Cheek of WES
is also used in this experiment to compute Y and Y' values for given
X values based on the spline generated by routine SPLINE. The SPLINE
routine is discussed in the aforementioned WES paper and documenta-
tion is given in the attached listing.

The FIN 4.6 VIRTRAN compiler was used with no optimization (i.e.
opt = Q). Both BPA and BFF interval versions were run to compare
with the noninterval case. Interval variables were output using
the IWIWR routine. Timing figures were obtained by using the
SECAND function to measure the CP'U time. Inequalities involving
fanterval variables used the interval opervators SEQ, VCGT, and VLT
to replace the noninterval opevators EQ, GT, and LT, respectively. {
WES provided the 4-point and 10-peint data used with the test, \
SPLINT was used to produce Y and Y' values for corresponding X
values spaced at increments of .25 across the entirve X range speci-
fied by the 4-point and 10-point data. The 4-point data spans
X=1.6 to 10 and the l0-point data spans X=0 to 26. For X values
outside the range of the given data set, routine SPLINT extrapolates
linearly from the first or last data point using the slope of the
spline at that endpoint.

Computational results:

CPU timing (in seconds) for SPLINE: 4-point Case

With Function Call Overhead Without Function Call Overhead
Neninterval .007 .002
RPA AT LA67
BPF . 394 .389
CPU timing (in seconds) for SPLINE: 10-pofnt Case
With Function Call Overhead Without Function Call Overhead
Noninterval .020 014
BPA 2.690 2.684 |
BPF 2.161 P4 e I {
Addittonal computational results fncluding X, Y, and Y' values and i
theiv associated intervals (along with interval width and midpoint) E

for X values across each data range can be found in the attached




Observations:

listing. The numerical behavior of these quantities is discussed
below.

The distribution of interval widths for Y and Y' are given below
for BPA and BPF versions of the 4-point and 10-point cases.

1. Distribution of interval widths for 4-point case

A) Y intervals for BPA version

Interval Width

T

10~12
10-11

0

XXXXX XXXXX XX

XXXXX XXXXX XXXXX XXXXX XX
XX

X

B) Y intervals for BPF version

Interval Width

10—“

-12

10
10713

0

XXXXX XXXXX XXXX

XXXXX XXXXX XXXXX XXXXX X
X

X

C) Y' intervals for BPA version

Interval Width
-11

-12

10
10

XXXXX XXXXX XXXX
XXXXX XXXXX XXXXX XXXXX XXX

D) Y' Intervals for BPF version

Interval Width

10—11
-12

10

XXXXX XXXXX XXXXX XXX
XXXXX XXXXX XXXXX XXXX

II. Distribution of interval widths for 10-point case

A) Y intervals for BPA version

Interval
1077
1078
1077

10~10

10712

Q

Width

XXXXX XXXXX XXXXX XXXXX XXXXX XXXXX XXXXX XXXXX XXXX
XXXXX XXXXX XXXXX XXXXX XXXXX XXXXX XXXXX X

XXXXX XXXXX XX

XXX

X

XXXXX XXXX




Observations: (cont.)

B) Y intervals for BPF version

1077 XXXXX XXXXX XXXXX XXXXX XX

1078 XXXXX XXXXX XXXXX XXXXX XXXX

1072 XXXXX XXXXX XNXXX XXXXX XXXXX XXXKXX XXXXX XXXXX XXX
10729 XXXXX X

A b

30"32 X

0 XXXXX XXXX

C) Y' intervals for BPA version

1078 XKXKX KXXKK XXXXX XXXXX XXXXX XXX

1077 PO RO RO R 5696.019:0.00.:0.69 696.0.0.00.000.9.0.09.699.5.00.0.00.5 099991
10710 XXXXX XXXXX XXXXX XX

107 X

D) Y' intervals for BPF version

Interval Width

108 XXXXX XXXKX XXXO0 X000 TIXXX XXX XXAXX XXXXX XXXXX
1077 XXOCOOCOONN 00NN XXX XX XX NXX XXX XXX XX
16~ 10 NXXXY XXXX

1071

1. From the tabulated results on interval width distributions given in
I and Il above, we can make several observations:

a) Comparing 4-point Y and Y' widths - Y (for both RPA and BPF
versions) intervals vary insignificantly in width from corres
ponding Y' intervals for same X values.

b) Comparing 10-point Y and Y' widths - same as for a) above.
c¢) Comparing 4-point Y and 10-pofnt Y widths - widths are smaller

] for 4-point case than for 10-point case (see 1A, IR, 11A, 1IB
distributions).

d) Comparing 4-point Y' and 10-point Y' widths - same as for c¢)
above (see 1C, ID, I1C, TID distributions).

e) Comparing 4-point Y for BPA and BFF versions - widths vary
insignificantly (see 1A, 1R)

f) Comparing 10-point Y for BPA and BPF versfons - BPF widths
more noticeably wider than in 4-point case (see 11A, T1R)

g) Comparing 4-point Y' for BPA and BPF versions - very slight in-
crease fn width of BPF intervals over BPA intervals (see 1C, 1D)




Observations: (cont.)

h) Comparing 10-point Y' for BPA and BPF versions - more noticeable
increase in widths for BYF over BPA than {n 4-point case (see
Y€, 1IID)

2, The observed increases in {nterval widths mentioned in comparisons
c,d,f, and h of observation 1 above are reasonable considering that
more computations are performed for the 10-point case than for the
4-point case, thus widening some of the computed intervals.

3. The widths of the {ntervals assocfated with Y and Y' (in the range of
1077 to 10“‘) make plotting somewhat {mpractfcal. Plots (based on l
3 significant figures) of the noninterval 4-point and 10-point cases
for Y and Y' are attached. ‘

OQur next few observations deal with execution time of the SPLINY routine.

BPA *ime BPF time BPE ¢ {me H
Noninterval time Noninterval time BPA time £
4-point case without 23.35 19.45 833 "
overhead .
8
4-point case with 67.29 56.29 .837 i
overhead
10-point case without 29373 154.07 804 "
overhead
. $
10-point case with 134,50 108.05 803
] overhead i
! ¢
) )
&a From the tabulated results above, we see that the BPF {nterva! versions !
for both the 4-point and 10-point data consistently required 80X of |
the execution time of thefr BPA interval counterparts and still produced 2
competitive interval widths. i
- 18 The noticeable differences bhetween the ratios computed with func<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>