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PREFACE

In December 1975, the Automatic Data Processing (ADP ) Center of the

U. S. Army Engineer Waterways Experiment Station (WES), Vicksburg, Miss.,

submitted a proposal to implement and evaluate interval arithmetic, a software

system for digital computer numerical analysis, on the Corps of Engineers’

primary engineering computer——the tiES Honeywell G635. The proposal was later —

expanded to include the implementation and evaluation of an interval arithmetic

software package on six different computer systems. Engineering and scientific

data problems were selected to be used on each of the six computers with the

interval arithmetic software.

The work was funded by the Office, Chief of Engineers, U. S. Army ,

through the Integrated Software Research and Development (ISRAD ) Program,

AT11, Engineering Software Research.

This is Report 5 of a series entitled “Implementation and Evaluation of

Interval Arithmetic Software.” The other reports to be published in the

series are:

Report 1: The State of the Interval: Evaluation and Recommendations

Report 2: The Honeywell MULTICS System

Report 3: The Honeywell G635 System

Report 4: The IBM 370, DEC 10, and DEC PDP—ll/70 Systems

This report was written by Mr. David A. Cohn, Mr. J. Brian Potter, and

Dr. Myron Ginsberg of the Department of Computer Science, Southern Methodist

University. Dallas, Tex. Their work was performed under Contract No.

DACA39—77—M— Oi05, dated 24 February 1977 , and under National Science Foundation

Grant MCS 77—06611. The work concerned implementation and evaluation of an

interval arithmetic software system on the CDC CYBER 70 computer system .

Dr. J. Michael Yohe, Director of Academic Computing Services, University

of Wisconsin—Eau Claire, developed and wrote the interval arithmetic software
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.1. I III j t i t m t ; t _ u L  o t t  ‘I  Al  i - ’’ ; \ I

AUCIIENT is a For t ran-based  precomp ile r that f a c i l i t a t e s  the use o~

non-standard constructs in Fortran prograns . It can also be used to aid

i i  t ’~ t o-u l a t t o n  I-e ; t .’een v a - t hu s  d i a l ect ’ ;  01 t i ’r ;r an , or  t o  Implement non—

sl au t l a r d  Op e r l l t or i - . I t  ac cep t s  t ’ r o u l y u ’ c s w r i t t e n  in a u s e r — d e f i n e d  ex t en—

s ton of i - c r y  ran whe rt ’  t h e  t ’ x t ’r i i i o n  c o ’ is l s  t- o ’ now d a t a  t v ; e - u , ‘t -w o p er a —

t o y s , a n d ,’ cr  now - ~ttt r tr y f u n c  t t o ~~. I; i-o~~ t t t i - -s  d e s cr p ’n ot  t h e

t ’\ t e’P 1 1 0 1 .,  v S ’  h i- it l i i i t s t  - ‘ ‘ - u —,o n t  , t l ’ v ~~I - t  d e s up r l  to r i  of t h t - u - : o r - i t p ; ’ I t c -d

y ou ’ ~aes t l _ c t  Imp lement t’ t i - ~~~~ eto; t o n .  I th e n .; th Is C ~--; c ript ~ ‘n to

t r ,lt ’~~~r ! i~ L’X t I ’I ’Jed F o r t r a n  1nt~’ t u t i t l u r i!  U e r t r , t t t , w i t t ’ t h e  p o:’ —~~t u r ~’ c r C

c o o - tr u c t -; t i  u r c - u l t t c ’d ~~~~~ ~r t  t t t fl i S  t i t t h e  r op t  I t ’ .-s ‘ ul ‘ ‘ 0 5 t I P ” - ~’ t t  - -‘-

pac~.ages. p
:~ t he  ~ Nt Ip ~~ - -n-~~ 11011 u ’fl ~~ ~\I~ :1- - N ’  - ~~~t’ 

f 01~ ,u t I I I  I t o  tier — ‘\ -or  1_i t C

t’ers tI n - - 011 - - i ; - H  word s ç I  . c .  - ~ ~~~0~~~~ I 4 i 0 f c oy  c’ r : ~- o e ’v  (alt ’ . ~f

co e r t - ’ . d l  ~~ ~~~ I , I u 
~ o -~- , ’r !  ~~v t t o~ su ~’~ - S t  tOi l s  ~~~~Vc’P 1” 21 ,

~o’ c’- - t -’-l u : p  Ai ’ ”LN ‘iich r t d u c u d  t~ -tc . n o ’  roqe l r - - ” t -n t  t o  1 ‘ -~~~\I c ‘N (~~~~.t
- .

cords 1 o ’ c t - ’t t r a i nt - y , ’rv i~, i t  B . 1” t co- ; t t ’f  ‘c r t ’ t~~ I ’ t - t h i ’ c~~~~c~ : u ’r

I tt ’ o t~~~i~i ’ ,’d. ~~~t wet , ’ a l i ’~ ’ ~~0 ~O1 OW t h e  l l ’ ,’S 0(1 O V t ’t ’. , l \  p W it h  t h e

ex c c - p t t ~~t’ t t i t  we W C O e ’ f o r c e - I  t o  riot- c’ one rout ~~Ilo f r o m  the ‘ l i t 0 i ’O t t SC o v e r l ay

t o  the  r o o t  i ’v- ’r i a v

t~n L! ) C compute rs  t i l e  O u t p u I  fyc i tu Al (1I-IFN1 ca r  he cemp i l~-C on the  I - ”N

compi ler  w i t h  any d t - s i r ~~1! comp i le r  opt  t o u t s . The r e su l t in s’ e1-~ ie ct  dt ’c~~s are

thet 1 lo a ded  with libraries 1NTh11~ and BPALIIt which contain , respect [t’eiv , the

rou t  t i t - t u  defining the interv—i 1 and 8PA o 1- t c r u t  ions , and the  pr i m i t  ivos  which

7
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perform th. basic a t  t t r t i t’:ic op e r a t i o ns  ‘or the entire package . The result

of the  load can then  e i ther  he execu ted  or w r i t t e n  to  a b t o l u t e -  c e n t r a l  pro—

cessor over lays  (see Fi gure  2 )  . The c o n t ro l  car d  s c i l u e n ’ c  for the use of

the AUGMENT precomp i ler  as w e l l  as t h e  e n t i r e  job  deck s t r ; i ct u r e  is dis-

cussed in Se ct it ’it tu “I  t h i s  r e p o r t .

Ii

~
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AUGMENT SOURCE PROGRAM

~
IAUGMENT PREPROCESSOR 

J

~1’CDC TRANSLATED FORTRAN SOURCE
(WIT H REFERENCE TO ROUTINES IN INTERVAL PACKAGE)

~~~~~~~~~~~~~~~~~~~~~~~~~~

\v
RELOCATABLE OBJECT CODE

/ ~~~~~INTLIB

~~, ~~-EPALIB

[
~~~DEj

LOADED FOR EXECUTION

OR

CPU OVERLAY (S)

Fi gure 2: Processing Sequence for Program Using
Interval Anal ysis Package
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I . I tiur l t ’t t ~t 0 l t  .11 1011 et i f l t t i V ; b l Rout  in i ’~

The INTERVAl. set of routines imp leme nt s i n ter val  ar i thmet ic . Interval

~rt thmeti c is an artthmec to u ;, ’utt’m in ~‘htoh t u b s  ar c ’ d e f t i t , - d t o  cia-ate in—

•‘ rv~ 1 v ’  ruu ‘ ‘i t ’ , o ‘ t I i - - p t  I It t  I t  l v i  a t  b i t e  I Ic op~ rat ions and then t o  comb I tue

t he’s.- i n te r v a l s  t o  (‘ t t ’ c t ( ’ t u t u  t i  vo l  ,- x t e u u u i i o n s  of ust-i-d ,’f m e d  muithemati cal

express t i i t ’ -t ttnd .1u1 t l o t t t  . liii’ : i j t ; - l  te at i ’l l  of  intot -va l a na ly s i s  t o  a c l i n t —

p u t t  t ° t u a l  j u i o b ’ i cy  u c eu~ t o  t-  r I - ~-~~-~’ t i i ’ t - l t  ion  i t t  a r , - ~~t~ u t - ~;u1ar i~ u u  a l ’ el p lped

wh i c h  •‘t tc  ~ t i-u u Lat c - u  t he e’ i. t no hut  i 01 ,  in Our  i tit p I om en ’ i~ I en , a! I the u - ; i u u l

~~t t  I l t t i c ’t Ic u p e t - t i  i ’t i ’ ’ O t t , !  For t t l f l  I ‘t i n  t- t ou t  i t - ’ - - have  t nt  i - u t - ., I counter-

p a r t  s in cdii  I t 1 ~~~~ - t v  oral t n t  c’I v o l  — i t t i  en to i l  i -p t ’ t .u I I t - - i - t ar e  . t i ;~~ a v a i l  ~ib I t ’ .

‘i’l u , _  t~ ’:ud ~’r u t l fan t i I 1;t r with t i t - d, - u a i I - t  ‘‘ t n t  C u  I -lu I t U t ’ I t ;  I s  ;tiouuld read tb -

exp lanation in -\ l ’ i ’ ’ I t i  I X  I t c d /o r  -;h ’u i ! c o n s u l t  00110 of  t I e  r o t  ,‘r ~ ’t ~~’t’s

y l v e ’ I t  in the bil ’] joc’I,t; t tiv Ia A~’ j ’ -td -~ A

Since  eliot neil c o ;n j ’t u t a t  I 0 I~~ ; 
• l ’t~~~ t. 1~ I a liv t l t t ’ t ; -  i n t e l  \ t u g  mu! I t t t l  i c r u t ii t n.;

at id  - I t v l ’;  l o u is , c O l t’ t I i t’ s t o . - i t t  t h e  re- su it i ng  int ,’rvnls to c l e w  rapidly, the’

c o n c e p ts  ‘f !~e’s !‘ t ’u s i t ’  lc’ A i  i t  l i t , ’ ! to  ( P P A )  and dIrt- c led round i 05-t O i ’11’t’ it ito

p l ay  (set ’ r e ft ’r e’uli - i’s ( ~~~~~ 1 ‘I ~PA is ~ set of a! ~tot I t  hmuu t o t  perfo rming the

- our  b u s  c or  t l i t -- ’ - ’  I c opera  i t ‘ns w h i t -  i i ’  l i t  I n~ the max mmt tm I t o - u s  lb le amout t t

of :c i - u u rR i ’t’ ot ’  a ~‘ iv . ’i u h - -u t m : i c h iu i e  t f l (  (‘v!t,-r ‘C Setie~~) . The d i t o c t . ’ d

rotu nd I ui t ~ algorith m i’iuid - ; the dciuh i t ’  pr t -e’ I~u ton rest, i t  of such  an o 1ter at ton

I t t t  o ,u s iu ig le p t  c-c I - , 1 m i  ft ti - i ! r~ sul t . Th 1-i rounding m~it- t ak e one ot I o t u i

d i rec t  tons: inu~~rds ( t tn,- ,i rCa  It ’ r~’’l , ~ i i t w u r d ~ (aw~ui ’ fr om  y o u  o )  , upw,-trdti (to—

w;l rd- u zero  I f  u u o g . i  t I t - , - 
• ow,t v t i em z,t’ro t I j t i ’s $ t Vt’ )  , c i i  dowt iw , (  t i l t ( tow., rds

zero i t posit I to’, away f r om - - ~‘t-o I f  negat  I v i ’! . The d ir e c t i o n  of t h e  round i ng

I i~

It-
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is s p e c i f i e d  liv the comput at i ona l  e n v i r onm e n t  in  each i n t e r v a l r o u t i n e ,

Out’ t’Pc Imp le men t a t ion  of t h t ~ s i t  twar e  package  has fo l lowed the  su g—

gear  ions of Yohe and in troduced on l y  tui ~se changes Iue’~’e’ssary to actou t ~~odate

the CDC software and h osting—point a r i t h m e t i c .  These changes arc described

in the UPtIATE deck on our re lease  t a 1t e  ~~;0 e’~~~- t ,  a b i t  , t , l i t  the  IIPA r o u tin e s ,

we b a i t ’ implemented two vt’rs t i tu s . The I t r a t  v , ’t- - i o t i , ~~~ t o i l  PsPAl.li’~, con tains

the following retti tine’s

~PAAPI) — Yohe ’s a d d i t i o n  a I g m i t  i t h m

— ~oiue’’ s i t t - t  r i , - t i - - u t  ,t~~ t t t ’ t  I t t u t

i ’ ’A ~I l ’ I .  t i t t t i ’ ’ s i t i t i  t ; ‘ !  Ic at  ,‘i t  t i~ i ‘

— \ i ’P n - ’ di t t o ot t  t I - t i  I t l u i n

B l ’A R N I i  — 1i ’ I u ~ d l  i i ~O t i ~ i! I o u t l u , !  I t t t ~ ,u i i ~~~i f t

A ’  I f Iv, ’ t o u t  t n t ’s I m p ! o r i e n t  t h e  _ t  I ~- -  $ t P unt s g I i- ti I n  I i  w i t  ‘i I l i a d  i t  I c - it t~~uus

made’ on ly  t o  a I Lüw t it t  t i l e’ 01w’ ’ t- 0 oi ’tp 1 omen ! c~ b i t  ~‘ (i I I , ‘ot  10 --~~‘i ’  I t t t  I o rnia t

In add it lt ’ ui w.’ have  imp  -it t ’ i t t  i ’d u n i ’i- i ’u i i !  vi ’ u  - ( ‘ti , c O l  led t~P l- I I h ( t i ’s i—

den t  in Bt’Ai ,I l t ) , wh I c h  t-- o n t  na t i u c ’  t a t  l o w i n g  t ‘ t i !  ( t i , - - -

~ PFAl) i)  — S t i ’ r i t , ’nc ’ a l g c ’ r l t t u u n  t e r  a t i  a - u i t m~b tit I i ’ I t

‘FS !Jtt — St t - t  l’ t ’t t ~ ‘ a l t -let  I ‘uIIi I ott , i t u  - u ,  I , - u P - r  t o , .  I I i t t

-- St t - r b, ’ui , t  ‘ alger ithtn t~ ’t - an s s d  i t - i ! !  (~~ I t t - a t  ton

-- St ~ ’t ! ’~ ’ui t ’ ji ‘t - t  t l t n t  l i t i  i l l  S l id  i !t v t - :  ( on

ht ’ } j1\ I t  — a di t ub it’ t ‘ -u 1n~l It ’ t- m ’uttd tug, s t tt-. t -  l i t  0 bP~~RN t)

It t  t” ; i ’ I out  ; u - ~ - ’;  tmp i orient the  a l gi ’r It titus suoge’s t oil liv St  e ’ t t - , - t l :  [1’ 1 , Al  I t hose ’

t u ’ t t t  l u te s  a t - i’ c, ’i!t ’ii L i t  ( t i c t ’i l t t t  :tiott c ’i ;u b l v  i . t n~~iu a t ~ c ’ — i n  t-’ Ot t I t out  t~~ the 1tPA

r ou t I ne ’S w b u ( - l u  i ittp l t ’une’uu t  l o tt e  ‘it a l~ :t- ’t  t t ints t i ’ p et  fo rm b~’~;t  p o su  lb  1,- f i i t a t  hug-

p0 1 u t  at  i t  l i n e ’ Ic , the’  IIP}’ I ~‘u tint’s C I S C  the ’  ( ‘tiC 1,0 11(1 [1 i ta t I ug—p o t n t  h a t  ilw_ u t e

to por t ci taut I a,, t o t  , t i ’ o t u c a t _ u t ’  i~ at -’ cmiv  ~tt  0 t’t_ln \pt tt t t t I Otis t hat are w i t t ’. I it Out’

- - -- --



of the t -o i r . a p o n dt n g  8PA results; in i ti a l num erical tea ts ot our imp le-

mentation indicate that LI PF routines tend to requir e from 50 to 80 perc ent

of the eKoc ut ion time of t h e i r  8PA count erpart s . The CI)C loader may be

used to substitut e otiv BPF routine for any ~i’A routine if computati on

t ime is more critical than c o m p u t a t i o n a l accuracy (ti ghter bounds); the

LDSF .T card with SUBST param e ter allows t he  ciser t~ ’ sw i t c h  f r o m  any ~PA to

_ u t u i -  RI’L” I c ’ i I t  i t t , - t , ,  ,- .- t  a t m  , l I m e  j ’ i t~~mue ’u t (  ~- l )l ~.t itigs i ’t  t l l ’~\ t  111 , in, l

bt I’i” ! f Ii ~i - - t m - a  t i u i b i c ’  I i out I t ie’ Atito ,t t ,mt Ic t 1~ ~i i~~-~~i - s -  ( m u g  ~A t ’ i ~~ i e u t t e ’ i  i t  I i t t

I .  0 _ An ti’ i t t - I  l u t i s t I s m t , I W , t v u t  i i f ’~ ’t  i n u ,t t  St  m t  (en t W I S I  • I’ , m l , ( i s  i ’ l l ,

\ I ~- k ’ I - t i i  ‘ I, M I  r i ’ . - 
(~ t~ I ( t t .
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6, I (f l u  i t  i t  I i ’ l l - u  ‘1 I t t  c - rva I Analysts Pa~~aj~e

The potential user of this or any other interval analysis package should

take into consideration the limitations of this technique . Som e of the limita-

tions are Inherent in all interval analysis implementations and others are

dependent upon our specific package . First of all , the user should be aware

that software interval analysis ten t s to  be very slow; cases run on our CDC

machine have required as much as 100 fold increase in execution tIme over a

non—interval version . From SO to 300 fold increases of execution timi over

non—interval versions have been i’hse’rved for various implementations of the

Yohe package (see Yohe ti- u .’ ‘ i i . Titus large pr~ductton codes iuv i ” ving signif-

icant arr ’u ’ttts of floating-point conu~utation are tiot viable candidates for a

comp lete interval implementation ; !towever , u u n u t l l  portions of the computation

m i g h t  he’n01 4 t  f r om  the  use of th e  pa i ’ka ~tt ’ anti/or t h e  u t i l iz a t i o n  of a hard—

w a r e — a s s i s t e d  i n t e r va l  ana lys i s  such as t h a t  c u r r e n t l y be ing  proposed by

In t e l  Corp ora t ion  fo r  mic rocompu te r s  ( i n t e r v a l  ve rsions  would be only 2 to 4

times slower than non—interval versions1 .

Anott-er important aspect of interval analysis is that the computed bounds

can be overly pessimistic as well as b e ing  t im e— c o n s u m i n g  to  determine . The

innate  s t r u c t u r e  ~ f in t e r va ’. analysis can make it s  a p p l i c a t i o n  insens i t ive  to

situations in which common ma thema t i ca l  expressions (such as in a numerator  and

denominator) are assigned d i f f e r e n t  bounds;  t h i s  st tu at i o n  is usual ly  r e f e r r ed

to .-is the  s i m u l t a n e i t y  problem (see Sto rb enz  ( 1974 ) ) .  The bounds for  a par—
II-

ticular computation are dependent on both tue form in which the computation is

expressed and the  data which Is input to the expression ; thus it is difficult,

it not inposstble , b r  the ut-icr to define in all cases the “best ” form of the

expression as well as the  “best ” dat a  in order to ensure smallest growth in the

interval size associated with the resultant computation .

1!
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Furthermore . tht tightness of the hounds ii dependent upon the arithmetic

of the host computer and possible numerical anomalies introduced by compile—

tim. arithmetic.

The i/O routines provided l’~ the’ interva l analysis package do not easily

permit as much flexibility as that otl e ’ret&t isv standard Fortran l ’O  routines;

also the interval 1 ( 1  is ~‘erv s ’ ”s- (e . g .  :10 m in u t e s  to tuiput 10 , 100 interval

t t u u t r l ’ e r ~ out the Clh’ (~~
‘t -.~~’~ ~~~~~ r h ’ s 1 i .  -. i t l t l t ’xt 5ult t y can he partia l ly over-

t- on,,’ by using Fortran I / O  wt  t~~t c x ’  l t i  i t  teu.- e’ r and u p p e r  hounds o t t  interval

variables In th em t a r g u m u n e n t  l I m i t .

Fur ther difficult ies can u t  I c e ’ w~m t ’u t  co nm ’o r t  i t ug  t u t u - t n t e ’ u m i ’ c r 1 t t ,n t o t  Ic

or log t i -a I F s t-~~ . ~t t ~ to 1, t t t  e t ’, a I vi ’r I o t t - . . ‘- 0cc ’ i t t ’  sp ,-ec e dt~ I — u t ed  by

interval arithmetic has tie total t- ’ t i i t  ‘ u t g  , ,m i t t v  t- t t  -i,•m’er~tl pt -t~~s t t ~ t t ’ I ’ar r  i t - t i

orde riu tj~mi could he entployrd . The uSt ’U m u e t be’ t-’ at  e’ t u u t  w h e n  tit’le ’i t  hug an

i n t e r v a l  r e l a t i o na l  op t -’t a ~ a t  l , u s i ~ ii on a p.o t i c u l a r  ~‘~~ t t i i  ort -’t’t - Iitg that he does

o ‘ ‘ v i o l a t e  t h e  i n t e n t  of the ~- i  (gt u’.al non-- I t u t e u v u i l i t  u i t u u t e ’uuue ’n~ . This ~~~~~~

s d t~ cu~~ed it ,  m a t - ’ d i t  a l l  in ‘~~‘
- - i ‘ - t  ‘ te l t- m ut g  w i t  ii ;‘ack t~ t e’ ~ t ‘~‘~~r t  i t - !  re 1st tona l

operators based ot t  two poSSi bl e ’ par tial orderings ,

Another ta t --to n -I t t  e’c tng i t , ’ p er f or m a n c e  ,-f  the  t u i t i’r m ’ ., 1 ~t e c ~~ t g i ’ t~ u the

accuracy ~f the Fortran library routines . in order to pr ovi de ’ t hi ’ t ig h t e st

possible bounds on these  rou t ines , a thorough analysis must he performed of the

u t -  ,-tiri ~-v ot  o a t - - i t  t i ’ t t t  H ut ’ , i t - t , ’: ,-~ I lu. i - u t  t r ~’ t- _ t ~ t 1~ , - i t t  t t ’ p r~ -so t i t  t b t , ’ - , t t , - - t ’ i ’ u  s t o t

o ,icim m rguuuu t’tut . (k ennel s ( u u t - ’ t  t t i i t ’-oi i t L i ’ .  i t j t t  ( t t t :t i i  ott t i m e  o u t o t s  : t ’~~~i ’i i t  i . ~ w I t  I t

i~~~t- ’ i - o t t  u _ i t t  I l i s t  i i  V u o m i t  l u t e ’ ,, t u - ~t ’iI o u t  ou t  tui ’ t tt u ,tt - - I t  t u e . p u t - tv  t i le ’st ( S \  ~ ot’,t tel

(~.mt a , a t e -  ,uvt - u I 1_ i t -  t o  f ront I lu .  Alit’ t ’e -n t  t ’i • \~‘~ 5 , I t  i s t it I an t  t u t u  ‘ s i ’~ ’ In t e t i  t h a t

,e moe ’ I t met e t hor oug li t - eu t . i  I v s  1~ It tus t he-  s’et ndue’ t ed  hu t  soc It a t a ~m k s be’’.’ond t but ’

s t - o p t ’ at  t h e ’ t-’ uI t e ’ t t t  p r - ’ I  o ct  ; i t  i t - t im  l i t  be ’ iI , u t e ’ v i  t h u  t h e  a i d  at  ,e u , uuu i t  l i i  I, ’ j t n t ’—

~ I s  l o u t  p i - k t g e ’ ac u d  w t t h u  d e t , t  i t  cit know I t ’i( gO i ’t  h i t ’ a I st- -u i t Itms t - t t t s t  t tttp tt ’mt ’utt ill 1~~ut

S
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features employed in the Fortran library routines.

Additional constraints on the use of the interval analysis package include

memory requirements and provisions for dealing with intervals which are infinite

and/or include zero. The latter problem has been somewhat resolved by Kahan

and others who have advocated entension of classical interval analysis. The

former problem caused some prob lems at SMU where the maximum user memory

space is 200
8
k words ; even using overlays , the storage requirements of the

package prevented application to medium or large scale matrix prob].euns.

- ~ -—- -- -~~~~~~- -~~~~~~~~~~~~~
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it , ~~ in g th e ’ t n t  eu-va I I s  Pat -’ka~ e-

This sect ion focuses attent ion on th~’ mechanics of running the interval

analysts package on CDC computers . An ove ’u -view of the actions taken by the

control cards used in this section is gusctt It~ Se’t- tlotr. ‘ . It is assumed that

the potential user of the package cat\ not -lily his Fortran program for use with

th~ tt~~’-rv~ l anatvs package’ i , u  . t c c o t u  1 with the l imi t a t ions d i s t -- uu sse ’et in

Se- c t  l O t  . . Her.- we wi’’ Jiscus ~~ the’ gener .a’ — st ud  . u p e c t t i i ’ tc’mm o t t  the ‘oh

con t ro l  t- a rt -I ’ ;  use’d • the input  and .‘ t u t  
~
‘t-

~~ 
of irterval t~yumtn t I tics , and an ex-

amp le ‘ t u t u  w - t is t he ’  ~ 1’.’en si ’t t s a r t - . F

The ‘o ’ o~ l u g  ~u’.~ u t - - ’ c a t i !  se’it- uu ~~~~~t-~ e’ I ‘ j I  i t t 1 ‘ i t !  us.’ i ’? ‘ I t t ’ A~~u,~MFN -

v~ ec orp tier:

~
it It : A~~øu_’\~

’. ( i ns t  a I l at  i t --u i l e ’r on , e ’ l :
- ~~ C’ , \ i i~~t 1 ’  - ~u ut - ’t r,-~~; ~ t i ’d t A ~ ~‘IV is ‘ v ’t - t u ’u” — u o i t ’~ I e -u- t

I’S , 1’ • ,u : _ ~ Nt -’ ~‘ t ~ ott ’ i ’ t  c - u  ‘ mom- t ’ i - _ ; m u  t e d )
* lr~-I l u _ t  i~~~ l :m1t~
RFL • (size  ot AU CI ”I  N I (var e’ t rem .‘;Vt. t o  ,‘

dottes util u .~ U~~u~ t t OVe ’ t- am’ t .e - ~ t- - 5 t

~u_’~
’
~
t5-s--i’ (. SF . s~ i~

RFI-.IND, SF.
* RI IT R N , Smi .

~ R F ; U R S , AI mJI’t ! NT
* RFL , S t t t) (tt,i.

F I N , 1-’ SF ( ,  v ote r  s’”t t i t t i t -e I

* RTL ,
.~TTAC’~. ~N T L I R , eu t ’A L I B .
1 l1tt\’-~V , INrLlB , t t ’ Al Ut.

I t’~~E u_i — i t ” A I t K U  “/ ~~Tt K1’’ I, - m’t-’ur opt t,t t t , u  ‘5 ’ .

(program 517t ’ ’ 5
1(0 (

~ 
t- l’ }- pat -t t” e~t ~~r~~ )

* RFL , ‘Ot’d(t ,

* 1~ ‘t}~-\’
* RITtI~S, lN’tl~1l’t. IWAI 1~~, 1,C~~.

u _ i - o u ; t u - t- m 1  cards for poat— interval .uuta lv -a is proces.u i t u g ’5

(end o~ record)

Al’ ca rds  m~tke’d with * are itpticc nisl , hut  generall y have the effect o t t  I m pt e ’v ( n g
st - s t  em t h r o u g hp u t  - Not  t e ’ t hat one o t t  t he opt I ens on the 1 t~St 1’ cit tel  t ott t  Id he I ts,’‘‘ smuh s t  i t  ut  e” opt I ‘ut t o t  t ep i  ace r e f  e t c - n o t -s I ot BPA rout ines  w i t h  i t -’ to t out-- es
f lit ’ 11FF t e ’tutlutes u_ see’ d i s c u u , u s : o t t  in 5 , - i  i i t t t  ‘. I t  the ’ f~~~t et -  ii! t t  b u u tu e t ie • I t t e t~~l i i e ~d
isv these  rou t  m e’s Is  desi red .

I t ’

~~~

___ _
~~~.-,,
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—

The entire lob deck 5 t ru c t u r ~ is as follows :

( c o n t r o l  card r e c o r d )
(end of r ecord ~
de’acri ption deck

program In extended FORTRAN
*END
(i-nd ot t record )
input , if any , for extended 1~ORTRAN t ’ u t -- g r am

~t’u~d oh r e ’ t - t -’ d

I ni - u ~ , ‘, an ’,’ • t or i’i~ ui t - I mu 0 m~u I u ’ --

~ c-H ! - — t t  a r - e  t - - ‘

At -~ !I , I t , .  s t- v t - e u , - I o t t - r i- m e l  ann ’ v u !  . ‘a t -~~ ,t ~~~e’ j u-ito on a CDC C~-hc r  7 and

u- i’ -t i t - I .’ -m on .e u t  I v_c -i  sk p , t i ’k it- t’i-ld 
- - . U t u i ’ uc~’t’t- I f I t -’ d t ’t - k  Sc  t up  i s ’ r a r ut ’  - -

vi t t  Ii is  t’ , t t -~~~~i~~i ’ l~~ ,es ! t - ’ I I t- ’sq i t t  t- - , m t t ’I ’.i’ I - 

t l :n n u mb e r .  ut -e ’~te ’
\ Yt-~l’N , - t - i u a t ,u c  t a I ~tu ot tu :uu ,’u i t -  , m t - -~ - t- ’ u t m u t  u t a .
1 1  1 . mtoprctpr u s . t, -i rs I l u - u i :  t o  0-  t i  s, ’ - t- - - - t- ’ ,u

A~~l \ i ’F , \Ut ”’- N~ C \ _ I ~ \ u ’( ’ l t - , UN-~~ ts’m ’Id t u -  
• . , N A .

Al  - . I N ’  ‘ I t t i \ ~. R d ’ d  t~ , ‘CS’- ’ At -’S.ttd 
- “~

— ut~ttt u t- -u ’u l u t  .- u~u u u I~,~u t-’ u ,t- —u t- !-m

.‘t- -:’l \ (15 1 ‘ , i’ t-~~t i 11 U , • PU- t ) ~~~- t t - ) i )

RT , At u_ SCR .

Al I’A ’ , b’ A I I l ;~~~N — t I A C R U U ’ , ‘‘N •l’ i- toCld i t - ,

• ~~~

I :‘ -tt -_ \~~\, :s:: i~~. ~;l -\l i tt .
l : ~s t r u_t ’SF ’l ’.’iIU\ ’ kJ’ :1 I \ ’~~’sKI t I ’ .
I - -

t)

* t  I(~ I ‘t - I~!- F \ tF\I~Ptu

‘t-:  ~~t i \ F t - l t ’ t .C  • ~~~~ 
us _n t -lt’t-~~

* 5 %  u - IN
I t’!~~ u :RAm ! \ t ut te - ~ ‘ N  • ~~~~~~~~~~~~~ ‘ — I NI ’YU , ‘ A U t u - --’~’U ~~l T  ,

Ft - t i- t r .~~~‘, i ’itu 00  ~~t i’ u t t’-

* 1 51 - r
C)

1* .tnv
- 89

I_
I
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In t he ah~ v 0 t- otc ;t  r t-’ 1 se- sl i m e  - t i  0 II i t - u ~ i uuo ut -. at  o ~ r I I t  cci b e g in n i n g  in

column 1 - itt’ t-’ a t  t-i 7~ u ct - p t  e t-’u ; t ‘t- c itcu I t  1~’ 1’cu t ts ’h In ~~t- ’ l i  it - tat 1 cii get ( I v  t ug

end s’ I i t s  i t u d  ant I  !u.~ ~ at - ct P I i ’p l cc i e u t s  .1 ii I t  i~~ t ’  p u t - i t t -- l u  In  cot ieemn I in—

d (cat tug end of  us t t -  1.-e l u _ i O u  - N t - - u  e tha t t a t  S i ’ t-’~~t-’ i’tii\ RA~’I cat  t-I , a si i t t - it  must  he

Inset ted in t-- t- - I umo I to it t  s ! . t  t o  I m u d  I c , t t  a t o t  i_ t~~. ,\l u~ t t N I  pt ep rotce~sss t l  t h at

it is t o  I gt uo t  .‘ I s i s  : t - ,  - r e u u t t - - ’i ‘S t- - -c .t i i :  e g m u s s’; I I t - - i~; u  or O e $  ‘c . e g . ’ is

gene ra t ed ’. . TI t e  c .o t , l  l i’Iiit1t ’1A~I l-. -~~t u-- - t i  s - l u - - ;  t- -t s t h u . . ~‘ e t t - i , I t  t h e  eu . . t’r

w i s h e s  t t- - u se  ‘t o  t ; t s i , . r ~t’F i t u t  0 ‘t- i~ . a ; ( l u - - c t  I c  ; I m , ’s  t u t - e t s  i t t - c  I P \  t u t  O s  y e

art I hme t  t o  spe’t- - i - t- :  ‘- v  I t o i ’ am c at ’, ! s t • _ - — , - t t -  • t lien t .- t- - o -  - s i - s .1

f l t ’ c c ’S S i t S  ‘, -

A l I A s h , S t - i l  I I  i N - t- t-u_ C i 5 C ’  U \ - I 5_s’ l t -~~ it , , 1t - t - ’( .

5 - I!’- It i ’ i - l,lu ; t~~\--
t- \ t -~~ d ’  , - -\ -~~5~ 

and tI i t  IC”t - t- S ’ I t I A t t \ ’ -

t~~ set - t  t I l ’Sl U u_ SI ~~ — S t i:, ‘I’ I tI ~~ ‘ 5’ -5- CU ‘ ‘ ~~ hi ’ \~‘Ul ~u r t ~ hi’ VI’ 11 tul’FU ’ I \

II; — m et’ 5 - ’ , .’ i n -u . - ’  c ut ; h~’ v . s u  t e ’d t - , c - u  - t U e  t ~~t -t t  - t - t o  n - u  x l~ ; ‘.~~
- t- t t  ~t P \

.ind i1’’’ .t  t time ’ i s ’ ‘ - - t i’ ’t -a r -I ’  10 - t I t ,  i t - - _ t ‘ t-
.’ t- -~~- :  i . e  - -

~‘SF I u _ 5 Ut5 Sl~~t i t ’Ah ~ I h-i t ’~Il 1 , - SP V I ’ l V  t t t ’F  ‘ ‘V ’  t- , -
~~~~, ’ , ’ i - s u i t  ;u . u ’ \  ,u u  i t  ‘ - ut -t o t i ,

being l’t’r ” me~~i f t - t x  met - I t - I  — l O u t  soC ‘m u t t ’  u , t t -  u t- ’m ‘ut. - t-~~’ .c t  — t - : -- t ’~ ‘ i - I- i — t u ~ -, u ’ t- -~ f t - u  t u u, - t - I

i o t t  m u l t i  r I (cat  I s -m t  ,su ;d C i v  I -  - at ; .

out- L It , ’ I t t ’ o t t  t s . % t  t ot ;  p t a i -  C. -~ 
1t t ~ i t t , - t~~ I t-~•5SC ’ I :it’ i ‘, i ’ c ’SO I t ~t i ,  ; t i  - - ~

- . t a t -  u~ t —

t h e  p u _ ‘> s uu -- r ; e’ t 0 o t t  IC ut- c tip i t - ,’ ~‘ i  ~t ~~~~~~ t- ’ t ,. i ,‘d t. ; — , ,t t ’  ‘u , _ ‘;t I u - i ’ ’ — -o -

quence’ e’t ~~~~ ,‘v~~t-i at  t- -~ 5 t- ’t ct -ottt - ! -i •~\ t~ ; t’ .- t ; t  0 I t- u i - t i’  t - e u s 5 , t u .’ t - u I  ma t--: e c,’utm - i ’uu t~’u, t t~~

the  i t - . 
~

- - .t u ; t - I  i - u  h i  s t - - i - u ’- -,’ i t t  0 I u ’ s i t u  I - c t  ott  -

Ass l u l  c s v . u  I m .mu t i ’’ 1, ’ o t t  .c; - i - ~ I t ’- C . - t- - ‘~. i t . - -
- t~~’ I t t - I t  R V A I  t - !t~~t- I o~ a t  i ’t t  i t - - l u

~ ‘me -n -
- i - ,- - , - t - ,’ C ~~~ AU t- :Mt N I ~

- net .t C c t -  t- t R E_At. t - I ” t - It - c t at  I i’uu c. I t it mcci t-u5!C i t  i s - t u u t  di —

; t - ’ t u  t n t  ,‘s i u , ~~~e - ,I t i i pu - t- ’i u t - i . ’ -m ; ’ e t -  o f t - ’; 5, - i ll ,- u s , t po t t t c  S e’I ,‘,u tu ( c i t  .‘u  v .tl  c lot r .’t s t

tot c- s t - - i -  I • - , a dr- i’ 1St- ui I I t - i t t  s’t

- - -- -- —~~~~~---~--- -—



INTERVAL A-, it(3~ 3)

would generate a declaration of

• REAL A(2), B (2 3,3),

where A(l) and A (C) would represent the left and ri ght endpoints , respectively,

of interval variabl e A , B (l ,l,l) and B(24,l) would represent the left and

right endpoints of iuuterva l variable ~(I,l) etc. Interval quantitIes can be

expressed in  a v t r ’e t v  ot ‘c,- s v s  bo th w i t h i n  t h e  p rogram or a dat a  input  to the

program;  a de sc r i p t i o n  o~ tluese represent otiouts is provided by lottie (977) and

is re~ t r c  - l i m u -ed a u m  A r t -  ut - I .x U t a t lu i s re’port

Fr i- r y e  I qu t - i n t  I I ~‘s Cc ~tfl he I opi ut u-u - s-uut p u t  v i.e St : m u ; t - i a t d  RPM’. • 1FF , or

Pl’S CH tt ,utem ents ant-I/o; 5’,’ i t ’ s 15 RI)I’ . I N ’l’RD • or 1NTWR s t . l t e’ ts ’muts  p r t - -v tdt -’d with

the  package . ~~ en u s  I r  t he  u - t a n d s r d  Fortran I/O routines w it h interval ar~,u—

m ent s  * I is n ec o ssmur  i t ’ p l u s - i t- a / ~su i i ’  I tu ri n 1 (to t e ll Al CultIsT nut  to pro-

cess th u _ -u ca r d )  and t o ’  refer t c’ t he  tuitorval quantities in tt- t-’ir t’xpa ;tde’d form

as ~~en- ’t- a t  pt -1 by t h e  I N~~FRV A ’ . d~’t-- l ar . c t  j o -n .  Thus  if f o r  th o  i n t c r m ~ u I quocot  I t  fe s

re fc  u - r o t - I  t o  in the  p u - o t t -- i ’d t og  p t - u r u t - : r u t p t t  t t ’o tv t’ we’ wan ted t o ’  c’u~ ‘ it t  t t- uot 1 ‘ft mutu ~I

r i gh t  ,‘ni t p o t t —t - t s  oI A , V ( . ’ , 1). - ‘n t - I  11(2 L’) ‘.“~~‘ cu t u l t - !  use the’ f - a l l a u t o l  statement

/ I,’!-lIT~~(” , i0(~’t - \ ( l  • .‘‘. • A u _ C  , 2~ - 11 (1 , - ‘ , l ’. . 1 1( ’. C .1’. , B ( ’  .2 . U~ - h (  •.

100 ‘
~~ RM,-Vt ( It t - , t I - I ? : .

We c.tn proceed in a s t m i I ; t r  f . u ~~I u t t - -ut  when t u s i n g  READ or ITNCU s ta t e m e n t s , i.e.

s l .u s I ;  in co lumn  I am t t -’ t s : c i m - .u t  v , Ir  t u h i o s  expressed in t h e i r  e’xp.tnste d dimensional

fo rr ’  vito:; referenced In th e ’ tmrgunuent I 1st

The f o r mat  f o t r  t t u e  I/O p u o t - I d e d  b y the  t o t e r v a l  a n a ly st s  package  is as

f o l l o w s :

CALL INTR I)F ( U N I T , X)

CALL INTRD (15511 , F?’ll’, A , N’.

CALL I NTWR (UNIT , FMT , A , N~

- 
~~~~~a-*~~ ~ - 
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vi te - s c -

I N t l  — S( s t . e n d a r d  i n p u t )  o tt  O (st tnt - Iitrd re ’t e ’ad)

t ’ ( s t _ i u -  t a u t - i  i s r i n t  u t u i t  t- - r 1 u _ ’ t  t uus t, , c t t - i  p m m u u - l u n i t  I

FMT — a u se r  supp i ted I cu t- , I t  vt - I cli nt -n -u t he dcc 1 . m c  ~~ t-( by  t h e  utter as

a I - -e l emen t  i n te g e r  m e r u . cv t t - - t  i - u t ’ ‘-~i ttt input statem ents and

as a c i  ,‘reut  i s ;  t e’ g e t  . m t u a v t- - r  on t p t - u t  ‘m l , ,  t core us t ‘u ,

I-~ IT m I ’ .  t i t m u - u h e ’ ; e’ I I r tt  - - t v t - c l v , t  r i u d ’  I t ,  In c.~ s- t ;  t e 0 s

u.’e. I u_ .’’. — s imu r ’S i ’t  s ’S c t - u t :  I ’ - u - s  to St it - I- p: - , - t - I 1-c ; s-o c r
1 ; u t c ’r v a I  i t t u m ’ i e ’,; I t  c - o t t - it t - t- - ; t - .

t-~~ 
- — ; t t - m - i ’- - - u ! t - ’ , - t- - u r ’  ,I C u  t s j u t  (- a c ’s u ;  . .u I i - u s  — aS

— t_ t ‘ ‘I  - - i ’ ’ m t u t- s , ’ —~ - - 
- 

~~~~ i~ Is  Sut -~~’ ’ t- ’ t- s ’ ~u

d I ci t t  s i t - - ‘‘c d I m ’ ‘ c t - i C  t o t  i s  t- - I u  ‘ tt , - - -
- I ,- t t i s - m u ;

Ft-I - , ’.  — ~t o t r  - u t - t i - m t a t - I v ’I t o - I  1, - ;  I t h - u  l u t e ’; c ; ; j , e c . ’ m t - o t t  u t - S i

c l u a r a t -  t o t  * - uo ’t * 
~ ‘

For t : t ’ u u I  • i tt’ 1 NUI- ~j ’t- c t - m t  t u e . t- -l- t t u t u t -  t t t ~ m : e - x t  s’ , u t c  f~~ - I d  I s  i -u- -  t t - o  i u u p u m t  u - i  r t ’, u uum ,

c o n i c ’ ;  t ‘- t- t ut u it - i  — I  ‘ u  i t  t ’- i ’ teus tu tl I t s  t h e  C,’ s i t t , - ‘ I n t e ’t u . s i t ;  L u I -  I s  
~ N t  ‘ t ’t - t  ~~

.
~ “ s uni t - I  m t I f I  nice - u t : in I- ,’ ct - u 11 ot the i t - u t  t u u t e - t I t - i s  i m u  I at- I ,  I N I t t  i ’ ,’ aSt -’v t--

t- ’u u _ n e call on ii- are  v- i l u ’  t um u - ,’ t iC by e t  s-h  c- i l l -- _ -~~ In , -  ‘~~~ . i t t

-i t -m t r , i s t  - :NTRD ~~~~~ 5,’ u t - s e t - !  I s ’ it ’.pu t h u ’ l u - u t  ~ .- I  , t - -m~ -~~~; o t t  i t t  . u r u - . u v  t- - ;  u u t e ’’ : icu l

v o t ;  : i ’- i  .-~ whose t m u ~~t- - u s  s;’ec it  i t , !  mis  t u e ’ t I - ;  u t - ’ a ; t -~u t t - ,~s’ t : n  t ’s i ’ t- t I  I a i tt , ’

t o n . t- mt , ’ (A in t h e -  ,t t ’ csm ’ .’ ,‘x .c r um ’ ’ ,‘‘ ; t I ~, i n t e t -rv.t l d o - i  i .-l u ’ ’ i ’r t  - - I’,’ e - ’a.re ’s~~t , ’C

in ani’ of  : tue  I t- - tict -m ~: i v . ’-; I n  . \ ; - ; - - -  C u x I ’. U’ - ’ n i u r u t ’ . - ;  ~ e ie ’ t * ’ ’ - ,t  t o  he’ re ’_ u t - !

can he -v; ’r c’s c , ’!  exp l f c  ( l i v  or atm . c t u u  m t ’ t i ’r , Ie ’f t s sc C t n t  c t - l e t  i- cr U t h ’u , ’ g i v en  its

the b o t t u t  its a s m ~u m -- ;pc ; t in I t t t - , c a ll  u _ a  i t - - i t t  in,’ I ’m’ UI-l t ’ , !“ot r t’u t l ’ i t  • ( I t , ’ in t c ’ rp r e —

( i t  m o t u t  c it  t h e  t t t l r C  ‘ s i t - i  ‘ ‘ u m s i l u  , u r o t t - r -. - t u t  us I i ’s IN11~R i s e ’ su ; ia m m ; I.e I lv th e’ same atu

t t u , c t  f — i  I N I ’R P  e -x c . - i - t  t t t . i t  t I m , - i m t ; e - t v , u l  q cta nt i t it -’;; o t t o  e - v p r , - - - ;c !  ( t~ t-~u u , ’ fe ’.rttt

in w i t  ic’S ,— , i t - h  cndp o L u s t  u ‘; t o m ’ s  ,‘;.e ’ m m t  ‘d t- sv ot t~ dt’t-’ j r : .u i  ci i . ~ i t  ~~ sn~’’t - 1 m u _ s u i t  u_ m t - S o t

wit S a three di git ‘m l eus , - I  u ’v I ’oti. ’t i t  ,cs ,m p.’ m - i f  ted by i-”t-fl’ ( 1 ) t u h s ’ve ’ - Slu ic e ’ our

.111 
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CDC machine has roughly the equivalent of 14 or 15 decima l dig i t s  in single

pre cision floating-po int arithmetic , the selected value for Q should probably
by less than as equal to 15. The value of FMT(3) should not exceed 135 since

the width of our printer line is 136 (which includes 1 character for carriage

control). Above we have given a very brief account of I/O w I th the interval

anal ysis p a c k ag e ;  extensive additiona l details are given “v ~~,i5e ’  t~~~I ’ 7 t .

In the  remainder  t o ’ t  t h i s  s ec t ion  an examp le is pr ~’st ’m ~t * ’C i d - I c t i  I l lu s tr a t e s

the use’ a f  the  i nt e r v a l  a n , u l v s t s  ~~s c k ,-u gt ’ on ,t CF ’C C v ’ e- r 72 a t - - c t t t u t e r  and how the

r o n — t r t t c - r v . c I, veu- ’;  ion c-f a F o r t  r .un t - ’ r t -ic r , u uuu ct - i: ;  1 * - r io - 5’ I f  L i , st i -  p r o d u c e  an tn t e ’r —

va l  \‘e’r s  [Or . Tbt -  u - ;t - u t m ;  p r t -- u r- -tu-’ SP I . I S T  c c l  c t - u t - u - a - u ;  i n c ’s t I ’ U l S I  aufl t CI’ L N I

which  t - u:  t’ used t a r  sp I 1- - i- : - - ; m ’’:ps ’ l . e t  I t - n ;  prc ’h ‘ -~-s  . Cotm ; t ; t t - c l !~ - t - a l  det a i l s  and

analysis at  results using these’ ta t - mt Inc’s u - a t m  t-’e tot -tot - ! in tt t c ’ paper ontitlcd ,

“ Some’ N um e r i c al  Cs - r i p u ; . u _ u -  l an a I  F x p t ’u - ~~enc t ’ m,- t t h  a u l s i ; s ’r ’. , u l  A~~ u l v sj ~

Package mint - I  i~R’ RA N P r c’ pr  ‘ce- -i- ’ t- ’ r s-n Ct -sr t r o t !  2.i ;  a CvS~- r C St --: u s ’ ; Cu- ru ;’ u t - t O  r -i ‘

by t - t v r t -’si C u n t m I ’e ’r g and a v a i l a b l e  as r o p t - - r r  cc USL 1 It- ( Ju ly  191h) f r o n t  t h e ’

c i t  C o r i p s i t o r  Science .ut u : ; l m , -r n  t -tc - t tuc ’ t -I u _ c ;  I’ m - t v e - u - ; I i i  I~ m P,iIlcu s -

T ext -c s . The u-u on I i ;  to  r— a t  Vt ’ u- S 1cm o the  rt.t I n  p r t --: ~~0’ u s s! u _ I t s ’ .t t -  s- s ’ u m u p _ u m v i t-tI i t - u t - ” — - 
I

r u ’n t  u_ ne c ~ : - t - g  w i t h  th e  Ct - t v  I u _ F e ’  - o s  I t - m d  s , m  l a b  c ot u- ; r t -’ 1 ut a; e’’u I  s mi s  we’ I F  as

1st ;:s a S a u . t ; 1 t ~- xt - - - - n I  u t - -n ~~~: I mt - , i :s, s r u ~~’. u t - t- - ov a l  I m I ’ l t - - ~t t Ii ~~~, as is  u- u

- v s - u - S i t -’;; w i i t t  i ; ’m  i t t - t v  [ I s - .

m u ;  e ’r ~ - s ; e - C r i - t i l t - - u S i u s O t -  ml u S (  010  1 1050 t o - u ; I~i S  tt il c t-c’c - t - t ’  0 t l t s th ’u- —

i t t - I c’r v . u  I sod j~~t t - - u - m o - I  m t - - m s  i s -os  - ‘ i - h — m o m - u i - ;h~’ s i  rut - a ; t - ;  i t - s  . t : t t - i  d i i  I o t - c - t - t c e’s

I t  is f t  r st  s-m s - t e d  t i u t - c t  t he ’  d a vf i  F e ’s are su h s t .u n t  u _ a l l ’ , ’  d ’u t  f o r en t  ; t h i s  occurs

because It , - n o n — i n t t -’ r v s l  \‘e’r s  tot ’, r;s’u - e l y  req u i res a For t ran  compi l a tion  of the

source  pr csgrt --im w h e r t ’.us t he’ u _ s i t . ’  t-v .t  1 i er s  i o n  rc ’qutites , iii addi t ion • the use’ of

t he  F o r t  r an p r ep r o ce s s o r  At ’ u _I MI - NT and a large ’ c o l l e c t  ion c-f i n t e r v m t  F a r i t h m e t i c

- ~~~-—- 
-
~~ ~ - 
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s u p u o r L  r s ’ u t u m m e - s _  f l i’ j ob  c o - u r n - !  ; - t - u t m u t t e l u t S  u t - j r l u t e  u t u t s - r \ -uuu l - t- - u - s i t - t - : u  , t - t - -

i t - u o t t - c t -- n d  wit : ttu , - discus sbot u ; at tim , - s e- gi rt:: u _ tu g s u t  ; l i , -  s t - C t  l i t - m m , A l s o  u t --

}‘R~~~cA~I ca r t - i  m u m  s i t t - - : t - s t - — j n t e t rv a i  v-  s t - s t - :~ lm t -- m . e b l c ; t -~t- u _ u ;  u u u l t t t u’t I u m ! u s - s t -  ~t- s  a

sl ash t-~
;- t- - otrs in c o t l u r , t t - l t - $ t -  I l u m - P R tK , R- \ t-t ’ t- o-~~J f o r  m I t t - - h u t s - i - v a  t - s - r s i i s n ;  t i c

s i o t sh r a d i t -_ a t e s  t . - A l - t-~ 1I-NI  t h a t  it  is- o u t ; , - a t m i -:: . ; 1 ‘ u’ e l t t - r t l u s c u l t - !  b u t

in -m u t- ad - a pa ~s I an i t t  ,;c t ( b u t - : it-- It - ,  it- - e - ’~~ i t -  - it- c - m a i n  u t - u t -r~~ I I s -  r -

I t :  v - - it u o t m  - - u t s  - - :  ~~“ us ; ; l i e - l ; t e t -~~, t-. a ’ s  an c u t  S a m l  t u c  u ’ I i t - r ;

( i t - u- eu> ~eut p Ie- , itu~ I I~i t t - m1  t i -r u e -n ;  a ) i t -  n t - ’ t  ; _s :-~ - - i - s t - c t - sc m -C by :t- m I ~ t F N . I - :

t a t - u  s a t :- - r  t a c t ;  ~~; ‘_ : :  is  t-- s - ‘— ot- t - i t -  w t -~ am - . ‘ l - m ; e- d  uc: t- I - -u

a- - I s  s m t - l u  a s ° A t ’  -r  i~’t - l T !  it- ut - -u :  I u ; -  : - ,- t l  v : m ’ h ih  e t -~ a r t - - t t ~ir t- u t -Ot 1 - st a r a : m r e n t

t-~5 s e t - -~t - c ’  t o  ~~m e- i ; ’t e ’ - - ’ t -c ’ - i r s  a t- eu t  l u s t- r e  m t -  t- ~~~~~~~~~

~- rc  c ot  a t  the eg iru ;; . -tg  ci ’ r ; c  p r t - -~’r :uu - a—m d en c5  su b r r - .;t u n o  -nu~l ;t-
- - ’; t - u l l

a i r , gl e  i ’e ;c is  u. -;- f I- ~a; i t u g —~~t-’int  -‘ ;u _ r l a b  I es - u s e - ul it- cat -c ; r o u t  : re  are  d o t  ‘I a r - - sI itt

t h e ,t cc a r - r -crv lo g S~ [ Rl’AL s t . st o r w r t  . t-t- uc!: S ; o t t -r.s - - ’ts  ~ h-rr ~ r ccessed  by

AIGMENT Setns’rdt e a ‘ l~ t -l - ; t ; t o t r i en t  u _ u t  w h ich  each v t - t - r ’~ah i e is c t-to -opec in t o  a

var’able of It- me na ’,e name b u t  w I t h  an a J d j t - [ 5 n t - ( I  d I r t - c u t s  t a n  u t - i d e -ct as the  r n ,-

fi r s t  d imens ion of r i t e  o ri gina l varIable; t ’u s  actIon is necessary to provide

storage Icr the I c -~ e r  and u p p t - ’~~ bounds  a s s c c t-~~cC v i ; ’; each i t - ;e - -- ’; l  q u a n t i t y .

s - R~A ’. - - ‘ m~ -ru t- - u - ’u s  c’ c t - t - t -  ‘ ‘ ‘ i c  1-v ?u_I - - C N .  t- - -c ’ ~~~~~~~~~~~~~~~ - - r d I s c - .m u-m ,~~u—- ’ u-a -

al~~c ‘, v i i ! a ~~l e - t u e  ~‘sIS C o n t s  ‘ . l~ C .

Anothe r  a l ter a ” c’n of a n o n — I n t c r v a  ru -c ’ t- :’ r e ’t - u i r uu d to trotrms for ri i t

i n c  an i r t t -’r’c cu F v er s i o n  involves the r e — w r t t ~~t-tg of ari thmetic and lcg~~cal IF

S t t u t c r a 5 w h i c h  erm p c- v interval quantities. Since interval ariti;-r tic h ot s  no

total ordering , any of several  possible port it -it orderings could be used to pro-

vide defini tions of relational operators. iwo sets of such operators are pro— 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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vided by the interval analysis package — value operators and set operators. ;
_

t- 
-

The value operator definitions are as follows :

.VE. where [a,b] = ( c ,d] if and only if a = h — c = d

.VNE . where [a ,bJ ~ [c,d] if and only if they are disjoint

.VLT. where [a,b] < [c,d] if and only if b < c

.VLE . where !a,b1 < [c d) if and only if b < c

.VGT. where [a,b] > (c , d]  if and only if a > d I

.VGE. where (a,b] > [c ,d) if and only if a > d

The 5et oDerator  de f in i t ions  are as fo l lows :

.SEQ . where t a ,~- 3  = (c ,d)  if and onl y if a = c and b = d

.SNE. whe re  [a ,b~ ~ [c ,d~ if and onl y if a c or b ~ d

.SLT. where  [a ,b J  < [c ,d]  if and only if a < c

.SLE. where  [a ,b )  < [c ,dJ if and only if a < c ~Ji

.SGT. where ~a ,b]  > (c ,d] if and only if b > d
‘5

.Sc-E. where [a ,b j  > [c ,d~ if and only if b > d

The reader should note that for the value operators , if two intervals are non—

empty and with corresponding endpoints equal, then neither equality nor non—

equality of these intervals is true; in such cases the user could decide to use

the set relational operations.

Several alterations of the non—interval versions of IF statements are

present in the program under discussion (e.g. see lines 9510 or 9590 in routine

SPLINE). For examp le line 1580 of routine SPLINT in the non—interval  version - -

is t rans c o rried f rom

IF(XP — X(l)) 100, 170 , 110

to 
-~~

IF(xP .VGT. x(l))GO TØ 110
Ii (XP .SEQ. x(l))Gø Tø 170

in the interval version. The user must alter all logical and arithmetic IF

23
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S t  at  ettu e - u t f  s l u m i  i - t v  l u m p  l u t i  I v . t  I v u u  t i !  I t - u , . Win - i t  ( fcc ~- u  t- s~~~t t - u mn uuu t - u i t -  uui.t ~ t u t g

Si t s t i l i u m - ~~u , h1- tu t u - , t  i s . - i - . i i - i t t  I t - ’ - .e - 1~ t - t  t I t i - . lj ~~~t -p t t i l e ’ t- s~’i u  _ u t  t- ’u wit i c i t

f s i - t 1 , 1  l i t - (~ , t lii i t , u t  i t  f h i ’ -I,~( l u  - - -m i  i n ( t u e  i t t - - t i  - I t , !  i - i  c i i  s t - - t  u t - i t - i t

itt I F  - - L u t  i - t : t - - u i i  m u m  I l i t  t- t- ’ u u t  , - x t  o t t  I tu e p m  - -g t i t t - ;  s i t s t u  - l i t -  I I - u  o t t  i i i !  c i  t o - i

i s p - - t , t t - t  - u ‘ i i i  m c , i t i t  I v  t- - t , , ~ t i  L - t  ii’ - t i t ‘ u t - - u t’ t t i v t - - l v t u m ~~ t e I m t - m u u u  t I l t - - t i

, i t t t t / o t t  u t - i t - u . u u u t -  -
_ - i  i t i t  I _ i  c _ i u - u  - . - t ~~-~ su I i t o  - , - , u u l  c m  i i i - I t - - u t  i - - u - f t - I

st g t m ( t  t i . t u u i  lv  i t  i t t ,’ bo lm cc - u - u  i i  t h e ’ i n t o - i c c l  c . ’t s it - i t - u i - ’  - ‘t e ’ - s  otc~t a uu f r o n t

it ‘m ; t - u - - t- u - , u  i t -  i t  I e it m utteu , . u t I —

A - - l i - - i t - , -  ,;e ’t - l i _ _ u t  l i e ’ r i i i  t h i  a ~-m , . t  m t - - u  • t l t ’ u , t - .. t luau , i i  c _ t v  - t t- ’ p t o - -

-i— i t - I , - l , i ~ f t - -u r u t - m t - _ i l  o- i . u i t 1 - , - , m t -  _ t  t - t - ~~~ - 1s  i - — t t t -~~~t- ,Im , - u —u t- - u t - t - - um u j u t  u m m  $

- -~~_ u uu : _ _ I~ - - u  i~~- . \ - - i - - h u t  , su - u - m u s m  V ‘ 1 -  \ - i t  - - u s  m t - i - i l  u u -  I ~~ -to- tu t

Pt  t-
~~ 

t I t - u  t t- - t - ’ t t t  p e l t  I m ’ - m u - u t —  c u l t  - - - s  5 ( 1 1 _ i I t c \ I c _ i  - - t i s t u t -  m u I i i  t u t i t -  c u  I i i i  - _ 1 ot t  —

‘u : !  l u t e - I is )~ I u -u I ! s s  I l i t  i - u  v i  st u~u i  c u t - I  - ;  p m  ~.i i t - , - f m  u t - -~~- t - :  I - s - u t -  ‘ m t  I I mi - t u r  -

M
c m  - t -  t - - o -  u _ t i — I , - I — \ I - . _ — m t - -~ 0 l m _ u u I s - - i - u  - . u  m s u t -  i, t S t - ‘ u m 1 m i t e - I ; us

1 s t  a c t - i t t - i — i  1 : - t i - - , - m  u u _ t i  ‘ - u  s. I s - I t  u s  - c p ! _ t- i s  ~ C i t -  ‘_ _ t 5 , t - 5 t n !  t i l t I t - i  I

I ’  ,m ( - u- s t -~~- t  j u t  I lu u a - s u t  I t - u , - i t ’ ,  u - ut -  m t - - i t -  I \ ti ‘~ u -; t m u  v . - - t -I - u t - a  -I-’ - t - m i - - u t - I

iuu t , - u ’ , - _ u t- c- _ it I _ t i — t i - ~ l I s  t- ’ m o t ; - u t - t  I i  I s  ut-s, ~— I  _ t t - ’ ’ \ m  I - s ! s n t - I  i s m - !  I ‘ t a t  ! m t

t h I s  - t - f m l  , - t - - s - i u t  ,t u t - i  t i m  l u - u - s - a m -  t t t  i - -  - cu I - - - . iu , ;y ’  ~r c _ - i  I t t - t - - t  - m  -c u - - t i m e

tend t h a t  I t , - 1 t- -c_ - , - u  .it-tii up p er  - i - m s i m d s - 1  ‘t i  ( m s i t - ’ o l  v ‘u P  L i  su m ’,t- ! \ P r 5, ’ ’ u  —

r c ’s m s , ’m - I vt-- I c :m’ - i - s ; s  I i c i  • I t - ; , ’ ’ ‘ 5  e u - - a  fit 1 t - e - i s ~~m s u - t - , - t m  i - n  .

i - i  i s ’m-m - it  i ’ -  l ute  t m i -  • mut - u t i f a u - I- u I  I - s t  ot ’ t h e . s n - u i  - - ‘ - t i , ’ p u t - t -’. u , u u-  i t t i .’ i t t  ( I t -

_ - i  V , t i  p u o t g t a u u  • t I m e  u s er  t--~ ni it :  i i. t~~e’ ‘ e ~ v t - m - ,i - i -pc -u m t  - ‘V’s  S u t  ~~t e  st u p p o t u  t e ’ t-~ b y C t ie

f i t !  t i c  i i  , I u ’ . m  i~~s I ’; ~s , t c k u e t - - m a t - !  i t - e l i , a t l ’ ’ t- ; s  i u u t  i _ m v - i ’ - tu t u , !  I i , -s . 1  I l - u  i t  ~m I I  

t u t , -r s  ,It t i! t m t - - u i  t - l s  - l i m i t  t t - ’ u u , t -  u s  t v u I  t - ! - I s t  u t  I, ’ S. Itt o t s s u  s it - u- i -  I ,~ p i  - - c u a u u :

c_- c - i t t - i c ’ , - t i - ; , - t - l ~ I ’ m i  t u t - t - s  I t -  ~f m  t o t  ~ u t - v  u t - i t -- I mi uuu u t - i l- i - m utt mutt - i I s m t t - t  I t . t- - - i t t - t i c i l y  • a t

. t uu ’ ,  u t !  i t -  t - , t t  5 11 .uutt t- I i  -

_ _ _  -- *-~~-~~~~~~~ 
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From our dLacus~ ion above the user should et’atlze that to hangs his non—

itm terv al program into an interval version on CDC mach ines , he must perform th.

following steps:

L Use the j t - -i’ control stateumme ucts (or equivalent to invoke the
AU (.MENT preproc eaatt--r , i nti- it - _ i l ant -el y -- I - ’; package , and Fortran
comp i let’ -

F l  : i t - -~~ a si  . t m .h  in column 1 ~‘ I t h e PI~i I - - ’slt- ! S S ‘ t O r t - t n t  I

3, t~~t rot dum ~t’ an I N T F R V A . t - iot -• I ot u it ton it ’, each l o t u S  lu t e  f o r
a l l  r. t& ’,g Ic  ~- i - e’ t- 1 ;  1 i s t u  I li - _ i t  I t - i g  - p -  hut c- - u  t stt ~ i t - s  ~aud o - t r . u V s )

o- 5’P’l t t u g  in I t t , t  t t i - u t  j u t . ’ -

i . siu scuip i ’ m u l l  , t r i t  hme i t - - .tuiil I t -’ -  i at  I F  s t . , ;  omt ’nt  s t u ’ t - t- s i i i  m ug
l n t s’ u c - t u l  i ; n . t m ~~ i t  i , - c , t i -p lo -c u u p  F o r t  u - .tn r e - l i t  t o u t _ i l  -n ~- ’ a t - m s
wittu the .m -

~
- ( - m e p m  t , t t  i - t~ u t  .— t - va ’ c u lt , . ’ i - u  - a t i sp i  u t ; s a u ; .

5. For ‘ /0 i _ i t  ~- ‘c- ,i 1 - ( I t t - i t t  I I t  I t~ t; ui-me - t ‘ t i  i t t !  i t - t v _ i !  ‘ ;u t j ’ ; - iu r t e d
m s - I  I u u o s  ( l I t - l i l t - I - , 1 \ : t - I s t , I N 1 W R ~ i t  f l ue  u e ’ge t a u  F s - ’ ’  u -in I

-u i  - mu, ’  ( b it t  et-’ it  S u ; 1 - , - - - t u  i - s i t -  - u t - s r  I m m m d  , sp  I i i t m  u e - i~ t i - - - i-

t- - - otc_- ,’r l i t - u t -  f or  t u p p e i  1 - a u t m u d - - i s  I i t -  t t  in t . ’ t-v . i  I t-~ m u s t t - i t  i t v  t - u u  15,-

t- i; -u t - i t - I ’  I i~ I ‘‘

6. lt tt t i s t - t u i c e  ant ’ LIe -s I red i t i t i -uc ’ .i 1 i ’S  1 emttcd o t p er . i t  t- - t s ~;t u 1 s p s ~ t - i  Ci~ 1-v
t m , ’ u t i f  i t -  v i l  t - u~ m i - -

7. So! in-f s l u t  app uotp r I u t  - - i n ’ ,’ 1st -u i I L , i - ,i ’ 51 I I .  I u t - - t  t- t t t -’t i t - ’m it  :uum !
I t e l_ il I e ’ iug th  ( i n .’ Si t - I  ( m t - I t t - t t ~ - j s f l \ I t - - u  u S , - m i m I  , - r - v u l  c- - u  s i t - s t - u  of
v s ’tit program , i - & c p  t m’s; t u mt - - i i t - s.! t t i , u s f l i t ’  m u s t  i ’ I  c- .u \ i t  S ion m -- lv  m
qu Ir e  f t  s -rn ,t) t - - 100 t [ittps ( tsr  m -u ~ t ii , ’ , - x - -c ut -  - u s’: true ’ s’I t he’
flm ’ut — 1  ‘u I C t V ; I  I vi ’S s i t -_ it ’,  am it - i ~t~t I i t o  s It - -i api ’ rc’quu - - i~n on t l i - u -  a 1 1

c i i  I s i S i~~S r u t _ i  u s  u _ m i - u i s  t - s ’ ; d — i~~si  I m t - — ut ,  t l t , m t  ot t  t i m . -

t ’ , o t t t —in t , ’m c- . t I  t . - p s i - m c, t - m t  - i t ba mt i

A , - t  t he  n o n — i n C  ou c s ,  I p r - ’ s I r t u t i  has  beet’, convet-tc-d h i t s ’ su m ’ ,  i n t e r v a l  s o t t u t c i-’

p r ag ’  u s t  t u e  ing  - t  ops  I t Im u ist i pi t P , , i - t- -c - ,- , in’ \~ c - I I ! N r pr  ~‘ i u t - - s . . -um mu s’r g en er a t e s  snot her

j Fortran pri ’griurmt w i t !  cii tn votk e~ s t  i~ t- t~~ st ui s m s ’ uu t  t u t o t u -  p r e r v i  t - I t ’ sf i-v t h e  tnterc’.~l

m e nu ’  I t - -~ t - i m t -  i -~t i - k i ge i t t  or st & - t  t o  t ’X , ’s t m  - t h e  l u t e  t c i tt- ~‘r op t  m u m  - -

~~~ ~~~~~~~~~ -~~~~~ ~~~~~~~~~~~~~~~~~~~~ -~~~~~~~~
-
~~~
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b . Format of the Release Tape for Dlsttibut ion of the CDC Version

The interval analysis software is currentl y con tained on two CDC UPDATE

libraries. One librar y contains the BPA primitive s and the other libr a ry

contains all other routin es including the AUGMENT routi nes. The forma t of

the release tape is as follows;

7—track

556 BPI

KRONOS Internal Format (512 wi- ret blocks)

unlabeled

Fil e  No. Des-ri1~~~~

1 SPA au ist BPF 1’rima tives (Source Card Images t

2 INTERVAL and AUGMENT (Source Card images)

3 SPA and 8FF l’rimstives (UPDATE Sour s.- t ’ Fo rma t )

INTERVAL and Ai PiUNi Package (UPDATE Source Format)

Files 1 and 2 are card images w h i c h  can b~- no_i s !  by a l n u o ts t  situ ’,’ machitut’. Ft it ’s

3 and 4 t-ire to  he used with UPDATE to create new UPDATE libr ari e ’s. They are

basic ally the same as files 1 and 2 e’xcept they have UPDATE directives embedded

wi t h i n  t i ’om .

—s—_.—’——
_ ~~ _,_ ~_ t- r - .s,,—~_,____  __ _,____~~~~~~~~~~~~ 
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I i / c t li ii F I u N  (W IN I t -  i - t i / c t  A Rt i ’I I MU I’ I C
it - OR VHF CI1C ( t-

t WR ;o st Sfl- !’l -

7. Pr - b i e r n  : To ~o l v , ’ f or x the it nea r ~lt- t-i- t a  Et ’ suv S t ent of eqeta L i  ens

Ax - b

wh en ’ A i~ f u l l  ( n o n — u ; p a t u s a ’ ) m a t r i x .  Test data  for  A is
100 ~ 100 ca se f r om WES

(‘edt’ titi t~ I Slu t ui - I ,‘n t ’u u , - i -s

FOR -rRA N ct - il , ’ front WFS ct - t it .‘d P -II I’ S Slit! vu it t en  i-c-
F. T. I ’ , ; i,- ’,

Pou t - i t i is _mut t u m  - l i t w I u l  i ’ !u t i t - s t  i, st s i ’ i u u t - i i i i  I

l S t -’ i I N  -, • is FOR lRA’-l e- t-snu~’ ii or ct-- a - u  t t  cii c. I f  it no op t i  itt 1— I
‘_ t ;t - — mi ( 1  . ii  - ~‘p i  . Nt - - i s  t r i m , - :  c - i  I t - in t - i m m l i i  c t - i  t ( I — i - t i m

!iI’I\ . t u t d  RI’ F t- - o-’_ i - - - wet i u Ott - I m u t t  I itt -’, I I get s i — - s  it-- i - 0 - ‘1’
l i t  t r o t - !  i - v  i t ,  I r u g  ( i i i — S i - c ~~ N !~ l i i i ! t i - u t  i t -’ tt. - t ” c t  u e C i t e ’
( P (  t i m e ’  I t - s i  ,‘s, t - - I ~ i n n  , - ‘t - t -  let s!  I -c ( j r ~ o t~~’t I ii . Ttc~’ I N  i l i l t
and 1 NTWR rou t ju st -m m c,,’, i - e u , ; i - ,1 i_ - u  t It _i 1 1 va t  t a S i e ~ U - - i - I t t . 1  

-
tnt er r s ,  1 . I tu i- q uu .u I I  1. - m m I t i t ot Ic- i i u~ m r u t  ~— iv .,  I c- s i r  I ;i t ’ l , -~ -I ISI ’mt - t h o t  m u - t v _ i  1 i —~~~,- t s i t  ott  mm 1 1 , 1  o t t t - i  \‘Pl -l t t- i ei-’~t I t - l i - ,- t t u e  -

f l i u i t i m i t  i - i v u  I i i t t - I _ u - , t t i t - i  ru F ; t t ~~I CI , t , m ; j ’ i i - t I n - i t ’ , — 

~~~~~--- ~~~~-- -~~~~~“ - - ~~~~~~



Execut  u t - r u t  t limit ’ for n on int  erv t -t l  version :

14. 7 6 1  seconds PI’I t (mc ’ It- oxc Iu dt ’ s t inue i nvo lved
w i t h  i / O )

Execut ion time I or LIPF interval ve’rs i o n :

1139.21,1 seconds CPU t i m e ’ [18,99 mInutes ] (ox-.
c ludes t ju t s ’  tnv su Ivoc! vi t l i  I/O)

E x e’cit- t t o n  t j u t - t i ’ I or SPA I uu t e ’nv , i  1 vi ’ u - s

1 4 4 .2 9 7  seconds CPU t tuttt- [23.74 niiu’,utes~ (cx—
C I s _ i t !  ~~ t S- u, - I u m v  o t t  v i i i  c. i t  it I / 0)

c t  I L t - s u u s t -  : - -

I • ‘lice Bit-F i t u t o r v .ul  it- 0 i s -  i t - s i t  i ’j u  I i  c --u 80% t - - f tict’ execut j out into
t - m - s , ’- I  li~~ — -~ . i~!’.\ s e - r u i t -u t u m m i - u  s s ! u u s ~ ,~ t Cs ’ t - uu t ’ , t  i t r i m e ’ is t- su muds ,
( i i i ( m ;  t- -ouiu 1’ ir s - - c t - I t S  ~ ! - t o r  ~i - t ~~Si’ ant i  5~~I V !- e’o ie w i t h  u,ti.;s
d at i , )

2. T’ss. - SPA and 5FF t n t o r v , , l  v a t  S i 5 m i 5  t Ot,- %. 4 7 7  and 77 ,lu t -Q
am mite -l u (TI’ t ittue’ , r e - a m - c - s t I t t ’ ! V t - I-5 tttc f lotu u i m u t i r c ’ s u l  v t - r u  t o n .

F I u i  m compares w i t h  ~~l - l~~C s  5 .-umus.t ~- S . 0 7 2  fs-r tmt -C(~iM 1’ and ~
Ø t -  F

cotsio  s i m i  h i l t ;  m ; _ t msm ,’ Wt ’ -~- d ,uit - t.

I - l’hc BP ~ t n f c ’t ’, e  i~~ I t s r - the -  -mc e- ~‘mu m e ’nt s a re  -ct-i I sis -r t ’ri a t-t the’
c o t r : e - ’ ‘ u t s i l t - t -’, RI -\ I u u t i - m  c.t I ~~~_ 7 i )  t t I u t ’s;s - jut t !  n . m  ~c ~- c’t’
a iii’ t i  - t- i’ttt -- u-i s- l et t m  t i m  ~m -am m e’spotnd i r u t;  it !‘A i or C’! c - i l u-i on
the i s :  s I c t  i t - f  11)

t -) 
Le t  10~~~ - 1h i s -  t i-I t l t , • t im,’ di m s t  m : ! s t m t  ion

of m t  ore _i I wi t -I t it  t - l m  I I , - m , -u uc em; , cs  o c t - t i  m m  c i . ! c.’ L Lb I l ie - i t ’ s -
;s~~~u t - S  i n  c. i t  I t t ! u t ’ I t t  ~~I t -tl - . i um d t s .~ Vi- c t - s i l o  • _ i l t  t-~~~~_i-~~t- the’ s p i ’t-- i f  Ic
v , t i s s , -’ - i i i t t ie ’ h i t  o ~i- t I v i d t  t- t 1 i - t  i - m t c - i - u ; v u  u _ c- - - l i t - t I n
f rom it- - - t - . - at  t h e  I ) i s e ~~~m it - ut -u 5i~ VI- & s i s i - . liii djs; r S t u t  i t - r u
a t  Ri’ ’ — SPA i t u t  i - s _ c - ,, c. id t h u  i - s  ~ c l i -- si -t n m m S s i t  f t -si le swm ~

d i f  t i ’ C ’ i t i  ~‘ I t t  w i d t h  - -

i - I  / 
X

- 5
l i t  )(XXXX XXX! i~X XX

— st

( 
10 - X X X \ X  X - : \ X X  xxxxx XXXXX \‘SYXX XXXXX XXXXX

79Z 
/ l0~~~~ XXXXX X~~X \X XXXXX XN\ XX XX

IO~~~ XX XX \ XXXXX XXXXX XXXXX X

10 11 
XXX \X

10
1 XXX

~

- - -

~

_-— — -- -~~-
-- - - -‘-_ - - - - -- .- —-——-- - _ ~~ —~~~

_- - - - ‘
~~~~~

--“
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Observations : (cont .)

4. The distribution of SPA interval widths for the components
of the solution vector x is them same as for the SPA intervals
using the same data and the DECOMP AND SOLVE code. The dis-
tr i b u t ion i~ as follows :

difference in width

10—S ~~~~~~ XXxxX Xx X XX X

60% 10 XXXXX XxXX X XXXX X XXXXX XXXXX XXXXX XXXXX

~ 10~~ X XXXX XXXXX XXXXX XXXXX XXXXX

10~~ XXXXX XXXXX XXX XX X

10~~ XXXX

10~~~ XXX

5. The d i s t r i l - ut  b a u m  of BPF interval widths for t h e ’ cs - mt~p a n s f l t ’ m
of the solution vector x i t ;  the same as for th e SPA snterval
wid ths  as well as for  the SPA arid SN-’ i n t e rva l  w i d t h m m  f rom
the same dat:; used with the I)ECØ MP and SOLVE code:

X

10—s ~~~~~~ XXxXX XXXXX X

60% f 10 XXXX X XXXXX XXXXX XXX XX X XXX X XXXXX XXXXX

10~~ XXX XX XX XXX XXX XX XXXXX XXX XX

io 8 XX X X X XXX XX X XXXX X

XX XX

XXX

Sinc e the d i s t r i h u ti on  of w i d t h s  of i n ter v a l s  is t h e’ same for
BPA and 8FF c or s i s - n m ; , i t  is th e r e f o r e  ju st i f i ed  to use Bit- F
bounds espec ially siu t co BI’F i , ocm nd ’m r eq uir e  ~ c u s u s  e x e c u t i o n  t i m e
than SPA hounds (SU ~t- of  BPA execu tion t ime ‘ ct -s t h i s  I lr ob lem ) .

6. The compu tational results (x) (both iuiterva~ and noninterval
vers ions) f or bciLiu the C/cUSS code and the DECOMP and SOLVE
code are remarkably similar which it - somewhat r ea s su r ing  con—
stdering two d i i  f er e n t  cod~~t - u ( w i t h  s l t c ~h t iy  d i l f o n  i - i t t algorithms)
wet-c used on a problem that i-mt-ems to sli ghtl y i f l — c o u e c S f t i o n e d
(determinant ~ .361 x 10—2 0 and cond i tio n numb er ~ 817 t ). Pos—
sihI~ with a bett or C,~mt si it touted A matrix , the bounds w ith both
cad ets  mi gh t  l u _ i V e ’  i-c - ot t  t I g lu t  or t h a t u  the  order  of m a gn i t u d e
di at r ihe i t [on IoU j e t - i  t o t - I  in  ob s& ’rvt --u t ions 4 and 5,

The conupu t ct -h r eseci  La  i o r  x , F i s t ’ r e si d u a l s , in tc-u v ai widths and mid points
u-m t  x cinttp000nt s, m, us w e l l  su m ; CPU t j u s t ’ uu gs  I r e  g iven fo r  the nonin te rva  1
.mn d i n t e r v a l ( SPA and BI’F ) c- c - u si ens l u t  the  a L t  cd t - ed list togs.

_ _



S. ProS 1.-rn : lot solve for x tic. i i  sui t - cr  .u l  g e h s r s i  i t -  system it - f

equa L tans

Ax - i,

w h e r e’ A Is f u l l  ~n o n — s pj c r se)  ma t  rhi.
i t a t  d,c t st fo r  A i s  1 (1( 1 x 100 i . , c m , , ’ f u i r u t- WE S

Cat - l i  used ,c i t t - I  Ret i - u - i - i t t - - cm:

PECOMV and ‘-c~!.\ F t r ot - u t -  Commr j-t-m or “o t t ’;otd s I t - m t  M sc t ’r , ---
ru_ it  i t -  - u Ca r m t - 1’ u m t a t  m a ;t  us h i ’,’ O, ’i ’ i~~~o i- - F’;’ u m ~t t t - s ’ , II I i  - t mi - I
A - It -l i l i t -  i t - ,  • , t u i _ i I - 

- c c  F- . ~
‘ t- ’ I c - s  • F r i - r u I f o e  - - f l _ i l l  ,

1 rt-,’o- ’sb i i  i f  t i- , N s c t -  ,i, -t - m ; i ’v • 19 7 7  • p~
- . l~ l i s ’ - .

Cotn~I i  t : a : m - - u uu ;s t t’t e.’h t e’ht t w i’ s ci ’tlsluo ti -si:

The F UN FORTRAN ( ‘a n l - :  l i -u vt-l u-u umsed w i t h  no st -p t  i t - t i  -
- le t -ut  I . i- . a l - h  (t ~ - Ni t -ut  I t n t  e rn s t  I t - tutU t n t  ert-’;t 1

S 51 ,1 , c , m i ~ b-I  - F c is i s wi t -r e  r u n .  Ti ~ I n s - I I s~ t m sit- ut
won - s’ ’t - t  u t i n . ’si It - i- us ing  the SFC~ N0 fu n ~ ion  to r- s - i -
sit  r i - L i t . ’ Cit- P t t- ut - i c’ for  isuch r i u t u  cxc I imd  I u tu -’. t u tt t -o t i ’t
1 , 0 . I i u • IN  F I i ~ .t t td I N F ~~i~ n i ’ s m t  i sui ts wer e - t- i ’ ; u - i.! v i  t i m
.~ v . c u  i , uir  i -s d~~c l , t n i ’d i t n t  o t v ; u l . lute-goal tt v In—
vt -t - j i m  u r m ~ i n t c -rv i l c - i n t l - i  o’; t - ; ms , ’d t ict ’  i u t t t - i v , c l  st - p e t --

~c t ar s  Si- Q - VCT , VLT * Vi i ”  t o  l i - p  l ace’ t Ic e t i o n i u m  t c ’ie ’a  1

opet-r att - -rs FQ, T, IT , LE , t e s I - c ’c ’t i n c - l i - .

1(1

-

~ 
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~~~-- - -5- ’ --~~ -- -~ 

——-- - ‘
~~~~~~~~~~

--
~~~

- ‘—



E x e 0  s i t  t o ut Inn ’ f a t  u t o u n i n t  ,-r c - , i i  v t - IS  t o u t :

18. t-~~~t ’  seconds CI~U t tun e It- t u u s  1 - ,idcs c c l  is to DECOMP
and ~~ I.VF)

I xet - ’lt  je t -n t s - i’ - i t  , ‘s i t - c l c- i - ru m - : s u ui :

1.I~ tu . ~t - u i  st ’c t - ’mt -; i . i  , , S r~ n t - i t -  a s )  CPP t :ni - (includes
1 I s t o  It ~~~ Ct ~~t - s I  ot ut - I  ~~~ u~ )

I- x i ’eut  i s ’fl I t m -_ i- I or SPA t u t I  crc- si I c- i -u  u - u i - u s :

1~~S’- ._ ’ 1 7  ~ i’i’ s -t nu1m ;  [ ‘ u- . - t -  ut - u i ucu t  e s ]  CPU ~~- t - : i ’ ( b u i t -  I t - s d , -;
c t - i l l - s  t t- - I ’ i t - d~I 1 si t u5I ~~ 1 VI

Ob ’s t  c a t  t s ’i i - ;

1. The 5 F F  c u t  t - r c l l  c i ’u - m i s t -n re- sl it t t e t - ’ S i t- ’ tin e cxi -- —
d t t  m ot u t t - u t - m i ’ s s m ~~~t - l i i i  I t o  FF,\ v i - u u - I O : t  t m ’t- ’ pr,— s ’ i:s - C t - S

comp eL I t  t- v i -  hi - s m u t - I - - ,

-‘ - t-
~~t - i - ‘ A  s m r t t - m ‘ u ~ ’~ m i t t  e n  i-cl c- i -r ’;jotus~ :C, - S i . st-t s ’~ , l r t , !

s_ i .0 - 
- - u - u  s u m s - I t  t i n c  - m t- - t ~ poo t i n c  I i  - ~ s I t - C  t t , t - f l —

b ut t  eFi ’,c 1 i e ’n m- t o u t .

1 . Ib m , - SI’ C j nt  t- -rv,l  I -; ‘ - - u t h e  x i ’i er a - u t  t~~ :1 r e ’ w I s !c’r t i t an
lie s’or r - o t a l s t - m - s! t- u u - ~ SPA I r u t  i t - r v . m  I s ;  ~~~~ cI  I n i t ; , ’ i n —

t i - i n t l s l i , i c ~ - - i s’ : t~ i t ’ i t t - ’ , - I n  ct-- i t - i t - - w I t  Ic c t - s i r , - t s i s s - t t I l ung
SP- \ t i n t  i~~t ~

- .t  I s  t- - st I I : , - - ‘r leu  - 1  IC ’ t-~ 1s  I , f lu , ’
ii i i ;  t- l i t - m i t  I t - s m -  a t  FF1 — F \  hut  etva u t - i  Ct  1mm ; f~ su m-

t ol  l ows :

C I I I  i ’ i O t t t -  t ’ si c.:

- S
10 XIt -X\X X X X X X  XX

( 10~~~ N \XXX X X X X X  X X X X X  X X X X X  X X X X X  XX \XX \XX \X

/ f l ’ lC~~~~ XX \X\ XX X \ \  X X X X X  X X X X X  XX

10 11 
X \X\X \\\\\ \XXX\ XXXXX X

I ( u 1 
X X X X X

10 XXX

I i

—- - - 5 - -  - -5 -_ — —— ~--—~~~~ - — — _— __ — - - -- - 5 --—- --—- -5— — —
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s) h s t ’t v,it t ons : (cs -ci t  . 1

4 ,  The -’ d i s t n i h u t  i o n  s- f  B PA f n t c u v 5 ; l widths fot- the
e’ o i m u p s t - t u e l u  L u ;  of t hi’ a s,  lo t Ion c e~t- s ’ ’t- x is as tol  iowa :

X

10 XXX X X XXXXX X X X X X  X

~~~ 
1~~-b 

X X X X X  XI~X XX XXXX X XX XXX XXX X X XX X XX XXXXX

10 XXXXX \XX\X XXXXX XNXX\ XXXXX

XXY’ \ \NXY\ X X X \ X  N
- -

10 X XX X

10 10 XXX

- b b u t -’ U St  s i l - c u t i s t m  s- li lt- F j et  i -u n_ i l s t - i t - I t I ’ m ; I or L i t s ’
c t - sn - 

~st- s m  t- ’ m m  1 u s  5s t  t i m , ’ u ; o t  I mit I as s c- ,- t- - l o u  x is ; as f t - - I l ows

u — i  
~_

‘

10 ’ X X X X X  X X X V -  \\\~~X X

~~~~ 
( I O U’ 

X X \ X X  \X\~:\ ~ XX~~X \‘~\~~X X X \~t -X XXXXX XXXN\

10 \XX \X X\X \\ \ X X c X  \X X X \  X \ X X X

10 XXI(X X X)t -\X\ \XX\ \  N

X X X)
- l t ~n -

10 XXX

1~ e t- s l-, m m i m c - e t I n t - c t t i m e  d i u m t t l t u m t  u t - n  ct -f w i d t h - :  of i c t t e r ’ t-’_ i l~
is I m i  S , i t t t e ’ f t - i  ‘I I ’ -\ and  5FF \- - U a i t - ’it s , I i i  ~‘ m ~~- t t - i  m e  t c : r t l u e m -
j u s t ,  i f  c i n g  th .’ ci a ‘1 ‘l!’F b o t - s i u c ! : ;  u ;  i t - u t -- c ’ t h e  t iP 1 h t- - c _ i t - s I  s
a iso re - q s m  I r e  1 o m s u  i t - -t - t~~’ i; t i o u :  I I nrt -’ I ‘rui n SPA ‘- o t t - m i n t - i s  S
t-’f SP.\ s - i t -  i t -  c. :  s i :  t s m-t i ’ f - u  I S  us p r ob l em)  -

I t - . ‘~ t cilt - si -r i ’ s - t ic_ i t I St c ~- mu--  1 i ’ t - I  c- _ u l u  o st- f  t h& d o t ,  t -” u I :m.u i t t

at A i s  i l l  ~~ , ~i-l x I C  ~~~ t i m  m 1 S t - ’ ext Im ato at I f i t - -
s’t-t - nd  it  m t - a u  u i t i n m ’ r s e’r ix  Si i t -  is  t , u I r h- 1_ i s  ge , t i n  us I n t - b I —

c.u r i n g  ss-~ni- I l l - - c ant -i i t  ~t - n u u  m I n  t b u t ’ t ’ro t l t -  1cm

The compe l L et - I u ( ‘Sell F us t i - n  x • t l m i - l ot ; 1 d-m, i I s  , b u t t  otrva 1 w i d t h s  cind ‘t IC —
pit- I s t t  s ‘1 x component  - t - t ’ ;  v, I I  ,u m; C i ’ I)  Int l tuc us ,n i i ’ g h-en f o r  I t - a
nouu lus t e u c , i  - d j u t  i ’u v ,I  I (flU st i l t - !  Sh’F~ c c r- s t ons  isu l i st ’ .i t t s i t -  s~
I l u s t I m t ~~u;

L. -~~~~ - — - 
- LI~
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‘9 . Pra tt -l e n t : To solve for x lice 1tu~~~r a l geb r a i c  system 01 equat  lou is

Ax - b

where A Is ap au rm. - .

Te8t da ta  for  A Is  10 x 10 1- lo t s~k c it - I  i . i i i t - - u t ; t i mat r i x  w i t h

10 x 10 b I t t - k s  wltt ’re

A

w i t h  

~ 
[ l  

— I  
~

C - 

~~~~~ ~-l-

-‘ 

-

~~

~ I— i , ~ t-~ I
—

‘5
-
~~ - s

L -~~~~~

Ct - t - d t - L sS s ~;I , i t t d  N F I ’t ’,’ — .i 1 s t - i  ‘ i - i  n i - c l  t t - ’ i vS 5 t -~~ i t u s i t; us t - -~ir s a  C ,i t ~u - - -s l i ii e l
u c i  t- ’s t ’ t - m s O u  - w I t  b u 1- , m c t I sc p u ~~ l ug  , n u u d  w , s u s  w t’ t I t t s t  _ i v  Autel - t- - u ,  ii . ~~u t ’ n ut -m i t - u

( I n c m i ’s m ; u t  v , - I ,- x , t s  A t -  I I tu~ . I h i  cs t -dt ’  I u s  u - I  1’d c u t  N I - U  I : A
F0I ~I K \ \  ; r c u t  t m u i  I c t-- c u s  , u t - u  i tu  1 c m i  u s u m  c I I
U i  vo l  c iu ~ — h e p t --u  I TE - t-~’ • IS ’~- .o 1 : : - : :  - t  C t - -:-:ot s m t  ~~ a m ~ - m u t - - e-s m m  - m m t - i t  \
it- I I c ’u ’, _ cus  

• -~ t u t - ; t Ut , lox us , ~~; n i ~~t-- l o t ’ ?  _ A t ~~ s i - e ’ , A I , t a m t t l t  I i i

5i :t t - s i ’. s - _ it -mus t , - a I m I t  I n us u t - m a t  I t - - u s i.,’ I t I u  i t s  I t _ i I I ’ i V s I : u u ~ , gc~~ i t- ’ m  t N t- - -
U I t  Cl i ’ t; - b-I ‘ _i I , ’ , lt t _ 1 s u l u :m t ’ u u  a t  Ci ’s - t i - t u t  - - u t~t- - l i - i - - - i - , t’ tu b c - i - u  - s  j  V st - h

1 1 1 u t t - i c m ’ - 
‘‘ tt ’ .tu n ,m , 11 1  mm ut -’u u; , lQI’ m • tist - t ls t e - p s ’ c t -  Wi ’s e w i l t  t o u t  to,

And it -v h i .  Site—su nt an •

-- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
- — —  

~~~~~~~
-
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it-lou t-u t i - ,, m u m t -  s i iuj e r w ! m i t - l t  rice I’TN 4 .t- 1-s t Ri i-I t-N ‘t-’tscp t [i ’l w , i u .  u - s t - b  w i t l u  nt-i es p t  i m i ~~st I s - u i
Le st  vt - I s  c t - - m u s h u s - t t ’J ( I . e .  t- ’1t- t — Ot -  • Nt- - u  lus t i ’ m v a t  _ i t u i i t - s t t  c~ s c t - i l  ( t s a t  it tilt -A and

RPF’ ) c tu 9i’s  v o l t - n u n . ~ i u t - 1 t - t g  t igsi u ems s.- i - i  e- t- -t - t5 ctned by ci’ m g
t h u e S i ’ t~Wl’ t o u t- I t o t - u t — t- t~j ’,u m ; t - i m  it- t I c  i l l  I t t - uc ’ I t - i t  ~~_ u s h i  ru .
ext- 1 cud m i t  t-m I I u t- u ,’ I t - - ’. 1 - 0  - l I m e - 1 N 1’WR I- t i s i t  I u m ~’ v, ls uus c’d w i t h
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Com,~ u t

N u n i u n t  eu -c-a l t o r t -  ;on~ f t - t -r  Ax S

Compu t ed values fur x

(
5 

.68300000003b455opt O
ttuncated .8.!930000000399C,
ar i t S t - m i t t o  ~ 0s t

~~00OOO00Cd iC t -

~~~~~~~~~~~ 99 Q 9ç qt - i~~ I n -

c •84:-c-m~ t - tt; t -t q~ 957~It t-u r i :

t- t~ t - t h~ s- ’~~ It-  - t- .OC~~~-t-~ t-~ t -) s i t - n Q i i 9 t) 8 t -~~1

i s t -’t-’, I : i t , ’ i i ’_ i t  \ i ’m s i t -~ m i t Ic’ S Az S + c-It t -

Computed ‘,‘ t- c lu i ’us Ic -i x

(5 1. O ) C C l i s ) i ) m ) i i 0 ~~l Coopt-’ O -
t n _ i t t - c a :  c- t-l — 1 .  OOIt 000C300C i;
a r l : c~- - t~ 

- - ~,, 1 -
5-’- — J t - - u-

~~ 1’ \ ~

~opt_ -I’ -

n t-mi_ i_ id t- t - C — . Qqqq99uq 999~~l 3~
ar i t !t s r a :  I a  

~t- . 1 3 3 2 2 ’ 1t t- ’)~~50 A Q ,~

Cc ’n ps nt_ i ’  t u ’tmal . va l_ cu e st -f t-b t’ t~c r u - ’ b t m _ i m m t  t-t - f  mit- . ( Q i us~Q O _ i t - u m Q Q 54 c ,

FIs t-t - s ’;_ i: t ’ em cst - m ns ljt lain number - ‘i t- A .lts- t - ! t-m t-205-t -sI- - N 10 6 .

*No_ i u ti l e t - e v t - tl v e n t ;  le t -mit ; c.-,’r,’ mi l u s t - - run ;cmit -l~t- u opt I • 2 . and 2 IJ O w i t h
r t -t -u rns l  t- ’C t-t ut d t m- t u u u t - - ,t t o -  t -t -r t t l t - i t - ,- t~ ic t rou t-- ,, n t -- t - ! r t -- sm u l t s  c inder  a l l  opt  tons
gi- ivi ’ t \ _ i 0  I t ot --s m u t  _ i s  d i C  m a c i t - n t - I~’d r~- mi t t  I t s  o nt -I et-r a t - I  Opt  Ions . 
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Compu tational results: (cont.)

In te rva l  Versioiu* for Ax b

BPA computed intervals for x

(— . 6800000027 4032 , — . 6829999 99 77 50 20)

(.842999999762525 , .843000000291192)

(.00599999999922828 , .00600000000094667)

BPF computed intervals for x

(— .683000000277098 ,— . 682999999773805)

(.842999999761271 , .84300000029 4467)

(.0059999999~s922420, .00600000000095733) t

BPA mid point  of x l eng th  of x

— . 683000000024525 .499010610610640 X 10~~
.843000000026558 .528665111687587 X 10

.60000000000874U ‘-I ~e
2 .161837544193290 X 10 11

BPF untid poin t of x length of x

— .683000000025451 .503291630593594 X

.843000000027871 .533194821628058 x

.6C0000000009077 x io 2 .17 3311365259110 X lC~~~

Total CP’iJ time f o r  BPA version m~~- .198 seconds

T o t al  CPU t i-re fo r  BPF vers icn ~~ .164 seconds it-

Total C”C time for  t s ’v_ i l version~~~~,(J05 seconds

*Int(t-rval versions were run for BPA ,end Bit-F under  o p t = 0 , 1, 2 , and 2 1—t O

with rounded and t runca ted  a r i t h m e t i c .  Truu t-r~’nte ’iI and rounded in terval

bounds were identical under all options for BPA and likewise for all

BPF versions.
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(‘cu tup_ i  t.ut i t - - t m _ i  I u c’suu It ii : (C s i t t

I nt ci v_ i l Ve’rs ; s , u t * I t - - s r  A. — S + t-~lt-

RPA s’ s m u n l ~ m mtt- interva ls f o r

99 9i l9i~i) 9 i )~~., 7 ’  ~~ - + , 1 .00000000(111 t- 1t ~~

(—1. ISRiOOI 1CCOI2800 . Q q q q y t - lq 1 ) - i , ,  
~s( ,  ~6)

- 12 — 12(- - .41 61i7 -00t-.11075 X U) , . 1’58 u9 12/ 1. 2 1 /8 X 10 )

14 }’l- c ’i l t ’ m p u i t  c~I tuute’rn t-’.u i s  I - i

1 
- i t u ) 0 m ) 0 ist - t- t-~ S I  2

(_1. t-)0li (t(t u l)i 5(s I t - l t s _ t , — - t-~ i ) t - u i ) t - u i ) i i t - )i p .1’ 139)

( , ,  t - u q~~~7~n -i 5 m u i 1  i t -u x 10
—L 

, .n - t - ’- i  /~~i s ’ouo~ x lo
_ 12
)

RPA itt 4 d p t- t -  I t - u t  t- - t  a I e ’ u t - - t i u  of a
t t t t- t ( - p ~~( u 5 u i - u - t  I I t t -  .1 ,‘I.IIb t -~!7737886 x lo

—1.00000tbCOifl) It t - St .18,’ t t - t - i t i S t 7 0 , 4 72  X l O~~

. 1  i t - ) sms l4OS t , t , 7 : t- 34 9 N 1P . ~ QI  2 , , 0 2 / 5 ’u 14 -  X t O ’ ~

nu t d 1 i t - n f u i t  t-~’f  t- ’ I ~~~~~~~~ ‘n st- f

l . f l O C P O O i t - u l u i O  l ,~~( . 17 6 2 8  tO 1 I I , n l l  x
— I  . 000000000(1 b s t t -~ . 187 1’84 8t - s t - + 2 Q 1 h47 x i t -

— . 1 1 7 :  \ q ’t -s~~~~,~~~~, - : u  ~ N 10 1. 
.hl75)4 (t- l i~l~~Q()~ X 10

’ 12

i o t , u i ( ‘P t’  t b u t t ’ f or  BPA v , r , u  i o u u  .1 9/ ‘ u o c c ’u u i ! t - ;

Tot a I, ci ’(: I tun e ’ f o r  SOb - ’ -t- i - i  ‘u f c_i u - 11 , 1 S c O a t i d t - ;

I’, ’t , u 1 CI t - I ’  t jut-u’ 1, -n noiitui torv.u I c- ,- u ’ -, l it- i t - . 00~n u ; i ’i’ i t - t 1 -~ t - ;

~l nt orc- ,u 1 vets I i ’ m - u t  wer , - t out ft -i r IIP4\ mind ~ }‘ t- ’ t inder opt  ~O • I , 2 . mu nsl 21’ 0

wi tl u , , s i n !  i ’ ,I uunst t t t l t u s ’ I t  i’d .i i-i (hint -  Ic ; t ru nca  t e d  and rounded I n te t ’va I

t io u i u u t - t m t -  t i l e’ I - I c - n u t t t - - ,c 1 un s t t ’i  a l l  s t - p t  1 s t - m u m ;  f o r  lIl t -A and l i k e w i s e  lot- .111 Al’F

vi t - s I t - s i t u ; .
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Ohqerv.i tl ’~nns : ( t -  s i n E . )

We note’ part ts ’u l 4 i r  i c  I ci’ tint ’ 1,1 rc- i -u  c oauit -cn ( ’nt ii of is • the
abso lit t o  v_ i lu . ’ ot  t t u t -  t , ’ I t t  Ic - O c- u  ri-s r i n  I lu ’  m i d p o i n t  of z
jç  s t - t i  t I _ i’ s.r I , - i ’  o f  ‘~‘18Z (I, , . t i - u  l i t  u t t  z ci’mponent 246%
at-cd i s ’ u - s t -c s - i t t - i  imi t-u rup o icent  _‘l ~~‘ t .uncl t h i s  l u  ~ ;nised by a
.1% var tat I t --u n Iii the i j  ~ I~t I i , t i n t - i  s ide of t he  or I g j n ;i 1 syst em
Ax -h - ‘I list ; I t l ~• itt [d pe I nt~ t-~~I (Itt’ t- - t - t -m n ip s luu i ’u , t  b u t  erva is a u i -
better indis’atinrs cit E lu t- u n m u t - i m i r ical di f f i c u l t y  than the
wid ths s I t  I t i c - s e -  lnterv.u Is.

I- , Flxcuuujnat U t - t i  of I h .’ m O n t - s t - s  i s - I t ’  “ , i  l i i . - i t - i  t he  n i ’ 1 at  lye eru-or  f o r
tht- a .‘t l u e u ~ In t h e  t t t - - i - i n t t ’rc- , ,l  v t - - n - - lI on i t - I  (S i t - -  i ’ l - tc ’m In -

t -t t c .i t~~ u-~~~,i~ t - - i  t- ’— t - [ n u ; i t , ’ i v  I ! , ’ u s - s - - u i  c’a t- , m s ’ut C i v c t - i m  j f l  st- l u s t - - ,  s- , i t  i t - i _ i  ~
above w i n e i n  t - ! , ’.d u t -~ t-~~t I n n t m ( i 1 - s i n t ’ s  c i  t t - s, - s~, n m a u  i t  ~~~~ ‘ t- t - h i r  I s - , u
I n t er m ’ s  1 - u , Thu ’; S m , -  i s _ s t - u t  i t t  i ’ i  c- , m 1 so m l  i - - , n  w i t - i  ~ - ,u t- ; u,s- s c t - d
u t  I s u i l L  1 - m  - s t ~ u ui  u - ~si ~ i,~ i a 1 ,l I ‘ t i t - i t  1 I n  s m u t  ~ t t ~~ s - • ‘ 3 i m s i  ,u t’

a t  ( I t o  m m u t . - t ’ c- , u l  u s c i u s ’ l - ’ t~ nu t !  k i m -  l i t , ’ si ( 01 ’ b  , ,dv  i - — t i - - c ’  , -  u a -

t h s t  I t -  ing 1 - mt- m i ’ - ti nd ‘ - i i ’ u~~t m - -~ -

7 .  N ot e ’ ‘ h i t  t ’m i -  t i - s  t i S t - s i l u ;  m o s t -c  i t - S I  c - I  u t - H I l t  ( 0 , - . l u u  1st-n u s - c
.~t ( u i - I s ’ s 1  I n  S i  ‘s I : u t~ I i ’s i~~ , i  I . ’ c t - u i~~s , ’u 0_i  - it , ’ - - m , - t -  , ‘~ I C  I
a ’ I u I c i u  s t u l a l t s t- c t - s i ’ t l t i ’  u s - ; ,  i i n to  lnc ’i l i -v 5 nmg t ’t - , i t  t i m , ’ u n_i I t t - t m
s i r , - c- i - r n -  1 s t - s l u m  s i t - ’ . I t - t - i - s u - - i’r u s l m s s t m n l I  m i - m I )  ~‘ , - t I - s i t  1 s t - I  i i i
s t a t - I t  i ’ i m c d  l m r i ’l ’I  , - mu _is  — s u n s ’t u  u t - s  ( t u t u  - ‘i t t ’ ( u  c- :, 11 H i t - u t  I 1 t t ’ c t - s t  I —
m ;u t  t-’ s f  t h i ’ ca ,ut - I 1(1s t - ic  m t - ; ; u u - t ’ - ’ u  i s  ( s i  

• I ~i’~ — - ‘ t - - , u  I I m i - u .  t- t- - i i , u I t - —
s i t- i i i ’  I I it s m m m l  i t u s i  t ( h o  C s lt n t p n t  i’d iS_it- t i m  1 u , ‘ u u L u ,  s’ I  i ’ u - , ’ - -‘ t lt c

eX.u c t  st - ’ h i t  I c u ’ .

8. The I u n t t ’rV:l I -mc i n s t  f a i n  c - c ’ t ’ t - p mu  i t- ct  fi ’r ! is~ per t m i r i t - , t - d  1 t - ’ - t - S l  c,m~
( i _ c .  ,- i s a — h t - ~ 1t - t- ‘ i c R m m t - ’ t  w .u t ’ it tO u r’ t m - m t - n ’  sn~ n u t - u ’ s . - ’ ’ n - s i l t- t~~~1 %  i~’~
c_ il  t c-  u u s , u  i t t 1  —,‘ t t - , - a , s u u u s i t -  ( I i i ’  u— l i l t  h u u -  ~~i Itt’ i r - : n s  I t i n t - I  t i ’ 1 1 - s t - un
ho u i t u t - i m t  u i  cu - t c a ~- i - n m I , u i t  mi ~- s iu n 1 s ,  u n i t s - u I - c ’ s  — tvp ’ — s i ’ t - m t- it~’i I tm c ’utt - I—

c i t  ,tu I tiuniet Ic’ i ’3 ’c ’m.I t touts iiuvst- is - c- si t i n  the’ 1 i i t i ,l i’ t ’ cl u t-l I i s t - u l

solves i t - i t t  dii  t ic t I sC_n e ’ in t o  . , c a i t - s u u n t the s’ s_ id  i t  I i ’ ’ -  i t t - n o - i -n  of
t he  atiuuiti’ ix in t i m - ’ p s~~t - i t -  l e nt- n .

9. The u t  t m u c h , t - d  i f  -~~~ i _ i t t-s f i n  S ho m it t  - m s t  i’rv :u j  , I t - A , nnd  illt-F
v et  — u l , ’nu u ;  e’’~ f l - I  - s~ —~~( t i’’~ f l u . - Lt- t 1 ’  n mu s i l atm t- 

3 s . - i ’i  s t - s - b ’, ’d ( ‘u i ) ! ’ i euitt -s
g 1_ v . - t ~~~ - , t -5 i ~ 
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lIsting I’he numerical behavitu u of these qusintit ie~ is discussed
below .

Observations:
The distribut ion of interval widths for Y and Y ’ are given below
for 8PA and lilt- F versio ns u t  t h e  4 — p o i n t  and 10—point cases .

1. Distribution of interval widths for 4—point case

A) Y intervals for BPA v~’t sion

Interval Width

XXXX X X X X X Y  X X

lo ’~ XX XYX XX X \151 XXX XX XX XXX X X

10
_ t i  

XX

o x
B) ‘V t nt r t’va ’ us f a n  BPF ‘s’st-t’ u;j ou’,

l u u I t-’r ’s’ u I  W id th
t u t u X X X X X  XXX X N X X X X

XXXXX XNI ct->H, XX XXX X X X X X  X

10 13 x

0 X

C) Y ’ interv als ft--sr BFA vet m t _ i n

Interva l Width

xxx xx xxxxx xxxx
XXXXX X X,XXX X \ XXX XX X ’ (X XXX

if) ‘V ‘ 1 nI .‘r’s’u I s  fi t-r 11FF vets 1_on

Interva t- W idth

lO ll  X XX X V X XXXX XXX X X X XX
i t )  X X X X X  XXXX X X\XX X XXXX

T I .  Distr ibution of interva l w i d ths for ( I f -  pt-f nt c_ is”

A) ‘V inrervn ’t- s ft - sr Bi t-A version

l r n t er v a I W i d t h

io
8 

XXX XX X X X X X  XXXXX XXXXX XXXXX X ” IX XX XXXXX XXXXX XXXX
— 5_i

I t )  XXXX X XXXXX XXXXX X X X X X  X X X X X  X X X X X  X X X X X  X

10
_ ,_ 10 

XX XXX XXXXX XX
10 11 

~~~
— 1 ~’10 ’ X

0 X XXXX XX XX 

-~~~~ ~~~~~~~~~~~~~~~~ - 
_ _ _  

_
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b) is f u i t t - ’u ’ v~i 1 ’  li _ u lil’F’ v.’u m ; i s ’ u t

X Y X X X  X S t ,’ \ t -\ ( 5 ( 5 -  ‘ 51 ( 5 X \ X X X  XX
-‘it-iI C  (5Ic ’s(’ \ (5(5(5(5(5 I’- ’ ‘ ‘-H V X X XX XXXX

X X X X X  X X X X X  \ \XX X ‘ - - X X  ( 5 ( 5 ( 5 ( 5 ( 5  XXXXX X X X X X  XXXXX XXX
10 X ( 5 X X \  I~

10 11

UIi t -  X

() X 5 1X X ’  t - t - \ \

~ f is ’ i t - u t  c ’rv ,t l -u t a r  fit’ 5’t- cs t- - - - 5  a

\ ‘s~- i \ \ \ ‘.~ Y ’XXX X\’IXX XXX,~X X XS

10

‘ ( 5  -“ ( 5 ( 5

1O ’
~ (5

l~f is ’ i-- , t - - :v , slts I - u  ‘ ‘‘‘  ‘, .~~‘ td t- sn

t - 5 5  c - ’v ,,ci W u - I t it
(5

0 - \ \ X ’ . X  ‘~~~~‘‘  X X \ \ I - . \ c x X \  V V ~ :X X  \ \ \ \V  ( 5 ( 5 ( 51Cc ( 5 ’’- ’’  X \ \ X X

10~~ \ \ \ t - \ \\ ’ ’ t- . t - ’ \ \ 5 ’  - . ‘ ‘5 \ : c . \ S t , X \ \ \ \ S t ,c \ s \ v \ ’ s \ I c \, .~\ \ , \ \ x x \ x

NX’51XX X\,’s \

10
_ l i

1. 1 - ~-s~-~~~ l~,t- ,i’,_i i~ i i_- si t’i ’ t - ;-,s 1 to - - f l  ju) , -  s -v_i I vi d l i i  , I - s ,t~ f it-u t u s t - u n - ;  c i v  , m u i _ i

I ,nnd I t  , t I - a v i - 
- Wi’ - , u u  ru ii_ s, 1 -- - t- ~ ~ t- t- - ni--

s u )  (larspir I t  6 — p o i  tnt  is si’ ’ is’’ 1,/ I t- us - V ( f a r  1 - s c  0 5 - ,

‘ s _ i - u  s1 m ’ u u s t  f u n  1*’’ ~‘a l  ~ V 5 -  V m l - - - - ti i t -  ,~ - t -  - U - i  ii ~ s. I s  in I u t - u t ’- i’ ’ t-’u  i - ’

pt - sn ’ ;! ing is - ¶ u t - I  c -u  S Ci u - 1 t - -t - “ 1st -i , - (5 c’ ;u I i :  - - u t - .

h) (lc ’nsi ’ .m t- ’ 1 rug i t  - it -s n t St , i s n t - I  ~ ‘ w 1_st t hu t — m - , n s u u i ’  .i  ‘, I~i - s  ii i I, m ’ \- ’’ -

c ’ ) Cc ’s- - “ t i  t i  “‘: 6 - p t - ’ I t i t  is i nu t - !  11) 5 - - - I t t -  - u, C t  l a ’  — w f  s i t I t~ . s n  i - it ’s . 5 ‘ lu’ s
f t - n ’  1. -~ o,im,. - t I - -tnt -sr I - ‘ p ’  i t s  - - - - s - c t- - a - -  1.5 - 1 11 . !’ -is , l i l t -
d i s t r i l , m t t  t o n - s t- 

-

c i)  Ct- ’u s t - , ir  lug 4 — - s i ut  ‘s , , u t - ’ I s )  ‘i t- s m u t  is ‘ w i t - i  Li t - s  — a., - , - a - - I i t - i  c )
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j i m a  I p u t - f  I I  - s m u t  I s ,’ (sic, ’ 1A — 1 ‘H

C t - t s -1- snn - i - u p  I I )  pi t- l i n t  ‘V f o r  R-O \ , i u ,  m u ( ’ } - ’ c t u t ut - — BI t - i ’ s — f t - I t t m :

itt-c t - s s - - i t - - f I , ’ i - - if - I ‘s- u. [cicu S t - s i su in  ‘ u t  u , . ’ (, m s c c  I I ’ S , 1 l O i s

g’ ( . st-st - u
~ ’ t ’ i t u  i ps m l  Y l i s t  515,5 i’s.: t1~~l’ c t -- i ’ . i -nn s — vu - t v : . ! ( g l ut  i nn
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Obsers ,-;. t t i _ n i t - a :  ( c ’ t- ’u t t  .

in) Ccsm 1t-j r tug 10 pt -i lust I - t i - u  131’A ,citd li I ’F Vt- i a’ i_ u :; - more i t - c - s t  I t’ cable
Inc tea se j ut - wict t hs I or 01 F t- ’c’ ,- n  11FA l it - ui- , f i t  - ‘s — p i t - i i i i  t- - , c a c ’ (set -
l i t ’, liD)

2 ,  1h’  ct - h s , - t -’s’ed lit - i t’ e_ it ;c’s in  t n t  ,‘uv .u I i. t , I t  l s u  isu , ’flt 1 st - i t t - il i n i’ t- t - uu u 1t - , u u  ( s i t - i t s
c , d I , and ii at  c t - i ’ s , ’ i ’ s - u t  i~~ ii 1 ,i i’ ‘ c t - ’ ti n a u c - sc a t - - i u , c l ’ l , ’ c o u t - s i  ii a u i  u t-g that
moi a compu Iii t i _ i n s  .u i~~ p i t  f i t - fl in t -i_f f_ it- t hem I t )  - j t - i t- ( i t t  i’ si : s c t -  t h an  fi t -i th e
~ - l’° (i tt t-- , i s ; , ’ - thu -i wi  s teut  I sss t - t - u . ’ - I  Iii.’ conu l’ uu tail t n t  .‘rv.i 1st .

3. lI t - ,- wit -Iths c - s t  t h e  t n t  ,-u sc’ ,u - 5 _ i - i t - _ i’ i t ,u i t- s- i t  it is’ s u i t - s t  is ’ i_ i i i  t i s , - t . i%n gc i_ s

1,0 t o  t O  - ‘ - is mt - ,ik, - 
~
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Fo r-,::m u’d Sumrnalis:t-ru
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In ~~er ’; ; I 1  (BPA) ( . 87 4 9 9 9 9 9 9 9 9 9 ~~~9 , . 875000000OO0224)
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Fli

‘aacl-: ’,; arci Ssssms u’t - t - a t i o n
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lu t - tE’ - :H. (B PA) (.8749999999999t-51,.875000000000004)

Interval, ‘~
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Case f r  = 1O. fl

Forw’sct- Susszu’satior

n j l t -t r - r v a l ,  (s -  r , ’ale p r e c i s i c - n)  - 1115~ l 1 lL l , l ,06

‘io~~4 ,~ ,~j t-~~V, ’s (dou’ale preufu sio n) I . t- ,1Ii 1, ]L11 1111 1 1l,1 l fl L li  ‘1
I n t s t ~~’af (BP/t -) ( l. ll lll l l l l, 1106 , i . l I l l i Ih l l l l 19 7 )

In ter-; ’: ’ ‘~BP F’ ) (l.11111111111106 , 1.11111111111126)

Backward Sumitna t-- ion

Non interval (s(n~tl e precision) 
l.l illt -,.ll3,ll1lll

Nonirmterval (double precision) l.llll il ’l 1i1l3111tllilllllIil

Interval (RPA) (l.llllllll,lllll ,l.lllIl’llllli1l11 )

[n’ -:-rv ’u ’ (IIPF) (l.llllllllllllll ,l.llllllllilllll)
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Computational results : (cont.)

Terms of Sequence

Noninterva l i s i t ’sç I,e p r e c t s s i c i u ’d .~99g9994 03g s35s

3 - 
Nonintnu’rval (d -,.iub l. c’ p r e c i s io n ’s  .9999 999403953565568769913153

In ter ’s- a l  (BPA) ( ,999 9994 - t-0395355 , . 9 99999940395359)

Interval (~ PF ) ( 999999 040 395355 , .999999940395377)

Non interval (single precision) .999999880790714

4 ,j Non interva l (double pr e cision) .9999998807907166664675026124

Inter-val (BPA) (.999999880790714 ,.999999880790721)

‘S. In t erva l  ( B P F )  ‘ (.999999880790714 ,.999999880790760) I
Noninterval (single precision) .999999761581439

Nonints-rval (double precision) 9999997615814-~.75437882381192 
S

“
) 

Inter-v t-s i (BPA) (999999;61 t- ’u1439 ,.999999761581456)

L Interval (5FF) (.9999991t-1581-.39 ,.999999761581538)

- Nonirsterval (s (tt- _i le precision) .99~ 9995$3162931

6 
NoninLerva l (double precision) .9999995231629519309826315538

Interval (BPA ) (.99999952311s$931 ,.999999523162970)

Interval (8FF) (.999999523162931 ,,999999523163137)

Noninterval (single ‘St -reci sler ) .999999046326085

Noninterval (dcuble precisIon) .9999990463261312355356742820

lnte’u’val (BFA) (.999999046326085 ,.999999046326167)

L. Interval (BPF) (.999999046326085 ,.999999046326504)

- Non interva l (sing le precisi on) .999998092653076

8 N~ ninterva1 (double precision) .9999980926531719649193127447

Interval (BFA) (.999998092653076, .999998092653243)

~. Interval (8FF) ( . 9 9 99 98 0 9 26 5 3 0 7 6 , . 9 9 9 9 9 8 0 9 2 6 5 3 2 4 3 )

-
- Noninterval (single precision) .999996185309767

9 
I4oninterva l (double precisicun) .99999618530998190176 10409730

Interval (BPA) (.999996185309787 , .999996185310124)

“.~. Interval (3??) ( 999996185309787 , .999996185310124)

Noninterva l (single precision) .999992370634121

Noninterval (double precision ’) .9999923706345156634562602886
10 1

~ Interval (BrA) (.999992370634121 ,.999992370634800)

“ , Interval (BPF) (.999992370o3-’.121~ .999992370637525)

hi
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Computatic~na1 results: (cont.)

Terms of Sequence

-- Noninterva l (single precision) .996101369239170

19 / Non,interval (double precision) .9961013694411271244005132349

Interval (SPA) (.996101369239170 , .996101369586285)
~ Interval (8FF) (.996101369239170 , .996101370977986)

Noninterval (single precision) .992217937800149 ‘ 
-

20 Non~ rt-tos’va1 (double precision) .9922179382024888262313622151
- 

Inser-,’al (SPA) (.99221793’/800149 ,.992217938491674)

‘s, Inter’,’al (SF?) (.992217937800149 ,.992217938491674)

N’ an~ - t - t e r v ,’s1, (single precision) 984496436092378

21 No ra-i, ’t- t a-rva i  (double ~rec / , 5j ,,m f l )  98’t- 1c964368907979353036467808

Inte rval  ( SPA ) ( . 9 8449643 6092378 , .984496437464667)

In te rva l  (5FF) ( . 9 -Su - ’9 64Th53 9 2 37 8, . 98449644296663 1)

- - Nonintes”t-’al (ringle precision) .96925’S3232678594

22 Non~ ssterval (double p rec i s ion)  .9~~~ 3323425O67t-5t-8~i 17987 186284 
‘ 

-

Interval (SPA) (.969233232678594 , .9~ 923323538062~ )

~ Interval (BPF) (.96~ 23323 2~ 78594 ,.9692332462 13953)

Nositnterval (single precision) 93~ A 4059323594

23 Nonir ’,terva l  (double precision) .93941 3062376 0274 857”S24 5A ~- 85 6

Int e rval  (SPA) ( .9394l3059328594 ,•939413Cf’/’56~~30~~)

‘. l a te r va l  (BPF) (.93~~4 13059 328594 ,.93°-,l3085566443)

Nonin terva l (single precision) .88249689603~~1,07

24 Noni’- ter-za I , (double precision) .~~& 2 ~~9 6 9 0 L 7 62 7 0 6 l 0 7 6 7 7 5 6 9 4 3 2 2  LI

- 
I n : - u r v l (SPA) ( . 882496~ 9603 7 1-37 , - 2s~ 96905S 7802 8)

Inter’s-,iJ (SF?) (.882496896037l07 , .SS2496945333472)
i- s

( Noninterv,-sl (single precision) .778800771515126

25 ( 
Noninterval (double precision) .778900/18620775354380 1752689

-

‘ 
I n t e rva l  (BPA) ( .7788007 15, 5152 16 , .778800788884293 )

Interval (BPF) (.778800771515126 , .778800858522914)

t Noninterval (single precision) .606530641712553

26 - Noninterval (double precision) .6065306574531306230190265813

lnterval  (SPA) ( .606530641712553 , .606530668766798)

In te rva l  (8FF) (.60653064 1712553 , .606530777236031)

63 
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( o s s i 5 ’u t . , t i O n a l  results: (coot,)

Ter u’i s s-f Sequence

N o n i n t e r v a l  ( s ing le ~t - r c’ai- s~ cnn) -

,
~~ 

) N o n in t e r v a l  (double  5 t - u ’ ,’m ’ i s i s ’n) .36787 943 843 05268 7 187842 o 393 2

In t e rva l  (BPA )  ( ‘  7~~~~ s , 1 m s 3 3 ~ , , , 51 . 1 t 7 s :~J 4 ’ , ,t - 1 i 4 70 O )

In te r v a l  (8FF )  ‘s -  S 5 ’ 7 5 / ~~ .i9J lna-i ’Ii, , 3 t t - / I t - 7 9 S 8 3 m’ 34 5 4 / )

Ni ’; ’ ! ’ u t e r v a l  ~s ing 1e p r e c i st h n )  . I t - ’ s~~1 ’ S 2 7 E m ’, 7 1 I b 9

,,
~~ 

, 
N o nt n t e r v  u ’ ,  ( c a - u t- - I  a- -“S _ i - u -  t - ,_ i.oss i - I 1 S ’5 3 5  t-

~~ S ~~‘Q 0 _ i s’ m l  Is ’ 7 i13234

75 ’~~s’r\ ’u5l ( ‘ t - 5’ 5’, \ ( 3 ~~t - 5 D 2~’ ,t - 5 7 1 I~~O 1 ( Y 5 S 2 Q 1 5 j t - b 4 2 )

‘—. I n i t s - ” -- ,’sl ( i3 p u~”i ( , t - 3 ” j ’ ” , 5 h 7 1 7 i 1 m - -~ . I ’ S S u n S 3 ~- S l 2 8 7 O 5 )

1 - , sin ~ 1s’ t -” r, - i s  u t - - a - ” .0liu t- - I ‘ii ’ - ‘,~~

- ‘ 
S7, t - r t -  t - t - ’ s -,-rv , u I ( d s t - s s l t - l ct- ‘ar-~~’ I si , ’uu ’ s ~4 1 9 5  “‘353 - S-~~~ ’ ’a- I t - ’ t - , ’, ’’, ” (t-o 8O

~u t - t , ’ s v m l  (BrA)  ( _ (  ,~~ 3 ,1 Si -

~.. t- s’u t s , -” vj l (BPF)  ,, . 0 i , ,’S .5 i - s i i 5 4 t-~2 i4~~5’ , .  ~t - j 5 5 t -  5t ’ t - 7 2 99-~73)

- ‘ N~’i’, ’,”~~ ,5 t-. ç t -t- usi~ lc’ t- - ”~- t - - ’s~~o~~) , ‘S ’73 ” s”'~s ’ - 2  - - -~~~~~
‘, 3 5 / I t -

5,t -t - u:su s’,.’ a - - -’ n j  ( t - ! m ,’s sI ’ l t-’ t ’ ) ’ 3  ‘-~~~
- - ‘ 7 9 ( t - ’ 3 S ’ -S,  - . ‘s 3~ ) :~~t - ’ S 7 ’ , ’ a ’~

\ 
~r,~~er\’.sI (SPA) ( . Q ’a u ’ t -  i t - - ’ -“‘s’5b~~,352  -t- , , ( ’ t- ’-t - ’- 5 . ’,~~ ,’7959 ’ .-( 505s i

~, 1 n c ,-u-v,-s ’ SIu ’aF) ( , ‘~~~‘ u ’ ’ -a 2-ss ’°-su - ’.2 t- ,7” - ‘aO t - J ,S t - 4 i t - ’) (’r, 7 51C’ -- 7 /4 )

‘ ‘ - ‘ s s u’, ’ ,’:’s’ s’ ’ ( t - . ’ us , l ’ ’ ’ a r , -c .iuuI.~~n) 5 5 ~~~ , ’t-~~~ )5, , ’t- . ‘ ‘ ‘  1’ 10

31 N it- i S ‘- u , ’ r v - - 1  (dc’ub l ,t- t - ’ s ’ ’.’ i ’ u i on )  - 11253 ‘l~ ’i t- , -- t- ,’155 / 0 ° ’ t - l i  .t-~~9, ,  X

5t - ’ t , -~~a - - m ’ (i’, 5’ ,’,)  ( , 112 5 ,55/ t- sm75 - ’ S~ - t -- t- i ~, 10~~~, - S 125351 2 8-’S5 ’613 N io 5 )
lot - - -  

- ‘s~~s’ ( ‘  2 ‘ - 5 2 55  \: .2 6 .1~ 2 55 2- . a - / - - 5 3 N 5
—l’ s

- Nc t- u ” - -s ” ,- t- ’ ’! ( s i t - s  1-u prec i5 n i i - .t - s t -. i .1 .7 (- ’ -- - i - -  I - i ’t- :’(- i ,7 ,  \ 19

32 ‘t-(t-~ • .,~~ , .sii. s, I o u b l  t- - t - ” r ,-c t siu :”u 1 
- L 2 5 ” ' - ’ S S t - ’ ? ’ s  “ t -T 22 i i ,  t - ’

~~ ~‘,,‘S99 \ ‘ ‘

T - t - r - -~~ - ,i ’ 5 55 ’ aA ’ s  ( . i 7 (-6~~ l 4 t - 4 - t - ”s l 7 /  \ ~~~~~~~ 
;i ~~~ ’s 7- ’4 ’ t - l 7~~5 X 10~~ )

- t n t € ’ r v ~c 1 ( r ~~F )  ( . ‘ S ,’h ’- - . l 4 5 - ’~~56t -,7 2  X ~~~~~ , .126t-’-’s3?2~~~~35: 3

N i s s i l : t - ’ s e r v . il (~~ l t - u s~1~ p t-’ ,’ c i s i s”rP . 160.5~~P - ’ S 7 ” R 2 ,10’ - ’, Y

3, N t - u t - i t  m -r ’s’. u l  ( doub le  a - r e c i st on )  - I ( .2251 i 5 7 5 7 q 2 8 ’S2 , ’S3 , ,ss ’ S ’~4 7 9 9 9  x
- _ 57 2- In t e rva l  (Br A )  ( . 1  (-03S5~t -- ’.7Q52l0U. X 5m5 , - I b ’s /S i  i*’s55J ’~5’ “ N 10

-- t n t e r v ; i  (8FF) (.160,5st -’ S~ 7987l(’l6 X 1O~~~~ . .160 ,‘ t - t - 3 ,’ ’ 3 ~
, N lo

_ 2 7
)

~ Nentnterv al (s ; s sm t --t c  p r ec ’  S i m t - t - t -i .2 5 72 1 8 ’ 5 3 07 5 1 86  x io~~~
3 t -  No nlt- ’uarvoI (double precisIon) , 722Oó919595345054-~’i5Q7’t- 8I4 ,X lO~~~

- 
~nt t -’rv- ;I (5SF/c ) (1 .2 572 189 8307b556 N 12 5 , . 2 5 / 2 : ’ S a -.’ 223 Q 9 3 1 x io~ 

5
)

-

~ Int (-:’-,- , ’ (8FF) (.25721898307615_i N ~~~ “ s , . 2 5 7 2 3 : 5 ( 0 ’_ iu u 15933  N 10~~~~)
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I - s  ) ~~~~~~~~~~~~~ n , ,  ‘ ‘ ‘ ,‘ I - - n ‘s ,, ‘,s’, s ’ ,i S , ‘ , ‘ ‘i  ~i I t- 5 )  s~~~ s, i - n a-’ is  i s  is -
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‘ - 1-_ i  ~ ,‘ “ ‘ i’ - ‘ - ‘ ‘ - .  S I ’ S
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Observations : (cent -)

Backward Sum

Noninterval (sing le precision truncated ) 25.6672525468373

Noninterval (si-- ~ 1e precision rounded) 25.6672523895078

Interval (SPA) (25.6b72525468373 ,25.6672526755418)

Interval (BPF) (?5.66725254b8373 ,25.6672531915555)

We note that the noninterva l s In g le precision rounded assS

truncated ri-st -tilts (far “tin ‘st-a-ic kw , cr i l  anti f_ irs,’;ur ,’ sum s’)

are in both SPA u n ) , 5 TIFF ~nt&-rv,m ‘,ui s’r t h e f r  r e s p e c t i v e  suas  .

The s ingit’ pr ec It -~ ten n’m ’sundc_il terms , a 1 thoug h di f’ ~‘r I tug

sl g h t l v  f r o m  t iuc  a o u n ’ as ’as ’nd i sis ’ t t s i t - i a - , i t~~d v c - r , s i s ’ n ’ - c - x S s l h . t t

the Salt-ic t5L’si,~ t ( I t - s i a- 5’’s’S’c’t -is-t - s ’ to - c t ’ s’ t h a t  t h i ’ ‘ s t s s t ’ s ’ ns ’ is~~’,’u 5 5 , - r u n S

indict -it ad -

1 2 ,  Al thi,”ugh n_it prey I s I c ’s_S w t t ‘ ‘ t h e  exac rt- siul t a- (ro sin t h e  ~ ‘ s’ i vt -ic

l i l t - i  • I would  St t’c’ss s:_ ‘ V SU’I5’t ’~’ t t 5 u. ’t on our (‘0¼’ macis is le the

be st sc -su n it Is Sic - SSP ;\ I n t  c’r’s’a I asusc _i- i,i t ed w i t  Sn t he  backward

5-alt-u’ .

- ~, -- — -- - . - 
—

~~~~~~—



1’ _ !‘ t ’ a~’i,acn’ : To ‘sis’s ’ ‘t1.i~tss_vi ’ s ‘as a-S i - st -s ‘~~,t - ’s’ ”  1” 5 t i a -  , a - a - t -  I , ,$ I •‘l’ l ct -l ’ 5t - i s s ; s ,I

gcct i , ’ s s  u _ i  c ’ S n e , ’k i ’ s _ m t s_ ’ s ’s ia -  I s-c t -sn, ‘s’ (sI (-Olisic i I s _ i ’ g. ’ s s e ’ u  - i t t -d
d l  ithnu tst ta’ ru les  ‘s- ’ - i s , i s s - i  c i s c  ‘U t  u m ’s s I in s _ i - as t I , m a - s - t  I s  n c i l , ’ s
si ns_I t i t -  d ’te r inis ’ s_ - h it ’ - I I c’s’t ‘- - t -t 1 1 , ,  ,t p~’i i , ’ , i t  i s a - u  i t - S  i s s t c ’(’ V a l
a ,, - ’ i lvs  i i i  1 - ’ t l t t  ‘- ‘a n c ’ S ’  i i ’-” .

i c u c I e  s c M  i_ i l  eincj r t n t e s  *-ssCeii :

We used ,ua- :1 St - ,m ~~, i s -  $ i - i  - ‘it t - - ‘ ; t t ~~ ,. ~ (S ‘SIN ~~~~~ g iv en  b y
F. 1’Ss_~ s r and (, - Mc’s 5 , ’ - - - S ‘‘-~t’” ~‘s 1- i t  i ’s- - \‘i t- S u s - s i c ’ 8. Nuinh~ r 2, 5

A p r i l  ‘O H  - ;‘ . ‘ - i  .‘ “ - fli  u s  c - s it a t - s t - s i ’  s - I S ’ -- .. a-

P 5 , 5 )55  ,i s’’ I 5’~ ’ s_i~’r ;in’ 2

— 3 , -s

— 3’~~~)

S _ s ’ S

—,
- p ~s_~~~- u - k ,  ‘s

S ‘ _ ( ) /  s i t -  5 5 ~~~~~~ “ : 5’s - Si

5 ( ‘S/ s . F  1’ T) I R! - ’i- : m ’ 515 ’S - ’ -0

‘ ( ‘ s ’ s Y ’ ’ S  s ’t- ‘S

‘1 _ ( ‘~~S ’ / I

I’ -

Ns _ ’’ a i t -  ‘s~, - a - , ’, : -  ii i  I Si ’ - (_ , s , I s , i t C  !~~s ’ s ’u 5 ’ ’ I i ’ I , , ’ 5 ~~, S ’ s ~‘~ ‘ 5  , ‘ i’ u t - - ‘ - n t i s ,’, 5,’ ,
- co- - c- - I a- ; i t - i ,  - - ‘ ‘ - - n I” ,—s ut - P t’ _ ‘ ‘, c ’ ‘a t  N - 

- a ‘ - , s_a - ’ ’ I us a t - s t - s

its — i~ s t - Is ’s , ’ , ’ ‘‘a I’~i - , - as ’ s” ( u t - _ i n  a s  i s ‘s-a ’s - - ‘ —  , ‘ u ’  sss, ’-~~ - s s s ’
t u l  i ’ S  su ~- “ l u t- ’ ‘‘‘ - , I l ’ s ’ ‘,u -- ii n ’ , ‘ 

‘‘I  Q Is  I s i l t - - I  S i t - ’  - ‘ ~~ s’ ‘la- _
r i - s u i t - ( a s  ‘

~ m t - t n  1 , t- 5,’ ,4,~~I t - S _it- ,~ 
‘5 s_ ’ ‘S _ i l ’ ’t- - ‘s- -s ‘ ‘

~~
‘‘

~ 
s c_ i l  5’s-

“5 ,~ s ’ s st - sd ‘s5 - a- - ,s u S  ‘ ‘i s  - ‘ a- ’ (‘St - i ‘v t-- , ’’ , ‘ t - , n ’ s , ’,!,’ t- ,“ : 5 _ i  5 s ’I ’ ’ ’ - 
‘‘i-

l l ’s ,  c t - u s  S - s  a-, a-s , - i’s I - ‘11 - —.-s

‘ s ,‘,,s’,c -, ’ I 5 1 , 55 ’ - 555’ -
‘

COC $~a- t- , 5 (s  “i sa-a’ s S - ‘ i i  ‘u - S ~ ‘ls” m ’ t  le t- - - S + -

(‘555 4 , 5 , , i m ’ ( s - , - ’ , , s ~ s 5 , , ’,I  sir it  l ss :s , t a- ’S ‘ - 5 -  - (S .0

P(’ ‘ t -~s ”5 (~ 
“ s u i t - a - S n  ‘ s c ’ s! ar I t S - i c - i  (Se t- (~ , (~

& ‘Si,’ ~~5 ’i ( ’ 5 ( r ’ ’ s , s m l c ’ ,S t n !  l i s t - u t  i c ’S — i ’s - (‘S 5 , ’, - (I

‘s5 ’t - ’S( ’ C’s’ ’ s_ i~~’ ‘5 , us ’ s ’a- a , 7 .’ 5 , _ S  ~~‘S
( 5  s n u s u , ’ S I  s — i l  , t -  s 5, ¶ ‘(uss, ’S 5 ,’ ‘S

~ ~~~~ ‘ii . , ‘ri ’,S , ’ l  -t - 2  
~~- ‘ s ~~‘S - S (I

( s  i’ m s u s c l i ’ ’ I  , ; ‘  s S I s t - a t  I , - ’ S

\‘i ’ S , - 2 :  The c l i f f  i s - u I t ’ s -  ~ : 5  i i  u s 5 ‘ s - u s  - i  c -si i s  H i , s  t t l i t ’ c - u - - i l  s _ t a t  I _ i ’ s  , -
5 f t  hmc -t  I c ’ ’ t - ’, s ’ ’, ’ t -~~’s  c - _ i s ;  n , ‘ su  , so I ’- ’ t ss ~c O i l  las a l i t  a - s  ‘las ’ asidm ’ c”n-

s _ i s ; , -  d i !  S era s’S ‘ ‘ ‘sa id i ts , ’ ‘5’ -: ha - s_ i s i f  ,5 , s % ~~. s i t  I t an s ’S  ,s t _ i s t -
s, l i n t — t han  c t - ,, ’ lis t s Is,; r - - c,’s ’s _ n i d  p m ’s’ ? c t- Il .‘t( c ’ x , - _ - s _ i (  ( m t - S i .

‘‘~~~ ,~~~



1

N5 s t  c - 2: ( c _ i t s _ h  - )

F t i t ’ tht’nnoi’~ • th i s  i ts’ a - s i t - -  I St  s_ -nc  
~
‘ is a _ in sspot iud t’cl bs- ti ne sub-

t r a ct  I ye c , innae ’  I i t - i t I a-fl a r i d  , c ’ i s i s , I , sf  I er r o r  t - r o p a t - s u s  t i  oi~ i n t r o —
,is_ nc - ccl throug hout t I n , - 

~
- i i ~~!’ 

1 ‘sass ( s_ - sp e c ’ i ,ill ~- In ax ;‘t c -_i s ; ion s for
F no d F) -

N e t , ’ _5 : I d ess_ i l ’s ’, we y i t - s _ i l d  l i ke  t i ’ s  u ’a ’p l  I c i t  ion s_s f  i n t e r va l  i i i , i l v s l u ;
t c ’ t inS s and s m l  las’ p s_ i1’ c -u’ s- t o . ns _ i  t i ’s-s .ut i s - a l  ly warts th e naive

uss_ t’r t h a t  u c - I s a - m r t t ’sj I h u t -  I , ’  ‘s’ ,il u, - s-s of c ’a- i: u s 5 , s _ i  t c ’d r e - s ui t s  ( e’ - g -
Q in h i s  I c - s i  ) ia - i tt be in  st ’ ri s t - t n _ i  err or - We u s _ ’ s _ i ld l Ike ’
i n u t e r v s n ’- ,‘u tsa i ’s ’s is ts_~ s’~i i ’n 5 , 5 5  i n  b o t h  i’ ” s n g r , u u s s t - s  1 and 2 .

i ’isss5  s I 5 , ’is- ;  a-ss-let ’ s-in ~s5 t i - s - I  i- i- - a - ,’ u _ i  i s a - s  a,!

i S v  F I N  -i 6 1’fs_ 5 i’ihVS i - a l t - s i ’ ! ‘ or was trs ’c l s _ a - f  t i n  n ’s’ a - t - ; i t  ;s-,t - :— ,s t f i t -n

5,t .c’ . apt 0’). \ m ’uu  s t - S  as ’s_ it - ], s i s t - , ! i s ’t , - r v , u  I ( l ,o t ln  h i iS and SI’S)
a- were run with (c ’ ( t - N ’  ,i 1 1,1 u i t - s s _ ’ t l c  stud t I’t inc ,i t ‘-P a s - i t h—

m a t t e .  5 N’1’5”!~ w, u s - ; s _ s t - s c ’S t , s  i t - i s t O s _ i f,, l i s t  ( ‘ I v a l vt - tn t - i! ’ S ’ s - a -  - A l so
S s ’~ nc ’fiuns t , s ’ s - I  I • St- ;~~~ s t -  , is , t - t  5-s_ s’ s t- i’ m 5 , ’ ,! ,i ’i , S 5 i n s ’ s _ i c t ,_ i~ - u s ’ t t i s s ssc ’t ic

I s _ a - it - ; 5,’,’ - ’  ‘ s , : s c - ,l t - s u t - , i ’’n ’  c a - s ’S (. i ’s ut- ~ ’i  i s s  ‘‘i’~ 
i s , ’s t - ( i — C —

Observat i s ’ s n s s

1. ‘the u ’ ,,’:- i , s ’, I s- ’- ; 5 i ’ c, a- ’;  I s ’ 1  I s t - _ i ’ - ;  m t - is  a - s ir  Cl ’S , s’’,’’, ’s ’n ’ 7 2 s’s S ’ s op t  0.

\~ ,i I s s , -~ ,, ‘ Q

i’t ,’,’s’ ;i;s s I 1’rc ’s gra~ 2

‘ i l l  ‘ ‘ 5 5 , 5 1 ( 5  S ’ i s ’ 5 ~ - st - .0 -5-3.0

‘4m s i s I ss~~ c s ” s - ’ s i ( s ’ d , 1 t- S’i ,O _ ( t - •5

5”’) 5” )
! s s _ I , ,’r v . s i ~~ i t -S ’ ,-’s_ ) ( - s . i) , 5t-~~(i\ 5 , — H .’4 t - ” i~ l I ~05~~’S 10 - 

, H , 5 u - ” t - ’ -’, fls5 l 5 ( (  - )

‘52 ’S ‘1 ,’
‘ u s  I m t - s  v i ) ~~s ’ t - ’ ’ s ’’S (_ ~s • a- - (— . I , ‘~~~ 

‘~s l  5 55 ’ 
. 5 , ’ ’ , s O t -  55 ‘S I ’ S  S

l’r,’,’rJ~ I Ia- a- I c’ss t ,s!’ a ’s- 5’ I 1 , ’ t In _ i ’  a r t t l i :t -at I c  !‘c~I s , iv  (~ ss ’

r r , ’s- : - , u t -’ u -‘ is a t ’ - - t - t  C 1 ,, ‘x , ’ a - s _ i  t !s’si l i s t - , ’ si r !  ‘ S t - s t - a t  i_ i  bs ’S’ , ’’s’ se r

-
‘ . 1-r i ’ r’ h i , - l’ ,’ss ss I t s  c~ t v c ’ss I n  list - c- s v a - s  i i t - n  I aSs , ’u’ , ’ • s’, ’ u ’, ’t ’ t h a t

51’ s\ is iS BP S I n s t  ,‘rv t 1 tc’u ;is I I s - n m - n _ i a  S i’s ’ c’a- s,’h ;r~’or i u i t - , ’_i’ s ’v a’’ ,
S t - _ i [ ?s i s i t  c -s- ’s’, i S v, -r s  !s_ ’nis  s-c’ r c-  ,!s _ ’ a - (’ (V a , !  i n s  i ’ s’ s_i ’S s a - l s s s  1 I ’, -a s t i s ’ ;a  t I t - i -

h i t  “ I i i  S i _ i n s  I t s i c ’_ i 5550’ .~~. / 1 . and .1 _ I s ’ . ia -  a - s  > - , s _ i i l s c ’ n s l t - .  ia - T n s a ’ s cc- v -

nss t t s t i n e  s_’ s’iss~ t- i i  s_ - s  t a -  Sc lisa s i f t  I l l s ’ ,’ t i ’s’ Suc ’-s’ a , s u n s, S ‘si n f e -s’  ‘ss f l , u  I c -i  i,’
I S a  c’c ’i ’np i ler  c S _ i c ’s ’ sta-’ t eva i t - s i t , ’ t ’ ln , -s s a c’x~’s’c ’s sss 1, 5 5 5 ; a-sS , i ’s’ I’S,’ t h t ’
s-sam,’ ~‘ , ‘nni l I n~’ r ns l c ’- s sis s i n  c ’ r i s c - cl s t ,‘x s u n  I I s ’t ’ I i , t - s c ’~ Th i i s~ — 

‘ -

cs_i m p I I , - - - t  ( nt-n t~ s i t - f  thns c� t i _ i  dc ’s’,’ I v ; ’,! t l n , ’ t n t - t i - s ’s- Cl s ti nt - i l u - s it - s i ole
In s_ I - u t  in g  t h e ’ t t n t ’ i c --si n I t f _ i t  Q i s  5 - , w h e n  I n  s - t i l t ’ s ’  (~
a - I a - s n  5 1’’ ’ 0. t - O . 

-

‘5. The ( s i t  ac ’s_ is I- s for  ( ‘S in  l’ s c’s~n ansi 7 sc’s,’ not dai’c ’lv i ’-S  lue _ i ic i so- s_ ia
(‘ s i t - s t - n t - i  ,‘ I m is- ~n 5 5 I S i s ’ s _ i t, i , ’ s ’ s :  I snv s ’ I ‘ s c , I  I n  c , s sn lni  I I isa -  [is’ t n t  er ’s’snl s
u . s  ; m ’ lu I s ;  I ii,’ a - a s s _ i  wlsc ’ss lrut c ’s s , , i i ss~~,’s_ I vt -s I s ;  is  app i i  c,d t o  t - s i  i s  ioss~ ’t  I i~
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dl’ a- . - s V .5 I I , ‘ is - , S ‘s 
, ‘ mi I , ‘S

, -~~ i ’ 5  “ - s ; 1 ” u s  c - 5 ; , ’r ,  i i  1 ‘s m l i i , ’ ,; n a I i i  I , I s ’ nu t ’, ’ t n i m n , i  ‘ s i n  i , t i ’i , ’ u s ’  c ’ - ’ ’ -
. t s s , ( i n ’  ,‘ “~~‘ ) I a- I t S r  I t S t - s  ‘ 5  1 ,‘ s,’ ( s  I s_ Ii s t - i s  5 , ’ cl , ’i ia -  I i t s a v t s  .cl  S s I -

c 
~‘ ~ , - 

~~ ~ - ,- , ~ 
, ., ~ ., 1’ 1 t ’ 5 — 5 ‘ is  I , S i s ~ - , _ I ‘ ‘ 5 I ’ t c ‘5 ’, 5 , S it -  _ ‘ I is c ’ I 5 I S ‘ 

- s ‘s ;c I
5,_i con - I- , S i ’s ‘ I uus p I i t l u s t  I S ( s i ’ t-, ,i S is, ’ , ‘I (~ c , in s_  S . c  I’’ ’ t s , s ’ s - s  - iii ’ stud S

c s ’ , s _ 5 .  , 5  -“ , m t t , ’i i : I _ ~ - i _ l ’ s , ‘ t- n i s  2 i - ’ iu , u l  I i ’S ‘u t i t t c ’ s  ‘ s _ s i

I ’ S ’ t , i C c  i s ’s  s.’ a - n  i s !  ‘t a - s t - i  I’ - ‘ - ‘ S’ ’ ‘- ~i i ’ s ’  n u ;  l , ’i ; i s ’ s  - c ’s , ‘ , i’ n m m ’  , i n
1’ t , ‘ - -, i , i s ,‘ , I st- i’ ‘5 1 ‘s’ ~ ss ,~ 5~ - ‘ a- , ‘:5 ~ - i I , ‘ I u u - sc ’ , i  s I I I is ” , - t , - ‘ , t Is, ’ s t u t , - s ‘s- ,c I
h a - t i n s _ I - . l ’ s  ‘ ‘i’ - ’~ l v  s_ a -a - s - m s  t I , s t - - ’ ’ n I s c  I S i i . ’ S c - S I t  I I 5 i ’ , I t- i — s t  i s

‘‘_ i~ ’i i- In ‘ii ’s ii ’;,- , ‘ u i ,’, . S

‘‘ - “ 5 , ‘- u - - 1 i s i  s-s 5 - - - - I ;u s s , 5 t i s , ’ i - , - -  , - ‘ I s— : a- ‘s~, , - t  
~

- , t t- , - , ,  ~ _ ~~~~ - - , - ,— ~~ ,

‘s_ -S t - c - is ‘ , , , i ,  ‘,i s_.’ S 5 1 ’ i ,, ‘ ‘ ‘ ( ‘ 5 5  , t , I - ‘n s , i  I l ’ s  , ‘ ‘‘ 
‘ , ‘, ,  ,l si 5, u ; , !j  s, - , i s s u ’s ’  , ‘

s_ t a - c - S t - s - cr ’,’ s S ,, i i I ’ s  t - ;  1 -; 
- s- c - - - s - m s  ‘ S c ’ _i’s ‘ i c ’ ( - - — , s ’s  , ‘ m l ”  ,i 5 i ’

p 1 i _ i t  I S c ’ , i t  5 i _ i  5 ’ , ’ 5~~’ 5  .; - I u s ut - s ’t s , ‘“  - - ‘ a - a - ’  , ‘s u _ i  ( su i I’ , - t I t - c - , ’ ~ ,ss

i’~ ‘
‘
~~~~ — ‘ c h i ’ ! , ’ - c S s 5 , S  5 s n _ i  5 ’ - ‘ u s s n  ‘ i i , ’ ‘ - , - - . ¶ , 5  a-, ’ ~~

- 
~ 1 ~~~ ‘

‘‘a-, ’’- ’  ; ‘l n a - !s i~ ’ i ’ , ‘i s ’ , Sc ’ c ‘s’ i I s _ i s i i_ il - i  ‘ ‘ c i ’ s ’’ u ’ 5 s j S  , n  i s ’s ;c P 5 c t -  - ‘ s ’ S

‘: s _ i , s - s , - u  I l s , , i - t , 5~ , !i,si , ’s,’ ,i s , ‘ a- s - cl ,- “ ,,‘ i’ s - I ’ S ,’sl ( u s ’ , ’ , 1 5 u ,; s ’ s ,
a - n a - S  5 ,  a- n- S 1 , ‘ s ’ t-’ s c ’’ - t - c’ I !s~ ’ it . - c ’ s  ‘ 0 s i,5 ia - i’ , ‘ I S s ’ ’ts ,’ s I c ’ , ’ , ’ - ~c’ , ’ , ’ ‘ i

i S , - ,, - ‘ t s - s c ’ - s u t  c - s ’ s~~s I  - - ‘ , -  - , ‘ - . - 1 t i, s ‘ ‘ u - -  _ S i , ’,, ,-u ’, - - — 
, ‘ s - i’ ’ ,— ,’

S 1 5 ,  — s s , ’ c ’ , ‘s s  t-, 1 i - ,‘ s n i  - 
m ’ , , _ c i i  s I t  s c - i ;  u s  ‘- — s ¶ , _ _~~~ , — ‘-a

S c ’ s  i ’s scsi, ,ts I i ’ S ’ s - S  ‘ - - , ‘! ( i s I s - s - i ’ s !  ‘ u i I , ’ ’ , s ’ ’ ,_ ‘v  - I S ! ’  ‘i_ ’ i , , ‘us s
‘ i t - -  H i ,  ‘s - s ’ ’ s ’ , S i ; i ’ t l - ’ - s  ,a ,- , ‘ ,- - ,

~ 
‘ s, ’ , , ‘,‘ m s n s , S ’-

- ‘li t . — s t - , ’i s l s it s - v_ i  s ‘ - , i s  5 f - - 5 5~~
5
~~~~~- 5 ,~ , 5 s s  5 5 ’ , , , , . u- u S  s - - ‘‘ l’ s - ‘~~~s - 

S t - s t - i , ’ ,‘ ; s s , - - s , ’ t -  - , ‘ s s - s 5 : ; 5 , ’ t - i s  h ’ s  ‘ ‘ ‘ ‘ ‘ ‘ ‘ , ‘ ‘ s s , - C ’ , ’ ~~~ i t- ~~~~~~~~~~~~~~~~~~~

t - s  ,, a - a - .  ‘S 5 t - _ i  - t - t - ’ i ’ _ i ’ ’’’ s t - u  ‘a - ’ “ i  i ’s’ ‘ ‘ - Si ’S ’ , ’ ’ ,’ I 5’ - 5 ’! 1 i t - ,’

s t - i ’ !  , - ‘-a ’ , s _ s t  ( i ~ s ,  1 s ‘- , ‘ - ‘ s I I ‘u” ,’ t- 5 a- _i” s , a - S  , i  5 a- u s Hs, -s -” , s t - - s s  s I I , ”  
5 , 5 5 , 5 5 , ~ ‘ ‘ 5 5 - ’ :  5 ’ u ’ ’ 5 m s _ , ’ 5 5 i ’i i  t ’ s , ~ , u , ’ , ’,S ‘s s _ i S  s I _ c ’s - u ’ , ,  i l ; i t t s ’i s

,is l s t- 5, 1’5 i - ’ ~ :‘ . 5  s - i t - ,  _i “~ , ‘ \ ‘ S , ’ t  S ‘ ,‘,s t ‘ 5 5”  s ’ ,~~% m t - S  5 5 5 , 5, ‘ - - ‘ n s t , i t  Ii ’s S at

s_ s . i ns - 5  S c ’ . 5 u ’ s ‘ ‘ V s ’, 5  5’ ’ - I ’, - , . ‘S -

I ’ . S i n , ’ u i ’ ’ s s  n - I c - i  s ’ i I — ‘ s ’ s  s s — i’ ~ ‘ S S’ s ac — lu’s ‘ t - i t i , t- — S_i’ s c — 5 i u t - ’  ,‘ n i  ‘ 5
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N on i n t e r va l  Res~~1ts on Cvber  72 (cont.)

Program 1 Pr o gram 2 Program 3
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A Program 3 was added s”ssich  is i’~c”rt t i ca i  to P r o ” r _ i — s  2 ,

e x ca-ot  t h e  cons tan ts 1,2,3,5 as- a read in. The l n t - -rval v;” s - s 5on~
of this ~ es; t were not r u n, ,s s t - de~ m u—s d and t ru ’i c ;it a  • O p t ions

(and under o the r  opt Iev ,t - ’ a - )  because t Oe ’,’ s - c i t - I -,’ h~~’s’c no p -a - -v

c , iS , e f f e c t  on the ,~t--sterva 1 v e r a -~ o-t -t - s , s ince i nt s ’rv ‘S a r 1,t1 -us -a- ’ ~c

is w ri t t e r,  in assembly ~an ~, uage  and the r o u n d  or t r u n c a t e  op—

tion avai lable  w it in  t O_ i  (‘1)5 F’S \’ FI~-RTPJs _5’  c o mp l l e ’  ci i’,’ is ap-

p lied to F~ RTRAN exp l I c i t  a r t - t ’t-sr ’s’ t ic express ions , not to assas’ss5’,lv

language code or l i b r a r y  routines. -
‘

7 . Observ ing the resul ts g iven in Observa ti on 6 , we rct-te that

a) A l l  truncated results are consistent for each program
under  a l l  opt ions  and a l l  roun dc,-d r e ss_ t l t s  a r _ i  C O ns i st e n t
for  each program s t - _ i s I s ’ s’ al l  opt i o n s , bu t all Program 1
and corresponding Program 2 results differ f o r  all cases ,
and are isot consistent (or rounding and truncating under
the same option.
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I. ( _ i a a - t . )

b) Corres 5’~’ i s d u i i t - -  r e su lt s  of l’ r s_ s g r _ i r n s ;  2 and 3 are consistent
under all op ti c - ut - s .

c) The r e s u l t s  f o r  p r i s gr a n s  I ansi corresponding Program 2
u n d e r  t r u n ca t e d  ,ind r ’ s ’u s s _ i s ” ’ op t i o n s  is identical pattern
f o r  all opt

d) A l  t houg h Pvs _ -pr~’,t-as 1,2 ,3 1o~s1~s eqti~ va1ent , we see t h a t  we
oS~t , i f n  v , i l s u _ i _ i  of -s , -’, and S t us ’ Q wht,-n t he  exac t  r e s u l t
‘sho uld  be ) ,-“ ) ! ! !

AS tha :s ’i Hi t’ SOC ~~~ ‘5 , 7600 , ;‘ sd Ci ’h , ’r 2 a 1, 1 Snai ’i ’  t h e  sam a
f - o a t  iu-~c s — p c ( s  - ,  r ’,  t O t - - a t  5,— los ”' at , 1 - i L  P - - I , ’ 5 r s - s i ’ , It - s ‘s_hove
at -id, 5i~t- ,,c r \ :~s ’ I ,’ r  ~‘ t - ’et -s~~its s s - , .: i s _ - a - ,  d~~ , - _ i a - _ i~~- t - . ~~fl vt-’,I ’~s_’vu ct -f I’

5 ci’ s ’ ’  u’.t-~”s,- ”ac 5’ j s ’ ,’ as t-,” ’ ! t  ,i su en dt (  - s - ’ ’ i s ~~ r - t - ; s _ t - h ” rc s .
(P a r  1 - i c - i s -  v c!~v ‘ass is: how t ’ ’e Cv t- ’ i -a -  7 ,~ r s - st - sa I ~t-s s 0re~~ro,un 1
dl  t ’~ c- ’:s 

c s’_i,~i 
- -  :_ i, ’ - “s S c’as’ I I s  s n  the dt- S’ I : c r  machines-u).
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Now i.e proceed to discuü Ss_ a-ta-C of the s p e c i f i c  a t t r i bu te s  of interval

atialvsis. The render interested it’s ex tens ive  coverage of in te rva l  analysis  is

urged to consult Moore ( 1966); deta ils  r e l a t i n g  to the MRC interval analysis pack-’

age are covered here ansi in greater - I c _ p s i - s  b y  Yohe (1977)• We foc us a tt en t ion on

some of the elementary proper t ies ~ f in te rva l  anal ysis and list without proof

(proofs can he found in Gre ’ena -pan (1971) and Moore (1966)) some of the

re la t ionshi ps w h i c h  users  a - f  t he i n t e r v a - I  p ackage shou ld  be aware of. When in—

tex’v .ui analysis is ap p iis ’s_ : i-s ’s a ma tisa-ssi.ttical method it generates bounds which

te rm a recta ngu lar  p a r a l l a - l i-’i pc’d which encapsulates the exact solution to a prob-

lem . The techni q ue u t i li z e s  interval versions a- i the p r i m i t i v e  arithme tic op-

erations _iu ’sd combines these i i i t & ’rv , s l a - ’- usiis~ cer t .s_ Its rules (defined ta-a-la-i.’) to

decompose mathematical expressions and problems ; such decomposition is app lia -a-b’.c

to an ext em is i\ ’ c i’,ii s~~e’ of  numer i cal  prob lu�ms

The in te rva l s  i.e are s _ Is’aling with s _ n r a -  c1os~~d and denot ed b y [a , b]  where
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(a ,a] + (b ,bl (a+b , a+b]

La ,a) — [b ,b] — La—b , a—b)

(a,a] • [b ,b) [ab ,ab)

_____ — ~~~ for b ~ 0

Extensions of interval operations to functions are also possible. For ex—

ample , Moore def4nes for f(x1,x2,... xn) a real rational expression ir, which

each independent variable x1 occurs only once an interval extension

F(X1,X21... X) C f(x1,x2,..., x ) T x1cX ., I

where eacti x 1 ranges independently over the corresponding interval X~

Additional properties of interval analysis can differ somewhat from our

experience with non—interval arithmetic . For Instance , the definition for

(a,b)~ for n a positive integer is

( [aT
~,b

n ] if a > 0
fl it n n(a ,b] {x xc[a,b)} [0,max(a ,b ) J if Oc[a ,b) and n is even

n n
(a ,b I if Oc[a,b) and n is odd

n f l[b ,a ) I f b < O a r t d n ls even

t... [a~ ,b~ ] if b 0 and n is odd

But (a,bJ~ is not necessarily equal to it factors (a ,bJ [a,b~ .. [a ,b]

e.g. (_l ,1)2 (0,1] but

t— i ,lJ [—1,1] = (—1 ,11.

Another example is given by the lack of ‘n exact counterpart of the distributive
S

law for real numbers; instead we have subdistributivity
... S

(a,b] ((c,d]+(e,f])C.(a,bJ [c,d]+[a,b] (e ,f ]

i.e. exact equality does not necessarily hold for all intervals. If, however,

for any real number t or for (a,b] . [c,d] > 0, then the distributive law does hold :

B9



• 1

— t l e .t l  4 t l g . h )

(e ,t ) ( ( a ,b J • h.dI~ 
— Ic ,f I L n .: $

Also int erva l at tthm~ttc exhib its the ~~i s p e i  t s  ,,t ~~ l u ~~1~~ii m onotontcity , i .e .

for  [a ,b J  ( t ,d I  and (e,fJ . (g,h J

then [a ,b] + Ec , 1 J  (c.dl ~ (g.h]

[a ,b] — I.’,f~ . [c ,d~ — ~ c ~~~~~

[a ,b ] . (e , f 1 (c,d)

1a ,b~ ,‘~~t ’ .11 ~j  
~~~ ~~~~~~~~~ t~ O1~o , f~

Fr om the  ru les  I ot t n t o t v , i  ‘ .~r it h me t  tc I t  Is a pp a r on t  t h a t  the  bounds I or

the cotnp uted  I it~~rv.i~ ‘~ u s ua l ly  in v o l v e  sever~il  a r i th m e t  t c op er a t  E~~ iis w h I c h  d~’

not no~ os~~.’t t Ly p rodu ce  e x ac t  r e s u l t s , t~~poc I a l ly  when ~ t ,a1 ing w t I t~ to

f l o a t  t n g — p o l n t  r ep r esentat  ions as use ’d on most m ach in e s ;  t h i s  e rr or  In conip u t  i n g

t h e  or ro~ h a requires ~~~~~~~ Ia a t  tent t~~n t o  ( T h O~ th~’ t ho i c~’ ~‘o nt  s

in t e r v a l  r e s u l t a nt  a~ ~ specified so as not to  c x c l ude  va lu e s  (~~n c l u d i o g

‘xa ~-~ or t r u e  r o n  t )  t h a t  should ho i n c l u d e d  in the  in t e r v a l by r h o  above—

men t to t ’ r~~l~~a fo r tnt  erva~ a r I t  ‘in’e I c .  This  cit lenma ro ’~o~ vo~ ~‘v ‘in

a u — c . ,  led d t re c  t o !  rounding ~ ~th  a 1 I n ’ er v a l  t e~ u l t a p t  a • I .e . t h e  e~ t e’ii~
1 -

point  is r ourded d own and th e  r I g h t  •‘u~’po t n t  ~ rn u r d o d  u~ ; f u r t h e r  ~‘~~‘ t .~ Ic a

g iven  by ohe (1°’ ‘ • 1Q ’ ‘ . Cr eenspan ( lQ~’ I p r ay  ~d~~s a s1~~p le d e c im a l e xa n p l o

~ f t h i s  s 4 t u a t t u n .  Assume t hat  a compute r  can  on l y  store  4 d e c i m a l  d i g i ts  I i

each t n t  erva l end p o int  i’t t h at  t h e  naci~tne &Iet ermin.’s t h a t  t ‘a’ r e su l t  1 c s  In

t h e  I n t e r va  1 J I i  .~7 • . .‘ 11 . ‘ 1 . Li sy m met r i c  round tn~ t o  fou r  ~~~ I ma 1 p l .i~ ’os

Is  used on the  e n d p o i n t s , t h e n  we have = ( . 1113,  .? 1  I ‘~~ hu t  we ’ not e  t h.i t a

pos~~lb I .  t r u e  a o l u t  ion x conta ined  in .1 need not be c o n tai n e d  in because • 1

is not  con ta ined  In  By u s i n g  t h e  above-mentioned  d i t e c t e d  r ou n d i n g  on th e ’

I n t e r v a l  .1 we o b t a i n  J , — (.1 112 , . 1113 1 and note that .1 , doe nc in~I,’ed ~~t~~lu de ’ all

vm lues f r o m  i n t e r v a l  •! • ~‘~f courne , when app  I v  ng ci i rec ed i o i i n ~ • one sl iou I n

unduly widen t Ii , ’ I n t e r v a l  beyond the amount necessa v t a c om p e n s at e ’  fo r  t h e



roundoff error propagation or otherwise the interval widths can grow un-

necessarily large. Thus even though tn the above example directed rounding was

appl ied at the decimal digit level , in practice directed rounding is applied

at the bit level and is dependent on the arithmetic pecularities of the floating—

point arithmetic on the host machine on which interval analysis is performed .

Further consequences of using interval arithmetic are discussed in Section

5 of this paper.
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