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SECTION I

INTRODUCTION

1. GENERAL

In the past decades, extensive attempts have been made to analyze
and predict response of reinforced concrete members and structural sys-
tems.

A complete understanding or ability to predict this response has yet to
be achieved. The heterogeneous nonlinear constitution of reinforced con-
crete challenges the analyst to predict micro behavior.

The finite element method provides the most promising means for detailed
modeling of reinforced concrete. Some encouraging results have been obtained
using 2-D finite element modeling, but the assumptions required are dissatis-
fying.

The constitutive behavior of plane concrete and the effect of confining
steel are highly dependent on 3-dimensional concrete material behavior and
steel-concrete interaction. The significance of this study is to attack
the problem with three-dimensional nonlinear modeling.

A detailed statement of the specific purpose and scope of this study
is given in this section, along with an extensive definition of terms and

E' a summary of the contents of this volume.
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2. PURPOSE AND SCOPE

As work progressed on the first task of this study, Literature Review
(Volume I), the objectives were redefined to a more realistic work scope
under the existing time and budget constraints. The initial purpose and
scope are reviewed below followed by the final definition of work scope
established for this study.

The purpose of this investigation was to more accurately define the
response of reinforced concrete structures under complex dynamic (blast
type) loads to the point of collapse. The intent was to develop yield and
failure criteria for general structural shapes based on a consideration
of the three-dimensional state of internal loading and strain. (Signifi-
cant terms such as failure and yield are defined in detail in subsection
3.0, but briefly, failure defines the inability of a section to develop
or maintain appreciable resistance to further deformation; yield is the

onset of inelastic behavior.)

Proposed alternatives for failure criteria were to be evaluated by numerically
analyzing beam-column, plate, and shell elements subjected to dynamic loads.
Comparison with actual experimental data was to be used to aid the selection
of the final criteria. Once the criteria were selected, they were to be
used to develop simplified design aids which in turn were intended to be
used as an improvement over the design aids currentiy presented in the
Air Force Manual for Design and Analysis of Hardened Structures (AFWL-TR-

74-102).

Through joint discussion and concurrence with AFWL personnel, PMB Systems

Engineering (PMB) and Professor A. C. Scordelis (PMB consultant), the final

work purpose and scope were defined as follows:

12
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The overall objective to more accurately define the response of rein-
forced concrete members and structures under complex dynamic (blast type)

loads to the point of collapse remained as the central purpose. In view

o e e O

of the very large loads associated with blast load effects, allowance for
inelastic or plastic behavior is, of course, essential to maintain practical
structural proportions. Additionally, consideration of three-dimensional
interaction of deformation seems vital to improving existing work.

Thus, it was felt that the most important contribution in advancing
the understanding of reinforced concrete behavior when subjected to the
very large deformation strains anticipated in dynamic blast loads was to
employ a consistent 3-dimensional analytical constitutive model for
studying various structural sections of interest. The effect of confining
steel on response and the yield and failure of plain concrete are highly
dependent on 3-dimensional stress-strain relationships. The objective then
was to establish a state-of-the-art 3-D finite element model accounting for
these important nonlinear effects. Using this analytical tool, perform para-
metric studies on two selected structural sections: (1) rectangular, and
(2) cylindrical.

These parameter studies were then used to evaluate failure strength
of various reinforced concrete sections using a three-dimensional finite
element analysis (3-D FEA) technique along with a 3-D nonlinear Constitutive
Marerial Model. Each section was subjected to a fixed ratio of imposed

displacement and rotation which was monotonically increased till the failure

strength of the section was reached. Each section was subjected to seven

such deformation ratios which yielded seven different failure strengths. These

failure strengths were then plotted in terms of failure displacement and fai‘ure




rotation to give a section failure envelope. This failure envelope was then
normalized to dimensionless form of strain and curvature.

Once a series of such failure envelopes were obtained for various sections,
they were reduced to design failure envelopes. For example, a rectangular
section, having a longitudinal reinforcement of 2 percent in the tension and
compression zones and a certain area of transverse reinforcement, the ultimate
strength in uniaxial compression of concrete was varied to 5 ksi, 6 ksi, 9 ksi
and 9.3 ksi. Thus for this rectangular section, four design failure envelopes
were obtained corresponding to the four strengths of concrete in uniaxial
compression.

The failure strength of the sections obtained from a 3-D FEA was then
compared to the ultimate strength as obtained from one-dimensional fiber
analysis (1-D FA). The increase in strength using a 3-D FEA is quite obvious.
Ductility of the section using a 1-D FA was also compared to the ductility of
the section using 3D FEA.

To evaluate the failure capacity of complete structural systems, analytical
techniques will have to be developed to extend the failure strengths of the
sections to predict failure strength of complete structural systems. This is
beyond the scope of this report. However, a limited application technique

of the failure design curves is addressed in Section IV.

3. DEFINITION OF TERMS

It will be most useful to define the important terminology used in the
study in the context of two different analysis techniques: (1) fiber
analysis (FA) and (2) 3-D Finite Element Analysis.

14
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a. Fiber Analysis (FA)

Ultimate strength of a reinforced concrete section can be evaluated
ifn terms of its moment and axial force carrying capacities using a one-
dimensional analysis defined herein as the fiber analysis (Fiqure 1.1).
In such an approach, the section is subjected to an imposed assumed
strain distribution through its depth which is resisted by internal
compressive and tensile forces. Ultimate strength is determined by
the strains in the section.

The compressive forces are due to the concrete block in compression,
and the longitudinal steel in compression if it is a doubly reinforced
section. These compressive forces in a doubly reinforced section can be
evaluated from the stress distribution using uniaxial stress-strain
relationships of concrete and steel. The tensile internal resisting
forces are due to the straining of steel in the tension zone. The ability
of the concrete to resist tensile forces may or may not be considered. In
case of a singly reinforced concrete section ultimate strength of the
section can be reached in three different ways:

(1) Tension Failure

This type of failure occurs when the strain distribution through
the section is such that the compressive strain in the outermost
concrete fiber reaches ultimate strain of the uniaxial stress-

strain relationship of concrete (point 7 in Fiqure 1.1) and the steel

tensile strain exceeds yield (point 8, Figure 1.1). Such a condition

occurs in an under-reinforced section.

(2) Balanced Failure

This type of failure occurs when the compressive strain in the

outermost concrete fiber reaches ultimate value (point 7, Fiqure 1.1)

15
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and the tensile steel strain reaches yield simultaneously (point 8,
Figure 1.1). Such an ultimate strength condition is reached in a
balanced section.

(3) Compression Failure

This type of failure occurs when the tensile steel si-ain is

less than yield (i.e., the steel remains elastic), while the outermost

fiber of concrete in compression reaches an ultimate strain value

(point 7, Figure 1.1). Such condition occurs in over-reinforced

sections.

In all three failure modes mentioned above, ultimate strength occurs
when the outermost concrete fiber in compression reaches its ultimate strain
value obtained from uniaxial compressive stress-strain relationship of
concrete (point 7, Figure 1.1). This value is usually assumed to be
0.003 in/in. The resulting internal resisting forces form a couple which
can then be transferred into an equivalent resisting moment and axial force
at the centroid of the section. The resisting moment and axial forces
associated with the strain distribution that causes the ultimate strength
of the section, is called the ultimate moment and the ultimate axial force
carrying capacities. These quantities, along with the corresponding cen-
troidal rotation and axial deformations, are classified as the section
response quantities.

The history of these response quantities can be traced from zero
strain to a strain distribution when ultimate strength of the section is
reached. The response quantities can be graphically represented in terms
of the moment-rotation and axial force deformation curves. Several

points on these response curves can now be defined:

17




(1) Linear Behavior
A section is defined as linear when the steel and the concrete

are elastic. Steel in the section is considered elastic if the

strain in the reinforcing steel is less than its uniaxial yield
strain. Assuming that concrete does not resist any tensile strain,
the concrete section is considered linear until the compressive
strain in the outermost fiber reaches the value of strain at
maximum stress of the uniaxial compressive stress-strain curve of
concrete.
(2) Cracking Point

This point in the M-0 and P<§ response curves is defined when
the strain distribution in the section is such that the concrete
in the tension zone has reached its cracking strength (point 5,
Figure 1.1). This cracking strength may be reached when the
stress in the extreme concrete fiber in tension reaches a value
of approximately 10% of the ultimate compressive strength.
(3) Yield Point

Yield point on the M-0, P-§ response curves are defined when
the strain distribution is such that the tension zone steel reaches
its yield strain value or the outermost fiber concrete strain in
compression reaches a value of strain at maximum uniaxial compressive
stress (point 6, Figure 1.1). Thus, if one has an under-reinforced
section, yield strength is determined by tension zone steel, and for
balanced and over-reinforced sections, yield strengths are defined

by the strain in the outermost fiber of concrete in compression.

18
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(3) Ultimate Strength

Ultimate strength of the section is defined when the strain
in the outermost fiber of concrete in compression reaches an
ultimate value of uniaxial strain (point 7, Figure 1.1). Three
different common types of ultimate strengths have already been
defined in preceeding paragraphs.
To summarize the ultimate strength obtained from a fiber analysis:
1. The ultimate strength of the section is reached when the
outermost fiber of concrete in compression reaches an
ultimate value of uniaxial compressive strain, usually
0.003 in/in. Once such a condition is reached the moment-
carrying capacity of the section is considered to be zero
on the assumption that this failure propagcates through
the depth of the concrete section instantaneously.
2. The position of the neutral axis of the section constantly
changes through the depth of the section along the M-8
and P-§ curves from zero to the ultimate strength of the
section.
3. Confinement effects are not considered. The member or
the section is considered as a one-dimensional element.
b. Three-Dimensional Finite Element Analysis
The second apprcach to evaluation of the ultimate strength is to
use a three-dimensional finite element analysis technique in conjunction
with a 3-D nonlinear constitutive model (Figure 1.1). The ultimate

strength will be referred to as the failure strength whenever associated




with a 3-D finite element analysis as opposed to a fiber analysis

evaluation. This report essentially comprises of evaluating the
failure strength of various reinforced concrete sections using a
3-D idealization.

The first major difference between the conventional fiber analysis
technique and the 3-D finite element analysis (3-D FEA) technique adopted
here is the definition of the ultimate strength of the fiber analysis as
compared to the failure strength of the 3-D FEA technique. Failure
strength in a 3-D FEA is defined when the equivalent plastic strain in
every layer of the concrete in the compression zone reaches a value
of equivalent plastic strain for concrete. The equivalent plastic
strain is evaluated using classical laws of plasticity. The magnitude
of ultimate plastic strain is evaluated from concrete uniaxial compressive
stress-strain relationships.

In a 3-D FEA, the stress and strain is usually calculated at the
integration points of the 3-D finite elements as compared to the fibers
in the one-dimensional fiber analysis. Thus, if the equivalent plastic
strain of an integration point associated with the outermost element of
concrete in compression is beyond the equivalent ultimate plastic strain,
that integration point is assumed to have reached its failure strength.
It can no longer resist any loads or deformations. The loads are then
redistributed to the remaining elements. If the equivalent plastic
strains of all integration points in the compression zone are beyond
the equivalent ultimate plastic strain, then the failure strength of the

section is reached.




An integration point may achieve its failure strength by three

different modes. These modes are now defined:

(1) Cracking

When an integration point is in isotropic tension, and the effec-
tive stress at that point as evaluated by the 3-D constitutive material
model is equal to the effective cracking stress, the cracking strength
of the integration point is said to have been reached (point 1,
Figure 1.1). The cracking strength of the section is reached when
all the integration points in tension reach their cracking strength.
This definition of cracking strength is different from the fiber
analysis, meaning where once the cracking stress in the outermost
fiber of concrete in tension is reached, the section cracking
strength is defined.
(2) Initial Yield

Initial yield of the section in 3-D FEA is defined when the
effective stress at an integration point exceeds or is equal to
the equivalent stress defined by the first nonlinearity of the
uniaxial compressive stress-strain relationship (point 2, Fiqure 1.1).
Initial yield of the section may be defined where the outermost
layer of concrete in compression reaches such a stress state. Note
the similarity in definition of initial yield in the case of 3D FEA
as compared to 1-D FA.
(3) Crushing

Crushing of an integration point in 3-D finite element analysis
is defined in two ways, depending on the stress state. In a tension-
compression stress state, the crushing strength is said to have been

reached if the equivalent plastic strain is equal to or greater
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than the equivalent plastic fracture strain, corresponding to the strain

] at ultimate stress of the uniaxial compressive stress-strain relationship
of concrete and laws of plasticity (point 3, Figure 1.1). If on the other
hand the integration point is in isotropic compression, then the crushing
strength is reached when the equivalent plastic strain evaluated is greater

than the equivalent ultimate plastic strain calculated using classical

E? laws of plasticity corresponding to the ultimate strain of the uniaxial

compressive stress-strain curve (point 4, Figure 1.1).
(4) Failure Strength

Section failure strength is assumed to have been reached when every
integration point of all the finite elements loaded in compression crush
either in compression-compression or tension-compression.

c. Comparative Summary of FA and 3-D FEA

The basic differences between the one-dimensional fiber analysis and
the 3-D FEA are as follows:

1. The ultimate strength of the reinforced concrete section is

assumed to have been reached in the one-dimensional analysis

2 when the strain in the outermost fiber of concrete in compres-

sion reaches the ultimate value of strain of the uniaxial com-
pressive stress-strain relation. In contrast, when using 3-D
3 4

FEA and an associated 3-D nonlinear constitutive material 1

model, failure strength of the section is defined when every 3-D

finite element of concrete loaded in compression reaches its

crushing strength.

2. While evaluating the failure strength of a section by the

3-D FEA technique, the section was subjected to a mono-

B A

tonically increasing deformation pattern in a fixed ratio




of displacement and rotation. Thus, the neutral axis of
imposed deformations was kept fixed while these deforma-
tions were increased, until the failure strength of the
section was reached. In contrast, in a fiber analysis

the neutral axis of imposed deformations was kept fixed
while these deformations were increased, until the failure
strength of the section was reached. In contrast, in a
fiber analysis the neutral axis changes position within
the section as defined by the imposed strain distributions.
Hence in a fiber analysis, all points in the M-0 response
curve have different neutral axis positions, while in the
case of 3-D FEA, with imposed deformations, the neutral
axis is kept constant for all points on the M-9 and P-S
curves, for a given imposed deformation ratio.

No effect of confinement is considered in the 1-D analysis
while the 3-D FEA with a 3-D constitutive material model,
does account for the effect of confinement.

It is appropriate at this stage to define ductility of a
section. The displacement or rotational ductility of the
section is defined by the ratio of displacement or rotation
of the section at ultimate or failure strength to displace-
ment or rotation of the section at initial yield. The
initial yield and ultimate strength for a 1-D analysis and
initial yield and failure strength for a 3-D analysis have

already been defined in preceding paragraphs.
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A detailed description of initial yield for purposes of

ductility evaluation using a 3-D analysis is now presented.
As was mentioned previously, the initial discontinuous
surface or initial yield is defined when the effective 4

stress evaluated using a 3-D constitutive model is greater

than the effective stress corresponding to the point where
the first nonlinearity occurs on the concrete uniaxial
compressive o-c¢ relation. This point is arbitrary and
defined by the user. To have a more consistent definition
of ductility, it was assumed that for ductility calculations,
initial section yield occurs when the effective stress
evaluated using a 3-D material model is greater than the
effective stress corresponding to 65% of ultimate uniaxial
compressive c-e relation calculated in a similar manner.

4. SUMMARY OF REPORT CONTENT

Based on the Volume 1 literature survey of experimental results and

analytical models, the constitutive relationship suggested by Chen and

Chen (rafs. 1 and 2) were adopted by PMB Systems Engineering for the char-

act rizition of various sections. Certain modifications were made to the

proposed model, which were incorporated in a general purpose nonlinear

finite element analysis program called ANSR (ref. 3). Section II describes

1. Chen, A.C.T., and Chen, W.F., "Constitutive Relations for Concrete,"
Vol. 101, No. EM4, Journal of Engineering Mechanics, August, 1975.

Chen, A.C.T, and Chen, W.F., "Constitutive Equations and Punch Indenta-
tion of Concrete," Vol. 101, No. EM6, Journal of Engineering Mechanics,
December, 1975.

Mondkar, D. P., Powell, G. H., ANSR-1 General Purpose Program for Analysis
of Nonlinear Structural Response, EERC Report No. 75-37, Earthquake
Engineering Research Center, University of California, Berkeley, December,
1975.
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these constitutive relationships and verification results.

Two different

geometrical sections were analyzed: a rectangular section , and a cylindri-

cal section. Results of such analyses are presented in Section III. Appli-

cations of the proposed model are presented in Section IV.

Proposed failure

design curves derived from the failure envelopes of various sections are

also presented in this section. An example application of the design failure

envelopes for a cylindrical section is shown in Section IV.

Assumptions

and limitations of the proposed model are also presented in Section IV.

Appendix A contains a brief description of the computer program, the user's

guide, and a sample input to the program for a cylindrical section, while

Appendix B shows sample calculations for the ultimate envelope using fiber

analysis.
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SECTION II
ANALYTICAL MODEL AND VERIFICATION RESULTS

1. GENERAL
To help understand the mechanical behavior of concrete, it is
possibie to study the response of concrete when subjected to uniaxial

loading.

A typical stress-strain curve under uniaxial compressive loading for
concrete is shown in Figure 1.2. The curve is generally nonlinear. However,
the curve is Tinear up to stress states of 30% to 60% of ultimate stress.

If unloading occurs in this range, the deformations are recoverable. If

the load is increased beyond the "Tinear" range, permanent deformations

occur, and the curve becomes nonlinear. The nonlinearity of the curve is
caused by the development of internal microcracks. As the Toad is increased
further, these cracks spread and interconnect until the ultimate stress is
reached. Beyond this stress state, the curve descends with a negative modulus

until the concrete is completely crushed.

The behavior of concrete when subjected to uniaxial tension is quite
different from the behavior under compressive loads. The stress-strain
curve in tension is Tinear up to the ultimate stress, when the concrete
ruptures and cannot resist any further load. The tensile stress limit in
one direction is affected by the introduction of compressive stresses in
other directions. For a constant tensile strain in one direction, the
tensile stress will decrease with the increase in compressive stresses in

other directions.
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2. CONSTITUTIVE RELATIONSHIPS

Chen and Chen's model (refs. 1 and 2) considers concrete as an elastic
plastic strain hardening and fracture material in the isotropic compression
region and in the tension-compression region. The behavior of concrete is
defined by two relationships, a loading function and an incremental stress-
strain law. The loading function includes the initial discontinuous surface,
subsequent loading surfaces, and the fracture surface. The initial discon-
tinuous surface can be reached by elastic action; unloading within this sur-
face causes no permanent deformations. Straining beyond this surface causes
permanent deformation. The fracture surface corresponds to the ultimate
stress condition. Ultimate strain defines the state of rupture where the
concrete can no longer resist any load.

Two different but similar functions are proposed for the loading surfaces,
one for the isotropic compressive stress state and the other for the tension-
compression stress state. Both these functions depend on deviatoric stresses
and hydrostatic pressure and are defined in terms of I , the first invariant

of stress state, and J,, the second invariant of deviatoric stress.

2 R ‘I

2 B £
[ .7 J, = sx it ID+B1 ] _ (compression
f(oi.) = 3 36 1 B0 - . M S B t*  compression (1)
J [y - % 1,] region)
[ %;_J? - %%‘I: - T%.If + % 1] , (tension-
flog,) = —3— e 8 — =T compresston (2)
J [ - % I region)
where [ =

y. 8. %0
Nl S z

<
]

%‘ [((?x - (Ty)? + (oy - 02)2 + (OZ - ox);‘ + G(T;y + 1';2 + r;x)]
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where Oy oy. g, are normal stresses in directions x, y, and z, respectively,

and Txy® Tyz? Ty are the shear stresses.

If a and B8 in equations (1) and (2) above are zero, the loading function
reduces to a von Mises loading function.

Note that both functions are similar except for the sign of the third
term. The constants o, 8 are determined from the material constants Ao’ To
Au, T which can be determined from simple tests. The values of k? determine
the shape of the loading surfaces; this value is found to be 3 from experimen-

tal results, which makes the surface parabolic.

A -A
o (3)
e ¥
and
A t? - A2
B___OU uo (4)
t - ¢t
u o

where Ao’ To? Au’ T are functions of the ultimate stress under uniaxial

compression f} » under uniaxial tension f' , under biaxial compression fbc,

t

and the initial yield stresses under similar conditions fc’ ft and fbc'

Note that the values of these constants Ao, % Au‘ T are different in

o!

the compression and the tension-compression regions.
Thus, for the compression region

2. g2

fbc fc

(ZT'bc Te)
12

5 haL

(2F, - 1)

(5)

(6)
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where ( ~ ) denotes the nondimensionalized quantity of the corresponding
]
terms to fc.
In the loading function (equations 1, 2), if 1 = oo the function
reduces to the initial discontinuous surface and if t = Ty the function |
defines the fracture surface. Between these two stress states, T is a

p

function of equivalent plastic strain €" characterized by uniaxial

compressive stress-strain relationship.




Thus, T = r(cp) where

= s = (ol da?j)l/‘"' (13)

Beyond the ultimate stress state Ty unloadina of concrete occurs
where the loading surface decreases while the total equivalent strain
increases. This state of stress continues until the equivalent plastic
strain reaches the equivalent ultimate plastic strain value. At this
stage the concrete is assumed to be totally crushed and cannot resist
any load.

In the isotropic tension region, concrete is assumed to be a brittle,
elastic-fracture material. In this region, the initial discontinuous
surface is assumed to be the same as the fracture surface. If the
stress state is located inside this surface, the material is assumed to
behave elastically; if concrete is stressed beyond this surface, it
is assumed to have cracked, and hence cannot resist any load. The loading
function used is the same as the loading function of the tension-compression
region.

Since the loading functions in the compression region and the tension-
compression region are different, it is important to determine the correct
stress-state zone, in order to calculate the correct equivalent stress. Two
different criteria to check the stress state were used by researchers at
Lehigh University.

a. The first one was used in the Ocean Thermal Energy Conversion Program

by T. Y. Chang and W. F. Chen (Fritz Engineering Lab Report No. 414-7) (ref. 4).

————————

4. Chang, T. Y., and Chen, W. F., Ocean Thermal Energy Conversion Program,
Report No. 414.7, Fritz Engineering Laboratory Report, Lehigh University,
August, 1976.
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parameters related to any given material.

recommended.

condition.

The compression-compresion region was established if the conditions
I, <0and (VJ, + }% ) < 0 were satisfied, and for the tension-
compression region, if I, < 0 or (VJ, +»;é) < 0 were satisfied. The
tension-tension stress state was established if I, > 0and

s Y > 0.
/3

b. The other criterion was used in program EDFFEP for OTEC structural
systems by H. Suzuki and W. F. Chen (Fritz Engineering Lab Report
No. 414-8)(ref. 5). Here, the compression-compression region was
defined by
th L > fé or
Fy
(2) -f,>1,>¢ and (% 1, - o) >3,

and the tension-compression region by

2 N fe 8nd 1, >-€ or

fl

. V2 :
) f.>1 >80 ad ("% L T00)< V2

It is believed that the stress state region is independent of the stress

Section.
Once the loading function has been defined, the incremental stress-strain

relationships can be derived directly from the loading surface using the normality

In the three-dimensional case, the incremental relationship is

Suzuki, H., and Chen, W. F., Ocean Thermal Energy Conversion Program,
Report No. 414.8, Fritz Engineering Laboratory, Lehigh University,
August, 1976.
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Hence, the second criterion is not

A discussion of the first criterion is presented later in this
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3 - k2

| Bfas T nae in the isotropic compression region
--3-'<2 1' th . . .
S ¢ n the tension-compression region

A11 parameters can be easily calculated, excepting the value of H.
The value of H, defined as the strain hardening rate, can be written in terms

of the slope of the equivalent stress-strain curve:

H = 20e - H' (16)
where
H' = do/deP
o " the equivalent stress = /?TG;ET'defined in equations (1) and
(2)
eP = equivalent plastic strain = deP = (deﬁj \ defl’j)l/2
The g ~ eP curves in the compression region and the tension-compression

region are different. These nonlinear curves are assumed to be identical

in form and are obtained from tests.
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Since the derivation of the incremental stress-strain equation was
based on the elastic-plastic model, any finite element program for elastic-
plastic analysis may incorporate this material model without much difficulty.
As mentioned before, the initial discontinuous surface can be reached |
by elastic action only. To check if this initial discontinuous surface 3
had been reached during loading, certain yield criteria are checked.

At each increment of strain, the elastic incremental stresses are calcu-

lated using the incremental stress-strain law. The yield criterion for the
element is then checked at this stage. Thus, if f(oij) - ré < 0, the
element is under elastic loading, and the stress increments are calculated

2>o‘

from the elastic incremental stress-strain law. If, however, f(oij) =8

then the element is under plastic loading. In this case, then, the elastic
portion of the stress increment is scaled down by a factor R which is

calculated as follows:

1"(01‘j + Rdoij) -1t2=0 (17)
where
Eij = Total stresses at previous load step
doij = Stress increment at current load increment calculated

from elastic stress-strain law.

This condition can he satisfied if

T

AR? + 28R + C = O (18)

where
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AR AL L = .}_ 2 2
A 3 ( 5 doinoiJ. § dom) + ndo (19)
.2 do
2 = T :
i %? ( % “13 doij * T % ®pat * "em3%an * .,é!ﬂ (8 +or®) (20)
C = el ( 1 - - 1 — . “mm o 2 2
» §'oij Gas = EH ) oo % (B + at?) - 1 (21)
Thus R = 8.2 'AB - K (22)
Note n = -§¥ﬁ§5l in isotropic compression region
n= 1275—5; in tension compression region

The minimum positive value is the required scaling factor.

~
The remaining portion of the incremental strain is given by

Once the elastic portion of the strain and the inelastic portion of
the strain increment were determined, the incremental stresses were
reevaluated by forming the new constitutive matrix of equation (14). The
equivalent stresses were then evaluated using appropriate loading functions
after stresses and strains were updated.

During the preliminary analyses, it was found that the main difficulty
of the model was the criteria used to establish the various stress states.
The criteria used to check these states were the first invariant of stress
state I, and the second invariant of the deviatoric stress J,.

Thus, if

Il
I, <0 and /Uz +—<0

v

)




R

then the stress state that existed was in the isotropic compressive zone.

These criteria were found to be inconsistent with the loading function. This
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can also be shown as follows:
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The equivalent stress is then defined as

8y " /ﬂoij) (24)
For Og to be a real value, the function f(°ij) must be positive.

However, in certain cases it was found that f(oij) was negative. This

negative value could be possible if either (1 - % 11) was negative while

the numerator of the expression for f(oij) was positive or vice versa.

In most cases the value of this numerator is positive. Hence, f(oij)
is usually positive if 1 - %'11 is positive, and f(cij) is usually
negative if the value of (1 —-% 11) is negative. Let us now examine
the condition under which this would be a negative value.

In the tension zone:

Au i Ao
@t T_ e
u_ o
where
K o
g = € t
?(';- = £ (26)
A C R
(S e AN (27)
fc 2
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Substituting the values of Au, Ao’ W To in the expression for a in

equation 25, we get « as a function of fb’ f} ’ ft‘ f}.
Thus

1P B B
o ?g_ c_ﬁ ?: - c_ t
¥ (fc & ft)

Thus, for 1 - S 1. to be greater than zero, we must have 1 > & [ y Oor
3 " 34

L I ‘fE 5 PQ '(fE = fi) ¢
B RO W g
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now have a stress state where

£ Ve T YT, Ty, *0

(29)




is about 10

This condition can be achieved since in most cases f}

percent of f} so that the value of the expression in the brackets can be

guessed to be approximately 10. Now, if we somehow have a stress state

where I /f' is greater than f”t/f'c. it may result in a negative value of

c
f(cij) s¢ that the effective stress is a complex number. Such a value of
effective stress has no physical meaning. However, it has been found that if
the effective stress (assuming a tansion-compression region) is evaluated
as a negative quantity, and we use the material constants of a and g of the
compression region and then reevaluate the effective stress, this value
turns out to be a positive value, hence the effective stress is real. This
could imply that the criteria used to check the various stress states may
not be sufficient and may be inconsistent with the loading function.

Hence, a new modification was introduced in the program: if the stress
state was established by the condition of I , and (I1 and Jz) was satisfied
or otherwise, and the effective stress so calculated was found to be a com-
plex number, then the stress state was switched to the opposite one. This
was done for the compression region and the compression-tension region
only. Thus, if the stress state established by the criteria proposed by
Chen and Chen indicated the stress to be in the compression-tension region
and the effective stress calculated using the loading function of that
region was found to be negative, then it was assumed that the stress state
was actually in the compression region. Thus, the material constants for
this region were reevaluated and the effective stress calculated using the
appropriate loading function. A similar course of logic would be applied
to the compression region, and it can be shown that the loading function

is negative for certain stress states which could be avoided if the stress

states were switched as mentioned above.
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To summarize, there are three different stress states possible:
Compression-compression stress state is established if I <0 and

I

/3; + 75 < 0. Once this state has been established, the program sets
3

the parameter identified as IDTC as 1. The yield code printed with the

results of the element is the product of IDTC and the parameter defined
KODY. The parameter KODY defines the nonlinear behavior of concrete
in this region as shown in Figure 3, a plot of equivalent stress and

strain. Thus, if the equivalent stress o < Ty? where T is defined in

e
equation 7, KODY = 0, thereby establishing that the stress state is

elastic. If e«< ef.and the equivalent stress 9 is less than Ty

(as defined in equation 8), then the behavior is plastic and KODY is

then set to 1. If the equivalent stress is greater than Ty and the

equivalent plastic strain is greater than or equal to equivalent plastic

fracture strain, then the fracture state is assumed to have been reached.

KODY is now set to a value of 2. If the equivalent plastic strain is
greater than equivalent plastic ultimate strain, the concrete is assumed
to have crushed and KODY is set to 3.

Tension-compression region is established if I, > 0 orvJ, + ;%: > 0.
Once this state is established, the program sets the parameter IDTC
to -1. The nonlinear behavior of concrete in this region is shown in
Figure 4. Note that for this region, the descending portion of the
stress-strain curve is absent. The values of KODY = 0 and 1 have the
same significance as for the isotropic compression region. For this
region, however, KODY = 2 represents the crushing of concrete.
Tension-tension region is established if I, > 0 and /J + }3-3 0.

In this case, the parameter IDTC is set to -6. The stress-strain
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curve for this region is indicated in Figure 5. As can be seen from

this figure, there are only two states possible; the elastic state

‘, where KODY = 0, and the cracking state where KODY = 1. The cracking
state occurs once the equivalent stress is greater than or equal to
[as defined by equation (11)].
The material model, together with a three-dimensional 8 to 20 node
finite element subroutine, was added to program ANSR (ref. 3), a general
purpose three-dimensional nonlinear analysis program. The material model

was essentially incorporated in three basic subroutines:

a. SUBROUTINE MATP45, which essentially read in the necessary material

data, evaluated the material constants Ao’ Au’ Tas T for the compression

and tension regions, and also evaluated the constants « and 8 using the

above material constants. Equivalent plastic fraction strain and

equivalent plastic ultimate strain are also evaluated in this subroutine.
b. SUBROUTINE CMAT45, which evaluated the elasticity matrix defining

the incremental stress-strain relationship.

c. SUBROUTINE MRES45, which evaluated the response.

These three basic subroutines in conjunction with a few other minor

routines were used to define the material behavior of concrete using the

constitutive relationships mentioned above. The main program ANSR was also
modified to impose displacements and rotation on a section instead of imposing

forces. The imposed displacements could be applied in either of the direc-

tions of the coordinate axes x, y, and z or in all three directions, or

any combination thereof.
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3. NUMERICAL STABILITY OF SOLUTION PROCESS
The program ANSR to which the elastic-plastic failure strain hardening
material model for concrete was incorporated, has various ontions of numerical
i solution schemes. The two basic schemes available are the Newton-Raphson
scheme and the constant stiffness iteration scheme. The soiution scheme
utilized was a mix of the two techniques. Within each load step, iteration
cycles were prescribed to allow for stiffness reformation, and constant stiff-

ness iterations were employed within in each cycle to ensure convergence of

the solution.

Concrete is modeled as a mesh of discrete three-dimensional 8-t0-20 node
finite elements. To ensure the stability of the solution scheme, several
steps had to be taken. Suppose a reinforced concrete section is modeled as
shown in Figure 6.1 using concrete solid elements and three-dimensional truss
elements for reinforcing steel. If this section is subjected to an imposed
deformation pattern of extension and rotation in a certain ratio, and this
constant deformation ratio of §/6 is increased in a number of load steps,

a stress state will be created such that the bottom four gauss points of

the bottom element in the tensile zone crack. Once this stress state occurs,
the stiffness contribution of these four gauss points is reduced to a percentage
of the original stiffness (say 10%) for the next stiffness reformation. If
in the next load step the top four gauss points of this same element also
crack, then the stiffness of this element is set to zero. At selected degrees
of freedom the steel truss bar elements do not contribute any stiffness, so
that the resulting stiffness would be zero. The system of equations
Kp= Bﬂa) is solved using Gaussian elimination. However, during the fac-

T

torization of K into L D L', the elements of the D diagonal are checked for

small numbers resulting from the zero stiffness of cracked elements. Such a

(a) Bar below letters indicates matrices.
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condition could cause large nodal displacements resulting in large displace-
ments and imminent numerical instability. Thus, if during the factorization
of K the element of the D matrix produces numbers smaller than 10°°, the
diagonal element was replaced with a very large number of the order of 10"

a3

A T ; :
ion. Note that both 16 and 10'* are arbitrary num-

to s e Soiu
bers. Thus, to summarize, the following steps ensure numerical stability:
a. If a qauss point in an element cracked or crushed, then the stiffness
contribution of this gauss point to the element stiffness is reduced to
a certain percentage of its original stiffness. This number is specified
by the user as an input to the program. A value of 10 percent is
recommended.
b. After the element stiffnesses are assembled into the structure
stiffness matrix, the diagonals produced during the factorization
are checked for small numbers. If any element in the diagonal is found
to be less than 107°, this element is replaced by a large number of the
order 10'".
4. VERIFICATION RESULTS
The material model incorporated into program ANSR was checked by
comparing the analytical results against experimental results. Since Chen
and Chen (refs. 1 and 2) had already checked their constitutive relationships
and pr--w ted their results compared to the experimental results of Kupfer,
et al., (vef. 6) it was decided to check the model against the results of
Chen and Chen and Kupfer, et al.

kence, a series of runs was carried out using a single brick element

of concrete 7.9 ins. by 7.9 ins. by 2 ins. (20 cm by 20 cm by 5 cm). The

6. Kupfer, H., Hilsdorf, H. K., and Rush, H., "Behavior of Concrete under
Biaxial Stresses," Vol. 66, No. 8, pp. 656-666, Proceedings, Journal
of American Concrete Institute, August, 1969.
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uniaxial compressive stress-strain curve used is shown in Figure 6.2.

This brick was subjected to biaxial forces in a ratio of 0,/0,, the principal
stresses in two directions. This ratio was varied for biaxial compressive
forces, i.e., ratios of o /0, of -1/-1, -1/0, -1/-0.522, -1/-0.0001, and

for tension compression forces of -1/0.103, -1/0.204, and -1/0.052. The
results obtained from these analyses were plotted against the experimental
results of Kupfer, et al and the analytical results of Chen and Chen. The
results are presented in Figures 7 through 14.

Figure 7, which plots 0, versus €, for o0,/0, of -1/-1, shows that the
present model has more stiffness than the Chen and Chen or Kupfer, et al.
results. In this analysis the uniaxial stress-strain curve input to the
program was assumed to be linear up to a stress of 30 percent of the
ultimate stress f} . Chen and Chen (ref. 2) have indicated in their report
that the normality condition was best satisfied using a linear uniaxial
stress-strain relationship up to a stress euqal to 60 percent of the
ultimate stress. Thus this relevant parameter was changed and the results
of the new analysis are indicated in Figure 8. It can still be observed
that the present model response has more stiffness associated with it than
the results of Kupfer, et al. and Chen and Chen.

Figure 9 indicates the results of the applied forces 0,/0, in the ratio
of -1/-0.522. The correlation in this case is much better than for equal
biaxial imposed forces. The correlation in this case is much better than
for equal biaxial imposed forces. Figures 10 and 11 indicate results for
ox/o2 of -1/-0.0001 where the change in the modeling between the two
analyses is the value of initial yield point of uniaxial stress-strain

relationships of concrete.
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The correlation in the case of tension-compression applied forces
seems to be better than in the biaxial compressive applied forces.

Figures 12 through 14 indicate the results of the analysis for various
ratios of loading.

The general conclusion that can be drawn from the above analysis is
that the present model has more stiffness associated with it. This stiff-
ness is sensitive to the type of uniaxial stress-strain relationship input
to the model. The exact parameters for the uniaxial o-¢ curve used
by Chen and Chen in their analysis were not known. In this case, the
curve assumed may be different, which can account for the difference in

stiffness.
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SECTION III
PARAMETRIC DATA

1.  GENERAL

Once the model was tested and the results indicated in the preliminary
analysis found to be adequate, the analysis of two types of sections was
considered: the rectangular section and the cylindrical section. The
analysis consisted of imposing monotonically increasing values of a specific
ratio of axial to rotational deformation to a given section. After such an
increment of deformation, total stresses in the concrete and steel were com-
puted to determine if the concrete had cracked, yielded, crushed or failed,

or the steel had yielded.

Stresses for the concrete were calculated at the integration points
of the three-dimensional finite elements. These stresses were integrated
over the volume of the section to give equivalent loads at the nodes of the
element. The generalized axial force and bending moment on the section were

also calculated using these nodal loads and the loads in the steel.

For concrete, yield of an integration point was defined when the effec-
tive stress at that point (equation 1 and 2) exceeded the effective yield
stress. The effective yield stress 1, was calculated using equation 7 for
an isotropic compression state of stress and by equation 11 for a tension-

compression state of stress.

For an isotropic compression state of stress at an integration point,
crushing was defined when the effective stress (equation 1) exceeded the

effective ultimate stress T (equation 8) and the equivalent plastic strain

i e i
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at that point exceeded the equivalent ultimate plastic strain. The equiva-
lent plastic strain is defined by equation 13 while the equivalent ultimate
plastic strain is calculated using laws of plasticity corresponding to the

ultimate strain of the uniaxial compressive stress-strain curve.

For the tension-compression state of stress, crushing of the integration
point occurs when the effective stress of that point (equation 2) exceeds the
effective ultimate stress (equation 12) and the equivalent plastic strain
(equation 13) exceeds the equivalent fracture plastic strain. The equivalent
fracture plastic strain is calculated using laws of plasticity corresponding
to the strain at ultimate stress of the uniaxial compression stress-strain

relation.

Cracking of an integration point in isotropic tension is defined when
the effective stress of that point (equation 2) exceeds the effective cracking

stress (equation 11).

Once an integration point of the three-dimensional finite element
cracked in isotropic tension state of stress, or crushed in isotropic compres-
sion or tension-compression state of stress, the stiffness contribution of that
integration point to the element stiffness was considered as zero. If all
the integration points of all the elements loaded in compression were crushed
in isotropic compression or in tension-compression, the failure strength
of the section was reached. Thus, depending on the loading on the section,
as a consequence, the depth of the concrete section loaded in compression,
the failure strength of the section would vary. Thus, a series of values of
failure strengths for the section could be obtained as a function of the
loading on the section, resulting in an envelope, now defined as the failure

strength envelope or simply the failure envelope.
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The main purpose of the analysis then was to obtain a failure envelope

for each type of section analyzed. In order to achieve this, the section
was imposed with monotonically increasing deformations in a fixed ratio
of axial to rotational, until the failure strength of the section was

attained.

Since the ratio of imposed deformations, axial to rotational was fixed
while monotonically increasing the value of these deformations, the neutral
axis of imposed deformations was fixed. Each section was subjected to seven
deformation ratios or patterns: pure compression, pure extension, pure
rotation, extension/rotation of 5.0, extension/rotation of 15.0, compression/
rotation of 5.0 and compression/rotation of 15.0. For each section, seven
failure strengths were obtained corresponding to the seven deformation ratios
or patterns. These failure strengths were plotted to give the failure
envelope for the section. The failure envelope was plotted in terms of
deformations which were reduced to dimensionless quantities of strains and
curvatures. Note that the section was imposed with deformations rather than
forces. This approach was adopted since the final aim was to obtain the
failure envelope in terms of deformations rather than forces. A typical
failure envelope is indicated in Figure 15. As the deformations on the section
were monotonically increased, at each load step increment, the axial force
and bending moment on the section were also calculated. These response

quantities were plotted as moment-rotation (M-6) and axial force deformation

(P-8) curves for each section. Note that the M-6 and P-§ curves were referenced

to the geometric centroid of the section. The failure envelopes also indicated
strains and curvatures at failure at the centroid of the section. Note also

that only confined sections were studied.
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2.  RECTANGULAR SECTION RESULTS

The total number of cases analyzed for the confined rectangular section

(CRS) is indicated in Table 1. The strength of concrete, the percentage of

longitudinal reinforcement, and the area of confining steel were selected as

the parameters that would be varied. The first two sections analyzed were

CRS #3 and CRS #7 (Table 1). Each of the above two sections contained 2 percent
longitudinal reinforcement both in tension and compression zones (p = p' = 2%).
The area of transverse steel per leg was 3.50 in? over a length of 19.685 inches,
calculated on the basis of ACI 1971 code requirements for seismic resistant
design. The only difference between the two was the strength of concrete;

the ultimate uniaxial compressive stress of concrete for CRS #3 was 5 ksi,

while that of CRS #7 was 6 ksi. CRS #4 and #8 were sections with p = p' = 1/4%,
while the ultimate uniaxial compressive stresses for concrete were 5 ksi and

6 ksi, respectively. CRS #11 had p = p' = 2% and an ultimate uniaxial compres-
sive stress of concrete of 9.0 ksi. CRS #11.1 was similar to CRS #11 with

the exception of the uniaxial compression stress-strain relationship for the
concrete, which was different. Section CRS #6 was analyzed with 1 percent
lTongitudinal reinforcement at each face and an ultimate uniaxial concrete
compressive stress of 5.0 ksi. While keeping the section size, the percentage
of longitudinal reinforcement and the properties of concrete constant and

equal to that of CRS #4, the transverse reinforcement was varied to study the
effect of confinement on the failure envelope (CRS #4.2). The effect of
refinement of mesh in the response characteristics and the failure envelope

was studied in the analysis of Section CRS #4.1.
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A B

a. Analytical Modeling For Concrete And Steel

The dimensions of the section were kept constant throughout the
analysis. No cover was considered in the analysis, since the cover
would spall at a very early stage of loading, thereby not contributing
significantly to the ultimate capacity of the section. Inclusion of
the cover would also cause numerical stability problems. Concrete was
modeled using three-dimensional node finite elements. Most of the
sections were analyzed using a four layer system. Some sections were

analyzed using eight layers of brick elements.

Steel was modeled as three-dimensional truss elements. These
elements were connected at the nodes of the concrete brick elements.

The confined section under consideration is shown in Figure 16.1 while

an analytical model is shown in Figure 16.2.

Boundary conditions imposed on the section were as follows:
symmetry boundary conditions were imposed on the face 1-11-15-5
(Figure 16.2) in the X-direction while nodes 10 and 20 were restrained
in the Y-direction. To prevent rigid body modes of deformation in the
Z-direction, face 1-5-10-6 was fixed in this direction. Nodes 3-8-18-13
defined the horizontal plane passing through the centroidal axis of the
section (Figure 16.2). Displacements (extension or compression) were
imposed on the plane defined by nodes 6, 10, 16, 20, while this same
plane (nodes 6-10-16-20) was subjected to rotations about the horizontal

plane through the centroidal axis of the section (nodes 3-8-18-13).
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Figure 16.2 Finite Element Model for Rectangular Section
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The moment and axial force measured as response quantities were
measured at the geometric centroidal axis. Thus, the M-8 curves and the

P-8 curves were plotted at the centroidal axis of that section.

The history of nonlinearities that occur throughout the loading
history are presented as events in tabular form on the plots of M-6
and P-§ curves. Each event is identified by a number (for example,
refer to Figure 26.3). The events are described at the gaussian
integration points defined in these figures and tables as "nodes".
Thus, if a nonlinear event occurs during loading (e.g., "cracking of
3 nodes of element #4", identified as point 1 in Figure 26.3) in effect
cracking of 3 gaussian integration points occurs. Note also that the
current status of each element is defined. Thus, in Figure 26.3, at
point 5 identiried in this figure, 7 gauss points of element #2 undergo
yield while at point 8 the remaining gauss point yields. Thus at point 8,
the current status of element #2 is that all 8 gauss points of element #2

have yielded.

(1) Response Of CRS #3

Confined rectangular section CRS #3 had concrete with an

ultimate uniaxial compressive stress of 5.0 ksi. The uniaxial
stress strain curve used for concrete in the analysis is indicated
in Figure 17. The idealized curve is shown by the dashed line.
Note that concrete behavior is assumed elastic and linear up to
the point where the stress is 0.48 times the ultimate compressive
stress. After this point the nonlinear behavior is idealized

by three linear portions of nonelastic behavior as shown in

Figure 17. Ultimate strain was assumed to be 0.003 in/in. The
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———— Idealized model used in analytical response prediction.
Typical stress-strain curve. 2

a. Obtained from Ref. 8, pp. 12. Ultimate strain was assumed to be 1
0.003 in/in. '

Note: This stress-strain relation used for all cases except
CRS #7, CRS #8, CRS #11, CRS #11-1

Figure 17, Stress-Strain Curve for Concrete
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ESh = Slope of strain hardening portion of the curve.
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Initial modulus of elasticity

Figure 18 Stress-Strain Curve for Steel. Grade 60 ASTM
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stress-strain curve used for steel is shown in Figure 18. It

was idealized as a bilinear curve with a strain hardening ratio
of 0.02; i.e., Egp/Eg = 0.02 where Eg,, is the slope of the strain
hardening curve and Eg is the initial modulus of elasticity of
steel. The failure envelope for this section using the above
material properties is shown in Figure 23, while the response of
this section to various deformation ratios is indicated in
Figures 24.1 through 24.7 in terms of M-6 and P-8 curves. Inter-
pretation of each of these response curves is discussed for this
section in detail. For concrete sections presented later in

this section of the report only the main differences are discussed.

Figure 24.1 shows the plot of P vs. § for a pure extension case.

The response is linear up to the point prior to 1 indicated in
Figure 24.1. At point 1 cracking of the whole section occurs and
the total resistance is then due to the longitudinal steel. At
point 2 in Figure 24.1, the yield of longitudinal steel occurs.
Failure of this section under pure extension is then controlled by
serviceability rather than strength. A ductility ratio, defined
as a ratio of maximum strain in longitudinal steel to the initial
yield strain of longitudinal steel, of 10 to 15 would be an appro-
priate value where failure would be defined. However, on the plot
of failure envelope for this section (Figure 23), this point is

not plotted.

In Figure 24.2, the response P versus the deformation § for a
case of imposed pure compressive deformation is indicated. Here the

response is linear up to the point 1 where the yield of concrete
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section occurs in compression. Yield of the section is defined
when the effective stress Oe (equation 1) is greater than Ty» the
initial effective yield stress (equation 7). At point 2 in

Figure 24.2, the deformations have been increased to a point where
the yield of longitudinal bars occurs in compression. In the next
load step, after the yield of re-bars has occurred, crushing of
concrete occurs in compression. Failure of the section was defined
at this point, which is indicated on the failure envelope

(Figure 23).

The response of the section to pure rotation imposed deformations
is shown in Figure 24.3. The section remains elastic up to point 1.
In the load step defined by point 2, cracking of the bottom element
occurs. As deformations are increased further, the bottom half of
the section cracks completely in tension [element nos. 3, and 4,
(Figure 16.2)]. Note that the cracking of elements is followed by
a loss of stiffness as indicated by the M-6 curve. As deformations
are increased further, certain integration points of the top
element #1 crush<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>