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1.0 INTRODUCTION

f
This report is an extension and correction of

previous results El]. Here the requirements on an array

designed to measure the wavenumber—frequency spectrum of

the wall pressure beneath a turbulent boundary layer will

be discussed. Of specific interest will be the axisynunetric

component of the pressure field on a axially towed cylinder.

The basic configuration consists of an array of flush—

mounted ring transducers where the axis of the array is

coincident with that of the cylinder as sketched in Figure 1.1.

The major design parameters are the number of elements, NeF

their separation, d , and width, w. Additionally , the

channel—to—channel tolerances on amplitude, phase and

spacing errors will be considered.

Figure 1.2 illustrates the basic problem. There,

two models which have been proposed to describe

the wavenumber-frequency spectrum of the axisymmetric

component of wall pressure , are compared (12], [3]). The

comparison has been computed for a frequency of = 100 sec~~
and a 3 inch diameter cylinder towed at 15 kts. The

normalization for the spectra are consistent with that used

by Chase [2]. Appendix A gives the definition of the

wavenumber-frequency spectrum which is used here and details
explicit formulas for the Chase and Gardner models which

were used to compute Figure 1.2. Symbols which are not

defined in the text can be found in the symbol table at the

end of this report.

For numerical orientation, Figure 1.2 shows some

wavenuxnber regions of particular interest. The acoustic

region corresponds to wavenumbers bounded by Ik i < w/c

L ~~~~~~~~~~~~~~~~~~~~~~~~~~~
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where c is the acoustic propac!ation velocity. Since the

goal of a towed array is to detect acoustic signals , energy

at these wavenumbers must b.~ passed with no attenuation.
Thus , the TBL spectral level here ?laces an ultimate lower
bound on the towed array self noise.

In the wavenumber reqion for  which I k i
where c0 is the breathinq (or bulce) wave speed , the hose

transfer function of a towed array reaches a maximum . For

a small. group of hydrophone~ located near the axis of a

towed a r ray , the hose t r a n s f e r  f u n c t i o n  governs the direct
TBL contributed pressure level. Thus , spectral levels in

this region can be usci to e3timatc self noise for low

scattering towed array modules.

The convective rect ion n~’ar k = w/U
~
, where U~ ~~

the convection velocity , coitains most of the TBL energy.

At hose impedance discontinuitics such as endcaps , in ternal
spacers , hydrophones or telemetry cans , energy from this

region can be scattered into hose resonance wavenumbers

and sianificantly affect towed array self noise.

The two models shown on Figure 1.2 are s ign i f ican t ly
-
• d i f f e r e n t  at a l l  wavenumbers.  The Chase model indicates a

low wavenumber content approximately 22 dB less than that
of the Gardner model. Conversely , the Gardner model
indicates some 15 dB less energy at the convective peak.
The two models cross over at an intermediate wavenumber

- 2 . 2  f t~~ in th is  case) . A l th ouq i i  the numerical
values are d i f f e r e n t , s imi lar  d i f fer e n c e s  between the models
occur at d i f f e r e n t  tow speeds , arr~iy diameters , and

_ 
~~-~~~~~~~~~—
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*frequencies.

Since there are si g n i f i c a n t  d i f ferences  between
the models , it  is reasonable to ask whether exist ing
experimental  data can be used to indicate which mode l is
more nearly correct. Althouch a detailed demonstration

will not be given , it appears that  the answer is negative.
In fact , each model appears to fit a selected but different
subset of the available data.

In particular , the numerical values for the free

parameters in the Chase model were obtained by fitting the

laboratory experiments of Willmarth and his associates [41,

[5). In contrast , the parameters in the Gardner model were

evaluated using a combination of the Willmarth data and

data taken at sea by ~1arkowitz [61.

A major difference between the laboratory and the

sea tests appears in the frequency power spectrum of the
pressure fluctuations mea3ured by a small , flush-mounted

transducer. Figure 1.3 compares the Chase or Gardner
models with this spectrum as measured by Willmarth et.al.

or Markowitz.

The Chase model f i t s  the Willmarth data well for
wa/U ~ 6. For larger values of wa/U Chase at t r ibutes the
differences between the data and model to area averaging
by the pressure transducers. Chase has developed alternate

models to fit the Markowitz data which will not be discussed
here as Chase apparently does not recommend those models.

* models (~~s u~ ed here) can be wri t ten in the d imensionless
f orm —— P = p’v~ a’f ( ~~— , ka) ; thus the important parameters
for mode l°coinparisons are the Strouhal number , wa/U and
normalized wavenuinber , ka. (See Appendix A)

_ _ _ _ _  
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Area averaging should not be a factor in the Markowitz data.

The Gardner mode l was chosen to fit the Markowitz
data as shown in Figure 1.3. Note that for wa/U = 3.0

a 
(corresponding to Figure 1.2) , the difference between models
on Figure 1.3 is about 10 dB. This accounts for much of
the difference between the convective peaks seen in Figure 1.2.

It is not clear (for either model) that the same

parameter set will suffice to describe both laboratory
and sea tests. In particular , Willmarth et.al. [4] have

noted that the symmetry of the boundary layer is quite
sensitive to alignment and straightness of the cylinder .
Those experiments indicated that the cylinder should be
straight to within a small fraction of its diameter before
axially symmetric flow is obtained. This criterion may

not be satisfied by flexible cylinders towed at sea.

It should be emphasized that neither model is

based on direct experimental measurement of the low—
wavenumber portion of the TBL wall pressure spectrum.

The Gardner model is entirely empirical with parameters

derived from measurements made by small transducers. The
Chase model is semi-empirical in that the shape of the

spectrum at low wavenumber has been derived from theory,
but again , the free parameters have been derived from
small transducer measurements.

Some verification of the models at low wavenuinber
i~ available from self noise measurements made on low
scattering towed array modules . In this case , the hose
transfer function serves to reject high wavenumber energy.
If no scattering occurs near the hydrophone , the pressure
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measured by an internal hydrophone is dominated by tke
spectral power near the hose resonance wavenuinbers.

Unfortunately, such internal measurements do not
provide a clear cut test of either model. First , the
models tend to cross over near typical hose resonance
reg ions. Second , relatively minor modifications in the
model parameters can cause signif icant  differences in
estimated spectral levels (e.g.  a 20% change in the assumed
ratio of va/U can change the wavenumber-frequency spectral
level by 3 dB) . Third , the speed of the breathing waves ,
and thus the loca tion of the hose reson ance is of ten only
known approximately. Fourth , it is d i f f i c u l t  to ascertain
that all significan t breathing wave sc atterin g and other
sources of extraneous noise have been eliminated in the
vicini ty of the hydro phone so that hose resonan ce is truly
the dominant noise mechanism. Fif th , repeatability of self
noise measurements between differing tow platforms and
trials is about 2-3 dB even on the same acoustic modules .

Finally, agreement between mode l predictions and measured
data on the order of 3 to 5 dB over a frequency band of
interest is usually considered to be quite good. Given

these uncertainities , plus others not mentioned , it should
not be surprising that it is possible to find self noise
measurements which “ma tch” calculations made using either
model.

The above discussion indicates that a single
measurement of the wavenumber spectrum from near zero to
somewhat beyond the convective peak should provide
valuable information on the wall pressure fluctuations

beneath a turbulent boundary layer. Thus a goal of the

following array design will be to provide such a measurement

over a reasonable frequency range.
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In this report a very conservative design philosophy

will be followed . First , it wil l  be assumed that simple , —

conventional signal processing techniques will be used to
estimate the wavenumber—frequency spectrum. Second , the
array design will be based on the model which places the
most severe requirements on the array performance. In

Figure 1.2, the Chase model has a spectral dynamic range

of 57 dB between the convective peak and the low-wavenumber

spectral level. This range will prove d i f f i cu l t  to measure;
thus the Chase model will  be used to derive the array
parameters.

It is felt that the array design developed here

will be adequate to measure low—wavenumber spectral levels.

However , due to the stringency of the model and the

assumption of simple estimation techniques for measuring
the spectral levels , the resulting array design will be
nontrivial to implement. It will be shown that approximately
40 array elements are required. Each element should be a

3 inch diameter ring which is 1.2 in wide. The total array

leng th should be about 48 inches.

The most severe requirement is on the channel—to—
channel tolerances. The rms phase difference should be less
than 0 • 29 deg.,  the rms gain variations should be less than
.06 dB , and rms error in the spacing between elements should
be less than 1.7 mils . although these requirements are
decidely nontrivial it should be remembered that they represent
rms errors after calibration. In the case of the dis p lacement
errors this number represents an rins variation in the element
spacing . A fixed spacing error will have a negligible
impact on the spectrum measurements.) 

~~~~~~~~ - - - -,~~~~~~~~~~~~~~~ - -
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Note tha t if the errors are assumed to be uniformily

distributed between maximum error limits , the above rins errors
corres pond to the followin g max imum err ors -- Phase : 

± 
0.5 deg. ,

Gain: + 0.1 dB, Position : 
± 

3.0 mils. If the tolerances are

relaxed by a factor ~~~T, a useful measurement capability is

still achieved . (See Table 2.2)

A. fu ture  repor t wi l l  consider the application of
high resolution spectral estimation techniques to reduce th~
required number of elements.

- , — ~~~~~~~~~~~~~~~~ -- ~~ - -~~—~~~- -~~~~~--— - - -~~~~~——~~ 
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2 .0  ARRAY DESIGN

In this sectL,n , the considerations leading to

the array configuration described in the introduction are

discussed . Throughout , it will be assumed that the case

of interest corresponds to flow along the axis of a long

horizontal cylinder , and further , that only the axisymmetric

component of the pressure fluctuations is to be measured.

This allows the design to consist of a horizonta l array of

identical flush—mounted Ii r ing u transducers as sketched in

Figure 1.1. An estimate of the axisymmetric wavenumber-

frequency spectrum can be obtained by filtering the output

of each transducer with a riarrowband filter , “beaxnforming”

at a particular waveriumber , and averaging the resulting

output power. These operations are sketched in Figure 2.1.

The beamforming operation consists of multipling

the filter outputs by a weighted complex phasor V~ and

summing . The phasor depends on which wavenumber component

is desired . Thus :
N

v~ = a Q e k s )d  
~~~~~~~~ 1 (2 .1 )

where V~ is the complex phasor on the ~th element,

k5 is the desired wavenumber

d is the element spacing

is a weighting coefficient chosen to

to control the sidelobe response of the
*array

and Ne is the number of elements in the array.

* In general the weighting coefficients may be comp1ex~
however for the current design , only real a

~ 
are required.

- 
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The resulting measured wavenumher—frequency spectrum is

given by:

PM (ks,wo) 
= 

2ir~~~ 
f  P0(k,w0) IH(k) 

21A(k k5) I
2dk (2.2)

where

— P0(k,w )  is the wavenunther-frequency

spectrum of the circuinferentially

averaged pressure ,

H(k) is the element factor representing
- 

- 

the response of a single element

to wavenumber , k,

and

A(k) is the “array factor ” given by ,

N

A ( k )  = 

~~~ 

~~~~~~~~~~~~ (2 .3 )

In Equation (2.2), the quantity SL~ is the white

noise loss factor g iven by,

N

= N 

~~ l 

ja
~~I

2 (2.4)

21T 9~~
The factor dN represents the equivalent k-space bandwidth

— 

of the array factor. That is:

2 rr9~f  I A ( k )  2dk = dN: 
(2.5)

-rr/d

Note that the normalization assumed in (2.1) implies A(0)  = 1. 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ p~~ --~~~~~~~~ ----
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An es t imate  of the axisyinmetric wavenumber—frequency

spectrum , P(k ,w) can be obtained in those regions of k-space

which are not significantly distorted by the element and array

factors .  Qu a l i t a t i v e l y,  the e f fec t  of each factor in Equation
(2.2) can be sketched as shown in Figure 2.2. There it is

shown tha t  the element factor  is qeneral ly  a re la t ively  broad
response in k-space , but except fo r  thin elements , s igni f icant ly
at tenua tes the convective component.

The array factor , on the othe r hand , has a very

narrow response in k-sp~ ce , centered on the desired wavenumber

k5 . The approximate w i d th  ef the main response lobe is

equal to 2i~ times the reciprocial of the array length . By

making the array long enouqh , it is possible to obtain high

resolution spectral estimates. If the wavenuinber spectrum
were perfectly flat , resolution would not be a significant

consideration , however , according to the model proposed by

Chase (3] , the spectrum changes rapidly with k at low

wavenumbers. If the spectral level changes significantly

across the main response lobe , the resul t ing spectral estimate
will be biased away from the true value.

Another feature  of the array factor which mus t
be considered , is that it is periodic wi th  period equal to
2n times the reciprocal of the element spacing. Thus , in
addition to accepting energy from the desired wavenumber,

an array of point elements accepts energy equally at the
wavenu mbers , k9 ~ 

2irn/d , n 1,2,... For a general array ,
if there is significant energy in the spectrum at the

ambiguous wavenumbers , and if this energy has not been

attenuated by the element factor , the result ing measurement
wi l l  be biased by the ambig u i t i e s  in the array factor . In
the l i terature on phased ar rays , the array factor periodicities
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Figure 2 . 2 .  Sketch Showing Charac teris tics of the Array
and Element Factors .
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are calle d “ grating lobes ” . In the signal processing

literature, the errors produced by the periodicities are
called “aliasin g errors ”. Both these terms will be used

as appropriate.

Finally , note on Figure 2 .2 , that between the
perio dic ambigui ties of the array fac tor , ther e are side lobe
responses which are usually many dB below the main response.
However , if these si delobes lie wi thin the conv ective
region , they still may pick up s ignifi cant energy and
consequently bias the low wavenumber measurement.

The primary problem of array design is to choose

the array parameters to reduce the bias errors descri bed
above to an acceptable level. The approach taken in this

report is to note that from Equation (2.2), the element
factor produces a modified spectrum, ~~~ R I 2 , which. is
measured by steering the array factor to various wavenumbers.

The element pattern produces two effects. On the negative

side , it limits the maximum wavenumber for which unbiased

estimates of P can be obtained. However , on the positive

side , it reduces the dynamic range of the spectrum which
is to be measured and thus reduces the requirements on the
array sidelobe levels.

Given a particular element size , the product

P .  HI 2 is determined , and then the problem is to choose
a high enoug h spatial sample rate (small enough element
spacing) to prevent aliasing errors from distorting the

spectrum. Once the element spacing is determined , one
must choose a long enough array so that the resolution
will be adequate to prevent biases over the rapidly varying
portions of the spectrum. Final ly ,  the array weighting

-

~ -
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function must be determined so that the array sidelobes wil l
be low enough to prevent biases due to sidelobe leakage.

In general , an exhaustive search for the optimum
array characteristics would repeat the above procedure for
all possible element widths until the best array was found.

In this report the search will be conducted in three stages.
*First “wafer ” elements are assumed. For such elements it

is found that the maximum frequency for which useful

measurements can be made depends strongly on the minimum

element separation which can be implemented. For a

one—eig hth inch separation , the maximum frequency is 160 Hz.
**For one--quarter inch separation , the maximum is 100 Hz.

In the second stage , a center frequency of 100 Hz is
assumed and the effect of wider elements with correspondingly

greater separation is investigated. At the end of this

stage , two nominal array designs will be chosen. In the

third stage , the performance of the two nominal designs
will be investigated for center frequencies of 50 and 100 Hz.

Also in this stage , the effect of relaxed channel—to—channel
tolerances is considered. Finally , performance at other

tow speeds and frequencies will be discussed.

2.1 Design for Wafer Elements

Figure 2.3 plots the Chase model of P0 for a three
• inch diameter cylinder towed at 15 kts. The results are

Wafer are so thin that it may be assumed IH(.k) I 1 over
the region of interest.

**These limits , of course , depend on tow speed and array
diameter . u 15 kts and 2a = 3 in was assumed . 

~ --~~~ -~ 
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Figure 2.3.  Wave number-F requency Spectrum of the Axisymmetric
Component of Pressure for a 3 inch Diameter Cylinder .
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shown as a function of k with frequency of the narrowband
f i l ter, w0 , as a parameter .

Note that as the center frequency increases, the

wavenumber corresponding to the convective peak increases
proportionally . At the same time the low wavenuinber spectral

content decreases more rapidly than does the convective

peak , thus producing an increased spectral dynamic range.

Both of these characteristics imply that the array design

becomes more difficult as w increases. First, as the
0

convective peak moves to higher wavenumber , the elements
must be placed closer together to reduce biases produced

by aliasing. Second , the greater dynamic range requires
better sidelobe control of the array response function

which , in turn , implies tighter amplitude , phase , and

position tolerances between channels.

Figures 2 . 4  and 2 .5  illustrate the effect  of
aliasing for two cases. These figures compare the Chase

model with a numerical evaluation of Equation (2.2). Note

that since the array response is periodic , Equation (2 . 2 )
may be written :

PM (k s ,wo) = 2~ tw 
fd (k ) I ( k k ) l 2dk (2 .4 )

where is the aliased spectrum given by :

PA (k ,wo) = P0 (k + ~~~~w01Ig (k + (2 .5 )
n=-~

Since only the effects of aliasing are of interest, for this
calculation , a long array is assumed so that one has:
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2 
e IA ( k _ k  ) 1

2 ó ( k — k  ) ( 2 . 6 )
71 w S

where 6 is the Dirac delta funct ion.  Thus for Figures 2 .4
and 2 .5 , P (k ,~~~ ) = P (k ,w ) .  Further the assumption of

N s o  A S O  
• • 2 *wafer  elements allows the approximation -— IH(k) I

Figure 2 . 4  shows that for one inch spacing , the
aliased spectrum is representative of P0 only in the region
near the convective peak. In this case the aliased spectrum

is periodic in k with a period 2rr.(l2)ft~~ . If the

element spacing is reduced to one-quarter inch the period
increases to 2rr ( 4 8 ) f t 1 and the aliased spectrum is a good
representation of the Chase model. Physically , what is
happening is that in Figure 2 . 4 , when the array is steered
to low wavenumbers , the f i r s t  grating lobe (ambiguous
response) of the array is folding in high spectral levels
f rom near the convective peak and thus masking the low
wavenumber energy. In Figure 2 .5 , when the array is steered
to low wavenumber , the first ambiguous res ponse is well
beyond the convective ridge where the spectral level is
again low , and the folded energy causes a relatively small
bias .

In evaluating the aliased spectrum ( E q . ( 2 . 5 ) ) ,
it is f ound that the summation depends almost entirely on
the ambiguous response near the convective peak . Thus ,
Figur e 2 .3  can be used to estimate the required element
spacing for a three inch diameter cylinder . In particular,

* In the following figures w denotes the element width and
k~ denotes the effective 3 dB array “bandwidth” j~n k—space.
Thus, D—0 is shorthand for the assumption IH(k) (‘ = 1, and

0 is shorthand for the assumption ( 2 . 6 ) . 
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at low wavenumber , the major contribution to the measured

energy will come from the ambiguous lobe located at k5+271/d.

If this lobe lies too close to the convective peak , the low

wavenuinber measurement will be biased by the ambiguous

response. Quantitatively , if a 3 d13 bias in the low wave—

number measurement is acceptable, the spectral level at the

ambiguous response must be less than or equal to the spectral

level at low wavenumbers. Since the spectrum is increasing

with wavenumber until the convective peak is reached , this

requirement immediately dictates that the first ambiguous

response must be wel l  beyond the convective peak. In

particular , the element spacing is chosen so that the first

ambiguous response is beyond the convective peak and such

that the spectral level there is equal to the spectral level

at low wavenumber . For example , at a frequency of 100 Hz ,

the spectral level at low wavenuxnber is -57 dB relative to

the peak. This spectral level is again reached for

(k/2ii ) = 47 ft 1 thus the required element spacing is 0.25 in.

The 3 dB criterion represents relatively poor

accuracy for the spectral estimate ; however since the

discussion in the introduction indicates that the current
uncertainty in the low wavenumber content may be as high

as 20 dB , it is felt that the 3 dB criterion is acceptable.
If this is not true , the required spatial sampling rates

will be significantly increased.

The computation of the required sampling rate

based on the aliasing at low wavenuxnber is not a general

criterion applicable to all spectral shapes. In general ,

the al iasin g error shoul d be es timated a t all  wavenumbers
over the region of interest and the spatial sampling rate
should be chosen to contro l the wors t al iasing error . 
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Computations with the Chaso model , however , indicate that

the worst aliasing does occur at low wavenumber. The

above comment would not be true if we were concerned with

the measurement of wavenumbers beyond the convective peak.

In particular , the spectral lovcl  cannot be measured at

wavenumbers ¼lreater than one—half the spatial samp1in~ rate

(Nyquist rate) away from the convective peak since the

aliasing error becomes very laroe . (See Fiqure 2.4).

Using these considerations , the required sample

r a t e  is plot ted  versus frc~ ucncy for a three inch cylinder

in Figure 2 . 6 .  This figure demons t ra tes  that there is a
strong limit to the maximum f requency  at  which u se fu l

F measurements can be obtained . For example , if it is assumed

that an element spacing of one-eighth inch represents the

minimum which could be achieved , then the maximum frequency

is limited to about 160 Hz. For one-quarter inch spacing

the maximum frequency is about 100 Hz.

The next step in determiriinc~ the array parameters

is to compute the required resolution in k-space which will

be related , later , to the required array length. To make

this computation , the main response lobe of the array factor
is apprcximated by the Gaussian function over a limited

region of k—space near the desired wavenumber k .  That is ,

2ir
~~ 

IA (k-k5H
2 

~~~~~ 

ex~~
[ 

- 1( s )
1 

, Ik-k5 1 3c~

(2.7)

where 
~‘k = (8 1n2)~~~

’2k5

and is the 3dB “bandwidth” in k-space.

-
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Figure 2.6. Required Spatial Sample Rate
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Using thi..~ approximation , the measured spectral level can

be computed using Equation (2.2) and a numerical quadrature

formula to evaluate the integral. Since the quantity being

investigated here is the bias produced by the finite

resolution of the array factor , the integration is restricted

to the main response lobe near the desired wavenumber k5.

The effect of sidelobe response will be cc nsidered separately

below. The Gaussian approximation to the nain response

lobe is quite good independent of which array weighting

coefficients are used. The major effect of the weighting

coefficients is to control the sidelobe level at the expense

of increased k—space bandwidth . Thus different array

coefficients require different array lengths for the same

kB. As long as the results are given in terms of resolution ,

they are quite general.

The result of a numerical evaluation of Equation (2.2)
*

using approximation (2.7) for ?~(k) is shown in Figure 2.7.

For that computation the elements were assumed to be 0.25 in.

apart , and the array bandwidth was taken as (k8/2n) = 1.0 ft 1.

Again , the most significant bias occurs near zero wavenumber.

If the bias is plotted versus array bandwidth , for k
~ 

= 0,

Figure 2.8 results. From that figure , it can be seen that

a resolution of (kB/211) = 0 . 6 5  ft 1 is required to maintain

less than 3 dB bias relative to the Chase model. The

required array length will depend on the particular weighting

— coefficients , and these , in turn , depend on the required

sidelobe level.

Figure 2.9 can be used to estimate the required

sidelobe level of the array factor. As can be seen , f rom

For this and subsequent computations , the “w af e r ” elements
will be assumed to be one quarter inch wide (w -= .25in) as this
produces neg l igible distortion of the spectral measurement
over the regions of interest.

— ——~~~~~~~~~ ~~~~~~~~~~~ 
,
~~~~ ~~~~~~~~~

- -~~
-
~~~~~ 4
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(54

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ og P (k~~i)

Figure 2 . 9 .  Sketch Showing the Parameters needed to
Estima te the Required Sidelobe Level. 
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tha t f igure , this level is a function of the dynamic range
of the spectrum , DR, its k-space bandwidth near the convective
peak , B, and the array bandwidth kB. Specifically , the ratio
of the leakage through the array sidelobes , 

~SL’ 
to the

spectral level measured at low wavenuinber is given approximately
by:

10 log I ~~
- —

~~ 
= SL - DR + 10 log(k~/B) (2.8)L SL~

where SL is the rms sidelobe level near tha convective peak.
If the sidelobe leakage is to be less than the measured
value , the sidelobe level must satisfy :

SL > DR + 10 log (3/k~ ) (2.9)

For a 3 inch cylinder towed at 15 kts and a center

frequency of 100 Hz , the dynamic range is 57 dB and the

bandwidth of the convective peaks is (B/2i) = 1.2 ft~~ .

Substituting these values into (2.9) yields a sidelobe

requirement of about 60 dB.

Figure 2.10 illustrates the effect of various
sidelobe levels using a numerical evaluation of Equation (2.2).
For the numerical evaluation, a constant sidelobe level
was assumed . Figure 2.10 is consistent with the approximation
( 2 . 9 )  as it indicates that  a sidelobe level of 60 dB or

* To be specific , the dynamic range is defined as DR =
10 logIP0(w/u ,~ )/P (0,w)J and H is the bandwidth between
the 3 dB poin€s aro8nd the convective peak. The rms 2sidelobe level is defined as SL = - 10 logI(d/2iT)f~A(k)~ dk],
where the region of integration is confined to the sidelobe
region of A ( k ) .

____ ~~~~~ ~~~-- - — - -~~~~~ - - - - - - ~~~~~~~~~~~ --
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greater is required to prevent sidelobe leakage from the

convective peak from masking the low wavenumber content.

This represents a severe sidelobe requirement.

Although in theory , Dolph-Chebyshev weighting functions

[7], [8) , achieve such low levels , tight control on channel—

to channel amplitude , phase , and position errors is required.

Table 2.1 summarizes the important characteristics of the

Dolph-Chebyshev weights. This class of weighting functions

should be useful for the current application as they achieve

a given peak sidelobe level with minima l broadening in the

main response lobe. Table 2.1 lists the “ rms ” sidelobe
level , the 3 dE bandwidth and the white noise loss factor

for Dolph-Chebyshev weights as a function of the peak

side].obe level. From that table it appears that the array

length required to achieve 60 dB rms sidelobes and a k-

space bandwidth of 21T . (.65) ft~~ is 2.2 ft. With an

element spacing of 0.25 inches , this corresponds to 105

elements.

As noted earlier the above parameters represent

a severe requirement on the amplitude, phase , and position

tolerances between the channels. It is shown in Appendix B

that  the e f fec t  of independent amplitude and phase and 
-

‘

position errors on the array response is g iven by:

EIB(k ,k5) 1
2 

= 1A k-k 2 (l -o~ -k 2 a~~) + ~~~~~~ (a~ +a~ +k 2 a~ )

(2.10)

where
E~B(k ,k5) 

2 is the statistical expectation of

the array response (squared) which

- - - ----

~

- - - - -

~

- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -~~~~~~~~~ 
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TABLE 2.1

ARRAY FACTOR CHARACTERISTICS

FOR DOLPH-CHEBYSHEV WEIGHTING

COEFFICI ENTS

rms Normalized Normalized
Peak Sidelobe Sidelobe Leve l White Noise 3-dB

Level (dB) Loss Bandwidth
(dB) (approx) Factor INedkB

25 28 1.09 1.0].

30 33 1.14 1.07

35 38 1.21 1.13

40 43 1.29 1.20

50 53 1.39 1.33

60 61 1.51 1.44

70 73 1.62 1.55

80 83 1.73 1.65

J
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has been Perturbed by the amplitude
ph ase and pos i t i on  e r rors ,

A0 ( k — k 5) is the unpe r tu rbed a r r ay  fac tor ,

(It is assumed that A (k) has been

normalized so that A (0) = I)

is the w h i t e  noise loss factor for

the particul ar weiqhts used (column

3 in Table 2.1)

is the n~~ ber ~f elements ,

is the rms phas e error ,

~ is the  m i s  am p l i t u d e  er r o r  as a

ratio (i.e. , = ( ~~a . )  - ‘ )

and is the rms positional error.

The 60 (IB sidelobe requirement must be satisfied

at the convective peak with the array steered to zero , thus

one must have F B (
~

/%i ,0)1~ 
l0~~ . If the errors are

distributed “equally ” between the three sources , one must

have :

~t ~~~~

, = = = 0.0049 (2.11)

That is , the phase—error must be less than .28 deg . tins,
*the amplitude error must be less than 0.042 dB rms and the

position error must be less than 1.6 x 10~~ in.

It is generally useful to give amplitud e tolerances in
dB as these tolerances 5ire directly relatable to tolerances
on the preamp and amplifier ilains on each hydrophone channel.
To convert to variance of the dB value (say of the amplifier
gain) note that for small errors , qain variations are related
to fractional amplitude variations as:

a , a~
= 20 log — = 8.68 in —

8.68 ln(l+ t ~
) 8.68t ,

thus 
~G

_____ 
~ 

—— - - 
‘ ~~ 
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In summary , the design based on ‘- .‘ater elements

requires 105 one—quarter inch elements at the same spacing .

The array length is about 2.2 ft. Sidelohe levels of 60 dB

are required which imply ch~inne1—to—channe1 tolerances of ——
= .042 dB , = • 19 deg . , = 1.6 mils. These tolerances

w i l l  be d i f f i c u l t  to a c h i e v e .  It should be remembered

however , that they represent residual variations after

calibration . A fixed amplitude , phase or spacinq error

will have a negligible effect on the spectral measurement.

If the errors are uniformly distributed between maximum

limits the above rms errors correspond to AG I < .07 dB ,

0.5 deg., ~~ ~.8  m i l s .  The requ i red  number of

c h a n n els  is larq e , and the k—space  bandwid th  of (k B/211 ) = 0.65 ft 1

is marginal as will be seen later.

2 . 2  E f f e c t  of E lement  Len qth

The r e s u l t s  of Sect ion 2 . 1  indicate that an arra~
design with wafer elements w i l l  require both tight channel—

to-channel tolerances and a large number of elements to

achieve a good low—wavenumber measurement capability . In

this section , designs based on wider elements will be

considered. Wider elements have a narrower response in

k—space , which has the effect of reducing the required

spectral dynamic ranqe , at the expense of reducing the

maximum k to which unbiased measurements can be made.

In [1] , two approaches to rejecting the convective

peak were considered . The first approach was based on

placing the peak f a r  out on the sidelobes of the element

pattern. This approach was rejected as it leads to very

long elements (5—20 ft).

—~~~~~ --~~~~ --- -— - - - - - —~~~~~~ ~~~~~---~~~~~~
.

- - ,—- —- - -- - - -- - - -~~~~~~~ - .- - - -  -~~~~~~~~ -~~~ - ---
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The second approach was based on choosing the
element width to place the first null of the element

pattern near the convective peak. The objective was to

reduce the spectral dynamic range and thus ease the channel—

to—channel tolerance requirements. The argument , unfortunately ,

is fallacious.

As an example , i t  was found tha t  at U = 15 kt ,

2a = 3 in , and (w/ 2~~) = 100 sec ’, a two inch element was

required to place the first null near the convective peak.

However , to prevent significant aliasing the modified

spectrum had to be over sampled at one to two samples per

inch. It was proposed that the over sampling could be

accomplished by summing overlapping groups of smaller

elements thus giving an effective element size of two inches

with samples spaced less than two inches apart. For

example , if one—half inch physical elements are used ,

overlapping groups of four can provide an effective element

length of two inches with samples every one-half inch.

The fallacy is that now , the array consists of

one—half inch elements not two inch elements. The spectral

dynamic range is that of half-inch elements. The correct

way of viewing the problem is to note that , the process of

summing overlapping groups of elements and then applying

weighting factors to the groups is equivalent to applying

a modified set of weights to the original element outputs.

The only virtue of the modified weights is that they have

a very low sidelobe level in the neighborhood of the

convective peak. However , their tolerance to amplitude ,

phase , and position errors is no better than say Dolph—

Chebyshev weights. In particular , note that from Equation 2.10,

the major dependence of the sidelobe error on the weights is
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iii the term ~~~~~ . ‘fhi ~’ e u a:~t i t  does not chang e g rea t l y

between d i f f e r e nt  se ts  of w - i ~~ht s~ t h u s  the Pias in the

array f ac to r  ~ i i i  b ab out  M v -  same ~or the modi f ied  weights

as for  an e qu i v a l e n t  set oF D o lp h — C h eb y sh e v  wei g h t s .  The

tolerance rc~juir c;~ten~ s 3r0 a) so  the same. In  the fol lowing

discussion, i t  .- ~] b-~ a~ sun ~~d t h a t  the element wid th  and

spacing are e~~ua] .

The f i ~ - --~t stei i~ i e s t i m a t i n g  the e f f e c t  of the
element wid th  is to comoute the d i f f e r e n c e  between the Chase

model and the a l i a so d  sp ect rum (as modif ied  by the element

factor , Eq. 2.5). Figure 2.11 illustrates the results of

this computation . There the reg ion in k—space over which
the aliased spectrum is not more than 3 dB greater than

the Chase model is plotted versus element width. For small

elements , the reg ion of unbiased measurement is k/2~i l ~ l,~w.

Note that as the element width and spacing increases , the

region of valid measurements is correspondingly reduced.

Since the most of the spectral  energy is concentrated near

F the convective 3eak , the measurement interval tends to be

centered around this peak.  For one-inch elements , the

convective peah is reduced about 3 dB . For larger elements ,

the aliasing error increases rap idly and the measurement

interval is rapidly limited to the acoustic region. The

maximum element size which yields a measurement interval

beyond the acoustic reg ion is about 1.4 in.

Figure 2.12 shows the spectral dynamic range versus

element size. Note that this range does not decrease

significantly until the element size exceeds 1.4 in. That

is, if the element length is chosen large enough to

significantly reduce the spectral peak , the corresponding

aliasing errors have reduced the measurement interval to

L ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - ,
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the acoustic reg ion.

Figure 2 .13  ~ho~:s the  ~iw~ her of ch anne l s  r edu i r ed

to achieve (k B /2~~
) = 0 . 6 5  ft 1 and Figure 2 . 1 4  shows t h e

required c h a n n e l- -t o — c h a n n e l  to lerances , Do lph—Chebyshev

weights are assumed.  The l eaat  severe tolerances for  the

least number of e lements  occurs at w = 1.4 in .  This

unfor tunately  is a spur ious  optimuri since its use fu lness

depends on c a r e f u l l y  t a i l o r i n g  the element pa t tern  to the

spectrum to be measured . For the remain ing  ca lcula t ions

a somewhat more conservative maximum element  width  of 1.2 in.

is assumed.

At the other  end , the channel  tolerances can be

eased h~’ using more e lements .  However , the tolerances

increase as l/(~~ ; thus a large number of channels  is

required to s i gn i f i c an t l y  relax the tolerances.  Note that

decreasing the element size from one inch to one—hal f  inch

has a negligible effect on the required tolerances . This

is due to a 2 dB increase in the spectral dynamic range

which nearly compensates the increased number of elements.

Figures 2.13 and 2.14 do not indicate  the true

tradeoffs between element width , number of elements and
channel—to—channel  tolerances.  In par t icular, those f igures

were constructed for a constant k-space bandwidth of

(kB/2rr) = 0.65 ft 1. Recall that this is the maximum

allowed k—space bandwidth . There is no penalty incurred

for decreasing this bandwidth by using a longer array. In

fact , from Figure 2.8 , decreasing the bandwidth will reduce

the bias due to nonzero mainlobe width and improve array

performance. Thus if the channel—to-channel  tolerances

must be relaxed by using more channels , it is more advan tageous

--- — -

~
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~
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~ 
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to use the largest possible element size and increase the

array length according ly rather than use smaller elements.

This is demonstrated in Figure 2.15 , where the phase

tolerance is plotted versus the number of elements with

element width as a parameter.

Figure 2.15 gives the relation between the required

number of channels and the required tolerances. If either

limit is known the other may be estimated from that figure.

Currently neither limit is known. Flush mounted elements

of the type indicated in Figure 1.1 have never been built

and calibrated in situ, therefore there is no directly

applicable previous experience which can be used to estimate

achievable tolerance limits . Secondly, at this preliminary

design stage, it is not known whether existing tow cable

and telemetry systems will be used or new ones will be

built. Thus the number of channels available is not known.

The approach taken here will be to “ballpark”
- - the achievable tolerances with optimistic estimates. In

particular , it will be assumed that the maximum gain
variation can be held to + 0.1 dB , the maximum phase variation

is + 0.5 deg. and the maximum relative position error is

+ 3 mils. If the errors are uniformly distributed

between their maximums, the corresponding rms errors are:

= .058 dB , = .29 deg., and = 1.7 mils. These

tolerances are optimistic , the gain and phase tolerances

are two to three times tighter than typical specifications

for acoustic modules . The justification for assuming these

low values is that they are intended to represent tolerances

after calibration corrections have been applied .

From Figure 2.15, the above tolerances imply

35 to 40 elements will be required to make low wavenumber
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measurements. This fact  also inf luenced the choice of
the assumed tolerance limits as it is unlikely that the
number of channels available wil l  greatly exceed 40.
For comparison , the performance of a design based on 20
elements with tolerances which are smaller by~f~ will also
be considered .

Figures 2.16 through 2 . 2 3  plot the measured
spectrum as computed from a numerical evaluation of Equation 2.2
in comparison with the Chase model. Evaluations were made

for two arrays at two different frequencies —- 50 Hz and
100 Hz. Additionally , computations were made for sidelobe
levels corresponding to the “desired” tolerances and for
tolerances which have been increased (relaxed) by j~~~~. In
those f igures , a is the common tolerance: c = a~ =

= (w/U
~
)a
~
. Note also that the abscissa is a “u n—log”

scale. That is, the scale is proportional to (sgn k)1ogfk~
for k/2n l > .01 and is linear for I k/27r 1 < 0.01, where

“sgn” is the signum (or sign) function.

• First, it should be noted that the “prefered”
array at its design frequency of 100 Hz has a bias of about

6 dB in the low—wavenumber measurement. (See Figure 2.16)

Since the array was designed to achieve a nominal 3 dB
accuracy or better it is reasonable to ask why the bias

is so large. The answer is that the array was designed

so that each component of the total bias was 3 dB or less.

The total error is greater. In particular , it can be shown

that at zero wavenumber the bias due to aliasing is 0 dB ,

the bias due to the finite k-space bandwidth is 1.7 dB

(See Figure 2.8) for (kB/2Ir) = .36 ft~~~~ and the bias due
the side].obe leakage is 3 • 5 dB (Eq . 2.8 and 2.10). The

“power sum” of these biases is 5.7 dB as seen in Figure 2.16.

j
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Chase Model (Small Array , Very Tight Tolerances , 100 Hz).

~

-- ~~~~~~~~~~~~~~~~~~~~~~~~~-- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~



~ -—~ - ~~~~- -~~~~-,--—~~ -~~~~~~~~~~~ --~~ - -~~~~~—~~~~~~~~~~~ ~~—~~~ —.-—- - -

2 — 4 1

2a = 3 inches
U = 15 kts
0

= 50 sec

N = 20e
w = 1.2 inches

a 4 x l0~~
0 -. 

Chase

—20 i 

N : 1 1  1 -~~ :1

I: I S I
—• m. :: S S .

N —40 ” I
Measured

o N  Spectrum : H

P~ a—I ~ -
i” ~~~~• -

0 - - 1  ~~ 
- - I

—60

—80 - - - - - - . - I

—100 •- 

—10 —1 — .1 — .01 0 .01 .1 1 10

k -1
2rr f t

Figure 2.21. Comparison of the Measured Spectrum with the
Chase Model (Small Array , Very Tight Tolerances, 50 lizI .

~

-

~

-. -

~

---

~ 

—~~~~~~~~ -~~~~~~~ - - -~~-— - -—----- —~~~~~~ ~~~~ --



H

2 — 4 2

2a = 3 inches

= 15 k t s
= 100 sec 1

= 20

= 1.2 inches

t~ x 10

0 •  - •  - . .

— 2 0  _______

~~~ — 4 0  - -  • . - : I
- . - T’k’~isured 2 -

0 5: -- S~~~ct iuni
—60 - - 

a-I - -

0 
~~~~~~~~~~~~~~~~~~~ ~

- - • - •
-

- .

-

0’

Chasc~ 
- - - S

— 8 0  -...

—100 
- 

- - - - i 

-10 -l - .1 -.01 0 .01 .1 1 10

ft 1

Fi gure  2 . 2 2 .  Comparison Of the ~k~ i~~ured Spec t rum w i t h  the
Chase Model (Sm ~~11 Arr 5 iv , V et -v  T i q ht  Tolerances , 100 H z )  

---- - .- -.-~~~~~~~~ - -~~~~~~~ -~~~~~~~~~~~~~~~~~~~ - --~~~~~~~~~~~~~~ 
_



- . 

—
~~

2—43

2a = 3 inches

U = 15 k ts
-U
0 -l

= 50 sec
N = 20
e

w = 1.2 inches
—36 x 10

0 • •

Chase

—20

I 
: ~~ I

(N - : - - - 5- 5

- :
•

S - - . 
- : -

. - - . I - -

- - - S -

a. — 4 0  -

o Measured
A a-~ - Spectrum - -

. 
I

0

a I 

I

-60 /
‘.4 

~ çh~~~/ 
- -

0 : - - - . -

a-I - - - - -

—80

—100 - --

—10 — l  — .1 — 0 . 1  0 .0 1 .1 1 10

ft ’

Figure 2.23. CompariSon of the Measured Spectrum with  the
Chase Model (Small Array , Very Tight Tolerances , 50 Hz).

_ _
_ _ _ _  J



~~~~~~~~~~~~~~~~~ - - -- —~~-~~~~~~~~~~~~~~~~~~~~~ - - - - ~~~~~ ~
---

~~~~~~~~~~~
-

~~~~~~~~~~~~~~~~~

2—44

At 50 l Iz , (Fiqure 2.17) the preferred ar ray

performs w e l l .  I t  provides  a measurement  w i t h i n  3 dB of
the Chase model over the  r ange  — 2 f t 1 

‘- (k /2 ~~) 4 f t ’.

This range inc ludes the convective peak a t  ( k/ 2 ir ) 2 .  9 f t ’.

Even when the tolerances are relaxed by (~ , a u s e fu i

measurement range is achieved — — 0 . 2  f t 1 
~- (k/ 2~~) ‘- 2 f t 1.

The measured v a l u e  at the Cortvec  L i v e  peak is about  4 .  5 dli
S be low the Chase model . The qood p e r f o r m a n c e  at  50 lIz

can be at t r i b u t e d  to the  f a c t  t h a t the  s p e c t r a l  dynamic

range is 6 to 7 dli less a t  this frequency than at  100 H z .

As can be seen from l’iqure 2.  1 8 , t h e  p er f o r m a n c e
at 100 l I z  is m e a s u r ab ly  d e qr a L l e d  by th e  r e l a x ed  t o le rances .

‘r}~ b i a s  at  low wavenumber  i nc r e ased  f rom 5 . 7  dli t o  7. ~ dB .

F iqu r e s  2 . 2 0  1 hr ou qh  2 . 2 3  i n d i cat e  th e  p er f o r m a n c e

ach ieve d by t h e  shor ter  a rr a y . flue to i t s  qr eat er  k-space

b a n d w i d t h  the b i a s e s  have inc t:eased even t h o uqh  t l i e

to lerances  have been decreased to maintain the same sidelobe

level. The k — s p a c e  region f~~r wh ich the bias  in the
• . —lmeasured spec t rum is ~ dli or less is reduced  t o  .6 f t

(k/ 2 i i ) 4 f t~~ fo r  a c e n t e r  f i -e~~uency of 100 l I z .  The

maximum bias a t  low wavenumber  is 6.5 d13 . These  numbers

indica te  pe r fo rmance  comparab le  to the 40 e l e m e n t  ar r ay ,

but  w i t h  great ly re laxed  to le rances  on the larcter ar r a y .
( i . e .  w i t h  the o lerances  on 1 I t o  lonqei- a r r a y , q t - e n  ter by

a factor of two)

At 50 Hz the shor ter  a r r a y  pe r fo rms  si gn i f i c a n t l y

poorer than  the longer a r r a y . The measurement  i n t e r v a l

has been reduced to a r e l a t i v e l y  na r row  region  around the - -

convective peak.  At. 50 l i z , the Chase model  predicts

a more narrow sr’ectrum and the wider k— s p a c e  bandwidth

—

~

—- -  
~~~~~~~~~~~~~ - -~~~~ -- ---—-~~~ -~~~-- -
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of the 20 element ar ray is i n s u f f i c i e n t  to reproduce it

adequately.

Th e reduced element tolerances do not greatly
fu r ther degrade the shorter array . This due , primairly ,
to the fac t  that -the shorter  array is already s ign i f i can t ly

limited by its k-space bandwid th .

Table 2 . 2  summarizes Figures 2.16 through 2.23.

That table indicates why the 40 element array is prefer red.

At 50 Hz w i th  the tighter  tolerances i t  provides a very good

meas urement. It has the capabili ty to reproduce the Chase
model (wi th in  3 dB) from negat ive wavenumbers to wavenumbers
beyond the convective peak. At 100 Hz , the measurement

in terva l  is s t i l l  reasonably good . The low wavenumber

limit (k/27r = . 4  f t 1) corresponds to wavespeeds on the

order of 250 f t/ s € c .  This l imit  is comparable to the

breathing wavespeed for  many types of hose construction;

thus the measurement provides use fu l  information . The
upper limit ( ( k / 2 r r ) = 4 f t 1) is somewhat below the convective

peak. If the tolerances are relaxed by j~~~ (a
~ 

= .082 dB ,
= . 40 9 deg , a~ = 2 . 4 5  mils , SL = 51.5 d13) a use fu l

measurement range is still  achieved , part icular ly at the
lower frequency .

The 20 element a r ray  wi th  very tight tolerances
= .041 dB , a~ = .289 deg , G 1~ 

= 1.73 mi l s)  provides a

moderate capabil i ty  at 100 Hz , but is quite  limited at

50 Hz due to its relatively wide k-space bandwidth.  

- - --—. -- -. --- 
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2.3 Capability at other Tow Speeds and Frequencies

The last two columns of Table 2.2 indicate the

Strouhal number , N
~
, and normalized wavenumbers, ka,

corresponding to the f requency and measurement intervals

respectively . Since the Chase model , as presented in

Appendix A , depends only on Strouhal number and normalized

wavenumber , the prefered array should provide a good
measurement capability for N5~ 3, and 0 < ka ~ .08. (Of

course if the array diameter is changed , the element size

should be scaled proportionally). The above limits are

reasonable engineering “guesstimates ” , however the scaling

of the spectrum given in Appendix A should not be accepted

without reservation. In particular , a dimensional analysis

indicates that the spectrum should depend on other dimensionless

parameters such as (vt/U) , (6/a) , etc. The model presented

in Appendix A makes the implicit assumption that for typical

towspeeds , array size and construction , etc. these

parameters are nominally constant. This is probably incorrect,

in general , but is a reasonable engineering approximation

for three inch cylinders at typical tow speeds.

-

l 

—-~~~~~~~~~~~-- -—• -_ _  _ _ _ _ _ _



_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  
1~~~~

2—47

(N (N (N (N (N (N (N (N
I I I I I I I I

l~ 0 0 0 0 0 0 0 0
a) .i.~ E ,-l —I ..4 a-I ,—I r-4 r-I ,-~x x x :1< :11:

~~ a ~~ ~~‘0
a)
N a--I (N (N (N (N (N

r’) (N I ‘~) I I I I
,-4 > I I 0 I 0 0 0 0
l~ ~4 1 0 0 a-I 0 a--I ~-4 a-I r—l

(N 
~~~~ a ) E  a-4 a-I X r-I >1 >~ ~

X X ( N  ( N ( N~~~~~~~~~~~~(N
a—I O~~ a) .~a • .~ •

a-I a-I r’t a--I (fl

.c ai a-I In a-I In a—I In a--I In
1 .Q (~ . a . . .

o 0 E 3 ~J rn .—I m .—i m a—I (~ ) a-I
(
~j

U)

4•J -~

a) (N r-I 0 0 0 0 C) 0 C) 0

a) ~~ ~~~ 
(~ -~~ ~~ 

.
~
. 

~
. ~~. ~ . (N ~ . c-Ia-I a ) — E u - i  + + + + + + + +

a)
II I-I r4

:inj  a--I
U) ~~ U)~~~~~~I 0
~~ 4J ~ -a-I -1-i ‘~

j  • ¼0 (N W • N
‘0 Q J a )~~~~ t4..4 . (N . . • ,—4 • r-4

~~ ~ I + I -f + + + + +
~~ H

(N 4J _ _ _ _ _  _ _ _  _ _ _ _ _ _ _

0 ~(N ~ a)

I-I ~~ fl~ 
(N C) 0 CD 0 0 0 0 0

a) a) ~~~~ N 0 In C) In 0 In 0 In
~~ a-I ~- i 3  ~~ a-I a--I a--I a--I
0 cz~

El ~a.q . a)

~~ U) 0 a--I In In In In

~~
.

In In In In
U) •a 4 ~~~U)

-

~~~ C’) In (N
~~~~~a--I N ~~ (N S

0 •-I •
a-I (‘1 a-I a-I

U,
41)

0 -~• a~ a~ ~(d -0- ~~~ Co C C) a)
~~~b U (N ‘~~ (N (N

I .  a) ‘0 .
i—I ~-‘0
El

-‘ Co (N a-I Co
0 In Co In

0 ‘Ii 0 0 0 0

U)
s-I -I-)
a) g::

0 0
(N

Z a-I 

~- 



R- 1

REFE RENCES

[1] L. W. Brooks , “Array Design Considerations for the
- 

• Measurement of the Low-wavenumber Content of
Turbulent-Boundary-Layer Wall Pressure” , Report

No. WB77 - 13 , Binary Systems , Inc., Silver Spring , MD.,

Dee- 30 , 1977.

[2] S. Gardner , “Summary of Recent Results Concerning

Low—Wavenumber Boundary Layer Turbulence” , Report

D77—106 , Contract N00014—72—C—0318 , Binary Systems ,

Inc . 88 Sunnyside Blvd 1 Plainview , New York , 11803 ,

Jan 10, 1977.

[3] D. M. Chase , “Modeling of Turbulent Wall—Pressure

Spectra on Towed Cylinders ” , Technical Memo 352,

Contract No. N6600l—77—C-01l4 , Bolt , Beranek and

Newman, Inc., 50 Moulton Street , Cambridge , MASS.,

02138 , May 23 , 1977.

[4 ] W. W. Wil lmar th , R. E . Winke l , L. K. Sha rma , and
T. J. Bogar , “Axially Symmetric Turbulent Boundary
Laycrs on Cylinders: Mean Velocity Profiles and

Wall Pressure Fluctuations” , ~3. Fluid Mech., (1976)

Vol 76 , Part 1, pp 35—64.

[5] W. W. Willmarth and C. S. Yang , “Wall-Pressure

Fluctuations beneath Turbulent Boundary Layers

on a Flat Plate and a Cylinder ” , J. Fluid Mech.

(1970) Vol. 41, part 1, pp 47—80. 

_--_ ---- ,_ -_.- -_ --- —
__ ______ __ __ _n _____ _. __ _______ _ _ _ _____ ____ ___ __ _ _ _ ____ ~ —~~ - -  I



R- 2

[6] A. E. Markowitz , “ Turbulent Boundary Layer Wall

Pressure Fluctuation and Wall Acceleration

Measurements on a Long Flexible Wall Cylinder Towed

at Sea” , NUSC Tech. Report 5305 , Naval Underwater

Systems Center , New London , Conn., 12 Aug , 1976.

[7] F. Harris , “On the Use of Windows for Harmonic

Analysis with the Discrete Fourier Transform” ,

Proc. IEEE, Vol 66, No. 1, Jan., 1978, pp 51—83.

[8] H. Urkowitz , J. Geisler , and N. Riccardi , “The

Effect of Weighting upon Signal-to-Noise Ratio in

Pulse Bursts” , IEEE Trans., Vol. AES-9, July 1973,

pp 4 8 6 — 4 9 4 .



- -

A— l

APPENDIX A: SPECTRAL NOTATION

Let p (~~,0,i) denote the pressure fluctuations on the

surface of the cylinder at distance ~ along the cylinder ,

angle ~ around the cylinder and time T. The pressure is

assumed to be stationary in all three coordinates so that

the origin of the coordinate system is not important .

Let W (~ ,O ,T) denote the space-time correlation function :

W (~~,O ,i) = F ( p ( ç 11 O 1, T 1) P ( ? 1+~ , & 1+e , I 1-4- T ) )  (A—i)

where “E” denotes statistical expectation . Since W is

periodic in 0 with period 2ir , it has a mixed Fourier—transform

Fourier—series representation :

WR,0,T) = 
E ~~~~~~~~~~~~~~~~~~~ 

(A-2)

with the reciprocal relation :

P ( k ,w) = ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

In the above relations , Pm (k~
w) is the ~~~ angular

harmonic spectral density in streamwise wavenuniber and

frequency. The total mean square pressure fluctuation

is given by:

_ _ _ _  
~~~~~ —-—---~~ - - - - -- - -~~~~~~~ - -
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ELp
2(~~,0ir )1

= W(0 ,0,0) (A—4)

The quantity P0(k,w) is the wavenumber frequency spectrum

of the axisymmetric component of pressure .

Here the narrowband coherence function is defined as:

r(~ ,e ,w) = ~~~
J

dTW (~~,0,O)e~~
T (A—5)

and therefore is related to the angular-harmonic spectral

densities by:

P(k ,w) = 
1
2 fdof d~ r (c~ e ,w)e +m0) (A-6)

In this notation , the frequency spectral density of

the directly transmitted TBL pressure in the center of a

f lu id f i l led hose is given approximately by:

PT(w) ~f
dkPo(k~w) 1G 0 (k )  1

2 (A -7)

where G (k) is the hose transfer function from axisymmetric

pressure to internal pressure. For a lightly damped hose,

with a breathing speed much greater than the convection 

~~~~~~~- -~~~~~~-~~~~~~~~~~~~~~~~~~~~~~~- - - - -  -_- -- - - -~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - -
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ve loc ity . This ; is pvexim t ieci 35:

~~~~~ (~~~~~~~) (“ ca ( a ’ )  ~~ ~
( 

~~~~~~~~~~~~ 
(A - 8)

wh e r e  c i~ the hi ~ a t ii cr wa~’es;~~e~1 and ~ i s the  hose

damp ing f~~e ~
‘11L~ c—51d ~ L ~~~~~~~ t ra 1 level (per  l iz)

is given a~~.

LT ( w )  10 ic’ s [4 ~~’~~( - )  1 (A—9)

Chase [2 1 g i v e s the fo l lowing  expression for P0:

2 3
~
“t ’-

~ 
~~~~* 2 — 5P(k ,w) = 

a 
— K Kt (A—lO)

c~ = 0.063

v~~~~ .O4U

K2 = k 2 + 1
212a

‘ (Le U k ’2
1(2 = 1  c i  ÷ ._!+ k2t ~~~~~~~ A 2

= 0.68U

A =

h = 3.7

In general , the various dimensionless parameters,
c~ , (va/U), (A/a) , h , (U

~
/U), etc. are thought to depend

on (iS/a) , where iS is the boundary layer thickness. The 
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ratio (~-/ a) , i~~ l t u i : r , ~~ i 11 c~e~~e~~ i ~ ~ c wn sL r e~s 1 ) l ( ’ r ’~I Lj o n .
11~~~t~v~ r , (: L i is o ~ oe~; not iv~-~ tune~ ion~ j  r~~ ~~~ ions  ~or the~~p

He~:e th~ ‘- : irc ~iss unc ~ C~~W~ t l f lt  OV CL t ~~~~~

-~~~) 1j eable  r a n~ .~ of tow yed~; ~~~~ s t r~~amwj se posi t ien .

~—~i th  t h !~~ Vt2 t7, ru(.ie ~~~~ U!i~~~t~~~O! 1 , one u~iv W i i t ~e :

‘ 
-:~ ~ )P0 ( ? ~ , ~ ~~~ 

v K ~- ) (K~ a) ( A — l i )

and

(Ka)2 = (k ~i~~
2 

~ r

(K
~
a) 2 

~~~~~ 
- 

(

t r ~~~~~~~~

y 
4 (hi ) 

2 
+

and the spectrum scales aererding to the St rouhal  number
N5 = (wa/U )  and normal ized  wavenuniber , ka .

Gardner [3] used a different normalization in developing
his model for P0. If this author has correctly interpreted
the normalization used by Gardner , his model may be written :

-7T c~~ N
P0(k,w) = 

~ f~2 Ns 2 
SJ G (A—l2)

where 2ct Nl s

(tlN _) +(ka - ~~~~~~

- - - -



A-5

and

2p 2v~ I~~\ 2q~( w )  = , (~ jr J a
N \ /S

In the above expression N~ is the Strouhal number (~ a/U)

and and a2are constants given by —- = 0 . 1, 
~
l2 1.7.

Again making the crude assumption that ti
] 1  ~

i
2~~~ 

(v /U),

and U~/U are constant , the Gardner model also scales

according to N5 and ka.

As a check on the normalization , it is noted that

Equation (A-9) agrees with that given by Gardner [3] for

the directly transmitted TBL pressure.

For purposes of scaling, the plots presented earlier ,

were normalized by the maximum over frequency and wavenumber

of the Chase model. This maximum is given approximately

by:

~max = max max P0 (k , w)

—~~< k < ~ —~ <w<~

0 .0 l 7 2p 2 v~ a 2 ( A— l 3 )  

----— —~~~~~~
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APPENDIX B: THE EFFECT OF AMPLITUDE, PHASE AND POSITION

ERRORS ON THE ARRAY FACTOR

The array response to wavenuinber , k when steered to

wavenumber k9 can be written as:

N

B(k ,k5) = V2e
2
~~~~~~~

1 (B—l)

where
- this the position error of the 2 element.

Now from Equation 2.1:

v2 = a2e~~~~~~~~~ 
(B—2)

• so that

N

B(k,k5) 
= 

2=1 
a2e~~~

’
~~~s~ 

(2—l)d + k62i (B—3)

Note that B cannot be written as a function only of the

difference k—k5.

Now if amplitude and phase errors are present , a 2
can be written :

a2 = a~~(l+c 2)e
’
~ 2 (B-4)

where
a~ is the true (error free) am plitude ,

is the fractional amplitude error 

~~~~~~~~~~~~~
---

~~~~~~~~~~— —~~~~~~~~~~~~~~~~ --~~~~~~- - -
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and

-
- Is Ii- :~~~~~ - - - ‘ ‘  

- ‘ ‘ -

Subs t i  t Ut  i:~ - r - 
• ) i ~ ~p - ) 

- — i uq t ~~
- ‘ flL~

ylt!lds

H (k  ~~~~~ 2 
= - r  

- L — ~~. I (
~~ (1 4 - e~ ~~~

(P  —5)

where is q i ve n  b y ;

= ~ + k~~ ( B — 6 )

Assuming zero meal i  er r ~~m ; , independence  bt~tween a m p l i t u d e ,
phase and pos i t i on  e r rors , independence between channe l s
and small errors V ieldH :

E (l+t~~) (1+~~ )e
1 ~ ~~~~ = F[(l+~~,) 

~~~~ 
]Ee~ ~~~~~

( l+~~~~~~~) E E l  + + j 2 (~~~-~ - ) 2 / 2 J

= (l+
m
C
~~
)(l_ (1_

pi
)1
~~
)

2-
~ 1 + — ( 1 — S ) cQm ~ cm 

~~
‘ ( B — 7 )

Thus the expectt -d value of the magnitude of the a r ray
response is given -c :

L _ _ _ _  - -



B-3

EIB (k ,k5) ~
2 

Ea~~a~~~~~~~
( 1

~
1
~~~ + -

~~~ E a ~~) 2

-
~~~~~~ Ea

o
a
o
e
hJ( (~~-m ) d

l k ~~q ) I
2 (1-a~ k

2e~~ + ( o 2 +e~~+k 2 a~~
) 

~~ (a~~)~~

( 3— 8)

Recal l  tha t the w h i t e  noise loss f ac tor  is given by:

N ~ (a~~)~
= _ _ _ _ _ _ _ _  = N ~~ (a~ )

2 
(3—9)

(~~ a~ )
2

since it has been assumed tha t

A ( 0 )  = E a~ = 1 ( B — b )

Thus the average power response can be w r i t t e n :

EfB (k ,k )  ~2 = j A ( k - k 5 ) l
2 (1-o~~-k

2 e~~

+ ( e 2+o~~+k 2 cj~~) 
~~~~~~ (B-li) 
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a c v i  i t idt’r i~ idi us

we i q t i t IWI co o t  1. i c iont chosen to control

t ime i ~lo I 01)0 ro spo i l se  ot t h e  a r r a y

o n o r  I os;; WO i q i t  i i i ~~~ coefficient

A (k) “array f a c t o r ” ( i - q .  2 .3)

B k—sp~:ct ’ b an d w i d t h  n e ar  the! convec t i ve  peak
ii (k , k ) an r ay  r ;por :se  at wavenum ber k when steered

t o wav e imuni b e  i k

c ac()us t i c  p i o p :~ a t  lOll V’-’ b c  1 ty

brea th i  nq ( bu lqe ) i vospoed

d imon s j o t :  I ess constant in the  Chase model
o f  P ( k ,

d ~~ a i a  t j ot :  be t w e e t :  e lements

DR _ ;pec t r i  I d y r i a n m i c an’~e ( it~ dB)

P ( ) s t  a t Is  t. i ca 1 expec t  a ti o n  operato r

I roe i proca 1 per i od ( I requc ’ticy

~ (k) hose trans for function from axi.sylnmet :ic

p i e s  sure  to internal pressure

i t  (k  ) o l emon t lac t or r e p r e s e n t  i ng the :-eSponSe of

a s i r: q l e  e l em e n t  to wavenumber , k

k wavonumbe r ( 2  I t imes  r ec i p r o c a l  wave len g t h )

k~ k—space 3 OP bandwidth of the ar r a y  f a c t o r

k wavenunibe t at convec t ive  peak (k
~ 

= ui/tic)

k wavenu mb er  t o  which the  ar r a y  is steered (E q.  2 . 1)

w h i t e  n o i s e  loss fac t o r  (Eq . 2 . 4 )

one sided sp e c t r um  leve l of the directly

t r a n s m i t t e d  TBI. p ressure  (Eq . A — 9 )

N numbe r of ar ray elements
N5 S t: otilia 1 nuinbe r , ( ~a / t i  
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~~, 0 , t ) ‘0 t t l j ~

1 i. . r : ; ’d - -~~~‘c I i tini ( E q . 2 . 5)

1 M i~~ a : o i r - o l \ ‘ l \ ’ -I ; ’ I I IL ) t : — t r e L { u e n c v  s pe c t r um

P (k ,~~‘)  ~~~ !\ -o I u r i I t ’ t  I r(’ :let:c\ spectrum for  t ime

1 \ 5\flhIllo t 1 1 C c om po nen t  of  wa l l  pressure

( t ’ )  I i~~~~
-
~ uor :cv  ‘c - c t  r a L d e t i s  i t -y of the directly TBL

‘ ‘I  0~~~ I ) L  0 ( l-”~ . -\ -- 7

Q (~~) rno~1::u 1 ed t i  e~j t i e n c y  spectral den!; it y ct the

p o i n t  :;ur t a c o  pr es su r e  under  a TBL
SL ~i ru a v  s i d ’  l obe level (in dB)

U t lOt!  st no ant ~~ ‘od

convec t  ion ye I oc i ty

sh ear  v e l o c L t y

fr ; ‘
¼’ conip I ox mul t ip li er appl ied to the th

e l e m e n t  ( i ~~ . ~~~. 1)

W t - l ~~iii~~i i t  w i d t h
W ( , , i ) aim t ocorrelation funct ion of the point surface

pr e ssu r e  under  t lie TI3 L
Di  rae do i t  ~ i f u n c t i o n

-~ SOO 1-R I • A— 1 0

c l m a i m n e  1 q a i i m  d e v iat i o n

hyd roI)l1OIl& ’ ~ OS i t i o n  dev ia t ion
t-l:ann (’l phase deviation

f r a c t i o n a l  a m p l i t u d e  er ror on the ~th

element

f 1 uid d e tms  i t
re c 1 j~ 1 oca I wave leil -i t ‘1

rms channel—to—channe l gain tolerances

k— s p a c e  rms b a n d w i d t h  (Eq 2 . 7 )

rms c h a n n e l - t o — c h a n n e l  posi t ion tolerances

mi s channel-to—channe l fractional amplitude

riu

~ 

chann e l — t o— c l i a i : n e  1 phase to lerance

rr e q u e n c y  ( 2ir times reciprocal period)
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