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1.0 INTRODUCTION

This report is an extension and correction of |
previous results [1]. Here the requirements on an array
designed to measure the wavenumber-frequency spectrum of
the wall pressure beneath a turbulent boundary layer will
be discussed. Of specific interest will be the axisymmetric
component of the pressure field on a axially towed cylinder.
The basic configuration consists of an array of flush-
mounted ring transducers where the axis of the array is
coincident with that of the cylinder as sketched in Figure 1l.1.
The major design parameters are the number of elements, Ne, j
their separation, 4, and width, w. Additionally, the
channel-to-channel tolerances on amplitude, phase and

spacing errors will be considered.

Figure 1.2 illustrates the basic problem. There, i
two models which have been proposed to describe Po(k,w),
the wavenumber-frequency spectrum of the axisymmetric
component of wall pressure, are compared ([2], [3]). The j
comparison has been computed for a frequency of 5% = 100 sec"1 |
and a 3 inch diameter cylinder towed at 15 kts. The
normalization for the spectra are consistent with that used
by Chase [2]. Appendix A gives the definition of the
wavenumber-frequency spectrum which is used here and details
explicit formulas for the Chase and Gardner models which
were used to compute Figure 1l.2. Symbols which are not
defined in the text can be found in the symbol table at the

end of this report.

For numerical orientation, Figure 1.2 shows some
wavenumber regions of particular interest. The acoustic
region corresponds to wavenumbers bounded by |k| < w/c
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Figure 1.2. Comparison of Gardner and Chase Models of
the Wavenumber-Frequency Spectrum for the Axisymmetric
Component of Pressure under a Turbulent Boundary Layer

on an Axially Towed Cylinder.
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where c is the acoustic propacation velocity. Since the
goal of a towed array is to detect acoustic signals, energy
at these wavenumbers must be passed with no attenuation.
Thus, the TBL spectral level here places an ultimate lower
bound on the towed array self noise.

In the wavenumber region for which |[k| = w/e
where Cq is the breathing (or buloe) wave speed, the hose
transfer function of a towed array reaches a maximum. For
a small group of hydrophones located near the axis of a
towed array, the hose transfer function governs the direct
TBL contributed pressure level. Thus, spectral levels in
this region can be used to estimate sclf noise for low

scattering towed array modules.

The convective reagion near k = m/Uc, where Us is
the convection velocity, contains most of the TBL enerqgy.
At hose impedance discontinuities such as endcaps, internal
spacers, hydrophones or telemetry cans, energy from this
region can be scattered into hose resonance wavenumbers

and siagnificantly affect towed array self noise.

The two models shown on Figure 1.2 are significantly

different at all wavenumbers. The Chase model indicates a
low wavenumber content approximately 22 dB less than that
of the Gardner model. Conversely, the Gardner model
indicates some 15 dB less energy at the convective peak.
The two models cross over at an intermediate wavenumber

( g; e 2.8 ft:-1 in this case). Although the numerical

values are different, similar differences between the models

occur at different tow speeds, array diameters, and
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frequencies.

Since there are significant differences between
the models, it is reasonable to ask whether existing
experimental data can be used to indicate which model is
more nearly correct. Althouch a detailed demonstration
will not be given, it appears that the answer is negative.
In fact, each model appears to fit a selected but different
subset of the available data.

In particular, the numerical values for the free
parameters in the Chase model were obtained by fitting the
laboratory experiments of Willmarth and his associates [4],
[S]. In contrast, the parameters in the Gardner model were
evaluated using a combination of the Willmarth data and
data taken at sea by !arkowitz [6].

A major difference between the laboratory and the
sea tests appears in the frequency power spectrum of the
pressure fluctuations measured by a small, flush-mounted
transducer. Figure 1.3 compares the Chase or Gardner
models with this spectrum as measured by Willmarth et.al.
or Markowitz.

The Chase model fits the Willmarth data well for i
wa/U ¢ 6. For larger values of wa/U Chase attributes the ?
differences between the data and model to area averaging I
by the pressure transducers. Chase has developed alternate |
models to fit the Markowitz data which will not be discussed
here as Chase apparently does not recommend those models.

*Both models (Qs3u§edw§ere) can be written in the dimensionless '
form -- P_ = p“via f(U—, ka); thus the important parameters

for model comparisons are the Strouhal number, wa/y and

normalized wavenumber, ka. (See Appendix A)
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Area averaging should not be a factor in the Markowitz data.

The Gardner model was chosen to fit the Markowitz
data as shown in Figure 1.3. Note that for wa/U = 3.0
(corresponding to Figure 1.2), the difference between models
on Figure 1.3 is about 10 dB. This accounts for much of
the difference between the convective peaks seen in Figure 1l.2.

It is not clear (for either model) that the same
parameter set will suffice to describe both laboratory
and sea tests. In particular, Willmarth et.al. [4] have
noted that the symmetry of the boundary layer is quite
sensitive to alignment and straightness of the cylinder.
Those experiments indicated that the cylinder should be
straight to within a small fraction of its diameter before
axially symmetric flow is obtained. This criterion may
not be satisfied by flexible cylinders towed at sea.

It should be emphasized that neither model is
based on direct experimental measurement of the low-
wavenumber portion of the TBL wall pressure spectrum.

The Gardner model is entirely empirical with parameters
derived from measurements made by small transducers. The
Chase model is semi-empirical in that the shape of the
spectrum at low wavenumber has been derived from theory,
but again, the free parameters have been derived from
small transducer measurements.

Some verification of the models at low wavenumber
is available from self noise measurements made on low
scattering towed array modules. In this case, the hose
transfer function serves to reject high wavenumber energy.
If no scattering occurs near the hydrophone, the pressure
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measured by an internal hydrophone is dominated by the
spectral power near the hose resonance wavenumbers.

Unfortunately, such internal measurements do not
provide a clear cut test of either model. First, the
models tend to cross over near typical hose resonance
regions. Second, relatively minor modifications in the
model parameters can cause significant differences in
estimated spectral levels (e.g. a 20% change in the assumed
ratio of v,/U can change the wavenumber-frequency spectral
level by 3 dB). Third, the speed of the breathing waves,
and thus the location of the hose resonance is often only
known approximately. Fourth, it is difficult to ascertain
that all significant breathing wave scattering and other
sources of extraneous noise have been eliminated in the
vicinity of the hydrophone so that hose resonance is truly
the dominant noise mechanism. Fifth, repeatability of self
noise measurements between differing tow platforms and
trials is about 2-3 dB even on the same acoustic modules.
Finally, agreement between model predictions and measured
data on the order of 3 to 5 dB over a frequency band of
interest is usually considered to be quite good. Given
these uncertainities, plus others not mentioned, it should
not be surprising that it is possible to find self noise
measurements which "match" calculations made using either

model.

The above discussion indicates that a single
measurement of the wavenumber spectrum from near zero to
somewhat beyond the convective peak should provide
valuable information on the wall pressure fluctuations
beneath a turbulent boundary layer. Thus a goal of the
following array design will be to provide such a measurement
over a reasonable frequency range.




In this report a very conservative design philosophy
will be followed. First, it will be assumed that simple,
conventional signal processing techniques will be used to
estimate the wavenumber-frequency spectrum. Second, the
array design will be based on the model which places the
most severe requirements on the array performance. In
Figure 1.2, the Chase model has a spectral dynamic range
of 57 dB between the convective peak and the low-wavenumber
spectral level. This range will prove difficult to measure;
thus the Chase model will be used to derive the array
parameters.

It is felt that the array design developed here
will be adequate to measure low-wavenumber spectral levels.
However, due to the stringency of the model and the
assumption of simple estimation techniques for measuring
the spectral levels, the resulting array design will be
nontrivial to implement. It will be shown that approximately
40 array elements are required. Each element should be a
3 inch diameter ring which is 1.2 in wide. The total array
length should be about 48 inches.

The most severe requirement is on the channel-to-
channel tolerances. The rms phase difference should be less
than 0.29 deg., the rms gain variations should be less than
.06 dB, and rms error in the spacing between elements should
be less than 1.7 mils. Although these requirements are
decidely nontrivial it should be remembered that they represent
rms errors after calibration. In the case of the displacement
errors this number represents an rms variation in the element
spacing. A fixed spacing error will have a negligible
impact on the spectrum measurements.)
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Note that if the errors are assumed to be uniformily
distributed between maximumr error limits, the above rms errors
correspond to the following maximum errors ~- Phase: + 0.5 deg.,
Gain: + 0.1 dB, Position: + 3.0 mils. If the tolerances are
relaxed by a factor Vﬁ; a useful measurement capability is
still achieved. (See Table 2.2)

A future report will consider the application of
high resolution spectral estimation techniques to reduce the
required number of elements.




2.0 ARRAY DESIGN

In this secti:n, the considerations leading to
the array confiqguration described in the introduction are
discussed. Throughout, it will be assumed that the case
of interest corresponds to flow along the axis of a long
horizontal cylinder, and further, that only the axisymmetric
component of the pressure fluctuations is to be measured.
This allows the design to consist of a horizontal array of
identical flush-mounted "ring" transducers as sketched in
Figure 1.1. An estimate of the axisymmetric wavenumber-
frequency spectrum can be obtained by filtering the output
of each transducer with a narrowband filter, "beamforming"
at a particular wavenumber, and averaging the resulting

output power. These operations are sketched in Figure 2.1.

The beamforming operation consists of multipling
the filter outputs by a weighted complex phasor VQ and
surmming. The phasor depends on which wavenumber component

is desired. Thus:

No
¥V, = ae e lE Z'azl =1 (2.1)
=1
where Ve is the complex phasor on the tth element,
ks is the desired wavenumber
d is the element spacing
a, is a weighting coefficient chosen to
to control the sidelobe response of the
array*
and Ne is the number of elements in the array.

r . 3
In general the weighting coefficients may be comple§;
however for the current design, only real a, are required.

,_Lmm“__“____‘g-._.-—n—-ﬂﬁ-‘““‘“-““—ﬁ-“-‘.'-.-n-..-
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Figure 2,1 Signal Processing to Obtain a Wavenumber-Frequency
Spectral Estimate.




The resulting measured wavenumber-frequency spectrum is

given by:
aN, 2 2
PM(ks,wo) = f;ﬂ; J/. Po(k,mo)lﬂ(k)l |A(k-ks)| dk (2.2)
where
Po(k,wo) is the wavenumber-frequency
spectrum of the circumferentially
averaged pressure,
H(k) 1is the element factor representing
the response of a single element
to wavenumber, k,

and
A(k) is the "array factor" given by,

N
e

Z aleik(l-l)d (2.3) “
2=1

A (k)

In Equation (2.2), the quantity lw is the white

noise loss factor given by,

N
e
L, = N Z la, |2 (2.4)
W e 3
=1
2T
The factor - represents the equivalent k-space bandwidth

of the array fSctor. That is:

m/d

2 2nlw
/ [a(k) |“dk = -?m: (2.5)
-n/d

Note that the normalization assumed in (2.1) implies A(0) = 1.




An estimate of the axisymmetric wavenumber-frequency
spectrum, Po(k,m) can be obtained in those regions of k-space
which are not significantly distorted by the element and array
factors. Qualitatively, the effect of each factor in Equation
(2.2) can be sketched as shown in Figure 2.2. There it is
shown that the element factor is generally a relatively broad
response in k-space, but except for thin elements, significantly

attenuates the convective component,

The array factor, on the other hand, has a very
narrow response in k-space, centered on the desired wavenumber
ks. The approximate width of the main response lobe is
equal to 2m times the reciprocial of the array length. By
making the array long enough, it is possible to obtain high
resolution spectral estimates. If the wavenumber spectrum
were perfectly flat, resolution would not be a significant
consideration, however, according to the model proposed by
Chase [3], the spectrum changes rapidly with k at low
wavenumbers. If the spectral level changes significantly
across the main response lobe, the resulting spectral estimate

will be biased away from the true value.

Another feature of the array factor which must
be considered, is that it is periodic with period equal to
2n times the reciprocal of the element spacing. Thus, in
addition to accepting energy from the desired wavenumber,
an array of point elements accepts energy equally at the
wavenumbers, ks + 2mn/d, n = 1,2,... For a general array,
if there is significant energy in the spectrum at the
ambiguous wavenumbers, and if this energy has not been
attenuated by the element factor, the resulting measurement
will be biased by the ambiguities in the array factor. In
the literature on phased arrays, the array factor periodicities
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are called "grating lobes". In the signal processing
literature, the errors produced by the periodicities are
called "aliasing errors". Both these terms will be used

as appropriate.

Finally, note on Figure 2.2, that between the
periodic ambiguities of the array factor, there are sidelobe
responses which are usually many dB below the main response.
However, if these sidelobes lie within the convective
region, they still may pick up significant energy and
consequently bias the low wavenumber measurement.

The primary problem of array design is to choose
the array parameters to reduce the bias errors described
above to an acceptable level. The approach taken in this
report is to note that from Equation (2.2), the element
factor produces a modified spectrum, P - H|2, which is
measured by steering the array factor to various wavenumbers.
The element pattern produces two effects. On the negative
side, it limits the maximum wavenumber for which unbiased
estimates of Po can be obtained. However, on the positive
side, it reduces the dynamic range of the spectrum which
is to be measured and thus reduces the requirements on the

array sidelobe levels.

Given a particular element size, the product
P°-|H|2 is determined, and then the problem is to choose
a high enough spatial sample rate (small enough element
spacing) to prevent aliasing errors from distorting the
spectrum. Once the element spacing is determined, one
must choose a long enough array so that the resolution
will be adequate to prevent biases over the rapidly varying
portions of the spectrum. Finally, the array weighting
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function must be determined so that the array sidelobes will
be low enough to prevent biases due to sidelobe leakage.

In general, an exhaustive search for the optimum
array characteristics would repeat the above procedure for
all possible element widths until the best array was found.
In this report the search will be conducted in three stages.
First "wafer“* elements are assumed. For such elements it
is found that the maximum frequency for which useful
measurements can be made depends strongly on the minimum
element separation which can be implemented. For a
one-eighth inch separation, the maximum frequency is 160 Hz.
For one-quarter inch separation, the maximum is 100 Hz.

In the second stage, a center frequency of 100 Hz is

assumed and the effect of wider elements with correspondingly
greater separation is investigated. At the end of this
stage, two nominal array designs will be chosen. In the
third stage, the performance of the two nominal designs

will be investigated for center frequencies of 50 and 100 Hz.
Also in this stage, the effect of relaxed channel-to-channel
tolerances is considered. Finally, performance at other

tow speeds and frequencies will be discussed.

2.1 Design for Wafer Elements

Figure 2.3 plots the Chase model of Po for a three
inch diameter cylinder towed at 15 kts. The results are

*
Wafer are so thin that it may be assumed [H(k)| = 1 over
the region of interest.

'*These limits, of course, depend on tow speed and array
diameter. U = 15 kts and 2a = 3 in was assumed.
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shown as a function of k with frequency of the narrowband
filter, wys as a parameter.

Note that as the center frequency increases, the
wavenumber corresponding to the convective peak increases
proportionally. At the same time the low wavenumber spectral
content decreases more rapidly than does the convective
peak, thus producing an increased spectral dynamic range.
Both of these characteristics imply that the array design
becomes more difficult as 0 increases. First, as the
convective peak moves to higher wavenumber, the elements
must be placed closer together to reduce biases produced
by aliasing. Second, the greater dynamic range requires
better sidelobe control of the array response function
which, in turn, implies tighter amplitude, phase, and

position tolerances between channels.

Figures 2.4 and 2.5 illustrate the effect of
aliasing for two cases. These figures compare the Chase
model with a numerical evaluation of Equation (2.2). Note
that since the array response is periodic, Equation (2.2)
may be written:

d
dN
-n/d

where P, is the aliased spectrum given by:

A

Patkoug) = 90 Bok + 2R oo + 230 |2 (2.5)

Since only the effects of aliasing are of interest, for this
calculation, a long array is assumed so that one has:




an, 2
m;lA(k—ks)l = §(k=kg) (2.6)

where § is the Dirac delta function. Thus for Figures 2.4
and 2.5, P (k T ) = P (k N ) . Further the assumption of

*
wafer elements allows the approxlmatlon - IH(k)I = 1.

Figure 2.4 shows that for one inch spacing, the
aliased spectrum is representative of Po only in the region

near the convective peak. In this case the aliased spectrum
PA is periodic in k with a period 2n-(12)ft-1. If the
element spacing is reduced to one-quarter inch the period

=1

increases to 2mw- (48)ft and the aliased spectrum is a good
representation of the Chase model. Physically, what is
happening is that in Figure 2.4, when the array is steered
to low wavenumbers, the first grating lobe (ambiguous
response) of the array is folding in high spectral levels
from near the convective peak and thus masking the low
wavenumber energy. In Figure 2.5, when the array is steered
to low wavenumber, the first ambiguous response is well
beyond the convective ridge where the spectral level is
again low, and the folded energy causes a relatively small

bias.

In evaluating the aliased spectrum (Eq.(2.5)),
it is found that the summation depends almost entirely on
the ambiguous response near the convective peak. Thus,
Figure 2.3 can be used to estimate the required element
spacing for a three inch diameter cylinder. 1In particular,

¥ In the following figures w denotes the element width and
denotes the effective 3 dB array "bandwidth" in k-space.
us, D=0 is shorthand for the assumption |H(k)|4 = 1, and
k = 0 is shorthand for the assumption (2.6).
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at low wavenumber, the major contribution to the measured

energy will come from the ambiguous lobe located at ks+2n/d.
If this lobe lies too close to the convective peak, the low
wavenumber measurement will be biased by the ambiguous
response. Quantitatively, if a 3 dB bias in the low wave-
number measurement is acceptable, the spectral level at the
ambiguous response must be less than or equal to the spectral
level at low wavenumbers. Since the spectrum is increasing
with wavenumber until the convective peak is reached, this
requirement immediately dictates that the first ambiguous
response must be well beyond the convective peak. 1In
particular, the element spacing is chosen so that the first
ambiguous response is beyond the convective peak and such
that the spectral level there is equal to the spectral level
at low wavenumber. For example, at a frequency of 100 Hz,
the spectral level at low wavenumber is -57 dB relative to
the peak. This spectral level is again reached for
(k/21) = 47 £t~1 thus the required element spacing is 0.25 in.
The 3 dB criterion represents relatively poor
accuracy for the spectral estimate; however since the
discussion in the introduction indicates that the current
uncertainty in the low wavenumber content may be as high
as 20 dB, it is felt that the 3 dB criterion is acceptable.
If this is not true, the required spatial sampling rates
will be significantly increased.

The computation of the required sampling rate
based on the aliasing at low wavenumber is not a general
criterion applicable to all spectral shapes. In general,
the aliasing error should be estimated at all wavenumbers
over the region of interest and the spatial sampling rate
should be chosen to control the worst aliasing error.




Computations with the Chase model, however, indicate that
the worst aliasing does occur at low wavenumber. The

above comment would not be true if we were concerned with
the measurement of wavenumbers beyond the convective peak.
In particular, the spectral level cannot be measured at
wavenumbers greater than one-half the spatial sampling rate
(Nyquist rate) away from the convective peak since the

aliasing error becomes very large. (See Figure 2.4).

Using these considerations, the required sample
rate is plotted versus frequency for a three inch cylinder
in Figure 2.6. This figure demonstrates that there is a
strong limit to the maximum frequency at which useful
measurements can be obtained. For example, if it is assumed
that an element spacing of one-eighth inch represents the
minimum which could be achieved, then the maximum frequency
is limited to about 160 Hz. For one-quarter inch spacing

the maximum frequency is about 100 Hz.

The next step in determining the array parameters
is to compute the required resolution in k-space which will
be related, later, to the required array length. To make
this computation, the main response lobe of the array factor
is apprcximated by the Gaussian function over a limited
region of k-space near the desired wavenumber ks. hat 18,

dN k=k _\“
e 2 1 L s v
TL, |Atk=ky) |7 = et B 7( 3 ) r [kokgl < 39
W Vi2io k
k
(2« 7)
_ -1/2
where ok = (8 1n2) kB
and kB is the 3dB "bandwidth" in k=space.

P —
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Using this approximation, the measured spectral level can

be computed using Equation (2.2) and a numerical quadrature
formula to evaluate the integral. Since the quantity being
investigated here is the bias produced by the finite
resolution of the array factor, the integration is restricted
to the main response lobe near the desired wavenumber ks‘

The effect of sidelobe response will be ccnsidered separately
below. The Gaussian approximation to the main response

lobe is quite good independent of which array weighting
coefficients are used. The major effect of the weighting
coefficients is to control the sidelobe level at the expense
of increased k-space bandwidth. Thus different array
coefficients require different array lengths for the same

kB.
they are quite general.

As long as the results are given in terms of resolution,

The result of a numerical evaluation of Equation (2.2)
using approximation (2.7) for A(k) is shown in Figure 2.7.*
For that computation the elements were assumed to be 0.25 in.
apart, and the array bandwidth was taken as (kB/Zn) = 1.0 ft-l.
Again, the most significant bias occurs near zero wavenumber.
If the bias is plotted versus array bandwidth, for kS =0,
Figure 2.8 results. From that figure, it can be seen that
a resolution of (kg/2m) = 0.65 ge~l
less than 3 dB bias relative to the Chase model. The

is required to maintain

required array length will depend on the particular weighting
coefficients, and these, in turn, depend on the required

sidelobe level.

Figure 2.9 can be used to estimate the required
sidelobe level of the array factor. As can be seen, from

rFor this and subsequent computations, the "wafer" elements
will be assumed to be one quarter inch wide (w=.25in) as this
produces negligible distortion of the spectral measurement
over the regions of interest.
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that figure, this level is a function of the dynamic range

of the spectrum, DR, its k-space bandwidth near the convective
peak, B, and the array bandwidth kB. Specifically, the ratio
of the leakage through the array sidelobes, PSL' to the
spectral level measured at low wavenumber is given approximately

*
by:
10 log [sﬂ-] = SL - DR + 10 log(kB/B) (2.8)

where SL is the rms sidelobe level near the convective peak.
If the sidelobe leakage is to be less than the measured

value, the sidelobe level must satisfy:
SL > DR + 10 log (B/kg) (2.9)

For a 3 inch cylinder towed at 15 kts and a center
frequency of 100 Hz, the dynamic range is 57 dB and the
bandwidth of the convective peaks is (B/2m) = 1.2 ge~L,
Substituting these values into (2.9) yields a sidelobe

requirement of about 60 dB.

Figure 2.10 illustrates the effect of various
sidelobe levels using a numerical evaluation of Equation (2.2).
For the numerical evaluation, a constant sidelobe level
was assumed. Figure 2.10 is consistent with the approximation
(2.9) as it indicates that a sidelobe level of 60 dB or

” To be specific, the dynamic range is defined as DR =

10 log[P_(w/u_.,w)/P_(0,w)] and B is the bandwidth between

the 3 dB°poin€s arofnd the convective peak. The rns 2
sidelobe level is defined as SL = - 10 log[(d/2m) S |A(k) |“dk],
where the region of integration is confined to the sidelobe
region of A(k).

P
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greater is required to prevent sidelobe leakage from the
convective peak from masking the low wavenumber content.

This represents a severe sidelobe requirement.
Although in theory, Dolph-Chebyshev weighting functions
[7]1, [8], achieve such low levels, tight control on channel-
to channel amplitude, phase, and position errors is required.
Table 2.1 summarizes the important characteristics of the
Dolph-Chebyshev weights. This class of weighting functions
should be useful for the current application as they achieve
a given peak sidelobe level with minimal broadening in the
main response lobe. Table 2.1 lists the "rms" sidelobe
level, the 3 dB bandwidth and the white noise loss factor
for Dolph-Chebyshev weights as a function of the peak
sidelobe level. From that table it appears that the array
length required to achieve 60 dB rms sidelobes and a k-
space bandwidth of 27-(.65) ftdl is 2.2 ft. With an
element spacing of 0.25 inches, this corresponds to 105

elements.

As noted earlier the above parameters represent
a severe requirement on the amplitude, phase, and position
tolerances between the channels. It is shown in Appendix B
that the effect of independent amplitude and phase and
position errors on the array response is given by:

L

- ¥ R T o, (OSSN N X5
EIB(k,kg) |© = |Aj(k=ky) |*(1-05-k"0) + N, (0g+og+k ag)

where

EIB(k,ks)l2 is the statistical expectation of
the array response (squared) which §




TABLE 2.1 ‘

ARRAY FACTOR CHARACTERISTICS
FOR DOLPH-CHEBYSHEV WEIGHTING

COEFFICIENTS
rms Normalized Normalized
Peak Sidelobe Sidelobe Level wWhite Noise 3-dB
Level (dB) Loss Bandwidth
(dB) (approx) Factor (NedkB )
m
-
25 28 1.09 1.01
30 33 1.14 1.07
35 38 1:21 1.13
40 43 1.29 1.20
50 53 1.39 1.33
60 63 3+ 52 1.44
70 ¥ 1.62 1.55
80 83 1.73 1.65

b »-




has been perturbed by the amplitude

phase and position errors,
Ao(k-ks) is the unperturbed array factor,

(It is assumed that Ao(k) has been
normalized so that AO(O) = 1)

| is the white noise loss factor for
the particular weights used (column
3 in Table 2.1)

N is the number of elements,

o¢ is the rms phase error,

0 is the rms amplitude error as a
ratio (i.e., :i=(6ai)/ai),

and % is the rms positional error.

The 60 dB sidelobe requirement must be satisfied
at the convective peak with the array steered to zero, thus
one must have E\B(m/uc,0)12 < 10—6. If the errors are

distributed "equally" between the three sources, one must

have:

g, =0, = 0. = 0.0049 (2.11)

That is, the phase-error must be less than .28 deg. rms,

*
the amplitude error must be less than 0.042 dB rms and the

position error must be less than 1.6 x 1073 in.

It is generally useful to give amplitude tolerances in
dB as these tolerances are directly relatable to tolerances
on the preamp and amplifier gains on each hydrophone channel.
To convert to variance of the dB value (say of the amplifier
gain) note that for small errors, gain variations are related
to fractional amplitude variations as:

2 A

AG = 20 log — = 8.68 ln —
o (4]

Cle ae

= 8.68 In(l+c,) ~ 8.68¢c,

i

thus UG 8.680{




In summary, the design based on wafer elements

requires 105 one-quarter inch elements at the same spacing.
The array length is about 2.2 ft. Sidelobe levels of 60 dB
are required which imply channel-to-channel tolerances of --

0 .042 dB, 0, = .29 deg., 0, = 1.6 mils. These tolerances

wgll be difficu?t to achieve. KIt should be remembered

however, that they represent residual variations after
calibration. A fixed amplitude, phase or spacing error

will have a negligible effect on the spectral measurement.

If the errors are uniformly distributed between maximum

limits the above rms errors correspond to |AG| < .07 dB,

|A¢| < 0.5 deg., |AB| < 2.8 mils. The required number of

channels is large, and the k-space bandwidth of (kB/2n) = 0.65 ft-l

is marginal as will be seen later.

2.2 Effect of Element Length

The results of Section 2.1 indicate that an array
design with wafer elements will require both tight channel-
to-channel tolerances and a large number of elements to
achieve a good low-wavenumber measurement capability. In
this section, designs based on wider elements will be
considered. Wider elements have a narrower response in
k-space, which has the effect of reducing the required
spectral dynamic range, at the expense of reducing the

maximum k to which unbiased measurements can be made.

In [1], two approaches to rejecting the convective
peak were considered. The first approach was based on
placing the peak far out on the sidelobes of the element

pattern. This approach was rejected as it leads to very

long elements (5-20 ft).




The second approach was based on choosing the

element width to place the first null of the element

pattern near the convective peak. The objective was to

reduce the spectral dynamic range and thus ease the channel-
to-channel tolerance requirements. The argument, unfortunately,

is fallacious.

As an example, it was found that at U = 15 kt,
2a = 3 in, and (w/2m) = 100 sec—l, a two inch element was
required to place the first null near the convective peak.
However, to prevent significant aliasing the modified
spectrum had to be over sampled at one to two samples per
inch. It was proposed that the over sampling could be
accomplished by summing overlapping groups of smaller
elements thus giving an effective element size of two inches
with samples spaced less than two inches apart. For
example, if one-half inch physical elements are used,
overlapping groups of four can provide an effective element

length of two inches with samples every one-half inch.

The fallacy is that now, the array consists of
one-half inch elements not two inch elements. The spectral
dynamic range is that of half-inch elements. The correct
way of viewing the problem is to note that, the process of
summing overlapping groups of elements and then applying
weighting factors to the groups is equivalent to applying
a modified set of weights to the original element outputs.
The only virtue of the modified weights is that they have
a very low sidelobe level in the neighborhood of the
convective peak. However, their tolerance to amplitude,
phase, and position errors is no better than say Dolph-
Chebyshev weights. 1In particular, note that from Equation 2.10,
the major dependence of the sidelobe error on the weights is

- , ——— —



in the term 2 .. This cuantity does not change greatly

W
between different sets of woights; thus the bias in the
array factor will be about the same for the modified weights

as for an equivalent set of Dolph-Chebyshev weights. The
tolerance requirements are also the same. In the following
discussion, it will be assumed that the element width and

spacing are equal. !

The first step in estimating the effect of the
element width is to compute the difference between the Chase
model and the aliased spectrum (as modified by the element
factor, Eq. 2.5). Figure 2.11 illustrates the results of
this computation. There the region in k-space over which
the aliased spectrum is not more than 3 dB greater than
the Chase model is plotted versus element width. For small
elements, the region of unbiased measurement is |k/27m| < 12W.
Note that as the element width and spacing increases, the
region of valid measurements is correspondingly reduced.
Since the most of the spectral energy is concentrated near
the convective peak, the measurement interval tends to be
centered around this peak. For one-inch elements, the
convective peak is reduced about 3 dB. For larger elements,
the aliasing error increases rapidly and the measurement
interval is rapidly limited to the acoustic region. The
maximum element size which yields a measurement interval

beyond the acoustic region is about 1.4 in.

Figure 2.12 shows the spectral dynamic range versus
element size. Note that this range does not decrease
significantly until the element size exceeds 1.4 in. That
is, if the element length is chosen large enough to
significantly reduce the spectral peak, the corresponding

aliasing errors have reduced the measurement interval to
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the acoustic region.

Figure 2.13 shows the number of channels required
to achieve (kB/2ﬂ) = 0.65 ft“] and Figure 2.14 shows the
required channel-to-channel tolerances, Dolph-Chebyshev
weights are assumed. The least severe tolerances for the
least number of elements occurs at w = 1.4 in. This
unfortunately is a spurious optimum since its usefulness
depends on carefullv tailoring the element pattern to the
spectrum to be measured. For the remaining calculations
a somewhat more conservative maximum element width of 1.2 in.

is assumed.

At the other end, the channel tolerances can be
eased by using more elements. However, the tolerances
increase as L/JE; ; thus a large number of channels is
required to significantly relax the tolerances. Note that
decreasing the element size from one inch to one-half inch
has a negligible effect on the required tolerances. This
is due to a 2 dB increase in the spectral dynamic range

which nearly comvensates the increased number of elements.

Figures 2.13 and 2.14 do not indicate the true
tradeoffs between element width, number of elements and
channel-to~channel tolerances. In particular, those figures
were constructed for a constant k-space bandwidth of
(kB/Zﬂ) = 0.65 ft—l. Recall that this is the maximum
allowed k-space bandwidth. There is no penalty incurred
for decreasing this bandwidth by using a longer array. In
fact, from Figure 2.8, decreasing the bandwidth will reduce
the bias due to nonzero mainlobe width and improve array
performance. Thus if the channel-to-channel tolerances
must be relaxed by using more channels, it is more advantageous
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to use the largest possible element size and increase the
array length accordingly rather than use smaller elements.
This is demonstrated in Figure 2.15, where the phase
tolerance is plotted versus the number of elements with

element width as a parameter.

Figure 2.15 gives the relation between the required
number of channels and the required tolerances. If either
limit is known the other may be estimated from that figure.
Currently neither limit is known. Flush mounted elements
of the type indicated in Figure 1.1 have never been built
and calibrated in situ, therefore there is no directly
applicable previous experience which can be used to estimate
achievable tolerance limits. Secondly, at this preliminary
design stage, it is not known whether existing tow cable
and telemetry systems will be used or new ones will be
built. Thus the number of channels available is not known.

The approach taken here will be to "ballpark"
the achievable tolerances with optimistic estimates. In
particular, it will be assumed that the maximum gain
variation can be held to + 0.1 dB, the maximum phase variation
is + 0.5 deg. and the maximum relative position error is
+ 3 mils. If the errors are uniformly distributed
between their maximums, the corresponding rms errors are:
Og = .058 dB, 0¢ = .29 deg., and g™ 1.7 mils. These
tolerances are optimistic, the gain and phase tolerances
are two to three times tighter than typical specifications
for acoustic modules. The justification for assuming these
low values is that they are intended to represent tolerances

after calibration corrections have been applied.

From Figure 2.15, the above tolerances imply
35 to 40 elements will be required to make low wavenumber




2a = 3 inches
U = 15 kts

w

(> =1}
= " 100 sec

.6-
o
?
=
2 .4-
0
-
+
o
-
M
o
>
& e
n
©
£
~
0
0 25 50 79 100

Number of Channels

Figure 2.15. Channel-to-Channel Phase Tolerance versus
Number of Channels

125




measurements. This fact also influenced the choice of

the assumed tolerance limits as it is unlikely that the
number of channels available will greatly exceed 40.

For comparison, the performance of a design based on 20
elements with tolerances which are smaller byfz- will also

be considered.

Figures 2.16 through 2.23 plot the measured
spectrum as computed from a numerical evaluation of Equation 2.2
in comparison with the Chase model. Evaluations were made
for two arrays at two different frequencies =-- 50 Hz and
100 Hz. Additionally, computations were made for sidelobe
levels corresponding to the "desired" tolerances and for
tolerances which have been increased (relaxed) by \Fz' In
those figures, o is the common tolerance: o = 0¢ - 0.
= (w/Uc)oB. Note also that the abscissa is a "lin-log"
scale. That is, the scale is proportional to (sgn k)loglk]|
for |k/2m|> .01 and is linear for |k/27| < 0.01, where
"sgn" is the signum (or sign) function.

First, it should be noted that the "prefered"
array at its design frequency of 100 Hz has a bias of about
6 dB in the low-wavenumber measurement. (See Figure 2.16)
Since the array was designed to achieve a nominal 3 dB
accuracy or better it is reasonable to ask why the bias
is so large. The answer is that the array was designed
so that each component of the total bias was 3 dB or less.
The total error is greater. 1In particular, it can be shown
that at zero wavenumber the bias due to aliasing is 0 dB,
the bias due to the finite k-space bandwidth is 1.7 dB
(See Figure 2.8) for (kB/Zw) = .36 ft-1 and the bias due
the sidelobe leakage is 3.5 dB (Eg. 2.8 and 2.10). The
"power sum" of these biases is 5.7 dB as seen in Figure 2.16.
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At 50 Hz, (Figure 2.17) the preferred array
performs well. It provides a measurement within 3 dB of
the Chase model over the range --2ft:_l < (k/2m) < 4 ft—l.
This range includes the convective peak at (k/2n) = 2.9ft—1.
Even when the tolerances are relaxed by 45', a useful
measurement range is achieved -- 0.2 fr™t < (k/2m) < 2 £t L,
The measured value at the convective peak is about 4.5 dB
below the Chase model. The good performance at 50 Hz
can be attributed to the fact that the spectral dynamic

range is 6 to 7 dB less at this frequency than at 100 Hz.

As can be seen from Figure 2.18, the performance
at 100 Hz is measurably degraded by the relaxed tolerances.

The bias at low wavenumber increased from 5.7 dB to 7.5 dB.

Figures 2.20 through 2.23 indicate the performance
achieved by the shorter array. Due to its greater k-space
bandwidth the biases have increased even though the
tolerances have been decreased to maintain the same sidelobe
level. The k-space region for which the bias in the
measured spectrum is 3 dB or less is reduced to .6 ft-1 2
(k/2m) < 4 ft 1
maximum bias at low wavenumber is 6.5 dB. These numbers

for a center frequency of 100 Hz. The

indicate performance comparable to the 40 element array,
but with greatly relaxed tolerances on the larger array.
(i.e. with the ‘olerances on the longer array, greater by

a factor of two).

At 50 Hz the shorter array performs significantly
poorer than the longer array. The measurement interval
has been reduced to a relatively narrow region around the

convective peak. At 50 Hz, the Chase model predicts

a more narrow gpectrum and the wider k-space bandwidth

s daiioci
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of the 20 element array is insufficient to reproduce it

adequately.

The reduced element tolerances do not greatly
further degrade the shorter array. This due, primairly,
to the fact that the shorter array is already significantly

limited by its k-space bandwidth.

Table 2.2 summarizes Figures 2.16 through 2.23.
That table indicates why the 40 element array is preferred.
At 50 Hz with the tighter tolerances it provides a very good
measurement. It has the capability to reproduce the Chase
model (within 3 dB) from negative wavenumbers to wavenumbers
beyond the convective peak. At 100 Hz, the measurement
interval is still reasonably good. The low wavenumber
limit (k/2m = .4 ft_l) corresponds to wavespeeds on the
order of 250 ft/sec. This limit is comparable to the
breathing wavespeed for many types of hose construction;
thus the measurement provides useful information. The
upper limit ((k/2m) = 4 ft_l) is somewhat below the convective
peak. If the tolerances are relaxed by J? (OG = .082 dB,
0¢ = .409 deg, OB = 2.45 mils, SL = 51.5 dB) a useful
measurement range is still achieved, particularly at the

lower frequency.

The 20 element array with very tight tolerances
(oG = ,041 dB, 0¢ = .289 deg, 08 = 1.73 mils) provides a
moderate capability at 100 Hz, but is guite limited at
50 Hz due tc its relatively wide k-space bandwidth.




2.3 Capability at other Tow Speeds and Frequencies

The last two columns of Table 2.2 indicate the
Strouhal number, Ns' and normalized wavenumbers, ka,
corresponding to the frequency and measurement intervals
respectively. Since the Chase model, as presented in
Appendix A, depends only on Strouhal number and normalized
wavenumber, the prefered array should provide a good
measurement capability for N_< 3, and 0 < ka ¢ .08. (of
course if the array diameter is changed, the element size
should be scaled proportionally). The above limits are
reasonable engineering "guesstimates", however the scaling
of the spectrum given in Appendix A should not be accepted
without reservation. In particular, a dimensional analysis
indicates that the spectrum should depend on other dimensionless
parameters such as (v,/U), (6/a), etc. The model presented
in Appendix A makes the implicit assumption that for typical
towspeeds, array size and construction, etc. these
parameters are nominally constant. This is probably incorrect,
in general, but is a reasonable engineering approximation

for three inch cylinders at typical tow speeds.
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APPENDIX A: SPECTRAL NOTATION

Let p(z,9,1) denote the pressure fluctuations on the
surface of the cylinder at distance g along the cylinder,
angle ¢ around the cylinder and time 1. The pressure is
assumed to be stationary in all three coordinates so that
the origin of the coordinate system is not important.

Let W(z,0,1) denote the space-time correlation function:

W(2,8,T) = F(P(Ly,0,,T)P (5 +5,0,+6,1,+1)) (A-1)

where "E" denotes statistical expectation. Since W is
periodic in 6 with period 2w, it has a mixed Fourier-transform

Fourier-series representation:

W(g,0,1) = E /dkfdwei(kcﬂne_wT)Pm(k,w) (A-2)

m==o = -0

with the reciprocal relation:

2m 0 ©
P_(k,0) = (2n)‘3/ae /dc /dre'l‘k”‘“e"“’W(c.e,r)
0 -00 -0

(A-3)

e angular

In the above relations, Pm(k,w) is the m
harmonic spectral density in streamwise wavenumber and
frequency. The total mean square pressure fluctuation

is given by:




eo? (z,0,7)]

o« (8] @
z : fdk fdem(k,w)
m==e = -0

The quantity Po(k,w) is the wavenumber frequency spectrum

of the axisymmetric component of pressure.

Here the narrowband coherence function is defined as:

r(z,0,w) = 5% deW(c,e,e)e]‘wT (A-5)

and therefore is related to the angular-harmonic spectral
densities by:

21 o
1 - (kz+m6)
P (k,w) = /def dczl'(z,0,w)e (A-6)
" (2m) 2 ;

In this notation, the frequency spectral density of
the directly transmitted TBL pressure in the center of a
fluid filled hose is given approximately by:

@«

Pplw) = fdkPo(k,w) |G, (k) |2 (A-7)

- 00

where Go(k) is the hose transfer function from axisymmetric
pressure to internal pressure. For a lightly damped hose,
with a breathing speed much greater than the convection




velocity. This is approximated as:

et (g5 o () + me (E00)] (39

where c, is the breathing wavespeed and ¢ is the hose
damping facto The one-sided spectral level (per Hz)

is given as.
LT(w) = 10 log [4'PT(*)1 (A-9)

Chase [2] gives the following expression for PO:

c¢P Vo 2 -5

P (k,0) = ———= K°K_ (A-10)
c, = 0.063
Ve = .04U
W RS
12a
=17 k\2
g iR R
K, =f—=——] + + Kk
t ( hv, 'Y
Uc = 0.68U
A = 1.08a !
h = 3.7

In general, the various dimensionless parameters,
ct, (vp,/U), (A/a), h, (UC/U), etc. are thought to depend
on (6§/a), where § is the boundary layer thickness. The g




ratio (d/a), in turn, will depend on downstream location.

However, Chase does not give functional relations for these
parameters. Here thev are assumed to be constant over the
applicable range of tow speeds and streamwise position.

With this very crude assumption, one may write:

Polk,w) = o p®via®(Ka) “ (K a) ™ (A-11)

and

(K,a)? = (93 ~9») R ka) : + (ka)? + .85
t UMhv hv k ’

and the spectrum scales according to the Strouhal number
Ns = (wa/U) and normalized wavenumber, ka.

Gardner [3] used a different normalization in developing
his model for Po. If this author has correctly interpreted
the normalization used by Gardner, his model may be written:

-mTa,N
¢ (w) 1 eN 2's G (A-12)
-]

P (k,w) =
e 8ﬂ2 TIO‘2




and

ZQZVE

*
dp(w) = —?—(%)«32
N

S

In the above expression N is the Strouhal number (wa/U),
and a4y and a,are constants given by -- By = Q.1 22 = 1.7
Again making the crude assumption that Ay, oy, v 28),

and UC/U are constant, the Gardner model also scales

according to N, and ka.

As a check on the normalization, it is noted that
Equation (A-9) agrees with that given by Gardner [3] for
the directly transmitted TBL pressure.

For purposes of scaling, the plots presented earlier,
were normalized by the maximum over frequency and wavenumber
of the Chase model. This maximum is given approximately

by:

Pmax = max max Po(k,w)
-mikim -coiwiao
= 0.0172p%v3a’ (A-13)




APPENDIX B: THE EFFECT OF AMPLITUDE, PHASE AND POSITION
ERRORS ON THE ARRAY FACTOR

The array response to wavenumber, k when steered to

wavenumber ks can be written as:

N
e

Bk, k) = }E: ¥ Voot et (B-1)
L=1
where
e is the position error of the Zth element.

Now from Equation 2.1:

¥, & .ag SEREHRE (B-2)
so that
N
e
B(k,k,) = Z ayet TR I CE=TEd v kRy] (B-3)
f=]

Note that B cannot be written as a function only of the
] difference k-ks.

Now if amplitude and phase errors are present, a,
can be written:

E a, = af(l+ey)e'?s (B-4)

where

=0

is the true (error free) amplitude,
€ is the fractional amplitude error

=




S~ et ai

e

B-2

and
¢, is th Yhase oerre
v
Substituting (B-4) into (B-3), and sguaring the magnitude
yields:
3 3 o o 1 (k=k_) (2=n)d 0 Jiv, = )
IB(k,}S)l = E @€ (1+e,) (L+e )e ¢ 'm
A 1
{(B~5)
where ¢ 6 is given by:
\ = N + C . -
Ve Py REQ (B-6)

Assuming zero mean errors, independence between amplitude,
phase and position errors, independence between channels

and small errors yvields:

E(l+e,) (1+eyed Ve¥m) = Braee ) (1ee ) 1Eed (Vom¥n)

1’

2 : % 6 a3
‘1+61m”t) E[1l + J(w(-am) + 3% (v, wm) /2]

]

2 2
(1+6£m0r)(1_(1'°fm)0u)

[$5]

s 1+ 8, 0% = ‘1’6cm’“i

Lm € (B=7)

Thus the expected value of the magnitude of the array

response is given ' v:
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2
EIB(k,ks) |

o_o ik (2-m)d 2 Q-2
£,m

_C2 aoaoelk(ﬂ-m)d
Y £ m

; L#m
t IA(k-kS)| (1= 02}(202) + (o +0 +k \ 2( 0,2

]

(B-8)

Recall that the white noise loss factor is given by:

¥ Q % 0, 2 =

since it has been assumed that

i

A(0) = 2 a‘; 1 (B-10)
)

Thus the average power response can be written:

2 _ o - S e
E[B(k,kg) | = |a(k-k,)|“(1 ay-kag)

Y

Ne

+ (0£+0$+k20

™ N

) (B-11)




LIST OF SYMBOLS

a cylinder radius

Q weighting coefficient chosen to control A

the sidelobe response of the array

a? errorless weighting coefficient
A (k) "array factor" (Eq. 2.3)
B k-space bandwidth near the convective peak
B(k,ks) array response at wavenumber k when steered
to wavenumber ks
c acoustic propagation velocity
e breathing (bulge) wavespeed
Cy dimensionless constant in the Chase model
of Po(k,m)
d separation between elements
DR spectral dynamic vange (in dB)
E(*) statistical expectation operator
£ : reciprocal period (frequency)
Go(k) hose transfer function from axisymmetric
pressure to internal pressure ]
H (k) element factor representing the response of '
a single element to wavenumber, k
k wavenumber (2n1 times reciprocal wave length)
kB k-=space 3 dB bandwidth of the array factor
kc wavenumber at convective peak (kc = m/uc)
kS wavenumber to which the array is steered (Eq. 2.1)
lw white noise loss factor (Eq. 2.4)
LT one sided spectrum level of the directly
transmitted TBL pressure (Eq. A-9)
Ne number of array elements ‘
N Strouhal number, (wa/u)

s




plE, 8, t) point pressure
l'A 1liased spectrum (Eg. 2.5)

3 P measured wavenumber-frequency spectrum |
: Po(k,m) wavenumber-frequency spectrum for the |
axisymmetric component of wall pressure
PT(u) trequency spectral density of the directly TBL |

nressure (B A7) |
Q{w) measured trequency spectral density of the

point surface pressure under a TBL

SL array sidelobe level (in dB) |
U free stream speed |
A U, convection velocity é
” shear velocity &
Vi complex multiplier applied to the ch
element (Eq. 2.1)
E w element width
; w(c,0,T1) autocorrelation function of the point surface
i pressure under the TBL
j S Dirac delta function
‘ A see Eg. A-10
% AG channel gain deviation |
% AB hydrophone position deviation
E \ ¢ channel phase deviation
? Yo fractional amplitude error on the th
3 element
¢ fluid density
0 reciprocal wavelenath
O rms channel-to-channel gain tolerances
I k=space rms bandwidth (Eq 2.7)
UB rms channel-to-channel position tolerances
9, rms channel-to-channel fractional amplitude
o¢ rms channel-to-channel phase tolerance

W frequency ( 2n times reciprocal period)
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