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AN MHD INSTABILITY PRIMER

Introduction

This NRL memo report provides what we hope is a relatively simple,
self contained description of MHD instabilities. It is the result of a
one year sabbatical (Sept. 77 - Sept. 78) one of us (WMM) spent at Culham
Laboratory in Abingdon, England. The principle purpose of this sabbatical
was to learn the modern theory of MHD instabilities. During the year
there, the two of us worked very closely in our attempt to learn this
field. In this endeavor, we each received a tremendous amount of help
from Dr. John Wesson, also of Culham.

Although there are many plasma physicists who have had much more
experience in this area than we have, we feel that having just learned it
ourselves makes us particularly sympathetic to the problems someone has
in trying to learn about MHD instabilities for the first time. Indeed one
of the problems of this field seems to be that it is extremely difficult
for someone to learn it by reading the primary references. This has led
to a situation where a relatively small number of researchers have gotten
far ahead of the rest of the plasma physics community. Our feeling is
that scientific endeavors will make more rapid progress if knowledge is
broadly based. Thus we feel that there is a need to make contact between
researchers in MHD and the rest of the community. Our intention here is
to help provide this link up; in doing so we hope to provide a service not
only for those who would like to learn this area, but also for those who
already know it.

One deceptive aspect of MHD instabilities is that the simplest ones
are extremely easy to understand. For instance the instabilities of a Z

pinch to sausage and kind displacements have been described in such standard

Note: Manuscript submitted April 3, 1979.




texts as Jackson's Classical Electrodynamics. However more complicated

instabilities, for instance in a plasma where both an axial and azimuthal
field are present are much more difficult to visualize; but they are also
much more interesting and fun to learn.

Although, as we will see, there is a tremendous variety of MHD
instabilities, all those which we will study (and we cover most of the
major ones) are driven by one of two mechanisms. First of all there may
be a gravity (or something equivalent to a gravitational force) which is
opposite to the density gradient. This can drive Raleigh-Taylor type
instabilities. This is the fundamental driving force behind both ideal
and resistive pressure driven modes in a reversed field pinch, ballooning
modes in a taokamak, rotationally driven modes in a & pinch and the mirror
instability in a magnetic mirror whose field lines bulge outward away from
the plasma. Second, a plasma which carries a current is potentially
unstable because current elements traveling in the same direction attract
each other and would like to all clump up together. Of course this is
not so simple because the current flows through a conducting fluid and,
as will be amply demonstrated, this imposes all sorts of constraints.
Nevertheless, this mutual attraction of like current elements is the basic
mechanism which drives free surface modes in a cylindrical or toroidal
plasma; tearing modes in plane, cylindrical and tokamak geometry, and
the internal m = 1 kink tearing mode in cylindrical or tokamak geometry.

There are other views we have on this area which affected the material
we chose to cover. First of all, we de-emphasized both the energy principle
and also modes in a plasma with a free surface. At least for one dimensional
configurations (that is plasmas where all variation is in one direction),

which we emphasize, it is really no simpler to utilize the energy principle




than it is to solve for the eigenfunction and eigenvalue. This is especially
true now, where second order ordinary differential equations can be so easily
solved numerically. However we could hardly write this memo and make no
mention of the energy principle since it is widely used. Therefore one
chapter is devoted to it.

As far as free surfaces are concerned, first of all it is rare that
plasmas have free surfaces; usually experimental plots of say density or
temperature profile usually show them going smoothely to zero with radius.
Secondly, free surfaces are not particularly difficult to understand, but
applying boundary conditions across them in their unperturbed and perturbed
state can involve a great deal of mathematical complexity. Therefore, they
do not seem to be worth expending a great deal of effort on in a manuscript
like ours which attempts to emphasize physical principle, not mathematical
detail. Hence we deal with free surfaces in only one chapter in which we
drive some fundamental stability requirements for tokamak plasmas.

One thing which we attempt to emphasize however is magnetic reconnection.
As we will see shortly, in ideal MHD, each magnetic field line maintains its
integrity and behaves rather like a string which threads the fluid and cannot
break. However there are flow patterns which force two magnetic field lines
together. Often non ideal effects, for instance resistivity, can cause the
field lines to break and reconnect. Not only is reconnection very much in
vogue these days, it is also extremely interesting in its own right. Even
if a plasma physicist does not want to work on tearing modes, it might still
be worth learning about them for the sheer joy of it.

The outline of the remainder of this memo is as follows. Chapter II
introduces MHD and Chapter III proves the energy principle. Chapter IV

discusses free surface modes in a cylindrical. Chapter V looks at gravity




driven modes and shows how magnetic shear can stabilize them. Chapter VI
shows how the presence of resistivity can destabilize gravity modes which
have been shear stabilized. Chapter VII examines the tearing mode in
slab geometry and shows how instabilities which are forbidden in ideal
MHD are possible if magnetic reconnection is allowed. Chapter VIII looks
at how all of these instabilities transform when going from slab to
cylindrical geometry, and Chapter IX briefly discusses the additional

complications of toroidal geometry.




II. Introduction to MHD

The Magnetohydrodynamic equations, which form the subject of this work

are taken as

e vov-o

L] (11 1)
(mass conservation),
%)f +-/o§{'y> Y= ‘7? + E?'QT*'?
(7 (11 2)
(momentum conser;%Fion assuming scalar pressure)
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(Maxwells equations). In Maxwell's equations, the displacement current is
neglected; instead the electric field is related to the current through Ohms

law
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where E + i x B is the electric field in the reference frame moving with
the (nonrelativistic) fluid velocity and n is the resistivity. The only

other quantity needed is the pressure. We will assume an adiabadic law

2 —E- = ZL F 14 =
(’7+V.V>({°y) 5 Jf(/f i (i1 )

Equations (II 1) through (II 5) constitute a complete description of the
system. The unknowns are density, pressure and the three components of

magnetic field, electric field, current density and fluid velocity, fourteen

in all. Equations (II 1 and 5) are two scalar equations for p and p,




Eqs. (II 2, 3c and 4) are three vector equations for the three components of
v, J and E, and finally Eq. (II 3 a and b) are equations for the solenoidal
and irrotational parts of B.

Usually, it is convenient to eliminate E and J directly by using Eqs.

(II 3c and 4). Doing so, the momentum equation and Maxwell's equation

become
o/y = - L B)x
o VP wr @8« B
(11 6)
and 2
28 _ ZZ (V¢ B)
R (YXB) e (11 7)
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Much of our discussion will concern perfectly conducting Fluids (n = 0) so

that Eq. (LE 7) is

2. gx(v*B)

(II 8)

Equations (II 1, 5, 6 and 7 or 8) form a complete description of the magnetized
conducting fluid. Derivations of these equations as well as discussions of
their validity and possible extensions (for instance including tensor pressure,
thermal conduction, finite Larmor radius, etc.) have been discussed in many
textbooks on plasma physics. We simply assume these equations describe the
plasma and investigate their consequences; particularly we focus on how the
magnetic field couples to the fluid motion.

Before doing this, it is worthwhile to quickly review what magnetic
field lines and flux tubes are. Any vector field has streamlines. For

the magnetic field, these are the solution of

dz, "4, &=
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The field lines are then everywhere parallel to the magnetic field. Let us
now imagine an element of area 6A which is parallel to a field line at some
point s on the field line. If the magnetic field at this point has strength
B(s), the flux through this element of area is 6¢ = B(s) A = B(s)+SA. Ome
can then imagine a tube of constant flux around the field line. If the flux

is d¢, the area of the flux tube as a function of distance along the field

§&
SA(5>= B(s)

line is given by

(LT 10)

The amazing thing about a flux tube is that in a perfectly conducting
plasma (n = 0), which we will refer to as ideal MHD, a flux tube is convected
with the flow. It is a simple matter to prove this from Eq. (II 7). Inte-

grating Eq. (II 7) over a fixed area 5A, we find
4(59) =a/f§§o/§-<\.~5)= j{(a/_sx vl¢). B

where j.ds is an integral around the closed line bounding &¢. However

(I 11)

ds x v dt is the area swept out by an element ds of the periphery of the
flux loop. The term on the right hand side of Eq. (II 11) is then negative
the flux svept out by the circumference in its trajectory. Therefore, the

total flux through a surface area moving with the fluid does not change

JdY
;;:O (11 12)

Perhaps a more direct way to see this is to note that if n = 0, Ohms law

time, or

Eq. (II 4), simply says that E = 0 as one moves with the fluid. However
in the inertial frame locally moving with the fluid, Maxwells equation says
that the rate of change of the enclosed flux is minus the loop voltage,

that is zero.

e ————. gy - . - S—




While the magnetic lines of force are well defined by Eq. (II 9), in
general there is no unique way to define the motion of lines of B in a
changing medium. However in a perfectly conducting fluid, the flux is
frozen into the flow. Since the flux tubes can be regarded as bundles of
field lines, one can equally look upon the field lines themselves as being
carried along with the flow. We will now examine just what this means.
Since V¢B = 0, the field lines have no start or finish, but either close
on themselves or else have infinite length. Since they are frozen into the
flow, the field lines cannot reconnect, or in other words, the topological
properties of the field is maintained. That is, the field line can stretch
and bend, but it cannot change its topology.

Let us illustrate this for two dimensional motion. Say the field line
initially is the dotted circle shown in Fig. (II la). Since the velocity
field is a single valued function of r for all time, there is no way that
two fluid elements initially far from each other can ever occupy the same
point; to do so would mean the fluid elements pass through each other,
implying a double valued velocity field. Therefore, while a complicated
flow pattern can greatly contort the field line, to for instance the solid
line in Fig. (II la), the field line can never cross itself, it always has
a single inside and outside. Thus the topological properties of the field
line are maintained. One possible flow pattérn could distort two nearby

field lines to a pattern shown in Fig. (II 1b). While the two points near

A can be arbitrarially close, the field line still must maintain its integrity.

However as we will see in later .chapters, the presence of non ideal effects,
for instance resistivity, can relax the topological constraint so that the
field 1line can break and reconnect, forming that pattern in Fig. II lc.

Clearly the topology has changed from a simple closed curve topology to a

8




figure eight. That is there are two inner regions instead of one and two
sets of closed field lines.

As another example the topological constraints on the field line
motion, we will consider an example in three dimensions. Consider two
field lines which are initially parallel to each other shown in Fig. (II 2a).
(In order to distinguish which field line is in front of the other, each
line is shown with finite width and different shading). Imagine a flow
pattern which distorts the field line, but which renders this field line
periodic in space with periodicity length L, and which has v = 0 along the
dark field line.

Since the lighter field line is frozen into the flow, it cannot wind
around the dark field line between Z = 0 and Z = L. For instance, if the
fluid winds around the inner field line at say Z = 55, but does not move

at Z = 0 and Z = L, the shaded line winds around the dark line as shown in

]

Fig. (II 2b). Between Z 0 and Z = 55, the shaded line winds around the

dark line, but between Z Bgland Z = L it unwinds. The total winding
number of the shaded line around the dark, between 0<Z<L, is preserved at
zero.

However another type of fluid motion might give rise to the field lines
shown in Fig. (II 2c). The topology of the shaded line is the same as
shown in Fig. (II 2a and b). That is, if one pulled the field line at Z = 0
and Z = L, it would snap back to that shape in Fig. (II 2a). Notice though
that near the point marked A, two parts of the field line are forced close
together. Again, the presence of non-ideal effects could cause the field
line there to break and reconnect as shown in Fig. II 2d where now two sets

of field lines are produced, the main field line which now loops around the

axis, and an additional circle which also loops the axis. Thus, in ideal




MHD if a field line does not wind around another initially, it never does.
However if non-ideal effects (for instance resistivity) are allowed, the
field lines may break and reconnect and then wind around another field line
which it did not initially encircle. In other words, new magnetic axes
can be generated.

To summarize, the field lines in a magnetized fluid can be regarded
as strings which thread the fluid and go wherever the fluid goes. They can
stretch and bend but cannot break or reconnect in ideal MHD. However if
non-ideal effects are allowed, the field lines can break and reconnect.
Obviously, however, since diveB = 0, a field line cannot break unless it
reconnects instantaneously with another part of the field line (or with a
different field line). As we will see, there are types of fluid motion
which tend to force different porticans of field lines together, as shown
at points A in Fig. (II 1b and II 2c). In this case, often a very small
amount of resistivity can cause reconnection at these points. In other
words, given a choice between evolving toward a very complicated structure
with the same topclogy, or a simple structure with different topology, a
field line in a real plasma will often choose the latter.

We now turn to a study of the magnetic forces exerted on the plasma.

The magnetic force per unit volume is given by

F - +3r8
i € = (1T 13)

which is clearly always perpendicular to both B and J. A more convenient
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In Eq. (IT 14b) above V means the portion of the gradient which is
perpendicular to B and }b is a unit vector in the direction of B.

The two terms in Eq. (II 14b) have simple interpretation. The first
term shows that the magnitude of B2 acts like a pressure in a direction
perpendicular to B. That is a gradient in B2 exerts a force which pushes
the plasma toward regions of lower B2. To interpret the second term, note
that (Eb-z)ib = i@/& where R is the radius of curvature of the field line
and iR is a unit vector pointing toward the center of curvature. Thus if
the field lines are bent, there is a force exerted on the plasma of
magnitude Z%% and directed toward the center of curvature. This latter
force acts rather as if the field line were a rubber band. If a stretched
rubber band is bent, a force is exerted which tends to snap it back to a
straight line. This then corresponds to the way a magnetic field line acts.
The main difference is, of course, that a stretched bent rubber band exerts
a strong force along its length as well as perpendicular to itself; the bent
magnetic field line only exerts this force perpendicular to itself but not
along its length. Fig. (II 3) illustrates the force exerted on the plasma
by the two terms in Eq. (II 14b).

Clearly, before we can concern ourselves with MHD instabilities, a first
9

step is an examination of MHD equilibria. In equilibrium, with V = vy =0,
the momentum conservation equation is
> _L by s ——)—‘VB + — g —_—
Vp= ¢ I+E g = v
(11 15)

There are several immediate consequences of Eq. (II 15). First of all, it
is easy to show that the pressure must be constant along a field line;

simply take dot product of Eq. (II 15) with i, and get the result

b

11




(ﬁb'Y)P i (I1 16)

so the pressure is constant along a field line. Therefore any open ended

device, for instance a magnetic mirror, where field lines end on walls, cannot be in
MHD equilibrium, at least for scalar pressure. It is for this reason that

the research on open ended devises usually concerns itself principly with

VlasoV equilibria and stability or else with tensor pressure.

For the remainder of this chapter we will concern ourselves with
devices with enclosed field lines, for instance tokamaks, reversed field
pinches, or infinitely long cylinders. As a field line goes around a
toroidal machine, there are three possibilities; first, it may close on
itself after one or more transits; second, it may trace out a surface, and
third, it may ergodigally fill a volume, which may be either the entire
volume of the torus or a portion of it. In MHD equilibrium, the pressure
is constant along each magnetic line, surface or volume, whatever the case
may be. Clearly, if the field lines fill the volume of the device, no MHD
equilibrium is possible.

In the case of reverse field pinches or tokamaks, the field lines form
surfaces. From Eq. (II 15), it is possible to show that the current lines
are also in the flux surfaces. To do so, take the dot product with J which
shows that P = constant along the lines of J. However if P varies from one
flux surface to the next, then lines of J must also lie in the surfaces of
constant P that is the flux surfaces.

In a general toroidal equilibrium, it is usually convenient to choose
as one co-ordinate surface,the flux surface. This gives rise to the Grad-
Shafranov equation and is discussed in Appendix ___ . For our purposes
here, we orly write the pressure balance equation in cylindrical geometry

with variation only in r. These are

12
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(IL 17)
Once p and Bz are given, Eq. (II 17) can be solved for the appropriate Be
for equilibrium.

Having discussed the steady state equilibrium, we now proceed to a
discussion of the dynamics by examining what sort of wave motion is allowed
in a uniform, magnetized, current free conducting fluid. Denoting an
unperturbed (equilibrium) quantity with a subscript zero and a perturbed

quantity with no subscript, the linearized equations of motion are

Ao Woo. L(pB)E @

3?15" f’ vV =o b) (11 18)

<

Vx¥x B,

X
"

where we have made use of the adiabatic relation between p and p. Taking
2— of Eq. (II 18) and substituting from Eq. (II 18 b and c), we find a
single vector equation for V. Assuming V = ik and - = - iw, it is

IPSIVIS Y0 SO RRRA A P 1 Mx(vm)}]

(IL 29

1/2
where L is the sound speed, e, " (Ypyé’ ) and VA is the Alfven speed
0
B //
V, = "o . Also B_ is assumed to be in the z direction. Since the
A \/4npo =)

plasma is isotropic in the x-y plane, we may take k to be in the yz plane

13




without loss of generality. Then taking the component forms of Eq. (II 19),

gives

2 1
Sy = Vi Vx (s)

i W'Yy e 4 (sl(fl’;‘ﬁ*k‘ w) + @yﬁkﬁ%& -

(IT 20)
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w V,

As is clear from Eq. (II 20a), the x velocity decouples and this is
the shear Alfven wave with dispersion relation
2 2
2 Z 2
2 = V, co“O
W=k Ve T AV
(1L 21)
J k being the magnitude of k and 6 being the angle between B and k. The other
modes involve the coupled y and z motion. A straightforward calculation from
Eqs. (II 20 b and c¢) gives the result

: 7/ & " 29%’
CE L s

<

k .

CLE 22)

For 6 = 0, the two roots are w?/k? = cg and Vi, while for 6 ==36, the two
roots are w o~ cg + Vi and w?/k? = cg cos?6/(1 + Csjgz) ~ 0. A polar plot
%/%VA for the three roots is shown in Fig. (II 4) fo: the case of VA = 3cs.
Figure (II 4) shows that waves in a magnetized fluid have some interesting
properties. Since the shear Alfven wave (Eq. (II 21)) has Vy = Vz = 0, it
does not compress the plasma. At 6 = (0, the sound wave does compress the

plasma, but by following this root around to 6 = 7 where w = 0, one can show

14
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that there is no plasma compression there. On the other hand, at 6 = 0,

the wave which has %i = VA does not compress the plasma; however following
2

the root around to 8 = Eé, where w/ﬁ

compressed. Thus if VA > e there is no such thing as a pure sound wave.

2 = Vi + cg, we see that the plasma is

What starts out as a compressional wave at 6 = 0 ends up as a shear wave at
8 = 32, and visa versa. However if g > VA’ the sound wave is compressional
at all angles.

We now give simple physical pictures first for the shear Alfven wave
for 8 = 0 and then for the compressional Alfven (magnetosonic) wave at
g = 35. Imagine that each fluid element is displaced in the x direction

an amount

x*= X, CaoJ@'Z
(IT 23)

Since the field line is frozen into the flow, Eq. (II 23) above is also the
equation for a field line. The perturbed field Bxix is perpendicular to
the equilibrium field, Boiz, so there is no first order change in the
magnitude of B. Hence the only force on the fluid arises from the bending
of the field line, as discussed after Eq. (II 14). If terms of order xo2
are neglected, the reciprocal of the radius of curvature of the field line

is

-/ 2 .
V4 =e A% 00z i

(II 24)

Therefore the force per unit volume on each fluid element is

2
= - -5:465,1, t'aade’z (I 25)

y i

which is just minus a constant times the displacement of the fluid element.

That is, each fluid element performs simple harmonic oscillation with

15




frequency given by w? = szoz/dﬂpo perpendicular to the equilibrium
magnetic field. The phase speed of thiswave is the Alfven speed.

One can picture this oscillation in terms of the magnetic field lines
constituting a series of strings which permeate the plasma. Imagine
pulling on these strings with a tension of B%zn per unit area. Then if

the strings are bent, they will tend to snap back and oscillate about

S ntiiani.

their equilibrium position with frequency k%B2/4mp,

Therefore as far forces
perpendicular to themselves are concerned, the magnetic field lines are {
like strings with tension B%{% per unit area. They are different however,
in that unlike a stretched string there is no force along a magnetic field
line.

We now turn to an examination of wave motion across a magnetic field.
Say that B° is in the z direction and the displacement and wave number are
both in the y direction. In this case, the field lines remain straight
and do not bend. Therefore, according to Eq. (II 14b), the force density
on the plasma is minus the gradient of the scalar magnetic pressure. This

perturbed magnetic pressure is
2
P = Bo BZ g Bo ; _B_z = Q7PM°
M Y g - F" ﬁ (I 26)

where we have used the fact that the field is frozen into the plasma so
26 = Bz/g (Also this can be easily verified from Eqs. (II 18b and c).).
Heﬁce the ;:gnetic scalar pressure acts like a fluid with y = 2. The
perturbed fluid pressure is of course <Yp96 )p so that the perturbed total
pressure in the plasma is given by :
F) - jz'fk + <i? j;ﬂL
ToT ﬁo /00 ﬁ
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Now it is clear that perpendicular to the field, waves propagate like sound
waves, except that the magnetic field adds an extra 'springiness' to the
plasma.

We conclude this chapter with a discussion of what sort of plasma
motion an MHD instability is likely to generate. The modes we have discussed
all have w? > 0. However for instability, obviously w? < 0. Now imagine
that there is some physical effect which perturbs the system so as to drive
the plasma toward instability. Clearly this effect will manifest itself by
lowering w?. However if w? is large to begin with, instability, in general,
will not result, but instead just a lowering of the frequency. Clearly, the
most likely place for instability is where w? = 0, or for incompressible
flow with k*B = 0, according to Fig. II 4 and the discussion following
Eq. (II 22). In other words, if k*B # 0, the unstable flow will couple to
shear Alfven waves, which is a stabilizing effect; and if V.V # 0, it will
couple to sound or magnetosonic waves, which is also stabilizing. In most
of the rest of this book, we focus on perturbed plasma motion which is
incompressible. This does not mean, of course, that the plasma is impossible
to compress, but rather that the motions we consider have phase speed much
less than the magnetosonic speed and are therefore decoupled from compressional
motion. This is no different from any other fluid which is assumed to be
incompressible. For instance with regard to paddling a canoe, water is

incompressible; however sound does propagate through, and does compress it.
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Fig. II 2 — (a) Two neighboring field lines, (b) distortion of one field line which preserves
winding number, (c) distortion which preserves winding number but which forces field
lines together, (d) field pattern similar to 2(d), but which allows reconnection. Note that
winding number is no longer conserved, but dotted field line winds around dark one.
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Fig. IT 4 — A polar plot of phase velocity versus angle to the magnetic field
for the three branches of MHD oscillation.
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III. The Energy Principle

A complete solution of the linear stability of a plasma for a given
magnetic field configuration requires the determination of eigen-functions
and eigen-values of the linearized equations. For all but the simplest
geometries this proves to be a problem of considerable complexity. It is
therefore desirable to have a procedure for deciding the question of stability
which does not require the determination of the eigen-values (or characteristic
frequencies). For the problem of the MHD stability of a perfectly conducting
plasma in the absence of an equilibrium flow, the Energy Principle provides
just such a method.

The original derivation of the Energy Principle by Bernstein et al
assumed that the eigen-functions of the linearized equations formed a complete
set. However, it was pointed out by Laval et al (G. Laval, C. Mercier, and
R. Pellat, Nucl Fusion 5, 156 (1965)) that this assumption is not always valid
so that it became necessary to find a proof of the Energy Principle which
did not rely on the completeness property. Laval et al, in a very elegant
analysis, provided this proof assuming only that the linear operator was
self-adjoint. Here we shall give an alternative proof of the Energy Principle
which assumes neither completeness nor self-adjointness but instead we shall
demonstrate the conservation of small signal energy directly from the
linearized ideal MHD equationms.

Before giving this proof let us say a few words about the small signal
energy mentioned above. The small signal energy is defined entirely in
terms of the fields of the linear theory and is not the same as the physical
energy. It was Sturrock who first drew attention to the significance of the
small signal energy (or "pseudo-energy" as he called it) for the problem of

linear stability. It is not obvious that this small signal energy will be
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conserved in a conservative system simply because the physical energy is
conserved since the exact fields have been expanded in a series and truncated
at the first order.

We shall now derive a generalization of the Poynting theorem from the
linearized MHD equations and from this obtain the conservation of small
signal energy. The proof of the Energy Principle is then completed using
the arguments given by Laval et al.

Let us consider a plasma in which the pressure is isotropic and which
is bounded by a rigid, perfectly conducting wall, where the boundary conditions

are the following

~ ~ ~ 3B
13-5/:0; EXE =0; EEE:O

where ﬁ is the unit normal to the boundary. The analysis is easily generalized
to other boundary conditions (e.g. plasma-vacuum boundary). The linearized

equations of the ideal MHD model are

3 (III. 1)

2
= BN (/’ V) =0 (I11. 2)
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2P 4 (\-"Y>P iy /—o{i(:;f’ﬁ e (III. &)

2B

-L- -—

XE = - o
N € 3 (III. 5)

_ YT

_V.’(@ a5 (III. 6)

V.g =0 (III. 7)

where fields with subscript zero are equilibrium quantities and the linearized
variables are written without subscripts. As already mentioned there is no
equilibrium flow of the plasma. We now scalar multiply equation (III. 1) by

V to obtain

PV v
Vi = - V- -+ .:v— J » + =
ﬁ TN ¥ P oy (’ §°> < (_,x_B) (II1. 8)
using the relation
V(py)= PV +V-9p
equation (III. 8) can be written in the form
2/, V.V v v
"_fo__ - = » V) + y‘y*’ ;'(Tx80>+;:r’)‘ B)
2¢ .2) v (P—) 4 - < (' (III. 9)
Next, scalar multiple equation (III. 6) by %; E, equation (III. 5) by Eg
4
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to obtain
S Rl xB= B> (O & 3y
4 ~ ~ = 4m =~ ~ # It m -
This can be written as
> B-B c£*B M
-2’ (’_:__:; + V- & ;T—-AE' = L2
2 g # 4ot e - (III. 10)

Substituting for E from equation (III. 3) into the term J+E equation (III. 10)

becomes
> (BB cE*xB |, T+B
¢ (77)‘“ 2 5’77’)_ ¥ -Gl S5, &5

where we have made use of the vector identy J (Vv x 50) - "-(§o x J). Adding
equations (III. 9) and (III. 11), we obtain

& £KB
2wy + B 1a .("- = v
ol Tl Xﬂ) v Y gl o (I111. 12)

- pov+ ¥ (I »B)

Now consider the term pVev. With the aid of equations (III. 2) and (III. 4),

we find
G s _»__QE,L__<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>