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Quasi—residuated Mappings and Baer Assembfles. By T,S. Blyth , Mathe—
aatical Institute , University of St.Andrews and W.C.  Ha r dy, Centre
for Naval Analyses, Arlington , Virginia~.

SYNOPSIS

We consider, for a given ordered set E with
minimum element 0, the semigroup ~ of 0-preser-
ving isotone mappings on E and examine necessary
and sufficient conditions under which .an ele aent

is such that the left [resp. right] annihi la—
_ _—— tor~~f I in Q is a principal left (resp . right]

ideal of Q generated by a particular type of

~ 
idempotent. The results obtained lead us to intro—
duce the concept of a Baer assembly which we use to
extend to the case of a sernilattice the Baer semi-
group coördinatisation theory of lattices. We also
derive a cobrdinatxsation of particular types of
semilattice.

.1. Introduction.

In the publications [1] and [2] a profound connection is esta-

blished between the theory of lattices and the theory of semigroups.

We begin by describing a slight generalisation of this, a detailed
/

account of which will be found in [3] . Let S. be a semigroup and

let K be a two—sided ideal of S. For each xE~ define the l e f t

and right K-annihilator of x by

LK
(x) — (yES; yx~~ K }, R~ (x) {yeS; xyGK) .

we say that the pair ~S;K~ forms a B~wr seraigr~ up if and only if ,

Jor each XE S , L
K
(x) is a principal 3 dempotent-generated left

Ideal of S and is a principal idempotent-generated right

Ideal of S. If <S;K> is a Baer semigr3.up then the sets ~~(S) =

(Lx (x) ; X G S I  and ~~ S) ~R~~(x ) ; xGS .’ fort s d u a l l y  :~~:morphxc

‘~~1
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lattices. To proceed in the opposite direction, let E and F be

bounded ordered sets; i.e.3 ordered sets which have a minimum element

and a maximum element. A mapping f E -~~ F is said to be residu-

ated if and only if it is isotone (order-preserving) and such that

there exists a (necessarily unique) mapping f~
’ : F ~ E which is

isotone and such that f
+ a f > id

E 
and 1 f

+ 
< id

e
. When such a

• mapping f ’s’ exists, it is given by the prescription

+‘1 (y) = max{~ aE; f(x) <y l. . . . ..
It can be shown that I : E -

~ F is residuated if and only if the

pre—image under I of each principal order ideal of F (i e.3 a

subset of the form [~~,x] = {y~~F; y < x}) is a principal order

ideal of E. The set Res(E) of residuated mappings front E to

itself forms a semigroup under composition of mappings and an

investigation into just when <Res(E);C0}> forms a Baer seinigroup

yields the fundamental result : if E is a bounded ordered set

then the fol lowing are equivalent :

(.2 )  E is a lattice;

(2) cRee(E) ; {O} > is a Baer seinigroup; - . - 
• 

-

(3) there is a Baer semigroup <S; K~ such that E

When situation (3) holds we say that <S;K> codrdinatiees B.

In this paper we shall extend this result to the case of a

semilattice. This we shall a’ccomplish by examining annihilators

in a much larger sernigroup, namely the setnigroup of isotone

wappings which admit 0 as a fixed point. We obtain our co6rdina-

tisation theorem using the concept of a Baer assembly and we apply

-I..
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this to obtain coördinatisations of particular semilattices.

2. Quasi—residuated mappings .

• . Let E and F be ordered sets. We shall say that a mapping

f : E -
~~ F is quasi-residuat ed if and only if it is isotone and such

that there exists a mapping h : F -
~ B. such that f a h < id

E~ 
It

can be shown that f is quasi-residuated if and only if it is

isotone and such that (y yEF) (xeE; f(x) <y ) 
~ 0. 

In the case

where B has a minimum element 0 it is easily seen that I : B -
~~ B

is quasi—residuated if and only if it is isotone and such that

• f(O)=0.

In what follows we shall assume that E F~as a minimum element

0. and we shall denote by Q the set of quasi—residuated mappings

~~ E. It is clear that Q forms a semigroup under composition of

mappings and that this semigroup admits a zero element, namely the

zero mapping on E which we shall also denote by 0 without con—

fuSiOn. For each f
~~

Q we shall write

L(f) = (g~~Q; gel = 03 ,, R(f) = {g~~Q; fog = 03. 
- 

. • • H
Clearly L(f) is a left ideal of Q and R(f) is a right ideal of

Q. Let us now examine under what conditions these annihilators are

idempotent-generated principal ideals.

• Def ini~t ions . We shall say that f~~ Q. has a prznoipal kernel if

and only if {xGE; f Cx) a 0) admits a na*imuxn elemen,t which we

shall denote by f~ (0) ; and that f ~ Q has a bounded image if and

only if f f ( x ) ; xcsE~ admits a maxirum element which we ~ha 1l denote

- ..- •-~~~~~~.

-• 1 
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by 1(n). (Note that if E also has a maximum element ~r then by

the isotone property every f € Q  has a bounded image.)

• THEOREM 1 Given f ~~Q, the fol lowing ccrditiona are equivalent:

• (1)  f  has a princ ipa l kernel;

• - 
(2)  R (f )  is a princi pal ri ght idea l generated by an idenrpot ent

which has a bounded inlage. •

• 
Proof. (l)~~~(2) : Suppose f irst  that f has a principal kernel.

For each yGE define a mapping e E -, E by

I x  if x~~~y;

- 

~
‘ 1~i if , cj y .

Clearly each 0 is isotone and idempotent. Moreover, each

• and has a bounded image. Now by the definition of f~~(0) we have

• 
• . I f (x )  = 0 if x < f” (O); -

- 
• ( f . O + 0) ) (x) ~ + +

- 

1 C ( f ( f  (0) ) = 0 • if x l f  (0) ,

• ~ O that f 0 O f + (Ø) 
is the zero map . Hence e f+ (0)~~B(f) and con-

- sequent].y 0
f~ (0) a Q ~ R (f). On the other hand, if g~~ Q then

• g G R ( f )  - (V xeE)  f ( g ( x ) 1 = 0

- . - 
• 

Cy xeE) g (x) < f~ (Q)

- g = 

~~~~~~ 
a g

- g~~~ O f ÷ (0) 0

and so we deduce that R ( f )  61+ (O) 
• Q which gives (2).

(2)~~~(l) : If now (2) holds, say R.(f) = o Q where ~

let ~(n) denote the greatest element of Im ~~. Sir)ce, for x~~E ,

f f y ) if y < x ;
• (1 a 0 ) (y) = f(e ( y ) )

x x -i. (.x ) i f y j x ,

H 
_ _  _ 

. 
_ _ _ _ _  _ _ _

_ _ _ _ _ _ _ _ _ _ _ _ _  _ _ _ _ _ _ _ _ _ _ _ _  
- _ _ _
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we see, using the fact that f is isotone, that

-~~~ 0~~
E R ( f )  c~~. f (x) = 0.

we thus have

f (x)=0 ~~‘ 0~~~~R (f ) =C o Q

~~~- 0 C o O• x x
- x 0 (x) ~ (0 (x ) ]  < C ( ~r ) .

Since clearly r, G R ( f )  we have f ( e ( ’~) J  = 0. It thus follows that

• • +
1 has a principal kernel with ~~~ = t~(n) .

THEOREM 2 Given f E Q, the fo llowing conditions are eq~iva Zent:

(1) f  had a bounded in7a~re; .. -

(2) L t’f) is a pri ncipal le f t  ideal genera ted by an idenip otent

which has a princ ipal kernel.

P r o o f .  (l)~~ (2) : Suppose that f has a bounded image. For each

yGE define a mapping tjJ : E -
~ E by - ¶
( 0  if x < y ;

if xjy .

Clearly each * .  is isotone and idempotent. Moreover, each ijI~~~Q

and has a principal kernel. Since by definition f(n) is the great—

eat element of u n  f, we see easi~y that o f  is the zero m ap

and so •f() G L (f) whence Q • ~~~~ ~~ 
L (f ) .  On the other hand ,

if g~~Q then

- g~~ L (f )  ‘ (y x~~E) g (f (xfl = 0 • -

- - g (f( 1T) J a 0 
• 

. 
• -•

‘ (x < f ( r )  ~~‘ g(x) = 0 = gb ))

~~~~
g = g .

~~
?
f~~~ c i Q o 1~f(.T)

-•. —

—
~~~1
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- 
and so we deduce that L ( f )  Q o  which gives (2).

(2)~~~(l) Suppose that (2) holds , say L( f)  = Q a F where ~ =

F; a F; and F;
4 (O) exists, Since F; a f is the zero map, we have

(*) (y xOE) f (x) ~ E~~(0) .

• The property (1) will follow from this if we can show that F~~(O)

is an element of Im f. This we do as follows

• (a) suppose that f is the zero map : then clearly Q = L(f )  =

Q a F; from which it follows that there exists hEQ such that

idE = h a F ;,  Hence we have E, Cx) = 0 — x = 0 and consequently

= 0 = f(O)GIm f.

(b) suppose that f is not the zero map : then (‘) shows that

1 0 so we can define a mapping t : “E +E by setting

• 1 0 if (~~ z~~ Im f)  x < z ;
- 

(**). t (x) 
~~ + 

—

• 
- F; (0) otherwise.

• 

~o see that t is isotone, let x < y ; then

• (i) if (~~ z~~ Im I) x < z and (~~ z*~~ Im I) y < z~ then we have

• • 
t (x) = 0 = t (y) ;

- 
Cii ) if (~~ z~~ Im I) x < z and (V z*alm f) y j z~ 

• then we have -

tCx) = 0 < F;’(O) = t ( y ) ; -

(u I) the case where (y z~-um f) x a and (~~z*~~um f) y < z~
cannot arise since by hypothesis x < y;

(iv) if (y z~~Im I) x z. and (y z~~ Im f)  y j  z~ then we have

t (x) F;~ (°) = t(y). • -
. 

. 
• H

* Thus in all possible cases t (x)  t (y)  and so t is isotone . More—

over , t (O)  = 0 and so t~~Q. Noting that if x~~I n  f then t(x) =

0, we see that t~~ L ( f )  a Q ~ F; and so t = t a F ;.  Thus

1

— -—- 

S 
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• t (F;
’
~ (O)] = (t0F;) (F;

’
~ (0)] = t(O) = 0.

— • It follows from (**) that there exists x*~~E with F;
+
(0) < f(x~)

and from (*) that f(x*) < F ;~
’(O). Hence F;~~(O) = f(x*).EIm f.

- THEOREM 3 Let f ~~Q have a principal kernel. Then for each

idempotent c€ Q such tha t R(f) = a Q the greatest element of

Im ~ exi.sts and i.e f  (0) . - -

Proof., Consider the mapping 0
f~

’(O) 
as defined in Theorem 1.

Clearly 0
f~ (O)~ 

R(f) and so, if R(f) = c Q with ~ = a r~, we

have 0
f~ (O) 

= ~ Consequently

• 
f
+
(~) = 0

f
+
(Ø)

(f~ (O)] = (coO f
+(0))[f~~(O)) 

= CL f~~(O)].

Now f • = 0 and so (~ x~~
E) C (x) < f~ (O).. It follows from this

that f
+
(O) is the maximum element of irn ~~.

• THEOREM 4 Let f ~~Q have a bounded image. Then fo r  each idem-

• potent F;~~Q such tha t L (f )  = Q 0 F; the element E~~(0) exists

and is f( 1T). 
-

Proof. Consider the mapping 
~f(M) 

as defined in Theorem 2.

Clearly *f()~~
L(f) and so, if L(f) = Q a F; where F; = F; a F ;,  we

have *f(~) 
= 1) f ( ~~~~

) 

0 F;~ Consequently

F; (x) = 0 - 

~
‘f(r) 

(x) = 0 - x f ( - i T ) .

But clearly if x < f (1T ) then F; (x) < F;(f(n)] = 0. It therefore

- 
follows that C (O) exists ~and is none other than 1(n).

The results of Theorems 3 and 4 give rise to the following two -

results which we shall be able to express in a useful equivalent way

in the next section.

5~
- - I  

_ _ _ _ _  _ _
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THEOREM 5 If E is an ordered set with rnini rnwn element 0

define -

- = {R (f ) ;  f € Q  and f has a pri ncipal kernel)

and order ~? by set inclusion. Then the ordered sets E,i~ are

isonvrp hic. - 

• . 

-

Proof. By virtue of Theorem 3 we can define a mapping 6 : -
~~ E

by the prescription 6[R(f)] f~ (O) which can be written in the

equiv~-lent form 6 (C o Q]  =•~~~ (it ) where ç is an idempotent such that •

R(f) = a Q~ 
Now F; o Q ~ fl a Q impl es that F;’ = a ç which

gives Im F; ~ 
Im n and hence C (~) ~ ~~(-ii). On the other hand, if

F;(1r) < n ( i~) and if n a Q = R(g) where gGQ has a principal kernel

then by Theorem 3 we have n (ir ) = g+(O) and consequently r(~ ) < g ~~(O).

It follows that g a F; = 0 so that F;~~R(g) = n a Q and hence

F; • Q 
~~~. ri a Q. We thus have •

6(F;oQ) 6(neQ) <~~~ C (n) ~ ri (ir ) 
• 

<
~~~‘ F;0Q ~~~~ ~oQ . 

-

To show that 6 is an order isomorphism, it therefore suffices to

show that it is surjective. For this purpose, we note that for each

x~~E the mapping 
~~ 

as defined in Theorem 2 has a principal kernel

and that *
“ (o) = x. Thus 6(R(~~)] = x and so 6 is surjective.

THEOREM 6 - If E is an ordere d set with minirrru in element 0

define 
-

- 4 = {L (f ) ; f E Q  
- 

an4 -f has a bounded inm-ige} • •

and order .~~ by set ihalusic n. Then the order eI~i-sets E,J are . 
• 

-

dually isonvrp hic.

Proof. By virtue of Theorem 4 we can define a mapping y : .~~~~~
-‘- E

• - I 
— —-— - — - — - - 

-5-- —- - 
- 
— 
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by the prescription y(L(f)] -= f (-n ) which can be written in the

equivalent form y(QoF;) = F;
+(O) where F; is an idempotent such that

L(f) = QoF; . Now QoF; ~ Qon implies that ~ F; a n from which we

deduce that ri (x) = 0 - F;(x) = 0 and so fl+(O) < F;’~(O). On the
- 

other hand, if n~ (O) < F;’~(O) and if Qon = L(g) where g€Q has

a bounded image then by Theorem 4 we have n
4 
(0) = g(i~) and hence

F; • g = 0. Thus F ;E L ( g )  = Q o n arid so Q ° F;~~ Q c n. We thus

have 
- 

- - . - - - - • -

y (QoF;) < y (Q c f l)  <
~~~ F;+(°) < 

+(Ø) < ‘  Q~ ~~~ Qofl.

To show that y is a dual isomnorphism it therefore suffices to show

that it is surjective. For this purpose, we note that for each x~~E

the mapping 0 as defined in Theorem 1 has a bounded image and that

0 (n) = x. Thus y(L(0 )j = x and so y is surjective.

3. Baer assembl ies.

Definition. Let A be a semigroup , let B and C be distin-

guished subsets of A and let K be a two-sided ideal of A . We - 
- - 

-

- shall say that <A;B,C;K> forms a &zer assemb ly if and only if the

following properties are satisfied : -

• • 
~(~~xEB) (~~e = e2€C) L

K
(x) = Ae

~ (~~yeC)(~~f =- f 2eB) R
K
(y) = fA

- By way of• example, we mention that ~ny Beer- semigroup S;K-~ may

be regarded as a Baer assembly ~S;S,S;K:- . Also, if E is an ordered 
• 

- -

S

set with a minimum element 0, if Q - denotes the semnigroup of quasi-

residuated mappings on E and if B,C are the subi,ets of Q con—

- —Sa - -‘------------ ----- —~~--- - • — - —
~~~



~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~TIIIT ~J I
• - -10 — 5

sisting respectively of those mappings which have bounded images ,

principal kernels then Theorems 1 arid 2 show that <Q;B,B;~ O)> is a

Baer assembly. • - 
- 

- - 
-

We shall say that a Bae~ assembly <A;B ,C;K— is norma l if and

only if K~~~BfbC. Any Beer semigroup is clearly a normal Baer

• assembly . Likewise , if E is an ordered set with a minimum element

and a maximum element and if Q,B,C are defined as above thezi we

have OGB (%C and B .= Q so that ~Q;Q,C;[O}~ is a normal Baer -

assembly.

THEOREM 7 I f -  <A;B ,C; K- is a normal Baer assembly then

(1)  A has an identity element which belongs to BP ~C;

(2)  K is a princ ipal ideal generated by a centra l idernp otent.

Proof.  (1) By hypothesis each k~~K satisfies kEBAC and so

there exist idempotents eEC , fEB such that A = L
K
(k) = Ae and

A = R
K(k) = fA. These equalities show that e is a right identity

for A and that f is a left identity for A. It follows that

e = f and is a two-sided identity for A; we denote this as usual

by 1. Since eEC and f~~B we have 1EBñC.

(2) Since 1~~B(’~C there exist idempotents g,h such that

K = L
K
(l) = Ag and K = R

K
(l) = hA. These equalities show that g

is a right identity for K and that h is a left identity for K.

Hence ~ = h is an identity for K which we shall denote by k°.

We thus have K = Ak° = k°A. ’ Now for each X€A we have xk°E K

and so xk° = k°xk°. Likewise k°xEK and so k°x = k°xk°. It is
S

iimnediate that k° ‘ is an idenpotent which belongs to the centre of A.

— 

-- - —~~—~~~~~~~~~~~~~~~~~~ -~~~~~~~~~~~
-- -  

-
-

- - - ,
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In the next result we list further fundamental properties of

normal Baer assemblies, by way of preparation for which we make the

following remarks. If A is an arbitrary semigroup then it is well

known that the power set P(A), equipped with the multiplication

defined by

5 xY = {xy; xeX, yeY};

l x ø = ø = ø ~,
is a residuated semigroup in which the residuals are given by

X .Y (zEA; (~ yeY) zy€X}, X . Y = (zEA; (y yEY) yzeX}.

Suppose now that K is a non-empty subset of A and consider the

mappings LK,RK 
: P(A) -~~ NA) given by the prescriptions

Lx
(X) = K .X, RK

(X) = K. X.

We have

THEOREM 8 If A is a semigroup and K is a non-empty subset

of A then
i~ i 4 A A A A A

(1) Lx 
0 1’x = Lx and Rx Lx 

0 ~~ =

If moreover c4, B., C , K> is a normal Baer assembly and if we define

u~~(B) = {L~ (x) ; xE B)  and ~~(C) = {Rx(x); xEC} - then 
- 

- 

- 

- 
-

(2) if e = e2~ B then eA’1~~(C) <~~‘ eel = (
~ x

o
~ x

)  (eA ) and if

f = f
2E C then Afe.~(B) <~~~ elf = (L

~~
O.ft~

) (A f) ; -

(3) the restriction L of to ~~(C) is a dua l order iso-.

rmwphism of R(C) onto .~ (B) whose inverse is R , the restriction

- of R~ to ~~(B) .  
- 

- 
• 

- 
- 

- 
- 

- - :

Proo f. (1) Since

RK
(X) = K . X ~~~~i c~~ - XY -~ K - =  xc K ’ .Y = 

~K~~~’

-I-- 

•~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -
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we see that, when considered as a mapping from P(A) to its dual,

A i~ + A -

R
~ 

is residuated with residual given by (R
~
) = L

K
. The equalities

- , • 

• A A
in (1) are then an- immediate consequence of L

~ 
a > idp(A) and

A 
- 

A A
Rx 

a L
x 

> idp(A) (which express the fact that the pair (R
~~
L
~
)

sets up a Galois connection on P(A)J.

(2) Given e = e2~~B, suppose first that eA6j~ (C) ; say eA = R
~
(x)

where X6C. Noting that RK
(x) = we have, by (1),

(R
K
oL
K
) (eA) =. (R

K
0L

K
OR

K
) { x }  = R

K
{x) = R.~(x) = eA. 

- -

Conversely, suppose that e = e2EB with eA = (
~ K

0
~ K

) ( eA) . If we

let L
~
(e) = Ae* where e* is an idempotent in C then, since A

has an identity element by Theorem 7, 
~~

(eA) = L
K
(e) and so

= 
K
L
K~~ 

= R
~
(L
~
(e)J = R

~
(Ae ) = R

K
(e*)G

~~~
(C).

(3) It follows from the above that a L~ = id
~~(C) and that

o = id
4(B)

. Since L and R are each antitone, the result

follows. - 
- - •

Remark. In the proof of (2) above we used the fact that, since

A has an identity element, 
~~

(eA) = L
k
(e). In what follows we shall

make use of this fact ~~eral times without reference. 
‘ : -

Definition. If B is an ordered- set then we shall say that E

is co~rdinatised by a normnal-B~er assembly <A;B ,C;K> if and only if

E ~~(C) c’r, equivalently (by Theorem 8(3)], E ~ .~(B) where

denotes dual order isomorphism,. - -

With this termindlogy we see that the results of §2 can be • 
- 

- 
- : -

succinctly summarised as follows : if E is an ordered set with

miniirtwn element 0, i f  Q denotes tize semigroup of quasi—residuated

-
I 

-
-
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- - mappings on E and if B,C denote respective ly the subsets of Q

consisting of those mapp ings which have bounded images, pri ncipal

kernels then <Q; B,C; {0} > is a norma l Baer assemb ly which coL~rdina-

tisee E. - -

• Having observed this fundamental result, we can now explicitly

state the ultimate goal of the theory we are developing : to isolate

those Baer assemblies which coordinatise ordered sets of a given type.

In the following sections’ we begin the pursuit of this goal by res-

tricting our attention to semilattices. During the course of this,

the Baer semigroup coördinatisation of lattices will emerge in a

rather nice way. - 
- -

4. Coördinatisation of n-semi lattices . - 
-

THEOREM 9 An ordered set B is an A-semilattice with mzximum

- element it if  and only i f ,  for  each xeE, 0~~~Res (B). In this

case the residual map 0 is g iven by 
-

. 1 ii .i f y > s; 
- 

-

0 (y )= {
X [y ~~x if yjx .

Proof. By definition, we have 
- 

- - 

-

- 

f y  if y < x ;
• ‘

X if y j x .

Now if x < z -or x > z then.clearly xi~z exists. Suppose then

that x j z and x j z .  C~iven y~~E, we • have - 
- 

- - 

- 
•

f y < x ;
O (y) < z ‘ 0 (y) ~ f x ~~~> -  0 (y) = 

~
‘ i

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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and conversely if y < x , z then - = y < z. Thus

- 
{y ; 0 (y) <z} =

and so xr%z exists if and only if max{y; 
~~~~ 

< z) exists. 
- 

If

we observe that Im 0 = (‘.- , x J ,  we see also that max{y; 0 (y) c x}

exists if and only if it exists. We conclude that E is an /%-semi-

lattice with maximum element it if and only if each 8 is residu—

ated. Finally, it is readily verified that the mapping

X 

&~

‘ as given

above is isotone and such that O’~ ~o e > i&. and 0 a < id , sox x —  ~ x x —  B

that 8~ is indeed the residual of 0 .x x -

This result, together with the following, which examines the

cibse relationship between residuated mappings and mappings which have

principal kernels, allows us to isolate a Baer assembly which allows

a coördinatisation of 1%-semilattices.

THEOREM 10 Let E be an ordered set with minirnwn element 0

‘ and let Q denote the semigroup of quasi-residuated mapp ings on E.

Given g~ Q, the following conditions are equivalent

(1) if f~ 
Q has a principal kernel then f a g has a 

•

principal kernel; - 
•

(2) 9ERes (E) . - 
-
-

Proof. ( ] )~~~(2) By hypothesis g(O) = 0 and so, given any y~~E,

we have {xGE; g(x) < y) 
~
‘ 0. Now the mapping as defined in

Theorem 2 has a principal kernel and so, applying (1), we obtain 
-

g(x) < y  = 4,~ (o) <~~~ (i~i og) (x) = 0 <~~~ x c  (t~I o g)4’(O). ‘

It follows that g is residuated with g given by the formula

g
4
(y) = (;~~ g)

’
~(O).

— - .‘ - —  ~- -r— — 
- - — 

~
- - 

— 
- 
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(2)~~ (l) : If g is residuated and f has a principal kernel

then we have -

- (f a g) (x) = 0  <~~~ g(x) < f ~ (O) <~~~ -x

from which it follows that (fog)’
~(O) exists and is g’~1f

’
~(0)).

Corollary If C denotes the Bubset of Q consisting of those

mappings with principal kernels then, in P(Q), Res(E) C. C.

Proof. Using the above, we have - -

- gE Res(E) <~~~ C a g~~ , C <~~~ gEC.C.

Definition. By a ri ght Baer assembly we shall mean a normal Baer

assembly <A;B,D;K> in which - 
-

(1) B is a subsemigroup of A;

(2) B cD ;  - 

-

(3) in NA) , BGC. C (i.e., ca cc].

THEOREM 11 Let B be an ordered set with minimum element 0.

Let Q 7ienote the semigroup of quasi-residua ted mappings on B and

Zet C 
- 

be the subset of Q consisting of those mapp ings which have

principal kernels. Then the foliowing conditions are equivalent :

- (1) E is an rt—Bemilattice with a maximum element ii; 

-

• ( 2) -cQ, Res(E),C;{0}> is a right Haer a8sembly;

(3) there is a right Baer as8embly cA;B,D;K> with F 4(D).

Proof .  (l)~~ (2) : Immediate from Theorems 9 and 10.

(2)~~ (3) : If ( 2) holds then (3) - follows by taking A = Q, B = ‘ -

Res(E), D = C , K = (o} and applying Th’eorem 5.

(3)~~~(1): Let eA ,fAG~~(D), say eA = R
~
(s) and fA = R.~(t), - -

- 
I 

—
~~~~ 

_ — 
. 

-

—•- - - • • - - - - - -  — - - —5---- - • - —~~
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e and f being idempotents in B. Since teGDBcD(D.D)ç I)

we have R~.(te ) — gA where g = g2~~B. Thus, from (te) (eg) = teg eK

we deduce that egeR
~
(te) = gA so that eg = geg and hence eg is

an idempotent in B. Now 
-

• 

ftx = tegxex 
~~ 

xERK
(t) ,

Lsx = segxeseA~~ K - xER~~(s)

- 
- xERK

(s)f
~
tRK

(t);

and conversely - 
- 

• 
• 

- 
• .

x E R
~
(s)f%R

~
(t) ~~ xEeA x = ex

- tex . = tx~~K -

- 

- 

‘ xSR.~(te) = gA

- x = g x  
-

- 
- “ x = ex = egxEegA .

We have thus shown that

eA #%fA = R.
~
(s)#mtR

~
(t) = egA.

We now show that egAEt€(D) whence it follows that 4(D) is an

• 
• A-semilattice. From egA ~~ eA ,fA we obtain , by Theorem 8(1) , (2) ,

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ = eA f%fA = egA 
-

and, since ege~~~(L~~(eg) ] 1  the reverse inclusion holds. Hence we

have ~.,((L~~(eg)] = egA and so , by Theorem 8(2) , • egAe4(D). Now,

by Theorem 7, A has an identity element and for any keK we have

(k) A lA~ hence A is • the maximum element of 4(D) . Since

K R
~
(l) is clearly the min~imum element of £(D) , we see that 4(D)

a bounded F%—semilattice, whence so also is E.
S

In the next section we shall develop an analogue of Theorem 11

for the case of a ~d-semi lattice.

— ‘

- I  - - I .
- — 
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5. Coördinatisation of ~l—semi1attices .

Let E be a V-semilattice with minimum element 0, let Q be

the semigroup of quasi-residuated mappings on B and let C be the

subset of Q consisting of those mappings with principal kernels.

Let us now consider the subset T of Q consisting of all the

• quasi—residuated ~l-homomorphismz on E. Cl arly T is a subsemi —

group of Q which contains the zero map. Since -each residuated map-

ping on a V-semilattice is necessarily a *I-holnoln3rphism , we have - -

Res(E} ~~ T. Now each mapping 0 as defined in Theorem 1 is readily

seen to be an eiement of T and so we deduce from Theorem 1 that ,

in the semigroup T , - 

- 

- 

- -

(y f ~~ TP~C) R ( f )  = 0f~ (0) 
a T.

Now it is readily verified that in general the mapping as

defined in Theorem 2 is not an element of Res(E). But if we consider

for each yGE the mapping i~ , : B -
~~ E defined by

- 
- f 0 if x < y ;

- 
- 

* ( x ) = 4  -

1~”y if xjy, -

then each is idempotent. Z4~reover, as can readily be verified, 
• -

each * €Res(E) with given by - 
. 

-

f - z  if z > y ;

* (z)=c -

y t y  if zjy.

Finally , we observe that for each - f~~~~~ T which has a bounded

image we have , in the semigroup T , - -

S

---.

~

- -- 

-~~~~~~~~~-- - 1_ -
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- 
g€L(f) <

~~~ (V xeE) g(f(x)) .= 0

<~~~ g(f(ii)1 = 0

__ A ~ 
g(0) = g(x) if x <

- (y xEE) (g ° 
~
‘
f ( i T )

) ~~~~~~ =

- ( g(x~.#f (ir)J = g (x)  if x

-

. 
<~~~g a * 1~~~~

= g

<~~~~g G To ~~~f~~~~
. 

-

These considerations lead us to the following result in which

denotes dual order isomorphism and the term left Baer assembl y is

defined from the previous notion using left/right duality .

THEOREM 12 Let B be an ordered set with minimum element 0.

Then the following conditions are equivalent :

- (1)  F is a ~d-semilatt ice with a maxir~vn element it;

(2) there is a left Baer assembly .-cA; B,D; K> with F

Proof. (l)~~~(2): The existence of a maximum element implies that

the zero map is residuated and that every isotone mapping on E has

a bounded image. Since Res(E) ~ T/’~C the previous considerations

show that <T;T,Res(E);-(0}> is a left Baer assembly. (Note that

since 
- 
T is a semigroup containing 

~
d
E 

we have T = T.T in NT).)

That E ~~.~(T) follows from the fact that Theorems 2,4,6 carry over

in toto from Q to the subsemigroup T (with 
~ 

replaced by

(2)~~~(l): This is analogous to the proof of (3) >(l) in Theorem 11.

- Remark. Observe that when B is a bounded lattice E can be

simultaneously co~rdinatised by the left Baer assembly -T;T,Res (E);-(O~-

and the right Baer assembly ~Q;Res(E~ ,C;-~O~’ . The latter can be

- - I  

.

. 

I -— 

- 
••1
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replaced by <T ;Res (E) ,Res ( E ) ; ( O )> , which is both a right and a left

Baer assembly , and an application of Theorems 11 and 12 produce the

result : an ordered set B is a bounded lattice i f  and only if it

can be coärdinatised by a two-sided Baer assemb ly.  This result re-

captures. the Baer semigroup coördinatisation of lattices since the

coördinatisation shows that whenever E is a bounded lattice Res(E)

is a Baer semigroup which coördinatises E and if a two-sided Baer

assembly is of the form <A;B ,B;K> then <B;K> is necessarily a

Baer semigroup. •

6., - Coördj natj satj on of Glivenko and Glivenko- Brouwer semilattices.

By a Glivenko serr lattice (or pseudo-compler~ented sernilattice)

we shall mean an A-semilattice E with minimum element 0 in which

each translation t : y -
~ x~~y has a principal kernel. By a

Glivenko-Brouwer semii-attice (implicative semilattice, or relatively

pseudo—complemented semilattice) we mean an f~—semi1attice E with

minimum element 0 in which each translation is a residuated mapping.

By a Glivenko (resp. Glivenko-Brouwer] assembly we shall mean a right - - -

Baer assembly ~~A ; B , D;K> in which there is an abelian idempotent

subsemigroup ~ of D (resp. ~ of B] such that, for each xGD ,

there exists e€~ (resp . eQ~~J with R
~
(x) = eA and , for each

e€~ (resp . eE c) , eAE4(D) . . - . 
-

- Just as each Glivenko-Brouwer semilattice is in particular a

• Glivenko setnilattice, it follows from the fact that B~~~D that each

Glivenko-Brouwer assembly is in particular a Glivenko assembly. The

- -~~~~~~~~~~~~ - -  -~~~~~--~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~IIITII 1
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nomenclature we have chosen for these assemblies is justified in the

following codrdinatisation theorem.

THEOREM 13 Let B be an ordered set with mininium element 0.

Then the following conditions are -equivalent :

(1) F is a Glivenko Creep . Glivenko-Brouwer] eemiiattice;

(2) B can be co~rdina tised by a Glivenko Creep . Glivenko-
- Brouwer] assemb ly .  

- 
• . 

-

Proof. ( l)= ~> ( 2 ) :  If B is a Glivenko (resp . Glivenko-Brouwer]

semi].attice then each translation t~ has a principal kernel (resp . 
-•

is residuated) and {t ;  xGE } is an abelian idempotent semigroup . -

Q and C being as before , given f EC  and gEQ we have , since

B has a maximum element it = t~ (0) , - -

gER(f) <~~~ f (g(ir)] = 0  -

< >  (V x ~~E) g(x) < f~ (O) -

<
~~~~ 

(y xeE )  g(x)/’~f~~(0) = g(x)

<~~~~ g = t f+(~) 
o g

<
~~~ ~E tf+(0) ° Q. - 

- - 

-

It follows that R(f) = tf + (0) 
ê Q where t

f
+(0) ~~ C (resp . 

-

Res(E)3, an immediate consequence of which is that

<Q;Res(E),C;{0)> forms a Glivenko (resp. Glivenko-Brouwer] assembly

which coördinatises B. 
- -

(2)~~~(1): Suppose that <A;B,~~;K> is a Glivenko (resp . Glivenko—

• Brouwerl assembly which coordinatises B. If e,gE~ (resp. e,gE~ ]

- then from eg = ge we deduce that egA c eAñgA. But if hE~ (resp. 
-

hE~ J i_s such that hA ~~ eA and hA ~~ gA then we have h = eh =

H 
- 

. 

.

- 
I -r -

- - -_- -~~~-- __  _



— 21 — -

geb = egh and so hAc egA. Hence in ~~(D) we have eAttgA = egA .

In the-case of a Glivenko assembly,. if eE~~~ D then R
K
(e)

~~~~
(D)

so that from

- eAf~fA = efA~~~K <~~~~ efEK < >  f
~~
R
K
(e)

we see that the pseudo-residual (pseudo-com plement) (eA ) * exists

and is none other than R
~
(e). Hence E is a Glivenko semilattice.

In the case of a Glivenko-Brouwer assembly,  if e ,f ,gE~~ and

f*~~D is such that L
K
(f) = Af* then f*eeDB~~~ D(D . D)~~~~D and

~~ ~~ (f*e)~~~~(D) We then have

• eAttgA = egA 
~ fA ‘ eg = égf -= feg -

- 
• 

f*eg = f*feg€K 
-

~ gER~ (f*e) 
-

- 

- 

• gA~~~ R~~(f* e) ,  -

and conversely -

gAcR.~(f*e) f*~g~~K -

egER~ (f~) = RK A I )  = 
~~
[L
~
(f)] = fA

eAA gA= egA~~~fA.

It follows that t~~ (fA) exists in t~ (D) and is R
K
(f*e). Thus

~~(D) is a Glivenko-Brouwer semnilattice whence so also is E. [Note

that in this case we have the same formula for pseudo-residuals as

in the Glivenko case; for, taking f to be the central idexnpotent

k° of K [Theorem 7 ( 2 ) ]  we can take f* = 1 (Theorem 7(1)] to

obtain t~~~(k°A) = R.,~(e).J •~~ - 

- 
-;

•

_ _ ~:: :~ :~ _ _ _ _



1
— 2 2 —

REFERENCES

[1) M.F. JANOWITZ : Baer semigroups, Duke Math.J., 32,1965,83-96.

[2] M.F. JANOWITZ : - A semigroup approach to lattices, Canad.J.
Math. , lB ,1966 ,12 12—1223. - 

- - 

-

[3) T.S. BLYTH and M .F.  JANOWITZ : Residuation Theory, Pergamon
Press (to appear).

S -

- I 
- 

.~~~ -



-‘--—-5-  - _ - —-- —‘----

List of CNA Professional Papers*

P P I  PP 8
Brown , George F. and Lloyd , Richmond M., Rose , Marshall and White , Alex , “A Comparison of
“Static Models of Bank Credit Expansion,” 27 pp -‘ the Importance of Economic Versus Non-Economic
23 Sep 1969, (Published in the Journal of F inan- Factors Affecting the Residential Housing Market
cial a n d  Quanti tat ive Analysis , Jun 1971) During the Two Decades Subsequent to World War
AD703 925 II ,” 128 p p ,  15 Jan 1970 , AD 699 517

PP 2 PP9
Lando , Mordech ai E.. “The Sex-Differential in Rose , Marshall , “A Thesis Concerning the Existence
Canadian Unemp loyment Data ,” 5 pp., 9 Jan 1970, of Excess Capacity at Naval Shipyards Prior to the
AD 699 512 Escalation of Hostiliti es in Southeast Asia in

1964 ,” 67 pp ., 9 Jan 1970 , AD 699 518
pP 3

Brown , George F.; Corcoran , Timothy M. and PP 10 — Classified
Lloyd , Richmond M., “A Dynamic Inventory
Model with Delivery Lag and Repair ,” 16 pp. . 1 PP 11
Aug 1969, AD 699 513 O’Neill , Davi d M., “The Effect of Discrimination

on Earnings : Evidence from Military Test Score
PP 4 Results ,” 19 pp. ’ 3 Feb 1970. (Published in the

Kadane. Joseph B., “A Moment Problem for Order Journal of Human Resources , Summer 1970)
Statistics ,” 14 pp., 13 Jan 1970, (Published in the AD 703 926
Annal s of Mathematical Statistics , Apr 1971)
AD 699514 PP I2

Brown, George F. and Lloyd, Richmond M.,
PP 5 - “Dynamic Models of Bank Credit Expansion Under

Kadanc , Jcseph B., “Optimal Whereabouts Search ,” Certainty, ” 29 pp., 3 Feb 1970, AD 703 931
28 pp.. Oct 1969, (Published in the Journal of the
Operations Research Society of America , Vol. XIX , pp 13
1971) AD 699 515 Overholt , John L., “Anal ysis Data Inputs and

Sensitivity Tests in War Games ,” 30 pp., Mar 1971 ,
PP6 — Classified AD 722 858

PP 7 PP I4

* 
Friedheim, Robert L., “The Continental Shelf Issue Rose , Marshall , “Determination of the Optimal
at the United Nations: A Quantitative Content Investment in End Products and Repair Re-
Analysis,’ 25 pp., 7 Jan 1970 , (To be published in sources ,” 38 pp., 18 Feb 1970, (Published in the
“Pacem in Maribus ,” edited by Elaine H. Burnell Annual Meeting of the American Association of
and Piers von Simson . Center for the Study of Cost Engineers Proceedings , Jun 1971 , Montreal ,
Democra t ic  Instructions) (See also PP 28) Canada) AD 702 450
AD 699 516

CNA Profcwonal Papers with an AD number may be obtained from the National Technical Information Service , U.S. Department
or Commerce, Spring fi eld , Virginia 2215 1. Other papers are available from the author at the Center for Naval Analyses , 1401
Wilson Boukvazd , Arlington . Virginia 22209.

Li   —--~~~~~~~- - --~~~-

- - - - 
~~~~~~~~~~~ - a~~~~~~ -_ - — - ~~~~~~~~~ ~~~~~



— —- _ - - -_—.-,-,,--.-.--— - - .——---——,- - ..-— _ - 
‘

CNA Professio,ial Papers ~~
- Cont ’d.

PP IS PP 23
Rose , Marshall . “C om p ut in g  th e Expected- End Pro- Rose , Marshal l , “An Aircraf t  Re woi k  Cus t -B ei ic l i t
duct Service Time U sin2 Extreme Value Proper ti es Model ,” 13 pp. - 12 Ma r 1970 , ( Publish ed in the
of Sampling Distr ibut ion ,” 2’-) pp ., 18 Feb 1970 . 5th A n n u a l  Dol) Cost Research Ss ri1p ~siu m Pro.
(Published in Operations Research, Mar .Apr 197 1) ceedings , Mar 1970) Al) 702 514
AD 702 451

PP 24
PP 16 Lloyd , Richmond and Sutton , S Scott , “An

Rose , M arshall , “Study of Reparable I tem Re- Application of Network Am l ysis t o  t h e lacier -
supply Activi t ies ,” 35 pp., 18 Feb 1970 , min at ion of M i n i m u m  Cost Aiic r j ft P ip el i n e
AD 702 452 Fac tors ,’ 51 pp., 31 Mar 1970 , (l’rese i i t e d  at

- NATO Conference on Problems in the Organiiation
PP 17 and In t roduct ion  of Lirge Log ist ic  Support

Brown , Lee (Lt. ,  U-SN) and Rose . Marshall .  “A n Syste ms , Ma\ 1970 , Lux embour u )  AD 703 530
Incremental Production for the E iir d -l te m Repai r
Pro cess,” 17 pp., 3 Mar 1970 , (Published in Annual  PP 25
Conference of the American Ins t i tu t e  of In dus t r ia l  Saperstone , Step hen , “An Approach t Semi.
Engineers Trans actions . May 1970 , Cleveland , Markov  Processes ,” 38 pp. , 23 Mar 1970 ,
Ohio) AD 702 453 AD 703 537

PP I8 PP 26
Rose , Marshall , “Inventory and the Theory of the Brown , George F. and Corcoran , Timoth y NI..  “The
Firm ,” 14 pp., 18 Feb 1970 . AL) 702 454 R e l i a b i l i t y  f a C i m ~~-x S~ s~ci n svi h S i ~c~- .

Repair . and Canniba l iza t ion .” 45 pr ., 23 Mc: 1 970 .
P P J 9  AD 703 538

Rose , Marshall , “A Decomposed Network Comrn
putation for End-Product Repair Curves ,” 24 pp., PP 27
18 Feb 1970 , AD 702 455 Fain , Janice B.: Fain , Will iam W .: Feldman , Leon

and Simon , Susan . “Validat ion of Combat \1~ d els
PP 20 Against Historic al Dut a .’ I ~ p p .  14 Apr I 9~0 .

Brown , George F.; Corcoran . Timothy NI . and (I’ub l is lt ed in 9th Sympo sium of the N :itional Cern-
Lloyd , Richmond NI.. “I n ventory Models wi th  a 

- ing Council Proceedings , Apr 1970) AD 704 744
Type of Dependent Demand and Forecasting, with
an App lication to Repair. ” 4 pp .. 10 Feb 1970 , PP 28
(Published in Mana gement Science: Theory Section , Friedh eim . Robert L. and Kad an e . Josep h B.,
Mar 1971) AD 702 456 “Quant i t a t iv e  Content  Analys is  of the United

Nations Seabed Debates : Methodolo gy and a
PP 21 Continental  Shelf Case Siud y ,  32 pp.. 24 Mar

Silverma n , Lester P., “Resource Allocation in a 1970 , (Published in In te rna t iona l  Or g anizat i on ,
Sequential Flow Process ,” 2 1 pp., 5 Mar 1970, Vol. XXIV . No. 3, 1970) AD 703 539
AD 702 457

PP 29
PP 22 Saperston e . Step hen H. . “Control labi l i ty  of Linear

Gor lin , Jacques , “Israeli Reprisal Policy and the Oscillatory Sy st ems Usin g Pos itive Controls ,” 27
Limits of U.S. Inf luence ,” 27 pp., 23 Mar 1970, pp., Apr 1970 , AD 704 745
AD703 534

2

- 

-

,

- ~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~ -~~ -~~~~~~~~- - - -  - - 
_



r - - - -  

~~

--- - _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _

CNA Professional Papers — Cont ’d.

PP 3O PP 38
DeVany, Arthur  S., “The Effect of Social Poli cy Saperstonc , Step hen F!., “The Ei ge ri vectors of a
on the Social and Private Value of a Child , ’ 20 Real Symmetric Matr ix are Asymptotical l y Stable
pp., 27 A pr 1970, AD 704 746 for Some Differential Equation ,” 19 pp., Jul 1970 ,

AD 708 502
PP 31

DeVany , Arthur  S., “Time in the Bud get of the PP 39
Consumer ,” 51 pp., 27 Apr 1970, AD 704 747 Hardy, W. C. and B lyt h , T. S.~ , “Quasi-Res iduated

Mappings and Baer Assemblies ,” 22 pp., 14 Jul
PP 32 1970 , (To be published by t Ir e Royal Society of

Overholt , John L., “Fitting Korean War Data by Edinburg h)
Statistical Method ,” 11 pp., 5 May 1970, (Pre. *Mathe rn ati cal Ins t i tu te , University of St. Andrew
sented at the 9th Symposium of the Natio nal
Gaming Council , Apr 1970 , Washington . D.C.) PP 40
AD 705 349 Silverman , Lester P. and Forst , Brian E., “Evalu-

ating Changes in th e Health Care Deliver) ’ System:
PP 33 An App lication to Intensive Care Mo n itor ing, ” 19

DeVany, Arthur S., “A Theory of Househo ld pp., Jul 1970 , AD 710 631
Demand and Labor Supply, ” 23 pp., 5 May 1970 ,
AD 705 350 PP4 I

Piersall , Charles H. (LCdr), “An Analy sis of Crisis
PP 34 Decision-Making, ” 55 pp. , Aug 1970 , (To be pub-

Kadane , Joseph B. and Fisher , Franklin M. *, “The lislte d in die American Polit ical Science Resies v )
Covariance Matrix of the Limited Informat ion AD 719 705
Estimator and the Idei:tifica t ion Test: Comment ,”
6 pp., 14 May 1970 , (To be published in PP 42
Econometrica) AD 706 310 Sullivan , John A., “Measured Mental Ability,
*Depar rm ent of Economics , Massachusetts Institute Service School Achievement and Job Performance ,”
of Technology 22 pp., 31 Jul 1970 , AD 720 359

P1~35 PP43
Lando , Mordechai E., “Full Employment and the Forst , Brian E., “Est imating Utili ty Functions
New Economics—A Comment,” 4 pp., 14 May Using Preferences Revealed under Uncer t ainty, ’ 13
1970 , (Published in the Scottish Journal of Po lit i- pp., Jun 1971 , (Presente d at the 39th National
cal Economy, Vol. XVII , Feb 1969) AD 706 420 Meeting of the Operations Research Society of

America , 5 May l97 l AD 726 472
PP 36

DeVany, Arthur S., “Time in the Bud get of the PP 44
Consumer: The Theory of Consumer Demand and Schick . Jack N I., “Conflict and Inte gration in the
Labor Supply Under a Time Constraint ,” 151 pp.. Near East: Regionalism and the Study of Crises , ’
15 Jun 1970, AD 708 348 43 pp., Oct 1970 , (Presented at the 66th Annual

Meeting of the American Political Science Associ-
~P 37 ation , Sep 1970)

Kadane , Joseph B., “Testing a Subset of the Over.
identifying Restrictions ,” 7 pp., 19 Jun 1970, (To PP 45
be published in Econometrica) AD 708 349 Brown, George F. and Lloyd , Richmond M.,

“Fixed Shortage Costs and the Classica l Inventory
Model ,” 13 pp., Jul 1970. A D 7 I 3  057

3

- -  

~~-— - ‘ - - -‘~~ -~~~~~~—
‘ 

‘



_ _ _ _ _ _  
_ _ _  

~~-~~~---. -.-—-- -¶ !~~~

CNA Professional Papers — Con(’d.

PP 46 12 pp. ’ Nov 1970. (Published in Public Choice , Fall
Hardy, William C. and my th . T. S.f , “A Coord ina - 1971) AD 7 14 652
tisatio n of Lattices by One-Sided Baer Assemblies ,”
21 pp. ’ Jul 1970 . (To be published by the Royal PP 54
Society of Edinburgh) Kadane , Joseph B.. “How to Burg le I You Must
*M athernat ical Ins t i tu te , University of St. A_ndrew A Decision Problem ,” 13 pp., Ma y 1971 ,

AD 723 850
PP 47

Silverman , Lester , P. , “Resource Allocation in a PP 55
Sequential Flow Process wi th  an App licat ion to the Brown , George F.. “Opt im al  Nla i i a g c i i i e r i t  ol Bank
Naval Resupply Systern , 18 pp., Oct 1970 , the- Reserves ,” 35 pp., Aug 1970 . AD 715 569
sented at the 11th American Meeting of the
Institute of Management Sciences , Oct 1970; Pre- PP 56
seated at the 26th Meeting of the Mil i ta ry  Oper- H orowitz . Stanley A. . “Econ omic Pt i i c i p i - ,-~ of
ations Research Society, Nov 1970) AD 713 028 Liabil i ty and F i !lancia l Responsibilit) for Oil I’ullu-

tion ,” 26 pp., Mar i97 1 , AD 722 376
PP 48

Gray , Burton C.. “Writeup for B34TCNA—A Step- Pp 57
-Wise Mul t ip le Regression Program ,” 15 pp., Oct Lando , Mordechai E., “A Comparison of the
1970, AD 713 029 Military arid Civilian Health Systems ,” 20 pp., Dec

1970, AD 716 897
PP 49

Frie dheirn , Robert L., “Internati onal Ot g : : : - i / a f l 0s PP 58
and the Uses of the Ocean ,” 88 pp. . Oct 1970 , (To Kadane , Joseph B.. “Chronolo gical Ordei i n g  of
be published in Volume of Essays on lntemaUona( Archeological Deposits by the Mini mum Path
Administration , Oxford University Press Length Met h od ,” 16 pp., Jun 1971 , AD 726 475
AD 714 387

PP 59
PP 50 Dyekman , Zachary Y., “An Analysis of Negro

Friedheim , Robert L. and Kadane , Joseph B., Employment in the Building Trades ,” 309 pp., Jan
“Ocean Science in the United Nations Political 1971
Arena ,” 45 pp., Jun 1971 , AD 731 865 -

PP 60
PP 51 Lando, Mordechai E., “Health Services in the All

Saperstone, Stephen ft. “Global Controllability of Volunteer Armed Force.” 33 pp.’ Jan 1971 ,
Linear Systems with Positive Controls,” 29 pp., (Published in Studies Prepared for the President ’s
Nov 1970, AD 714 650 Commission on an Al l-Voluntee r Force . Govern-

ment Printing Office, Nov 1970) AD 716 899
PP 52

Forst, Brian E., “A Decision-Theoretic Approach to PP 61
Medical Diagnosis and Treatment .” 14 pp., Nov Robinson. Jack , “Classification Management Train-
1970, (Presented at the Fall 1970 11th American ing and Operations. An Approach ,” 14 pp., Jul
Meeting of the Institute of Management Sciences , 197 1 , (Presented at the 7th Annual Setninar .
Oct 1970 . Los Angeles , California) Al) 714 651 National Classif ication Management Society, Wash-

ington , D.C., 13-16 Jul 1971) AD 727 7 19
PP 53

Kadan e, Joseph B., “On Division of the Question,”

4

- ‘ I - - — -- - -~~~~~ ~~~~- -

__________ - -~—--- ~~——- ———-— -—-a-’-.-’ — - --‘-— --- — —.-‘-— .—. ‘ 
.

~~ 
~~~~~~~~~~ ~~~~~~~~~~~ - ~~~~~



_______  —‘---
~~~

-‘-
~ ~~

‘ 
- - - -  - - -~~~~~

CNA Professional Papers - Cont ’d.

PP 62 1971 , (Presented j~ the 1971 Western Regional
Brown , George F. and Schwartz, Arnold N., “The M e eting of the International Studies Association,
Cost of Squadron Operation : A Theoretical and Mar 1971) AL) 72 379
Empirical Inv e st igat ion ,” 10 pp., Jan 1971 (Pub~
lished in the Transactions of the 197 1 American PP 69
Association of Cost Engineers Interna t ional  Meet- Rogers , Warren F , (Cdr), “Exact Null Dist r ibutions
ing, Jun 197 1) AD 722 377 of Rank Test Stat is t ics ,” 47 pp., Mar 1971 ,

AD 722 380
PP 63

Lockman . Robert F.. “Analyses of Selection and PP 70
Performance Measures for CNA Support Person- Rogers, Warren F. (Cdr), “On A Theorem of
nel,”45 pp.’ Feb 1971 , AD 720 360 WcyI,” 17 pp., Mar 1971 , AD 722 3t~l

P P M  P P 7 I
Utgo ff , Victor A. and Kashyap, R. L.a , “On Lloyd , Richmond M., “Dynamic Programming
Behavior Strategy Solutions in Two-Person Zero- Models of Short Term Bank Reserve Management ,”
Suer Finite Extended Games with Inriperfect 233 pp., Mar 1971 , AD 727 724
Info r mation .” 37 pp., Feb 1971 , (Accepted for
publication in the SIAM Journa l on Applied PP 72
Mathematics) AD 720 361 Kadane , Joseph B. and Iversen , Gudmund R.*,
sSchool of Electrical Engineering, Purdue University “Estimation of Multinon sial Process When Only the

Sum and the Number Governed by Each Process is
PP 65 Observed ,” 13 pp., Apr 1971 , Al) 722 3~ 2

O’Neill , David M.; Gray. Burton C. and Horowitz , *University of Michiga n
Stanley, “Educational Equality and Expenditure
Equalization Orders: The Case of Hobson V. PP 73
Hansen,” 43 pp., Feb 1971, AD 720 362 Victor A. Utgoff and Kashyap, R. L *, “~~~~~

Behavior Strategy Solutions in Two-Person Zero-
PP 66 Sum Finite Extended Games with Imperfe ct

Schwartz, Arnold N.; Sheler, James A. (LCdr) and Information, Part II: Determination of a Minimal ly
Cooper , Carl R. (Cdt), “Dynamic Programming Complex Behavior Strat egy Solution in a Medical
Approach to the Optimization of Naval Aircraft - Decision Process,” 22 pp.. May 1971 , (Accept for
Rework and Replacement Policies ,” 39 pp., Mar publication in the SIAM Journal on Applied
1971 , (To be published in the Naval Research Mathematics) AD 723 851
Logistics Quarterly) AD 720 363 *Sc~ooI of Electrical Engineering, Purdue University

PP 67 PP 74
Kuzroack , Richard A., “Measures of the Potential Brown , Jr. George F.: Silverman , Lester P. and
Loss from Oil Pollution,” 16 pp., Mar 1971, (Pub- Perlman , Bernard L. (AWF3), “Optimal Positioning
lished as Chapter 13 in Legal. Economic, and Tech- of Inventory Stock in a Multi-Echelon System ,” 37
nical Aspects of Liability and Financial. Responsi- pp., May 1971 , (Presented at tIre 39th Annual
bility as Related to Oil Pollution, The George Meeting of the Operations Research Society of
Washington University, Dec 1970) AD 722 378 America, May 1971) AD 723 852

PP 6S f f7 5
Blechman, Barry M. and Holt, James, T., “Cost! Stoloff, Peter H., “The Navy Personal Response
Effectiveness Analysis of Foreign Policy AlteTna- Program: Review, Evaluation and Recommenda-
tives: Need , Approach , and Prospects ,” 41 pp., Mar tions,” 22 pp., Jul 1971, AD 727 725

5

1’ 
~~~‘ 

.
-

~~~~~~~~ -L



I
I

CNA Professional Papers — Cont ’d.

PP 76 PP8 5 -

Canes. Michael E., “Measurement and Selection of Brown , Jr.  George F. , “Comparison of Forecast
Defense,” 21 pp., Aug 197 1, AD 731 868 Accuracy When the Disturbances Are Small: Directly

Estimated Reduced Forms vs. K-Class Induced Re-
PP 77 duced Forms,” 17 pp., Dcc 1971 , AD 736 355

McConnell , James M., “The Soviet Navy in the
Indian Ocean ,” 16 pp., Aug 197 1 , AD 731 869 PP 86

Harrison , Robert A., “Multivariate Regression
PP 78 Analysis and Slaug hter Livestock ,” 33 pp., Dec

Blechman , Barry M., “A Quanti tat ive Description 1971 , AD 736 356
of Arab-Israeli Interactions . 1949-1969: Data Sets
and Processor ,” 43 pp. ’ Sep 1971 , AD 731 870 PP 87

Harkins , James A., “Computer Software: A Major
PP 79 Weapon System Component. ” 9 pp.. Jan 1972 ,

Wilson, Desmond P. and Brown , Nicholas (Cdr), (Presented at the Washington Chapter ACM 10th
“Warfare at Sea: Threat of the Seventies ,” 14 pp., Annual  Symposium , 24 Jun 71 , National Bureau of
Nov 197 1, AD 734 856 Standards , Gaithersburg ,  Md .) AD 736 357

PP 8O PP 88
Weinland , Robert G., “The Changing Mission Struc- Lockman , Robert F., “An Evaluation of the App li-
ture of the Soviet Navy,” 15 pp.. Nov 1971 , cant Interview Form for CNA Support Jobs ,” 19
AD 734 077 pp.’ Mar 1972

PP8I PP 89
Forst, Brian, E., “The Grisly Analytics of Death, Barney, Gerald 0., “System Dynamics and the
Disability, and Disbursements.” 20 pp.. Nov 1971, Analysis of Social Policy,” 27 pp., Apr 1972, (Pre-
(Presented at the 40th National Meeting of the sented at the XIX Internat ional  Meeting of the
Operations Research Society of America, 28 Oct Institute of Management Sciences, Apr 4-8 , 1972 ,
71) AD 732 555 Houston , Tex.)

PP 82 PP9O
Forst, Brian E.. “A Doctor ’s Introduction to Dcci- Heider , Dr. Charles H., “An N-Step, 2-Variable
sion Analysis.” 22 pp., Nov 1971 , (Presented at the Search Algorithm for the Component Placement

— Engineering Foundation Conference on Quantita- Problem ,” 58 pp.. Apr 1972
tive Decision Making for the Delivery of Ambula-
tory Care,22 JuI 197l)AD 732556 PP9I

Piersall , Jr. Charles 11. and Borgstrom , Robert E.,
PP 83 “Cost Analysis of Optional Methods of Shipboard

Weiher, Rodney and Horowitz, Stanley A., “The Domestic Waste Disposal ,” 23 pp.. Apr 1972 , (To
Relative Costs of Formal and On-the-Job Training be presented at the Annual Northeast Regional
for Navy Enlisted Occupations.” 44 pp.. Nov 1971 , Anti-pollution Conference at the University of
AD 734 857 Rhode Island , Jul 1972)

PP S4 PP92
Weiher , Rodney and Horowitz , Sta nley A., “A Pro- Foist , Brian E., “Decision Analysis and Medica l
duction Function for Trained Recruits,” 27 pp., Malpractice ,” 30 pp., May 1972, (Presented at the
Nov 1971, AD 734 858 41st National Meeting of the Operations Research

Soeiety of American , New Orleans , La., 27 Apr
1972)

6

_________________________ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ —.--- 
___ ._dlli



-
~~~

- -
~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

-, -

~~~ 

--
~~~~~~

-— — -,-.-. —-

CNA Professional Papers — Cont’d.

PP93
Zedlewski , Edwin W ., “Estimation and Inference in 

-

Binary Response Regressions,” 52 pp., May 1972

7

~ 
-
.

~~~~~~~~~~~~~~~ -- - - ______- - -  _ ________  ____  -- _ - — - _ —-~~~~~- -~~~~~ -~~~~ - _~~~~ -- - — - - - r

~——-— ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ --~~ —~~~~~~~~~~~~~~~—- — -~~~~~~———- ~~~~~ - - -


