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Quasi-residuated Mappings and Baer Assemblies. By T.S. Blyth, Mathe-
- matical Institute, University of St.Andrews and W.C. Hardy, Centre
- z for Naval Analyses, Arlington, Virginia. . .

o SYNOPSIS

We consider, for a given ordered set E with
minimum element O, the semigroup Q of O-preser-
ving isotone mappings on E and examine nacessary
and sufficient conditions under which.an element
"fGQ is such that the left [resp. right] annihila-
tor of f in Q 1s a principal left [resp. right)
ideal of Q generated by a particular type of
. (. R idempotent. The results obtained lead us to intro-
e \Q"‘” duce the concept of a Baer assembly which we use to
uoup ‘i‘gad‘ Q extend to the case of a semilattice the Baer semi-

group codrdinatisation theory of lattices, We also
derive a codrdinatisation of particular types of
semilattice. i

.1. Introduction.

In the publications [1] and [2] a profound connection is esta-

blished between the theory of lattices and the theory .of semigroups.

We begin by describing a slight generalisation of. this, a detailed

account of which will be found in [3]. Let S. be a semigroup and
let K be a two-sided ideal of S. For each x&S define the left
and right K-annihilator of x by

‘ Ly (x) = {yes; yx€Kkl}, R (x) = {yes; xy&GK}.

we say that tf'ne pair <S;K> forms a Baer semigr'sup if and only if,

for each x@S, L (x) is a principal idempotent-generated left .

fdeal of S and lﬁ((x) is a principal idempotent-generated right : : .

9 ideal of S. If <S;K> is a Baer sermigroup then the sets .8(5) = ’ i
’ !
{Lx(x): x€s} ana &s) - ‘.Rx(x): xS’ form dually :s>morphic }
i 1
L _ ' - — —




! lattices. To proceed in the opposite direction, let E and F be
bounded ordered sets; Z.e., ordered sets which have a Qinimum element
and a maximum element. A mapping f : E » F is said to be residu-
ated if and only if it is isotone (order-preserving) and such that
éhere exists a (necessarily‘unique) mapping f+ : F» E which is

- isotone and such that £t o £ _>__idE and - £ o f+ ﬁ-idr' When such a

| y mapping f+ exists, it is given by the prescription
£t (y) = max{x@E; f£(x) T A e

It can be show£ that £ : E~+ F is residuated if ;nd iny if the-
p;e-image under £ of each‘principal order ideal of F (i.e., a
subset of the form [+,x] = {y@F; y < x}) is a principal order
ideal of E. The set Res(E) of residuated mappings frdq E to
itse;f forms a semigroup under composition of mappings and an
1nve§tigation into just when <Res(E);{0}> forms a Baer semiq;oup
yields the fundamental result : Zf E 'Z8 a bounded ordered set

: then the following are equivaient :

r (1_{ E 1ig a lattice;

; (2) <Res(E);{0}> s a Baer semigroup;

(3) there is a Baer serr;igroup <S;K> such that E =&(S).

when situation (3) holds we say that <S;K> codrdinatises E.

In this paper we shall extend this result to the case of a

gemilattice. This we shall accomplish by examining annihilators

in a much larger semigroup, namely the semigroup of isotone

mappings which admit O as a fixed point. We obtain our codrdina-

tisation theorem using the.concept of a Baer assembly and we apply

-
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this to obtain cobrdinatisations of particular semilattices.

2. Quasi-residuated mabpings,

Let E and F be ordered sets. We shall say that a mapping
f : E->F is quasi-residuated if and only if it is isotone and such
that the;.-e exists a mapping h : F > E. such that £ ¢ h < id.. It
can be shown that f is quasi-residuated ‘if and only if it is
isotone and such that (v y&€F) {x&E; f(x) <yl # @. In the case
where E has a minimum element : O it is easily seen that f : E >E
is quasi-residuated if and only if it is isotone an_d such that
f(q) = 0. .

In wh‘at follows we shall assume that E. has a minimum element
O . and we shall denote by Q the set of quasi-residuated mappings
on E. .It is clear that Q forms a semi{group under compositi:on of
mappings and that this semigroup admits a zero element, namely the
zero mapping on E which we shall also denote by O without con-
fusion. For each f&Q we shall write

L(f) = {g€Q; gof =0}, R(f) = {g@&Q: feg = O}.

Clearly L(f) is a left ideal of Q and R(f) is a right ideal of
Q. Let us now examine under what condi tions these annihilators are

idempotent-generated principal ideals.

Definitions. We shall say that f&Q. has a principal kernel if
and only if {x@E; f(x) = O} admits a maximum elelmen,ti whach we

shall denote by £Y(0); and that £ @Q has a bounded itmage if and

only if (f(x); xCBE} admits a maximum element which we shall denote

i
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by f£(n). [Note that if E also has a maximum element 7 then by

the isotone pfoperty every fE€Q has a bounded image.]

THEOREM 1  Given feQ, the following ccrnditions are equivalent:
(1) f has a principal kernel;
(2) R(f) 1is a principal right ideal generated by an idempotient

which has a bounded image.

Proof. (1)=>(2) : Suppose first that f has a principal kernel.
For each yGE define a mapping ey : E>E by‘
x if x <vy;
0 (x) =
¥ y if x _f_ Y.
Clearly each by is isotone and idempotent. Moreover, each eyeQ
and has a bounded image. Now by the definiéion of f+ (0) we have

( ) £(x) = 0 if x < £(0);
£ o 8 _+ (x)
Sl siff@1 =0, if x} £ (0,

() is the zero map. Hence ef+(o)¢R(f) and con-

sequently ef+(0) o Q@G R(f). On the other hand, if g&Q then

so that f o 6f+

g@R(f) = (y x@E) f£[g(x)] = 0
= (y x®E) g(x) < £ (0)

Bt o Nt

= gg ef+(°) o Q

and so we deduce that R(f) = ef+ e Q which gives (2).

()
(2)=(1) : If now (2) holds, say R(f) = ¢ ¢ Q where £ = Cel,

let Z(n) denote the greatest.element of g Im . Since, for x@E,

£(y) if y < x;
(f o Ox) {y) = f{@x(y)] = -

fix)  if y {x,
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we see, using the fact that f is isotone, that
. ' 6, €R(f) <= f(x) =‘O.
we thus have .
: f(x) =0 = BXER(f)=C°Q
a—c ex =T o ex
- @ x= ex(x)‘= Llo (x)1 < ¢(m).
Since clearly [ & R(f) we have f[¢(n)] = O. It thus follows that

f has a principal kernel with f+(o) = g(m).

THEOREM 2  Given f€@Q, the following conditions are equivalent:
(1) f has a bounded image; -
(2) L(f) <s a principal left ideal generated by an idempotent

which has a principal kernel.

Proof. (1)=(2) : Suppose that f has a bounded image. For each
Y&GE define a mapping wy : E»>E by
(¢} if x <vy;

v, (x) =
. x if x}_y.

- Clearly each *y’ is isotone and idempdtent. Moreove{r," each !PYGQ

and has a principal kernel. Since by definition f(7) is the great-
est element of Im f, we see easi_ly thét wf (_'") o £ is the zero map
and so 0“")5 L(f) whence Q o wf(n) C L(f). On the other hand,
if g®&Q then .
g&L(f) = (V x€E) g[fo}n_s o
. -9 glf(m)) =0 ;
= (x < f(r) = g(x) = 0 = 5(0))

Bp— i i e i ittt ol i
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and so we deduce that LI(f) = Q o '} which gives (2).

f(n)
(2)= () : 'Suppose that (2) holds, say L(f) = Q o £ where € =
E o £ and £+(0) exists. Since £ o £ is the zero map, we have
*) (V XGE) £(x) < £ (0).
The property (1) will follow from this if we can show that £+ (0)
is an element of Im f. This we do as follows :
(a) suppose th.at f 1s the zero map : then clearly Q = L(f) =
© o £ from which it follows that there exists h&Q such that
idE =h o E. .Hence we have F,(x) =0 = x = O and consequently
£t =0=fO)Em £.
' (b) suppose that f is not the zero map : the-.n (*) shows that
g+(o) # 0' so we can define a mapping t : E j'E by setting
: o if (Jz&€Im f) x < z ;
(**). t(x) = -
£ (0) otherwise.
To see that t is isotone, let x <y ; then
(i) if (FzeIm £) x < z and (F2*€1Im £) y < z* then we have
t(x) = 0= t(y); ,‘
(ii) if (dz&€Im f) x <z and (Y z;‘elm f) vy j_z* ~ then we have -
tlx) =0 < £7(0) = t(y): -
(iii) the case where (Y z€Im f) x }_ z and (J2*€Im f) y < z*
cannot arise since by hypothesis x Ly
(iv) if (¥ z@Im £) x i z. and (Y 2*€Im f) vy _f_z*. then we have
tx) =€ (0) = tly). . '
Thus in all possible ;:ases t(x) < t(y) and-so t ; is ‘isotone. More-

over, t(0) = 0 and so t&Q. Noting tha% 1f x@Im f then t(x) =

0, we see that t@L(f) = Q o £ and so t =t o §. Thus




t(0) = o.

tte¥ )1 = (to£) 1£¥ (0)]

It follows from (**) that there exists Xx*@E with £+(O) < £ (x*)

and from (*) that £(x*) < £+(O). Hence £+(0) = f(x*)€ Im £f.

THEOREM 3 Let f@&Q have a prineipal kernel. Then for each
tdempotent [@&Q such that R(f) =t o Q the greatest element of

Im ¢ exists and is f+(0).

Proof., Consider the mapping as defined in Theorem 1.

ef+.(o)

Clearly 6f+ @ R(f) and so, if R(f) = C ¢ Q with [ =1¢ o [, we

(o)

have ef+(o) =T o ef+

£ ) =6

()" Consequently

+ + +
o) IE D0 = (goef+(o))tf 0)) = ¢lf ().
Now £ o[ =0 and so (v x€E) 7(x) < £7(0).. It follows from this

+
that £ (0) is the maximum element of 1Im .

THEOREM 4 Let f€Q have a bounded image. Then for each idem- :
potent E&Q such that L(f) = Q o £ the element £+(0) exists 1

and is  f(n).

Proof. Consider the ma_.ppind wf () as defined in Theorem 2.

Clearly y_, @L(f) and so, if L(f) = Q o £ where £ =£ o £, we

£(m)

have wf(“) = wf(“) o £. Consequently ;
E(x) =0 = ‘Pf(")(X)=° = x <'f(n).

But clearly if x < f(m) then &(x) < E[£(1)] = 0. It therefore

follows that £+ (0) exists and is none other than f£(n).

The results of Theorems 3 and 4.give rise to the following two

results which we shall be able to expréss in a useful equivalent way

in the next section.




THEOREM 5 If E <4s an ordered set with minimum element O !
define | | . : -
. ® = (R(f); feqQ ad f kc.zs a principal kermel} . |

and order R by-éet inelusion. Then the oz;dered sets E,R are

isomorphic.

i’roof. By virtue of Theorem 3 we can define a mapping 6 : & > E
by the prescription §[R(f)] = f+ (0) which can be written in the
equivalent form §&[zoQ] =_.c(1v) yhere - is an idempotent such that
R(f) =Z o Q. Now L e Q&n o Q impl'es that ;’.= n'o ¢z which
gives Im G Imn and hence Z(m) < n(7). On the ot'her hand, if
g(n) < n(rv) and if n o Q = R(g) where géQ has a principal kernel
then by Theorem 3 we have n(w) = g+ (d) and co.nseq{lently‘, g(m) < g+ (o).
It follows that g o £ = O so that Z&R(g) = n o Q and hence
Z°0S%n o Q. We thus have 4 | : '

8§(zeQ) < 8(ne@) <= T(m) < n(i) <= o0& neQ.

To show that & is an order isomorphism, it therefore suffices to
show that it is surjective. Fo; this éuzpose, we note that for each
x@E the mapping wx as d.efined in Theoreu{ 2 has a L-Jrincipal' ke'rnei

and that w;(O) = x. Thus 5[R(wx)] = x and so § is surjective.

THEOREM 6 If E <8 an ordered set .with miniM element O
define . . : .
© o =1{L(f); fE€Q. ar;d f has a bounded image}
and order & Z;y set ‘ii'.clusio'n.. Then 1.;h'e _orde.rec:i~sef;s E',"z are .

dually isomorphic.

.

Proof. By virtue of Theorem 4 we can define a mapping Y : &=~ E




by the prescription Y[L(f)] = f(ﬁ) which can be written in the
equivalent form Y (Qe0f) = €+(0) wher_e £ is an idempc;tent such that
L(f) = Qef. Now Qof & Qon' impliés that 5 = £ o n from which we
deduce that n(x) = 0 = £(x) =0 and so n'(0) < £7(0). oOn the
other hand, if n (0) < £Y(0) and if T
a b;‘:unded image then by Theorem 4 we have r\+ (0O) = g(r) and hence
E°g=0. Thus E€L(g) =Q on andso Qo £S Qe n. We thus
have : ¢ g LR ) s a
Y (Qo8) iY(an) <= €+ (0) < nt (0) <= Q;E_ a Qon.
To show that Yy is a dual isomorphism it therefore su'ffices to show
that it is surjective. For this purpose, we note that for each x&E
the mapping ex as defined in Theorem 1 has a -boun'ded irﬁage and.that

ex(n) = x. Thus Y[L(ex)] = x and so Y 1is surjective.

3. Baer assemblies.

Definition. Let A be a semigroup, let B and C be distin-
guished subsets of A and let K be a two-sided ideal of A. We
shall say that <A;B,C;K> forms a Baer assembly if and only if the

following properties are satisfied :

[
I

(Yx&€B) (Je
(Yyec) (3t

2 :
e“€C) Lg(x) Ae ;

f2eB) R (y) = fA .

By way of example, we ‘mention that .ahy Baer. semigroup - S;K» ma'y

N

: e o .
be regarded as a Baer assembly <S;S,S;K-. Also, if E is an ordered

set with a minimum element O, 1f Q. denotes the semigroup of quasi-

residuated mappings on E and 1f B,C are the subsets of Q con-
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sisting respectively of those mappings which have bounded images,
principal kernels then Theorems 1 and 2 show that <Q;B,B;{0}- is a
Baer assembly.

We shall say that a Baer assembly <A;B,C;K> is normal if and
only if K& BMC. Any Baer semigroup is clearly a normal Baer
assémbly. Likewise, if E 1is an ordered set with a minimum element
and a maximum element and if Q,B,C are defined as above then we
have O€BAC and B = Q. so that <0;0,C;{0}> is a normal Baer _

assembly.

THEOREM 7  If- <4;B,C;K> is a normal Baer ascsembly then
(1) A has an identity element which belongs to BNC;

(2) K 1is a prineipal ideal generated by a central idempotent.

Proof. (1) By hypothesis each k&K satisfiesl k€BAC and so
there exist idempotents e&C, f&EB such that A = LK(k) = Ae and
A= Rl((k) = fA. These equalities sth that e 1is a right identity
for -A and that f 1is a left identity Vfor A. It follows that
e = f and is a two-sided identity for A; we denoté this as usual
by 1. Since e€C and f&B v;re have 1&BAC.

(2) sSince 1@ BAC there exist idempotents g,h such that
K = Lx(l) = Ag and K = }H((l) = hA.- These equalities show that g
is a right identity for K and that h is a left identity for K.
Hence g = h is an identity ‘for. K which we shall denote by k°.
We thus have K = Ak‘ = k°A.. * Now for each x€A we have xk°€ K

and so xk° = k°xk°®. Likewise Kk°x®€K and so k°x = k°xk°. It is

immediate that k° is an idempotent which belongs to the centre of A.




In the next result we list further fundamental properties of

normal Baer assemblies, by way of preparation for which we make the
following remarks. If A is an arbitrary semigroup then it is well
known that the power set P (a), equipped with the multiplication
defined by

XY = {xy; x€X, ye&Y};

Xg = ¢ = gX,
is a residuated semigroup in which the residuals are given by
X'.Y = {z€A; (Y yeY) zy€X}, X.'Y = {ze€a; (y y€Y) yz&X}.
Suppose now that K is a non-empty subset of A and consider the
mappings ’I’K'ﬁx : P@@) > P(a) given by the prescriptions
?,K(x) = K°.X, ﬁx(x.) = K.. 2.

We have :

THEOREM 8 If A is a semigroup and K 1is a non-empty subset

of A then
A A A A A A A A
(1) LK o RK ° LK = LK and RK ° LK o RK = RK'"

If moreover <A;B,C;K> 1is a normal Baer assembly and if we define
&B) = L (x); v€B) and R(C) = (R (x); z&C) then

(2) if e=e’EB then eAGR(C) <= eh = (Kol )(ea) and if
f=f2cC then Af€X(B) <= Af = (Ex?ﬁxg (Af) |

(3) the restriction L; of 3]{ to R(C) 1is a dual order iso-
morphism of R(c) onto Z(B) whose inverse is R;, the restriction

.of I?K to & (B).

Proof. (1) since

A .
Rx(x)=x.'x2¥ <= XY&G K <= x;x.y:fx(y),

e e - pabe Lvie LT,
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we see that, when considered as a mapping from P(a) to its dual,
A
L

A ; : - AL+ ; ‘0

Fk is residuated with residual given by (RK) = Lg. The equalities
) A
L

: PN A y
in (1) are then an ' immediate consequence of' e Rx > 1dP(A) and

A A ; : ' A A

B o LK > ldP(A) (which express the fact that the pair (RK'LK)

sets up a Galois connection on P(a)].

(2) Given e = e26 B, suppose first that eAER(C); say eA = RK(X)
A

where x&C. Noting that RK(x) = RK{x} we have, by (1),
A A A A A A
(ReoLy) (ed) =. (RK°LK°RK){-X.} = RK{x} = Re(x) = en. oy

Conversely, sdppose that e = e2€B with eA = (§K°£k) (eA). If we

/

let Lx(e) = Ae* where e* is an idempotent in C then, since A

- :

has an identity element by Theorem 7, LK(eA) = LK(e) and so

R

K
- > .

(3) It follows from the above that l& ° LK = 1d£(c) and. that

A A A 3
eA = (R °Ly) (ed) = Ry (L (e)] = R (Re*) = Ry(e*) @ L©).

> > ¥ “ -> - ;
LK ° RK = 1d¥(B) . Since LK and RK are each antitone, f.he result
follows.

Remark. 1In the proof of (2) above we used the fact that, since
% .
A has an identity element, LK(eA) = Lk (e). In what follows we shall

make use of this fact sweral times without reference.

Definition. If E is an ordered set then we shall say that E
is co¥rdinatised by a normal.Ba:e;.; assembly <A;B,6;K> if and only if
E = £(C) cr.;, equivalently [by Theorem 8(3)], E g.((B) vhere ¢
denote$s dual order .isomorpbis‘m,.

With this termi;lélogy we see that the re.sul:ts of §2 can be -
succinctly summarised as fqllo&s : 1f E 1is an ordered set with

minimum element 0, 1if Q denotes the semigroup of quasi-residuated

~—— - — e -
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mappings on E and if B,C denote respectively the subsets of @
consisting of those mappings which have bounded images, principal
kernels then <Q_,-B,.C; {0}> isa normal Baer assembly which codrdina-

tises E.

Having observed this .fundamental result, we can now explicitly
state the ultimate goal of the theory we Are developing : to isolate
those Baer assemblies which codrdinatise ordered sets of a given type.
In the following secti'ons' Qe begin-the pursuit of _this,'goa-l'by res;.
tricting our attention to semilattices. During t};e course of this,

the Baer semigroup codrdinatisation of lattices will emerge in a

rather nice way.

4. Coordinatisation of m-semilattices.

THEOREM 9  4n ordered set E 1is an. A-semilattice with maximum

-element n if and only if, for each z€E, exéRes(E). In this

case the residual map e; is given by

i

“ : n Af y > x;
ex(y) =
YAz e

Proof. By definition, we have
y if y < x;

9x(y) = :
X ity 1 =.

Now if  x _<_2 or x > z then.clearly xAz exists. Suppose then

that x_{z and xj_‘z. Given y@E, we have - o S ¥

0 ly)ss =0 ly)l¥x = ly)=y =

e
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and conversely if y < x,z then 'ex(y) =y < z. Thus

{Y ; ex(Y) S z} = [*'lxl_h["lz]l

§
1
H
i
|
!
{

and so xAz exists if and only if max{y; ex(y) < z} exists. If
we observe that Im B = [«,x], we see also that max{y; ex(y) < %}
exists if and only if m exists. We conclude that E is an A-semi-

lattice with maximum element @ if and only if each ex is residu-

ated. Finally, it is readily verified that the mapping e; as given

; : + ] . =
above is isotone and such that 6_ o 6_ > ldE and 6 o 9+ < id_, so i
x X — x x—"E i

that e; is indeed the residual of 6_.

This result, together with the foilowing, which examines the
close relationship between residuated mappings and mappings which have
principal kernels, allows us to isolate a Baer assembly which allows

a codrdinatisation of A-semilattices.

THEOREM 10 Let E be an ordered set with minimum element O
and let Q denote the semigroup‘of quasi-residuated mappings on E.
Given g&Q, the following conditions are equivalent :

(1) if f@&Q has a principal kermel then f c g has a

principal kernmel;’

(2) g€Res(E).

Proof. (1)=(2) : By hypothesis g(0) = O and so, given any y&E,
we have {x@E; g(x) < y} # #. Now the mapping wy as defined in
Theorem 2 has a principal kernel and so, applying (;), we obtain

g(x) <y = w; (0) <= (wyog) (x) =0 '<-> x < (¢y°g)+(0).
given by the formula

It follows that g is residuated with g+

gty = (;yag)+(0).
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(2)=>(1) : I1f g is residuated and f has a principal kernel
then we have
: L+ + _+
(f o g)(x) =0 <= g(x) < f (0) <= x<g [f (0)],

from which it follows that (fog)'(0) exists'and is g l£'(0)].

Corollary If C denotes the subset of Q consisting of those

mappings with principal kernels then, in P(Q), Res(E) = C.'C.

Proof. Using the above, we have

" g€Res(E) <= C o g&C <= g&C.'C.

Definition. By a right Baer assembly we shall mean a normal Baer
assembly <A;B,D;K> in which =
(1) B is a subsemigroup of A;
(2) BS D;

(3) in P), BEC.C [i.e., CBECI.

THEOREM 11  Let E be an ordered set with minimum element O.
Let @ Udenote the semigroup of quasi-residuated mappings on E and
.let C be the subset of @ consisting o_f‘those mappings which have
principal kernels. Then the following conditions are equivalent :

(1) E 1is an An-semilattice with a maximum element w;

(2) <Q; Res(E),C;{0}> is a right Baer assembly;

(3) there is a right Baer assembly <A;B,D;X> with E =&(D).

Proof. (1)=>(2) : Immediate from Theorems 9 and 10.
(2)=>(3): If (2) holds then (3) follows by taking A =Q, B =
Res(E), D = C, K = {0} and applying Theorem 5.

(3)=>(1): Let eA,fAGR((D), say eA = R.(s) and fA = R (t),

—
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e and f being idempotents in B. Since te€DBS D(D.'D)G D

we have Rx.(te) = gA where g = 926 B. Thus, from (te)(eg) = teg®K

we deduce that egeRx(te) = gA so that eg = geg and hence eg is

a.n idempotent in B. Now .

tx = tegxEK = xGRK(t),

x€egh = x = egx =
sx = segx€seA&® K = xERx(s)

"" x€ lﬁ((s)f\RK(t):

and conversely

\; .

xle Re(s)AR (t) = xE€eA X = ex

= tex = tx&K
x!Rlc(;:e) = gA'
X = gx S

=
-
=> X = ex = egxE€egA.
L ead

We have thus shown that

eA NfA = Pk(s)th(t) = egA.
We now show that egA€®(D) whence it follows that (D) is an
fN-semilattice. From egA &G eA,fA we obtain, by Theorem 8(1),(2),
R(L ()] S R (L () INR (L, ()] = eAnea = e

and, since eg!ﬁleK(eg)], the reverse inclusion holds. Hence we
have | lll‘K[LK(eg)] = egA and so, by The.orem 8(2) ,- egheﬂ(D) . Now, '
by Theorem 7, A has an identity.element and fof arny k&K we have
R (k) = A = 1A; hence A is the maximum element of ®(). since
K= R‘(l) is .clearly_' the minimum element of @.(D)l., we see that & (D)

is a bounded A-semilattice, whence so also is E.

In the next section we shall develop an analogue of Theorem 11

for the case of a V-semilattice.

g '
s ——
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5. Coordinatisation of W-semilattices.

Let E be a WV-semilattice with ntil;limum element O, let Q be
the semigroup of quasi-residuated mappings on E and let C be the
subset of Q consisting of those mappings with principal kernels.

Let us néw consider the subset T of 0 _consisting of all the
quasi-residuated W-homomorphisms on E. Clearly T .is a subsemi-
group of Q which contains the zero map. Since.each residuated map-
ping on a V-semilattice is necessarily a ¢ -homomorphism, we hav;a'
Res (E) € T. Now each mapping ex as defined in Theorem 1 is readily
seen to be an eiement of T and so we deduce from '.Theorem 1 that,
i the semigroup T, : .

(VfGT(\C) R(f) = 9f+(o) o T.

Now it is readily verified that in general the mapping u;y as
defined in Theorem 2 is not an element of Res(E). But if we consider
for each y€E the mapping @y : E> E defined by

A (o] if x <vy:
‘pY(X) 4 XWy if xiy,
then each ¢Y is idempotent. Moreover, as can readily be verif.ied,
each $y€Res (E) with fb‘; given by
$+(z) i ‘2 if. zZ>Y;
Y y if z % y.

Finally, we observe that for each f'G_ST which' has a bounded

.

image we have, in the 'semigroup T
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gEL(f) <= (y x@E) glf(x)] = O
<= glf(n)] =0

A g(0) = g(x) if x < £(n);

<=> (¢¥ xEE) (g ° wf(")) (x) =

glxvf(m) = g(x) if x if(ﬂ),
A

o g o Wf(") = g 2

<= ger.ﬁ,‘m). i id K

These considerations lead us to the following result in which
€ genotes dual order isomorphism and the term left Baer assembly is

defined from the previous notion using left/right duality.

_THEOREM 12 ' Let E be an ordered set with minimun element O.
Then the following conditions are equivalent :
(1) E 4is a VW-semilattice with a maxirum clement n;

(2) there is a left Baer assembly <A;B,D;k> with E S(B).

Proof. (1)*=>(2): The existence of a maximum element implies that
the zero map is residuated and that every isotone mapping on E has
a bounded image. Since Res(E) & TAC the previous considerations
show that ;T;T,-Res(E);{O}> is a left Baer assembly. [Note that
since T is a semigroup containing idE we have T =T'.T in P(T).]
That E 9.:('1') follows from the f_act that Th;orerﬁs 2,4,6 carry over
in toto from Q to the subsemigroup T (with u';y replaced by 'u’y) .

(2)=>(1): This is analogous to the proof of (3)=>(1) in Theorem 1l.

" Remark. Observe that when E is a bounded lattice E can be

simultaneously coSrdinatised by the left Baer assembly «T;T,Res(E);{0}:

and the right Baer assembly <Q;Res(E),C;{0}°. The latter can be
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replaced by <;I‘;Res (E) ,Res(B);(O);, which is both a right and a left
Baer assembly, and an application of Theorems 11 and 12 produce the
result : an ordered set E 1is a bourded lattice if and only if it
c;zn be codrdinatised by a two-sided Baer assembly. This result re-
captures. the Baer semigroup codrdinatisation of lattices since the
coérdinatisation shows that whenever E 1s a bounded lattice Res(E)
is a Baer semigroup whi.ch codrdinatises E and if a two-sided Baer
assembly is of the form <A;B,B;K> then <B;K> -is'necessarily a

Baer semigroup.

6. Coordinatisation of Glivenko and Glivenko-Brouwer semilattices.

By a Glivenko semilattice (or pseudo-complemented semilattice)

‘we shall mean an A-semilattice E with minimum element O in which

each translation tx : Yy * xAny has a piincipal kernel. By a
Glivenko-Brouwer semilattice (implicative semilattice, or relatively
pseudo-complemented semilattice) we mean an A-semilattice E with
minimum ele{nent O in which each translation is a residuated mapping.
By a Glivenko [x.:es_p. Glivenko-Brouwer) assembly we shall mean a right.
Baer assembly <A;B,D;K> in which ﬁhere is an abelian idempotent
subsemigroup 6 of D (resp. g of B] such th'at, for each x€D,
there exists eﬁs [resp. e€ Ql with Rx(x) = eA and, for each

eis [resp. etg], eA€R(D) .

_ Just as each Glivenko-Brouwer semilattice is in particular a
Glivenko semilattice, it follows from the fact that B& D that each

Glivenko-Brouwer assembly is in particular a Glivenko assembly. The
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nomenclature we have chosen for these assemblies is justified in the

following codrdinatisation theorem. .

THEOREM 13 Let E be an ordered set with minimum element O.
Then the following conditions are equivalent :
; ‘ (1) E s a Glivenko [resp. Glivenko-Brouwer] semilattice;
(2) E can be coordinatised by a G‘Zivenko [resp. Glivenko-

‘ Browwer) assembly.

Proof. (1)=>(2): 1I1f E is a Glivenko [resp. Glivenko-Brouwer]
semilattice then each translation tx has a principal kernel [resp.
is residuated) and {tx; x€E} is an abelian idempotent semigroup.
© and C being as before, given f&€C and <._;eQ we Have, sir;ce
E has a maximum element @ = t; (o),
gER(E) <= f£lg(n)] =0

<> (¥ x@E) g(x) < £ (0)

<= (y x€E) g(x)/\f+(0) = g(x)
< g = tf+ ©) ° g .

Py gE tetioy ° 2

-It follows that R(f) = t_+ o Q0 where € C [resp.

. £ o) tet o)

- tf+ (0)6 Res (E)], an immediate consequence of which is that
<Q;Res (E) ,C;{0}> forms a Glivenko [resp. Glivenko-Brouwer] assembly

.

which co6rdinatises E. s k ]
F (2)=>(1): suppose that .<A;B,l;;;l<>_ ié a.qlivepko }[resp. Glivenko- L - ,"-
Brouwer] assembly which coordinatises E. If e.geS (resp. e.gegi E
. then from eg = ge we deduce that egAg eA/NgA. But if heS [resp. PUE

A :
h€B] is such that hAS& eA and hA& gA then we have h = eh =

-




- 21 -

geh = egh and so hA & egA. Hep;:e in &(D) we have eANgA = egA.
In the-cas.e of a Glivenko assembly, if e€BS D then Rx(e)G@(D)
so that from | | '
eANfA = efAG K <= efEK <= ‘fC-ERK(e)
we see that the pseudo-residual (pseudo-complement) (eA)* exists
ané is none other than Rx(e). Hence E :is a Glivenko semilattice.
In the case of a Glivenko-Brouwer assembly, if e,f,geg and
£f*&€D is such that Lx'(f) = Aff “then f*eEDBé;D(D.'D)C D and
so Rx(f*e)ete(D). We then have
eANgA = egh S fA = eq = egf -='feg,
. = f*eg = f*feg€EKX
= gER (f*e) ]
= A& RK(f*e) ’
and conversely

9A SR (f*e) = f*eg&K

= eg@r (%) = R ar) = R (1 (D) = £a
- eANgA = egA & fA.

It follows i:hat‘ t:A(fA) exists in ®(D) and is Rx(f;e). Thus

ﬂ(D) is a Glivenko—Brouwer semilattict_e whence so also is E. [Note

that i:n this case we have the same formula for pseudo-residuals as

in the Glivenko case; for, taking f to be the central idempotent

k® of K [Theorem 7(2)] we can take f* =1 [Theorem 7(1)] to

obtain t, (k°A) = R (e).] .’
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