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1. Introductiol.

In a series ci’ papers on two-echelon multi-station inventory systems

[3,I~,t~,7] optimal ordering procedures were developed for systems modeled

towards possible naval applications. In these model s we assumed that order-

irig at the lower-echelon stations and at the upper-echelon depot is periodi-

cally done ~~ the beginn ing of every month ) and th~it the lead times are

fixed, one month from the de~~ t to the lower echelon stations and two months

f ro m the wholesale supply centers to the depot. We further assumed that the

monthly demand at each lower-echelon station is a r.~ndom variable having a

F~ 1sson distribution , stationary in time. Moreover , the demand variables at

different lo~~’r- echelon stations are mutually independent. The means of

the correspo r ,J ing demand distributions were assumed, however, to be unknown .

Adaptive Bayes ordering policies were developed in [~ ,C’3 and proved in [7]

to be optimal for the specific cost functions and oLje~ tivcs specified.

These Bayes procedures were based on the assumption that the unknown means

of the E k isso”t distributions, X1,X2, . . .,X,~ , are priorly independent having

prior gamma dJ stributions , e(~~ ,v1
) , with scale parameters i~~ and shape

parameters v~ , 1=1, . . . ,k. The assumption about the prior independence of

X1,.. ., X~ was essential to the development. On the other han d, the assump-

tion concerning the prior gamma distribution of the ~ (i=l ,. .., k) is not

essential but reasonable, since the gamma distribution is a ~~njugate prior

to the }blsson distribution (see [1]). Moreover, the gan’ma priors yield

negative—binoi~ ia3. predictive dis ibutions (~ ee ~ 3), Wh I. cli have been found

empirically to f i t  well the demand distributions of many classes of items in

the ~~laris system (see [~ J ) .  The present study iiive~ t .igates certain robust-

ness or sensitivity questions related to these Bayes control procedures.

Fir st, it is interesting to evaluate the sensitivty of the
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p’.’o~’ed uu’ t ’ when the ~loinand 1 l.s tributioi; is a sompcu.’ 1 1 ’  son , with r.: ntm: at

‘itch non t.l i randomai \ .Ietermiucd accord ! no. to it  in; I f o i m u  is  H ’ i t ut i on  oh sots ’

I’ in Ito range ‘t’huC he; ;~~‘ sit! cot :0 i us ion del’ .lved l’l\nu; the t ’r ’sent invest igati on

is t h a t  t. the ~~yes adaptive prooedures ad~i ‘ist, su I to ‘au t .~ ~~poss its! e changes

a t h e  w;dou’1~’ !: is demand di str itsut iohlo and 1. ene ral1~,’ rcu’ id efl’ective controls.

We provided Ui {~~,( ‘]  also an approximate I~~ v e u u  procodu r e u .  We show t .hiat .

t.hesc ’ ai~pm’ox ;n’.at .e procedu r euu is e ffe~’ ( i v o  only if the in tt  Ia! state c t ’ the

ii t~’n; Is not too uuifavoi’alsie. “du ’ reader is  r e f s i ’ sd  t o  hect . io :;  is for

s~s~~ary and c nc ius  io:;s based cmi c er t a i n  s imuia t . i o t I  ii . 1:; o rde r to reduce

somewhat the t’moic; t. of conputa t. ion needed for  out ’ inves  ti hat !o:; we have

sos t .;’ c t  od at  t o ; ; ; .  io n  t o  one— St  mi t .  I o t t  tu~ — ochuei  ci: sy s ( sin , u d u t  cli wiLl be

s;’ ’~’ i t ’ ical ly doscr it od in the next soot .  lou ; .

‘die ~\~s— :‘~che 1.oti h~ st em and its statistical ho:ut .re 1.

‘ d i ’  sy stem under cott sideration is compr ised of a lower— eolieioi~t station,

, and an upp”~~~echelon depot, P. hus t .otne r ,~ arrive at random at .  F and F ,
dsmnan ~i a random number 01’ units of a spec ii’ied item. Let. \~ (1 - i ,:~, . . )
dt ’ U ’:iat .e the  total number of items demanded from F thu’ing the i— th month .

It is assumed th at. \ . has a I\ 1. ss omi distributsi cm: wtt.h i r;can \ 
~ 
(i=l, ~‘, . . . ),

and X1, X,,, . . . are mutually independent , given )~1, ~ . . Let 
~~~

. denote

the number c ~‘ u n i t s  in stock at i’ at the beginning of t h e  i— Ui month . At.

the be.~itin tui ~ ~.f the i— thu mon thu F Issues an order ~‘ron; P for \‘ . it ems .
1

—~~~~. � V . h .  — ..
~~
,, where h . denotes t .ho total miuu ’ iber cf  units at th e

1 1 1 1 1

t en;. A negative \‘ mean s that. .i t ons are sent back to I’. The load— time

for the flow of stock between F and fl is L
1 

= 1 mont,h . At the begiunj ug

of the i—t hu mouth the depot, P, i::sues an order of  ‘ . units t o  be pu~i’—

chased from ou~.s .ide souu ’ceo . It is assumed that the load—time for this

retilen I ublufleil t Is L,.. ~
‘ tm~tit h&t . ‘I’he coot. oi’ procu.rcment of new w i lt s  is

C*[$/unit 3 . An item demanded at F can be supplied to the customer at any
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i’.ae dut’ in~ t h e  mn on th. • ‘ n sa ’. 1 s t ’ 1 r.; ~uen ;n:id at th:e ‘~ :b o. 01’ a nuc: ;  tlu is lost ,

is’. thu penal ty  fc m’ sh i . ’r t.:tht ’ of  p~ ~ ‘ui . it .] ; (no  backl.ttt’, it h ) . Iter.;o ~~ii~ h are

t~ ft. at F ;nudema :ud ,’d accrue ii ~‘arrvi:;s~ cost  of c[ ~Yj t O~;; ’1. ‘ ‘h e variables

;t •,  ~~ ~ ~

‘ ‘I , = ,Ic, des ig:iat.e t.hie tate ci ’ the sy s~ en ; duri:;~t

the i— t.h ; mc::t.l’.. “dio fo l lowin~ r ’c ;n’sj vo r e l a t io ns  i:sl~i:

= (k ; . + V.  -

(~‘.i) 
. . 

I

= ~h . ~ . . —
I L— ~ 1

where t~~ au ;b are the initial  stock levels, 
~~ 

0, Y~ E ~, ~

‘

— 
~~ 

and

are the po lot ’ pond.i::~ procw’enuL ’ii t. orders , and a :nax(h , a ) .

In. , is ] we oui ~~’te st,ed to  determine I in ii laant ;et’ u.th j olt minimi:.e

ti ;e oxp .’o t e d  cost. to t h e  lower— echelon , due to s;u’pl’io or shuort ~~ es during

the i t.l)o t. mc:; t.h . i” iu’th iermore , it. ~~u s su~geo ted th a t the ordering policy

of tI;s u~~ ’r— eohcion will be the min imal re~itüred fo : guaranteeing that the

probahfl~ ty ci sht Oi’ t . i t h t ’ at .  the h will not .  exceed a sivcified risk level : ,

0 ~ . ‘ 1. :U: s t ot~ ; in .. 3, Ii’ X, thehi the ‘ desi red”

crderl:t

~ 

leve l of F is I0 (X ,~~) = k°(X ) — ~~, where

least :;ou ;—n.e~ at .ive i:;t,ege’ k
s at  i s fy l a :~~ Fos (k~~\

’) — R • hos(k~X)  ~ 0

~ ~. = ( ~ i i  I ‘I W. i ‘‘~ ~ the I I u u ‘oi on di’~.t r i—

bution w ._th mae in

it is easy to , ‘cmnnut . e k~ (~ ). hIo~~’ver, if X is  unknown mu d one applies

t h e  “ cs adap t .ivo procedure, with pr .Iot~ gamma ~ ~~~~~ v ) di tr I . 
‘ut ica  t h e n ,

the “ desired” order lag leve l at the tsoh Inni  mug of the i—Ui montji is

- 

~~~ 
where i’ . i  = 

~~ 
~~~
., and

1 ~0
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K? (T . 1 ) least mion-negat ive  i , e ~ or k

sat .isf y~ ut : G(X12t ÷1,v + T11) - RG(kl 
~~~~ 

f T~~~ ) ~

in whi ch G ( k I 4 r ,v) desig nates the c .d.I’. ci ’ a :;eha t, i \ L ._h inom ,ial distribution

with p.d.f.

(o . !*) o( jj ~,v) = 
~~~~~~~~~~~~~ 

ç ( i-ç)V , j  =

0 < ~ < i~ a:~~ i.’l ei’e ~r . = ¶/(1 + i1). i’hic “ ‘jr j ” ordei~.ng level c:u;:.ot

b~ aiwat a t ta l ; .od 51.00 0, m:ua v be om~~~~er than F’ (T. ) . ~~ thus define
1 1-1

0 . . 0
= m i n( r ~ (‘:1 1 ), n

1) - i = i, 

The ui~ser— s d ;  lot ; crdo;’ino policy is defined as the least non—negative integer

:1 ~u ch i  that t~ic predionive probability of ( ( ; ; . + 
~~~ 

- x .)~ - x~~ 1 +

+ + x~~])), hive:; I~~~~, is at least V 1_u i . We have estab-

lished i~ ~, 1 that the Bayes adaptive ordering polioy of the upper echelon

satisfying the above requirement is

z? (T . 1) = least non-negative integer satisfying :
s~— 1

- 4(T11)1~~,v + T11) + E g (il~ .,v f T . 1 )[ G ( : — K ~ (~~. 1 ) +

J=o ‘

+ - + ~~~~~~~~~ + j)  - G (~ . K~~ r . 1) 1~~.~ 1,v ÷ ~i l  + j ) )  ~

where 0~ = 0. ÷ 1t . , i = l,~ 1 1 i—i

In Table 1 we present a simulated two- echelo n system with parameters

= 10, v = ~~~~~ ¶ = 1.1, c = .s[$], p = lO.[$] , c~ = ‘~.[$] and V = ~~~~~~~~ We

denote by IQ, IS and DC the values of Q1, 
~1 and X .  K0i~ designates

IOR designates defined in (v .3)  and L’.N is equal to

defined in (2 .6) .  The cost is designated by CST and is equal to

• LtN + i ’ • max(0,IQ — DC) - p • m,in(0 ,IQ - tx). Figure 1 shows

_ _  
— ,  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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level  anL .0~ are .‘n;a.ll .‘sns ’u z’e~: to 1, 1.- I~~;5 i ron.” stock

whici :  is  :K
0 (’.o) = ‘O . :U t.hs~~ti; X is iniki,.’w:; i s  is a relatively .tuiok

.‘o: :ver ’, ’ense of  K~ ( 2 . to ( ic ) .  l~ ’ u ’ - 1 s al so :t:. in~’ ,e~~i u te  , ‘oi’rec tic :.

of the stock level .1
! 

a lu:’~te o rO es ‘
1 ’ A s , :c cu. i : i  .- ‘ i~’, u.re 1, the n ;ovi

aver m ~zes of  CO I cs:;vel’ ;te sa~’ LU ’. to the 1 intl ; sf th~0 r ~.v”ecta t .j u : : s .  As shown

in the :tppcndn. x, if t i n  syst em:: ’ o n  t o ok  isv ’ ’ ~, ;‘ . : t ,~~. i ’ i li. ’ ,. , : c m: a level  ii lobior

than k (\ )  t ;ue lj mj t .i n~ value ci ’ tOe uv~~ra~, s ::.o n t l .  1’, cos t. is ~tp ;’~’oximn;itelv

(2 .7)  = ~
- (e÷p )~~ ~os(~~l X )  - X : ‘o . ’ (T_ l l X ) ]  - p(~~-X )

I 0where ~ i~ (X ) — \. For the ~ara,n:e to ;’ . .02 . :0 ’ Ic 1, ~ 1 ann. ‘~~ 
.
~ , 0’.

A: LIoscus ed iii [ 1 . , there  .1: a l ;L ~tl; corr cl : i t .  :o: I: ; th is simulated data,

between. the ct’~er level . . . and the sien;a:;d level at this pm’ev~ ous ito:  iaO, X4 1 .

Indeed, in 2at ’ .L~ 1 the corrolat , ict : bet ,wec:; and for all i � ~ in

It was the re fore r000nuniende l I t :  [ ~ ) to d e t er mi ne  2 1 and 2,, exactly

(aecor din .h  to ( ‘. . i s)  ) and to set. , = I . for every i ~ ~~~~ Ibis policy will
1 ~~~

be called the “ approximate upper—ech elon or d e r im i ~t p01 icy .” In Table I’ and

1” ~our e I we ~u’ ‘sent the simulated system :: for the s:nne der.i~ nd values, X~ ,

as in 2abl~ 1 t di.. wi th  the approximate upper— ochelo: ; pclioy . We -~ee that. the

mt suits O.TC SU L ’ ,C o u:u,lar ; u:d the nov ia~t— avel’aoeo ~~j
’ ~‘f 1 co ;vcu’oe to the “‘t” i ’

lie ~‘.‘:;v e1’~.r::~’o is however someudiat . slower. ‘ho hrnPhi It ;  :“i ;tUr e F is

above th~tt of ;Oi~tiu’e 1 for i ~

~‘he . ffec t , s of ( l ie  Prior Parameters.

In the pr.  sent  section we study the e f f ect  of the pri~ r pmu’amo t .ers ~n

t h e  control pro .iedure . Lu order to test the possible effect  of an apparently

wrong c ho i c e  of’ the prior parameter we have performed ~ simulation run similar

— — ~~~~~~~~~~~ ~~~~ ..—.. —. .—. — .-.,.—- — —S- ~~~~~~ — —‘.—- .__ ..,.1 -,.
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X (which 1:: 1.1) and the actual value ot ’ I. ‘die m m v  I : , ~ :m vL ‘ m’mm ~’~’s of ,ht

OOt l V c ’ t’h c ~.o t.~~ ’ ~ ::~‘ 1 im:tl t vai.ue as those ci’ lmtI. ’le, ’ 1 :m::d I . his  l:. .’i ot the

case, howe’.’ or , w! : sm : we apply the ttpp r ex lm:nm t o  ;:~‘p~ ‘r — ~‘l:elor; policy, as see m :

it :  Table i~ t r iO F igur e . One into to apply the exact u:’~er— e~he1o:; policy for

umisou t  a 10 mao: ;t.h: s i ’ S L ’OSS switchi ::g, to Uk’ mL:’pI ’ .’ .\ :nn;te policy, :;n~;e~\’,

for  F . . Ixac t ortierinc. for  = F mt . . a I:;: only i s  im:ouffi  c ient

due to the effeo t .  of  the low initial stocks and rel:;t ivel~’ high demand, .As a

result, the ~. values in lable ~ are often close to ,‘erc. Ihue general m di—

cat ion is that . as long a:: the stock levels and .0 are too om~~J. sue

shoul d apply the ei.-act Bayes ordering policy of the upper-echelon. Once the

system stabi1i~eo with :t . values greater than K . (  .
~~~

) value s, one can

switch to the approximate policy.

- :iic Fff ’o ts  of Non — Otationar i t.~~

No:;— ,: totto onar it y can maxu ii ’eot itself in d i f f e ren t .  forms. We i::ves t .igato

acre the ef fec ts  of  sudden wie.~~eeted chiamige s in the intensity X, of  the

uk ’ i~~ o:; process of demand. More specifically, we present in Table ~‘ a simu-

lation si’ am ; inventory system with X . = 10 for 1 � I ~ 1’); X.  l .  for

20 ~ I � 3~) and 
~~~~, 

= 20 fo r l~0 ~ i. The statistician is, however, unaware

of these abrup t changes in X and continues to use the Payes adaptive policy,

with an approx imate upp er—echelon ordering. As expected, simice the h aye s

proced ure is adaptive , It reacts gradually to the I’act that the observed

demand tend s to he larger after the change in X than before.  A:: a consequence,
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We sec .’ it :  .‘ itis .Lc ~ n : :a t  t~~e K . (  :.
~~~

) values L t ; ~’t ’yu  ‘ . ‘-t . ea n . t l y  al ter i . 0.

. i .C~ do ~ot reach , hew ’ve; ’ , the pt~~a~1 values k 0 (l~~) = L i  and k°(20 ) = - - 0.

I:: F h g u r e  ‘.~‘L .t t  ‘c U s .- , m’ui ) i: of thu ::.cvi:: ;t — :tv ~’ra~’ - 5  o . ’ : -O ~ ‘ n :o: : ti: Ly co o t , 2’.’i’ .

.
~ 
e on : not ~~~ ‘t :4cu’ e this graph wi th t h i n : .  of :“ igui’e F ~~~~~~~ i ~ 10. Thi :: is

the 1’ tot  :1  a t the  ‘ a’’pe. ’ t en.  no:. tI :ly coo to  a. . ‘o.~’ I ‘~ t en.  wi th .  t l.e ot ‘ nina I

t o l i  ‘ ‘. , ha: ‘. c m :  a .‘on;plete k:.ow l.’ ’d;te O1’ the ‘i~~chi:  t5.~ t nntFnitUn.e of oin.at~~

in X , ~h ur ;po a : ev~’ :’y epo ch : - :‘ c in. t :L ,e to ;t :.ew ::t .ea- ty state litmu! n.  We Ca: .

, howeve r, tO~ so s’.tl t . ‘ pP t ’: em :  ted it: Table 5 o;d Figure ‘ ‘ to this.) .:e

obta in ed  wi; ’:: the snat i :;L ica : :  know. : the ini t ial  val’n’ 01’ X a::d is :;ot aware

oi’ pon ::ible o h t an n t e o  in X . I:: ethos  wt’ :~d . ,  tin ’ st~::L - op t .  Ln ~~l policy, based

on the exact initial X, i.; employed all the n i n e .  I: ,‘ thle t ’  and Fi gur e c’

We ~~ .sset’it tim simulation results 01’ such ,  a cans . I: see in Fi gure to that

the mtov i : :g— average:: of  t im e 031’ are i’slow ulmooc  01 :“lgu.rs ‘ for 1 ~ I ~ 20

(as e x e  c ~ca) , i’ u for I > 20 the adap Live hay en p soc sdt~ ’t - tu’ ;‘ fo rms bet  1-cr.

‘d~j ,: i::dicates that when there is a possibility of :‘o ::—stationarity a non-

adaptive optimal policy rased on th~ assumption of stat ionar i ty  is likely to

p er form worse than an adaptive procethu’e, which co r r ect s  itself according to

the ohservati~ t i n  ott th e actual demand. We remark hem ’s th a t , as seen in Table

- ‘ , the hayes ada~.tive policy applied reacts rather slowly to unanticipated

abrupt changes i:; \. In deed this policy is :;ot opt -~ - ’al in such situations,

since it has been designed for stationary cases in w~iich \ is unknown but

fixed. The derivation of a Bayes adaptive policy for cases of abrupt changes

in X , at unknown epochs, is an important subject for  future research.
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5. The Effect of Erroneous Demand Models.

One of the important components of the paramneteric control model is the

form of the demand distribution. In the previous sections we studied various

characteristics of control procedures derived for the model of Poisson dis-

tribution of demand. It is interesting to investigate h”o’w robust are these

adaptive control procedures against deviations from the Poisson model. Art

exhaustive s’~udy of the sensitivity of the Bayes adaptive procedures requires

more development in terms of various alternatives to the Poisson distribution

than what we present here. We focus attention in the present study only on

the foUowing alternative. We consider a compound .t’oisson distribution in

which the mean, X, is uniformly distributed over the interval [10, 203.

This provides a discrete distribution with a p.d.f.

20 .t (5.1) f(j) = ~~~
, 
~ 

e~~’ X
3 d X = ~~~ [pos(j j iO ) - Pos(j[20)J, j = 0,1,...

Notice that ~ (l-Pos(jj)~)) is the expected value, ~~, of the Poisson random
j=O

variable. Hence, ~~ f ( j )  = 1. Moreover, th€, expected value an d
3=0

variance of a random varialbe, J, having the above p. d.f. is E t A)  = 15 and

(5.2) Var[J~ = E(Var (Jjfl)) + Var(E(JIA)) = EtA) + Var [A) = + 
100 

= 23.33...

Accordingly, we may try to compare the behavior of the Bayes adaptive control

procedure, for a Poisson distribution under a demand distribution specified

by (~ .i) to that of a Poisson with mean = 15. In Table 7 and Figure 7

we see the pei fortnance of the Bayes adaptive control under the compound

Poisson demanc~, distribution and the exact upper-echelon ordering. We see

that I(
1(T11) approaches indeed k

0
(i5) = lii. The upper-echelon policy of

exact Bayes adaptive control, according to (2.6), guarantees that the system
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t ook level, :1 ., is generally :0’ vt ’ time ?I  de::i rab .it ” i.cve .I K. (T . 1) . rim e

niOvimig— avcra~es ‘f the mon thly oo: t , CS!’, t ’om :ver 1 ’~’ ’ ‘ e m m : : ’ ; m e m :  1,1 v 1. . ’ mm li_nd t i  ig

‘x pc.’c t ed  cost, which is approximately equal (,. 100. . N ot i c e  that it’ t,hc

dcrnaimd diotr  U c u t .  ion were \ i.ooon with mean .\ I t , im eii l i i , ’ I inhi.t i !mg expected

cost, aceordi mi 3 tc_. ( 2 .7)  won_id. i c  T I . . 1 iUo , t.hic ,’re 1. ,‘: ‘ “~ ‘ 1: lt ’rt ’a::e in

time limiting expec Led eo:t 1. due to time fac t .  that Lim e as Lual denu.umd d ist r ibut ion

is not 1\) i a som i .  It . h o  01’ Late i’S:: I, 1,0 te: 1, how t~~U,1d ti’s approxnnate upper—

echelon ordering policy perform in t i m e  t O’  ‘ :: ctt  t o:m , :e, c~ ‘rn pmt re d to th m mi t. ~
‘ the

exac t upper— echt.’loim policy . In ‘l’ablt ’ ~T amid F ~~~~~ F we pr esetm t a 0 mu] aLt o s

with Lime approXi : tate pci icy , parallel to th at ci’ ‘I’abic 7. We es that in U m s

case ci’ aim ai pre x i,a:tte upper— eehe L ot pol icy t.he oy :: t ‘rn tuck levels, 5 .,

~~‘C gc.’;iera ~ ly below the “ do:: ir :d I t ” one, muid ::Iio tar e::  iii 1.hte Tower - ec lmeTom ;

are prcva.1.emi t. The 1 i_nd. t . ing expected mno:t i .1  il .y co ::t I:’ lot crc mm ted, :t.’ : ’e em i i n

Figure ~i t o  i F ’ . Tim i:t .t s about. h’~ ‘ “~~‘ itmcr ea :t e  over that ti ’ the exact, upper—

echelon policy . lime iiidicat ion is that time mipprox I mn. ,te upper—echelon ordering

policy L o i m o L  robust ~k.~a.imim:t con:: ide m’al ’ I .e d,eviatiomm:’.ol ’ the actual d:’~-utt: d dis-

tr ibution front time assunmed o t i s .  .[t is :t ,’U ’er t,o use Ii ’ exact  policy --

to . :imnntau’y :t;:d ‘on e l imo ic ’c i io .

I.mm the pot ’ : : em m t ,  s t . ’m d .y we have shown 1.l’mat

1. lii ’ ’ exact .  hayes adaptive ordering rcccdu.re : mm ~1,j u : 1 .  very q u ick l y

to the ac t,uaj . deimmamid , even LI ’ the i_ ni L taT pr tot’ par~unctero arc

i~~ongi~,’ chosen or if  the initial ::t .os ’k \ruIuc.’ ;: mu’s inappropriate.

‘l ie  moving— ttvcrngc:: ci’ t ime actual imio n t.lmly cost:: rap id l y  cclmvSrgcC ,

in the s t a t  Lonary casio, t o  t;hms li_rn], 1. big ‘x’pect.ed mon thly coot.

i.’theim the ::y:: tern stock level, S ., I .‘: .‘t I ’ ‘c t ’ I .~ lc ’ “ de :1 re~ i ’ lock

level K
~
( ‘1’

i i  
), 1 .lm c.’ approx l,mal.c ’ npper—ec )m eloi i  ordering , 3~ X .

pr ”v t. ttt ’o aim e f fe ct ,  ivc.’ :timplii’ icmml .  1 o t t  wi. tlmt ’cut . mitch additional ,‘o::t..

mTh time othmei ’ hand, if time mty s t e rn  :mt ,oc_ k level, •~~ 
is too low tin ’



— L i.— H~404

t ipp er— ecime l cmi o rdering shoul d be acsord.in~ ; to Lime exact I~aye::

predictive ptt ltcV .

in ~‘ m ~::c ‘5 of aim rupt chat Ige: : lii t i me denma m itt di trj but.i 01 m : t ,’tt mink imowi m

I me ~~~c i n to , it .  is b et t e r  to apply adapt ive procedures th ium optimal

I.rocsdu.reo based o~m t im e assumption ci ’ s U m i t ,  i omma r i t y  ol’ denuammd.

The extic U I imt y es  order  imig  policy pro t.t c t , . : better th ai tie approxi-
mate ~‘tie t~~&L mis t  poss ’Li ’le dflscrepaimcy between this model am .d the
t t t ’ tutt i  tte~~~md d i m :  t r ibu t iomi .

Several queotiomms discussed previously retiuJ. re i’u.rt;h~’r research. Iii particular,

the developnmt mm t ci’ optimal adaptive policies for mi o mi — s t a t  tonmu’y demand. We

have applied ‘ mere the h ayes adaptive procedures dc ’s i gmted for  stationary l\ i :toon

demand with um’,kmmcwm i meat , X. ii’ X change : at ummi ’ imowi m t ime points tj te : t e

policies are not L ’p timna1~ ally imto i’e . 1 low much mn~ ‘ri ’ c~ ‘imp L I  cat,ed Umc ’ opt. inta.l

pci i sLes  would bet ’ These are open problems 1’or fu.r t.ime m ’
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4 4 11 25 9 23 14 1:3 9 1 .0 0
45 13 23 3 2:3 10 3 51.50 
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1 ?  35 j ’74 27 3 3 4’) . CI ’)
5:1 3 2 4  27 1 .5. 1’? ‘3 5 . . :) :)
51 13 3’:’ 3 37 5 5 37.5’)
‘52 23 13 ic i  37’ 4 3 2 1.57’
53  1 1  33  1 )  27 1: ) 1 )  5 3 . 51
5 4  1? 31 5. 27 17 ’  1 : 3 5 5 . 5 3
55 2 1 ~5 IC ’  27 5. 5. 35.5’)
‘3 .3 1 7 ’  35 13 27’ j:) 1 :, 53.5)

1 :
53 1 4  2:. 1,1 27 12 13 5.3.5 :)

1) ‘mU ’ :‘- :  3To vi :t~~ Aver :~~tL ’ 01’ 3omi tli1~’ Cos t, Say e s ‘ott  Lrol , V 1,

:Cx aL ’ t. Upper :‘ chelon Ordering. 
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‘ :‘Ax_tL K 1,: Simulated Two-Kchelon 7yst ’tm under : ‘oi:t _ to r c Demand,

= 10, Bayes Control v = 1.0, r = i.:., v = ~~~~
Approximate Upper Echelon Ordering.

I ,L - . I:: IX I)l~ I/F

1 1 0 4 7 2 2 1:1 • II
2 3 5. 5 11 3 12 90 .33
3 Ci 2 14 14 2 5. 17: 1 . 0 0
‘4 ci 1-4 20 1-4 2 1 0 . 0 0
5 :3 ci i c t  24 3 1- 4 170 .  30

0 4 1’) 2.4 4 10  150.  ci :,
7 0 3 11 25 ‘3 i C  ls::, .oo
:3 0 7 15 26 7’ 11  205.  0’)

:1 2 1-3 27 2 15 21i~~, ii)
10 “j  ~‘ 5. 2:3 0 1-3 125.00
11 :i 3 10 27 3 5. 1.30 .00
12 0 12 12 27 12 1 ‘3 170 .  0:3
1-3 0 3 7 27 12 1 . 3 0 . 0 0
14 3 9 10 27 9 7 1 3 5 . O C ’
15 0 11 1,3 27 11 10  1t 30 . IJC,
13  Ci 5 9 27 5 13 155. 3 m )
17 :3 5. 5 27 5. 9 9 5 . 0 0
13 1 1- 4  7 ~7 13 5 :35. ci
13  15 .  1 .0  26 9 7 3 5 . 0 0
20 - 11 10 26 5 10 9 0 . 0 0
21 1 3 1-3 25 7 10 1 7 0 . 0 0
22 0 5 10 27 5 1-3 1 5 5 . 0 0
2-3 :3 5 14 27 5 10 1 9 0 . 0 0
24 0 -4 1:3 27 14 2 0 0 . 3 ’)
25 Ci 1 13 2:3 .1. 1:3 195.0!: ’
3,3 :3 2 ‘3 23 2 1.3 1 4 5 . 0 0
27 Ci 7 1.4 2:3 7 :3 1 :3 0 . 0 0
2:3 0 -5. 10  2:3 5. 1.4 170 .  Ij :)
29 0 4 3 2:3 -4 10  1 1 0 . 0 : ’
30 :3 12 3 2:3 12 3 1 1 0 . 0 0
‘31 14 11 27 10 ‘3 1 1 0 . 0 ’ )
32 5’ 9 ‘3 2:3 3 11 i o s . o : i
3-3 1 9 10 27 ‘3 3 1 . 3 0 . 0 0
:34 3 iC i 10 27 1:) 10  1 5 0 . 0 0
‘35 3 :3 10 27 :3 10 150.0 ’ : ’
‘313 0 3 10 27 :3 1 :1  150 .00
:37 ci ‘3 7 27 ‘3 10 1 2 0 . 0 3
33 1 11 10 27 1 3 7 125. 30
39 1 11 7 27 10 10  1 1 0 . 0 0
‘40 4 11 1,3 27 7 7 125 .0 ’)
41 0 3 11 27 -3 13  175. 313
‘42 4 10 27 4 11 155 . 0 13
-4:3 :1’ 7 16 27 7 10 2 1 0 .  0!3
44 3 2 ‘3 2:3 2 1.3 1 73 .0 0
‘45 :3 3 :3 2:3 3 9 7 5 , 1 3 1 3
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3 -‘ ‘52 14 22 .52 5
4 - 33 1, 4 2 ; 1 -5: 14 15: ’:,.t:, o
5 ~2 3:’ I : I  23  :‘ 1 4 ~‘1 . :o

1 5  34 1’) 35 ~ -) 1’) 5-4.7,’)
7 13 33 11 23 I C ’  I : ’  51.5:)
I 1 ’~ 17 15 23 7 1  11 55. )-)

1 3  32 13 5: -: 17 15 ~5.
I t ’  I . ’ 3 -: ’ 5 3 -i’ I l  13 7-3 .5 - : ’
ii 24 1? 1’) 2? 5 37. 11
:2 :1 42 12 2’~ 1 ,:i I C ’
13 17 15 7 2? 12 13 35. ::

1 4  33 5 ”~ I C ’  35 5 7 4 1 .  3-)
15 13 41 11 2 3 1’) 5 3  5,5,53
15. 15 33 2’? 14  1 .3  33 , .3’)
17 .50 35 5 2? ? 53.5’:’
13 24 44 :‘ 23 4 5 53 ,5’)
I 2~ 4 ,3 ‘.~ .5 t. ~

‘ 4,i ,5:m
1 ’’ U 13 27 11 1) 31’. CL’

21 3 :1, 15 23 13 15~’ . I’ .~
22 13 25 1’? ~ T’4 12 15 135.
23 5. 34 22 3) 15: 1-? 255. :1, 1,
3-4 2 17 14  31 15 22 233.-)’)
3’-) I : 23 17  31 1 .~ 14 213 . ,):)
2-5- 5 2 7 12 32 22 17 155. ICi
27 IS 2’? 12 32 1 12 5. 1.5’)

11’ 34  15 33 1’~ 12 5 1 . 0 7 ’
3? 1’  3 1 1 4  32 14  15 73 .5:’
3’) 17 ’  3’? 17 13 12 1 4
31 13 27 15. 33 iS IT 25 .Ci ’)
12 1’  25 12 33 1~ 1-5
3:: 13 i: ’, 13 33 17’ 12 11:3 . :1 -1
3 ; i.~ 23 15 33 1 5  13 133 .0 :)
15 :2 2 4  2 3  33 12 1? C , . 37’

1 1? 12 34 1’:’ 23  325. :31
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13 :3 11 3. 4 2~’ 14  ?0 .  1:1
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‘ I ’ ASL, : C: , . L::, u l t t t - ’d  . ‘~~‘ ,— : -sh’:lcj s , ‘
~~ - :t ’ -t:  U: J’ r sj,:,’ur, . ict asd / 5 t h

L:,cr,.-tL , : .L:~ ’ istcn.:ity; X 7, = 10 ( L ~ Li), Xj  = 1’; (20 ~ I ~ :~ ) ,
= 20 (i �~ o); Lower , -,c5~’:1or So:, trol ‘ ,T~t iU , 1i1 1”or 5O sC~t!

with X = 10; io..proxirr t.it’: Upper i’.ci-c’:’1o~c 7ontrol.

1 1., 1, ’ K j : ’ 1 /,  5/.. s, : ’:

1 5 1-J 4 .5’:t 5 43 215.5:
2 5. 5. 5. 53 -j .:‘
3 3 43 ~,4 33 33 .5 17.:’. 30
4 i 4  2’~ 14 3:3 i4  14 7:1 . 3 -1
5 21 1:, 23 7 14 “2 . 0 0
5 25 10 23 14 1C ’ 5C’ .5C ’
7’ 15 29 11 23 13 10 52. ci :,
‘3 17 2,3 15 3:3 11 11 ‘55.. :31

1 13 23 13 23 17 ’ 15 75.07 ’
13 17’ 21 5. 23 11 1.3 5.7.
11 15 37’ 10 33 13 5 32.50
12 13 33 12 23 10 i :i 53. 37’
I I  15. 27 ‘7 3:7 11 12 5 .4 . 5 0
1.-I  3:) 33 13 33 3 7 43. 11
15 1::: 13 l u  1:J 5.5.5C1
15. 15 25i ‘3 3:3 11 1.3
17 17 27 5 33 17 ’ 9 51. 37’
1:3 22 35 7’ 3:3 .3 5 32.5-:’
19 21 37 i : ’  2:3 7’ 7 4:3~ 52,
23 13 32 13 33 l-J 10 53. ci :’
21 10 21 15 3:3 i i  j: 3 1 , 4 3 . 0 0
22 3 1-3 19 23 1:.i 15 27’S.
2-3 -:i 15 32 23 1’3 1-3 315. ~ic ’
24 3 ‘3 14 3:3 :1 22 25::, . :1 :1

25 cm 13 17 23 13 14 24::’ . I’ll
2-5. -1 13 12 2:3 13 iT’ 2:5. 00
37 .3 2!) 12 2:3 14 12 1 2 0 . 3 0
2:3 - 25 15 33 17 12 133. 33
2-9 1:) 22 1-4 23 12 15 115 .00
‘30 5: 27’ 17 23 12 14 1.3 ’3 . 00
31 3 13 15. 23 15 17 215.
32 2 1.3 12 2:3 14 16 13 0 .0 0

.33 4 2 1 13 23 17 12 20 7 ’ . 3:)

.34 3 19 13 2:3 16 13 22!:i . o ::i
35 ‘3 15 23 2:3 15 15. 230. 00
3-5. 3 10 12 3:3 10 :~~ 235.
37 :3 1-4 1-4 23 14 12 2 0 0 . 0 0
.73 :~ 5.3 11 23 23 14 1:30. :) ::,
39 12 2-4 22 2:3 12 11 155.00
40 2 15. 1:3 33 1-4 23 1,3 ,3 . 3m)
41 17 20 23 11 17’ 19 Cm . 30
-42 0 1’~ 11 3:~ 19 20 271, . 01,
4-3 2 12 24 23 1:) 17 305.30
4.4 :3 3 25 23 ‘3 24 373 .  33
45 ci 3 23 33 :3 35 355,, 7,1 

~~~~~~ -._“~~~~- ‘ - - - .~~~~~~~~~ .“ - - - - -- 
_____
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(Table 6, c o n t . )

IC IS IX KOP ICR IZN CF’J’

46 Ci 1 25 23 1 23 33 5 .30
47 C’ 1 19 2:3 1 25 -315. 30
-43 ci 17 23 5 13 265.0C’
43 ci 1.3 17 23 13 17 255. 00
50 3 15 17 2:3 15 17 255.0Cm . 1
51 0 15 19 2:3 15 17 275. ci ’:i
52 -J 1:3 19 23 1,3 19 2:35, 3,3
5:3 1: 11 2:3 33 11 13 325.00
5-4 3 7 :3~ 33 7 23 -425 .00
55 0 0 14 33 3 -31 295.00
56 ci 9 22 3:3 ‘3 14 2 9 0 . 0 0
57 0 1’3 2.3 2:3 1:3 33 -340. 00
53 0 -9 13 73 9 2-3 295 .00

FIGURE 6: Moving Averages of Monthly Co st; Fixed Control
Under Poisson Demand With Increasing Intensity .
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9. Appendix.

:) .l Derivation of the Limiting Aver~~ e Cos t.

The expected monthly cost associated with and 71? is

(~
) .1) E ( i S T )  = C

k 
i -l[1l ~ ) REck. + - -

- p[(
~ 1

+ Y~ - x .)~ -

If S . � K. (‘r . ) then ~~~. + ~‘? K . ( T . ) . Ful’th er rLo r e, we have seen that
1 1 i—i 1 1 1 i—i

after the system a4ju :’ts it self , ~ 
and K1

(T~~1) k
0
(X). Accord-

ingly, the limiting expected month ly cost is appr oxi~natc1y

(9.s) M ( x )  .~ ~~~~~~~ ~ c’~~c [( k
0 ( X )  - - X1f1]~ 

- p [(k 0 (X)  - - x .~ 1] )

If we replace k
0(X) - X . iii (o .s) by its expectat5on, Q. = k

0(X ) - x, w~

obtain formula ( 7 1 . .- )  namely

(0 .51 ) 7 = X(c ’~ p) + (c÷p) [T ’~ i~ s(~ 1X ) — X 1’os{(~~. l I X ) ]  — p’
~ .

Th evaluate LSis approx imation we develop the formuJ,a of M ( X ) .  Fra n : (o . s’) we

obtain

0 0 .k
(9. 1~) M (X) = c~ X + C :~ p(j~X) ~ p(i~X )( k 0 -. j  - i)

i=0

k0

+ P ~ P(ilX) ~ p( i lX )( i_ k 0ij )  ~ Xp ~~ p (j~ X )
j=O . 0 . 0

i”k — j-m- l ,i=k +1

where k° ~ k°(X). Notice that

~ 

p(i~X)~ c-i) c lbs (clX) - X Pos(c-ljX) .‘ (c-X) 1~ s(c-l1X ) + ep(cfx) .

and

(9 .6) E ( i-c)  p(i~ X) = (X-c) - (X-c)  I\ s ( e - l IX )  ep(c~X)
i=c+1

_ _ __ _
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Se n se, (o .1,)  oi.~ t a ’.:::’ the form

( - 5 7 )  ~ (X ~ (c~ p )X ( c + p )  
~~~~ 

p(i lx ) 1(k 0-,i -X ) •

.1 ‘0

i’ss( k°-~h_ l lX)  (k0- j )  i’(k °- ,I Ix )] -

- -

~ ri( ic°-X ) i’os( 1c0-i IX) k
0
p(k

0
~X )]

i”inn.Uy, we notic e that
Cl

k-l
(0 , 5 :)  

~~(i Ix ) Poc(k°_j _ 1I x ) 71~~X
1 

+ X , � k~ - 1) = i\~: ’(k
0 

- 1171X) ,
j= 0 ‘ 

- -

where ~u’d X:.. are independent identically distributed i~~is:’o:i r .v. ’:

With rnea:i A . Similarly, I.,

k0-1 k0-:’
~

- ‘ .°) ~ ~ip( j  f~
) r’os(k°-,i-lIA) .

~ A ~~ pCi ~ ) I’ec(k
0
-:’-j f x )  = X P o s ( k0-:T l I lA) .

j = O

Accordingly, from (o . 3) and (o . o) we prove that 
F’

~~~ M ( X )  X( c k fp )  + ( c f p ) [ ( k 0-71X) l~~s(k °- : ’I : ’X) ~k°-X )  p(k 0- lJ 7 X ) ]

+ ( c I p ) [ k °p(k° I : ’ X) - k°p( 0 1X )  p(k~~ X ) - Xp(k°-1171X) +

Xp (Oix) p(k0-iIX)] - p(k °-X) l~~~(k~-l lx )  - pk0 p(k°IX) .

l’h ,: 5:un~’ Lb ’::  L s 50:1: i, dernbi~v more complicated th:u: ‘

~~ given by (71 . i.’) or

s ) .  In the foflowing table we give a few numerical coiuparison~i be tween

7 and M (X). We see that for A not exceeding 10

Table ~~~~~~~ Numerical Comparison ol’ .‘ and M (X) for
x = -

~( ~)co and ¼’~ ~ ‘ 5 c • ‘ ‘ and p = 10.

A 7 ~1(x )
- ~‘(h4 1~ 5: : ‘3. 0~ )1

10. ~~ .‘) 71 ’$ ~ ” ‘~~ . 11~OOCl
1’ ’. 3i. ’,’,.”~$’’ 7~1.’(-~: ’i ~
710 107. - ‘O7 ”~ 10’. i.” - ‘5:-:’
71’~ .113 , 71033 , 131. ~i0: S~ I
30 i~

) .oO t1’03
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the approximation to M(X) given by c is very good. For values of A

greater than 10 the approximation is not as good, but the relative error
for A � 710 ~z l e ss  than “1. Since (0 .3) is considerably simpler than (o .io)

it ::cemc ju st ifi able in many circu mstances. 
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To cope with the expanding technology , ou r  society must
be ~“I5Sl,Ire( l 01 a continuing supp ly 01 rigorous ly tra ined
c lfl (I educated engineers. The School ot Engineering and
A pp lied S(’ieflce i~ comp letely committed to this ob-
jective .
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