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1. Introductio:

In a series of papers on two-echelon multi-station inventory systems
(3,4,6,7] optimal ordering procedures were developed ror systems modeled
towards possible naval applications. In these models we assumed that order-
ing at the lower-echelon stations and at the upper-echelon depot is periodi-
cally done (uv the beginning of every month) and that the lead times are
fixed, one month from the depot to the lower echelon stations and two months
from the wholesale supply centers to the depot. We further assumed that the
monthly demand at each lower-echelon station is a random variable having a
Poisson distribution, stationary in time. Moreover, the demand variables at
different lowar-echelon stations are mutually independent. The means of
the correspording demand distributions were assumed, however, to be unknown.
Adaptive Bayes ordering policies were developed in [4%,6] and proved in [T]
to be optimal for the specific cost functions and ol jectives specified.
These Bayes procedures were based on the assumption that the unknown means

of the Poisson distributions, kl,ko,...,kk, are priorly independent having

prior gamma d.stributions, &(7¥’Vi)’ with scale parameters TS and shape
i

parameters Vs i=1,...,k. The assumption about the prior independence of

xl,...,xk was essential to the development. On the other hand, the assump-
tion concerning the prior gamma distribution of the AT (i=l,...,k) is fnot
essential but reasonable, since the gamma distribution is a conjugate prior
to the Poisson distribution (see [1]). Moreover, the gamma priors yield
negative-binonial predictive distributions (see [S]), which have been found
empirically to fit well the demand distributions of many classes of items in
the Polaris system (see [8]). The present study investigates certain robust-
ness or sensitivity questions related to these Bayes control procedures.

First, it is interesting to evaluate the sensitivty of the

e ——




system to the choice of the initial prior parameter:. Second, it is important
to investigate the effects on the system of possibl» changes in the intensity
of the demand distributions (the Misson means) which nay occur at unknown
time points. Third, it is worthwhile to study the robustness of the control
procedures to deviations of the demand distributions from the assumed Poisson
distributions. Assuming that the demand distributions are indeed Poisson,

or very close to Poisson, we may expect that the control procedures will be
efficient if the choice of the prior parameters \T"\‘i\’ i lyccagk is
such that the prior mean \‘iTi is close to the true value of 7\.1 and the

1 the

prior variance \'Ti' s 1s small. The Bayes procedures are optimal i
sense of minirizing the prior risk under the assumed prior parameters. How-
ever, for the sensitivity analytis we compare the procedures by simulating
certain realizations of the systems over a large numoer of periods, and com-
paring the moving averages of the actually accured costs. If the demand pro-
cess is stationary the sequence of moving averages is ergodic, converging

to the steady-state expected monthly cost. If the demand process is not
stationary the sequence of moving averages will fluctuate and will reflect
this lack of stability. However, we will demonstrate that even in such non-
stationary cases, the Bayes adaptive control performs better than the optimal
control which assumes a complete knowledge of the demand distribution. One
can probably attain a similar degree of effectivenesa by non-Rayes adaptive
procedures, like the ones based on the maximum=-likelihood estimation of the
unknown parame.ers.  We have not, however, compared Bayes and non=Bayes
procedures. Finally, for the purpose of showing the possible effect on the

moving=averages of the monthly costs of pronounced deviation of the demand

distribution from the Poisson, we studied the behavior of the Bayes control




procedure when the demand distribution is a compourd roisson, with mean at

each month randomly determined according to a uniform distribution on some

finite range The general conclusion derived from the present investigation

[
7

that the Jayes adaptive procedures adjust quite rast to possible changes

in the underlying demand distributions and generally provide effective controls.
We provided in [%,0] also an approximate Bayes proceduvres. We show that

these approximate procedures is effective only if the initial state of the
system is not too unfavorable. The reader is refered to Section 6 for

summary and conclusions based on certain simulations. In order to reduce
somewhat the amount of computations needed for our investigation we have
restricted attenvion to one-station two-echelon system, which will be

specifically described in the next section.

2. The Two-Echelon System and its Statistical Contrcl.

The system under consideration is comprised of a lower-echelon station,
K, and an upper-echelon depot, D. Customers arrive at random at E and
demand a random number of units of a specified item. Let Xi {1a3, 2,5
designate the total number of items demanded from ¥ during the i-th month.
It is assumed that X{ has a Poisson distridbution with mean \i & O 1 R 8
and .\'l, X,S,... are mutually independent, given Al’ A:‘,... « Let \;i denote
the number of wnits in stock at E at the beginning of the i-th month. At
the beginning of the i-th month F issues an order from D for \'i items.
-\}i < \'i < Si - \Qi, where Si denotes the total number of units at the
system. A negative Y means that items are sent back to D. The lead-tinme
for the flow of stock between E and D is L1 = 1 month. At the beginning
of the i-th month the depot, D, issues an order of '.‘.i units to be pur-
chased from outside sources. It is assumed that the lead-time for this
replenishment is L,\ = ¢ months. The cost of procurcment of new units is

C¥[$/unit ]. An item demanded at £ can be supplied to the customer at any
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time during the month. Unsatisfied demand at the end of' a month is lost,

P

with penalty for shortage of p[$/unit]; (no backlogging). Items which are

left at E undemanded accrue a carrying cost of ([$/item]. The variables

(\:i’si’xi’yi’ .‘i-l’l’.‘i)’ i=1,...,k, designate the state of the system during

the i-th month. The following recursive relations hold:

\ i \ , r YT
Yog = (& + ¥ - )
(1‘.1) 1=0,1,e0.
~ Q LA +
Sep = By + By - W)

where S, and Wy are the initial stock lewvels, X =0, Y

8 X5 EQ, Z and

0 o

+

1'0 are the prior pending procurement orders, and a = max(0,a).

In (4,0 ] we suggested to determine Y; in a wmanner which minimizes
the expected cost to the lower-echelon, due to surplus or shortages during
the (i+1)st month. Furthermore, it was suggested that the ordering policy
of the upper-cchelon will be the minimal required for guaranteeing that the
probability of shortage at the D will not exceed a specified risk level B,
0<B3<l. As shown in [4 ], if Al = }\: = esees = ), then the "desired"

s PR P .0 0
ordering level of & is \k()‘,\;) =k (L) = Qy where

)
(2.2) K'(A) = least non-negative integes Kk
satisfying: Pos(k]2a) - R « pos(k|r) 20 ,

where R = p/(:+p) and ':\‘s(k]u\ designates the c.d.f. of a Poisson distri-
bution with mean u.
; 0 e i .
It is easy to compute Xk (A\). However, if A is unknown and one applies

the Bayes adaptive procedure, with prior gamma &(;,\) distribution then,

the "desired" ordering level at the beginning of the i-th month is
0 i-1

- "™ \ . m % >

K (Ai-l) ) where Syl * 4 xi’ and




diide

(2.3) K?(Ti l) = least non-negative inveger k
satisfying: G(leWi+l,v + Ti-l) - RG(kl¢i,v + Ti-l) 20 ,

in which G(k|y,v) designates the c.d.f. of a negative-binomial distribution

with p.d.f.

(2.4) s(314,9) = FEs s )Y, -0,

0 < § <1, and vhere wi = v/(1 + ir). The "desired" ordering level cannot

9
be always attained since Si may be smaller than K (Ti l)' We thus define
bk 0 S . . i i
(2.5) Y, = min(K (li_l),oi) -Q, 1=17... .

The upper-echerlon ordering policy is defined as the least non-negative integer

+
suc iy edictive probability of 5. + Z, - X, - X, + Z 2
uch that tae predictive probability of {( 5 -1 \1) k1+l
17 L, + X, + X, ) given T, is at least = 1-8. We 2 es -
\l+3(Ll_l \1 \x+1)}’ given 11_1, is at least ¥ = 1-3. We have estab

lished in [% ] that the Bayes adaptive ordering polizy of the upper echelon

satisfying the above requirement is

. 0
2.6) 2.(T, .) = least non-negative integer 2 satisfying:
1 Z=k S -1
6z ~ (T, DoV + T, ) + > g Gle,v + T, )6 (2=K(T, ) +
S i 7 Rl =177 32 i-1 i R 7% |
Q * 3 T 2 s —O 4 N - i
+85 = ey Ty v 3) -0 R Dy ey v D2y,
where Si = Si + 31-1 y 1= 1idyses @

In Table 1 we present a simulated two-echelon system with parameters
A=10, v = 9.75 7 =1.1, ¢ = .5[$], p = 10.[$], c* = 5.[$] and ¥ = .85. We

denote by IQ, IS and IX the values of Qi’ Si and X, KOP designates
(0]
it

K )

Ti-l)’ IOR designates Yg defined in (2.3) and IZN is equal to Zg(Ti_l

defined in (2.6). The cost is designated by CST and is equal to

C¥ ¢ IZN + C » max(0,IQ = IX) - p * min(0,IQ - IX). Figure 1 shows




oo

a (computer) graph of the moving-averages or the simulated monthly cost, CST.

It is interesting to notice that in the present example, the initial stock

\Ll L‘l

: 5 0, . . . X ’
which is k (70) = 28. Although A is unknown therc is a relatively quick

level anc are small compared to the "desired" stock level,

o e O - : ; p ;
convergence of hi(ri l) to k (10). There is also an immediate correction

of the stock level Sl by a large order 31. As secn in Figure 1, the moving-

averages of CST converge rapidly to the limit of' thelr expectations. As shown
in the appendix, if the system's stock level Si stavilizes on a level higher

’
than kk(k) the limiting value of the average monthly cost is approximately
2.7) T = Aex + (c+p)[Q Pos(Q|A) = A Pos(@-1{A)] - p(Q-7) ,

i 0 : M - . = %
where Q = k (A) = X\. For the parametersof Table 1, Q = 18 and T = 5%.93.

As descussed in [4 ], there is a high correlation in the simulated data,

between the order level :i and the demand level at the previous month, X, 1

Indeed, in Table 1 the correlation between o, and X, for all i &5 1s

-

4 and Z., exactly

for every i = 3. This policy will

954, It was therefore recommended in [ 4 ] to determine
(according to (2.6)) and to set 7. = X.
i i-1
be called the "approximate upper-echelon ordering policy." 1In Table 2 and

N2 o

Figure 2 we prosent the simulated system for the same demend values, X.,

i
as in Table 1 tat with the approximate upper-echelon policy. We see that the
results are quite similar and the moving-averages of (ST converge to the same
limit. The convergence is however somewhat slower. ‘he graph in Figure 2 is

above that of Figure 1 for i < Lo.

3. The Effects of the Prior Parameters.

In the present section we study the effect of the prior parameters on
the control pro:edure. In order to test the possible effect of an apparently

wrong choice of the prior parameter we have performed a simulation run similar




to that of Tebles 1 and 2, but with the prior parameter v 1.0 rather than

v = 9.75. Ir Table 3 we present the results with an exact upper-echelon

policy, while in Table 4 we show the influence of the approximate upper
echelon policy. As seen in Tabie 3 and Figure 3, the inventory system adjusts :
itself very fast to the difference between the assumea prior expectation of
A (which is 1.1) and the actual value of A. The moving averages of CST
converge to the same limit value as those of Tables 1 and 2. This is not the

case, however, when we apply the approximate upper=-echelon policy, as seen

in Table &4 and Figure %. One has to apply the exact upper-echelon policy for

about n = 10 months before switching to the approximate policy, namely,

using X. 1 for Z.. Exact ordering for n = 2 mcntns only is insufficient :"1
s i- i td

. L

o ~ T Lp s & < " X

due to the effect of the low initial stocks and relatively high demand, As s g
!

result, the Q. values in Table 4 are often close to zero. }

*

The general indi-

cation is that as long as the stock levels “\i and Si are too small one

should apply the exact Bayes ordering policy of the upper-echelon. Once the
system stabilizes with Si values greater than Ki(‘Ii 1) values, one can

switch to the approximate policy.

4. The Effects of Non-Stationarity.

Non-stationarity can manifest itself in different forms. We investigate

here the effects of sudden unexpected changes in the intensity A, of the {

Poisson process of demand. More specifically, we present in Table 5 a simu-

lation of an inventory system with )‘i = L0 oy L &£ 1 = 1i9; N, =2 15

g B for
» |

20 £1 <3 and )‘i = 20 for 40 < i. The statistician is, however, unaware

of these abrupt changes in A and continues to use the Bayes adaptive policy,

with an approximate upper-echelon ordering. As expected, since the Rayes

procedure is adaptive, it reacts gradually to the fact that the observed

demand tends to be larger aftter the change in A than before. As a consequence,
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we see in Table © that the Ki(?i_l) values increase steadily after i = 20.
o : 0 0

'hey do not reach, however, the optimal values k (19) = 41 and k (20) = 50.
In Figure 5 we see the graph of the moving-averages o the monthly cost, CST.
We cannot compare this graph with that of Figure 2 wheu 1 2 20. This is

due to the fact that the expected monthly costs associated with the optimal
policy, basec oun a complete knowledge of the epochs and magnitude of change
in A, Jjumps at every epoch of change to anewsteady state limit. We can
compare, however, the results presented in Table 5 end Figure 5 to those
obtained when the statistican knows the initial value of A and is not aware
of possible changes in A. In other words, the same optimal policy, based

on the exact initial A, is employed all the time. Ir Table © and Figure 6
we present th: simulation results of such a case. We see in Figure © that
the moving-averages of the CST are below those of Figure 5 for 1 £1i s 20
(as expoctcd), but for i > 20 the adaptive Bayes procedure performs better.
This indicates that when there is a possibility of ron-stationarity a non-
adaptive optimal policy based on the assumption of stationarity is likely to
perform worse than an adaptive procedure, which corrects itself according to
the observaticns on the actual demand. We remark here that, as seen in Table
5, the Bayes adaptive policy applied reacts rather slowly to unanticipated
abrupt changes in A. Indeed this policy is not optimal in such situations,
since it has been designed for stationary cases in which A is unknown but
fixed. The derivation of a Bayes adaptive policy for cases of abrupt changes

in A, at unknown epochs, is an important subject for future research.
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5. The Effect of Erroneous Demand Models.

One of the important components of the parameteric control model is the
form of the demand distribution. In the previous sec*%ions we studied various
characteristics of control procedures derived for the model of Poisson dis-
tribution of demand. It is interesting to investigate how robust are these
adaptive conirol procedures against deviations from the Poisson model. An
exhaustive svudy of the sensitivity of the Bayes adaptive procedures requires
more development in terms of various alternatives to the Poisson distribution
than what we present here. We focus attention in the present study only on
the following alternative. We consider a compound roisson distribution in
which the meen, A, 1is uniformly distributed over the interval [10, 20].
This provides a discrete distribution with a p.d.f.

20 AL 1
(5.1) 2()) = 35%3? IlO e"Mad dA= ==[Pos(j[10) - Pos(j[20)], § = 0,1,... .

©
Notice that 2 (1-Pos(j|A)) is the expected value, A, of the Poisson random
=0

[--]
variable. Hence, 2, f(j) = 1. Moreover, the expected value and
J=0

variance of a random varialbe, J, having the above p.d.f. is E{A} = 15 and

100

(5.2) Var{J} = E{Var{J|A}} + Var{E{J]|A)} = E{A} + Var{A) = 15 + = = 23.33...

12

Accordingly, we may try to compare the behavior of tne Bayes adaptive control
procedure, for a Poisson distribution under a demand distribution specified
by (5.1) to that of a Poisson with mean A = 15. 1In Table 7 and Figure T

we see the pexrformance of the Bayes adaptive control under the compound
Poisson demanc distribution and the exact upper-echeion ordering. We see
that Ki(Ti-l) approaches indeed ko(ls) = h1. The upper-echelon policy of

exact Bayes adaptive control, according to (2.6), guurentees that the system

e ——
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stock level, Si’ is generally above the "desirable" level Ki('l‘i_l). The
moving-averages of the monthly cost, C8T, converge consequently to a limiting
expected cost, which is approximately equal to 100.°.. Notice that if the
demand distribution were Poisson with mean X = 19 then the limiting expected
cost, according tc (2.7) would be T = 81.71. Thus, there is 254 increase in
the limiting expected cost due to the fact that the actual demand distribution
is not Poisson. It is of interest to test how woula the approximate upper-
echelon ordering policy perform in the present case, compared to that of the
exact upper-echelon policy. In Table 8 and Figure & we present a simulation
with the approxinate policy, parallel to that of Taltle 7. We see that in the
case of an approximate upper-echelon policy the systom stock levels, S

are generally below the "desirable" one, and shortages in the lower-echelon

are prevalent. The limiting expected monthly cost is increased, as seen in
Figure 8 to 139. This is about 35% increase over that »f the exact upper-
echelon policy. The indication is that the approximate upper-echelon ordering

policy isnot robust against considerable deviations of the actual demand dis-

tribution from the assumed one. It is safer to use the exact policy-

0. Summary and Conclusions.

In the present study we have shown that

1. The exact Bayes adaptive ordering procedures adjust very quickly
to the actual demand, even if the initial prior parameters are
wrongly chosen or if the initial stock vulues are inappropriate.
The moving=averages of the actual monthly costs rapidly converge,

in the stationary case, to the limiting >xpected monthly cost.

2. When the system stock level, Sis is above the "desired" stock
level Ki(’l‘.L 1), the approximate upper-cchelon ordering,
provides an effective simplification without much additional cost.

Or the other hand, if the system stock level, is too low the

:‘1.’

x Sl S

 — - . ‘M
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upper-echelon ordering should be according to the exact Bayes

predictive policy.

=
.

In cases of abrupt changes in the demand distributions at unknown
vime points, it is better to apply adaptive procedures than optimal

procedures based on the assumption of stationarity of demand.

Y. The exact Bayes ordering policy protects better than the approxi-
mate one against possible discrepancy between the model and the
actual demand distribution.

Several questions discussed previously require further research. In particular,
the development of' optimal adaptive policies for non-stationary demand. We
have applied liere the Bayes adaptive procedures designed for stationary Moisson
demand with unknown mean, AX. If X changes at unknown time points these
policies are not cptimal any more. How much more complicated the optimal

policics would be? These are open problems for further research.

e
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(Table 1, cont.)

—
o o4
‘Z‘

=

|
|
|
|
|

3 25 i1 T 23 2 3 24,00 |
37 21 43 3 27 3 3 33,50 :
43 19 27 3 15.50 !
$3 13 35 13 27 3 z 35,00 i
S0 29 3 23 17 21 125, 00 ’
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TABLE 3: Simulated Two-kchelon Systems Under Poisson Demand, A = 10,
Beyes Contwol v = 1.0, 7T = 1.2, % = .85; Exact Upper
I tichelon Ordering.
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(Table 3, cont.)
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Figure 3: Moving Average Of Monthly Cost, Bayes Control, v = 1,
Q S Y = .:N - 4"l\.
T =1.1y, Y= .85 p=10[$], ¢ = .5[%), c* = 5[8];
bxact Upper kchelon Ordering.
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Simulated Two-kchelon System under Poisson Demand,
A = 10, Bayes Control v = 1.0, 7 = 1.1, v = .85;
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FIGURE &% Moving Average of Monthly Cost; Bayes Control,
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\ 1’ T = 1_1, P 'I\\i;::]’ ¢ = 58] R ‘i:?‘j’
kxact Upper Echelon Ordering.
B G e e W e s e P e e T W e b e W e i e B e v O

“ =t

v
- o |
= =1
+ [ XX 22 X2 2 22 24 222233 X222 2 2 (2 2 4 1

- o 22 2 44 "o LS00 000000 -1
o . =

v L
- =3
- ES _I
. -1
- * -1
t . +1

eo®iivesescsPecicasssitPocrnsssec®iacctticce®iiccrcc et ®iciananaa®,,

2. 00 19,00 20,00 20,00 . Q0 0,00 aQ. 00




ABLE 5: Simulated Two-Echelon System Unaer Poisson Demand With
[ncreasing Intensity; A3 =10 (is1 '), A3 =15 (20s] <39),
A; =20 (i 240); Bayes Comtrol v=9.7%, T=11, v=.8%
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TABLE ©: Simulated Two-Echelon System Under Poisson Demand With
Increasing Intensity; A3=10 (is 19), M =15 {20=] £39),
Ay =20 (i2%0); Lower Echelon Conurol Optimal For Poisson
with A=10; Approximate Upper Echelon Control.
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FIGURE 6: Moving Averages of Monthly Cost; Fixed Control
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Bayes Control v = 9.75,
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9. Appendix.

9.1 Derivation of the Limiting Average Cost.

: s 0 2wl
The expected monthly cost associated with \i and 7y is

0 0 + +
e s g ik
i} + h(c[gi X, A g

&
Q ) a5 = ‘: :".
(9.1) E{CST} = ¢ E{ i 41

5 0 .\t ¥ -
- p[(ui+ Y, - xi) - Xi+l] ; .

0
S. > r. ||' 3 \' v" = '. 1 . M ) ) > se at
It i hl(ll_l) then Q *+ ¥y hl(Tl_l) Furtherrore, we have seen that

i-1
ingly, the limiting expected monthly cost is approximately

after the system adjusts itself, Hg ~ X, and Ki(T:_l) R kO(X). Accord-

(9.2) M()\) - C‘\ +H{C[(RO(K)- Xi)f - X,

L) - ela) - x) - x

")

i+l
. 0 ] . - . - —= 0
If we replace k (\) - X; in (9.2) by its expectation, Q = k (A) = A, we

obtain formula (2.0) namely
(9.3) T = A(e* + p) + (e+p)[Q Pos @A) = A Pos[(Q-1]A)] - pQ

To evaluate this approximation we develop the formula of M(A). From (9.2) we

obtain
0 |
&W k\:J 0
(9.%) M) = oa + ¢ & p(EIN) T p(EIANK - § - 1) +
J=0 i=0
S B 0 -
+p Z p@n) < p(MGE-k+g) v 0 pGIN)
J=0 1=k0- 341 1=k%+1

where ko = kc(l). Notice that

c

(9.5) L p(i]A){e-i) = ¢ Pos(e]A) = X Pos(e=1]A) = (c=2) Pos(e=1]A) + cp(e]r).
2 _:l

and 2

(9.6) _E) 5 (i=c) p(i]A) = (A=c) = (A=c) pos(e=1]|A) + ep(c|r) .
i=c+
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Hence, (9.4) obta'ns the form
O :
(9.7) M(A) = (eX + pIA + (e+p) 20 p(3lA) [(k°-3-1)
J=0

pos (k- 3-1]1) + &°-3) p(x>-3|0)] -
pl(x%-1) Pos(x’-1]0) + Kop°[A)]

Finally, we notice that

kg:l 0 0 0
(9.8) < p(J]r) pos(k -j-1|r) = P(X; + X, sk -1} = pos(k” - 1]aa) ,
3=0 '
where Xl ard X, are independent identically distributed Poisson r.v.':
with mean A. Similarly,
k-1 " k=2 E "
(9.9) T Jp(3{r) ros(k-3-1[A) = A T p(Fn) Pos(k -2=-3{A) = Aros(k =2[2A).
J=0 J=0

Accordingly, from (9.8) and (9.9) we prove that

(9.10) M(A) = A(c*ep) + (c¢p)[(kO-CX) iba(ko-?lfk) + (ko-k) p(ko-llﬁk)] +
+ (cop)[kop(koll‘.}\) - kOp(Ol)\) p(kol?Q - }\p(ko-lll‘}\) +

e Ap(0[n) p(x%-1]2)7 = p(k%-1) rosk®-1[n) - pk° p(Ca)

This function is considerably more complicated than ¢ given by (2.0) or
(9.3). In the following table we give a few numerical comparisons between
T and M(A). We see that for A not exceeding 10

Table 9.2: Numerical Comparison of ¢ and M(A) for
A= 5(5)30 and ¢¥ = 9, ¢ = .5 and o= 10,

A T M(A)
5 28, STUL8 28,0801
10. G, 92688 5l 14090
15 81. 70587 79.75215
20 107. 50767 105. 690582
25 133, 20885 131. 40262,

30 199.00808 150. 04519
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the approximation to M(A) given by ¢ is very good.  For values of A

greater than 10 the approximation is not as good, but the relative error
for A 2 20 is less than 2%. Since (9.3) is considerably simpler than (9.10)

it seems justifiable in many circumstances.
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