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PREFACE

This thesis represents the culmination of my graduate education

spread over more than twenty years . Since computer science , sans operating

systems, has only more recently become a recognized academic discipl i ne,

-it reflects my somewhat broader perspective . Certainly, my many

years of work experience at using various computers in numerous

estimation and control applications shoul d be apparent. In fact,

this thesis might best be cha racterized as an about-face on my part .

It represents the view that estimation and control techniques should

aid the computer in its function rather than the computer being just

an aid or tool in estimation and control applications . r .

This thesis cannot be regarded in any sense as a definitive

work in applying control-theoretic techniques to computer operating

systems. It trul y represents a very small first step. Neverthel ess,

it is hoped that much of the flavor , structure, and power of estimation

and control techniques in operating systems will remain revealed here

for some time and will motivate others who I am sure will fol low.

I am very grateful to numerous people — most of whom will go

unnamed — for their help, encouragement, and i ntellectual infl uence

over the many years and especially during the research reported on

in this dissertation. To all , my thanks.

Special thanks are first due to Professor John J. Donovan of

MIT who made me “see the light” and conver t to computer sc ience.
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SYNOPSIS

The first portion of this thesis Is devoted to an adequate

formulation wi thin modern control—theoretic concepts of the resource

management function of compu ter operating systems . Then a major

portion of the remainder of the thesis Is devoted to exploiting

estimating and control technique s for the management of the singl e

mos t impor tant resource , namely, memory .

After a review of the operating system literature in 1974, it

was determi ned that althoug h severa l authors had suggested the

app lication of control-theoretic techniques to operating systems ,

no one ha d g iven the p rob lem an adequate formula tion . This omission

was rectified In a pa per [ArG74~ which provided a state-space

formulation for operating systems and identifi ed the job scheduling

prob lem as an optimal control problem. Chapter 1 of thi s thesis

conta i ns a brief rev i ew of state-space and control-theoretic concepts

and the details of the problem formulation .

In li ght of the control-theoretic formulation , Cha pter 2 prov ides

a reasonably compl ete survey and review through 1976 of the rela ted

published literature . Specifi c areas addressed are the general

resource allocation problem , control-theoretic formulations , models of

program and system behavior , and optimization techniques .

An early consequence of the control-theoretic formulation and

subsequent literature survey was the recognition of the lack of

validated dynamical models of the behavior of an operating system

xix
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from a resource uti l ization viewpoint. Moreover , past measurements

upon operating systems had not been of the type required for

val idating the desired control-theoretic input-output system models.

The application of modern estimation and control-theoretic techniques

requires statistics of the second—order probability distribution

suc h as the correlation , covarlance , and power spectra l density

functions of the processes invol ved . Pas t measurements had been

guided primarily by queuelng type models and consequentl y were

directed toward first-order statistics such as means , variance , and

distributions of job arrivals , job delays , page reentry rate ,

working—set sIze , etc .

Realizing that a ful l set of measurements (for both fi rst- and

second-order statistics) for all resources of a complete operating

system would be a major undertaking, it was decided to limi t the

invest iga tion to a s i ngle resource — the memory component. Even

the acquisition of a limi ted amount of memory usage data was no small

accom plishment . It was realized in computer tapes containing the

complete add ress reference string of seven comp l ete (traced)

execution of five different operationa l programs .

Chapter 3 gives the details of the program measurement experiment

and the acquired trace tapes. Moreover, to provide a basis for later

comparison , extensive analysts of the trace tapes was performed .

Numerous first-order stat is t ics  are presented for the popular

least recently used (LRU) and working-set (WS) schemes of memory

management applied to the trace data . Our results contradict the

xx



Denning-Graham [DeG7S] view of compa rative performance of these two

popular al gorithms . The results also demonstrate the non-Gaussian

nature of the working-set size statistic.

The primary purpose for acquiring the trace data described in

Chapter 3 was to prov ide a basis from which second—order statistics

of memory usage could be estimated . As such , Chapter 4 is devoted

primari l y to the proper defi nition of the auto-covariance statistics

of program memory behavior and thei r subsequent estimation from the

empirical trace tapes . Two different perspectives of memory usage

emerges — one from an individual page usage basis and another from

a local ity (ensemble) basis. Correlation and covariance functions

from both perspectives are defi ned and shown to be reconcilable.

The proper definition of the autocovariance of program l ocalities

also required the introduction of the concept of a “mean locality ”

which has been found to be an important fi rst order statistic in its

own ri ght.

Chapter 5 presents the results of app l ying Prony ’s method to

fit analytic expressions to the empiri cal covariance function

estimates of Chapter 4. The prime conclusion being that the majority

of covariance functions are approximate d by a sum of two decaying

real exponentials.

Chapter 6 provides a control-theoretic solution of the memory

management function In the form of a predictor—controller decomposition .

Using the empirically derived model of program behavior , classical

optima l Wiener fi l ter theory is applied to derive a singl e predictor

xxi
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to be used uniformily across all pages of a given program. The

subsequent controller uses a threshold value upon the individual

(page) predicted value to control specifi c paging actions. A

simulated implementation (called OPTMEM) of the proposed predictor-

control l er was appl ied to the empirical trace tapes . The results

are compared to Denning ’s working—set scheme and are shown to be as

good as or better than Denning ’s scheme in all cases .

The material in Chapters 4-6 is new although some preliminary

results were reported in earlier papers (Arn75],[ArG76] .

Additional problems and di rection for future research are

add ressed briefl y In Chapter 7.

Appendix A presents derivations and additional results omi tted ~.I
.

from Chapter 1 on cost functions for operating systems .

Appendix B contains the complete set of first order statistics

estimated from the empirical trace tapes which was descri bed and

suma ri zed in Chapter 3.

xx ii
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C HA PTER 1

BACKGR OUND A ND PROBLEM FORMULATI ON

1.1 The Need for a Control-Theoretic Approach to Operating Systems

Computer operating systems can be viewed from several

perspectives. From a user ’ s viewpoint , they may be described in

terms of the services they provide. A second and very useful view

is that an operating system is first and foremost a manager of

the system ’ s resources such as memory , centra l processing units ,

channels, devices , etc .

Current theory permits the formulation of efficient queueing

models to represent the flow of work through the various servers

constituting the computer systim (viz. [Buz7l), [BuS74] and the

texts [CoD73] and [K1 e76]). Such models are capable of predicting

response time , utilization level s for processors , and through-put

sensitivity to processor speed .

Queueing models , however , have serious shortcomings in several

critical areas. First , their “state - space ” does not model the

l evels of util ization or the interdependencies for all of the

sys tem ’ s resources. Even the complex queue i ng network models

which treat the CPU and other  devices have a “sta te-space ” wh ich

reflects the number of jobs and their distribution amongst the

various queues of the network cannot simultaneously model the

memory resource requirements . Secondly, the “control l aws” for

queueing models — their so-called queueing discipl i nes — are not
. 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -.~~~~~~~~~~~~ . -~~.--- --.~~~
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functions of the demand parameters for system resources of the jobs

on the queue, but are rather characterizing properties of the queues

themsel ves.

The view of an operating system as a manager of system resources

is treated extensively in the recent text [MaD74J by Madnick and

Donovan wherein they devote a major chapter to each of the system ’s

resources. There the author’s approach is del i berately pragmatic

since there does not presently exist a unifyi ng theory for computer

resource management. In fact, the Madnick and Donovan overview of

an operati ng system is still a network queueing model expressed as

their process state transition diagram . Figure 1-1 presents such

a transition diagram which , however , this author chooses to call a

,job state transition diagram.
— — —

I-

,‘/
IC.. \( ~~~— — ~~~ /

/ 0.6L~“ 0 ~~~~~~ -,

—— —

FIGURE 1-1 Job State Transition Di agram
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The choice of “job” over “process ” is prompted by the follow i ng

consideration. Within current operating systems, the system ’s

resources are typically managed at two levels. The overall supervisor

— generally called the job scheduler — assigns eligibility for

system resources to a job. Once eligible , a group of secondary

schedulers and allocators control the assignment of the Individual

resources to the job. Since the job scheduler Is the major controller

of the utilization l evels of the system’s resources; it will be our

principle concern. The choice of jobs over processes thus emphasizes

our concern for the dominant level of resource management.

Figure 1-1 presents a job state transition diagram for a system

comparable to the MULTICS System [Org72~. The progress of any

specific job through the operating system is modeled by its transitions

between the various queueing states of the figure . The SUBMIT state

is for all submitted batch jobs and for those interacti ve users who

are trying to log onto the system. The remainIng states, except

TERMINATE , model various phases of the active jobs and users. More-

over , for the system to support multiprogramming on a paged virtual

memory without thrashing [Den68cl, one must further restrict the

active users to an eligible group as in the MULTICS System. At

any given time, only members of the eligible group are given the

physical resources of the system.

- .- ---- - - - . -.

~

-- ,- - - -

~
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With the state transition diagram as an overview , the operating

system itself is viewed as a col l ection of program modules which

control the various transitions a job will make in its progress

through the system. For example , the transitions of jobs from the

SUBMIT state to the HOLD state (Figure 1-1) will be control led by

the Load Scheduler; transitions from HOLD to READY by the Job

Scheduler in conjunction wi th the Memory Allocator ; from READY

to RUN by the Processor Scheduler ; from WAIT to ~tEADY by the Memory

Allocator ; etc. Most of the allocator or scheduler modules are

managers of a single resource.

For many current opera ti ng systems , the var ious all oca tors

and schedulers make no ass inptions as to the actual requirements

of any specific job. Wi th little a priori knowledge (possibly

user assigned priority and job class), scheduling is usually done

on some cyclic basis (round-robin) possibly within some priority

structure. Moreover , most systems make no assumpti ons or use of

the interac tions between the var ious resources or between the

various users in the multiprogramm i ng env ironment. The MULTICS

job scheduler is a good example wherein jobs are raised to the

eligible group on a cyclic basis from the top of a priority queue.

A given job’s position In the queue being determined from Its

initial priori ty and its recent past CPU utilization. A major

shortcoming of this type of scheduling Is that the scheduler

cannot balance the total active demands . Such schedulers , for

example , will sometimes introduce a job with high CPU demand Into

the eligible group which may already have a high degree of CPU demand.
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Motiva ted by modern control theory, it is felt tha t a solution

to the above problem is to provide a centralized resource manager for

the operating system which will have three prime characteristics.

First , at all times it will have a current estimate of the utilization

l evel for each of the system ’s resources being used by the group of

eligible processes — that is, an estimate of the current “state”

of the operating system. Secondly, the system will collec t and

update statistics on each job as to its “demand” made upon the

system ’s resources. Thirdly, the global resource manager will use

some system performance measure in its task to meet the goals of

the system’s designers. From a knowledge 0f the current state of

the system and a set of estimated demands associated with jobs in a

holding queue, It Is felt that an overall resource manager can do a

better job at maintaining a balanced use of the system ’s resources.

Moreover , the control of response time within the operating system

is not disconnected from resource utilization level s but becomes

an adjunct to the overall problem of spec ifyi ng a performance measure

(or cost function).

The goa l of this chapter is to give an adequa te formulation to

the resource management problem. State-space and control-theoretic

concepts are first briefly reviewed . Then a state-space representation

is given to an operating system. Finally, the job scheduling problem

is defined as an optima l control problem and analogies are drawn between

the two discipl ines. 

~~~~~~~~~~~~~~~ 
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1.2 State-Sp~ace and Control-Theoretic Concepts

In this  section, state-space and control theoretic concepts are

reviewed. For more details, the reader should consul t the follow ing

texts: [AtF66], [BrH69] , [Ast7OJ , [Kus7lJ , and [McG74J .

1.2.1 The Concept of State. The state of a system is that minimum

sufficient information required to predict the system’s future evo lution

on the basis of current and future i nputs. Past inputs are, in essence,

summarized by the current state of the system. Typically, the required

state information is expressed as a set of values taken on by variables

within thc system. The individual values are ordered and identi fied

as components of a vector, the so-called state-vector. Values of the

state vector being synonymous for the state of the system. The range

of values possibly taken on by the state as a function of time is

called the state-space for the system. A representative point x(t)

in the state—space corresponds to a given state of the system. As

the state of the system changes, the representative point x(t) will

describe some curve called a trajectory or motion (terms inspired

by dynamics) In the state-space (Figure 1-2). The state-space is also

referred to as phase-space and especially when it is two dimensional , it

is cal led the phase—plane.

Wh ich and how many of a system ’s internal var iables cons titute

the system’s state is a difficult question for complex systems. The

result is that one usually makes some subjective choice dictated by

the types and by the degree of detail of questions one poses about

the system’s behavior. If the system is subject to some conservation

L _ _ _ _  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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law , the state variables may reflect the partitioning of the conserved

resource. In physical systems which conserve energy , the state-vector

often express the distribution of energy amongst the system ’s components.

For computer operating systems, the utili zation levels for each system

resource are factors In meeting a total computational work-load .

X
3

K 2

FIGURE 1-2 State-Space Trajectory

1.2.2 System Dynamics. Having defined the state of a system, one
must next specify the 4ynamics of the system, i.e., a description

of how the system will evolve in time for a specific input. Given

the system’s state at time to and some Input u(t) over the closed

interval It0, t11 , one needs the system’s dynamics In order to
calcu late the system’s trajectory or evolution of states to a fina l

state of time t1. Much modern control theory treats dynamical systems

------—-—S.~~~a.a....~~.—..—---~- —— ”
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which are governed by differential equations such as

~( t )  = -
~~~~~

- x(t) = f(x(t), u(t), t). (1.1)

Here the state x(t) is a real n-vector valued function ; the control

u(t) is a real rn-vector for each t; and the essence of the system ’s

dynamics is contained in the real n—vector valued function ! of the

current state, control , and time . Solutions to the vector differential

equation (1.1) must satisfy the initial condition

x(t 0 ) = (1.2)

As for any differential equation , a l arge part of the theory is

devoted to the existence and uniqueness of the solutions and to the

qualitative and quantitative aspects of the solutions .

The difficulties associated with the general non-linear equation

( 1 .1) often forces one to cons ider li near izations or linear models

such as

~(t )  A (t )x (t )  + B(t)u(t) (1.3)

for the system’s dynamics. In equation (1.3), Aft) and 8(t) are,

respectively, an n by n and an m by m matrix—valued function. If these

matrix-valued functions are constant , the system is said to be time-

invariant; otherwise we say the system is time-varying.

1.2.3 Controllability and Control Constraints. A system such as

(1.1) or (1.3) is said to be completely controllable if for each 

fl~~. ~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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given initial value x0, one can find some control which will transfer

the system to any desired state in a finite l ength of time .

In many systems , control signals are usually obtained from

equipmen t which is subject to saturation or other constraints .

Mathematically, such constraints must be modeled by restricting the

control vector u(t) to some set U, ca l l ed  the admissible control set.

It follows that control restrictions will influence the controllability

of a system .

1.2.4 The Optimal Control Problem. Each admissible control function

u(t) results in a different system response. In order to select from

the admissible set that control u* which is “best” or “optimal” requires

the definition and use of some performance measure or objective function

(also called a cost function) . Objective or cost functions for complex

systems are often quite subjective in that one must usually counter-

balance conflicting subgoals (e.g., utilization v. response time).

For any given system objective functional J(u~x0~ , possibly

conditioned by the initial state x0, one can pose the following :

OPTIMAL CONTROL PROBLEM - Subject to the given

system dynamics , find that control u~ from among

the set of admissibl e controls U (i.e., u~ c U)

such that u* optimizes (maximizes) the objective

function J , i.e. ,

= Max. (1.4)

-~~~~~~~~~~~~ - - -
~~~~~~~
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When the performance measure is cost, the optima l contro l problem

is formulated as a minimization problem .

The opt ima l control problem has three principa l ingred ients -

(1) the system dynamics, (2) the set of admissible controls , and

(3) the objective or cost function. The reader should realize ,

however , that the above statement of the optimal control problem is

in some sense a minimal statement. Most practical control problems

have other ingredients such as an outpu t mapping and/or other

constraints on the system’s state and output LAtF66 I,LBrH6 9I .

1.2.5 Stochastic Control Theory. Stochastic control theory deals

with systems which are subjected to disturbances which are characteri zed

as stochastic processes. The noise or stochastic disturbances may

be (1) purely external and effect the system as the nomi nal i nput

or as additions to a deterministic input, (2) internal arising from

stochastic parameters or as self noise, or finally (3) as a

combination of both interna l and external noise. In spite of the

actual situation , mathematical models which have only the (properly

conditIoned ) additive input noise are quite adequate in modeling

all the above cases (Ast7O~.

As such , one can model the stochastic system by the following

eiuation

~~~(t )  = f ( x , t) + v( t )  (1.5)

where v(t) Is the disturbing noise process. For the above continuous

time model , howev er, as opposed to the corresponding discrete time

case , the process v(t) must be restricted in order to obtain valid
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models (see LAst7O) chap. 3 for details).

For stochastic systems, one cannot require the future evolution

of the system to be uniquely determined by the current state x(t).

A natura l extension of the concept of state of stochastic systems is ,

however , to require that the probability distributions of the state

variable x at future times be determined by the actual current va l ue

of the state. If one now recalls the definition of a Markov process

(B-R601, one requires that such stochastic system be described as

Markov processes.

For stochastic systems, one may also formulate optima l control

problems. The solution of such problems for either discrete or

continuous time systems relies heavily upon the concepts and

techniques of dynamic programming [How6OJ . For linea r systems

with quadratic performance criteria , the Separation Theorem [Ast7OJ

implies that the solution can be decomposed into two parts . The

first part is the estimation of the systems’s state, typically as

the output of a Kalman filter (Kal6O~ which prov ides the conditional

mean of the state subject to the observations made upon the system.

The other part is a linear feedback problem for the control as a

function of the estimated value of the state. The second part of

the problem being i ndependent of the disturbances . The separation

theorem thus provides a connection between optimal filtering theory

and the theory of optimal stochastic control . For every optimal

linear fi l ter problem there is a dual optimal control problem (KaB6II.

-

~ 

~~~~~~~~~~ - -- ., - -  .—. 
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1.2.6 Adaptive Control. In many real situations , the formulation

and solution of an optimal control problem is impossible or impractical.

The problem usually relates to the system’s dynamics which , for either

deterministic or stochastic systems, are often either (1) not completely

known, (2) time-va rying, (3) non-linear , or (4) both non-linear and

time varying. In these situations , the control engineer resorts

to techniques which have become known as adaptive control.

For our purposes, one can view the adaptive control problem

as having but one princ ipal ingredient - a performance cri terion

or measure. With the performance functiona l , one can employ

gradient or feasible direction techniques to determine a control

input which will improve the systems response. As such , one must

accept a sub-optima l solution but these again can often be quite

good. How good or how far from optima l is often an impossible

question to answer. One great advantage of adaptive solutions is

that they are implemented as “on-l ine” solutions and need not

anticipate future i nputs. Systems wi th on-line adaptive control

are also referred to as self-optimizing systems.

1.3 State-Space Concepts for an Operating Sy~tem

In this section, a state-space representation for a computer

operating system is developed . With the view of an operating

system as a manager of the system’s resources , the state of the

operating system should reflect the use of the resources. Specifically,

the utili za tion level s for eac h resource are used as the components

of the state-vector, ordered by decreas ing rela tive cos t of the resource.

L.~. . .  ~~~~~~~~~~ . - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - - ----~~~~~~~—~~~~~ ---~~~~~~~ - - - -~~~
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It wi l l  be helpful at this point to consider a simple example.

Let the computer system consist of but three resources, namely, a

memory , a CPU , and an I/O processor. At any instant of time ,

let x 1(t)  represent the fraction of the number of pages of memory

currently being utilized (referenced within the past ~t time interval)

divided by the total number of pages that physical memory can accommodate.

Let x2(t) and x3(t), respectively, represent the current percentage

of utilization for the CPU and the I/O processor in the past ~t interval.

The state of the system can then be described by the state-vector x(t)

formed from the components x 1 (t) in the usual fashion ,

x 1(t)

x (t)  = x2(t) . (1.6)

x 3 ( t )

The resulting state x(t) giving us a composite view at any instant

of the utilization levels of all of the system ’s resources.

One might argue that the system’s state-vector should reflect

the col l ection of jobs currently in the system ’s queue of ineligible

jobs but as we shall see in the next section , the view taken here is

that they represent the collection of possible i nputs to the job

scheduler of the operating system.

Most computer system resources are discrete and their utilization ‘

levels — our state variables - vary in a discontinuous fashion.

However, It is  often mathematically convenient to treat them all as

L ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
~~~~~~~~~~~~~~~~~~
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continuous and even differentiable variables . Additionally, when

treated as a stochastic system the individual resource utilization . 
-

l evels will be viewed as continuous random variables. Similar

type considerations occur In the diffusion approximation INew7ll

to queueing systems.

Briefly, what is required is a macroscopic view of the system.

To illustrate such a view , consider only the memory component.

If the memory component has the value x1(t) at time t, then a

short time later , t + ~t, the level of memory usage has probably

changed at most by one or two pages. One should not think of an

“Infinitesimal” memory change but rather think of memory changes

as being negligibly small compared with the current level of

memory usage. On a coarse scale of measurement , it has changed

only a small amount in a short period of time . This local behavior

is wel l recognized in computer science as the locality property

(CoD73I. Such local character - the value of a variable being

related to adjacent values - is the underlying origin of differential

equations . Hence, the property of l ocality also justifies the use

of differential models for the system ’s dynamics.

Finally, the one remaining property that one requires of the

state-variables is that they possess reliabl e and efficient

estima tors. Motivated by this requirement and yet maintaining a

dual perspective of either a discrete or continuous model , one can

make the fol lowing operationa l definition for system resource

utilization levels. For each resource, define its utilization
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l evel at time t as the average utilization duri ng some i nterval =
of length I preceding t. The choice of T is governed by the

same considerations as is the choice of the window size in Denning ’s

definition of a program ’s working set (and working set size)

~Den68b]., [DeS72]. Locality properties again justify the

existence of a suitable T and the corresponding estimator.

Estimation of resource utilization levels was addressed in a

very basic paper by Wulf [Wul69] in his consideration of a

performance monitor for a multi-programmi ng system. There the author

makes many of the arguments for a state-space formulation but fails

to give such. Even without an explicit concept of the state of

the system, he does introduce an estimator for the state of the

system. Wuif was al so close to formulating his probl em as ~‘n

optimization problem but admits the lack of a “meaningful explicit

obj ective function” which used his estima te of the system’s state.

1.4 The Resource Allocation Problem

Given our state-space formulation in terms of the utilization

level s of the system ’s resources , the management of resources

becomes equivalent to the problem of the control of the state

of the system, hopefully, in some optimal fashion .

Within current operating systems, the primary mode of

control of the utilization levels of the system’s resources i s

exerci sed by the job scheduler . Recal l that it controls the

transitions from the HOLD state to the READY state in Figure 1-1 

..~~~~~—.-..‘--~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - -
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and as such controls the transitions of jobs from the ineligible

group with no resources to the eligible groups — those receiving

resources. The composite utilization l evels of all eligible jobs con-

stitutes the current state of the operating system. If one is to control

the utilization level , one must certainly have control of the

entry of jobs into the eligible group. Control of only job

entry is one—sided ; more effective control of the system’s state

could be realized if the job scheduler were also capable of de-

schedul ing selected jobs so as to give it a two-sided control .

In either case, job scheduling is the primary control on utilization

levels. This does not, however , imply (or prevent) some of the

secondary sc hedulers in current operati ng systems such as the

processor sc heduler or memory a ll ocator from hav ing some effect

on the utilization level of their respective resource.

In order to get a “better ” or “optimal” allocation of

resources in an operating system, the job scheduling problem is

formulated as an optimal control probl em. From above , one can

visualize the state of the system as the combined utilizati ons

levels of the set of eligible jobs . From a deterministic viewpoint ,

one requires as a minimum the three components of an optimal f~
.

control problem.

1.4.1 ~ynamics for an Operating System. Under the general

heading of “system identification ” , there has been develo ped a

large col lection of techniques (e.g., [Lee64J , [SaM71J , and

[Eyk741) for fitting models to empi rica l observa tions (measurements ) 

-~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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made upon systems. Briefly, the system identification problem can

be stated as follows :

Given a class C of system models and some physical

system 5, the i dentification problem is to determi ne

that specific model in C which is equivalent to S.

The identification is to be accomplished through

the observations , often in the presence of noise ,

of the response of S to various probe functions.

The identification problem is also known in the control theory

literature as the “black box ” problem. The connotation being

that the system is equivalent to some unknown black box which

cannot be opened . The only insight that one can obtain of the

internal workings of the box is through experiments which probe

the box with various i nputs and which observe the resulting response.

System examples are the estimation of the system Green ’s function

(impulse response), frequency domain transfer function or coefficients

of a differential equation .

Turning specifical ly to operating system, one must first

select some general class of system models. The differential

equation models in state-space form provide a good fi rst choice over

other model classes because of their ability to yield recursive

algorithms which are computationally efficient in both time and space

[BuJ68). Differential models are also justified as observed in

Section 1.3 by the locality property . Finally, simplicity dictates

that one should first try to find an adequate model within the

~
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class of linear time-invariant model , e.g.,

~(t) = Ax(t) + Bu(t), (1.7)

rather than from the class of general non-linear models as

characterized by equation (1.1). One must still determine the

model ’s speci fic parameters conta ined as the coefficients in the

matrix A by some identification procedure. Initial ly, as a first

approximation , one may also choose to ignore the interaction between

resources and hence restrict the matrlcies A and B of (1.7) to be

diagonal. For either the general or restricted diagonal case,

one has a theoretical model which should govern the measurements

made upon the computer system.

To date, however , this author is unaware of any operating

system measurements which would be adequate for fitting and

validating of a model such as (1.7). The lack of such measurements

is the result of an alternative theoretical viewpoint which in

the past has domi nated the model i ng of computer systems. Rather

than viewing an operating system as a “system” which transforms

inputs I nto outputs (Figure 1-3a), the prevailing models view the

operating system as a stochastic “process ” . The operating system

exists wi th its offered load and its evolution In time is described

by a vector stochastic process which it generates (Figure 1-3b).

From an expanded view of the operating system as a process generator

(Figure 1-3c), one can see that the distinction between the two

views is whether one chooses to consider the offered-job-mi x as

interna l or external to the model. Queueing models - which have 

- :r. —- -. ~~- -~ 



- .~:.. .. 
- --

i.: ~~~~~~~~~~~~~~~~~~~~~~~~

1-19

~~

a) SYSTEM VIEWPOINT

O.S. 
____>

~~~~~

b) PROCESS VIEWPOI NT

I --‘ I

~~ :T::’:: !~c) EXPANDED VIEW OF b

FIGURE 1-3 Dynamical Views of an Operating System
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been dominant - by their very nature of specification (e.g., a

M/G/1 queue) include the i nput process as part of the model and

hence fall under our designation as a process model. Guided by

theoretical process type models , past measurements have not,

consequently, been of the type required for validating the input-

output system model we desire. What has been missing is explicit

system responses to specific input Job demands . Hopefully ,

future system measurements will be made to fill this void.

In the interim , however, alternative viewpoints can still

allow us to make some use of past measurements. To the control

engineer , the distinction between a process and a system is small.

A process is simply a system which when excited by white Gaussian

no i se will generate an output equivalent to the required process.

If the process has a rationa l power spectrum or one that can be

approximated by rational functions , it can be generated by the

linea r dynamics of (1.7) but wi th a white Gaussian noise excitation

v(t), i.e., as

~(t) = Ax(t) + v(t). (1.8)

The parameters of the required process are realized by the proper

selection of the coefficients wi th the A matrix.

As a specific example , it has been suggested ICoR72I that

an Ornsteln-Uhlenbeck process is a reasonabl e model for the

evolution of the memory state component x 1(t). To a control or

communications engineer , such a process is viewed as colored 

—-~~- .~~~~—-.-~~~
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Gaussian noise whose normalized auto-correlation function is given by

= exp — i~if } (1.9)

The required process can be genera ted by passing white Gaussian

noise through a low-pass filter {Syn69] which is realized as a

one dimensional version of (1.8); the coefficient matrix being a

single number, say c~, which is directly related to the single free

parameter of the process, namely ~ = -cs. As in Bryant [Bry75J,

past measurements of a workin g-set size can be used to first estimate

the correlation time (the coeffici.~nt ~ of the process x 1(t) .

Consequently, a differential dynami cal model for th~ evolution of

the system’s memory state component is given by

+ px 1(t )  = v(t) (1.10)

Another area where the distinction between a process and a

system viewpoint is somewhat reconcilable is in the area of

stochastic control. By the separation theorem [Ast7O] [BuJ68] [Kus7l]

[Gel74], the problem decomposes into two parts of which the first part

is an estimation of the system ’s state . The estimation of the system’s

state can take a process viewpoint. The second or feedback control

part can possibly neglect the system ’s dynamics or assume some

simpl e form. While the separation theorem Is only mathematicall y

justified under quadratic performance criteria , it provides some

~--~~ - -- —
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heuristic justifIcati on for estimation/contro l decomposition

under other critlera [Sch73]. Altern atively, one can go

all the way and approach the whole problem as a prediction

(filtering) problem wi th the assumption that subsequent control

will be obvious.

Finally, one can view an operating system as a free—running

most of the time and only occasionally subjected to controls at

the job scheduling epochs. Duri ng these free-running intervals ,

one again may use a process viewpoint for the evolution of the

system. One possibilit y Is to view the motion of the system state-

vector as a Brownian Motion wi th the state-vector being reset at

the job scheduling epochs.

There are other possible process and system type model s for

the dynamics of an operating system. The next chapter presents

a survey of model s for the various components of an operating

system. Some of the models given there may also be used to

describe the evolution or dynamics for more than one of the state

components (resources). The valid ity of model s for operating system

dynamics will have a major impact upon the determination of

proper estimators for the system’s state and subsequently upon

our ability to provide proper control to the system. In spite

of the Importance of such system models , there Is almost no

published literature on the problem.

1.4.2 Job Demands and the Offered-Job-Mix. Viewin g the operating

system controller as a job scheduler/de-scheduler , the only inputs

or controls are theactive Jobs in the system. Therefore, the set 

~——~-- - - - - - - - -~—-
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of achnissible controls Is the set of Jobs currently in the

system ’s queues containing all the active job s. If one takes

the more restricted (one-sided) view that jobs are only scheduled

(and not de-scheduled), then the admissible set would be the queue

of only the Ineligible jobs. In either case , however, one must

still equate each of the Individua l jobs in the acinissible set

to some control vector Uj. A natural choice is to let the vector 
4

u~ for each job have as many components as does the system ’s

state vector; the individua l values reflecting some estimated

measure of the demand that the J-th job will make upon the

correspo ndi ng sys tem’s resource. The con~osite vector of all

component resource demands of a given job will be referred to

as the demand-vector or even more briefly as the demand for the

given job. Having assigned a demand vector Uj  to each active job,

the equivalent of the admissible control set becomes the set —

of demand-vectors for the active jobs which for want of a better

name, we shall call the offered-job-mix.

In the earlier example of a three resource system, one can

view the demand for the j-th job as the vector,

u 1~(t)

u~(t) = u2 .(t) (1.11)

u 3~(t)

Recalling that the memory resource corresponds to the first

component, one can a l so v iew u1~(t) as some measure of the J-th 

— - VI . .. V_ ~ 
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j ob’ s working-set-size (Den68bl. The other two components describe

the job ’ s demand ~or the CPU and the I/ O processor , respectively.

As a practical matter , it is impossible to know the time-varying
demand for each job in the system . Wha t is required is a more
practical measure of demand . Moreover , such measures of job

demand should be capable of hav ing efficient estima tors { DeE7 1].

Several possibilities present themselves. First , one could remove the

time-dependence by taking some total measure such as the integral

of the demand over the duration of the job. In a similar vein , one

could also take time averages over the duration of the job.

Lastly, one might choose a demand vec tor whose components equal

the max imum value rea li zed by each corres pondi ng resource over

the duration of the job. In all cases , it can be shown that

simple ef~~cient estimators can be found which quantif ies the various

job demands as a by-product of the system ’s effort to continually

estimate its own state . Jobs first entering the system may have to

be given some mean demand-vector, but thereafter, as the job circulates

between the eligible and ineligibl e groups , the system should

improve (or refine) the estimate of each job’s demand .

Having designated the set of demand-vectors for the active

jobs as the offered-job-mix and equated it to the aciiiissible control

set of optimal control theory, this author will use the same - -

symbology and represent it as U or U~ — the subscript to remind

us that the set’s composition is time-varying . Whether one views the

individual demand vectors as time-varying , the mix is surely time-varying

L because of jobs entering and leaving the system . Analogous to stating

~~Ji _ _ _ _ _ _ _  ~~~~
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that a specific control is in the admissible set, one can speak of a

specific job demand being in the offered-job-mi x , i.e., u
~
cU
~
.

1.4.3. Cost Functions for an Operating System. Finding a measure

of operating system effectiveness , as with any complex system,

often involves value judgements. The measure itself can

be cost, efficiency , through-put, response-time , profit , etc.

Hav i ng selec ted some measure , one mus t also be ab le to ex press

its quantitative dependence upon the system state variables.

One approach for operating systems is to express the

system ’s cost as the -weighted sum of the individ ual resource

costs, each resource cost being a function of the utilization

l evel of its corresponding resource. With C1 (x1 ) being a

generic resource cost , one can write the tot~.1 system cost function

as 

C(s ) = a~C 1(x~) ( 1.12 )

where the weights cz1 refl ect the actual cost (rentals) of the

different resources.

For each of the normalized resource costs C~(x1 ), one can

use a weighted measure of efficiency vs. response time . By

assuming that for each resource, its utilization will result in

bi ll ing to the user wh i ch w i ll recover its cost for the operation
manager, one can see that each C1 (x) should contain a term of

the form (1-x). With no utilization (x=O), the operation may

pay the full cost, but wi th full utilization (x=1=100%), the

operation ’s cost is zero. However, as is well known from

- iT:~-_
~~

..
~ ~~~~~ ____ - ~~~~~~~~ L~~~~~L-~~~ ~~~ iii~



_ 

~
—--— -_—------- .

1-26

queueing theory, as the utilization levels go to 100X, the system

delays go to infinity. To counteract this behavior , one should

include in the cost functions a weighted second term which

reflects the delays or overhead which results from high level s of

resource utili zation.

The CPU resource provides a good example. Using a M/G/1

queueing model with a job mean service time of one time unit ,

the mean queueing delay is given by (see (CoD73~, eqs. (4.2.34)).

x(1 + C )~b(x) = 
2~(1 — 

(1.13)

where x is the utilization factor and Cv is the so called coefficient

of variation of the service time distribution. Using this result ,

one can represent the CPU cos t as

C~(x) = (1 - x) + 8~(x) (1.14)

or bet - ‘r, (wi th i=2)  as

x2(1 + C
2)

C2 (x 2) = (1 — x2) + 

~2k 2(1 - x;) 
(1.15)

where the fractional weight 
~2k reflects some subjective value

judgment between the cost of more hardware vs. having people wait

for their results . Figure 1-4 presents a parametric set of curves

of the CPU cos t vs. utilizat ion for

A .. L U

.
. L . r IL f l A[. . t t. ~ . I: A .Lr ffr . AL IL  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -.



_ _  _ _  --. .. ---
~~~~~~~~~~~~~~~~~~~~~~~~~~ -——~

- —-- -“-~~~~~~ --~~~
-- .

1-27
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FIGURE 1-4 Parametric CPU Costs vs. Utilization
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82k 
= 0.05k , k = 1, 2, . . . ,  10. (1.16)

The memory resource component can be treated differently.

One can model its utilization level as a one dimensional Brownian

motion and compute for any starting level , its mean time to exceeding L
physical memory. More specifically, by modeling the memory

utilization level as a Wiener process X(t) wi th drift ~i=O and variance

parameter a2, the mean first passage time t to an absorbing barrier

at x = b for such a process starting from X(0) = x0 and subject

to a reflecting barrier x = 0 is given by

b2 - x 2
T = 

~
2 (1.17)

Details of the complete derivation of equation (1.17) as

wel l as some motivation and justification for the Brownian motion

model are given in Appendix A. Using the reciprocal of the mean

time as a rate for how often physical memory is exceeded wi th

its subsequent overhead (or possible thrashing), one can model

memory cost by a function of the form

2
C1(x 1) = (1 — x1) + 81k 1 

° 

2 (1.18)
— xl

where 
~1k 

again requires a subjective choice.

Finally, combining a member from each of equations (1.14)

and (1.17) Into equation (1.11) wi th say memory cost twice those

~~~~ 
_  

_
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of a CPU (
~ 

= 2
~2
), one arrives at a system cost function whose

level cost contours are given in Figure 1-5. While the cost

function of Figure 1-5 is for but one choice of the subjective

pa rameters ~lk and L\2k, it is still typical of the general class of

such cost functions . Appendix A also contains additiona l parametric

sets of cost contours. One significant observation which can be

made from Figure 1-5 and which is generally true of other cost

contours of Appendix A , is that the cost surface at its minimum
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is quite flat , i.e., has a broad minimum . For later reference, one

should also note that about the desired operating point — the

minimum — . a quadratic function would yiel d a good approximation to

the System’s cost function.

1.5 Summary

This  chapter has given an optima l control-theoretic formulation

to the resource allocation problem for computer operating systems.

The problem formulation was originally motivated by noting that

the job scheduler has the primary mode of control upon the utilization

levels of the system’s resources. Once having a control problem ,

one should strive to accomplish it in an optimal fashion . That is ,

the applied controls should be the solution of an optima l control

problem which has three pr i ncipal ingredients , namely, the systems

dynamics , the set of admissible controls , and the objective (cost)

function. By identi fyi ng the operating system equivalents to each

of the Ingredients of the optima l control probl em, it has been

shown that the resource allocation (job scheduling) problem is

equivalent to an optimal control problem .

-— -~~~- -~~ ~~~~
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CH A PTER 2

SURVEY OF RELATED RESEARCH

2.1 General Resource Allocation Formulations

The problem of allocating resources has predated computer

operating systems by mony years. Consequently, it is natural

to first examine the applicability of allocation techniques

to the resources management function of operating systems.

As a first illustration of the general allocation techniques ,

consider the simp le one-dimensional prototype problem known as

the knapsack fDan57l or cargo-load ing IBeO62~ problem . Formally

stated , the knapsack problem is:

The Kn~psack PrOblem Given the positive

known integer W and the N-vectors v and w of

positive integer values v1 and w~, respectively,

find the N-vector x which maximize the

objective function

J(x) v
i
x
i 

(2.1)

subject the constraints :

x 1 0 and integer (or binary) , (2.2)

and

< %.~. ( 2 . 3 )

—- 
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In words, the problem is , given the weights w1 and values V 1 of

eachof N items, find that subset of the items that maximizes the

total value J and which satisfies a constraint on total weight

w.
While the one-dimensional allocation probl em has a simp le

and direct solution , it is wel l known [BeD62I that the multi-

dimensional allocation processes provide formidable and challenging

difficulties . Some multi-constraint integer programing problems

can be reduced to a single—constraint integer program for which

knapsack algorithms exist. The potential of the multidimensional

methods depends crucially upon ones ability to solve the general

single—constraint knapsack probl em which may have negative (cost)

values and bounded variables. The recent survey paper [SaK75J

by Salkin  and de Kluy ver provides a thorough treatment of the

knapsack problem . Therein , the authors note that a variety of

techniques have been developed in recent years for the solution

of knapsack problems . They have classified the solution methods

in four categories , namely:

I) dynamic programing [Be0621

ii) network approach [Hu69]

iii) integer programming methods including

branch-and-bound and other enumerative

algoritlins [Hu691 [LaW66I

iv) heuristic search and Lagrangian methods [Eve631

Some solution algorithm s have features of several categories and

some solution techniques are known to be equivalent to others .

_ _
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For example , Shapiro tSha68a I LSha68b I has shown that the knapsack

probl em is equivalent to the shortest route problem.

In the application of allocation processes to computer systems,

Denning in his thesis (Den68a I was the first to recognize the

applicability of the one-dimensiona l knapsack problem to the

memory allocation problem . Therein , he applied the well-known

so lution algorithm IDanS7 I to the problem of selecting some

“best” mix of jobs from queues of various size jobs subject to

some constraint of less than full memory utilization - his so—called

memory balance. Denn i ng then goes on to formulate the joint

allocation of the memory and the CPU resource as a two-dimensional

knapsack problem whose solution he left as an area of future

research.

In another thesis, Mahi JMah7O J extends Elenninq ’s multi-

dimensional knapsack formulation to provide a better time

synchronization between two jobs which are sharing the CPU resource .

Mahi also provides a heuristic algorithm which yields approximate

solutions of the multidimensional knapsack problem . His solution

met hod being best classified under category (iv) above.

Thesen [The73J has applied a branch-and-bound technique of

category (ill ) above to the problem of scheduling programs in a

multiprogramming environment. This approach , the author admits

IThe75I , l eads to excessive computer time and/or computer storage.

Consequently, Thesen IThe75l has published a recursive branch-and-

bound algorithm for the multidime nsiona l knapsack problem which

is more efficient and less demanding of more storage. Its merits

~
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for computer scheduling , however, has not been demonstrated.

In a parallel processi ng context, Lew E Lew75al first

formulates the static one—dimensional resource allocation problem

as a minimal—cost problem. He then transforms the posed discrete

optimization probl em into one of finding the shortest path In a

graph. Then, rather than applyi ng some of the network techniques

(category ii), he applies dynamic programming methods for solution .

It is not clear why he did not apply dynamic programming (category

i) directly to his original formulation . Lew went onto formulate

a time varying allocation problem as a sequence of static allocation

problem . The resulting optimal solution given by the dynamic

programming algorithm provides a computational burden far beyond

any practical application .

One final area of application of allocation processes is

in the pricing of computer services . It is well known (see

[BeD62J , p. 51) that when one uses the Lagrange multiplier

technique for allocations involving costs, the multipliers A 1
(or their negatives) have the significance of a pri ce. Kameda

EKam75] has proposed a scheme wherein such co-state variable

(so-called shadow prices) are used as implicit control parameters

to improve system load balance , rather than real prices charged

to users. Earlier proposals on the use of pricing mechanisms

to improve computer resource utilization can be found in Mahl

thesis [Mah7OI and papers by Nielsen [Nie681 (Nie7OI and Hamlet

EHam73I .

As a general assessment of classical allocation techniques ,

hII_ I~ - - -  — -  _ -  — -  - ---- _ - -_—---- -—.----- -__ --_ — —---— - - - --- -— —  -- —-- _ — . . - .
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one must admit that they are somewhat less than practical in

their application to computer systems. Denning (Den68a~ recogni zes

that even his static one-dimensiona l allocation of memory can

only be optima l over short intervals. Mahl [Mah7O] disavows

any claim to having solved the computer scheduling problem .

Thesen [The75) has noted the excessive computational requirements

for his application of the branch-and-bound algorithm. Lew

admi ts that the objectives of his paper [Lew75a) are theoretical

and pedagogic rather than practical. The implementation of

Kameda~scheme [Kam751 also appears to require excessive computations

(or storage) or el se suffer from numerical stabi l ity problems.

2.2 General Control -Theoretic Formulations

Clearly the performance of a fixed parameter resource

allocation algori thm degenerates as the system ’s workload deviates

from its set of assumed characteristics . Consequently, the

operating system in its management of jobs and resources should

st. ,ve to provide real-time estimation and control in order to

compensate for the non-stationary nature of the offered-job—mix

U~. The obvious solution — at least for this author — was to

view the computer system as any other system process requiring

control [Shi67J. However, a survey of the pertinent literature

in early 1974 failed to establish that computer operating systems

had been given an adequate control-theoretic formulation . Subsequently,

the state-space formulation presented in Chapter 1 was first

developed by the author and Gagliardi and first presented in [ArG74].



~ 

2-6

Earlier , Denning in his thesis [Den68a ] noted the lack of a

unified treatment of memory and processor scheduling . His approach

was to fi rst introduce numerous terms such as memory demand,

processor demand, system demand, demand space, balance , etc. His

actual demand point 0(t) in usage space U is effectively equivalent

to our state-vector x(t) in state-space. Tabl e 2-1 gives the

equivalent elements of Denning ’s formulation to ours . Denning ’~,

proposed so lu t i on  — his so-called ba l ance policy — was to

schedule jobs so as to minimize the componentwise distance between

0(t) (our x ( t ) )  and some desired demand point (a, ~).
While havin g many of the same elements as our approach ,

Denning ’s demand-balance theory falls short on two accounts . First ,

he does not associate any dynamics t~ the motion of his actual

demand point 0(t). Denning ’s static or quasi-static view thus led

to the knapsack problem formulation of the previous section .

Consequently, his approach is more appropriate for determining very

long-term or static equipment configurations [0en691 rather than

the real-time resource allocation in an operating system. Secondly,

Denning is not willing to interpret his usage-space (our state-space)

as a metric space. Our position is that the system state-space

can be metric-ized by the system cost function C(x). Denning ’s

desired demand p~oint (a, ~
) being the point z for which C(x)

is minimal . Denning ’s so-called “path effect” can be visualized

by a system performance measure which is given by the time-path-

integral of our C(x), i.e., 

~~~~~~~~~~~~~~~~~~~~ 
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DENNING CHAPTER 1

computation : C job: j
memory demand: mC(t) u1~(t)

processor demand: pd(t) u2~(t)

system demand : dc(t) demand vector: u~(t)

demand space: V offered-job-mix: U~
usage space: U system state—space

actual demand point: 0(t) system state—vector : x(t)

balance set: B eligibl e set

balance parameters: a, 8 -

- cost functional: C(x)

desired demand point: (a, 8) = Min{ C(~ )}

TABLE 2-1 Equ ivalence Between Denning ’s and Chapter 1 Terminology

- ~~--~~~~~~ _- _- - - - - - - -_ -  - - -_ -~~ ---~~ 
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z

p =f ’ C(x( t ) )  dt. (2.4)

Then barring any dynamics or control constraints , the optima l

trajectory for x(t) from an arbi trary operating point x0 to the

minimum point z is along the maximu m gradient path of C(x) and

not as Denning implies , I.e. , “first balance memory, then processor. ”

In light of the equicost contours of Figure 1-5, however, his heuristi-

cally proposed best path is certainly a practical first approxImation.
In a very basic paper, Wulf [Wul69] proposed that multi-

programming systems contain a “performance monitor” whose function

was to assess and , If possible, improve total system performance.

As noted in Chapter 1, Wulf made most of the arguments for a

state-space formulation , but f ailed to arti cul ate i t .  Even without

the explicit concept of the state of the system he did introduce

estimators for many of the state-vector ’s components . Lacking

a meaningful explicit objective function , Wuif also fails to

formulate his problem as an optimi zation problem . He does,

however, give particular attention to the dynami c problems of

tuning resource allocation policies and to adjustment of workload

mi x .

Wilkes [W1l71J presents a control-theoretic analysis and

synthesis of a “load leveller ” designed by R. Mills for CTSS which

provided automatic adjustment of the number of console users on the
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time-sharing system according to tota l load on the system.

Specifically, the control procedure consisted of two algorithms .

The first provided a prediction for the number of jobs that would

be necessary for insertion into the system in order to maintain the

desired l oad. The second algorithm controls the number of users so

that the number of jobs actually entering the system is on the average

equal to the predicted target number . Although of quite limited

scope, the load leveller is a good example of a super—imposed control

appl ied to a computer system.

A good part of Wilkes ’ paper is devoted to stability consider-

ations which for the limited problem considered may not have been

necessary for someone wi th a good background in predictive type

systems. His stability problems are, however, quite symptomatic

of complex multivariable multi-loo p feedback control sYstems

and \4Ilkes has elucidated a very real problem for future operating

system control practitioners.

In 1972, Ashany [Ash72J noted the failure of operating

system designers to avail themselves of the “tremendous potential

that a state—space approach can provide .” He also notes that a

very important step in the analysis and synthesis of a computer

system is the development of suitabl e model s of the given “plant. ”

Ashany , fails , however, to offer any explicit definition for the

state of an operating system. Moreover , without any j ustification,

he states that the behavior 0f a computer system can be described

conveniently by vector matrix difference equations . As an example ,

he offers without discussion the linear discrete-time equivalent

_ _ _ _
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of our equation (1.3), namely,

x(k + 1) = A(k )X(k )  + B(k)U(k). (2.5)

Ashany then goes on to devote the bulk of his paper to reviewing

some earlier computer literature from a state—space/control-

theoreti c perspecti ve.

Also In 1972, Rodriquez-Rosel l [R-R72 J noted that it was

suprising that the techniques developed in control theory had

not been systematically appl ied to the computer job scheduling

problem . He then proposes to formulate the scheduling problem as
a problem in process control. After decrying the lack of argreement

upon state-variables and the futility of trying to write the

system’s equations, he then proposes that the problem be recast

as one in adaptive control . Again , after noting the difficulties

involved -in choosing an objective function and a control vector,

Rodriquez-Rosel l goes on to review the tracking or state estimation

problem. In general , his paper suffers from a poor understanding

of estimation and control theory. Moreover, the author seems less

than convinced that a control-theoretic approach to job scheduling

would improve system performance.
Adaptive control theory has also prompted Blevins and Ramamoorthy

[B1R72J to propose their so-called Dynamically Adaptive ~~~~~
System (DAOS). In their view , DAOS Is functionally divided into

three separate processes of, namely, Identification , Decision ,

and Modification. The authors i ntroduce the terms descriptor
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and descriptor set rather than use state—variable and state—vector.

The purpose of the Identification process is to estimate or

model the system ’s descriptor set. The Decision step performs

status decisions and the Modification step changes system pol icy

to better optimize performance. Blevins and Ramanoorthy present

a very general formulation wi th quite arbitrary scope for the

system descriptor set. However the author ’s main thrust is to

provide real-time identification of random variable models for

CPU and I/O service times. Implementation considerations are

addressed in a series of simulation experiments directed toward L

the design of an adaptive CPU scheduler.

Wilkes [Wi l73 1 also notes in 1973 the lack of dynamical

model s for a computer operating system. He reiterates the stability

problem and notes that some knowledge of “plant dynamics ” must
I

be built into the control subsystem of any system (e.g., an

operating system) which has necessarily long delays . After

reviewi ng a long list of factors and associated policies which

effect an operating system, Wilkes i ndentifies various control

points within the system and relates them to the usual algori thms

of a queueing theory approach. He is quick to realize that one

pa r t i c ula r  control po int — the job scheduler from the ineligibl e

to e l ig i b l e  l i s t  — needs special attention in that it provides L
a ba,is for global control . His overall view that emerges is

that one should provide two l evels of control , namely, the global

job scheduler and various subordinate local controllers .

~
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Recent papers by Badel , et al [BGLLP74I [BGLP75J have emp loyed

adaptive control techniques to optimize the performance of virtual

memory and time-sharing systems. They take a closed queuelng

network model as their “pl ant” requiring control . Their performance

measure (criterion) was assumed to be a function of a single control

variable , namely, the degree of multiprogra mming. The author ’s

main objective being to maximize the utilization factor of the

various processors in the system with the desirable side—effect

of minimizing the user ’s response time . A series of simulation

experiments demonstrated the improvement of system perfo rmance

and the proper operation of the adaptive scheme to time—varying

loads.

Courtois [Cou751 has applied the “variable aggregation ” technique

and the concept of “nearly decomposabl e systems ”, both borrowed

from Econometrics , to the study of multiprogramming systems .

Variable aggregation is a technique used by economists to analyze

large complex systems of many interacting state-variables . The

basis of the technique is a recognition that most of the system’s

state-variables can be aggregated into a much smaller number of

groups. The variable interaction within groups being disconnected

from those in other groups and the overall system behavior is described

by only the Interactions among groups independent of the intra-group

interactions. Such systems were qualified as being completely

decomposable. When the inter-group interactions are weak compared

to the (intra—group) Interaction wi thin the Individual groups

L
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the system is said to be nearly completely decomposable.

For such nearly decomposable systems , Simon and Ando [SiA61]

showed that short-run dynamics can be distinqu i shed from long-run

dynam ics. Moreover, they showed that the strong interactions

within each subsystem (group) quickly produce (i.e., short-run)

a local equilibrium while the weak inter—subsystem interactions

make themselves fel t only in the long-ru n dynamics in which the

whole system, if stable , will move toward a global equilibrium .

Courtois also takes a closed queueing model for the computer

system upon which to apply his borrowed techniques . His contribution

has provided another perspective to the modeling of the dynamic

behavior of computer systems with an elucidation of the various

parts and parameters which effect the system ’s stability [Cou75]..

Gayer and Shedler [GaS71] improperly use the phrase “Control

Variable Methods ” in the title of their paper on the Monte Carlo

simulation of a closed queueing model . Another paper by Prabhu

[Pra74J titled , “Stochastic Control of Queuei ng Systems” would

appear to be applicable to computer systems. However, Prabhu ’s

concern is to choose an optimal stopping time to maximize profit —

hardly the goal of any future-looking computer operations manager.

_ _
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2.3 Models of ‘am and System Behavior

In a recent survey paper {DeG75J, Denning and Graham note

that there are two converg i ng streams of research Into the modeling

of computer system behavior. One stream comprises the modelin g and

analysis method s of queueIng theory, particularly as networks of

Interacting queues. The otner stream comprises the study of program

behavior and memory management algori thms. The authors also

imply that the eventual confl uence of these two converg ing streams

of research wi ll allow future system designers to confidently

predict system behavior.

Whether such a confluence can ever be achieved is doubtful .

As noted in Chapter ‘
, queueing models whose services times reflect

CPU usage cannot simultaneously model the memory or other resource

requirements. Models of program behav ior , on the other hand , are

primarily directed toward mode ling the demands made by a program

upon the system ’s memory resource. This author ’s doubts about a

unification of these two modeling disciplines stems from a

fundamental mismatch between their state-spaces . Queueing models

which treat the CPU and other processor resources have a state-space

which reflects the number of jobs and their distribution among - -

the various queues . Program behavior models such as Denning ’s working-set

- j 
.—-~~~~~~~~~~~~~~-~~~ --- --- - -  ____
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model [Den68bl wi th its associated memory demand require state-

va r i ab les which reflect utilization levels.

In keeping with our state-space formulation of Chapter 1,

it is fel t that the utilization levels for each system resource

are the proper set of state-variables which can l ead to a unified

model for system behavior. Consequently, this thesis will

emphasize the program behavior models to the near exclusion of

queueing-theoretic models.

One result of the control-theoretic formulation was the

recognition of the current lack of validated dynamical models

for the behavior of an operating system from a resource utilization

viewpoint. Moreover, past measurements upon operating systems

have not been of the type required for validating the desired

input-output system models. The lack of such measurements is

seen as a direct consequence of the domi nance of queueing models.

2.3.1 LocalIty and Memory Usage Models~ Experimental studies of

program behavior by Belady [Be166J , Liptay [Lip68J , Coffman and

Var ian [C0V68J , Hatfield [Hat721, Chu and Opderheck fChO72J ,

Spirn and Denning [SpD72I, Rodriquez-Rosel l [R-R73] , and Ol i ver

[01i74J, have repeatedly shown that for most practical programs ,

a program tends to favor a subset of its pages during any time

interval and that the membership of the set of favored pages tends

to change slowly. Attempts to formalize this empirical observed

behavior by Denning [Den68cl (Den7Ol j Den72l, Denning and Schwatrz
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[DeS72J , Coffman and Ryan [CoR72J , Denning , Spirn and Savage

E DSS72I , Spirn and Denning [ SpD72J , Shedler and Tung IShT72I ,

Madnick [Mad73J , and Denning and Graham [DeG751 , have been known

as the Princ iple of Localiti. The original discoverer of this

principle seems to have been lost but as Madnick observes [Mad73J , - 
-
~

“its definition has changed in time” . One might add , even by one

of its principle advocates (c.f., Denning [Den68cJ, (Den7Ol , [Den72]

and [DeG75J). In fact, an examination of all references on locality

will show that very few have precisely the same definition . Some

definitions are directed toward basic program behavior while others

address paged memory behavior.

With the numerous attempts to formalize the notion of locality ,

there has been likewise numerous attempts to provide models of

program behavior which provide a parameterised mechanism for

generating “program-like” memory reference strings. One reason

why the model ing of program behavior has found such increasing

interest Is because of the large expense of determining the empirical

reference strings by interpretive execution of sample programs .

The random reference model (RRM) LBel66l is a program behavior

model which assumes that each page is equally likely to be referenced

at any time. For a program consisting of N pages, the individual

page probabilities 
~k are given by

= , k = 1, 2, . ..  , N (2.6)

____________
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In thi s case, the time between successive reference to the same

page, call the inter-reference interval, Is geometrically distri buted .

While the RRM does not produce reference stri ngs which satisfy the

locality pri nciple , -it’ s prime interest is as a baseline from

which to compare other models which do exhibit the locality property.

A generalization of the RRM is the independent reference model

(IRM) wherein the page references r1, r2, ... ,  r~ ... are assumed

to be independent trials under some stationary probability distribution

{a1, a2, ..., a } and such that for all t > 1,N —

Prob. Ert = ki = ak. (2.7)

The inter-reference intervals are again geometrically distributed

and the average inter-reference interval for the k-th page is equal

to i/ak [C0D73I . Results of Sp4rn and Denning [SpD72] show that

the IRM is a poor approximation to observed program behavior.

The LRU-stack model (LRUM) whose rudiments were first proposed

by Shemer, et al . [ShS66][ShG69I has been studied by numerous authors,

especially by Mattson, et al. [MGST7OI , Oden, Shedler , and Tung

[OdS72J[ShT72] , and Denning, Spirn , and Savage [DSS72J[SpD72J .

A least recently used (LRLJ) stack is a vector s(t) whose i-th

component is the i-th most recently referenced page from the address

reference string up to time t, i.e., s1(t) = rt. The stack distance

d(t) is the position of rt in the prevtous stack s(t-1). The IRU-

stack model of program behavior is obtained by speci fying some

probability distributions for the stack distances. Shedler and
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Tung [ShT72] use a first order Markov chain model to subscribe a

probablistic structure to the distance strings d(1), d(2),...,

d(t) Denning, et al . [DSS72} in their so-called simple LRU

stack model (SIRUM ) restrict the probability structure of the distance

strings to be generated from independent trials from a stationary

distribution {B~}, i.e.,

Prob (d(t) = i] = s- i.  (2.8)

Experimental results [SpD72J show that even the SLRUM provides a

good approximation to a program ’s memory demands.

Denning ’s workinq-set model (WSM) [Den68b] is an extrinsic

model which attempts to define locality in terms of the observable

properties of the program ’s reference string rather than by some

interna l (intrinsic) generation scheme. A program ’s “working-set”

w (t , T) at time t Is defined to be the set of distinct pages

referenced among the last T references , and as such is a measure

of the programs locality at time t. In subsequent years, Denning ,

et al . [DSS72] formalized a general local ity model (GLM) defined

as the sequence

(L1, t
1

), (L2, t2), . ..,  (L1, t), ..., (2.9)

where L1 is the i—th locality and t is the holding time in L1.

As such, a semi-Markov process [How64] should provide a suitable

model for its underlying probabilistic structure .

-- ---

~
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Denning and his co-workers [DSS72I have also specialized the

general model to their so-called simple locality model (SIM) wherein

all localities L are assumed to be of the same size t and the

holding time distri bution for each locality be geometric with

mean holding time 1/X . At any given time t , the probability of

a referencing a page in the current locality is (1-A ) and the

probability of producing a page fault being A . The particular

interva l page or external locality referenced is described by two

different probability distributions , say ct(x) and B(y’I , respectively.

A fina l specialization to all uniform distributions (i.e., c&(x) =

B(y) = ~
) yields their ~~ y simpl e locality model (VSLM) .

Chu and Opderbeck E ChO721 provide another extri nsic model

for program behavior in their cons iderations of thei r page fault

frequency (PFF) policy of memory management. More recently, these

authors [OpC75~ have specified a renewal model (RM) for program

behavior wherei n the immediate reference densities of the individual

pages is likened to the age-specific failure rate of renewal theory

[Cox62J . When the immediate reference densities are specialized

to the memory-less exponential distributions , the RM yields a

continuous time equivalent to the IRM.

Lewis and Shedler [LeS73J have explored using stochastic point

processes (Lew721 as model s for the page exception (fault) process.

The authors conclude that both the Poisson and a renewal process

models should be rejected . Their best effort at modeling empirical

data is provided by a two-state semi.-Ma rkov model.
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.Finally, Denning and Kahn [DeK751 have very recently used a

semi-Markov chain to provide a macromodel for phase-transition behavior

which has been observed by Madison and Batson [MaR75] .

2.3.2 CPU Utilization Models. The characteri zation of demands

made upon the CPU and other processor resources of a mul tiprogrammed

system fall into two general categories. The first category —

called the job shop models — characterizes the workload of jobs

and sub—tasks as a set of triplets (1 , j , k) denoti ng the fact

that processor k must be used to perform operation j upon job i;
each individual processing operation having a determistically specified

processing time and possible sequencing constraints . Such models

and their associated scheduling problems are treated in Chapter 3

of the text by Coffman and Denning [C0D73J . The lack of ~ priori

i nformation on job and subtask processing times coupled with the

scarcity of real-time computationally feasible solution techniques

for these models -prevents much real interest in  them for operating

system appl ications .

The second characterization of CPU demands is as the service

time distribution of various queueing models. The usual assumption

of exponential service times has proven to be a crude but not

unacceptable approximation to observed service times. Walter

and Wallace [WaW67 J indicate that a more precise fit to empirical

data can be obtained by assuming that service times are hyperexponentially

distributed . As noted above , Blevins and Ramamoorthy [B1R72J devote

considerable effort to the model ing and estimation of resource

service times.

- .
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2.3.3 Device Utiliziation Model s. Often , the major factor which

determi nes overall performance in a multiprograi~ining system is the

rate at which information can be transferred between main memory

and auxi l iary storage devices. Since rotating disks and drums

have been used for auxiliary storage on most past and current

systems , they have received considerable attention in the literature .

Consequently, our interest w i l l  also be limi ted to such devices.

Because drums (and fixed-head disks) require only the angular

position to describe their physical configuration , they are

i ntrinsically simpler than the large moving—head disks which

require both the angular position and the position of the heads.

Evidently, the analysis and properties of dr an operations constitutes

a subset of those for disk operations.

Treating the more general disk operation , there are three r
principal components , exclusive of queueing delays , of the time

required to complete a transfer between auxiliary and main storage ,

namely: 1) the seek or head positioning time, 2) the rotational

latency, and 3) the actual transfer time . Moreover , since all

transfers between aux i l iary devices and main memory are block tranfers,

one must use buffers. Requiri ng buffers, the system usuall y requires

that they be shared (pooled) and thus disk operations have a definite

queueing aspect to their behavior . Consequently, disk operations

have been characterized almost exclus ively by queueing models.

Specifically, the use of a tandom queueing model provides for

the factorization of the total service time into its components

of seek, latency, and transfer times. Chapter 5 of the text
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[CoD73] Coffman and Denning provides a good survey of queueing-

theoretic analysis of such auxiliary storage devices.

This author is unaware of any specific work which has

estimated or attempted to validate model s of the demand process

made upon the disk or drum resource.

The interaction between both the CPU and the auxiliary

devices can be treated by the queueing network models of Buzen

[Buz7l].

2.3.4 Parameters and Statistics of Program Behaviors While the

above program behavior model s require many and varied types of

parameters to complete their descripti on, only the page-fault-

rate, lifetime , and working-set size statistics have received much

attention in the literature. For later purposes, these three

statistics are briefly reviewed below . Additional details

may be found in the papers by Denning et al . [DeG75J[DeK75I .

2.3.4.1 Page—Fault-Rate Function. Denoted by f~(x)~ the page-fault-

rate function gives the expected number of page faults generated

per unit of virtual time when a given program reference string

is processed by a memory management policy P which is subject to

a main memory space constraint of x. For fixed memory space

allocation schemes such as LRU , the space constraint x is interpreted

to be rigid wi th the resident set size always less than or equal

to x , In the case of variabl e space allocation as in a working-set

policy, the parameter x is i nterpreted as the mean resident (worki ng)

set size.

_ _ _ _ _ _ _ _ _ _ _ _  --_-~ _ _
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Figure 2-1 taken from Denning and Graham paper [DeG75] shows

the expected behavior of a page—faul t-rate function under a IRU

policy . Computationally efficient methods for determining fault-

rate function exists and are treated below in conjunction with their

memory management policy.

pOgss/tims

I

f(LRU x)

K 

~~x spac.
N

FIGURE 2-1 Typical LRU Fault-Rate Function

2.3.4.2 Lifetime Function Another measure of paged memory

behavior is the lifetime function L(x) which gives the mean

virtual time between page faul ts produced by a given policy and

memory space constraint x. Specifically, it is simply defined as 
_ -

the Inverse of the page-fault rate function f(x), i.e.,

1L(x) - f(~J (2.10) 

__ - . —- - --- _ —_ -—---—- -————----— -—----—----——.-—-- - ---~ -—~~~~~———-.—-.—---————~~~~—--— ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ --~ .‘— _..~~~~ ..~~~~L. - ~~~~
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The expected behavior of the lifetime function is characterized in

Figure 2-2 taken from Denning and Kahn [DeK7SI . It should be

observed that lifetime curves are expected to have the same properties

as the utility curves of Bellman and Dreyfus [BeD62].

Vir-
tual
Time

(H /M) L(x)

• I

, S
I I

• $
$ S

1 Mean
-t I ~~~~~~~~~~~~~~~~ ~~~ Space0 x1 x2

(in)

FIGURE 2-2 A Lifetime Curve

2.3.4.3 Working-Set Size. For a wi ndow size parameter T, a

program ’s working-set W(t, T) — the col lection of pages referenced

during the preceding T references — has one princ ipal statistic ,

namely it’ s s i ze. Deno ted by w ( t, T), it represents the number

of distinct pages which were referenced during the preceding

interval of duration ‘F. The mean , var iance , and probability density

func tion for w( t, T) are , consquently, of great interest in modeling

a program’s behavior. Empirical examples of w(t, T) and its

related statistics are given in a recent paper by Bryant [8ry75).
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2.4 Optimization Techniques and Applications

2.4.1 General Computer Resources. With the general lack of

comprehensive dynamical models for computer operating systems,

one should not be surprised at the complete absence of any

literature on the dynamic optin;ization of the global performance

of such systems. Even wi th simplifying assumptions , there are

still no models which explain the compl icated dependence of

CPU productivity in a multiprogrammed environment to the selected

memory management algoritPi~i. Most efforts to improve system

performance have made the implicit assumption that the higher

utilization of main memory and the lower expenditure of time

on the exchange operation between main memory and some backin g-

store, the higher will be CPU productivity and job through-put.

Consequently, as a first approximation , the improvement of the

various sequencing and allocation policies have been estimated

separately yielding a piecemeal approach to dynamic optimization

of computer system performance. Some of these isolated (local)

improvement or optimization attempts are discussed below.

One shoul d no t i nfer , however , that the separated optimization

schemes have been unimportant. Much to the contrary , there have

been two areas which have led to sizeable improvements of system

performance. The first area is the identification and removal

of system bottlenecks by the analysis of queueing network model s

by Buzen [Buz7la]. The second area is the control of the degree

of multiprogramming which , as observed by Wilkes [Wil731, provides

—-
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the best basis for global control . In this direction , the best

efforts have been by Gelenbe and his co-workers [GPBL73] at H

IRIA in France. Specifically, in Badel , et al . [BGLP75] , they

provide an adaptive scheme to maximize processor utilization

wi th the degree of multiprogramming as the single control variable.

The computational complexity of the solution techniques for

the multidimensional allocation processes of Section 2.1 also

precludes their application to the dynamic control of all system

resources. At best, they are appl i cable to static problem s such

as file allocation or to those resources which have sizeable time

constants suc h as a moving—head disk (see Section 2.4.4 below).

The techniques of the optimal allocation of resources has also been

effectively applied to the probl ems of system configuration

[Den69J which certainly impact the design of an operating system .

W h i l e  such considerations are beyond the scope of this dissertation ,

the recent paper by Mahmoud and Riordon [MaR 76] nice ly demonstrates

the computational requ i rements for the optimal allocation of but

two resources (files and channel capacity ) in a distributed

computer network. Namely, a computational burden — even for

deterministic parameters — far in excess of any conceivable operating

system overhea d .

2.4.2 Memory Allocation and Paging Algorithms. In one of the earliest

papers on virtual memory systems, Belady [Bel66] describes an optimal

page replacement algorithm called MIN . MIN selects for replacement that

page which will not be referenced for the longest time in the future.

For a fixed number of main memory page frames, MIN causes the fewest 
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possible number of page faults for an executing program. While MIN

is unrealizable — it requires knowledge of the future portion of a

page trace — it has provided a valuable benchmark for the comparison

of other realizable page replacement algorithms . Belady ’s early paper

also considers a random replacement scheme, called RAND , which is the

natural counterpart of the random reference model (RRM) of program

behavior . RAND too has also been valuable as a benchmark at the other

extreme from MIN, (i.e., no knowledge vs. complete future knowl edge).

In the ten years since Belady ’s paper fBel66J, a multitude of

paging algorithms have been proposed and studied . Since there already

exists many excel l ent survey papers on Memory Management I~y

Mattson , et al. [MGST7O] , Denning [Den7O] , Parme lee, et al. [PPTH72],

Aven , et al. [AKK72] and Denning and Graham [DeG75~, any attempted

survey here would be quite redundant. However , for later reference

and comparisons , several of the more popular algorithms are

discussed below.

Fortunately, for our purposes wi th a view toward optimal

schemes, the past algorithms which are of interest can be discussed

in a unified way on two accounts . First , they are all demand paging

algorithms . Aho , Denning and Iiilman [ADU71] have shown that demand

paging is optima l if the cost C(k) of bringing in k pages simultaneously

is not less than the cost of bringing them in individua lly (i.e.,

if C(k) > k). While some computer hardware would support the case

when C(k) < k, reasonable algorithm s for the management of secondary

S .  
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memory preclude any such cost savings. Consequently, the case

C(k) = k is reasonable and the restriction of future considerations

to demand paging algorithms Is quite realistic.

Secondly, past paging algorithm s of interest can all be

derived from an informal “Principle of Optimality ” . For any

epoch t of time, define t 1 ( t )  to be duration of the time interval

from t until the next reference to the i-th page . Then the

informa l pri nciple is expressed as follows :

Principl e of Optimality [Den7O] Upon a page

fault , replace that page j for which -r~(t) is maximum .

If the future is not precisely known , then replace

that page j for which the conditional expectation ,

E [-r~(t) 1r0, r1, ... ,

is maximim al .

If the future of the page reference string {rt} is known ,

application of the optimality principle yields Belady ’s physically

unrealizable MIN algorithm.

To obtain physically realizabl e algori thms from the pr i nciple,

it Is necessary to make assumptions about the probability distributions

of the reference string or the quantities r 1 (t) which allow

conditional expectations E [T~~( t )  1r0, r1, ... , rtj to be computed .

cr  e*aiv~le, the FIFO (fi’~st— i n—first-out) algorithm results from

i’ assumç.~tion that the i nter—reference interval for all pages is

4nd uniformly distributed . Using the backward interval t-t~
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where t < t is the moment of time at which the i-th page was last

referenced as an estima te for the forwa rd reference i nterv al t
1
(t)

yields the popular LRU (least—recently—used) algori thm discussed

below. Using a locality model which provides a slowly time-varying

ranking of the individual page reference probab ilities , say

a
~
(-t ) < a~(t). Denni ng’s [Den7O} working—set (WS) principle also

follows (heuristically) from the optimality principl e by the

correspondingly induced rankings of the expectations , i.e., from

E[i 1( t) ]  < E [T~ ( t )] .

Despite its wide acceptance and intutitive appeal , the Principle I
of Opt ima l i ty  is known not to hold for arbitrary assumptions about

the probabilistic structure of reference strings [ADU71] . While

the informal pri nciple is not always optimal , experience and

experimental evidence suggest that the principle is a very good

heuristic for reasonable assumptions about program behavior. F-
Motivated by the informal principle cf optimality , Aho ,

Denning, and Iiilman provided the first basic paper [ADU71J to

formalize certain aspects of the memory allocation problem.

Specifically, they develop formal definitions for a paging

algori thm as a stochastic finite—state sequential machine. A

cost functi on depending upon the paging algorithm , the memory

state, and the program reference string is also formally defined.

Finally, for an ~-th order Markov process model for the generation

of a program reference str ing , the authors identify the optimal

page replacement algori thm as the solution of a multi—stage 

- - - - --—--  rn-- u t r c :. v:~v~~~~
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Markovian decision process. Only for zero-th order Markov generation

model s where the author is able to solve by dynamic programming

for the optima l algorithm , denoted A0. When specialized to the

independent reference model (IR M ) above , A0 reduces to the rule

“in a fixed memory allocation of m page frames, alwa ys keep the

(rn-i) pages of highest individual page reference probabilitie s ak”.

For more complicated models of program behavior , the strict formalism

of Aho-Denning-Ullma n has been to compl ex to yield corresponding

optimal algorithms .

Using a different cost function and a variation (ergodic)

on the Markov generation model , Kogan [Kog73] was the first to

recognize the applicability of Howard ’s “Policy- Iteration” method

[How6OJ as a general solution technique to the multi-stage

Markovian decision process of the Aho -benning—Ullm an formalization .

Kogan ’s app roach also prov ides a l ower boun d on the performance

of suboptima l replacement algorithms .

Ingargiola and Korsh [InK74} modify the Mealy type stochastic

machine model of [ADU71} to one of Moore type (for a compari son of

Mealy vs. Moore type machines , see [Paz7iJ). The distinction

in machine models is of l i t t l e  importance because of the behavioral

equivalence of the two. Ingargiola and Korsh also employ the

“policy-i teration” of Howard as a solution technique.

Neither Kogan [Kog73J or Ingargiola and Korsh [InK74] present

any specific application of the policy—iteration method to finding

new replacement algori thms. Neither is it clear that a resulting

optimal policy would be practical to implement. Additional 

--— --~~~~ -~~~~~~~~~~-. -~~ --- _———~~~~~~~ —- ~~~~~~~~~~~~~~~~~~
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discussions of an optima l replacement algorithms is given in the

recent papers by Boguslavskii and Kogan [B0K74I , Aven and Kogan

[AvK75] , and Lew [Lew75bJ [Lew7ScJ.

2.4.2.1 The LRU Al gorithm. The least-recently-used (LRU) algorithm

replaces that page which has not been referenced for the longest

time. As noted above, the motivation for this algorithm results

from using the observed current backward page reference interval

lengths as estimates for the forward (future) reference intervals.

Experience has shown that the performance of this a~gori thm is

generally quite good (most robust) over the widest class of page

reference strings [Bel66] [Oli74].

Unfortunately, LRU is expensive to implement since it requires

the maintenance of a dynamic list (the LRU stack) which arranges

the referenced pages from top to bottom by decreasing recency of

reference. For each memory reference, the corresponding page entry

moves to the top of the stack and those entries which were above

it are pushed down one position.

Tie position at which the referenced page is found in the LRU

stack before being promoted to the top is called the stack distance.

For a given memory allocation of x page frames, a page fault occurs

at a given reference if and only If the stack distance of the

reference exceeds x. These ideas form the basis of an efficient

procedure for computing the fault-rate function fLRu (x) by

counting stack distances in a reference string . Specific details

for the estimation of LRU fault-rate functions are given in 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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Mattson , et al. EMGST7O] or Denning and Graham [De675]. The

LRU algorithm is in fact the archetype example of a large class

of “stack algori thms” which enjoy various properties such as

fault-rate functions which are monotone nonincreasing for every

reference string, and which may be computed by a highly efficient

procedure.

2.4.2.2 The Working-Set Algori thm. For a parameter T known as

the window size, the working set W(t, T) of a program at v irtual

time t is the col lection of distinct pages referenced by the

program in the previous T references . Under a pure working-set

memory pol icy (WS ) , a program s working-set is always kept in main

memory. New pages are brought into main memory on demand . Any

pages which have not been referenced during the previous T references

can be replaced . The rate at which new pages enter the working

set, the so-called mi ssing-page rate m(T), is equivalent to the page-

fault rate. Denoting the mean working-set size by ~(T), the

working-set fault-rate function given parametrically be setting

= m(T) (2.11)

for I = 0, 1, 2 , ... yields a direct relation between paging rate

and the average space allocation.

Denning and Graham [DeG75J provtde algori thms for computing

all the functions m(T), ~(T), and f~5
(x). Their computational

procedure for the mi ssing page rate function rn(T), however , requires

_ 
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a set of counter to record the occurrences of backward distances

to the last prior reference of the currently referenced page. For

long reference stri ngs (several million references) the implemen tation

of a separa te coun ter for every poss ib le bac kward di stance is

computationally prohibitive. While Denning and Graham do not

speak to this problem , the only obvious solution is to provide some

cruder quantization of the possible values of backward distances .

S ince many success i ve page references are to the same or very

recen tly re ferenced pages , a uniform quantization of possible

distance values would wash-out this short—term behavior . For

computati ons of some empirical results presented later in this

thesis, we have chosen to quantize the possible backward distance

values into a set of values which are uniformily spaced on a

log-base-two scale. Our motivation being a desire to preserve both

the short term and the long-term structure of any program page

trace. The non-uniform quantization in distance does, however,

require modification of Denning and Graham recursion formula

for calculating the mean working-set size . We have used a

straight forward numerical integration scheme to derive ~(T)

from m(T).

Rodriquez-Rose ll and Dupuy [R-RD73] have addressed the design ,

implementation,and evaluation of the working-set algori thm in an

operating system environment. The optimal choice for one of

the design parameters — the window size I — has been considered

• by Henderson and Rodriquez-Rosel l [HR-R741.

_
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2.4.2 CPU Scheduling Al gorithms. The idea l objective of all

scheduling in a computer system is to minimi ze both the total

cost of computer services and the users waiting time . In practice ,

these two conflictive goals have often been approached separately.

The classical batch-processing system is an example which minimizes

service cost with a total neglect of user response time . On the

other hand , a good interactive time—sharing system responds instantly

to users at considerable inefficiencies of system hardware and

their costs. In terms of CPU scheduling , this dicotomy of overall

system goals has prompted the application of two general basic

classes of schedul i ng disciplines .

In batch-processing systems, task and CPU schedulers strive

for efficient utilization of computerresources in order to reduce

serv ice costs. For such systems , the deterministic scheduling

problem and their associated algorithms are treated in Chapter 3

of the Coffman-Denning text [CoD73I. In interactive systems, the

performance criteria becomes the users average waiting time and

the scheduling disciplines for the stochastic queueing models are

appropriate. These too are wel l treated by Coffman and Denning

(as Chapter 4). Very recently, there has been published two

whole texts primarily devoted to computer scheduling problems .

The first by Coffman [Cof761 emphasizes the deterministic or

job-shop like schedul i ng . Kleinrock’s second volume [K1e761 is

devoted to the stochastic queueing models.

_ _ _ _ _ _ _ _ _ _ _  
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Mos t modern opera ti ng systems are , however , neither purely

batch nor purely interactive , but rather provide some mix of both

types of service. The selection of task and CPU scheduling should

thus idealy reflect some compromise between the two classes of users

and their respective type of scheduling discipline. Unfortunately,

no unifying theory exists for designing (sans optimizing ) such

schedulers . Al so, as noted above , since deterministic scheduling

algori thms requires prior knowledge of job demands plus considerable

computational compl exi ty, they have not been appropriate for

scheduling the CPU (or other fast response devices). Consequently,

most operating system CPU schedulers are currently designed and

analyzed from a queueing theoretic basis.

The queueing models for large multiprogranned systems have ,

however, address the fact that the system must serve several types

of users. With an overall strategy which attempts to favor users

having a short CPU processing requirement, most CPU schedulers

use some form of time division multiplexing of the CPU between

user jobs. Thus, in turn, the scheduler allocates the CPU to a

user for at most q consecutive units of time (q is usually ca l l ed

the quantum). Each time a user ’s quantum term i nates , the j,b is

returned to some queue if its total processing requirement has not

been completed. The optimization of one of the design parameters

of such so-called feedback schedulers , namely the quantum size q,

has rece ived some attention . Rasch [Ras7O l has considered the

determi nation of the optimum quantum length for a round-robin

L. ~~~~~~~~~ ~~ . ~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~ - 
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scheduled queue. Very recently, Potier , et al. [PG176] have

considered the improvement of user waiting time by adaptively varying

the CPU processing quantum as a function of job traffic conditions.

2.2.4 Device Scheduling Algorithms. Since the use of disks and

drums implies queueing processes , their associated schedulers have

often used the same types of scheduling policies as has been used for

the CPU. Especially for drums, the first-come-first-served (FCFS )

and the shortest-access-time-firs t (SATF ) service policies correspond

to the FIFO and shortest-processing-time-first (SPIF ) rules for

CPU scheduling , respectively.

Disks, on the other hand , have an additional component —

the seek time — to their total service time. Consequently, for

disks, one frequently studied problem concerns the scheduling of

transfer requests in a way that reduces disk head movement. Again ,

the simplest policy is to service all requests on a FCFS basis

with no consideration of the resulting head movement. A second

policy , termed shortest-seek-time-firs t (SSTF) by Denning [Den67],

corresponds to the SATF pol icy in drums in that the heads are

moved as littl e as possibl e on each seek. This is essentially a

step-by—step or l ocal minimi zation process. Frank [F~a6~J considers

the global minimization problem of finding the seek pattern which

min im izes the total amoun t of seek time (MIST ) necessary to serv ice

all requests present in the disk queue at a given time .

During periods of heavy load , both the SSTF and MIST minimi zation

policies have the potential disadvantage of creating excessively

long delays for certain requests. This is because minimizing head

- .*~~_
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movements tends to keep the heads in a particular region for a long

period of time. Newly arriving requests directed towards this

region will receive good service since they will requ i re

comparatively short seeks. However, requests directed towards more

distant regions will continue to wait since it would be sub-optima l

to move the heads a large distance to serve these requests and

then to move the heads all the way back to serve the newly arrived

requests.

To avoid the possibility of these excessive delays , Denn i ng

[Den67] has proposed a head movement policy called SCAN in which

the heads continually sweep back and forth across the disk , servicing

requests for each cyl inder they pass but never changing direction

until the end of the sweep. Denning compares this policy with

FCFS and SSTF and concludes that SCAN is the most desirable even

though SSTF is more efficient.

Ful l e r  [Fu l 72] considers the problem of optimally scheduling

a set ofNdrum requests so as to minimize -total-processing-time (MTPT).

- He recognizes the problem to be a special case of the traveling

salesman probl em of deterministic scheduling theory. Fuller

goes on to develop a solution algorithm which has the attractive

property of exhibiting a computationa l complexity on the order of

N log (N). Similar type al gori thms should be even more appropriate

for the longer service time disk devices.

Additiona l details and references for both disk and drum

scheduling can be found in Chapter 5 of the Coffman-Denning text

[CoD73] and the recent monograph [Ful75] by Fuller.

-- -~~~~~~~~~~~ -•--~~~~- - -  
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One final area of system optimization related to secondary 
• 

-

memo ry devices such as disk and drums is that of file allocation.

By organizing one ’s data so that the most frequently referenced

records are on the middle cyl inders, disk seek times will be

reduced since the heads will never have to move more than half

of a seek distance to reach such records. The possible effects

of such a policy on performance has been considered by Abate ,

et al. [ADW68] and Frank [Fra69].

- More formally, Buzen [Buz73] considered the probl em of

file allocation amongst drums of various access times. Such
• placement or balancing of I/O requests allowed him to minimize

total mean response time. Likewise , Chen [Che73] considered

optima l file allocation in multi -level storage systems for

several performance measures including minimal response time

and minimal storage costs.

L ________ ______ 
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CHAPTER 3

FIRST ORDER STATISTICS OF PROGRAM BEHAVIOR

3.1 Shortcomings of Current Empirical Research

While there is a wealth of both program behavior models and

memory management algorithm s, there is a dearth of published results

comparing the various models and algorithms on emp irical data .

Early papers by Belady , Coffman and Var ian , and Hatfield were

primarily concerned with the effects of varying page size. Belady

[Bel66] compares the efficiency as a function of page size of six

different (but not LRU) algorithms against his non-realizable optimal

MIN algorithm . Coffman and Varian [C0V68] compare the LRU algorithm

to Belady ’ s MIN algorithm using a normalized page-fault ratio as a

measure of performance. Hatfield [Hat72] uses page-fault counts

for the FIFO , LRU , and “Used-bit” algorithms in his consideration of

page size. None of these studies were conclusive as to which algorithm

performed best on empirical page traces.

Denning, Spirn , and Savage [DSS72J [SpD72J have specialized the

parameters of several locality models in an attempt to approximate

the observed behavior of several real programs. The model fitting

was attempted to the measured average working-set size and missing-

page-probability curves. They conclude that of the models considered ,

the LRU stack model provides the best fit.

Oliver , Chu , and Opderbeck [0C072} report working-set measurement

results for three different programs. Each program trace contained 

_ _  - - -~~~~~~~- _ _ _ _  S __ i
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one million references and the estimated statistics include the

inter-page fault time distribution , average page—fault frequency and

the mean working—set size. Subsequently, Chu and Opderbeck in a

seri es of papers fCh072J [OpC 74J [Ch074] presents results for their

page-fault-frequency (PFF) replacement algorithm over four programs

whose trace lengths were in the range of from two to five m i l l i o n s

references. For a fixed page-faul t-rate and a memory space-time

product as a measure , the authors compare their PFF algorithm to

the LRU and working-set (WS ) algorithms. They conclude that the PFF

algorithm ’s performance -is better than that for the best (fixed

memory) LRU algorithm and compa rable to that of the WS algorithm .

Rodriguez-Rosell [R-R731 also presents a col lection of

empirical working-set model statistics including the page-fault-

rate and mean working-set size curves as functions of the window

size parameter T. Unfortunately, results for only a single program

trace are presented.

An attempt by Lewis and Shedler [LeS73] to fit micronodels

to the generation process for page-fault sequences must also be

considered inconci usive.

Using the number of page faults as a measure, Oliver (0li74}

has favorably compared a Global LRU algorithm to Local LRU algorithms

with either fixed or varying memory partitions. His studies used

synthetic job-mixes of real programs which conta i ned both identical

and varied tasks. Oliver -I dentifies the local LRU with varying

partition as equivalent to past impl ementations of the working-set

algorithms.
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Figure 3-1 taken from the survey paper [DeG75J by Denning and

Graham has been offered by the authors as a typica l comparison of

the LRU and working-set (WS) page-fault-rate functions. The

impl ication is that for smaller memory allocations (less than some

x0), LRU is better than WS while for larger allocations , WS is better

than LRU . Denning and Graham do not give specific empirical

results but do quote unpublished work of Prieve and Fabry [PrF73]

showing that WS can be as much as 30 percent better than LRU .

An exami nation of the Prieve- Fabry work [PrF73J, however ,

indicates that their comparison between LRU an d WS is not a true

empirical comparison . The empir ica l  data col l ected by Prieve

and Fabry consisted of their so called “interval reference sets”

consisting of the set of pages referenced during each period

of program execution . With the collapsing of the page reference

strings into their collected interval reference sets , they

subsequently had to use some (random permutation) model in order

to generate pseudo page trace strings for comparison of LRU and
Belady ’ s MIN algorithm w ith the working -set scheme .

A recent brief paper by Prieve and Fabry {PrF75] also presents
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one set of results extracted from their earlier unpublished paper

[PrF73] which implies that their so-called page partition (PP)

replacement algorithm is again better than the working-set algori thm.

Prieve and Fabry comparision is also in terms of the page-fault-rate

functions . Their view of the function ’s graph is, however, as a

performance curve in the average—memo ry—size/page—fau l t-rate plane.

In sumary, there are only three papers which address the

empirica l validation of intri nsic program behavior models. Of those

considered , the LRU stack model must be considered to yield the best

approximation to real program behavior . Since the LRU algorithm

is optima l for the LRU stack model , its performance against the

replacement algorithms of extrinsic models [DSSp72], such as

working-set is of great interest. However, there are disparate

and/or inconsistent results in comparing the LRU algorithm ’s

performance to that of the working-set algori thm. Moreover, there

has been only piecemeal comparisons of other extrinsic model algorithm s

to LRU and amongst themselves.

3.2 A Program Measurement Exper iment

In order to investigate the true behavior of computer programs

and the merits of some of the popular page replacement algorithm s,

a major experiment has been conducted upon five actual operational programs.

A second major goal for the experiment was to provide empirical data from

which add i tional second-order statistics of program behavior such as

correlation functions could be estimated. The experiment i tself is best

described in three phases: 1) the trace program , 2) the data or programs
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traced , and 3) the analysis programs . Phase 1 and 2 were accomplished

by S. W. Galley upon the Dynamic Modeling System (DMS ) of MIT Project

MAC . The analysis of the trace data has been performed by the

author using the computer facilities of the Naval Underwater Systems

Center (NUSC), New London Laboratory.

3.2.1 The Trac o ram. To obtain memory reference strings of

operationa l programs , a previously developed software debugging

system [Gal7lJ [GaG74] was modified . Specifically, the simulator

portion of the Execution Simulator and Presenter (ESP) system was

extrac ted and modified to develop the Trace Program.

The env i ronment provided by the Trace Program is briefly as follows.

The Dynamic Modeling System is a DEC system- b with hardware-supported

paging and swapping . The page size is 1024 36-bit words. The time-

sharing operating system in use , ITS [EGHKN69J, provides a full

address space of 256 pages (262144 words) to each process. Of these,

the subject program uses whatever subset it needs , typically In two

separate segments, and the Trace Program lives in three otherwise

unused pages .

As the Trace Program executes the subject program, it col lects,

buffers , and writes on magnetic tape the complete memory-address

reference string, except for the lowest-numbered sixteen addresses ,

which act as accumulators and are never swapped . Service and I/O

routines prov ided by the operating system are not traced , but calls

to them are noted in the output string so that accompanying time

delays can be accounted for. For full generality of later analysis ,

there is no collapsing of addresses into page numbers.
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3.2.2 The Programs Traced. Many Dynamic Modeling System application

and system programs are written In MUDDLE [Pfi69], a LISP-like [Moo741

high-level language . Recently, the name of the MUDDLE language has

been shortened to MDL [GaP75]. Most other programs are wri tten in

assembly language. For our study, traces of the follow i ng operational

programs were selected :

(1) the MUDDLE Compiler in the process of converting a small

MUDDLE program into input for the MUDDLE Assembler;

(2) the MUDDLE Assembler which assembled LAP-like [Moo74] programs

into binary programs for the MUDDLE interpretive environment;

(3) the MIDAS Assembler (similar to the standard DEC MACRO-lO

Assembler) assembl i ng several utility programs;

(4) the Text Editor , TECO, in the process of using macro coninands

to walk through the structures of a MUDDLE program checking

that it was correctly parenthesized .

(5) an Application Program , called VECTOR-SMOOTH , in It

execution which averaged a sequence of random floating-point

numbers over a movi ng wi ndow.

The MUDDLE Compiler , the MUDDLE Assembler, and the Application Program

were all written in MUDDLE and compi l ed. In all cases, the input or

control parameters of the traced executions were selected to provide

address reference strings of l ength 1-5 million address over the full

execution of the subject program. For both the MUDDLE and the MIDA S

Assembl er programs, two different execution traces were obtained. 

_ _  _ _  _ _
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3.2.3 The Analysis Programs. Three separate programs have been written

to provide first-order statistical analysis of the trace tapes.

Specifically, the three programs prov ided 1) the complete LRU analysis ,

2) the ideal or pure working-set analysis, and 3) a practical

implementation of a working-set algorithm with related statistics.

All analysis programs were writter~ in FORTRAN and executed upon NUSC ’s

UNIVAC-1108 computer system.

In their analysis of the address reference string , all programs

contained an inpu t control parameter PGSIZE which provided for possible

different page sizes. Two sets of memory address bounds were also I
always provided as input to allow the individual programs to check

that all addresses on the trace tape properly fell within the instructions

or data segments of the traced programs . Minor modification of the

analysis programs could thus also provide ind ividual results for either

or both the data and the Instruction fetching behavior of programs .

The IRU Analysis Program uses the well known algorithm EMGST7OI

which uses a set of stack distance counter . The page fault-rate function

fLRU (x) is then derived as the fractiona l number of distances that

exceed x. The corresponding lifetime functions L(x) is given by

equation (2.10). Execution of the analysis program produces plots

of fLRu (x) and L(x) as functions of memory space allocation x.

The Pure Working-Set Anal ysis Program uses a set of backward

distance counters as described by Denning and Graham IDeG75] but

mod i fied as indicated earl i er (Section 2.4.2.2) to provide a non-uniform
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(logarithmic) spacing of the values for the window size 1. This

program produces plots of the missing page rate function m (T), the

lifetime function L(T), and the mean working-set size ~i(T) as

functions of window size T. The page-fault-rate and the lifetime

functions are also plotted parametrically as functions of mean working-

set size.

The third analysis program provides a simulation of a practical

implementation of the working-set algorithm. It uses an input control

parameter ISIZE to specify a window (interval) size 1. On the basis

of this and other parameters, the program sequentially processes the

input address string. Each address is mapped into a page number using

the page size parameter PGSIZE. Executive function and I/O calls

are counted but ignored . Each valid page reference is checked against

a continuously maintained list of current resident page numbers .

If not found as a currently residen t page , it is added to the resident

list and a page-fault is noted . For each interva l of ISIZE addresses ,

the program also builds a list of referenced pages.

At the end of each window i nterval , the working-set size is computed

as the average between the number of resident pages at the start and at

the end of the interval. Then pages in the resident list which were

not referenced during the current interval are released . The individual

values of worki ng-set size are accumulated in an array for subsequent

analysis and plotting .

At the termination of the trace string , the Practical Working-Set

Simulation Program computes a single value of fault-rate function

as the ratio of tota l page-faul ts to the tota l number of page 

-—~~—~~~, ~~~~~~~~ -~~~~~~~~~~~~ - —~~~~~~
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references. The mean value and standard deviation of the

accumulated values of working-set size are computed . These results

are tabulated along with other supporting i nformation such as the

totals for the nunter of pages referenced , of page faults , of

intervals , and of I/O calls. The accumulated values of working-set

size also are saved for subsequent statistical analysis and plotting .

3.3 A Sumary Presentation of Results

Table 3-1 provides gross statistics for the various sample program

traces. One should note that althoug h the actual page size used by the

Dynamic Modeling System POP-b was 1024, a smaller page size has

been used in the analysis of two of the smaller programs . Reasonable

variations of page size has had little effect on the general nature

of our results so, consequently, no specific results are given on

variations due to page size .

It is impossible to present here all the results of the various

analysis programs with various combinations of control parameters

upon the seven traces over five different programs . Therefore,

our goal is to present a fairly complete set of results for but one

of the program traces and then to suninarize the observed behavior

of the remaining traces with a primary emphasis upon the comparison

of page replacement algorithms . The MUDDLE Compiler has been

selected for illustrative purposes because the results derived

from its address trace seem somewhat more complete (and Interesting)

than for the other sample programs .
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ANALYSIS
NO. OF NO. OF # ACTUAL PAGE # OF

PROGRAM INSTRUCTIONS ADDRESSES PAGES SIZE PAGES

MUDDLE Compiler 1,904,024 2,895,872 189 1024 189

MUDDLE Assembl er

First Trace 1,227,610 1 ,826,086 86 1024 86

Second Trace 3,017,658 4,481,024 138 1024 138

MIDAS Assembl er

First Trace 614,698 935,936 19 128 152

Second Trace 2,144,290 3,322,738 19 128 152

TECO Text Editor 2,409,764 4,343,820 18 256 72

VECTOR-SMOOTH 839,793 1,290,240 221 1024 221

TABLE 3-1 GROSS STATISTICS OF SAMPLE PROGRAMS

_ _ _ _ _  ::~~:~



— -—- — - --- ---
~~~~~~~~

. --- -
~~

- 
~~~~~~~~~~~~~~~~~~~~~~~~ 

—------
~~~
—.- -

3-12

Appendix B provides a much more extensive tabulation of

results for the individua l traces and of the comparisons between the

page replacement algorithms . There also , the consistency of our

results for different execution traces of the same program is

demonstrated .

3.3.1 LRU Algorithm Ana lysis. Figure 3-2 gives the page-fault-rate

and lifetime functions produced by the LRU Analysis Program from

the address trace of the MUDDL E Compiler. The LRU fault-rate function

is strictly nonincreasing as it should be. Wh ile not necessarily

being atypical , the MUDDLE Compiler fault-rate function is somewhat

more convex toward the origin — even on the log-linear pl ot —
than for those of the other programs . Likewise, the Compiler ’s

lifetime functions does not exhibit quite as large of a sharp

increase as do the corresponding curves for some of the other traced

programs. One should observe that without the logarithmic scale for

the fau~t-rate function in Figure 3-2, its behavior would be lost

except near the origin which is certainly not its significant

allocation regime as observed in the lifetime function. Final ly,

one may note that under execution , the MUDDLE Compiler referenced

only 163 of its 189 loaded pages.

L
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3.3.2 Pure Work i ng-Set Analysis. The reprocessing of the address

trace for the MUDDLE Compiler by the Pure Working Set Analysis 
$ 

$

Program produced the five curves of Figures 3-3 through 3-5.

Specifically, Figure 3-3 gives the resulting missing-page-rate

and lifetime functions as functions of the window size on a

l og-base-two scale. The numerical integration of the missing-page-

rate yields the mean working-set size as a function of window size

given in Figure 3-4. Finally, from equation (2.11), the fault-rate

and lifetime functions for the MUDDLE Compiler under a pure

working-set allocation are given parametrically by the curves of

Figure 3—5 as functions of the mean working-set size .
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3.3.3 Practical Working-Set Simulation. Four separate executions

of the Practical Working—Set Simulation Program upon the MUDDLE

Compiler trace tape produced the results given in Table 3-2. For

two of the executions , the time histories of the observed working-

set sizes are plotted In Figure 3-6. FInally, for one case (wi ndow

size T = 4096) the frequency histogram and sample cumulative

distribution function of the working set sizes is given by Figure 3-7.

Clearly, the working-set sizes are not normally (Gaussian)

distributed but rather have a bimodal distribution as was

coninonly observed by Bryant [Bry75].

WINDOW SIZE (T) MEAN WORKING-SET SIZE (
~

) FAULT-RATE f(T)

256 8.777 0.0062995

1024 12.944 0.0025742

4096 19.361 0.0009619

16384 28.591 0.0003373

TABLE 3-2

PRACTICAL WORKING-SET STATISTICS FOR MiDDLE COMPILER 

•~~ - •~~~~~~~~~~~~~~- -~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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3.3.4 Comparison Between LRU and Pure Workin g-Set. The difference

in performance between the LRU and the pure working-set memory

management schemes is best seen by comparing their respective

page-fault-rate and lifetime curves. Figure 3-8 presents such

a comparison of the results derived from the trace of the IIJDDLE

Compiler. For most of the smaller memory allocations corresponding

to the shaded region , the working-set algorithm is clearly

superior to IRU replacement. In fact, for some allocations , the

working—set scheme will produce only one-fifth as many page-faults

as does the LRU algorithm . Only for the large memory allocati ons

does the LRU replacement scheme out perform the working-set scheme .

These results are just the opposite of the behavior implied by

Denning and Graham in Figure 3-1 taken from their paper [DeG75].

The resulting comparison between the LRU and working-set

schemes is typical too in that for all of the programs analyzed ,

the working-set scheme always performed as well as or better than

LRU for the smaller memory allocations . Figure 3-9 presents a

similar comparison derived from the first trace of the MUDDLE

Assembler. Additional comparison can be found in Appendix B.

- $ - 
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3.3.5 Comparf son Between Practical and Pure Work~~~-Set Schemes.

Figure 3-10 presents the observed values for the mean working-set

size and fault-rate derived by the Practical Work i ng-Set Simulation

Program (Table 3-2) plotted against the corresponding curves of

the pure working-set scheme. Since the practical scheme only

dismisses pages at the end of an observation time segment , some

pages wi ll remain unused in main memory somewhat longer than the

precise duration of the window size of the pure scheme. Consequently,

as observed , the practical scheme yields somewhat larger mean

working-set sizes . Also, the somewhat longer page residency

time yields a correspondingly lower fault-rate. However, when

the results from the practical scheme are plotted upon the

parametrically given fault-rate vs. mean working-set size curve

of the pure scheme, the practical scheme4 s results fall directly

upon the curve for the pure scheme. This is observed in Figure 3-1 1 
$

for the MUDDLE Compiler . Likewise , two executions of the practica l

simulation program upon the first trace of the MUDDLE Assembler

yielded the two points of Figure 3-12 which again fall directly

upon the curve for the pure working-set scheme.

‘~~~~~ 1 .1
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FIGURE 3-11 Comparison of Practical and Pure WS for MUDDLE Compiler

441 4   - - ‘ ‘~~~~~~ 

-

~~~~~~~~ 

F..

0 041 — —
4 00 0 00 4 410 ‘ “  4* ) 4’40 110 0*’ 00 (0 111 I’. 4” *14 ,141 * 11 4. ’ ’ . ’ 1141 ‘I’ - 01’ 60 14 1” ~‘4 ‘4’

$ $ 5 - 4 , ,) * 14 ’ ) * ’ . 1I 4 1 , 1$ ’l~* ’* 1 $ ’l) ‘‘I S)

FIGURE 3-12 Comparison of Practical and Pure WS for MUDDLE Assembler
(F i rst Trace)



3-27

3.4 Conclus ions

The major conclusions which can be drawn from the sumary

results of this Chapter and the substantially larger collection

given in Appendix B are as follows :

1) For many programs , a pure working-set memory management

scheme is as good as or better than an LRU scheme for smaller memory

allocations . Moreover , the Denning-Graham view of comparative

perfoniiance [DeC75] is just the oppos i te from that which has been

observed .

2) Results from a practical implementation of a working-set

pol icy fall directly upon the fault-rate vs. mean working-set

size curve of the idea l (pure) scheme .

3) Many programs have very definite phases in their execution .

Moreover , the working-set sizes are not Gaussian but are rather $

bimodal or trimodal .

4) The use of a logarithmic scale for plotting values of

the page-fault-rate function is mandatory to preserve sufficient

details. The use of a log-base-two scale for the window size

is also very useful when plotting worki ng-set statistics. $

L _ _ _ _ _ _ _ _ _ _  _ _ _ _  _ _  _ _ _ _ _
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CHAPTER 4

SECOND ORDER STATISTIC S OF PROGRAM BEHAVIOR

4.1 The Need for Second Order Statistics

The existance of numerous texts (e.g., [Che65], [LAG68], [WeR73])

on the use of computers for on-line process control attests to the

fact that the subject area is a well developed disciplin e . Here,

the term ‘process ’ is used in the broadest sense of the word and

may refer to an eng i neering system (e.g., chemical plant , aircraft,

control system), to a biological system (e.g., human tracking action )

or perhaps even to an economic or sociological system. For

engineering systems, the computer has in fact become an intima te

part of the overall system. Figure 4-1 taken from [Che65] provides

a typical engineering description 0f the use of a computer for process

Inputs of material
and energy

[~~~nsors~

I r H~~References . I Computer Process
Commands, outputs inputs Process

m
~~~~~~~~

[

~~~~uter 

~~~~~~~~~~~~~~ 

Process 
_ _ _ _

Data and disp lays
from computer

Sensors

Isensorsi

FIGURE 4-1 DescrIption of Use of a Computer for Process Control
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control . The process has as its primary i nputs the materials

and energy that are necessary to produce its outputs . Sensors on

the process inputs and outputs are used to provide feedback signals

which are computer processed into actuator comands. The process to

be control l ed is driven by a set of actuating signals to yield a

set of process outputs which are to be related in some specified

way to the systems inputs.

The task of the designer is to measure (in so far as possible)

the i nputs and responses (outputs) and then from these measurements ,

to generate in the computer the required actuating signals. However ,

as noted by a leading control theoretician [Tru6l]: “Intelligent

design of a feedback control system can be effected only if the

designer is cognizant of the dynamic characteristics of the process

(or system) to be controlled : i ndeed , to a considerable degree , the

extent to which system design can proceed in a logical and intelligent

manner is directly measured by the degree to which process dynamics

are known .”

A theme which is central to this dissertation is that modern

control-theoretic techniques should provide a useful alternative

to the current preponderance of queueing model s for computer operating

systems. We maintain that a computer operating system wi th its

collection of hosted computations is no different than some other

industrial process and consequently should be subjected to the

same rigor of control as other i ndustrial processes. As noted

earlier in Chapter 2 (Section 2.2), other have suggested control-

theoretic approaches or noted their absence in a systematic analysis
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of computer systems. However, as also noted earlier in Chapter 1 , an

ininediate consequence of process control considerations is the recog-

nition of the current lack of validated dynamical models for the .

1-

behavior of operating systems from a resource utilization viewpoint.

Earlier papers by Rodrequez-Rosel l [R-R72] and Wilkes [Wi173] have

al’ noted the need for the “equations of motion ” and the “plant

dynamics” of an operating system.

If a process control engineer was given the task of improving

or designing anew a control scheme for some industrial process, his

first concern, as noted above, would be to determi ne an appropriate

set of state variabl es , control vari ables and the associated process

dynamics which connect them. If such dynamical models did not ‘ 1

exist or were deemed inadequate , his next order of bus iness woul d

be a measurement program upon the specific system if it existed , on

similar systems, or possibly upon some pilot plant which would have

to be first constructed. If the subject process happens to be a

computer operating system, a process control engineer would not wring

his hands as some computer scientist has done at “the futility of

trying to write the system ’s equations ” [R-R72] but would rather

Inmiediately embark upon some measurement program from which dynamical 
*

model s could be validated . It is our contention here that the

computer scientist too should get on with a measurement program guided

by the same issues which motivates a process control engineer.

New measurements are requi red because past measurements upon

operating systems have not been of the type required for validating

- - .‘.$ ‘-*-- .- . $ -. - -4- -~~~~~~~~
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the desired input-output system models. The lack of such measurements

is seen as a direc t consequence of the dominance of queueing models.

Cu b ed by queueing type models , past measurements have been primarily

direct toward first-order statistics , such as means, variances , and

distributions for job arrivals , job del ays , job deitiands , etc . As we

shall see below the applicati on of modern estimation and control-

theoretic techniques requires second-order statistics , such as the

auto- and cross-correlations of the processes involved.

Returning to the important problem of system (process)

identification , the specific measurements a process control engineer

will make upon some “plant” are determined by the engineer ’s

prior selection of some class of system models (i.e., linear)

and upon his view of the measurement process itself. Althou gh the

general (parametric) form of the system model may be known or

assumed, the presence of noise disturbances to the process or the

effect of certain environments, which are difficult if not impossible

to measure , may cause the specific parameters of the model to change

with time . Furthermore , the measurement process itself may be

subjec ted to additive noise. In any case, the presence of noise

accentuates the process identification problem and reduces the degree

of precision obtainable in establishin g the accuracy of the parameters

of a dynallical nw~del of the process. As such, the contro l engineer

is often prepared to smooth and filter the measurement da ta with

the implicit understandin g that his overall system performance

goal can now only be met in some average (e.g., mean square) sense.

- -
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For such noisy or stochastic processes, the coninunication and control

engineers have developed an extensive set of tools and estimation

techniques (e.g., optima l Wiener or Kalman-Bucy filters ) [Lee6O]

{BuJ68] [McG74]. At the heart of all these modern techniques are

the second order (joint) probability distributions of the processes

involved and their associated statistics such as the auto- and cross-

correlations , the auto- and cross-covariances, and the auto- and

cross-spectral dens i ty functions .

Consequently, if one hopes to employ the process control

engineers ’s approach to computer operating system, one must select

some appropriate set of state-variabl es and then make the proper

set of measurements upon these variables such that their auto- and

cross-correlations functions can be estima ted . Having characterized

‘

1 

the state-vector of an operating system in Chapter 1 as the set

of utilization levels of each of the system’s resources , a full

set of measurements should ideally allow for the estimation of

both the first and second order statistics of the individual

resource utilization levels. Specifica lly, one would like the

autocorrelation for each resource process as wel l as all their

cross-correlations (e.g., the cross-correlation of memory to CPU

utilization ). Unfortunately, such a complete set of measurements

upon an operati ng system would be a major undertaking and would

represent several years work and considerable computer processing

time In reducing the data.

-
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The merits of a control-theoreti c approach can , however ,

certainly be demonstrated upon a more l imited set of measurements.

Consequently, we have limi ted our current investigation to a single

resource , the memory component, which is the most expensive and most

studied of the system’s resources. And yet, for all the studies of

memory utilization behavior and memory management techniques ,

except in two instances, there have not been any measurements

estimating second-order statistics. In [LeY71], Lew i s and Yue

considered the statistical characteristics of stack distance strings.

Specifical ly, they estimated the cumulative periodogram (i.e., the

cumulative sample auto-spectral density function) of the distance

strings derived from three different programs. Their results reject

an assumption of serial independence in the distance strings. In

[Bry75], Bryant has estimated the autocorrelation funtions for

the working-set size and its low order differences (i.e., ~w,

~
2w, A3w) for several programs. Other published empirical data

on memory behavior is l imited and except for the two cases noted ,

has been confined to first-order statistics — such as sample

means , variances , and histograms — of working-set size , page reentry

rate, missing page probabilIty , etc. With a view toward determining

better model s for memory behavior and better memory management

(control) algorithms, this chapter presents some empirical second-

order statistics (autocovarlance functions) which have been

estimated from the same trace data as was used for the first order

statistics presented In Chapter 3.



4.2 A Definition of Locality

Experimental studies of program behavior (e.g., [Lip68], [Hat72J,

[R-R73], [01174]) have repeatedly shown that for most practical programs,

a program tends to favor a subset of its pages during any time Interva l

and that the membership of the set of favored pages tends to change

slowly. Attempts to formalize this empirical observed behavior has

been known as the Principle of Locality . The origina l discoverer of

this princ i ple seems to have been lost but as Madnick observes [Mad73],

“its definiti on has changed in time” . In fact, an examination of all

references on locality will show that very few have prec i sely the F..
same definition (e.g., c.f. [DenS8c], [Den7O], [DeS72], [CoR72], (0en72],

[DDS72], {SpD72], {ShT72], [Mad73]). Some definiti ons are directed

toward basic program behavior whil e others address paged memory

behavior.

As an initial model for program behavior , the definition of Spu n

and Denning [SpD72] was selected as our working definition of locality .

While the selected definiti on will be shown to be false , its selection

was prompted by two considerations . First , it is phrased in terms of

paged memory behavior which is closer to memory management

considerations rather than just program behavior. Secondly, it is

an operational definition in terms of a second order statistic , namely

correlation. For completeness , we restate Spirn and Denning ’s

definition below using a slightly different notation which will

improve some of our later definitions.

4 

- ____  
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Thus , consider an N-page program whose pages p~ constitute the set

P = 

~~~ P2’ ... PN }•
The reference string r1, r2, ... rt ... is a sequence generated F
from the members of P and such that the value of the reference rt is

the specific page 
~k 

containing the address referenced at time t —

time being measured in terms of the number of memory references made

by the program. Suppose the reference string has been divided up

into intervals, each of length T called the interval size. Let L(i) 4

be the observed l ocality — the set of pages referenced — in
the i-th interval . Then wi th respect to the gi ven sequence of intervals

and localities,

L(l), L(2), . . . , L(i), . . .
one has the following :

Definiti on (Spirn and Denning [SpD72]) A reference string is

considered to satisfy the property of locality if for its associated

locality sequence,

1) For almost all i , L(i) is a proper subset of P;

2) For almost all i , L(i) and L(i+1 ) tend to have many

pages in coninon; and

3) The observed localities L(i) and L(i+j) tend to become

uncorrelated as j becomes large.

For our purposes , we note that condition (2) could be rephrased as,

2’) Adjacent localities such as L(i) and L(i+l ) are highly

corre lated .

_
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Spirn and Denning , however, fail to define the concept of correlation

between localities . For a concept which is so central to this study

we quickly remedy this situation below . $

4.3 Autocorrelation Statistics of Pajed Program Behavior

4.3.1 Au tocorrelation of Localities. For a program P of N pages,

the range space~~,,of the mapp ing L(i) is the power set [Ha160] of P

consisting of the 2N (2N...1 if we exc l ude the null locality ) possible

subsets of P, i.e.,

2 = L~, L1, L2, ... , L N ~ 
. (4.1)

Moreover, there is a natura l isamorphism between the elements of 
~~~~
, 
—

possibl e values of 1(i) — and a set of N-bit binary numbers b 1 .

The bit in position k being a one if page was referenced during

the observation interval or otherwise , zero.

As an exampl e, for an eight page program (N=8) whose observed

l ocalities were

1(1) = {p1, p4, p6, p7
} = L150

L(2) = (p 1, p2, p4, p5, p7
} = L218

L(3) = fp 2, p5. p8
) = L73

L( i ) = 

~ l’ ~3’ ~4’ 
p6’ p8

} = L181

-- _
~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~‘~~“ ‘~~
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one has the binary numbers

~1
: 1 0 0 1 0 l l 0 l50lO

~2
1 1 0 1 1 0 b 0 2181O

b3 - O l O O l O O l = 7 3 10

b . l O l l O l O l l8l 10

The concept of correlation is most often introduced in terms

of Continuous [Lee603 or discrete [Go174] time waveforms rather than

in terms of sets (localities). Upon observing that the binary numbers

(vectors of zeros and ones) b1 can be viewed as bina ry waveforms b1 (n)
in bit serial order, one has the three way isomorphism

L( i ) ~~~~~ b1 b1 (n) (4.2)

which ultima tely relates localities to binary waveforms. Figure 4-2

presents the set of waveforms which correspond to the example above.

b~(n) n:page

i:time

FIGURE 4-2 TIme History of Binary-Value l Waveforms Corresponding
to Program Localities 

~~~~~~~~~~~~~ ‘~~~~~~ ‘-—.-~~~~ -~~~ — -- - ~~~~- - - -~~~~~~~~~— - -  
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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Having related waveforms to localities , one could thus define the

correlation between localities L(i) and L(j) as equivalent to

the correlation between the bina ry waveforms of their respective

isomorphic images b 1 and b,~, i.e.,

= (
‘b~ b,) 

= 
~~~~b1 (n)b~(n); (4.3)

the va l ue (coefficient) of correlation being the inner product of the

associated binary valued vectors. This definition of correlation is

nonstatistica l and is equivalent to the concept of correlation between

code words in cod i ng theory . For purposes of future operating system

design , one must expand the definition of correlation to give it its

ful l statistical basis.

The design of future memory management schemes will not depend

upon the specific correlation between any two localities , but rather

upon their average correlation value. Moreover , operating system

design cannot identify or benefi t from a unique epoch in time .

Therefore, one must assume time stationarity for the reference

(or locality) strings and consequently, one ’s measure of correlation

between localities should be a function of only time differences

(relative time). Hence, as a first definition , consider

Definition I. The autocorrelation ~‘tJ) between observed localities

separated by j Intervals is given by an average of coefficients

i+j over all intervals l~ i . e . ,

A1e
k~~

, 
~l+j>~~ 

(4.4)

-. - - ‘ - - --. - -- . ‘ - - - - -~~~~~~~~~~~~---- --- -~~~~~~--~~
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4.3.2 Average Page Autocorrelation. The complete set (fami ly) of 
L

bi nary wavefo rms b~(n) of Figure 4-2 can be considered as a sampled

(In time ) version of a two dimensional function B(t, n) as given in

FIgure 4-3 which completely describes the paged memory behavior of a

program over its execution history . An alternative to the locality

view is provided by considering the function B(t, n) to be sampled

(in memory space) i nto individual page behavior histories , say

r
= B(t, n). (4.5)

The resul ting ~~(t) wave forms could also have been introduced di rectly

wherein the value of 
~n
(t) is equal to one during those intervals

in which the n-th page is referenced and zero otherwise. Figure 4-4

presents the time histories of the 
~n
(t) waveforms corresponding to

our earl i er example.

The complete set of N temporal functions ~1(t), B2(t), ...,

BN(t) also constitute a possible set of state-variables for

representing the memory subsystem behavior. By also sampling the

Bn waveforms in time , we have the equality ,

= 8~(i~t) = B(i~t , n) = b1 (n), (4.6)

which demonstrate the equivalence of the two different state-variable

representatives . In fact, the doubl e (two-dimensional) sampling of the

B(t, n) function (surface) produces the matrix of sample values

_ - $- -—--- -—--- —

~

.—— . -—.--.- -—-- -—-‘ $.~~~~~~~~~~~~~~ -—-- ‘ -~~~~~~~~~~~~~~~~~~~ ..  __________ ,L:~..
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S(I.n)

I tim.

FIGURE 4-3 Time History Surface Corresponding to
a Program ’s Memory Usage
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FIGURE 4-4 Time History Waveforms Corresponding

to Individua l Page Usage
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.presented in Figure 4-5 which also completely describes the paged memory

behavior of a program over Its executive history of M time Intervals.

The equivalence (4.6) is nothing more than the equivalence between

a row (locality ) or column (individual page) perspective of the same

matrix.

Since B(t, n) (or either family of b1 (n) or B~(i)) is a function

of both time t (or I) and memory space n , one could conceivably

introduce both temporal and spacial correlations . However, for

predict ion purposes , one would like only temporal correlations . Thus

quite naturally from this second viewpoint , one could also introduce

the whole family of correlation functions

= 
A~e ~~~~~~~~~~~ , (4.7)

one for each page n , n = 1, 2, ..., N. Yet for large N , the

estimation of the whole family y
~(j) would be a formidable computational

task . A more tractabl e statistic is the following:

Definition II . The averaqe pag~e autocorrelation

function Is given by

~ j) = 
Ave 

~U~ (j)~ = 

~ ~~~~~~~ 
(4.8)

One might assume tha t the variations in individual page behavior

are not too different and consequently the whole family (4.7) should

be replaced by its average (4.8). Then the function ‘v(j) could be

L -~~~~~~~~~~~~~~~~~~ ---~~~~~~~~~ ----- ~~~~~~~~- ---. - 
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62 ( ) 
~3 ( ) 

~~ ~ ~~ ~

[ ( 1 )  B ( 1,1 )  B( 1 ,2) B(1 ,3) • . .  %(i ,nY B(1,N)

1(2) 
~2 B(2 ,1) B(2 ,2) B(2 ,3) ... B(2 ,n) ... B(2 ,N)

L(3) b3 B(3 ,1) B(3, 2) B(3 ,3) B(3 ,n) ... B(3 ,N)

~(i) B(i :1) B(i ;2) B(i ;3) ... B(i ,n) ... B( i ,N)1

B(j,1) B(j,2) B(j,3) . .. B(j,n) . .. B(j,N)

1(M) B(M,1) B(M,2) B(M ,3) ... B(M ,n ) ... B(M ,N) 
—

FIGURE 4-5 Matrix of Sampled Values from a Program ’s
Paged Memory Usage History

Ii

L 
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viewed as representing the correlation behavior of a generic page

of the program. Our results below w ill , however , demonstrate that

individua l page behaviors are quite differen t and tha t the concept

of a gener i c pa ge behav ior i s a poor one . While our real motivation

for i n troduc ing the average page au tocorrela ti on ~(j) is given in

Chapter 6, the next Section gives a partial justification .

4.3.3 Some Relationships. Using the equality (4.6) between

and b1(n), direct substitution in the above equation yields the fol lowing:

~( j)  = ~ ~(j) (4.9)

In words , we have the resul ti ng theorem ,

THEOREM I. Except for a scal i n g fac tor , the auto-

correla tion of program localities is equal to the

average page autocorrelation.

For comparison purposes , since (c.f., [Lee6O], p. 56) for any

correlation function ,

1 0 ( i ) !  ~(O ) , (4.10)

one usually works with the normalized autocorrelation

~
(j) = 

~~ 
. (4.11)

_ _  -- .*—- - -- - - -
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Consequently, from Theorem I, we have the

COROLLARY. The normalized autocorrelation of program

localities is equal to the normalized average page

autocorrelation , i.e.,

~
(j) = q’(j) . (4.12)

Finally, we observe that both ~(j) and ‘$‘(j) represent a normalized

doubl e averages (i.e., over both memory space and time). Their

only true disti nction being the order in which the averages are

performed and the associated viewpoints they provide .

4.4 Autocovari ance Statistics of Paged Program Behavior

From a prediction and control viewpo i nt, neither of the

statistical measures ‘~(j) nor ‘I’(j) is ideal . The problem is that

both the spacial locality vectors (b-vectors ) and the temporal ~
waveforms have a mean value which biases the asymptotic values

of their individual associated correlation functi ons and consequentl y

also their second averages realized in ~(j) and v(j). Our

empirical results below show that the resulting asymptotic values

of the correlation functions can be quite large (z8O% of maximum

value) and thus hide much of the second order statistical behavior.

The usual solution in such cases is to remove the mean value and then

work wi th the autocovarlance function rather than wi th the auto-

correlation function. Consequently, we introduce the following

definitions : 
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_ _
4.4.1 Average Page Autocovariance. For each page n of an N page

program, define the individu al page autocovarlance functions as

Ave 
~[~ c i) — 

~~~~ 
— 

~n]~ 
(4.13)

or in the finite sample case as

= 
~~~~~ 

[Bn~~ 
- ~][~~(i+i ) - ~n] (4.14)

Finally, as before , we introduce the more tractabl e statistic as

follows :

Definition I l l .  The average ~~~ autocovariance

function is given by

~j~(j) = 
Ave 

~ii (i)} 1 
n~1 ~~(i). (4.15)

4.4.2 Autocovariance of Program Localities. Having defi ned the

covariance statistic (4.15) related to our second correlation stat-

istic (4.8), one might rightly ask what should be the corresponding

covariance statistic when considering program behavior from our

first (locality ) viewpoint. One certainl y would like to retain

the reciprocity provided by the theorem of Section 4.3.3. Toward

this goal , let us Introduce the fol lowing :

_  
_  J



- -  -,-- --- — - --------- - -—- -
~~~~

4-19

Let the vector L(i) correspond to the i-th row vector of the

matrix of Figure 4-5 , I.e.,

L(l ) (B(i , 1), B(1 , 2), B(i , 3), . . . , B(I , n) , . . .B(i , N)). (4.16)

We shall cal l L(i) the I-th loca]j!y vector which is comple tel y

equivalent to our earlier binary vector which was the i somo rphi c

image of the i-th locality set L(i). We also require the concept

of a mean l ocality vector E de f ine d as

= 
~~~~~~~~ ~2’ ~3’ 

• • - ~~ ‘ 

~~ 
(4.17)

where the are the individua l (column-wise) page usage means given

by,

N

~n 
= 

~ ~~~~ 
(4.18)

n= 1

Finally, we Introduce ,

Defi nition IV. The autocovariance ~(j) between

observed localities separated by j observation

intervals is given by the fol l owing average ,

~(j) 
= Ave {~~ (l) - E , L(i+j) - 

~~
}, (4.19)

or more explicitly in the finite sample case as ,

~(i) ~ 1Y.1 (L(i) 
- E, L(1+j) (4.20)

- . . . - _ _ —-,-— ~~-- - -~— -- -~ —-~~~--- --- —— -- p-
_ 

-s.-.



_ _  -—— -—--—.---— ~~~--.— -- —-----—------- ~~~ - - -- - 

I

4-20

4 .4.3 Rec iprocity Result. Corresponding to the theorem of Section

4.3.3 , we have the following:

THEOREM II . Except for a scaling factor, the

autocovariance of program localities is equa l

to the average page autocovarlance , I.e.,

tg,(j) = ~ •(j). (4.21)

A proof is provided from the above definitions by the following

development:

N
Ntp (j) = 

~ ~~( i)
n=1

=

= 

~ i~ i ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

M-j N
= ~ {B(i ,n)B(i+j, n)-~ B(i , n)-~ B(i+j, ~~~~~ 

(4.22)
1=1 n=1 n n

= 

M
)::
i 

~<~
(j)’ L(i+i>_<~,~ L(i>_4~ 

L(i+
’
~~ +41 ~n

= ~ - i:, ~(i+j) -

= 41(j)

- .~~~~~
— 

~~~~~~ —~~~~~~~~~ - - .  ~~~~~~~~~~~~~~~ - - ~~~~~~~~~~~~~~
--  -~~~~~~~~
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As before, we have the iemedlate corollary ,

COROLLARY. The normalized autocovarlance of program

localities is equa l to the normalized average page

autocovariance , i.e.

•(j) = q (j) (4.23) H

_ 
U

4.4.4 DIscussion. While the definiti on (Def. IV) for the autoco-

variance of program localitie s — once arrived at — seems quite

natural , it must be admitted that our approach to it was less than

straight forward . When our initial estimates for the correlation

statistics indicated sizeable asymptotic values , It was clear that

some mean value should be removed . Motivated by the computational 
4

consideration of not wanting to make two passes over the address

trace-data , our first choice was to remove the means of the

individual l ocality vectors p1, where

N
bi 

= 
~~

- 

~ b1 (n). (4.24)
n=1

The removal of the running spacial mean yielded a normal ized

“pseudo-autocovari ance” of program localities 

-.- —. - , :±. 1-~I!r~ . r u m I.,*.r-u#I. *4..*.* -~..*.,. 
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C(j )  = 
A
~
eKi 

;~ j 
~
1+i -

~~
i+> (4.25)

where b1 and ‘
~ 

are vectors of uniform el ements b. and

respectivel y; and is the mean (4.24) and is the standard-

deviation of the bi nary (locality ) vector b1. The statistic (4.25)

was the basis of an earlier paper [ArG76) on program behavior.

While the removal of the running spacial mean did lower the

resulting asymptotic values of the “pseudo—covariance ” , they were

stil l substantial for some of the sampl e (address reference) data

strings . We give only one sample result in Section 4.6.

Our initial disappointment with the removal of the Individua l

spacial means next prompted us to remove a total mean

B = 

~~ i~=i n~=i 
B(i , n) (4.2~)

from the two dimensional waveform B(i, n). Estimates of the

corresponding “covaraince ” functions yielded effectivel y the same

results as our first estima tor (4.25) — no sample results are

given.

Finally, the removal of neither the running spaclal means

nor the total mean B could be justifi ed when we choose to use our

estimated statistics for prediction purposes . Only a fter a proper

formulation of the memory usage prediction problem (see Chapter 

6)4
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was it clea r that the covari ance function 41(j) of Definition IV

was the required statistic in spite of its computational demands of

requiring two passes over the memory reference (data) strings —

once first to estimate the mean locality [ and then a second pass

to estimate •(j).

Our initial reluctance to introduce the concept of a mean locality

was unfortunate. However, once having been recognized as a required

concept for prediction purposes, it has subsequently been found to be

another signi ficant statistic of program behavior. In Section 4.6

below , resul ts are presented on the variabi lity of the mean locality

as a function of wi ndow size .

4.5 The Estimation Programs

To investigate the correlation/covarl ance behavior of program

localities , several additional analysis programs have been written

which impelement the estimati on of several of the above statistics.

Generally, all the so-called Estimation Programs were written in

FORTRAN and executed upon NUSC’s UNIVAC 1108 computer. For input

data , each program was designed to use the same trace tapes as described

in Chapter 3 (especially Section 3.2.2). The analysis of any given

program trace is controlled by three principal paramters , namely:

PGSIZE - The page size

ISIZE - The I nterval (window) size

LMAX - The maximum lag Index 
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Two sets of memory address bounds were also provided as Inpu t to

allow each of the Estimation Programs to check that all addresses

on the trace tape properly fell withIn the instruction or data

se~nents of the traced program.

In analyzing a trace tape, each Estimation Program would build

a list of page numbers referenced during each interval of ISIZE

addresses . The page numbers were determi ned by dividing the address

spaces of both the instruction and the data segments into pages of

size PGSIZE. Executive function calls were counted but Ignored .

System I/O calls produced a termination of the current interval ;

the list of pages accumulated during the interval were excluded whenever

the interva l i ndex at termination was less than 50 percent of the

specified interval size.

At the termination of each observation interval , each program

generated a vector of bina ry values (i.e., b1 L( i ) )  reflecting

the specific page usage of the i nterval . Then depending upon the

specific estimation program , various counts , sums , or lagged-

products were accumulated from the indivIdual locality vectors .

Final ly, at the termination of the trace , each Estimation

Program converted its accumulated counts , sums , products , etc .

into the desired statistic. These results were tabulated along

with other information such as number of Intervals , number of

executive function calls , number of I/O cal ls , etc. The resulting

statistics were also plotted on an FR-80 plotting system . Each

run (execution) of an estimation program produced but one plot of

L. 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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one statistic in a format essentially the same as that used In the

multi pl e plot figures of the next section.

The specifi c estimation programs for which we show results in

the next section were the following:

1) The Locality Autocorrelation Estimation Program which

implemented the Definition I., (c.f. equation (4.4))

2) A Pseudo-Autocovariance Estimation Program which

estimated the statistic of equation (4.25)

3) The Mean Locality Estimation Program which estimated ~. -

the mean locality vector I as defined by equation (4.17).

4) The Locality Autocovariance Estimation Program which

implemented the Definition lV , i.e., equation (4.20). 

— — - - - - — --——---- -. -. . . -
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4.6 PresentatIon of Results

The Estimation Programs have been repeatedly applied to each of

the seven data trace tapes for various combinations of the three

principal control parameters . Variations of the page size (PGSIZE)

by 50% or 200% had little effect on the resulting autocorrelation/

autocovariance functions (only one result is given). As in Chapter 3,

we have used smaller page sizes In the analysis of two of the smaller

(traced) data programs than actually existed on the DMS POP-lO system .

Consequently, the gross statistics as presented earlier in Table 3-1

reamain the same.

Variations of the interval (window) size (ISIZE) produced major

effects and thus is the controlling parameter in the parametric set

of results which are presented . In presenting our results , we have —

consistently used the following lettering scheme to annotate the

curves for different values of wi ndow (interval ) size :

LEGEND INTERVAL SIZE

A 64

B 256

C 1024

D 4096

E 16384

x intermediate Value

The choice of maximum lag index (LMAx) of 40 was selected with

due consideration of the Estimation Program ’s running-time (over 

~~~~~~~. . - —- -
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one hour for smaller i ntervals) and the four- for-one expansion of the

interval size. In terms of relative time displacement , a lag of 40

for some Interval size will correspond to a lag of 10 for the next

l arger interval size .

Figure 4-6 gives the normalized autocorrelation functions of program

localities as estimated from the trace of the MUDDLE Assembler for

observation interval (window) sizes 64, 256, 1024, 4096, and 16384.

The results are , however , opposite to those of the expected behavior

as Implied by the definition of locality . As the i nterval size

increases , the relative time difference between the observation intervals

also increases and one would expect the degree of correlation to

decrease. In fact, just the opposite effect is observed in that

as the observation interval size is increased , the autocorrelation

function yield larger (higher) asymptotic values . These larger

asymptotic values must be attributed to the fact that for the longer

observation intervals, the executing program consistantly requires

a larger subset of its pages (i.e., a larger mean locality). The

failure to remove the mean localities produces the sizeable asymptotic

values approaching nearly 80 percent of maximum value.

Figure 4-7, taken from an earlier paper [ArG76] presents results

comparable to Fi gure 4—6 but for a pseudo-autocovariance function

(4.25) resulting from the removal of a running spaclal (over memory)

mean S1. While the asymptotic values are lower than those of

Figure 4-6 they are still substantial . For some of the other

sample traces (e.g., the MUDDLE Comoiler) the pseudo-covariance 

- -—-~~-~--- - - ---~---1--.



- .-~~ . . .——— - T~~~~’uII~zb1~~~ .. n. ~24rt. . - — 

~1

4-28

iii 
_  _

= ____ ____

— - — .
.- ia— _ _ _

~~~~~~ 

•
0

4-,
— __ — —

a.’= = ____ ____ = 0
_ _ _  _ _ _  Ui U
_ _ _  _ _ _  0
_ _  _ _  

4.)

o o 0 0o U~ ~
- 0

— 
. 

0 0 0
(D

NO~ L’V 1~d~O3 Li..

. . _  - ~~~~~~~~~~~ ~~~~~~z~~~~- . . . ::: - ~~~~~~~~~~~~~~~~~~~~~~ .~~~~ - .
~~~ - 

_J 1



r

4-29

a.’
U

.

~~~~~~

rI1i~~~~~~

I

~

i: 
~~~~~~~I

_ _ _  —1::::::
_ _  —~~~~~~~~~~~~~ 

_ _  44

~
— ~k—4 —~ -—- — r-— —  — _ _  — 

~~~~~~~~~~ .3
‘
~~~ — — ~~ -•‘ ‘ E . 

-

____ 
~~~~~~~~~~~~~~~ 

____
I — a ~~

_ _ _  0 L
— —

r 

— 0

— ~~~~~~~~~~~~~~~~~~~~~~~ — -t---—— — ‘— — — 0 < —

_ _ _  

1I
~~~~~~~~~~~~ 

!L!i::I~
- E E ~~~~_ _

NO I ~113~dO3

—---- -.------ .-.-——.. -.---—_-.—-—-----—-.—.——-—- . -.- -- --- --.-..—-.-
~ ~~-— — . -



-~~~~ -_~
.- - - 

4-30

statistic did produce quite usable results with small asymptotic

values and which properly showed the structural detail of the

true cova riance function. As such , the pseudo-covariance statistic

(4.25) is still a possible consideration in that computationally

it saves a second pass over the address—trace data string.

To estima te the true covariance function of Definition IV , the

Mean Locality Estimation Program was first repeatably executed to

determine the mean locality vectors for each of the specified window

sizes . Figure 4—8 presents the mean localities of the MUDDLE

Assembler for three different wi ndow sizes as follows :

Case A: Size = 64 Color = Bl ue

Case C: Size = 1024 Color = Yellow + Blue

Case E: Size = 16384 Color = Red + Yellow + Blue

One immediate observation is that some pages show a markedly different

frequency of use depending upon the window size . Moreover , the pro-

spect of realizing some generi c page behavior is untenable.

Finally, using the estimated mean localities , the Auto—

covariance Estimation Program was repeatably executed to produce

the set of curves of Figure 4-9. The resulting cova -iances for

the MUDDLE Assembler of Figure 4-9 can be compared to the

correlation and pseudo-covariance curve of Figures 4-6 and 4-7,

respectively.
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The analysis of the second larger trace of the MUDDLE Assembler

produced the results of Figures 4-10 and 4-11 which can be compared

to the corresponding results (Figures 4-8 and 4-9, respectIvely)

for the first trace. The mean localities do show some similarity

between the two traces when allowance is made the difference In the

number of pages (86 pages vs. 138 pages). The autocovariance functions

however, show a marked similari ty between the two traces and thus

suggest that they are truly indicative of the correlation behavior

of the MUDDLE Assembler . 

~~~~~ -- -~~~~
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The next set of figures give results derived from the trace of

the MUDDLE compiler. Figure 4—12 presents the mean localities

for the same three window sizes as above . Figure 4-13 gIves the

resulting estimates for the autocovariance functions. One can

observe that the covariance function for the smaller window size

go to zero rather slowly. This is primaril y attributable to the

long term phase structure of the Compiler ’s trace as realized in the

plots of Figure 3-6. The address reference string of 2,895,872

addresses would not support another quadrupling of the interval

size but a final doubling to 32,768 produced the autocovariance

function (of legend X) of Figure 4-14. Two of the previous covariance

estimates are also repeated in Figure 4-14 for reference purposes .

The peak at a lag of 36 i ntervals must reflect the second phase

(pass) of the compiler. 

-
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The next series of figures present results derived from the

two traces of the MIDAS Assembler. Figure 4—15 and 4—16 give the

mean localities and autocovariance functions for the shorter first

trace . In Figure 4—16 one can observe a sizeable peak in the

covariance at a lag of 27 for the large window case (Case E ~ 16,384)

again indicating the second pass over the source program.

Figures 4-17 and 4-18 give the corresponding results for the

second trace of the MIDAS Assembler. Here, both the mean localities

and the covariance functions show a remarkable similarity between the

two different traces.

Fi nally, Figures 4-19 and 4-20 present the resul ts of a second

analysis of the second trace of the MIDAS Assembler but for a larger

page size . The original analysis (Figures 4—17 and 4-18) used a page L

size of 128 words while the subsequent analysis was done on the

basis of a 1024 word page . A comparison of Figure 4-18 and 4-20 show

that the general structure of the covariance functions are changed

very littl e by variation of the page size. Similar resul ts were

found to also hold for other page size variations on some of the

other traces.

_ _ _  _ _ _  _ _ _
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The fi nal set of figures gIve resul ts for the Text Editor , TECO ; and

the app lication program, VECTOR—SMOOTH .

Figures 4-21 and 4-22 present the mean localities and covariances

for the text Editor , TECO , which was in the process of using macro

commands to walk through the structures of a MUDDLE Program checkin g

that it was properly parenthesized .

The application program,VECTOR-SMOOTH , which averaged a sequence

of random floating-po i nt numbers over a moving window , was a rather

tightly looping program. Its expected behavior was observed . Fi gures

4-23 and 4-24 present three cases for window (interval) sizes of

256, 1024, and 4096. The tight looping of the program is exhibited

In the periodic nature of the autocovariance functions.

_ _ _ _ _ _ _ _ _ _
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CHAPTER 5

A MODEL OF PROGRAM BEHAVIOR

5.1 The Need and Constra i nts for an Analytic Model

From the previous discussion , it is obvious that the problem

of memory management is one of paqe replacement. As we have noted

in Section 2.4.2, most previous pagi ng algorithms can be derived

from Denning’s [Den7O) informal “Principal of Optimality ” . In its

statement, the Principl e itsel f recognizes a dichotomy between those

algorithms for which the future of the page reference string is known

precisely and those for which it Is not. In the known (deterministic)

case, the Principle yiel ds Belady ’s MIN algori thm or the Prieve-Fabry

VMIN al gorithm , respectively, depending upon whether the size of the

memory partition is fixed or variable. When the future of the

reference string is not known , the Principl e requires one to use

the conditional expectation (i.e., a prediction) of the future of

page usage. Consequently, all practical memory management policies

and thei r associated paging algori thms are fundamentally one of

prediction.

In order to do prediction , one must have some statisti cal model

for the memory usage behavior. There are many ways to introduce

stochastic model s for the page reference string. In turn , eac h

di fferent model will yield a different paging algorithm . Ideally,

one seeks a model and an associated predictor which represents a

compromise between the maximi zation of information content and a 

-~~~~~~~~-- ~~~~
.—---- --- ,
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minimi zation of i mpl ementation compl exity .

As a fi rst constraint on our stochastic model for memory usage

behavior , we require that the model give a general class (family)

of predictors which can be applied to the execution of all programs .

Specifi call y, we do not want the structure of the predictor to change

depending upon which executing program it is working against. In

order to get the structural stability of the predictor , we thus

must also characterize all the various program behaviors within

one class of stochastic models .

For our purposes , we have chosen to limit our predictors to L
the simpler linear ones for which design procedures are wel l

developed. However , even among linea r predictors , there is still

a dichotomy between those which are time— invariant and those which

are time—varyi ng . Again in the interest of least imp l ementation

compl exity , we choose the time— inva riant ones . As such , the

predictors can be predetermi ned and , moreover , will not require any

up-date overhead.

Given that the predictor is to be a predetermined linear time-

i nvariant one, It is obvious from a control—theoretic viewpoint

that the integra l formulation of the optimal predictor due to Wiener

[Lee6O] is more appropriate for our purposes than the differential

formulation due to Kalman and Bucy [BuJ68]. Moreover , with the

subject constraints upon the predictor , the Wiener theory require s

onl y mean values and the second order statistics (autocovarlances ) 

--. 
--- - - . -_ - .  - 
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as the maximally useful information. Additionally, the above

constraint of structural stability of the predictor requires

that we model the memory usage behavior of all programs by a sing le

family of autocovariance behavior. Consequently, the one final

pragmatic requirement upon the model of program behavior is that

a sing le family of covariance models summari ze all of the empirically

observed behavior as reported in the last Chapter. L
In summary, as a model for program behavior , we reqi i re a

predetermi ned single class of analytic second order (covariance)

stochastic models which summarize all of the observed behavior as

presented in Chapter 4. It must be predetermined and analytic to

allow prior design of the predictor . It must be of a sing le class to

get the structural stability of the predictor. It must be of second- :
order (covariance) to get the maximal information content with the

constraint of a linear time— i nvariant predictor . Fi nally, it must

provide a reasonabl e approximation to the behavior of real programs .

5.2 The Model: Preliminaries

A considered review of all of the estimated autocovariance

functi on s for program localities presented in the last chapter suggest

that they all might be reasonably approximated by a sum of exponentia ls.

Specifi cally, for -r > 0, an approx imation of the form

= C1exp(a 1-r ) + C2exp(a2-r) + . . .  + C~exp (a~-r) (5.1)
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is suggested or, equivalently, in the sampled da ta case by the form

= C
1

u~ 
+ C2u~ 

+ •
~~~~~ + C p ~ (5.2)

where

U k 
= exp(ak) . (5.3)

Moreover , except for the MUDDLE Assembler whose covariance exhibits - 
-

a damped oscillatory behavior , the em p i r i ca l  resul ts  in d icate that

th~ approximation can be realized in terms of only real exponentials.

In either case of whether the approximat ion is in terms of only

real exponentials or the more general complex exponentials (i.e.,

the ak ’s are real or compl ex) the exponential nature of the

covariance functions yields the rational spectra required for the

factori zation technique of the Wiener fi l ter theory .

Again , in the interest of least impl ementation complexity ,

we seek a minima l number , n , of terms in the above approximations.

Additional study of the results of Chapter 4 sugg~... That most of

the autocovariance functions exhibit two components in their

behavior. The first being a short-term component consisting of a

rapidly decaying real exponential or in the case of the MUDDLE Assemb ler ,

a complex conjugate pair of damped exponentials. The second

component consists of a slowly decaying real exponential which is

the result of the long-term behavior associated with phase transitions

of the executing program. Consequent ly, the empirical estimates of

—- —--- --~~~~~ 1 - -- ~~~~~~~~~~~ 
- 

- 
-. - ~~~~~ -
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Chapter 4 suggest that only two or three terms in the above

approximations shoul d suffice .

Therefore, as a prel imi nary analytic model of program usage

behavior , we have chosen a second-order stationary random process

whose autocovariance is given by two or three terms of the above

approximations (5.1) or (5.2). Spec i fic model s for predictor desi gn

require the determination of the ampl i tude coefficients Ck ’S and

the exponents ak’s to which we now turn .

5.3 Prony’s Method with Modifications

A classical technique of some nearly 200 years for fitting the

above exponential approximations to empirical data is due to Prony

[H1 1563. The technique itself is known as Prony’s method and has

an extensive history . Specifically, the method has a wel l known

problem with limited precision or noisy data [1an56J due to the

general l ack of orthogonality among the approximating complex

exponential base functions. For our purposes , which requires onl y

a few terms in the approximation and yet has sufficient data points

to empl oy least-squares techniques to the over determined parts of

solution technique , Prony ’s method has been mod i fied to provide a

satisfactory solution.

For specifi c details of Prony ’s method , we direct the reader to

Hildebrand’ s treatment (see [Hil56] , pp. 378-382) which we have

used. Here, we only present the method In its briefest outline so

as to indicate its modifi cations for least-squares techniques .

- _  _
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Speci fically, Prony ’s method assumes that one is g iven values

of 4’ (t) at N equally spaced points = 0, 1 , 2, . . - , ( N — i ) ,  say

~0’ ~~~~ 
~~ 

~~~~~~~~~~ Moreover , if the approximation ~~~~( T )

is to satisfy the observed value s with equality , then the following

system of equations must hold:

C
1 + C

2 ~~~~~~~~ 
+ C n 

=

C1 U
1 

+ C2U2 + . .. + C~~ =

C
l Ui 

+ C2u~ + ... + C1,ii~ = ( 5 . 4 )

C
1 U~~~

’ + C2U~~~ + . . . + = 

~N-l

Howeve r, before the linea r system (5.4) in the unknown amplitudes Ck
can be solved , the U ’ S must first be determined as the roots of an

al gebraic equation

n n-i  n-2U - 4
1

1J — 
~ 2

U — . .. - 

n— 1~ ~n 
= (5 .5)

whose coefficients a ’s mus t eve n earlier be determi ned as the so lution

of the following system of (N-n) equation s : 

~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~ :..
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~n— 1 
a

1 
+ 

~n-2 ~2 
+ - + 

~ ~n 
=

~n ~1 
+ Pn~i ~2 

+ - + 

~ 
= 4n+l

(5.6)

a + + -
~~~~~~

- +~~~ ~N-2 1 N—3 2 N-n— i n N— i

Prony ’s method requires that N = 2n in order to exactl y solve (5.6)

for the n a ’ S. For our purposes, n = 2 o 3 while N = 41.

Consequently, the system (5.6) is greatl y over-determined and we have

employed a (real) generalized -invers e procedure [B-1G74] to yield a least-

square approximation to the coeffici ents a’s.

Having the a’s, the ~‘s are next determined as the roots of

(5.5). Fi nally, the system (5.4) can be sol ved for the ampl i tudes

Ck. Again , in our case with N > >  n , the sytem (5.4) is over-determined .

Here , because the roots U are in general complex , a complex

generalized -inverse procedure mu st be used to provide a least-squares

estimate of the Ck ’5.
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5.4 An Approximation Program

A general purpose FORTRA N program has been wri tten which implements

Prony’s method with the modifications i ndicated above. Specifica lly,

the program accepts as inputs the following:

1) n : the number of terms in the approximation ,

2) N: the number of sample values •k’ and the I —

3) 
~k

5: the sampl ed values .

The program then fi rst establishe s the system of equations (5.6) - 
-

which it solves in a least—squares sense by means of a generalized ~
- 

-

inverse procedure for the coefficients ilk. The ct’s are then used

in a root fi nding subroutine to obtain the p ’s . The p ’s are then

used to establish a system of equations (5.4) which is solved by

the pro gram by a com plex generalized inverse procedure to yield the

amplitudes Ck ’S . In the cours e of its execution , the program also

tabula tes the fol lowin g : I :

1) the roots

2) the exponents ak. and 1:

3) the ampl itudes Ck.

Having determined a specific approximation (5.1), the program then

evaluates i t at values of its argument -r corresponding to the i nput

data . The errors or residuals representing the differences between

the original data points and the approximation are then calculated

and tabulate -i . The residuals are also used to calculate and report

a value for the root-mean-square (RMS) error. Finally, the program

- )In t l y plots the origin al data and the approximation to provide a

- •-p~4 v l- ,u al assessment of the degree of approximation realized by

- - 
-- 

-

~~ 

—
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Pron y ’s method .

The correctness of the approximation program was fi rst

verified by applying it to severa l sets of synthetic data constructed

from the composition of two, three , and four real and/or complex

exponentials. In all cases , the progam returned very good

approximations to the synthetic data .

5.5 Sample Results

The Prony approximation program was fi rst applied for the case

n = 2 (i.e., a two term approximation) to all set of values for the

empi rical covariance functions of Chapter 4. For a 9reat majori ty

o f emp i r i cal data sets , the two-term Prony approximation was quite

good. Figures 5-1 through 5-3 present three typical examples of the

type of approximation realized . While the two-term approximation does

not ca pture the osc i lla tory na ture of the covar iance func ti on i n the

case of the MUDDLE Assembler (Fig. 5-2), it still gives a good gross

approximation over both the short-term and the long-term behavior of

the covar iance process. Table 5-1 contain some of the specific

two-term approximations realized for the autocovariances of the

program localities with a window size of 1024 references (Case C).

-! - - 
.— -.—- --— 

~~~~~~~~~~~~~~~~~~~~~~~ 
. . . II~ -~~
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PROGRAM A PPROXIMATION

MUDDLE Compiler 41 (T) = 0.468 exp(-1.52jT~) + 0.536 exp (-0.O1R~r~ )

MUDDLE Assembler

Fi rst Trace ll
a
(T) = 0.680 exp(-O.958~i~) + 0.257 exp(-0.0i9~t~)

Second Trace ila (r) = 0.730 exp(-1.197 !iF) + 0.250 exp(-O.007 1i1)

MIDAS Assembler

Fi rst Trace ila (T )  = 0.611 exp(-1.8521T1) + 0.387 exp(-0 .037jr~)

Second Trace ila
( r )  = 0.701 exp(-2.241~-r~) + 0.298 exp(-O.0271i1)

TABLE 5-1 TWO-TERM PRONY APPROXIMATIONS 

- - . .~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -—— ~~~~~~~~~~~~~~~~~~~- --~~~~~~~~~~
--
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Primarily to obtain a better approximation in the case of the

MUDDLE Assemb le , the approximation program was re-executed on all data

sets to obtain the three-term approximations . In general , the

addition of another term to the approximation produced little to negative

results . Fi gure 5-4 presents the three—term approximation corresponding

to the two-term result for the MUDDLE Assembler of Figure 5-2. While

it mi ght not be obvious from a comparison of the two figures , a

comparison of the RMS errors shows the two-term approximation to be

better than the three-term one — 0.064 vs. 0.089. Moreover , the

three-term approximation has also failed to capture the oscillatory

nature of the empi rica l data . The specific approximati on in this

case being given by

= 1.992 exp(-1.301~i)) - 1.363 exp (-O .7981-rI) +

(5. 7)
+ 0.399 exp(-0.049H).

Increasing the freedom of the Prony approximation to even four

and fi ve terms still failed to capture the oscillatory nature of

the MUDDLE Assembl er’s autocovariance function . Moreover , in all

cases where an approximation of more than two terms yield a better

result , the -increase or gain was of such little consequence so as not

be justified by the corresponding increase in the model ’s complexity .

~ 

~~~—-- * 
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5.6 The Model: Final Summary

In si.anmary, our results show that the great majori ty of all

the program behavior observed and reported in Chapter 4 can be

encompassed by the following analytic model :

A program ’s usage behavior can be characteri zed by a

vector valued random process which consists of some mean value

(locality vector) plus a second-order stationary process whose

autocovariance of observed localities is given by a function of L
the form

4 1 ( T )  C1 exp(a 1I T I )  + C2 exp( a 2~t~ ). (5.8)

~~~~~~~~~~~~~ . ~~~~~~~~~~~~~~~~~~~~~~~~ ~ ~ ~~It1 II~~~~~~~~~II~ 
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CHAPTER 6

A CONTROL-THEORETIC APPROACH TO MEMORY MANAGEMENT

6.1 Introduction and Problem Identification

How any specific program ’s memory demands are met is properly

wi thin the domain of the memory management portion of an operating

system. Ideally, in each time interval , the operating system should

provide in main memory precisely those pages required by each

executing resident program. There are, however , severa l well known

aspects of the memory management problem which preclude such an

idealized solution . First and foremost, there is a real lack of

reliabl e prior information about the speci fic memory demands each
S

resident program will make upon the system. Secondly, the physical

resource (primary memory) is of limited extent and may not be able

to accomodate all of the required pages. There is also the matter

of costs associated with the under-utilization of memory and/or

the moving of a program ’s pages between primary memory and secondary

storage. Because of these complications , the memory management function

in large computer systems is a comp lex probl em .

From a control-theoretic viewpoint , the memory management function

is a constra i ned stochastic optimization probl em. Firs t, it is an

optimization problem in that one generally tries to reduce the

various costs associated with under-utilized equipment and/or job

delays. Its stochastic nature is intrinsic and is reflected by cur

—— .— -— --—--—--, —,.-----—--——--— .—-.-.-
~
-.,—.--—- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~ : : - r . - , . ! :. . l.I.mI -~~~~ 4~~. -.I_.I... . .1 —
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lack of prior information of specifi c job demands . The problem ’s

sol ution is also constrained by the finite extent of prima ry memory.

Fortunately, for our purposes , Aho , Denning and Ul iman [ADIJ71]

have shown that demand paging is optima l if the cost C(k) of

bringing in k pages simultaneously, is not less than the cost of

bringing them in individually (i.e., if C(k) > k). While some computer

hardware can support the case where C(k)< k, the observed locality 
L

behavior of program address reference stri ng does not support the

arbitrary loading of even adjacent pages and thus precludes any such

cost savings . Consequentl y, the case C(k) = k is reasonable and the

restriction of future considerations to demand paging algorithms is

quite realistic.

With the restriction of the memory manager to a demand paging

scheme, the only remaining freedom is in the choice of the page

replacement algorithm . From the discussion of the previous chapter ,

all practical page replacement al gorithms are fundamentally one

of prediction (or estimation of the conditiona l expectation) of

future page usage . Moreover , the determi nation of specifi c predictors

or estimators is predicated upon some stochastic model and its

associated probability distributions . Our choice of the specifi c

stochastic model in Chapter 5 was determined by two principa l

considerations. Firs t and foremost was the empirical results of

Chapter 4. The second pri ncipal consideration was the pragmatic

reality that any model and its associated predictor must represent

~

- . - ---- - ~~~~~~~~~~~~~ ~~~~~~~~~~~~ I~~~~ I - . . . . - -~~~~~~~~~~~~~~~~~
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a compromise between information content and i mpl ementation

compl exity . Our specific choice of a second-order stationary random

process model was , consequently, motivated by a knowledge that it

provided a minimal impl ementation complexity fov’- a predictor via

Wiener fi l ter theory and yet required as maximal usefu l information ,

the means and covariance functions of Chapter 4.

The model .of Chapter 5 also contains another significant feature

which is very i mportant to the Implementat ion i ssue in pract i cal

operating systems . Namel y,  the model contains the macro-structure

of memory usage rather than mi cro-structure of i ndivi dual page

usage as addressed in Jam ’s thesis [Ja i78J . It is felt that the

impl ementation of a different yet specific predicto r for each page ’s

usa ge will be unrealistic for some time into the future . We do,

however , feel that future LSI technology can provide hardware support

for the memory management function onl y if it is of a highly parallel

nature . A high degree of parallelism translates into a requirement

that all the indiv idual page usage predictors be of the same structure

and , at l east within a given program execution , use the same coeffi ents

(parameters). Consequentl y, we require the design of a singl e

predicto r algorithm which is to be uniforml y appl i ed to all pages

of a given program . The design constraint of uniformity of the

predictors requires tha t we use some average behavior of the

individual page usages (see below). The reciprocity results of

Section 4.4.3, guarantee that the autocovariances of our program

local ity model are equivalent to the required average of the 

- -. ..-- —--- .- . . . - - . — - -~~~~~~~~~~~~~~~
_ _ _
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individu al page autocovarlance functions .
In summary , our control-theoretic yet pragmatic view of the

memory management function Is realized in the desi gn of a singl e
optima l Wiener fil ter to be implement ed and used uniformly across
all pages of an executing program as a predictor of future usage
of each individual page. The next section gIves a rigorous
formulation and solution of such a Wiener fil ter problem . I;

~~~~~~~~~~~



— 
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6.2 The Wiener Pure Predictor

In this section , we formulate and solve for a single optima l

Wiener pure predictor to be used uniformi ly across all page usage

histories .

6.2.1 Problem Formulation. From the results of the two previous

chapter s, the evolution of program ’s memo ry usage duri ng execution can

be modeled as a vector-val ued random process of observed localities ,

~(i) (~1w. 
~2~~~’ 

..., ~~(i), ...~~ ~N~~~) 
. (6.1)

The L(i ) process has a mean val ue given by the mean locality vector ,

= 

~ ~2’ 
~~~~~~~ 

...i 8~~) 
(6.2)

and an autocovariance 1?(j) as defi ned by equation (4.19) which is

realized by a function of the form

~(i) = C1ex p (a 1Jj ~ ) + C2exp(a 2 j j~ ). (6.3)

If we view the vector usage history L(i) component-wise as an

ensemble of individual page usage histori es ~~(i)~ then by the

reci procity result of Section 4.4.3, the function (6.3) also provides

the ensemble average

= I il~(i) (6.4)

of the i ndividual page autocovariance functions
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* (j) = Ave{[B (i) - 

~n] {s~
(I + j )  - i~]} .  (6.5)

We require the determi nation of a sing le physically real i zable

discrete-time linear time-Invariant filter to be used uniformily

as a predictor across all page usage histories 8~(i). Since the

page histories have a mean value , we require a predi ctor for the

non-constant portion , say

x~(i) = 8,,(i) - 

~~~~~~

. (6.6)

Specificall y, we require a predictor fil ter of the form

y(i) =~~ h . x(i—j) (6.7) 
~rj :

j =o

such that when it inputs x(i) = x~(i)~ the corresponding output , say

~~(i)~ 
provides a prediction of the x~(i) process ~ uni ts into the

future, i.e.,

y~(i) = x~(i + a). (6.8)

The instantaneous prediction error is clearly the difference between

the actual output and the desired output which is realized by the

process , namely,

e~(i) = y~(i) 
- x~(l + a). (6.9)
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While exact predictions upon the stochastic process x~(i) are

impossib l e, one can still make predictions which are optimal wi th

respect to some measure of system performance . For our purposes ,

we require a measure of error which is always positive for any

Instantaneous error, and which Is , moreover , mathematica lly tractable.

Such a measure Is the system wide total of all of the individua l

prediction mean square errors ,

= (6.10)

where

—

Ave 
~e
2 (i)~ . (6.11) H

Consequently, the ultimate determi nati on of the predictor fil ter is

contained in the determination of the filter weights h~ such that the

total error ET is a minimum.

6.2.2 Minimization of System Error. Substituting from the above

equation , we have

E1 
= ~~~

AVe
~~~ h X ( l J) - x

fl
(i+a))(~~ kXfl

(I_ k) - x (i+ct))

(6.12)
= ~ AvetEE hjhkx fl

(i_i)x
fl
(i_ k) — 2~ hkxfl~

i_ k)x
fl
(I+a)

n=l j=0 k=0 k 0

+ x~(i+ ct)~
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Performi ng the time averages ,

N —i
E1 = 

~ ~ 
h .h~ ~~(i-~

) - 2 
~ 

h~i~i (k+~ ) + ~~~ . (6.13)
n 1  j=O k=0 ~ k=0 ~ )

Interchang ing the order of summation , and i~sing (6.4) we have

‘ =  =‘ N — ’
= N~ ~ ~ 

h.h~ ~~~ 
- 2 

~

‘ hk ~~~~ + ~ ~

‘ 

~~~~ (6.14)
j=0 k=O ~ k=O n=l

To minimize E1, we require that

= 2N ~ h . ~(k-j) - ~(k+a4 0 (6.15)
k ~j=O ~

or

~ 
h. ~(k-j) = ~(k+i~). (6.16)

j=0 3

Equation (6.16) is the discrete-time equivalen t of the Wiener-Hopf

equation for the optima l pure predictor (the continuous time case

Is treated in [Lee6oJ , pages 406-409). Consequently, the solution

of our fi l ter problem is completely equivalent to a Wiener fi l ter

problem except that the usual process autocorrelation function is

replaced by the ensemble average of all of the page autocorrelation

functions .
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6.2.3 Solution of the Wiener-Hopf Equation. The solution of our

predictor fi l ter probl em requires the solution of the discrete-time

Wiener—Hopf equation (6.16) where

*(j ) = C1exp(a1 l j J ) = C2exp(a2~j~). (6.17)

For our particular case, the associated spectral density function given

by the bi-latera l z-transform of (6.17) is a rational function of z,

namely,

= ~ ip(j)z 3 (6.18)

C1(1—p~) C2(1-p~)‘P(z) = (1—p 1z)(1-ii1/zY 
+ (1-j t 2z)( 1— p 2/z) (6.19)

where

= exp(a1), and = exp(a2). (6.20)

Consequently, the solution of (6.16) is readily accomplished by the

usual spectral factorization technique . Specifically, if we write

(6.19) in factoral form as

‘v(z) = ‘v~ (z) ‘v (z), (6.21)

• the generating (transfer) function for our required filter weights ,

namely,

Li ~~~~~~~ • • _ _ _ _
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11(z) = 
~ h z~ (6.22)i_-a i

is given by (see [whi63J , p. 32)

11(z) = ~÷~
1~___ z~~:~ (z) . (6.23)J+

For our parti cular case , the spectrum (6 .19) can be factored such
that

= G Tr~~ r 4 2z (6.24)

where

1c =
~

.b -
~~~Vb - 4  , (6.25a)

C (1-~~)(1+~~) + C2(1-~
2)(1+~

2)b = —.-__-——________.
~~.? . ... ~~~~ ._ .~~~~~~~~ __._ . 

, (6.25b)C1 j~2(1— 3~1) + C2~1 (1— ~2)

and

I, 2 2C1~i2~1— p 1) + C2~1(I— ~42) (6.25c )G =

The portion (6.24) of the spectrum associated with positive time
value s can also be written by a partial fractions expression as

= G + 1-U 2z} (6 .26)

- - - __V _  —- ~~~~~~~~~~~~~~~~~~~~~~~ - V -— - •—.•V& -_ _-____
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where the residues are given by

1-C/ p i - C / p
V R = , and R = 2 (6 .27)

1 1 — ji
2
/~i1 

2 1 — 
V

Finally, it is not unreasonable for operating systems considerations

to choose the prediction interval a to be unity . Wi th this final

specialization , we can write

[i
-’ v~(z)]~ = G ~~~~ -~~2z)+ p2R2(1 - paz) (6.28)

and substi tuting into (6.23),

H(z) = ~~~ 
(~
22

CZ)~
12 (6.29) 

V

The transfer function (6.29) for the optimal one-step predicto r can

also be wri tten in the following forms,

H(z) = g (6.30)

where

g = + LL 2R
2 

and d = p
1R1 + p2R2 

(6.31)

or

H (z) = + 1 
G2 (6.32)

__________ -
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w!~ere
d ~1~2

• 
= 9-- --—- (6.33a )

and

G2 g (1 -~~) (6.33b)

The time domain realization of our optimal predictor (6.32) is given

by

y (j) = G1 x(i) + G2 ~ 
c3x(i - j), (6.34)

3=0

which can be recognized as a simpl e gain (attenuator) plus a simple

fi rst order smoothing (low-pass) fi l ter. In fact , the predictors

output can be generated recursivel y by the system of equations ,

Y(i) = cY(i — 1) + x(i),
(6.35)

y(i ) = G1x ( i )  + G2Y(i).

6.2.4 Summary. Recalling that the predictor y(i) Is only for the

non-constant portion of the page usage history , we can realize a specifi c

one—step predictor for the n- th page usage as

z~(i) = 

~n 
+ 

~n~
’ ~ 1). (6.36)

Consequently, the fi na l form of the required predicti on equation is

x~(i) = ~~(i) -

Y~ ( i )  = cY~(1 - 1) + x~(i) (6.37)

Z (1) = + G1 x~( i ) + G2V (i) 

-• - - - - -V  - - -
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where the coefficient c Is given by equation (6.25) and and G2

are given by equation (6.33). A small FORTRAN program was written

w hic h acce pts the coeff i c ien ts C1. C2, a1 and a2 of equation (6.3)

and produces the required coefficients of equations (6.37).

6.2.5 Irnp~ementation Considerations. Using some scheme to provide

time In tervals of some nominal duration (e.g.. by Instruction count ,

address refe rence coun t, or a real- time clock), the optimal predicto r

al gor it hm coul d be implemented In sof twa re upon curren t sys tems w hi ch

provide hardware supported usage-bits . For each page , one coul d

maintain a count of the number of Intervals in which the usage bit I’

had been set . Then the es ti ma te of 
~n 

woul d be simDl y the ratio

of the n-th pa ge’s count over the total interval count as expressed by

Number of Intervals containing P
= 

~~~~~~~~~~~~~~~~~~~~~ 
6. ~

Having 
~n ’ 

the computation or up— dating of the predictor (6.37) for

each page of the executing programs would be direct.

Howeve r, since programs have a finite yet highly variable duration

within the system , The above es ti mati on of 
~ 

requires that the various

counts be reset when the program begi ns execu tion and to be save d and

restored when the program is swapped out and back In. Moreover , the

required division of (6.38) Is often more demanding than other computer

instructions. Therefore , the estimation of ~ might best be accomplished

by another technique which does not use division and which uses a sinnle

memory cel l — ra ther than two counts — to ma i nta in i ts value . The

_  _  -~~~~~~~~~~~- - -- -* 
_ _
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usual engineering solution is to use a low-pass fi l ter with a sufficientl y 
V

lon g response time as an estima tor of a mean value. The discrete-time

equiav lent of such a l ow—pass filter is given by

v (i) 
~~~~ 

— 1) + (1 — x ) B~(i) (6 .39)

wh ich is often called an exponential smoother or exponential estimator.

The exponential estimator does require but one memory cell or register

per paqe and does run “open-loo p” , i.e ., does not requi re the reset of

counters .

Si nce v ,~(i) will approximation 
~~~~~

, substitution of (6.39) i nto

(6.37) yields the final set of predicti on equations ,

V (i) = )
~V ( i  — 1) + (1 — ~ ~~~ 

H

x (i) = ~~(i) - Vn (i)
(6.40)

Y~(i) = cY~(i - 1) + x~(i)

Zn (i) = v~(n) + G1x~(i) + G2Y~(i)

Al though equation (6.40) could be impl emented in software , their

real merit stems from their highly parallel nature .

Future LSI technology will require very littl e In hardware costs to

provide the conti nuous up—date of several hundred sets of equations (6.40)

— one for each page . Microprogranining could also provide for variable

coefficients . Morever, by a judicious adjustment of the coefficient



r 
-_-  ~•V~~ V~~ V V ~~~~~~ V 

• - -  -~~

6-15

(e.g., A , c , and G2) so that they are expressible in a minim al

fashion as composite negative powers of two (e.g., A = = I. -

a practical hardware impl ementation of equations (6.40) mi ght only

require simpl e shifts , and adds or subtracts — i.e., no multipliers .

6.3 The Memory Controller

V Having established the prediction algori thms (6.40) for memory

usage , our determination of the matching controller is somewhat 
V

informal .

If there were no errors in the prediction process , the memory

controller should obviousl y keep or load those pages for which z~(i)

is one and dismiss those pages for which z~(i) is zero . There will ,

however , be errors in the prediction process. While the true future

values of page ’s usage 8~ (i + 1) can only be a one or a zero, our

prediction fi l ters (6.40) will only yield fractional values .

However , by selecting some threshold value , say T
11 , one can return

the predicted values z~(i) = 8~(i + 1) to a binary decision by making

the following comparisons :

If zn (I) < TH. decide page 
~n 

will not be used .
(6.41)

Di : If z~(i) > T
~
, decide page p,~ will be used.

Even with the threshold decision , however , there will still be errors

in the prediction- decision process so one must al so provide for

the loading of requested pages upon demand . Consequentl y, our memory 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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controller reduces to the following variable (memory) space algorithm .

Contro ller At the start of each observation interval

for each executing program , the memory controller should

keep or load those pages whose predicted usage z~(i) is

grea ter than or equa l to the threshold parameter T11.

Corres pondi ngly, It should rel ease any resident pages

for wh i ch z~(i) falls below TH~ 
Missing pages wil l be

loaded upon demand.

The va lue  of the thres hol d T11 is thus a des ign parame ter for

such a memory controller. For any given threshold value , two types

of errors are possible , namely,

E1 : A page is kept but is not used .
(6.43) H

E2: A pa ge is re l eased but  is requ i r e d .

For eac h page 
~n ’ 

one can define the conditional probabilities for

eac h type of error as fol lows :

P
a

(n) = Pro b (E 1) 
= Prob [D1Ie~(i + 1) = o]

(6.44)

P~ (n) = Prob(E2) = Prob [o0 I~~(i + 1) = i]

By a suitable choice of the threshold THI either of the error probabilities

can be made arbitrari ly small at the cost of riiaking the other very large .

However , since the different types of errors are related to different

system resources Ci .e., E1— pri mary memory, and E2 — secondary • 
-

memo ry and supporting I/O processors , channels , etc.), the choice of

must represent some compromise between the effective use of main
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memory — small P (n)’s — and the maintenance of a low pa ge-fault-rate —
small P (n)’s. The trade—o ff between t1’~ P ’ s and the P ’ s mus t

consequentl y refl ect some measure of their relative costs.

Prieve and Fabry In their development [PrF76] of the VMIN

al gorithm present similar considerations . Specificall y, they define

R = Cost of a page-fault.

U = Cost of keeping one page in main memory for one (6.45)

reference time .

an d a cos t func ti on over a page trace of n references as

C(n) = n f R + n M U (6.46)

where f is the page- fault—rate and M is the average memory utilization.

Prieve- labry also recognize that by varying U/R. a performance curve

in the average-memory -size/page-fault-rate plane can be generated for

their algorithm . Their VMIN algorithm does minimi ze the cost (6.46),

but it is unrealizable since it requires knowledge of the future

portion of the page trace . For our purposes , the paper by Prieve and

Fabry contains two i mportant concepts . The fi rst being the comparison

of variabl e-space al gori thms by their performance curves in the M-f

plane. The second one is the use of the ratio U/R of the associated

costs to parameteri ze the iso-cost curves in the M-f plane .

If we associa te the costs U and R, res pec ti vel y, with our type E1
and £2 errors , we recognize that our threshold value TH should be

choosen to minimi ze some cost function of the form
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C(T H) 
= K ‘{~a 

T U + P~ T R} (6.47)

where r Is the size of the observation interval , and P and P are
a

the system wide composite of the individual probabilities , namely ,

= 

n~1 
P (n) and = 

n~1 
P~(n ). (6.48) L

Since P and P~ are implicit functions of the threshold value TH~
i t ’ s variation provides for a trade-off between the U and R costs .

We do not pursue the determination of the optimal threshold any further~
We do , however , In the next section present sampl e M— f performance curves

for our predictor -controller algori thm for a parametric set of threshol d

values .

*There is a strong analogy between our development jn this Section
and the detection problem of communications theory LSe165J .

~ 

V~~~~~~~~~ . _  _ _ _
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6. 4 ~~~p~e_ Implementa tion Resul ts

A FORTRAN program called OPTMEM has been written which

provides for a simulated impl ementation of the predictor-controller

al gorithms (6.40) and (6.42). SpecifIcally, OPTMEM simulates only

one executin g program and thus , any of the previous Individual program

trace data tapes can be used to drive it. As with earlier anal ysis

programs , It requires In put control parameters .

PGSIZE - the page size ,

ISIZE — the i nterval (window ) size T.

Additiona l required parameters are the coefficients of the pred ic tor

al gorithms (6.40), namely

CL - the coefficien t \

C C —  ‘‘ ‘‘ c

GI — “ “ G1
G2 - “ “ G2

and f i n a l l y

TH - the threshold value TH•

As with earlier programs , the parameters PGSIZE and ISIZE are

used to map the input address string Into a corresponding observed

locality sequence. A set of prediction algorithms (6.40) is maintained

for each page of the program under analysis. Based upon the occurrence

of page faults and the simulated actions of the thresholded controller ,

OPTMEM maintains a dynamic list of page numbers which simula te the

Ins tantaneous memory assi gnments and requirements . OPTMEM also mainta ins

a running estimate for the memory partition size

-- .- — - -
~~~
-

~~~~~~~~~~~ -V - - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ _
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w(1) = 
~ ~

Ns(i) + NF(i)
~ 

(6.49)

where N5(i) and NF(i) denote the number of pages that are resident

at the start and at the finish , respectively, of the I—th observation

interval . The i ndividual values of w(i) are saved in an array for

subsequent analysis.

As output , OPTMEM provides a value of the fault-rate function

f*( ) as the ratio of the total number of page faults to the total

number of addresses referenced . An average memory utilization size

~ is also reported as the mean value of the sequence of w(l) values .

A standard deviation ~ and an autocorrelation ~~(k) are also calculated

from the w( i )  sequence.

The simulation program OPTMEM has been repeatedly executed upon

the same trace data tapes as used and described in earlier chapters .

We have consistently empl oyed the same page size (PGSIZE) for each

of the samplr’ programs traces (c.f. Table 3.1). For the observation

interval size (ISIZE), we have settled upon the value T = 1024 and

have correspondingly used predictor coefficient values for C ,

and G2 derived from the Prony approximation to the associated covariance

for the same interval size . Table 6-1 gives the optimal predi ctor

coefficients corresponding to the covarlance functions of Table 5-1.

Other than the threshold value TM for which we present

parameteric sets of results , the only other free parameter is the

coefficient A in the set of fil ters (6 .39)  which are used to provide

- V  ~~~~~~~~~~~~~~~~~~~~~~~~~~~
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PROGRAM PREDICTOR COEFFICIENTS

_______________ _______________ 

G2

MUDDLE Compiler 0.852 0.252 0.097

MUDDLE Assembler

Fi rs t Trace 0.922 0.409 0.035

Second Trace 0.952 0.315 0.028

MIDAS Assembler

First Trace 0.829 0.182 0.109

Second Trace 0.849 0.115 0.103

TABLE 6-I OPTIMAL PREDICTOR COEFFICIENTS

_ _ _ _  _ -

~~~~~ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~ _  _ _  _ _ _ _ _ _
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a runnin q estimate of the mean locality L. Our results show that It

is not a critical design parameter . For the results we do present ,

we have used A = 0.99 — A = woul d have been jus t as good .

We also investigated the start-up transient effect on the vn (

fi l ters (i.e., set of zero or 
~n 

Initially). With essentiall y no

difference in the results , we have consistently employed zero initial

values (i.e., no prior knowledge of E). Finally, for the threshold

value , we have found that the parametric set of values

= 0.05, 0.1, 0.3, and 0.5 (6.50)

produce a sign i ficant spectrum of results.

Table 6-2 gi ves the results of our predictor -controller algorithm

as real ized by the simulation program OPTMEM upon four of our sample

data traces . In order to compare OPTMEM ’ s per fo rmance , we have

also plotted the Table 6-2 values opposite the corresponding performance

curves for Denn ing’s pure working-set (Ws ) scheme . The result ing

comparisons are given in Figure 6-1 to 6-4. Clearly, the OPTMEM

resul ts on the MUDDLE Compiler trace (Fig. 6-1) are indistingu ishable

from those for WS , Likewise , there is little di fference between

OPTMEM and WS on the MIDAS Assembler trace (Fig. 6-4). However, on both

of the MUDDLE Assembler traces , (Figures 6—2 and 6-3) OPTMEM consistently

out performs the working-set scheme .

In order to get some assessment of the robustness of the OPIMEM

predictor-controller, we empl oyed the predictor determined from the

firs t trace of the MUDDLE Assemb ler against its second trace. The

results are given In Figure 6-5 . Here again , OPTMEM out per • -~ed the

WS scheme .

L~~~~V~~~~~~ •. 

V 
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PROGRAM TH OPTHEM RESULTS

f*( )

MUDDLE Compiler 0.5 12.07 0.003 084 3

0.3 14.82 0.001 803 1

0.1 20.13 0.000 866 1

0.05 23.47 0.000 576 5

MUDDLE Assem bler 0.5 25.43 0.005 018 0

(First Trace) 0.3 29.16 0.003 275 2 H

0.1 37 .02 0 .001 020 9

0.05 41.36 0.000 457 3

MUDDLE Assembler 0.5 26.23 0.004 838 0

(Second Trace ) 0 .3 32.03 0.002 605 7

0.1 39.41 0.000 882 5

0.05 43 .74 0.000 333 5

MIDAS Assembler 0.5 25.02 0.006 342 6

(Fi rst Trace ) 0.3 30.78 0.003 831 0

0.1 42.60 0.001 819 8

0.05 50 .54 0.001 116 3

TABLE 6-2 OPTMEM RESULTS 

_  

_ j
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6.5 Conclusions

Guided by control-theoretic considerations , we have devel oped

an optima l memory management scheme whose performance is equivalent

or better than that of a working-set scheme when compa red upon a fault-

rate versus mean memory partition size basis. Moreover, there is no

reasonable basis upon which one can expect to do better than for

our optimal predictor -controller scheme . To do so would require

modification of our program model or our performance cri terion . To

change our model of program behav ior, one would have to demonstrate

that other programs have a more complex behavior than we have observed

in our Chapter 4 results . While our choice of minimal total mean

square error (6.10) as a performance criterion may be disputed , the

adjustment of the threshold value in our controller (6.42) allows

one to trade-off the costs between the two types of errors our 
V

pred icto r can make .



CHAPTER 7

DIRECTIONS FOR FUTURE RESEARCH

7 .1 Some Open Issues

The research reported in this thesis raises severa l issues which

s houl d be addressed . The fi rst issue is whether our empirical trace

data,whi ch was obta ined on the Dynamic Modeling System of MIT ’ s H

Project MAC , is truly indicative of the behavior of all programs .

One migh t ques ti on whether our data and conse quently our resul ts , are

speci fi c to the programing and run-time environm ents of the MIT

system . Other investigators should be er.coura ge-i to obtain similar
1. ¶

data and anal ysis for different operating systems .

A second issue which coul d easil y be addressed to our data is

whether there is a signifi cant di fference in the address referencing

behavior between the instruction (pure) and the data (impure ) segments

of a program . Numerous other operati ng systems provide a dichotomy

between instructions and data and consequently could provide da ta to

address this issue .

A final issue relates to our use of average statistics (e.g.,

the average page autocovariance ) which were fully justified in terms

of our performance criterion . The open question is , however , what is

the difference between individual page behaviors . If they are shown

to have a high degree of variability , one mi ght seek other performance

measures for the memory subsystem .

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  _ _V
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7.2 Future Ex tens i ons

There are many directions along which the research reported in

this thesis can be extended . The fi rst and most i mportant area should

be to expand the anal ys i s and mo del i ng effo rt to incl ude the full s pectrum

of resources in an ope rating system and their interactions . Specific all y,

one should determine cross-covariance functions between all system

resource utilizations level s as wel l as their individual autocovariances .

For those resources wh ich s how a hig h degree of i nteraction , the more

inclus i ve models will provide better control policies . For other

resources w hi c h s how litt le cross coup l ing (cross-covariance), the

decomposability models of Courtois [Cou75] will have been justified .

A longer term goal should be to get beyond the system-theoretic

process view of an operating system and develop true input-output

models for an opera ti ng sys tem. to do so will require new designs

or instrumentation of current systems to estimate demand parameters

of the i nd iv id ual jobs as well as the system ’s state in res ponse to

them.

Another fruitful area for future investigation is to continue

the analogy between our thresholded memory controller of Section 6.3

and the detection theory problem of comunications theory . The

operating system equivalent to the receiver operating characteristic

(ROC) curves [Se1 65] should provide an operating system design tool .

V -

~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ V - V V - — V --— —V - _ V  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ V—V -I- V



APPENDIX A
V 

COST FUNCTIONS FOR OPERATING SYSTEMS

A. 1 Introduct ion

This Ap pendix contains three princip al sections . The fi rst

contains a discussion of the Brownian motion model as a stochastic

model for the memory state component of an operating system . The

second section is devoted to the derivati on of a result (eqn. 1.17) V

for the mean first passage time to an absorbing barrier for such

a process. The final section using this result and others from

Chapter 1, presents a parametric set of level cost contours for

a two resource system .

A .2 Brownian Motion Model

In a basic paper , Coffman and Ryan [CoR72] introduce a station-

ary Gaussian process model for the working-set size of a program .

It fol lows that the memory state component x-j (t) being the sum of the V

working-set sizes of the resident programs will also be a similar

type process. By Bryant ’s [Bry75] and our (Appendix B) results ,

the validity of the Gaussian assumption for single program memory ’s

requirements must be rejected. However, as Coffman and Ryan rightly

point out, on a system wide basis by virtue of the central l imit

theorem, the memory state component should have a Gaussian distribution .

Even though Coffman and Ryan i ntroduce the Gaussian process

model , they make no use of it as a dynamical model . !n their

V -- ~~~~~ V - VV _VV_ __ -IV  V~~~~•V V - -  •V _ -_ ~ V- - V--V___________
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consideration of the partitioning of main memory , they take a “snap-

shot” approach which converts the random process model into a random

variable. Their results thus reflec t only the static probabilities

related to the individual or to the sum of Gaussian random variables .

Coffman and Ryan also introduce the more general Ornstein-Uhlenbeck

process model but again make no use of it. For their approach to the

memory partition problem , both processes will yield the same results

in that they both have the same first order probability distribution .

More recently, Ryan and Coffman [RyC74] have introduced an

ininigration-death process as a dynamic model for program demands

upon main memory . We, however , concur with the earlier Gaussian

process model which , when specialized to one of independent

increments is equivalent to a Brownian motion (also called the

Wiener process) {Sch73]. The Brownian motion or Wiener process may

also be regarded as the cont i nuous limit of a simple random walk [C0M65] .

A.3 First Passage Time for Brownian Motion

Thrashing [Den68c] is a phenomenon in operating systems often

observed when the level of memory utilization approaches the limi t

of physical memory. Since thrashing is counter-productive , a

reasonable question to ask of any dynamical model for memory utilizatio n

is how frequent is physical memory exceeded . Even better , one may ask

what is the mean time between starting from some specifi ed level of

usage till when physical memory is exceeded . The answer Is provided

by the solution of the so-called “first passage time” or “ruin ”

problems for various stochastic models. Such problems require the

-V—V .

--I
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specification of boundary condit ions which are usua lly given such

descriptive desi gnations •~s absorbing , e last ic , or reflectin g barriers .

Here we are spec i f ica l l y  interested in the first passage time

for our Brownian mot ion mode l of n~’mory ut ilization level

X ( t )  = x 1 (t) to an absorbin g barrier at x = b representin g the lim i t

of physical memory . For computer operating systems , there is a

problem with tne appropriate boundary condition at the low end

where the system goes empty . The problem at x=O is twofold . First,

there is the problem of physical interpretation and secondly,

ther2 is the larger problem of existence and uniqueness of the solution

of the resulti ng ma thoma ti~ 1il probleI1i . Our choice is on the side of

mathematic al tractahil ity and we thus sett le upon a reflecting

barrier as the boundary condition of x = 0. A pursuit of the other

aspect of the problem leads to singular diffusion equations which

excludes any bounda ry condition at x 0 [B-R60].

In Chapter 1 , the solution was given for the mean first passage

time (to absorption) f,r a Brownian Motion or Wiener process with

drift ~i = 0 and variance parameter 44 2 starting from X(O) = x0 and

subject to a reflecting barrier at x = 0 and an absorbing barrier

at x b . Here we develop the more genera l (it not zero) solution

following the proceedure given in Chapter 5 of Cox and Miller [CoM65].

Specifically , we view the probability distribut ion of the current

memory state X(t) as a probability density , 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - .- -~~~~~~~
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u(x , t) = Prob. density of X(t)  at x , (A. l )

which one can interpret as follows :

u(x , t) dx = Prob [x~~X(t) x + dx] (A .2)

Then it is wel l known that u satisfies a pair of diffusion (Kolmogorov)

equations. Since our object is to determine the first passage time

distribution as a function of initial state x0, it is the backward

equation which is appropriate, namely

2l 2 ~~ u 3u —

Let T be the required first passage time and g(t~x0 ) be its

probability density function with

b
1 - G(t) = ProblT > t] = 5 u(x , t; x0)dt (A.4)

0

where G’(t) = g(t~x0). Since g(t~x0) 
- ~~ u(x , t; x0), taking

Laplace transforms, we have

y ( x 0 ) g*(s j x )  = j e
5t g(t~x0 )dt = _ s u *(x , s; x0 ) (A .5)

Al so , transforming the backward equation (A.3) , we require

1 
~
2 

+ p ~~~~
— = -s ‘~ 

(x 0) (A. 6)

It
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which we must solve subj ect to the bounda ry conditions (see [CoM65],

p. 23 1)

0, y(b) = 1. (A.7)

Letting

= (- i i ~~
2+2 2 ) , 9~(s) = ~~~~~~~~~~~~~ (A.8)

be the roots of the characterist ic equation (A .6). we can w r i t e  the

qenera l solution of (A.6) as -

= A exp(x0
Q.~(s)) + B ex p(x 0Q2 ( s ) ) .  (A.9)

Applying boundary conditions (+4.7) .

9 0
~~ ~~g e 0 2

= 

~~~~ b~~ 
(A.l0)

- 91e

When ~‘ 0, the above specializes to

cos h(x 9 ( s ) )
‘y (x 0) c~~ 1b~fs)Y 

. (A. l l )

In either case, using

4 = — 
ds 

~s=O 
(A . l~ ) 

V----V—-~~~V-——~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -
- - — V V -~~~.- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ _ _
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we find for u ~ 0

= ~(b - x
~

) + ~~ {
exP(- ~~~ 

- exp(- ~~~~~O

)}  
(A. 13)

and for u = 0

2 2b - x
1 =  - o (A.14)

which is the result given in Cha pter 1 as equation (1.17). V

A .4 Operating System (Level) Cost Contours

Using the reciprocal of the mean time to absorption as a rate

for how often physica l memory is exceeded (with its subsequent

overhead), one can model the memory cost by a function of the form

2 -

C1 (x 1) = (1 - x 1 ) + Blk ~~~

° 

2 (A.15)

where the coefficient 
~lk refl ects some subj ective value judgement

between the cost of more hardware verses more system overhead. - -

With CPU costs derived from a simple queueing model as in Chapter 1 ,

cf., equation (1.15) V

2
x (1 + C )

C2 (x 2 ) = (1 - x 2 ) ~ ~2k 2f1 - x2T (A. 16)

we can combine the two individual costs Into a (two resource)

system cost function 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - V - V V  V-V 
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C(~ ) = C(x 1, x 2 ) a1C 1(x 1 ) + ~2C2(x2). (A.17)

On the pages follow ing are a parametric set of level cos t

contours for the system function (A.l7 ) for the subj ective relative k
cost parameters,

~lk 
= B2k 

= 0.05k, k 1 , 2, ..., 6. (A .18)

Memory cost were fixed at twice those for the CPU (i .e., 
~l 

= 2ct2 )

and the other coefficients were fixed with

= C~ = 1.0 (A.19)

One can observe that as the overhead portion increases (i.e., ~‘s

increasing), the desired operating point (minimum) moves to lower

utilization l evels. 

~~~~~~ -- V - - - — - -V -.. ” - -  - - .~~~~—V -~~~~~~~~~ V -~~~~~~~
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APPENDIX B

ADDIT IONAL FIRST ORDER STATISTICS

OF

SAMPLE PROGRAM TRACES

This appendix contains a fairl y comp le te l isting of all of the
first-order statistical results derived from the sample trace tapes

as descr ibed i n Cha pter 3.
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APPENDIX B

This appendix contains a fai rly complete listing of all of the

first—order statistical results derived from the sampl e trace tapes

as described in Chapter 3.
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