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Notation.

- 

[ ] : a square matrix

• ~ ~
T : the t ranspose  of a m a t r i x

I i~ : the inverse matrix

{ } : a column matrix

ak : a parame ter of the general ized
deriva tive models

b : a parameter of the generalizedp derivative models

D~[ ] : generalized derivative operator
of order ~

E(t) : the relaxation modulus

the Fourier transform of the
relaxa t ion modulus

• E*(s) : the Laplace transform of the
relaxation modulus

.1 FE ] : the Fourier transform operator
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Notation (Cont’d)

{f(t)} : a column vector of applied forces

• {F(s)} : the Laplace transform of the column
vector of applied forces

G(t) : the shear relaxation modulus

i : the imaginary coeff ic ien t

[K(s)T : a visco- stiffness matrix

I [K] : the pseudo stiffness of the expanded
equations of motion

L[ 3 : the Laplace transform operator

EM] : a mass matrix

[MJ : the pseudo mass matrix of the expanded
equations of motion

s : the Laplace parameter

{x(t)} : a column vector of structuralf  displacemen ts
t

f.
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No tat ion (Con t ’ d)

{X(s)} : the Laplace transform of the column
vec tor of s t ruc tural disp lacements

a . , cz~ : pa ramete r s  of the g e n e r a l i z e d
d e r i v a t i v e  models

pa r ame te r s  of the g e n e r a l i z e d
deriva t ive models

the gamma func t ion of c~

cmn Ct) : a strain history

c~ (s) : the Laplace t ransform of themn Strain history

the loss fac tor

A : the ei genvalue associated with
the expanded equa t ions of mo tion

Fourier transform of the dilatation
modulus

A ,A . : parameters of the generalized
0 

~ deriva t ive models

Fourier transform of the shear modulus
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Notation (Cont’d)

the re al and imag ina ry  pa r ts  of
p * ( w ),  r e spec t ive ly

the Laplace t r a n s f o rm of the  shea r
modulus

pa rame te r s  of the g e n e r a l i z e d
d e r i v a t iv e  models

Omn (t)  : a s t re s s  h i s t o ry

o~ n (s) : the Lap lace  t r a n s f o rm of the
s t r e s s  h i s t o r y

{~~~~~ ) : a mode shape of the s t ruc ture

an ei genvec tor  a s s o c i a t e d  w i t h  the
expanded equa t ions  of mo t ion

the  F o u r ie r  p a r a m e t e r  and the
c i r c u l a r  f r equency  of mot ion  in
radians per secon d

NOTE : Whenever a time history and its associated

transform are exp ressed usin g the s ame sy mb ol ,

e.g., Omn(t) and o~~~(s) , the as terisk

deno tes the trans fo rmed var iab le .
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Abs trac t

Generalized derivatives of fractional order are used

to construct stress-strain constitutive relations for

v i s c o e l a s t i c  m a t e r i a l s , based on the observed s i n u s o i d a l

behavior of the materials. The non-periodic behavior of

one m a t e r i a l  is observed in the l a b o r a t o r y  and compares

favorab ly  w i th  the n o n -p e r i o d i c  behav ior  of the m a t e r i a l

predic ted by its generalized derivative constitutive

relation. Having established that the  g e n e r a l i z e d  deriva-

tive constitutive relation is an appropriate mathematical

model f o r  the genera l  m o t i o n  of a t  l e a s t  one v i s c oel a s t i c

m a t e r i a l , the tools for  the analys is  of structures of

eng inee r ing  i n t e r e s t  are put forward . In par t icular ,

attention is focused on a finite element formulation of

and solut ions to the equa t ions of mo t ion  fo r  s t r u c t u r e s

containing elastic and viscoelastic components.
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APPLICATIONS OF GENERALIZED

DERIVATIVES TO VISCOELASTICITY

I. Introduction

The following investi gat ion deals wi th cons titut ive

relati ons empl oy ing generalized deriva t ives that re late

s t ress  and s t r a i n  in viscoelas t ic materials , and the solut ion

techniques for the resul t ing equa tions of mo t ion for struc tures

i n c o r p o r a t i n g  v i s c o e l a s t i c  components  to dampen v i b r a t o r y

motion. The use of generalized derivatives of fractional

order in stress-strain constitutive relations , firs t sugge sted

by Caputo (Ref  1 ) ,  may be viewed as an e x t e n s i o n  of the

s tandard model for a linear , viscoel astic material .

The s t a n d a r d  v i s c o e l a s t i c  model for a uniaxial cons t i-

t u t i v e  r e l a t i o n  is (Ref  2)

I
K k J i

aCt) + 
~ 

bk ~~~~ = E0 c ( t )  + ~ E .  1.1
k=l dt j=1 -~ dt3

The viscoelastic constitutive relation employ ing general i zed

deriva tives of fractional order will be taken to be

K J ci.
a(t) + 

~ 
bkD ~

[o (t)] E0c(t) + ~ E.D 3 [c(t)] 1.2
k=1 j=l -~

where the generalized derivative operator of real order ci is

4
1

p
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defined by

D~ [x(t)] = r(1 ) dt 0 < a < 1 1.3
o ( t- i)

The generalized derivative constitutive relation , Eqn 1.2 ,

may be v iewed as an ex tension of the s tandard model , Eqn 1. 1 ,

in the  sense tha t  the d e r i v a t i v e s  are no longer  l i m i t e d  to

being of integer order.

The use of this generalized derivative constitutive

relation in modeling the response of viscoelastic materials

w ill be seen to have several advantages over present methods .

The m a j o r  d rawback  of t h e  s t a n d a r d  v i s c o e l a s t i c  model ,

Eqn 1.1 , is tha t  a l a rge  number  of t e rms  are o f t e n  r e q u i r e d

to describe a mater ial adequately . The use of d e r i v a t i v e s

• of o t h e r  than integer order in the constitutive relation will

be seen to  produce  s a t i s f a c t o r y  models  w i t h  very few p a r a m e t e rs . *

Because of the large number of terms required , the

s t andard  model , Eqn 1.1 , o f t e n  becomes too cumbersome to

manipula te. Consequen t ly, an alte rnat ive known as the

“complex modulus method”  has been developed. In the complex

• modulus method , measured value s of E*(w) , Eqn 1.4 , are used

as a discre te approximation of the function E*(w) • In the

transform domain , the general viscoelasti constitutive

* In Section V , a g e n e r a l i z e d  derivative constitutive relation
for the elastomer 3M-467 is presented. The relation charac-
terizes the material’ s pr oper ties over four decades of
frequency wi th three parameters.

_  
_ _ _ _ _ _  -
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rela t ion is

= E*(w)e*(w) 1.4

E*(w) is measured for differen t frequencies of motion (Ref 4),

which produces a set of discrete values of the modulus ,

E*(~~ ) , over the frequency range of interest. These discrete

values of E*(w) are substituted int o the transformed

equat i ons of mot ion  of a viscoelas t ic material to produce

values of the transform of the response at discrete frequencies.

The inverse transform of the response is evaluated numerically

to produce the time history . The major drawback of this method

is the arduous t a s k  of c a l c u l a t i n g  the inverse transform for

every point in time at which the value of the response is

required . The use of the generalized derivative constitutive

relat ion will be seen to do away wi th the need for numerical

approxima tions in the frequency domain .

An elemen tary form of the “complex modulus ” me thod ,

obtained by represen t ing the t r a n s f o r m  of the modulus by

E*( w ) = E0(l + insgn(e)) 1.5

1 , w > 0

sgn (w) = 0, w 0 1.6

-1 , tü < 0

- ~~~~~~~~~~~~~~~ . -- - __ ,--— -T..-- __ _J: - 
- -  ____ .-_~~~~~~~~T : 
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and of ten known as “s truc tural damp i.ng” (Ref 5), is valid

only for sinusoidal stress and strain in the material.

• Crandall has shown that the response of an harmonic oscillator

wi th  “s t r u c t u r a l  damp ing ” for  impuls ive  loading is non-causa l

(Ref 6); that is , the time response of the oscillator occurs

before the loading.

Mi m e (Ref 7) has proposed several modifications of the

imag inary par t of the modulus given in Eqn 1.7 to produce a

causal response. Unfortunatel y, neither the modified modulus

nor the one given in Eqn 1.7 is particularly suitable for

transie~it (broad-band) response of viscoelastic materials ,

because they do not account for the frequency dependent

stiffness typ ically encountered . Caputo (Ref 8) observed

• that a sing le term , generalized derivative , cons titut ive

relation of the form

o ( t )  = E1D
’[~~(t)] 

- 

0 < a
1 

< 1 1.7

produces frequency-dependent stiffness and damp ing and a

loss factor*, ~ , that is frequency independent .

a
l

l!

= tan —i— 1.8

* The loss factor in a linear material is the ratio of
imag inary to the real part of the modulus .

4
4
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Caputo ’s work with generalized derivative constitutive

relations focuses primarily on the propagation of waves in

geolog ical formations. One of Caputo ’s earliest papers

(Ref 9) was on generalized independent loss factors or

equivalently frequency-independent resonant qualities , Q
This work was followd by a book (Ref 10) in which Caputo

dealt with the propagation of impulsive plane waves and the

free vibration of spherical strata using generalized deriva-

tives in the constitutive relations of the media. In the las t

chapter of the book and in later papers with Minardi , Caputo

compares the generalized derivative relations with experimental

observations of the properties of some media: “some metals ,

glasses and the earth. ” (Refs 11 , 12) In 1974 Capu to

proposed a generalized derivatives viscoelastic constitutive

• relation of the form (Ref 13)

aCt) = ~D [c(t)] o < a < l  ; n = 0,1 ,2,... 1.9

where the generalized derivative operator was defined by

Dci
~~[x(t)] (1) 

~ d’~x (t) ~ dt 1.10
o dt (t T)

This definition differs sli ght ly from the generalized

derivative used in this investi gation , Eqn 1.3. Caputo

used the relation , Eqn 1.9 , to determine the response of a

uniformly driven infinite viscoelastic layer and investi gated

~~~~~ 

— 

I—I 

~ 

-= 
—

_____ - ~~~~~~~~~~~~~~~~~~~~~~~ 
- 
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the hysteresis behavior of the constitutive relation (Refs 14,

15). Recently, Caputo suggested , but gave no application for ,

a constitutive relation of the form (Ref 16)

D~{a(t)] = flD ci [ e ( t ) ]  1.11

which is the harbinger of the general constitutive relation ,

Eqn 1.2 , which is to be used in this study .

All of Caputo ’s work rests on a continuum formulation

of the equations of motion. Unfortunately , a continuum

formulation of the equations of motion for many structures

of eng ineering interest is not practical. As a result , a

discrete formulation of the equations of motion is adopted ,

based on assumed displacement , finite-element methods. A

• solution technique developed for the motion of structures

incorporating viscoelastic materials modeled with generalized

derivatives is developed as an extension of the solution

techni que developed by Foss fo r  n o n - p r o p o r t i o n a l  viscous

• damping (Ref 17) .

In the sections to follow , constitutive relations using

generalized derivatives are developed , and their applications

and limitations are considered . Some experimental results

are presented and found to show that a constitutive relation ,

with parameters determined from the response to sinusoidal

loading , predicts very well the response of one typ ical

4
6

_ _ _ _ _ _ _ _ _ _  _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  _ _ _ _ _ _



V 

-
-

- ,= 

- •

elastomeric material to an impact loading. Finally , the

• formulation of multi-degree of freedom systems , necessary

• for large-scale structural analysis , is considered . Special

solution methods , necessary for such applications , are

developed.
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II. A Brief Overview of Generalized Derivatives

Before proceeding to construct generalized derivative

constitutive relations , it is appropriate to introduce the

properties of generalized derivatives relevant to the follow -

• ing investi gations . Of particular interest are the form of

the Laplace and Fourier transforms of generalized derivatives ,

and the results of repeated differentiation of fractional

order.

First and foremost , the generalized derivative is a

linear operator.

Dci[x1 (t) + x2(t)] 
= Dci[x1 (t)] + Dci[x2(t)] 2.1

This property follows directly from the definition , Eq 1.3.

• Dc[x(t)] r(1
1
-a) at 1.3

To put the definition into a form in which the calculation

of its Laplace transform is strai ghtforward , one first performs

a change of variable

= t - r i  2.2

which results in

4 D u [x(t)] = 
r(1-a) 

d ~ x(t-n) d~ 2.3

L~ ,: ~~~~~~~~~~ ~~~~~~~~~ 
-
~~~~~~~~~~ :.: 

- .
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Using Leibni tz ’s rule to diffe rent ia te the integral produces

• Dci[x(t)] = r(i-a) ~~ x (t-n) dn + F(1~ ci~ tci 2.4

After taking the Laplace transform of Eq 2.3 , the transform

of the generalized derivative of order ci of the function

x(t) is seen to be

L[Da [x( t)]] = 

~~~~~~~~~~~ 

• (sL[x(t)] - x(0)) + 
x~ O) 2.5

• which s i m p l i f i e s  to

- L[Dci[x(t)]] = saL[x(t)] 2.6

where

L[x(t)] = f x(t)e~~~ dt 2.7

Notice that the Laplace transform of a generalized derivative

• of order ci of a function is equal to s~ times the transform

of the function .

Under certain conditions a similar property of generalized

derivatives is true for Fourier transforms .

F[D c[x(t)]] = (i~~~ 
F[x(t)] 2.8

4
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where

• F[x(t)] x(t)e )t dt 2.9

The conditions are, first, that

x(t) = 0 for t < 0 2.10

in which case the Fourier trans form becomes

F [x ( t ) ]  = f x ( t ) e ~~~~t dt 2 . 1 1

and , second , tha•t the integral in Eq 2.11 exists. Note the

parallel form of Eqns 2.6 and 2.8. Both relations were used

by Caputo (Ref 18).

A useful property of generalized derivatives is that

the generalized derivative of order a~ , of the generalized

derivatives of order a
2 

of a function is the generalized

derivative of order a
1 

+ a
2 

of the function . Again using

• 
operator notation , the property is

a 1 ci., a 1 1 a
D 1[D L[x(t)]] = 0 ~ 2[x(t)] 2.12

Notice that the definition of generalized differentiation

given in Eq 1.3 is restricted to fractional order a less

than one. If a is one or greater in Eq 1.3 , the integral

4 :~ 10
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*
Contains a non-integrable singularity . The definition of a

generalized derivative of order B , where B > 1 and

m+a where m is the largest integer not exceeding B

Dm~~ [x(t)] = F ( 1 - a)  ~~ rn+1 dt 2.13

I

H; 
_ _ _ _ _ _ _ _ _ _ _ _ _

* On the other hand , if a is zero in Eq 1.3 , the relation is

4 • clearly valid and follows from the fundamental theorem of
calculus .
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III. The Basic Generalized Constitutive Relation

In this chapter the basic generalized derivative ,

viscoelastic constitutive relation is presented and some

aspects of its behavior are established. The basic general-

ized derivati ve cons titut ive relat ion is

a(t) = AD ci[6(t)] 0 < a < 1 3.1

or

L aCt) r(l-ci ) 
d 

_ _ _ _  d~ 3.2

Since the generalized derivative is a linear operator ,

this relat ion is sui table only for the linear approximat ion

of a material’ s properties . This linear constitutive relation

satisfies many of the presently accepted constraints on

viscoelastic constitutive relations .

In particular , it represents a material with fading

• - memory . To demonstrate this claim , it is necessary to put

the constitutive relation in a different form using a change

in variable

n = t-i 3.3

4
12
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and again using Leibni tz ’s rule to differentiate the resulting

integral produces

a(t) = r ( l -c i )  
C dT + _ _ _ _ _ _

or

t
o ( t )  = f G ( T ) ~~( t - r ) d T  + G(t)c(0) 3.5

0

where

A
G(t) = — 3.6

r(l _ a ) t ci

The cons t i tut ive rela t ion , Eq 3 .5 , represen ts a visco-

elastic material with a fading memory . A material is said

to have a fading memory if its relaxation modulus , G ( t )

goes to zero m o n o t o n i c a l l y as t increases  (Ref 2 0 ) .  Not ice

tha t G ( t ) in Eq 3.6 Joes in fact go to zero monotonically .

Sinc e the mat er ia l  has a memory , the value of the stress

at time t is dependent on the entire strain history up

until time t . To insure that the constitutive relation

produces a stress that is dependent on the entire strain

• history up until t , time zero must be chosen before or

at the onset of the initial strain.

Consequently ,

4 c(t) = 0 for t < 0  3.7

~~~~~~ ~~~~~~~~~~~ ~~E _ 
_ _ _
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and the only way tha t

- 

c(0) ~ 0 3.8

is if the stra in  hi story is discon t inuous at t = 0

According to Gurtin and Sternberg (Ref 21), the constitutive

relation as shown in Eq 3 .5 is in the correc t form to hand le

discontinuous strain histories . Notice that a step discontin-

uity in the stra in  his tory a t t = 0 produces a stress
*history that is singular at t = 0

V~hen the stra in  h i s tory is a con t inuous func t ion of

t ime , and zero for negative times , the constitutive relation

given in Eq 3.5 reduces to

t A
• a ( t )  = f G ( T ) ~~(t-T)dT , G ( t )  = 3.9

r(l-ci )t

‘I 
This re la t ion sa t i s f i e s  three ou t of four  of Pi pkin ’s res tr ic t ions

on viscoelastic constitutive relations (Ref 22). The first

restriction , that the stress be an odd functional of strain

- 
rate , is satisfied. The second restriction , that G (t) go to

P zero as time increases , is also sa t i s f i e d , which is in keep ing

wi th the fading memory property . The third restriction , also

satisfied , is that the kernel , the relaxation modulus G(t)

• be a function and not a distribution . Pipkin ’s fourth

4 * The Voi gt viscoclastic model disp lays this same property.

_ _ _ _  

_ _ _ _ _  

.
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restriction , not satisfied by the generalized derivative

constitutive relation , is tha t  G ( t )  be of n e g a t i v e

exponential order.

S

‘I
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IV. Generalized Deriva tive Constitutive

Rela t ions for Visco e las t ic Ma te r i a l s

The task at hand is to use the basic generalized

derivative constitutive relation , jus t presen ted , as the

bu i ld ing  block for constitutive relations that model the

frequency dependent moduli of viscoelastic materials. The

moduli of viscoelastic materials are complex numbers where

the real and imag inary  p a r t s  are f u n c t i o n s  of the f requency

of motion.

• A *(w) = A~~ (w )  + iA ~~~(~~) 4 . 1

= 
~~~~~~~~~ + IV’(w) 4.2

The moduli are defined as the transforms that relate the

transfo rms of stress and strain

a *~~~(w )  = 6mn X *~~~~* (~~ + 2p *(w)E * (w) 4.3

where 
~mn is the Kronecker delta and e*(w) is the

transform of the dilatation strain

e*(o~) = + E
~~2 (w )  + £~~3 ( W )  4 .4

• A usefu l property of the modul i is that their values

16
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at frequency w~~ relate sinusoidal stress and strain of

frequency w
0 

in the material.

Omn (t) ~mn X * o o ~~~~~~ otj + 2ii*(~~)c exp[iw t] 4.5

Consequen tly, one can measure  the values of p *( t ,)  and

A * ( w )  at d i sc re t e  f r equenc ies  of s inuso ida l  mot ion . As a

4 result , the f requency dependence of the moduli  can be

determined experimentally.

Typica l ly ,  a viscoelas tic material at constant , un i fo rm

temperature has moduli that vary with the frequency of motion

as indicated in Fi g 4.1 (Ref 23). At low frequencies (the

rubbery reg ion) the real part of the modulus is relatively

cons tant , whi le  the imaginary par t of the modulus  increases

with increasing frequency . At intermediate frequencies (the

transi t ion reg ion) bo th the real  and ima g inary par ts of the

modulus increase with increasing f requency and the ra te of

increase of the real part slowly overtakes the rate of

increase of the imag inary pa r t .  At hi gh f requenc ies  ( the

glassy reg ion) the imag inary part of the modulus decreases

with increasing frequency , and the real par t of the modulus

is relat ively constant .

The generalized derivative constitutive relations

presented here are of two types .  The f i r s t  type are those

relations intended to model the viscoelastic behavior of

the material in the rubbery and transition reg ions . For

4
I 17
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brevity , this type of model is referred to as the RT model.

The second type are those relations intended to mode l the

behavior of the material in the rubbery , transition and

glassy reg ions. This type of relation is referred to as

the RTG model. Since the RTG model may be viewed as a

generalization of the RT model , the RI model is considered

first.

The RT model for an isotrop ic , homogeneous , linear

viscoelastic material is

Omn (t) = 6 ( A  +~~~A~D
J )eCt)

L
+ 2 

~‘~o 
+ ~ ~J~~ J C mn (t) 4.6

£~= 1

where

O < a .  < 1 4.7
3

0 < < 1 4.8

e(t) = e 11 ( t )  + c 22 (t) + c 33 (t )  4.9

Note that the RT model portrays the stress as a combination

of elastic stresses , proportional to the positive , real

parameters A 0 and i~i0 
, and viscoelastic stresses , propor-

tional to the positive , real ::ameters 
x~ and

L±TIIL_I~~~ 1~L’_~~tl~I:~:~~ :izz~



To establish the frequency dependence of the moduli

in the RT model , one take s the Four ie r  t r a n s f o rm of the

• constitutive relation.

• 
a~~~~(~~) = 6 ( A  +~~~ A .(iw) 3 ) e *( w )

+ 2 (~~ 
+ ~ (iu) 

~~
) c*n (w) 4.10m

Expressing the moduli in terms of their real and imag inary

par ts produces

A *(w) = (A 0 + ~~A .w J cos~~L—)

J a. h a .
+ i ~ A . w  3 s in— 12- 4.11

j= l  ~

L ci fl ct
* 9 9

p ( w )  ( p + 
~~ cos —)

‘1 9=1

+ ~ 

L 1 ~~ 
—,~-~ - 4.12

Observe that for low frequencies of motion , defined by

J a-

~~~~~~ ~ 
A . u i  << 1 4 . 1 30 3 = 1

20
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and

1 L a
— ~ p

9
w < <  1 , 4.14

~o i=1

the moduli in the RT model , Eqns 4.11 and 4.12 , have essentially

a constant real part and an imag inary part that increases with

increasing frequency , similar to the properties of a visco-

elastic material observed in the rubbery reg ion , Fig 4.1.

At in termedia te f requenc ies  of mo t ion , def ined by

J a .

~~~
-. ~~x . w 3 :1 4.15
0 j=i ~

and

L a1 2. -L ~~~ - 1 , 4.16
p
0 2 . 1

‘I the real and imaginary parts of the moduli n the RI model

are increas ing  wi th f r e quency , similar to the properties of

• a viscoelas tic material observed in the transition reg ion.

It is evident that the RT model does not properly

• accoun t for  the properties of a viscoelastic material at

high frequencies , defined by

4
21



J1 a.
~ A - u  3 >> 1 4 . 1 7

o j=1 3

and

~ p
2.

w 9 >> 1 . 4.18
o L 1

The real and imag inary par ts of the modulus  are predic ted by

the RT model to increase i n d e f i n i t e l y  with frequency . In the

glassy reg ion , however , the real part of the modulus of

viscoelas tic materials is typ ica l ly  cons tan t , Fi g 4.1 , and

the imag inary part is decreasing with increasing frequency .

• This discrepancy motivates the construction of a more comp lex

model which accounts for material properties in the glassy

region , the RIG model.

The RTG model for an isotropic , homogeneous , l inear ,

viscoelas tic material is defined to be

(1 
~~~~~~~~ 

(1 +~~~ b D ~~) umn (t)

• = 6mn (1 +~~~~b~ D~ P ) (x 0 +~~~~A~~D J ) e ( t )

K 8 L a
+ 2 (1 + 

~ 
akD 

k) ( + p D 9

) ~ (t) 4.19
k=1 0 9. mn

22
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Again , the frequency dependence of the moduli in the model is

observed by taking the Fourier transform of the constitutive

relation . After some algebraic manipulation of the transformed

rela t ion , the resul t is

J a .
(x + ~ X .(j u)  J )

* 
0 •=i~~ *

amn (w) 
— e (w)

(1 + 
~ 

ak(iu) 
k)

• 2 (p
0 

+ ~ p
9
(iu) £

)

9 1  *+ c ( W )  4.20

(1+ ~~~b (iu) P)
p=l P

where
J cx.

(x + ~ A • (iw) 
3 )

* 
0

A (w) = 
8 4.21

( 1 + ) b (iw) k)

‘1 
p=l p

L
(p +~~~~~ p (iu) 2.)

* 
0

= 1~
• 8 422

(l + ~~~ b ( i u ) 1’)
• p=l P

O < aj~
a9.~

Bk~
Bp 

< 1 4.23

and

A O ,X J~
uO )P9~

ak~
b
P 

> 0 4.24

~~. 
23
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If the parameters ak and b~ are chosen to be smaJ.l , such

that

K 8k
~ 

a~ (iu) A 0 + ~ A.(iw) ~ 4.25
k=1 j=l ~

and

P L ci
~ b (i w ) ~ p

0 
+ ~ p

9.
( iw )  

2. 4.26
p=1 p

for frequencies in the rubbery and transition reg ions of

the material , the RTG model behaves like the RT model in the

rubbery and transition reg ions of the ma te r i a l .

It is , however , the presence of the terms ak and b~
which enable the RTG model to account for the properties of

viscoelastic materials at high frequencies ; i.e., in the

glassy reg ion . No te tha t , if the larges t values of a
3 

and

are the same , and if the largest valu:s of a9. and

are the same , then at high frequencies A (u) and p (u )

have real parts that become constant and imag inary parts that

decrease with increasing frequencies , as is characteristic of

a viscoelastic material in the glassy reg ion .

An important property of the RT and RTG models is that

they satisfy the “elastic-viscoelastic correspondence princi-

ple.” (Ref 4) The correspondence principle states that the

Laplace transform of the stress response of a viscoelastic

4
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material can be constructed from the Laplace transform of

the response of an elastic material by replacing the elastic

constants , A and p , in the elastic response by the

Laplace transforms of viscoelastic moduli , A * (s) and
• 

p * (5)  . The principle holds when the transform of the

elastic stress-strain constitutive relation

o*~ (s) = ~~~Ae *(s) + 2 p c * (S) 4 . 2 7

can be used to construct the trans form of the viscoelastic

stress-strain constitutive relation by replacing the elastic

constants with the transforms of the viscoelastic moduli.

Thus , the viscoelastic constitutive relation must be of the

• form

a~~(s) = 6mnA *(s)e*(s) + 2p *(s)c~~~(3) . 4.28

‘1 The Laplace transforms of the RT and the RTG models are

of the general form given in Eq 4.28. The Lap lace trans form

of the RIG model is
H - 

~~~•• 

* 
(x 0 +~~~ A~5 

3 )
. Omn (S) 

~mn 
3 1 

B e*(s)

• 

- (1 + ~~~aks
k)

k=1
L ci

- 2 ( p
0 

+ ~ p
9

S 
9.

)

£ 1  *
P 1 

cmn t:S)
( 1 + ~ b S P) 4.29

‘4 
p 1
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and the Laplace transform of the RT model is

a~~~(s) = 

~mn (A0 
;
~~~ x .s 3 ) e* (s)

+ 2 (p
0 

+ ~ p
9

5 
9.

) c *~~(s) 4 . 3 0
9=1 m

Another important property of the RT and RTG models is

tha t they can be cons t ruc t ed  to be causal in the sense tha t

the response (s tress)  does not occur before the inpu t (s tr a i n ) .

The stress response is zero for negative time if its Lap lace

trans form is analy tic in the ri ght half s plane . This condition

on the trans form of the stress is me t , for the class of strain

histories having transforms that are analytic in the right

half s plane , when the branch cuts of s , s , S

B
and s are along the negative , real s axis , and p *( s)

and A*(s) have no zeros in the ri ght half s plane . Since

the stress is zero for negative time , the stress canno t

‘1 an t icipa te the strain tha t beg ins at time zero.

Laplace transforms are also useful in determining the

hysteresis predicted by the RT and RTG models. For a

sinusoidal strain history of frequency w~~ star ting at t ime

zero , the t rans fo rm of the stress his tory is

~mn (t) = c sinu t 4.31

• o~~~(s) = (6 n
* ( s)e + 21* ( s ) C mn ) 0 4 .3 2

- ~~
— = -  
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Evaluating the inverse transform in the same manner as in

Sec t ion X , the stress t ime hi story is found to be

Omn (t) 
= 

~~~~~~ [ ~~~~ )e + 2 p * (i w
0

)~~ ) e~~o~

- mn A * 0)e 0 + 2 p * ( j ~ )~~ ) e~~~w o~ ]

+ Im 

~~ 
h mn A * ~

lt )e 

:0

: :r  
mn 0~

0

As time increases , the integral term in Eq 4. 33 goes to zero

and the sinusoidal terms dominate the stress time history .

So , for  a s inuso ida l  s t r a i n  h i s t o r y , the  s t r e s s  e v e n t u a l l y

becomes s inusoidal  as w e l l .

Using Euler ’s fo rmula , numerous tri gonometric manipu-

l a t ions , and the o b s e r v a t i o n  tha t  the  two s inuso idal  terms

are conjuga tes , the stress for lar ge t ime may be evalua ted

as components in-p hase wi th the stra in , propor t ional  to

siflw0t , and components out-of-p hase , propor t ional to

CoSu0t . The resulting expression for the stress using the

RTG model is 
-

‘4 1~ 27
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a~~(t) 1 e o~l~o) [~o + 
~~1

A~u0~~~05 ~ j

+ A0 k~1 
akwo coS + 

~ ~ k~1 
X~ ak W ~ ~

8k ÷  (ci
i 

-

+ 2 c~~~~2(u) 
+ 

~~~~~ 
cos—~! + ~0~~~b~wo

Pcos_2P~.

+ 
9.l 

~
1
P~b~u0

2. 
~ Pcos 1T (a9~~p)] Sifl w

0
t

- + ~5~~e0t!1(w0) ~~ 
+

+ o ak o n-~
.-. + 

j~l J1 3 k 0  
-

~~
-. (a~~-B~~)]

+ 2 c~~~~ A
2

(u
0

) + ~~~p
9

w
0

ci
9sin~~~! + ii

0 ~
1
b~uo

Psin_~2.

+ 

~ i ~i
p 2.bpwo

L P Sifl+ (a~~8~)1 } cosw0t 4.34

where -

- K 8 -l
4 ~i

(u
~
) = 1 + 

k~l k o  
k 4.35
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and

1 + ~~b~~ (iu0)~~ 4.36

A more compact form of the expression for the stress is

• 
a~~~(t) 6mn Fi o ~~ o

5fn
~o

t + F2(wo)cmn0
Si
~~~o

t

t>>0

+ 
~mnF3 o o c05wot + F4(uo)c n cos uot 4.37

Under condi tions of uniaxial stress and strain , Eqns 4.31

and 4 .37 may be r ecogn ized  as the parametric equations of

an elli pse; thus , it is clear that the RTG model predicts

the existence of a hysteresis loop and the loop is elli ptical .

The loss factor associated with the hysteresis loop , the

ratio of the energy dissipated during a cycle , D, to the peak

stra in  energy  stored during a cycle , Umax , is a p a r a m e t e r

often used to characterize the ability of viscoelastic

materials to dampen vibratory motion.

D
2iiU 

4.38
max

The energy diss ipa ted per cycle is

3 ~
D = 

~ J ° a ~ (t)~ ~ (t) cIt 4.39
n=1 m 1 m m

0

4
29
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• where is the period of the motion . Using Eqns 4.31 and

4.37 to evaluate dissi pated energy yields

1 0 = i~ F3(w0)e~ 
+ 

n~l m~i
F4 0 ~~~~o 

4.40

The peak energy stored during a cycle is

£ £ 
3 3

U 
= 

n=l m l  

dc = 

n~ 1 m~ 1 
omn~mn dt 4.41

where °mn are the stresses in-p hase wi th their respective

s t r a i n s , cmn S i f lw
0
t . Again  u s i n g  Eqns 4.32 and 4.33 , the

0
peak ener gy stored dur ing  a cycle is

Umax = -4-- F1 (w~~e
2 + 

~ 
~~

F2 (wo)c~ n 
- 4.42

The resul t ing loss fac tor is seen to be

3 3
F3(w 0)e~ 

+ 

~~n- m- 0 4.43
+ 

n~ 1 ~~~~~~~~~~~~~

No t ice tha t the form of the expressions for the hysteresis

behavior and loss factor of the RI model is identical to that

4 of the RTG model. This follows from the observation that the

30
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RI model is a special case of the RIG model for bk 
= 0

k = 1 , 2, . . .,  K , and b~ = 0, p = 1 , 2, . . .,  P

In summary , RI and RIG models satisfy the elastic

viscoelastic correspondence princi ple . Conditions necessary

to insure that the stress doe s not antici pate the strain have

been developed . In addition , both models predict the existence

of stress-strain hysteresis effects and the resulting hysteresis

loops are e l l iptical . Most sig n i f i c a n t ly ,  the models p red ic t

moduli which have the same frequency dependence as is observed

in frequency-dependent moduli in typical viscoelastic materials. *

The outstanding question is whether or not the parameters

of the RI and RIG models can be chosen to describe accurately

the properties of a particular viscoelastic material. The

construction of the RI model for the elastomer 3M-467 is

the top ic of the following section.

‘1

* In addition, a generalized derivative constitutive relation occurs
in Newtonian , viscous fluids as demonstrated in Appendix B.

‘ 4 -
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V. The RT Model for  the E las tomer  3M~ 467 *

The first material examined for the possible application

of generalized derivative constitutive relations was the

adhesive tape 3M-467. The tape was chosen as a prime candi-

date because of its viscoelastic mechanical properties , its

l inear response in shear  for  eng ineer ing  shear stra ins  up

H to 1, its growing applications in mechanical damp ing, and

the fac t tha t s u f f i c i e nt da ta on its mechanical  proper ties

were available.

The proposed uniaxial shear RT model for  3M -467 is

O n ( t )  = 2 (~~ 
+ p 1D

1) cmn (t) , m n 5.1

where

p
0 

= 1.0 lb/in 2 5.2

p
1 

= 7.3 lb~sec
56
/in 2 5.3

and

1 -
I - 

= .56 5.4

* 3M-467 is an adhesive produced by the Minnesota Mining

‘4 
and Manufacturing Co., Inc., Minneapolis , Minnesota.
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The parameters of the model , p
0 , p

1 , and

• are chosen such that the sinusoidal , steady-state response

of the model closely approximates the sinusoidal , steady-

state response of the material observed experimentally . For

sinusoidal strain

• c iwt t �0 .inn e
£ (t) = ° 5.5mn o . ~~< o .

the RI model generates stresses of the form

a
~~~
(t) 2 + p

1
(i u ) 1) c ~~~~ 5.6

t>> 0 0

for t large enough for the transients to have died out.

The frequency dependen t shear modulus , p ( u )  , is seen

to be

a

‘1 p ( u )  = + p 1(i~ ) 1 5. 7

Fi gure 5.]. displays the good agreement between the experimen-

tally observed mechanical properties of 3M-467 at 75°F and

the RT model using the values of the parameters given above. *

The parameters of the RI model were determined in an

i t e ra t ive  manner .  I n i t i a l  guesses of the parameters  were

made , and the resulting frequency dependent shear modulus

* The mechanical properties of 3M-467 were provided by the
U.S. Air Force Materials Laboratory , Wright-Patterson
Air  Force Base , Ohio.
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was compared to the observed modulus. Successive guesses

of the parameters were made to r~atch the slopes and

asymptotes of the model to those of the observed properties

until an acceptable fit was obtained .

Although the parameters of the RT model are based on

the sinusoidal response of the material at 75°F , the model

can be used for non-periodic strain histories. To demonstrate

the ability of the model to portray accurately the behavior

of the material when undergoing non-periodic motion , the

response of the material as predicted by the RT model is

compared. to the experimentall y observed response of the

mate r i a l  at 7 5°F .

In particular , the behavior of 3M-467 was observed when

the material was used as a viscoelastic spring in a simple

osci l la tor under going non-p er iodic  mo t ion . * The visco-

elastic spring was two pads of 3M-467 that underwent- shear

strain during the motion of the oscillator. Each pad of

3M-467 was -made by laminating 2 mil layers of 3M-467. Air

entrapped between the layers of the pad was removed by

pressing the layers together with a 5 lb. weight for 48 hours .

• The two other components of the oscillator are the mass

and the support structure , Fig 5.2. The mass for the

oscillator is a metal cube sandwiched between the two visco-

• elastic pads , Fig 5.3. Each pad is attached to an

* A schematic of the viscoelastic spring appears in Fig 5.3.
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aluminum brace. Both braces are glued to an aluminum base

which , in turn , is glued to a steel foundation as shown

in Fig 5.2.

The specific objective of the experiment was to

determine the acceleration transfer function of the oscilla-

tor. The acceleration transfer function is the ratio of

the transform of the acceleration time history to the trans-

form of the input force history . The force time history ,

measured by a Wilcoxon Z-l1 impedance head , was samp led

at 2 x 10k measurements per second and all frequencies above

8 x iO~ Hz are filtered out . The mass of the oscillator was

tapped with a Wilcoxon Z - l l  impedanc e head to produce impul-

sive loading. The force time history measured by the impedance

head and the resulting acceleration time history , measured by

an Endevco accelerometer , Model 2217 , were also sampled at

2 x io~ measurements per second where , as before , all

frequencies above 8 x iO~ Hz were filtered out . The trans —

forms of the time histories were calculated using the “fast

Fourier transform ” routines of the Hewlett Packard System 54513.

This experimentally determined transfer function is

compared to the analytically predicted transfer function

based on the equations of motion of the oscillator and the

RT model for the viscoelastic pads. The force-displacement

relation for the two pads based on the RT model , Eqn 5.1 , is

4
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f~ (t) = 
~~~ (p

0 
+ p 1D

1) x(t) 5.8

where A is an area of contact with the mass for each pad ,

- 6 is the th ickness  of the pad , f~~( t )  is the to ta l  force

acting on the faces of the pads in contact with the mass ,

and x ( t )  is the d i sp lacement  of the face  of the pad in

contact with the mass. This force displacement relation is

based on the assumption that the displacement in the pad

varies linearly between the support wall and the mass of

the oscillator .*

The r e s u l t i n g  equat ion  of motion for  the oscillator is

f(t) = mx (t) + 
~~~ 

+ x(t) 5.9

Taking the Fourier transform of the equations of motion and

d e t e r m i n i n g  the a c c e l e r a t i o n  t r a n s f e r  func t ion  produces

= + 

) 

5.10

A comparison of the experimentally determined and

.~nalytica ]ly predicted transfer functions for five oscillators

w i t h  v a r i o u s  masses  and v i s c o e l a s t i c  sp r ing  s t i f f n e s s e s  is

presented in Fi gs 5.4 through S.13.** Each transfer

• * A finite element analysis of the viscoelastic pad verifies
this assumption to be valid for the frequency range of the -

- tests , 0 to S x i0~ H z .
4 ** The relevant parameters for each of the five oscillators

are given in Table 5.1.
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function is displayed in terms of its magnitude and phase.

The agreement between the observed and predicted transfer

functions is very good.

For comparison , the calculated transfer function

based on a Voigt viscoelastic model of 3M-467

0 (t )  = 2 (p c ( t )  + PiEmn (t)) , in n 5.11

is also given in Figs 5.4 through 5.13. The parameters of

the Voi gt model , 1i
0 

and p
1 , are chosen to match the

properties of 3M-467 at io~ Hz.

p 0 
= 630 lb/in 2 5.12

• - 
p

1 
= .113 lb-sec/in 2 5.13

Note that for some of the oscillators , the Voigt model

and the RT model both generate t ransfer functions that agree

reasonably well with the observed transfer functions . However ,

for those oscillators having the peak magnitude of acceleration

S response at higher frequencies , Fig 5.12 for example , the

transfer function based on the RT model is clearly in better

agreement with the measured trans fer function than the

j transfer function based on the Voigt model. In addition ,

the phase of the observed transfer functions is consistently

modeled more accurately by the phase of the transfer functions

4 

-

-
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calculated using the RT model. These results follow directly

from the fact that the RT model acl ounts for the observed

properties of 3M-467 over the entire frequency range of

interest , 102 Hz to S x iO~ , whereas the Voigt model accounts

for the observed properties of 3M-467 only in the neighborhood

of l0~ Hz. This is clearly seen by comparing Figs 5.1 and 5.14 .

If one attempts to duplicate the results presented here ,

one should be aware that the mechanical properties of 3M-467

are strongly dependent on the water present in the material .

Figure 5.15 shows the variation of the real part of the

modulus with relative humidity. Changes in the imag inary

part of the modulus with relative humidity are roughly

proportional to changes in the real part. Hence , the loss

factor , the ratio of imaginary part to real part of the

modulus , is relatively insensitive to changes in relative

humidity , as seen in Fi g E.l6.

The pads of 3M-467 used in this experiment were fabri-

cated under conditions of 40% relative humidity at room

temperature. However , the pads were kept covered during the

time between fabrication and installation into the test setup .

In summary , the RT model for 3M-467 is capable of

accurately predicting the non-periodic response of the material

over several decades of frequency , and is superior to a Voigt

model of the material. Consequently , the RT model , having

parameters based on the sinusoidal steady motion of the mater-

ial at nume rous frequencies , is capable of predicting the

response of the material to impulse-like , short duration
4
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loading . Therefore , one can conclude that the RT model

can accurately predict the general  response of the m a t e r i a l

within the frequency range of the model.
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VI. A Finite Element Formulation
of the Equations of Motion

Uaving established that a very elementary formulation

of the equation of motion for an elastomer-damped oscillator

produced exce] lent agreement with experimental observation , it

is appropria te at this point to put forward the tools required

in the analysis of more complicated structures of eng ineering

interest. In particular , the development focuses on the

analysis’ of structures having both elas t ic and viscoelas t ic

components.

A continuum formulation of the equations of motion for

such structures is impractical because of the resulting

complexity of the formulation for most structures with complex

geometry and vary ing m a t e r i a l  properties. As a result , a

finite element formulation of the equations of motion is

adopted.

The co rne r s tone  of the f i n i t e  e lement  approach  is the

construction of the stiffness matrices for each of the

finite elements in the structure. The stiffness matrices for

the elastic finite elements of structure are constructed in

the normal fashion using assumed displac ement methods or

assumed stress methods , etc.

The formulation of the stiffness matrices for the finite

elements in the viscoelastic components , however , is limited

4 
to those methods that do not constrain the stresses in each
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finite element to be in equilibrium with the forces at the

nodes of the element . The assumed stress method , in parti-

cular , is based on this constraint (Ref 24). As a result ,

the time dependence of the stresses in the element is predi-

cated on time dependence of the nodal forces . However , this

contradicts the fundamental nature of the generalized

derivative models in which the time dependence of the stresses

is predicated on the time dependence of the strain histories .

Consequent ly , the assumed displacement method is adopted

to formulate the stiffness matrix of the viscoelastic finite

element (Ref 25). In an assumed displacement element , the

displacements within the element are assumed functions of

the nodal displacements. 
-

The stiffness matrix of the viscoelastic finite element

is constructed using the elastic-viscoelastic correspondence

princi ple . T~~ stiffness matrix is first formulated as

though the material were elastic. The stiffness matrix is

then separated into two matrices , one matrix containing

those elements proportional to the elastic constant A

and the other matrix containing those elements proportional

to the elastic constant p •

(1(e) + ji(K~~) 6.1

t At this point the transforms of the modu li , p * ( 5 )  and

A *( s) , from either the RI or the RTG models , are substi-

4 tuted in place of the elastic constants , p and x

58
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The result is the viscostiffness matrix of the finite

element , EKe(S)] -

= X *(S)[K~] + p * (S ) [K ~~~] 6 . 2

Specifically , the viscostiffness matrix for a finite element

in which the RTG constitutive relation is used to model the

material is

a .

(X~~ + ~ X~~5 3 )
EKe(s)] 

= [K~)

( 1+  y a ks )
k= 1

L a
(p + ~ P~~S

+ [K~~] 6.3

( 1+  ~~b s ~~)

The viscostiffness matrix of the finite element relates

the nodal forces , {F(s)} , and nodal displacements , {X(s)}

as shown below

{F(s)} = IK e(S)] {X(s)} 
6.4

and the viscostiffness matrix of a viscoelastic structural

component is constructed from the viscostiffness matrices of

the elements within the component in the normal manner. The

‘4
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viscostiffness matrices of the R viscoelastic structural

components

{F(S)}r 
= 

~~~~~~ 
{X(s)}r r 1 ,2 ,3,... ,R 6.5

and the stiffness matrices of the Q elastic structural

components

{F(S))q = [K] q {X(S))q q = 1 ,2 ,3,... ,Q 6.6

are used to construct the stiffness matrix of the total

• structure , again in the normal manner.

The stiffness matrix of the total structures , [K( s)]

and the  mass m a t r i x  of the  total structure are now used to

construct the Laplace transform of the equations of motion

of the structure

s2[M] {X(s)} + [K(s)] {X(sj) = (F(s)) 6.7

Since some of the elements in [K(s)] are functions of s

decoupling the equations of motion , Eqn 6.7 , to obtain

solutions is more complicated than decoupling the equations

of motion of a completely elastic structure where the

stiffness matrix has constant elements. Finding solutions
I -

- 
- to Fqn 6.7 is the topic of the next section.

4
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VII. The Solution of the Discrete

Equations of Motion

The task at hand is the solution of the equations of

motion which resulted from the finite element formulation ,

Eqn 6.7. A form of modal analysis is adopted where the mode

shapes , eigenvectors , of the equations of motion are used

to construct an orthogonal transformation of the variables

that decouples the equations of motion . The decoupled

equations of motion are then used to determine the conipon-

ents of the structure ’s response and a general form of the

solution to the equations of motion is derived.

Throughout this developmen t , the viscoelastic

components of the structure are described by their respec-

tive RTG models. Since the RI model is a simplified version

of the RTG model , the method of solving the equations of

motion of a structure with viscoelastic components described

by RT models will be seen to be a special case of the

following solution technique.

The reason for developing a special solution technique

for the equations of motion

s2[M] {X(s)} + [K(s)] {X(s)} = (F(s)) 6.7

is that the normal method of decoupling the equations of

‘4 motion , using modal analysis to construct an orthogonal

~~~ ~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~

-

~~~~~~~~

- -- --



transformation that diagonalizes the mass and stiffness

matrices , is not applicable because the stiffness matrix

of the structure , [K(s)] , contains terms that are depen-

dent on the Laplace parameter , s

The method of solution for Eqn 6.7 is an extension of

the method proposed by Foss to decouple the equations of

motion for a structure with non-proportional viscous

damping (Ref 26).

[M] (i~(t)} + [C] {~~(t)) + [K] {x(-t)) = {f(t)) 7.1

Non-proportional damping occurs when the damp ing matrix [C]

is not a linear combination of the mass and stiffness matrices

of the structure .

[C] ~ a1
[M] + a2[K] 7.2

At present there is no general method of constructing an

orthogonal transformation for three , real , square , symmetric

matrices when each of the matrices is not a linear combination

of the remaining two. Consequently , Foss posed the equations

of motion for non-proportional damp ing in terms of two real ,

symmetric matrices.

O I M 1  ~ - M b  0

d - - - - i-~- -I - - -  + -- - - 1 - - - -  - - -  = 7 3

M C I x 0 K x f(t)
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The lower set of the partitioned matrix equations is the

equations of motion of the structure and the upper set of

matrix equations is satisfied identically. The equations of

motion as posed in Eqn 7.3 are readily decoupled and solved.

To solve the equations of motion of the structure con-

taining elastic and viscoelastic components , Eqn 6.7, the

equations are posed in terms of two real , square , symmetric

matrices. To beg in , one multiplies the equations of motion

by each , distinct term appearing in the denominators of the

elements of the stiffness matrix , [K(s)]

[D(s)s2[M] + D(s)[K(s)]] {X(s)} = D(s) (F(s)) 7.4

where

N Kn B N ~nD(s) = fi (1 + 
~ 
a ks 

~‘ht k
) ~ (1 + ~ b s 11

~) 7.5
n=l k=l n l  p=1 np

assuming that there are N different viscoelastic materials

in the structure. Multiplying D(s) times [K(s)] , the

stiffness matrix , produces a matrix , [KID( s ) ]  , that has

no terms in s appearing in the denominators of its elements.

D(s) [K(s)] = [lCD(s)] 7.6

I
In fact , all of the elements of are constant terms

plus terms containing s raised to real , positive powers .

4 Also note that the matrix D(s)s2[M) has elements which

_ __ _ _  

- ~~~~~~~~~~~~~~~~~~~~ -
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are sums of terms containing s raised to real , positive

powers .

The equations of motion are now expressed as

[Z ( s) ]  {X( s) } = D ( s ) {F ( s ) )  7 . 7

where

[Z( s)] = [D( s ) s2[M3 + [K 0(s))) 7.8

At this point in the development the real , positive exponents

of s appearing in the matrix [Z(s)] are taken to be

rational as well. Had any of the exponents been initially

irrational , they are replaced by their rational approximations

to as many significant digits as desired. Since all of the

exponents in [Z(s)] are rational , the matrix may-be

expressed as

J j, L
[Z ( s ) ]  = [ [M] ~ c.s 

m + 
~ 
[K
~
]s im 7.9

3=2m 3 L= l.

where m is the smal les t  common denominator  of the exponents

of s in [Z ( s ) ]  and

J
s2D(s) = c.s ‘~~~ 7.10

j 2 m 3

1

4
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L
= 

~ 
Iii 7.11

where [K
~
] is symmetric and some of the and c~

appearing above may be zero.

Using Eqn 7.9 , the equations of motion of the structure

become

J L
i: [M) ~ 

m 
+ ~ [K~]s 

m] (X(s)) = D(s){F(s)} 7.12
j=2m ~

and expressed in terms of one index of summation , they are

J if
~ 

[ [M]c. + [Kj]s ~‘ {X(s)} = D(s){F(s)) 7.13
-

• - 
j = O

or

J ii
~ [A.]s 

m {X(s)} = D(s){F (s)) 7.14
3=0 3

where

[A~] = 
~ [M]c. + [K.] ] 7.15

and again recognizing that some of the c. and [K.] are
H

zero.

The equations of motion as given in Eqn 7.14 are now

posed in teems of two real , square , symmetric matrices .

4 .
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- J-1

A~ 5
rn {X(s)}

J-2

- - 

ZERO A~ A~~1 
m {X(s)}

J-3

A~ A~~1 A~~2 s~~ {X(s))

1 4.. 
• •

s /rn : : :
A~ . . • A5 A4 

~ 5
2/m {X(s))

A~ A~ 1 • . . A~ A3 
~ s ’~ {X(s)}

~ 
A~~1 A~~2 . . . A~ A2 A1 {X(s))

J-1

0. s m {X(s)}

ZERO J-2

-A~ -A~~1 0. s~~ {X(s)}

-A~~1 -A~~2 0. m {X(s)}

4, . . . 
. . . 4. 4, •

V 
+ 4, • • • - 4, • 4.

-A~ -A31 • . 5
2/m {X(s)}

I .  
-A

3 
-A31 -A32 . . . -A3 -A2 0. 5~

’m {X(s)}

0. 0. 0. . . • 0. 0. A0 
- 

{X(s))
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(0.)

(0.) -

(0. )

4, • 4,
= 4, • 4,

(0 .)

(0.)

D(s){F(s)} 7 16

Note that each matrix [A~] , j 0,1 ,2,... ,J , is real ,

- square and symmetric because they are linear combinations
- of [M] and [K.] - It follows that the two matrices

- 

containing [A~] in Eqn 7.16 are also real , square , and

symmetric . Also notice that the lowest set of partitioned

matrix equations in Eqn 7.16 are the equations of motion of

— the structure as given by Eqn 7.14, and that all of the upper

- sets of matrix equations in Eqn 7.16 are satisfied identically .

The equations of motion as posed in Eqn 7.16 , referred
- 

to as the expanded equations of motion , can be decoupled

using an orthogonal transformation. The general form of the

expanded equations of motion is

+ [K]{X(s)) = (F(s)) 7.17

4
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which is Eqn 7.16 expressed in more compact notation. The

orthogonal transformation is constructed from the eigen —

- 
vectors associated with the eigenvalue problem for the

expanded equations of motion.

+ [K] {~~ } = (0.) 7.18

The eigenvectors {~~ } are used to construct the orthogonal

transforma t ion matrix [
~

] in the normal fashion , and the

r e su l t i ng  t r a n s f o r m a t i o n  of v a ri a b l e s  is

{X ( s ) )  = [~J{a(s)} 7.19

- Substituting this transformation into Eqn 7.17 and premul ti-

- 
plying the equation by [~]T produces

s /m [~~]
T [M][~~] {a ( s ) }  + [~~]T [K][~~] a ( s )  = [~]T(pfl} 7 . 2 0

‘1
To demons trate that Eqn 7.20 is , in fac t , the decoupled

expanded equa t ions  of mot ion , one uses the fac t that eigen-

vectors of the expanded equations of motion are orthogonal

with respect to [M] and [K] .

{ , )
T

[M] { , } = 0. j  $ n 7 . 2 1

{
~~ 
)T[K){~~ ) = 0. j / n 7.22

t4
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Equation 7 . 2 0  then reduces to

1/
s m [~ m~~]~a ( s ) }  + [~‘-k~.

_.,]{a(s)} = [.]T{F(s)) 7 . 2 3

where [“mñ~
_] and E~—k~~] are diagonal matrices of the

modal constants mn and kn respectively.

-~ - m~ = {~~~}T [M ] {~~~] 7 . 2 4

= {.~~}T [K] C~~~} 7 . 2 5

Premul t i p ly ing Eqn 7 . 2 3  by ~~~~~~~~ or e q u i v a l e n tly

yields
n

k

5’/m[~~l-~J {a ( s ) )  + hj~’!iJfa(s)) = ~~~~~~~~~~~~~~~~~ 7 . 2 6
n n

The r~ tio of the ~th modal parameters , kn/mn , is

minus the nth eigenvalue of the expanded equations of motion.

k~/m~ = —A ~ 7 . 2 7

Premul tiply ing Eqn 7 .18 by {~~~}
T produces

A } T
[ M] {

~~~~~ } + {,)T[K]{$ I = 0 7.28

A m  + k = 0 7.29n f l  fl

4

—p -- - 
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from which Eqn 7.27 follows . As a result , the equations of

motion can be further simplified to

if -

s ni [•_•..I ] {a ( s ) }  - Nx 1j-~]{a(s)} = [_ ~~._ ..][~~]T {F ( s ) }  7 .30

From Eqri 7.30 it follows that the expression for the

Laplace transform of the ~th modal coefficient , an(s) , is

{ ,

as(s) 1, - 
7.31

m~ (s 
m A )

This expression for the modal coefficient can be further

simplified by noting the general form of the eigenvector

(s e
) associated with the expanded equations of motion

• ~J-l {~~ }

~J _ 2 {~~~}

= : 7.32

70 

-•--— -. -_ ———‘--~~~- — -——- -- -— -- —--——

- - - f~~ _ I  ~~~~~~

- ~~~~~~~~~~~~~~~~~~~~~ -iI_____ 
- - - —



V 
__ .,

~
__ _ _ _ _ - - _

~
--------,----------

~ 
- -- ---— - --- - - - - - 

where 
~~~ 

and are the solutions of the eigenvalue

problem associated with the orig inal equations of motion in

- :  - 
the form of Eqn 7 .14.

• 3
- [ ~ [A.]x~]c~ } = (0.) n = 1,2,3,... ,N 7.33

F The general form of the ~th ei genvec tor , f 4~~} , can be

verified by direct substitution in Eqn 7.18 when [M) and

[K] are expressed in terms of the matrices [A
d
] as

indicated in Eqn 7 .16. The lowest  set of result ing,

partitioned matrix equations produces Eqn 7.33 , and the

upper sets of the p a r t i t i o n e d  m a t r i x  equa t ions  are s a t i s f i e d

identically. Consequently, the numera tor of the ~th modal

coefficient , {~~ )
T{Ffl} , is

T
I x~ {

~p~
) ( 0 . )

~J-2 {~~ ) (0.)

- 
X~~~

3{~~~} {0.}

(,}T{F(s)} = 4. ~ 7.34

- 

{ O . )

(0.’)

{ +~~~
} D(s){F(s)} 

-

4 - 
71
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or

- 

n)
T{~~5)} = {$}T{F( ))D( ) 7.35

and the nth modal coefficient reduces to

{ $ } T {F ( s )  I D ( s )
as(s) = 1, - 

7.36

mn(s 
m A )

The Laplace transform of the displacement response of the

structures follows from Eqn 7.19 and takes the form

r
N

{X(s)) = 
~ ~~~~~~~~- 

. 

• n=1

- or

N {4 }T(F(s))D(s)
{X(s)) = 1- I ~

‘n 1 7.38
4 n=1 m (S ‘ni_ A  )

n n

where N is the order of the matrices [M] and [K] in

the expanded equations of motion.

The order of the expanded equations , N , cai~ be

very large. From Eqn 7.16 it is clear that the order of

the expanded equations of motion is equal to 6 , the

order of the matrices [Ag ] times J where J ~5

defined in Eqn 7.10.

‘4 
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N = 6 . J  7.39

From Eqn 7.10 , it is clear that 3”m is the largest

exponent in the expression s2D(s) which is 2 + 8

where 8 is the largest exponent in D(s) - Therefore ,

J = m(2+8) 7.40

and the order of the expanded equations is seen to be

N = 6m (2 - ’- $ )  7 .41

Note that if m , the smallest common denominator of the

rationa l exponents of s , in the ori ginal equations of

motion is large , the order of the expanded equation s is

quite large for a structure with anything more than a very

modes t number of degrees of freedom. However , the solut ions

to the expanded equations of motion can be obtained by using

- I numerical methods that do not involve the manipulation of

the expanded equations , as will be shown in the following

- section .

Before proceeding, it should be pointed out that the

equations of motion of a structure containing both elastic

and viscoelastic components can be solved given that a

finite element formulation of the equations of motion is

4
- - 
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possible and that an RT or RIG model exists for each

viscoelastic material in the structure. The general form

of the solution technique for the equations of mot ion

containing only RT models for the viscoelastic components

is identical to the above development except that D(s)

is set equal to one.

I

I ’
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VIII. Calculating the Laplace Transform

of the Structural Response

At this point , it is clear that solut ions to the equations

of motion for the structure containing elastic and visco-

elastic components

N {~ )
T{F( ))D( )

{X(s)} = 1 — 
(
~ 1 7.38

n=l mn (s 
l”m’.Xn)

are difficult to calculate from the expanded equations of

motion , because of the large order of the matrices in the

expanded equations . As a result , an alternative method of

obtaining the solutions is required if the finite element

formulation of the equations of motion using generalized

derivative models is to be a useful tool to the eng ineer.

The alternative metho c1 adopted here is a combination

of iterative schemes used to obtain the eigenvaiues ,

, and ei genvectors , {+~
) , associated with the original

equations of motion.

J - .

[ ~ [A.]x~]{,~ } = (0.1 , n = 1 ,2 ,3,. - . ,N 7.33
j =0  ~

Recall that the number of distinct homogeneous solutions to

the equations of motion , N , is dependent on the smallest

common denominator of the exponents in the equations of

4
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motion , m ; the largest exponent in the product of the

denominators terms of the Laplace transform of the RTG

models in the equations of motion , B ; and the number

of degrees of freedom of the structure , 6

N = 6m(2+8) = 2m& + Bmó 7.41

Using an iterative scheme based on the homogeneous

form of the equations of motion in Eqn 6.7 , 26m of the

homogeneous solutions are obtained .

[~ 2m[~1] + [ K ( x ) ] {~~~}] = (0.) 8.1

The iteration for the solutions centers on calculating

successive estimates of and 
~ 

using the scheme

+ {K(x~~~)]]+~)~~~~~ = (0.) 8.2

~(P) is the ~th estimate of ~2m(P+1) is the

(p + ])th estimate of ~2m and {,)(P4l) is the

(p + ])th estimate of

Given a value of A J~~
) 

, the (p + 1)th estimates

of ~
Zm and 

~~n
1 may be calculated using matrix iteration

or any other method that is appropriate to obtain the

solution to the eigenvalue problem

4
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[ B ] { .}  = u{~~
} 8.3

where B is complex. Note that Eqn 8.2 can be expressed as

~~~~~~~~~~~~~~~~~~~ = ‘
j2m +1J {4}

(P4l) 8.4

which is of the same general form as Eqn 8.3.

The i t e r a t i v e  scheme as it appears in Eqn 8. 4 is onl y

useful in obtaining the eigenvalue with the smallest

magnitude , A 1 , and the associated eigenvector , {
~~]

}

To obtain the other eigenvalues and eigenvectors , the

iteration scheme is modified to allow the scheme to converge

- on the larger eigenvalues and associated eigenvectors.

- 

For instance , the scheme used to obtain the Lth eigen-

value , X L , and the Lth eigenvector , {+L} , is (Ref 27)

[[K~~~
P
~~]

-1 
+

= - 
1 

~, 1 (P+1)

2m(P+i)
- 

A L 8.5

The terms in the summation on the index 2. subtract the

components of the first L - 1 ei genvectors , associated

with eigenvalue problem ,

4
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[Ic(x~~~~]~~ [M] *2.}~~~ = - 2m~ P) {* 2 )
~~~~2.= l , 2 , 3 , . . .  ,L- l

2. 8.6

from the successive approximations of 
~~L

1 calculated

when matrix iteration is used to solve Eqn 8.5.

Given that matrix iteration has successfully produced

and 
~~L

1 , one can take advantage of the orthogon-

ality of the mode shapes

[M]{sL) = 0. 2=1 ,2 ,... ,L-1 8.7

to demonst ra te  tha t  -

(P)
_ _ _ _ _ _  

(p)T ) +1) 
= {0.} 8.8

2. 1  A 2

and Eqn 8.5 reduces to

= - 

~2m (P -*- 1) ~~~~~~~~~ 
8 .9

Thu s , {~ L }~~~
F l)  and m (P+]) are in f a c t  the  (p + 1) th

approximation of the solution to the equations of motion.

On the other  hand , { i p
2.

}~~
1
~~ and ~~~ , t = 1, 2 , . . .  ,L-1

are not in any sense approximations of the solutions to

the equations of motion. However , they are the first L-l

eigenvalues and eigenvectors associated with Eqn 8.9. This

4 can be seen by comparing Eqn 8.6 with Eqn 8.9. {g,2.)
(1
~ and

can be calculated using matrix iteration.
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Notice that in continuing the iterative processes in

Eqn 8.2 or 8.5 that the (P + 2)th approximations of the

solution , ~2m(P+2) and (, 1
(P+ 2) 

, are based on the

value of ~~‘+]) • However , the function z 2m has 2m

branches. Given a value of m(T’4’1) 
, one can calculate

2m values of ~(p+1) , one value for each branch of
1/ n

z 2m

So , when using Eqns 8.2 and 8.5 to obtain solutions

of the equations of motion , it is necessary to choose one
1/2branch of Z m to calculate the 6 eigenvalues and 6

1/2eigenvectors. Then another branch of Z ~ is chosen and

6 other solutions are obtained. This process is continued

until all 2m branches have each been used to calculate

6 solutions producing a total of 2m6 homogeneous solutions

to the equations of motion. The general form of the equations

that has these 2m6 homogeneous solutions is

[A
J (k )

[M] + [K (
~j (k) )]]

~~j (k) = {0.) 
k:1,2,:..:Zm 

8.10

where the subscript k denotes the branch of Z 
m on

which the relation

2m “2m — 8(x j ( k )  
— A

iCk ) 
- 

.11 -

is valid.
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The remaining 8m6 of the N homogeneous solutions

to the equations of motion are determined using Eqn 7 .41 ,

an iterative scheme based on the homogeneous form of Eqn 7 12. *

J - L
[[Mi ~ c _ A ) + ~ [K 2]A~]{~~ } = (0.) 8.12

j=2m ~

The iterative scheme is

- p+~. ~j  1 (P) 3 1 . _ .(P)
[[M] (c3A~ ~~~~ + ~~~X C J A  )

L P 1
— + ~ [K 2 ]x 2.1(

~~~] {4  }
( + ) 

= (0.18.13n n

or , in more compact form

[[M]Q(x x~~~) # [K~ (x ))]]{q
fl
}~~

$’l) 
= {0.} 8.14

where , as before , is the ~th estimate of the eigen-

value , A~
’
~~

1
~ is the (P + 1)th estimate of the eigen-

value and {,~ }(l’
4’l) is the (p+1 )th estimate of the

eigenvector. Given a value for ~~~~~~~~~ , one can calculate
(P-i- i) - (P+1) (P~ . .

{4~) and Q (A~ , A~ 
-‘ )  using matrix iteration

or any other method suitable for the solution of Eqn 8.3.

* Note that, if the equations of motion contain only RT models for
the viscoelastic materials, that D(s) is one and 8 , the largest
exponent of s in D(s) , is zero . Hence , the total number of homogen-
eous solution, N, is 2m6 as seen by Eqn 7.41. - Since Eqns 8.2 and
8.5 provided 2m6 solutions, one can return to Eqn 7.38 and calculate

I structural responses.
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Equat ion 8.14 , expressed in the form of Eqn 8 .3 , is

= - 

Q(~ (P+1~~~ (P)~ 
{~~ }~~~1) 8.15

At this point , the numerical value of Q (X~~~~~,x~~~

from Eqn 8 . 2 5  is used to ca lcu la te  ~~~~~
‘i-’

~~ with the relation

Q(X~~~~~~A~~~) = c3 
P+1 -i (~

) 
+ 

j~ 2m
Cj~~~~ 

8.16

— 

- 

which follows from Eqns 8.13 and 8 .14 .  However , th is  method

of ca l cu l a t i ng  ~ (P+ 1) assumes tha t  are both on
- 1/

the principal branch of ( A~m) Bm 
. The method of

calculating assuming that  A (
~~

i- 1) and are

both on the k branch of (x ~ ) is

((Q

~~~~~~~~Y ~
x
~~(~()

) -  
~~

c
J
xfl(k) 

Bm

) 
~~~ 8.17

where the kth branch of ~~~ Bm is used to ca lcu la t e

The resulting form of the iteration process is

- 
- 

[KD(x ))] [M]{
~fl (k)}~~~

’
~

= - 
1 

1
(P + 1)  

- 

8 18
~~~~~~~~~~~~~ 

(P )  n ( k )
‘“ n(k),~’n(k)

‘4
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where successive estimates of Afl(k) are calcula ted us ing

Q ( A ~~~~~~ X~~~~) ) from Eqn 8.18 and then us ing  Eqn 8 .17 to

calculate ~~~~~ . When using matrix iteration to solve

for Q(x~~~~
x
~~?()) and 

~~n ( k ) 1 in Eqn 8.18, one

usua l ly  obtains onl y the Q wi th  the smal les t  magnitude

and its associated eigenvector , {
~ 1 (k) }

To obtain successive estimates of the other Q’s

w i t h  la rger  magn i tudes  and their associated eigenvectors ,

the i t e r a t ion  scheme is m o d i f i e d  as before. The iterative

scheme t h a t  y ields Q ( A ~~~~~~~~~~~~~~ x~~~~
’

~~~~
)

) and 
~~L(k)

1 is

- 
(P) (p)T

r K ~(P) ~-l + 
L~1 ~~2(k)

1 
~

‘2(k)~ rMl (P+l)
L D~ n(k)~~ 2 . l  ~~A (P+l) ~~~ ) L

‘“ ~.(k) ‘ 2(k)

— 1 { 1 (P÷l) 8 9— 

~~~(P+l) (P) ., L( k)
- -

where Q( A~~~~~~A~~~)) and 
~~~~~~~~~ 

are the solutions to

rJ( ,j(P) l ’rM l{ 1
(P)  

— - 
1 1 (P)8 20L D~~ L(k)~~ 

L ~ 

~L(k) 
- 

A ( A
)

A~~~~~~~ )
~~~~~~~t ( k )

‘< t(k)’ 2(k)

having the L - 1 smallest values of Q . The values of

Q ( A ~~~~~~~~~~~~~~ A~~~~~~~~~
)

) and 
~~~~~~~~~ 

can be obtained using matrix

iteration.

Using Eqns 8.17 , 8.18 , and 8.19 , 86m homogeneous solution

to the equations of mot ion are obtained for each branch of

4

~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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1/6 1/
Z ~ . Since there are ~m branches of z Bm 

, the

iteration process should produce 8m 6 homogeneous solu tions .

These homogeneous solutions satisfy the homogeneous equations

of motion .

J - . L p=1 ,2,.. - , 6

[[M]
j~~2m

cj A
~~(k) + 

J0
[K x

P k)] p (k) 1 = (0.) 
k=1 ,2,... ,Bm

8.21

The two iterative schemes used to obtain the N solutions

to the homogeneous equat ions are considered to have converged

when successive approximations of Xn ( k ) (An ( k )  and

are approxima tely the same complex number.

-(P+i)

______ = 1.0 8.22

~ 
(P)
n(k)

The general convergence criteria of the iterative schemes are

considered beyond the scope of this investi gation ; however ,

the schemes have converged for numerous structures considered

by the author. Homogeneous solutions for an example problem ,

calcula ted us ing  the iterative scheme given above appear in

Table 8.1.

Note that all of the parameters of the Laplace transform

of the structure ’s response are determined , except the modal

const ant nin defined by Fqn 7.24.

4
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Table 8.1.

HOMOGENEOUS SOLUTIONS OBTAINED USING

THE PROPOSED ITERATIVE SCHEMES FOR AN EXAMPLE PROBLEM

1.3300 .0825
EM] = 1

~.0825 .3300

4.0 + 
0.2 + 0.2s½ -2.0

[K(s)) = 1.0 + O.is½

- 2.0 4.0 + 
0.01 + 0 .Ols

1.0 + 0.ls~

Using Eqns 8.2 and 8.5

- (1.000 + i 0.0
A ., = 1.071768 + i 1.099794 {~ ) =

~~~1 lj 
. 

1(1 11.040 + i 0.0165

• (1.000 + i 0.0
A1 2 = 1.073498 + i 1.028611 ~~~ 2 ~ 

=

‘ ) 
11.001 + j 0.0238

- 11.000 + i 0.0
= 1.073498 - i 1.028611 {+1(3~

} =
I. ) I- 11.001 - i 0.0238

- (1.000 + i 0.0
A ., = 1.071768 - i 1.099794 {~ } =

11.040 - i 0.0165

- (1.000 + i 0.0

1 
= 1.581998 + i 1.601989 

~~~ 1 ~ 
=C ) ‘ ) 

1- .9713+ i 0.0120

- 1.000 + i 0.0
A = -1.584631 + i 1.5471502( ) ~ ) 

1-1.002 + j 0.0240

4 .
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TABLE 8.1

(Cont inued)

1.000 + i 0.0
X 2 (4 )  = - 1.584631 - 1 1.5 4 7 1 5 0  

~~2(3)~ 
= Li.0.03 - i 0 . 0 2 4 0

. 

• 

1.000 + i 0 .0
A 2(5) 

= 1.581998 - i 1.601989 
~~2(4)~ 

= 

- .971 - i 0 .0120

Using Eqns 8.18 , 8.19 , and 8.20

1.000 + i 0.0
A
1(3) 

= -9 .997418 + i 
•
0 .0 

~~1(3)~ 
= 

{4.462 + i 0.0

1.000 + i 0.0
= -9 .99385 + ~ 0.0 

~~2(3)~ 
= 

to.448 + j 0.0

U

_  
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m~ {,)T[M)(, } 7.24

The eigenvector of the expanded equations of motion , {+~
}

can be constructed from the ~th eigenvalue and associated

eigenvector of the orig inal equations of motion , A~ and

{$~ } , using the relation given in Eqn 7.32. This ,

coupled with the general form of [M] given in Eqn 7.16,

produces an expression for m~ which takes the form

H - .

U m~ {$}T[~~~i.x
3_ l

[A fl{, } 8.23

The modal constant of the expanded equations of motion ,

in~ , can be calculated without manipulating the expanded

equations of motion.

In conclusion , all of the parameters in the general

form of the Laplace transform of the structure ’s response

can be calculated without manipulating the expanded equations

of motion , given that the iterative schemes outlined above

converge .
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IX. The Existence of the Structural

Response to Impuls ive  Loading

Of par t icu lar  interest  at this junc ture  is whether or

not the inverse t r ans fo rm of the Laplace t r ans fo rm of the

structure ’s displacement response for impulsive loading

exists. In fact , the inverse transform alway s exists and

is real , continuous and causal .

To demonstrate this , one s tar ts  with  the general  form

of the trans form of the s t ruc tu ra l  response.

{X ~} 
— ~•(5 j — L {~~ } 7 .38n 1  1/ • n

m~~(s m A )

For simultaneous unit , impulsive loading at the structure ’s

degrees of freedom , the column vector of applied forces is

{f(t)} = 5(t){1.} 9.1

where {1.} is a column vector of ones. The Laplace

transform of the column vector of forces is

{P ( s ) }  (1J 9 .2

4
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and the transform of the response for the impulsive loading

is

— r • 1. (s
~.~~~S j j  — fl 9 3n 1  1/ • ~~n 

-

m~ (s m A )

The inverse transform of this expression always exists ,

which follows from a theorem on the existence of the inverse

transform (Ref 28). Paraphrasing the theorem in terms of

the notation used above , it states that the inverse transform

of {X(s)} exists and is real , cont inuous and causal when

• 1. {X (s)} is analytic for Re[s]>0

• 2 .  {X ( s ) }  is real for s real and positive , and

3. (X(s)} is order s ’r 
, where y>l , for S

large in the right half a plane .

{X(s)) is analytic for Re[s]>0 when the branch cut
1/

of s ~ is chosen to lie along the negat ive , real axis

in the s plane and the poles of {X(s)} , which occur at

s = A~ 9.4

and do not appear in the right half s plane .*

* A pole in the right half s plane indicates that a RI or RIG n~del
in the equations of u~tion characterizes the viscoelastic material as

4 generating energy instead of dissipating energy.
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{X(s)} is real for s real and positive . The only

quantities appearing in Eqn 9 .3 that can be complex are
- 1/

{+~ ) , A and in~ , because D ( s )  and ~ 
m are real

for s real and positive . When {s~~} , A
fl 

and

are complex , they occur in conjugate pairs. Note if

and {~~ ) are a homogeneous solution to the equations

of motion

J - .

[ 
~ [A.]X~ ]C.~~} 

= {0.} 7.33
j= l  ~

where and 
~~~~ 

are complex , tha t their conjuga tes are

homogeneous solutions to the equations of motion .

‘I
C 

~ 
CA~ 3A~

]{
~ n } = {0.} 9.5

• j =1 ~

Equation 9.5 follows directly from the complex conjugate of

Eqn 7.33. Since homogeneous solutions occur in conjugate

pairs , the modal constant occurs in conjugate pairs .

- 

m~ = {+~~)
T
UJ’X~~~ [A~]]{$~~} 8.23

= {. } IU i X 3 l [A ]]{, } 9.6

It follows directly that when the terms in Eqn 9.3 are

comp lex , they occur in comp lex conjugate pairs and (X (s)}

4 is real for s real and positive.
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{X(s)} also satisfies the third and last condition

placed on the transform. To show that {X(s)} is order

s 2 for s large in the right half  s plane , one uses

the transformed equations of motion as they appear in

Eqn 6.7. -

s2[M]{X(s)} + [K(s)] {X(s)} = ~F(s)} 6.7

The transformed equations of motion for simultaneous , uni t

impulsive laoding is

[s2[M] + [K(s)]]{X(s)} = {l . }  9 .7

The only terms in [K(s)] , other than the cons tant terms ,

are those terms propor tional to Ij * ( S ) and A *(s)  from

the RT and/or RTG models of the viscoelastic materials. The

general forms of p *(5) and A *(s) appear in Eqn 4.29 for

the RTG model and Eqn 4.30 for the RT model. As a direct

result of the general forms of p *(5) and A *(s)

Eqn 9.7 reduces to

• s2[M]CX(s~~ {l.} 9.8

for $ large. Since the elements in the mass matrix are

constant , {X(s)} must be order s 2 
. Therefore ,

4 1 (X ( s ) }  is order s 2 for s large in the ri ght half  s

plane .
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Having now established that response of the structure

- to impulsive loading,  (x(t)}

(x ( t ) }  = L 1 {X(s)} 9.9

exis ts and is real , continuous and causal , the next issue

to be addressed is the calculation of the inverse transform ,

the topic of the next section .

‘
1

’

4
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X. The Calculation of the Response to Impulsive Load~~j

The final step in determining the impulse response of

the structure is to calculate the inverse transform of

the Laplace transform of the response to impulsive loading.

{X(t)} = L~~{X(s)} = L~~~~ 
{.}T{i }D( ) 

{~~~} 10.1

m~ (s m
~~~
)

The inverse transform integral

-1 1 tL {X ( s ) }  = — f eS {X( s ) }  ds 10.2
2ir i y- i~’

- is evaluated using the residue theorem from the calculus

of a complex variable.

The closed contour of integration , used in conjunction

— 
with the residue theorem , is given in Fig 10.1. The contour

is divided into six segments and the direction of integration

along each segment is indicated by the arrows . Segments 3,

• 4 , and 5 of the contour are required , because the branch cut
1/

and branch point of the function s m are taken to be

along the negative real axis and at the origin of the s

I 
- 

plane , respectively .

4 
- 
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s plane

- 3 Positive
____________  

— 

Real Axis

Figure 10.1. The Contour of Integration Used
I . . to Evalua te  the Inverse Transform
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The residue theorem states that the integral along the

closed contour , divided by 2ni , ~s equal to the sum

of the residues of the poles of the integrand . In this

case , the statement of the residue theorem translates into

6

~
!r f {X(s)}e5t ds - 

~ k~2
1 {X (s)}e

5t ds + ~b . 10.3
1 k

where the circled index indicates the contour over which the

integration is to be performed , and b
3 

are the residues

of the poles of {X(s)} enclosed by the contour .

The integrals on the segments of the closed conto~r

are evaluated for the case where the length of segment 1

is extended indefinitely in the positive and negat ive

imaginary directions .

Y+io ,f {X(s)}e5t ds = f {X(s ) }e 5t ds 10.4
1

and , as a result , Eqn 10 .2 becomes

- y+ io o  6

21T f {X(s)}e5tds = - 

~ 
f {X(s ) }e 5t ds + ~b. 10.5

y i~~ k 2
k

showing that one need evaluate the right side of Eqn 10.5

to obtain the inverse transform .

To maintain the continuity of the closed contour , the

radii of segments 2 and 6 are increased indefinitely, and

Li~ ~~~~ ~J~ ::T1~~T :- Til - 1±
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segments 3 and S are extended indefinitely in the negative

real direction. When the radii of contours 2 and 6 are

increased indefinitely , it can be demonstrated that the

resulting value of the integrals along these two segments

is zero . This follows directly from the fact that , for

large s , {X(s)} is order s 2 
. Hence , the ~th

component of {X(s)} is order

c
Xe(s) —4 I s I  >>  1 10.6

Therefore , the asymptotic expression the integral on

• Segment 2 as its radius increases is

f X t (s)e st ds ~~, ~~~~~~~~~~~ 
!_~~- ds 10.7

2 Re

Expressing s in polar notat ion , the re la t ion is

11 Re’8tf X L (s)e st ds 
~~ ~ 

C~~ 
e

2 iZ O Rie10de 10.8

2 R e

- Is i > - l

The magnitude of an integral is less than or equal to the

maximum value of the magnitude of the integrands , M

times the length of the path of integration , L

4
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10
e~~~~

t 
Re’0ido � M • L 10.9

• 0 0 R e

The maximum value of the magnitude of the integral  is

I c~ I e Tt
M = _______  10.10

R

and the length of the path of in tegra tion in radians is

L = - 0~ 10.11

• The resulting bound for the magnitude of the integral is

• 
J C  I e Yt

• M L 
= _______  10.12

R

I which is clearly zero for finite time in the limit as R

becomes large or equivalently , in the limit as s becomes

large . Since the magnitude of the integral is zero , both

the real and imag inary parts of the integral are zero .

• u r n  f X ( s ) e St ds = 0 .  + j O .  1 0 . 1 3

2

- ~~~-: The expression for the magnitude of the integral along

segmen t 6 is
4 ?
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0~, Re 10 t
Re 10 j d~ � M • L 10.14

- R e ~~~
0

and the proof tha t

u r n  f X & (s)e st ds = 0 .  + iO . 10.15
R-~~ 6

follows the steps given in Eqns 10.10 through 10.12.

The integral along segment 4 of the contour is

evaluated for the case where the radius of the contour

shrinks to zero . The asymptotic expression for the inte-

• grand , the ~
th component of Eqn 9.3 , for small s is

- N {~X (s) ~ 
n - . 1 0 .16

- 

£ n l  m~~( - x ~~) ~~

1 s t  < <  1 -

~1f << iA ~~J

where is the ~
th component of {s~~

} , and

• D( s )  ‘~~ 1. 10.17

Is i < <  1

and
4
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- 10.18
$ 

m
~~~ C _ A n )

t s l  << I A In

The asymptot ic  expression for  the in tegra l  on segment 4 is

N {~5 X (s)eStds 
~ 5 • Le5t ds 10.19

4 n= 1 m~~( - A ~~)

H 1 s t << 1

1 s t << IA In

In polar notation , where

• s p e10 10.20

the expression the integral  on segment 4 is

f~~~~(s)e 5t ds 
~ 

( }  
eP e t ipe iO de 10.21

Again , the magni tude of the in tegral  on segment 4 is less than

or equal to the maximum magnitude of the integrand , M

times the length of the path of integi~ation , L .

• - i r  N {
~ I 11.) iO .n 

- 
e~~ 

t i e l•e do � M . L 10.22
it n~ 1 m~~( - X ~~)

4 -
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The max imum magnitude of the integrand is

N {~M = n e~~tL p 10.23
n 1  mn(~

An)

and the length of the path of integration is

L = 2ir 10 . 24

The resulting expression for the upper bound on the magnitude

of the integral on segment 4 is

N {~5 X L C5)e
stds e~~ 2it p 10.25

• 4 
— n-l mn(~

An)

1 s t << 1

fs~ << I ” n I

and clearly as p goes to zero , or equivalently as s goes

to zero , the upper bound on the magnitude of the integral

goes to zero . Therefore ,

• u r n  5 X~ (s)e~
tds 0. + iO . 10.26

p9~0 ~

It has been demonstrated that the integrals on

segments 2 , 4, and 6 are zero , which reduces the expression

4 for the inverse transform given in Eqn 10.5 to

_ _ _ _  
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.!_ j {X(s)}e5tds = - --L- 
~ 

f {X(s)}e5tds + ~b. 10.27
2wi y-i~ 2w1 k=3,5 

~ 
.i 

)

The inverse transform is seen to be the integrals along the

branch cuts , segments 3 and 5, plus the sum of the residues

of the poles , b~

The expression for the integral along segment 3 is

5 X t (s)e st ds = f X ~ Cre )e~~~~
te’~dr 10.28

3 R

where

s = re~~~ 10.29

This expression simplifies to

f X ~~
(s)e ds = f~~~

(rc
~~

)e
~~

tdr 10.30

In the l imit  as the radius of contour 2 , R , goes to

in f in i ty  and as the radius of contour 4 , p , goes to zero,

the integral along segment 3 becomes

p-~O f X L (s)e
stds 1 Xt Cre 1t

~)e
1t dr 10.31

R+~ 0

4 
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Similarly , the expression for the - integral along segment 5

in the limit as the radius of contour 6 goes to infinity

• and the radius of contour 4 goes to zero is

lim
p+O 5 X~ (s)e5tds = - 5 X &(re

1
~)e

_
~
tdr 10.32

R~~ 0

The sum of the integrals  along segment 3 and

segment 5 is

~ 5 X (s)e 5t ds .  = f (X~
(re’’

~
) - X~ (re

_
~~ ))e

rtdr 10.33

k=3 ,5 k

Noting that X & ( r e u1
~)  and X~ (re~~

lT) are complex conjugates

of each other , the expression simplifies to

• ~ 5 X 2 Cs)e
5tds = - 2i Imf X t(re~~

it)e 1tdr 10.34

k=3 ,5 k 
0

The only terms in the inverse transform , Eqn 10.26 ,

remaining to be evaluated are the residues of the poles of

X t(s)e
st 

. By definition , the residues of the poles of

X
~
(s)e are

lirn -

I - ;  b~ ~,;m Cs - A
~
)X
~
(s)e5t 

- 

10.35

• I
I

4

A: 
i L ~~~~~~~~ J . :~:~~:~~r•:~~- _______  - —  

- ____



— - •-~~~~ --= •-

or

u r n  - N {~ }
T{l ID(s)

= 5~~ rn Cs - A~) n~1 
n 

~I - • e5t 10.36
m(s - A )n n

which reduces to

lim ( s - A ’~’) {+ . } T {l . }D ( s) stb~ = 5 j r n  ],,3__.~__ 1 
•~~

e 10.37
~‘ (s - A ~~)

Before .taking the l imi t  to evaluate  the residue , it should

be pointed out tha t

_ _ _ _ _ _  = 
r~l

xj 5 10.38

which s impl i f i e s  the expression for the residue to

b . = u r n  (
~ 

~r~ 15l~ r 1’nl
’
~ { $ } T {l }D( ) 

$.te
st 10.39

s+A . \r-l ~ I m~ -

Evaluating the limit produces

- 1 {,}T{l }l)(Xrn)
b~ mA~~ m~ 

3 •.~
e ~ 10.40

I
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Having evaluated the residues of the poles of the

integrand in the inversion integral , the evaluation of the

inverse transform is complete. The general expression for

the displacement response of the structure for simultaneous ,

unit , impulsive loading at all its degrees of freedom is

x
~
(t) = —i-- Im [fX

~~
(re )e dr]

11 0

mA hi,.}T { l . } D (A ~
1) x’~t+ 3 3 3 10.41

j rn~

This expression is based on Eqn 10.26 , using Eqns 10.12 ,

10.34 , and 10.40 for the appropriate substitutions .

• Note that the response of the structure has two parts ,

one part being a sum of decaying sinusoids and the other

part an integral that decreases with increasing time . The

integral does not decrease exponentially, because it is

asymptot ic to t~~ for large t , where u is greater

than one. Therefore , the integral dominates the response

for time long after the loading . This component of the

response describes the non-oscillatory return of the struc-

ture to its unloaded equilibrium position.

In summary , the response of the structure to impulsive

loading can be calculated using contour integration to

evaluate the inverse transform . Having obtained the response

4 to impulsive loading as a function of time makes possible
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determination of the response of the structure to general

loading conditions using convolution . In essence , the

- calculation of the response of the structure is no longer

tied to the use of Laplace or Fourier transforms . In other

words , the response of the structure to loading time histories
I for which transforms do not exist can be calculated using

the response to impulsive loading and the convolution integral .

I]
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XI. Summary and Conclusions

The generalized derivative of fractional order is a

mathematical operator well-suited for describing the

frequency-dependent mechanical properties of viscoelastic

materials. As shown in Section V and Appendix C , the

generalized derivative constitutive relations for the

materials are capable of describing the frequency-dependent

stiffness and damping of the materials over several decades

of frequency , as observed under conditions of sinusoidal

motion.

More over , as demonstrated in Section V , the constitutive

relation for 3M-467 predicts accurately the non-periodic

(transient) response of the material as observed in. the

laboratory . In addition , the generalized derivative model

for 3M-467 performed remarkably bett er than the Voigt model.

The generalized derivative RT and RTG viscoelastic

models enabled the formulation of the viscostiffness matrix

of the viscoelastic finite element . This led to the

successful formation of the equations of motion , for a

structure containing both elastic and viscoelastic components ,

which can be decoupled and solutions obtained using modal

analysis. As demonstrated in Section VIII , the parameters

of the solutions can be determined using the iterative

4 numerical schemes presented .
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- - Finally , it was demonstrated that the response of the

structure to impulsive loading always exists and is continuous ,

real and causal . The general form of the response to impulsive

loading was evaluated using contour integration.

In conclusion , the approach to viscoelasticity resulting

• from this investigation is particularly powerful , in that the

- 
general motion of a structure having both elastic and visco-

elast ic componen ts can be de termined given that two condi tions

are met . First , the RT and/or RIG models for the viscoelastic

materia.ls in the structure must exist and comply with the

second law of thermodynamics as indicated in Appendix A.

Second , every component of the structure must have a suitable

• finite element approximation.

I
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106

I 
~~~~~~~~~~~~~~~~~ •

•
~~~~

- 
- • - ,

~
•-

~~~~
.- ~• -*~

a I - 

~~~~~~~~~~~~~~~~~~ ~~~~~~~~~ 

- 
- - _ _ _ _  _ _ _ _



Bibliography

1. Caputo , M. “Linear Models of Dissipation Whose Q Is
Almost Frequency Independent ,” Ann. Geofisica , XIX (4):
383-393 (1966). —

• 2. Chris tensen , R.M. Theory of Viscoelasticity , An
Introduction. New Y~ik: Academic Press, 1971, p 14.

3. Ross , B. “A Brief History and Exposition of the
Fundamental Theory of Fractional Calculus ,” Lecture
Notes in Mathematics , 457: 19. New York: Spi-inger-
Verlag , 1975. —

4. Christensen , R.M. Theory of Viscoelasticity , An
Introduction. New York: Academic Press, 1971, pp 207-218.

5. Hurty , W.C. and M.F. Rubenstein . Dynamics of Structures,
Prentice-Hall , 1964 , p 257.

6. Crandall , S.H. “Dynamic Response of Systems with
Structural Damp ing ,” Air , Space and Instruments, Draper
Anniversary Volume , edited by H.S. Lees. New York:
McGraw-Hill , 1963 , pp 183-193.

7. Mim e , R.D. “A Constructive Theory of Linear Damp ing,”
Proceedings of Symposium on Structural Dynamics.
c.4.l-c.4.19. Loughborough , England: Loughborough
University of Technology , 23-25 March 1970.

8. Caputo , M. “Vibrations of an Infinite Plate with a
Frequency Independent Q,” J. Acoust. Soc. Am. , 60: 637
(1976). —

9. . “Linear Models of Dissipa tion Whose Q is Almos t
Frequency Independent - II ,” Geophys. J. R. Astr. Soc,
13: 529-539 (1967).

10. . Elasticit~ e Dissipazione, Bologna : Zanichelli ,

H 
1969.

11. Caputo , M. and F. Minardi. Pure Appi. Geophys., 91:
• 134-147 (1971).

12. . Riv. Nuovo Cimento, 2: 161-198 (1971).

13. Caputo , M. “Vibrations of an Infinite Viscoelastic
Layer with a Dissipative Memory ,” J. Acoust. Soc. Am, 56
(3): 898 (1971).

4 - 

107

• ~~~~~~~~~~~~~~~~ 
______



— - - —~~ - — —  -- -  — ~~~~~~~~ --- -— - —•- - --—- --—- - --- - • -~~~-- -—-•  -~

14. . “Vibrations of an Infinite Viscoelastic Layer
with a Dissipative Memory ,” J. Acoust. Soc. Am. , 56 (3):
897-904 (1971). —

15. . “Vibrations of an Infinite Plate with a
• Frequency Independent Q,” J. Acoust. Soc. Am. , 60:

635-636 (1976). —

16. . “Vibrations of an Infinite Plate with a
Frequency Independent Q,” J. Acoust. Soc. Am. , 60:
634 (1976). —

17. Foss , K .A .  “Co-ordinates Which Uncouple the Equations
of Motion of Damped Linear  Dynamic  Systems , ” J. Appi.
Mech ., 25: 361 (1958).

18. Capu to , M. “Vibrations of an Infinite Plate with a
Frequency Independent Q,” J. Acoust. Soc. Am. , 60: 902
(1976).

19. Ross , B. “A Brief History and Exposition of the
Fundamental Theory of Fractional Calculus ,” Lecture
Notes in Mathematics , 457: 18. New York: Springer-
Verlag, 1975. —

20. Caputo , M. “Vibrations of an Infinite Plate with a
Frequency Independent Q,” J. Acoust. Soc. Am._, 60: 10
(1976). —

21. Gurtin , M.E. and E. Sternberg. “On the Linear Theory
of Viscoelasticity ,” Arch. Ration. Mech. Anal. 11: 291
(1962).

22. Pipkin , A.C. “Approximate Constitutive Equations ,”
Modern Developments in the Mechanics of Continua ,

‘1 Proceedings of an International Conference Center on
Rheology held at the Pinebrook Conference Center of
Syracuse University , Pinebrook , New York , 23-27 August
1965. 95. Edited by S. Eskinazi , New York : Academic
Press , 1966.

23. Christensen , R.M. Theory of Viscoelasticity , An
Introduction. New York: Academic Press, 1971, p 42.

24. Zienkiwicz , O.C. The Finite Element Method in Structural
and Continuum Mechanics. London : McGraw- Hill , 1967 ,
p 220.

25. . The Finite Element Method in Structural and
Continuum Mechanics. London : McGraw-Hill , 1967 , pp 11-12.

4 - 108

L±1~i~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~i~i



• - - - -- •---~~~--— •
---~~~~~~~

26. Foss , K.A. “Co-ordinates Which Uncouple the Equations
of Motion of Damped Linear Dynamic Systemc .” J. Appl.
Mech., 25: 361 (1958).

27. Bispling hoff , R.L., et al. Aeroelasticity . Reading,
Massachusetts: Addis~iT-W~sley , 1955 , p 16W.

• 28. Truesdell , C. “Thermod ynamics of Deformations ,”
Modern Developments in the Mechanics of Continua,
Froceedings of an International Conference Center on
Rheology held at the Pinebrook Conference Center of
Syracuse University, Pinebrook , New York , 23-27 Augus t
1965. 1. Edited by S. Eskinazi , New York : Academic
Press , 1966.

30. Coleman , B.D. Arch. Rational Mech. Anal., 17: 1
(1964 a)

31. Donaldson , J.A. “A Family of Integral Representations
for the Solution of the Diffusion Equation ,” Lec ture
Notes in Mathematics , 457: 146. New York : Springer-
Verlag , 1975. —

32. Coleman , B.D.- Arch. Rational Mech. Anal ., 17: 230 (1964 b)

33. Schlichting , H. Boundary Layer Theory. New York:
McGraw-Hill , 1968 , p ~5.

34. Jones , D.I.G. “Temperature-Frequency Dependence of
Dynamic Properties of Damp ing Ma ter ia ls ,” Journal of
Sound and Vibra t ion~ 33 (4): 451-470 (1974).

35. Christensen , R.M . Theory of Viscoelas ticity , An
Introduction. New York : Academic Press , 1971 , pp 96-98.

I .

4
109

~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
• - 

_ __ _ _ _ _
- 1~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ —~~~

- -- 
~~~~ -.~~~—---- ~— •-._ --•-~— -~~~~~~~



r - 

~~~~~~~~~~~~~~~~~~~ 
--—- -

~~~~~~~~
-

~~~~
— =-= —--- — - -  -~

Append ix A

The RT and RTG Models and the Second Law of Thermodynamics

The focus of the thermodynamic considerations centers

on the ability of the RT and RTG models of viscoelastic

materials to satisfy the second law of thermodynamics. In

particular , the objective is to derive constraints on the

parameters of the RI and RTG models to insure that the state

of stress and strain in the material predicted by the models

is consistent with the second law . The considerations are

limited to the case where the material is at a constant ,

uniform temperature and the deformations and resulting

stresses in the material are sinusoidal.

The assumption of constant , uniform temperature is

motivated by the observation that the moduli of viscoelastic

materials are usually strong ly dependent on temperature .

Allowing the temperature of the material to vary , due to

the energy dissipated during the deformation process , implies

that the parameters of the RT and/or RTG model should be

modified to account for the resulting changes in material

properties. However , the RI and RIG models are emp loyed

where the parameters of the models are not changed during

the deformation process , which is in essence a statement

that the temperature of material does not change during

deformation.

4
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To implement the assumption of constant , uniform

temperature , energy sinks are assumed to be present at

every point in the material. The energy sinks instantane-

ously absorb all the dissipated energy , preventing the

temperature from chang ing.

The energy sinks are represented in the first law of

thermodynamics

pc = p + + pq A.l

by q,  the local rate of change of energy densi ty through

non-mechanical effects. In this local form of the first

law , ~~~ is the divergence of the energy flux vector , p
• is the local rate at which internal work is done by mechani-

cal means , c is the internal energy per unit mass of the

• material , and p is the mass density .

The fo l lowing  developmen t , based so le ly  on the f i r s t

and second laws , is an adaptation of the work of Coleman

and Truesdell on the thermod ynamics of deformations for the

specific case at hand (Ref 29). In notation identical to

Truesdell’s , the second law for a material at constant ,

un iform temperature is

pe~ - j .ff - pq � 0 A.2

where n is the entropy per unit mass and 0 is

4 ’
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temperature. This local form of the second law is based

on the Clausius-Planck inequality.

- - 
- Two other entities relevant to the following discussion

are the free energy of the material , ~

= - t~o A.3

and the internal dissipation rate , 6

6 p - p ( r ~Ô - ,~) A.4

where the dots indicate first time derivatives. Substituting

the expression for the dissipation rate produces

6 = pO~ + (p - p~~) A.5

Using the first law to substitute for p - p~ in Eqn A.S

yields

6 = pe n  - i.i~ - pq A.6

From the second law and the above expression for the

dissipation rate , it is clear that the second law is always

I : satisfied when 
-

6 � 0  A .7

4 -
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In other words , when the local internal dissipation rate of

a material is non-negative , the behavior of the material

is consistent with the second law .*

The task remaining is to express the dissipation rate

in terms of the stresses and strains in the material. To

that end , recall that the energy sinks absorb all the

dissipated energy .

6 = -pq

In light of the expression for the dissipation rate given

in Eqn A.6 ,

-v .h + p e n  = C A .9

Since the absorption of the energy by the sinks prevents

the opportunity for energy conduction ,

K =

and , as a result

v.h 0 A.11

* This result is contained in Coleman’s general theorem on the non-
equilibrium thermodynamics of deformation (Refs 30, 32).
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and consequently

= 0. A .l2

Since the rate of change of the entropy , , is zero ,

Eqn A. 5 reduces to

& = (p - p~~) A .13

The internal dissipation rate can now be expressed in

terms of stress and strain , provided that the internal

energy per unit volume , p~ , can be expressed in terms

of the rate of change of strain energy , . The internal

energy per unit mass , c , is taken to be a function of

temperature plus the strain energy per unit mass , Il/p

c 1(o) + ~~~ A.l4

For small strain the expression for one over density is

~~ p (t) (1 + e(t))/p0 A .15

where p0 
is the unstrained density and e(t) is the

dilatation strain , defined in Eqn 4.5. The resulting

express ion for the internal energy is

4
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c = I C e )  + u.(l + e(t))/p0 A.l6

which s impl i f i es  to

- 
c = f(9) + UI A . l 7

for small  s t r a i n .  Since the temperature is constant , the

- 

expression for the strain energy rate is

-H • U/~~

and the resulting expression for the dissi pation rate is

a = ( p -t )  A.19

again , for the small strain.

The dissipation rate in terms of the stresses and

strains is

6 = ({a (t)}
T
{~~(t)} - {a ( t ) ) T {~~( t ) ) )  A .2 0

or

H --  6 = ~~o(t)} - {o ( t ) ) } T {~~( t ) }

- 

; where {~~( t ) }  is the column vector of the strain rates ,

4
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{o(t)} is the column vector of the stresses and {o (t)}

is the column vector of those components of the stress

acting to store and retrieve strain energy in the material.

- As indicated in Section IV , the stresses storing and

retrieving strain energy for steady-state , sinusoidal

motion were those stresses in-phase with the strains .

Consequently , the total stresses , (a(t)J , minus the

in-phase stresses , {a - (t)} , leaves the out-of-p hase

stresses , {~~~ (t)}

6 = {o~~ (t)}
T{~~(t))

• 

The stress out-of-phase with the strains

- 

cmn (t) = £~~~sinW0t 4.31

are those s t resses  propor t ional  to CoSw 0t in Eqn 4 . 3 2

~~~mn (t) = 6 F 3(w )e cosw t + F4(wo)cmn coswot A .23*

- The diss ipat ion ra te  in terms of the s tresses and s t ra ins

given above is

3 3
6 = w F3(w )e

2cos 2w t + w F 4 (w 0) c 2 C05 2 w .t
0 0 0 n 1  m~ 1 o mn 0 o

• ~ •

* F3(w0) and F4 (w0) are functions of the parameters of the RI and4 RIG models and are defined by Fqns 4.34 and 4.37.
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If the parameters of the RT and/or RTG models are

chosen such that

w0F3(w0) � 0 A .25

w0F4(w 0) � 0 A .26

for all positive u~~ , the state of stress and strain in

the material predicted by the models is consistent with the

second law .

Although the above development is for sinusoidal motion

of the material , its application extends to periodic strain

• histories. Consider the case where the material undergoes

prescribed , piece-wise continuous and bounded strain history
- 

- of finite durat ion and the material is allowed sufficient

time for the stresses to relax to their unloaded equilibrium

value of zero. Assume that at some later time the same

strain his tory is imposed on the material and the material

again allowed to fully relax, and this process of loading and

relaxation is repeated continuously at a specified interval.

The stress and strain histories of the material are periodic

• and can be broken into their respective frequency components

using Fourier analysis. The internal dissi pation of each

frequency component of the strain is given by Eqn A .24 and

satisfies the second law , given that Eqns A.25 and A.26 hold.
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Consequently, the periodic stress and strain histories

of the material comply with the second law. As a result ,

satisfy ing A.25 and A.26 is sufficient to insure that the

response of the material to a piece-wise continuous and

bounded strain history of finite duration satisfies the

second law . This follows from the observation that each

loading and relaxation cycle of the material can be viewed

as an independent response sequence.

L I
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Append ix B

A Generalized Derivative Relation for a Newtonian Fluid

By way of motivation toward describing the motion of

physical systems with generalized derivative equations , it

is interesting to note that a Newtonian fluid , def ined by

the stress-strain rate constitutive relation

a = B.l

where ~i is the bulk viscosity , can undergo dynamic motion

which lends itself to description using a generalized

derivative. When the Newtonian constitutive relation is

introduced into the one-dimensional momentum equation for

a homogeneous , incompressible fluid at uniform , cons tant

temperature

ao= -
~j- 

B.2

the resulting differential equation is

B.3
aZ 2

This equation is immediately recognized as being in the form of

the one-dimensional diffusion equation. Donaldson (Ref 31)
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has demonstrated that solutions of the one-dimensional

diffusion equation may be represented using fractional

- calculus. Of particular interest at this point is the

- solution to the one-dimensional diffusion equation that

occurs when an infinite half-space of such a Newtonian

fluid is bounded by a “wetted” planar surface undergoing

some known motion .* If the known motion of the bounding

surface has a Laplace transform , Laplace transforms may be

used to solve the diffusion equation .

A derivation of the solution is given here for

F 
completeness. Taking the Laplace transform of Eqn B.3

results in

~2vp (sV(s ,z) - v(O,z)) = — (s , z )  B .4
az 2

where V(s ,z) is the transform of the velocity

V(s ,z)  = ~~v(t ,z)e~~
tdt B.S

Assuming the fluid is initially excited from a state of

rest , the initia . velocity , v(0,z) , is zero and the

resulting differential equation is

* This problem is a generalization of Stokes’ second problem in which
Stokes asstined the motion of the “wetted” plate to be sinusoidal

4 (Ref 33).
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Negative z Axis

Figure B.1. Schematic of the Half Space of
Newtonian Fluid Bounded by a

- “Wet ted”  Surface
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a 2v
psV(s,z) = — (s,z) B.6

az 2

The solution of this differential equation is readily seen

to be

/~~~ z /~~~ z
V(s,z) = A(s)e~ ~ + B(s)e U B.7

Choosing the coordinate system such that the normal

of the bounding surface is parallel to the negative 2 axis ,

one can proceed to determine the funct ions  A ( s )  and B(s )

in terms of the boundary conditions . The f i r s t  boundary

condition to be satisfied is that the magnitude of the

velocity of the f lu id  be bounded for la rge , n e g a t i v e Z

Consequently , B(s)  must be zero . The other boundary

condition is that , at the interface of the fluid and the

bounding surface , the velocity of the fluid must be eq~ia1 to

the velocity of the bounding surface , v0(t) . To enforce

this boundary condition , one f i r s t  takes the t r ans fo rm of

v0 (t)

• t
V0(s) = f v0(t)e~~

tdt B.,8
0

and the boundary condition is applied in the transform domain

- ~ - • as shown

/~i~V(s ,z) = A(s )e4 U - B.9
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V(s ,0) = A(s) = V0(s) 
• 

B. l O

The resul t ing  expression for the t rans form of the velocity

of the f lu id  at a distance z below the plate  is

V(~ ,z) = V0(s)e 
U B.1l

At this point one wishes to determine the stresses in

the fluid according to the Newtonian constitutive relation ,

Eqn B. 1. The t rans form -of Eqn B. 1 is

a *(s ,z)  ~V(s , z) B . l 2

Substituting Eqn B.ll into Eqn B.l2 for V(s ,z) produces

a *(s ,z) /~~ /~~~V(s ,z) B . l4

The t r ans fo rm of the stress may be inverted by ob se rv ing  t h at

the t rans form is the product of the transforms of two known

functions of time .

o*(s,z) 7 . sV(s ,z) = L [ ( r ( ½ ) t ½ y l ]

•L[~&(t ,z)) B.l5
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Thus , the stress is seen to be the convolution of the two

functions of time , 
-

a(t,z) f ~ ~(t,z) dt. B.16
- 

r (½) 0 ( t - t )

For the zero in i t ia l  condition on velocity , Eqn B.l6 is

equivalent to

a(t,z) - ~~~ d v ( t ,z)  dt B.l7
r (½)  dt 0 (t-t)~~

Notice that Eqn B.l7 states that the stress at any

locat ion in the f lu id  is equal to a constant , v’~~~ , times

the general ized der iva t ive  of f r ac t iona l  order ~ of the

ve loc i ty  o f the f l u i d  at that location .

a ( t , z) /~T~ D ’~ [v (t , z ) )  B . l 8

This stress-velocity relation evaluated over an area A of

the “wetted” surface , z = 0 , produces a force-velocity

- 
relation.

f(t,0) = A /~~ D” [v0(t)] B.19

H I
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- 
Thus , we see that in this one case , the macroscop ic behavior

of a Newtonian , viscous fluid is characterized by a generalized

. derivative of fractional order ½ , even though the micro -

- 

scopic behavior is

a ( t , z)  = U E ( t , Z)  B .2 0

This observation suggests that generalfred derivatives may

have applications in other situations where a global , or

discrete , description is desired of a phenomenon which is

locally viscous .

‘1
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Append ix C

RT and RIG Models for Viscoelastic Materials

Generalized derivative constitutive relations for

three viscoelastic materials are presented. The material

properties on which the RT and RIG models are based

(Ref 34) were determined using the “temperature-frequency

superposition ” principle (Ref 33).

The RIG model for the shear modulus of the visco-

elastic material 3M-467 at 75°F is

a1(1 + b1D )o(t) = (~0 
+ ~1D )~~(t) C.1

where

= 8 x 10~~’ sec 5’ C.2

= 1.0 lb/in 2 C.3

7.3 lb~sec
56
/in 2 C.4

= .51 C.5

and 
-

4 

a1 .56 
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The mechanical properties predicted by the mode l are

compared to the material ’s properties in Fig C.l. Note

the excellent agreement between the model and the material

properties over 8 decades of frequency .

The RI model for the v iscoelas t ic  Young ’ s modulus of

Sylgard 188 at 120°F is

aCt ) = (E 0 + E1D 1)~~(t )  - C.7

• where

= 60 lb/ in 2 C.8

E1 = 43 lb_ sec 2 1’/ in 2 c .9

and

a1 
= .24 c. io

The mechanical  propert ies predicted b y the model are

compared to the material’ s properties in Fig C.2.

• The RT model for  the viscoelastic Young ’s modulus

of BTR at 45°F is

0 0

a(t ) — (E1D + E2D ) t (t )  C.11

4
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where

0 9 5
E
1 

= 8S0 lb-sec fin 2 C.12

E2 = 18 lb_ sec . 28
/ in 2 C. 13

.095 C. 14

and 

~2 
= .28 

.

A comparison of. the model and material properties is given

in Fig C.3.

Althoug h the agreement between the material properties

and their respective models is very good , not all visco-

elastic materials lend themselves to characterization by

generalized derivatives models. The materials most suited

to modeling with generalized derivative constitutive

relations are those that have properties such that the

following relation holds in the transition region:

= tan — C.l6
2

where n is the loss factor and a 
• 

is the slope of the plot

of the log10 of the real part of the modulus plotted as a

4 funct ion of log10 of the frequency of motion .
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In summary , generalized derivative constitutive relations

do in fact model the frequency dependent mechanical propert ies

of at least three viscoelastic materials. However, each

model is of a different basic form , as can be seen by comparing

Eqns C.1, C.7, and C.ll. Hence, the RT or RTG models are

capable of describing viscoelastic materials having distinctly

different mechanical properties.
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