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Notation (Cont'd)

{£f(t)} : a column vector of applied forces

{F(s)} : the Laplace transform of the column
vector of applied forces

G(t) ) : the shear relaxation modulus

i :  the imaginary coefficient

[K(s)] : a visco-stiffness matrix

[k] : the pseudo stiffness of the expanded

equations of motion

Ll ] : the Laplace transform operator
[M] : a mass matrix
[ﬂ] : the pseudo mass matrix of the expanded

equations of motion

S : the Laplace parameter
{x(t)} : a column vector of structural
displacements




{X(s)}

Q. ,q

Bk’sp

r(a)

e (E)

mn

cn )

n(w)

u*(w)

Notation (Cont'd)

the Laplace transform of the column
vector of structural displacements

parameters of the generalized
derivative models

parameters of the generalized
derivative models

the gamma function of «

a strain history

the Laplace transform of the
strain history

the loss factor

the eigenvalue associated with
the expanded equations of motion

Fourier transform of the dilatation
modulus

parameters of the generalized
derivative models

: Fourier transform of the shear modulus




Notation (Cont'd)

p (w),r”" (w) ¢ the real and imaginary parts of
n*(w), respectively

. ) u¥*(s) : the Laplace transform of the shear
modulus
MooMy : parameters of the generalized

derivative models

omn(t) : a stress history

o;n(s) : the Laplace transform of the
stress history

{¢n} : a mode shape of the structure

{¢n} : an eigenvector associated with the g
expanded equations of motion ’

a ; w : the Fourier parameter and the
circular frequency of motion in
radians per second

denotes the transformed variable.

H : ;
; NOTE: Whenever a time history and its associated
| 1 - transform are expressed using the same symbol,
‘ g
’ ¢ €.y O (t] and o (s) the asterisk
o { 7 Tmn mn i
8
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Abstract

Generalized derivatives of fractional order are used
to construct stress-strain constitutive relations for
viscoelastic materials, based on the observed sinusoidal
behavior of the materials. The non-periodic behavior of
one material is observed in the laboratory and compares
favorably with the non-periodic behavior of the material
predicted by its generalized derivative constitutive
relation. Having established that the generalized deriva-
tive constitutive relation is an appropriate mathematical
model for the general motion of at least one viscoelastic
material, the tools for the analysis of structures of
engineering interest are put forward. In particular,
attention is focused on a finite element formulatioﬁ of
and solutions to the equations of motion for structures

containing elastic and viscoelastic components.
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APPLICATIONS OF GENERALIZED
DERIVATIVES TO VISCOELASTICITY

I. Introduction

The following investigation deals with constitutive
relations employing generalized derivatives that relate
stress and strain in viscoelastic materials, and the solution
techniques for the resulting equations of motion for structures
incorporating viscoelastic components to dampen vibratory
motion. The use of generalized derivatives of fractional
order in stress-strain constitutive relations, first suggested
by Caputo (Ref 1), may be viewed as an extension of the
standard model for a linear, viscoelastic material.

The standard viscoelastic model for a uniaxial consti-

tutive relation is (Ref 2)

(t) § b, o E_e(t) % g, 4l 1.1
O + . € 0 : i .
k=1 K q¢X g j=1 J add

The viscoelastic constitutive relation employing generalized

derivatives of fractional order will be taken to be

K Bk J a.
o(t) *+ ]I b0 “le(t)] = Be(t) +« ] BD Ile(t)] 1.2
k=1 j=1J

where the genecralized derivative operator of real order a is
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defined by
t
= 1 d x (1)
D*[x(t)] = T‘Ta—f dt B <as <l 1.5
F 1"(! t 0 (t‘T)u

The generalized derivative constitutive relation, Eqn 1.2,
may be viewed as an extension of the standard model, Eqn 1.1,
in the sense that the derivatives are no longer limited to
being of integer order.

The use of this generalized derivative constitutive
relation in modeling the response of viscoelastic materials
will be seen to have several advantages over present methods.
The major drawback of the standard viscoelastic model,

Eqn 1.1, is that a large number of terms are often required
to describe a material adequately. The use of derivatives
of other than integer order in the constitutive relation will

. > *
be seen to produce satisfactory models with very few parameters.

Because of the large number of terms required, the
standard model, Eqn 1.1, often becomes too cumbersome to
manipulate. Consequently, an alternative known as the
"complex modulus method'" has been developed. 1In the complex
modulus method, measured values of E*(w) , Eqn 1.4, are used
as a discrete approximation of the function E*(w) . In the

transform domain, the general viscoelastis constitutive

* In Section V, a generalized derivative constitutive relation
for the elastomer 3M-467 is presented. The relation charac-
terizes the material's properties over four decades of
frequency with three parameters.
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relation is

o*(w) = E*(w)e*(w) 1.4

E* (w) 1is measured for different frequencies of motion (Ref 4),
Wi which produces a sect of discrete values of the modulus,
E*(mi) , over the frequency range of interest. These discrete
values of E*(w) are substituted into the transformed
equations of motion of a viscoelastic material to produce
values of the transform of the response at discrete frequencies.
The inverse transform of the response is evaluated numerically
to produce the time history. The major drawback of this method
is the arduous task of calculating the inverse transform for
every point in time at which the value of the response is
required. The use of the generalized derivative constitutive
relation will be seen to do away with the nced for numerical
approximations in the frequency domain.

An elementary form of the "complex modulus'" method,

obtained by representing the transform of the modulus by

E*¥ (w) = Eo(l + insgn(w)) 1.5
1, w >0

sgn(w) = 0, w=20 1.6
-1, w <0

iy Y |
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and often known as "structural damping" (Ref 5), is valid

only for sinusoidal stress and strain in the material.

Crandall has shown that the response of an harmonic oscillator

with "structural damping" for impulsive loading is non-causal

(Ref 6); that is, the time response of the oscillator occurs

before the loading.

Milne (Ref 7) has proposed several modifications of the

imaginary part of the modulus given in Eqn 1.7 to produce a

causal response. Unfortunately, neither the modified modulus

nor the one given in Eqn 1.7 is
transient (broad-band) response

because they do not account for

stiffness typically encountered.

that a single term, generalized

relation of the form

% |
o(t) = E1D [e(t)]

particularly suitable for

of viscoelastic materials,

the frequency dependent
Caputo (Ref 8) observed

derivative, constitutive

0 < g, €1

produces frequency-dependent stiffness and damping and a

loss factor*, n , that is frequency independent.

al'n'

n = tan
2

* The loss factor in a linear material is the ratio of

imaginary to the real part of

the modulus.

1.8
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Caputo's work with generalized derivative constitutive
relations focuses primarily on the propagation of waves in
geological formations. One of Caputo's earliest papers
(Ref 9) was on generalized independent loss factors or
equivalently frequency-independent resonant qualities, Q
This work was followd by a book (Ref 10) in which Caputo
dealt with the propagation of impulsive plane waves and the
free vibration of spherical strata using generalized deriva-
tives in the constitutive relations of the media. In the last
chapter of the book and in later papers with Minardi, Caputo
compares the generalized derivative relations with experimental
observations of the properties of some media: 'some metals,
glasses and the earth." (Refs 11, 12) 1In 1974 Caputo
proposed a generalized derivatives viscoelastic constitutive

relation of the form (Ref 13)
o(t) = nD*"M[e(t)], 0 <a<l;n=0,1,2,... 1.9

where the generalized derivative operator was defined by

t

n
D**Mx(t)] = (Il-aT cj) dd:’st) (tl-r)" dt 1.10

This definition differs slightly from the generalized
derivative used in this investigation, Eqn 1.3. Caputo
used the relation, Eqn 1.9, to determine the response of a

uniformly driven infinite viscoelastic layer and investigated




the hysteresis behavior of the constitutive relation (Refs 14,
15). Recently, Caputo suggested, but gave no application for,

a constitutive relation of the form (Ref 16)

pP[a(t)] = wD%[e(t)] 1.11

which is the harbinger of the general constitutive relation,
Eqn 1.2, which is to be used in this study.

All of Caputo's work rests on a continuum formulation
of the equations of motion. Unfortunately, a continuum
formulation of the equations of motion for many structures
of engineering interest is not practical. As a result, a
discrete formulation of the equations of motion is adopted,
based on assumed displacement, finite-element methods. A
solution technique developed for the motion of structures
incorporating viscoclastic materials modeled with generalized

derivatives is developed as an extension of the solution

technique developed by Foss for non-proportional viscous

damping (Ref 17).

In the sections to follow, constitutive relations using
generalized derivatives are developed, and their applications
and limitations are considered. Some cxperimental results
are presented and found to show that a constitutive relation,
with parameters determined from the response to sinusoidal

loading, predicts very well the response of one typical

VR R i
e A o

S spes Al
# Wl

A
Bt ¢




elastomeric material to an impact loading. Finally, the
formulation of multi-degree of freedom systems, necessary
for large-scale structural analysis, is considered. Special

solution methods, necessary for such applications, are

developed.
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II. A Brief Overview of Generalized Derivatives

Before proceeding to construct generalized derivative
constitutive relations, it is appropriate to introduce the
properties of generalized derivatives relevant to the follow- é
ing investigations. Of particular interest are the form of |
the Laplace and Fourier transforms of generalized derivatives,
and the results of repeated differentiation of fractional
order.

First and foremost, the generalized derivative is a

linear oOperator.
D[xy (t) + x, ()] = D%[x ()] + D%x,(t)] 2.1

This property follows directly from the definition, Eq 1.3.

DO[x(t)] = _(T'T Q 2l g 1.3
a-.—cj) (t-1)°¢

To put the definition into a form in which the calculation
of its Laplace transform is straightforward, one first performs

a change of variable

which results in

D® [x(t)] = o [ R 4y 2.3
(o]

.

el i e v A s e




Using Leibnitz's rule to differentiate the integral produces

t
a 1 1 9 _ x(0)
D [x(t)] T g ;E Fr 3 x(t-n) dn + Ta)t® 2.4

After taking the Laplace transform of Eq 2.3, the transform
of the generalized derivative of order o of the function

x(t) 1is seen to be

LDPEx(0] = g+ GLx®)] - x(0) + X2 2.5
which simplifies to
LID*[x ()11 = s*L[x(W)] 2.6
where
; Bix(t)] = | xe)e ™t e 2.7

o

Notice that the Laplace transform of a generalized derivative
of order o of a function is equal to s times the transform
of the function.

Under certain conditions a similar property of generalized

derivatives is true for Fourier transforms.

—
5 PRAE I PSR TN IS S v B ko P

F[D?[x(t)]] = (iw)® Flx(t)] 2.8
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where

-]

[ =(e)e %% g¢ 2.9

- 0

Flx(t)]

"

The conditions are, first, that
x(t) = 0 fort <20 2.10

in which case the Fourier transform becomes

Fix(e)] = | x(t)e % g¢ 2.11
o
and, second, that the integral in Eq 2.11 exists. Note the
parallel form of Eqns 2.6 and 2.8. Both relations were used
by Caputo (Ref 18).
A useful property of generalized derivatives is that

the generalized derivative of order a , of the generalized

1
derivatives of order a, of a function is the generalized
derivative of order a; * ooy of the function. Again using

operator notation, the property is
M2 e B
D LD "[x(t)])] = D [x(t)] 2.12

Notice that the definition of generalized differentiation
given in Eq 1.3 is restricted to fractional order a less

than one. If a is one or greater in Eq 1.3, the integral
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*
contains a non-integrable singularity . The definition of a
generalized derivative of order 8 , where B8 > 1 and

B = mta where m 1is the largest integer not exceeding B8

is

1 aml It x(t)  4¢
PiI~ai dtm+I

o (t-r)a

D™ [x(t)] 2.13

* On the other hand, if o« 1is zero in Eq 1.3, the relation is

clearly valid and follows from the fundamental theorem of
calculus.
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III. The Basic Generalized Constitutive Relation

In this chapter the basic generalized derivative,
viscoelastic constitutive relation is presented and some
aspects of its behavior are established. The basic general-

ized derivative constitutive relation is

a(t) = AaD%*[e(t)] 6 < g <1 5.2
or
a(t) = A adT It e} 4, 3.2
T o 5 (t-n)a

Since the generalized derivative is a linear operator,
this relation is suitable only for the linear approximation
of a material's properties. This linear constitutive relation
satisfies many of the preseﬁtly accepted constraints on
viscoelastic constitutive relations.

In particular, it represents a material with fading
memory. To demonstrate this claim, it is necessary to put

the constitutive relation in a different form using a change

in variable
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‘2 and again using Leibnitz's rule to differentiate the resulting
integral produces
olth) = A It 1 3 =ft-x) d e (0) 3 4
i T(1-a) T ot I‘(l—a)ta
or
| t ;
f a(t) = fG(T)e(t-T)dr + G(t)e(0) 3.5
| o
1 where
G(t) = ———— 3.6
; r(l-a)t® ?

The constitutive relation, Eq 3.5, represents a visco-
elastic material with a fading memory. A material is said

to have a fading memory if its relaxation modulus, G(t) ,

goes to zero monotonically as t increases (Ref 20). Notice
that G(t) in Eq 3.6 dJdoes in fact go to zero monotonically.
Since the material has a memory, the value of the stress
at time t 1is dependent on the entire strain history up
until time t . To insure that the constitutive relation
produces a stress that is dependent on the entire strain

history up until t , time zero must be chosen before or

—
o —
L N PO —

{ g at the onset of the initial strain.

¥

]

Consequently, ’

e(t) = 0 for € <0 S

13

Pap b
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and the only way that

e(0) # 0

is if the strain history is discontinuous at t = 0
According to Gurtin and Sternberg (Ref 21), the constitutive
relation as shown in Eq 3.5 is in the correct form to handle

discontinuous strain histories. Notice that a step discontin-

uity in the strain history at t = 0 produces a stress
history* that is singular at t = 0 .

When the strain hisfory is a continuous function of
time, and zero for negative times, the constitutive relation
given in Eq 3.5 reduces to

S t A

) o(t) = [ G(x)e(t-t)dr , G(t) = —— 3.9
o r(l-a)t

} This relation satisfies three out of four of Pipkin's restrictions
on viscoelastic constitutive relations (Ref 22). The first
restriction, that the stress be an odd functional of strain

rate, is satisfied. The second restriction, that G(t) go to

zero as time increases, is also satisfied, which is in keeping

R with the fading memory property. The third restriction, also

: satisfied, is that the kernel, the relaxation modulus G(t) ,

- v

be a function and not a distribution. Pipkin's fourth

* The Voigt viscoelastic model displays this same property.
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restriction, not satisfied by the generalized derivative |

constitutive relation, is that G(t) be of negative 1
f ; exponential ocder. 1
|
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IV. Generalized Derivative Constitutive

Relations for Viscoelastic Materials

The task at hand is to use the basic generalized
derivative constitutive relation, just presented, as the
building block for constitutive relations that model the
frequency dependent moduli of viscoelastic materials. The
moduli of viscoelastic materials are complex numbers where
: | the real and imaginary parts are functions of the frequency

of motion.

A* (w)

A (w) + ix”7(w)

u* (w) o (w) + iu”"(w)

The moduli are defined as the transforms that relate the

transforms of stress and strain

”

o;n(w) = 6mnk*(w)e*(w) * Zu*(w)e;n(w)

where 8$mn is the Kronecker delta and e*(y,) 1is the

transform of the dilatation strain

e*(w) = ey (@) + e3,(0) + ef5(w)

e e AR i 2 - M VAT MR A T <y
.

A useful property of the moduli is that their values




at frequency 0 relate sinusoidal stress and strain of

frequency we in the material.

cmn(t) = Gm

nx*(wo)eoexp[imot] + Zu*(wo)emnoexp[iwot] 4.5
Consequently, one can measure the values of u*(w) and
A*(w) at discrete frequencies of sinusoidal motion. As a
result, the frequency dependence of the moduli can be
determined experimentally.

Typically, a viscoelastic material at constant, uniform
temperature has moduli tﬁat vary with the frequency of motion
as indicated in Fig 4.1 (Ref 23). At low frequencies (the
rubbery region) the real part of the modulus is relatively
constant, while the imaginary part of the modulus increases
with increasing frequency. At intermediate frequencies (the
transition region) both the real and imaginary parts of the
modulus increase with increasing frequency and the rate of
increase of the real part slowly overtakes the rate of
increase of the imaginary part. At high frequencies (the
glassy region) the imaginary part of the modulus decreases
with increasing frequency, and the real part of the modulus
is relatively constant.

The generalized derivative constitutive relations
presented here are of two types. The first type are those
relations intended to model the viscoelastic behavior of

the material in the rubbery and transition regions. For
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brevity, this type of model is referred to as the RT model.

The second type are those relations intended to model the
behavior of the material in the rubbery, transition and
glassy regions. This type of relation is referred to as

the RTG model. Since the RTG model may be viewed as a

generalization of the RT model, the RT model is considered

first.

The RT model for an isotropic, homogeneous, linear

viscoelastic material is

J o.
= J
] Onn (t) Son (o +j21AjD Je(t)
L a
* 2 (ug*t I owyD Pe (1) 4
b =1
where
0 < a: < 1 4
J
0 < &1 <1 4
e(t) = ell(t) + ezz(t) + €33(t) 4.

Note that the RT model portrays the stress as a combination
of elastic stresses, proportional to the positive, real
parameters A and By s and viscoelastic stresses, propor-

tional to the positive, real parameters Aj and My

b
?

”~

&5

A i i *3 ‘ R
a8 g o _ (3
PRTIATE Y. : . r.‘&ﬁ?l)ﬁ’!? .




To establish the frequency dependence of the moduli
in the RT model, one takes the Fourier transform of the

constitutive relation.

* J s x5 a
w0+ TasG0") erw)
L y &g *
+ 2 (uo 4'9'211.12 (iw) 7) cmn(m) 4.10

Expressing the moduli in terms of their real and imaginary

parts produces

" J a. X .
AV = (gt ] A Jcos—-zl-—)
J=l
J o. Na .
+ i § e Jsin 2'7 4.11
j:l J
L a Na
* ') 2
w(w) = (u, + ] w,w cos )
O =3 2
B AL e
+ i Z ulw sin —2—— 4.12
=1

3 j
R o 4.13

3
1 3
b A
L3
i




1
1

L L
Z w el [P 4.14

the moduli in the RT model, Eqns 4.11 and 4.12, have essentially
a constant real part and an imaginary part that increases with
increasing frequency, similar to the properties of a visco-
elastic material observed in the rubbery region, Fig 4.1.

At intermediate frequencies of motion, defined by

J o.
2 faal f23 4.15
o j=11
and
Wi
. 1 L
R — zu w 2 1 4.16
- uo !':1 l 1

the real and imaginary parts of the moduli 'n the RT model

are increasing with frequency, similar to the properties of
a viscoelastic material observed in the transition region.
It is evident that the RT model does not properly
P account for the properties of a viscoelastic material at

high frequencies, defined by
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r
;
:
2
E

£; I Ae%) >> 1 4.17
o j:l J
and
L o~
1 a
— ) w0 2 > 1 i 4.18
Yo 2=1 %

The real and imaginary parts of the modulus are predicted by
the RT model to increase indefinitely with frequency. In the
glassy region, however, the real part of the modulus of
viscoelastic materials is typically constant, Fig 4.1, and
the imaginary part is decreasing with increasing frequency.
This discrepancy motivates the construction of a more complex
model which accounts for material properties in the glassy
region, the RTG model.

The RTG model for an isotropic, homogeneous, linear,
viscoelastic material is defined to be

~

K Bk P Bp
1 +kglakD ) (1 +lepr ) omn(t)

~

@+ b0 RRE
=4 1 + bD¥) (A + x:D 7)) e(t)
mn p:l P o J'=1 J
K 8y L &2
» &4 +k§ a D ") (u, +zz1u2D ) e, (B) 4.19
22
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Again, the frequency dependence of the moduli in the model is

observed by taking the Fourier transform of the constitutive

relation. After some algebraic manipulation of the transformed

relation, the result is

J o.-
W T IS
L 5
e (w)

mn B
ky

e (w)

mn

where

J ) uj

* (AO +jzlxj(1“) )
2 (w) T

(1+]

p=

i

B
. k
lbp(;w) )

~

L a,
+ ) w, (lw) )
=1

(u

(o}

* —
rlu) = T z
(1+ )b (iw) P)

pzlp

0 < aj,az,Bk,Bp <1

and

AO’Aj’uO’ul’ak’bp >0

4.20

4.21

4,22

4.23

4.24
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If the parameters ay and bp are chosen to be small, such

that
K Bk J a .
I a (i) << Ao+ ) AL (ie) 4,
= e el 3
j
and
P B L ;2
) b, (i) P << ng * 1w, (w) 4,
p=1 =1

for frequencies in the rubbery and transition regions of
the material, the RTG model behaves like the RT model in the
rubbery and transition regions of the material.

It is, however, the presence of the terms ay and b
which enable the RTG model to account for the properties of
viscoelastic materials at high frequencies; i.e., in the

glassy region. Note that, if the largest values of aj and

™>

Bk are the same, and if the largest values of ;2 and
are the same, then at high frequencies A*(w) and u*(w)
have real parts that become constant and imaginary parts that
decrease with increasing frequencies, as is characteristic of
a viscoelastic material in the glassy region.

An important property of the RT and RTG models is that
they satisfy the "elastic-viscoelastic correspondence princi-

ple." (Ref 4) The correspondence principle states that the

Laplace transform of the stress response of a viscoelastic

24

25

26
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material can be constructed from the Laplace transform of
the response of an elastic material by replacing the elastic
constants, A and p , in the elastic response by the
Laplace transforms of viscoelastic moduli, r*(s) and
u*(s) . The principle holds when the transform of the
elastic stress-strain constitutive relation

*

o. (s) = amnxe*(s) + 2pe

*
mn (s) 4.27

mn
can be used to construct the transform of the viscoelastic
stress-strain constitutive relation by replacing the elastic
constants with the transforms of the viscoelastic moduli.
Thus, the viscoelastic constitutive relation must be of the

form

o;n(s) = s A*(s)e*(s) + 20" (s)er (s) . 4.28

The Laplace transforms of the RT and the RTG models are

of the general form given in Eq 4.28. The Laplace transform

of the RTG model is

J aj
R, * ) A58 )

* =
omn (8) = $n lkl Bx e
(1+ ) as ™) :
k=1 X i
L a,
2(u, ¢+ Eomgs )
» 2=1 %
P B Emn(s)
(1~ 0.5 Py
p=1 P
25

AR
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and the Laplace transform of the RT model is

] o.
* 3 j *
omn(s) b (xo +jzlxjs ) e"(s)
L e
*
+ 2 (uo +2£1u25 ) emn(s) 4.30

Another important property of the RT and RTG models is
that they can be constructed to be causal in the sense that
the response (stress) does not occur before the input (strain).
The stress response is zero for negative time if its Laplace
transform is analytic in the right half s plane. This condition
on the transform of the stress is met, for the class of strain
histories having transforms that are analytic in the right

: o a B

half sAplane, when the branch cuts of s J TS . S k
and sBp are along the negative, real s axis, and u*(s)
and A*(s) have no zeros in the right half s plane. Since
the stress 1is zero for negative time, the stress cannot
anticipate the strain that begins at time zero.

Laplace transforms are also useful in determining the
hysteresis predicted by the RT and RTG models. For a

sinusoidal strain history of frequency 0o starting at time

zero, the transform of the stress history is

emn(t) emn051nwot 4.31

Q
*»
~
w
~
n

(6,2 (s)e, + Zu*(S)cmno)
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Evaluating the inverse transform in the same manner as in

Section X, the stress time history is found to be

SR e S iw t
omn(t) T [(6mnA (1wo)eo + 2qu (lwo)emno) e o
- (Gmn)\*(-iwo)eo + Zu*(-iwo)smn ) e-lwot]

(o)

mn

1 i -im -imw
+ Im|— [ (s__2r*(re Ye. + 2u*(re "~ Je )
['n o mn (o} o

As time increases, the integral term in Eq 4.33 goes to zero
and the sinusoidal terms dominate the stress time history.
So, for a sinusoidal strain history, the stress eventually
becomes sinusoidal as well.

Using Euler's formula, numerous trigonometric manipu-
lations, and the observation that the two sinusoidal terms
are conjugates, the stress for large time may be evaluated
as components in-phase with the strain, proportional to
sinwot , and components out-of-phase, proportional to
cosw t . The resulting expression for the stress using the

RTG model is

SNGEY

4.33
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t>>0 J
K Bk J K a.+f
+ A ) aw “cos "By ) Avaw J “cose (a.- )]
0 k=1 X° = T el 6T T N
L <; o é ﬂé
+ 2 € Az(wo) [uo Z ulwog‘ cos—z—l + Hy Z bp‘”o pc:os—z-p-
o 2 p=1
e P c; +f; i
£ 'p -n -
+ b cos -B sinw t
zzl p—-z-lup p‘o T iy p)” -
J a. Ta
+ \(Smneobl (wo) [)\0 J'ZIA Wo Jsm—z-l
K Bk R Jd K a.+B
: k j . W
£ w_ si + 7 }araw sin—=- (a.-B8,)
ok=1ak g Ay §%1 fen 4 ko i3 By
L 5 n; P é -'ué
+ 2 - Az(mo) Mo + .E_: PN 1’51n-7£- + Vo E bpwo pSln—zP-
o =1 p=1
L l§ &’pr N ] l
+ u b w sin—=- (a,~B )|} cosw t 4,34
g=1 p1 L PO B B 0
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K L Bk -1
Al(wo) = 1 + kzlak-(lwo) 4,35
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EN

p 8
b,(0) = 1+ Z bp-(imo) P 4.36

A more compact form of the expression for the stress is

o . (t)

mn
t>>0

dmn 1(m )e 51nm t «+ Fz(wo)cmn051nwot

6mn 3(m )e cosw, t o+ F4(wo)cmnocoswot 4,37

Under conditions of uniaxial stress and strain, Eqns 4.31 ;

and 4.37 may be recognized as the parametric equations of ‘

an ellipse; thus, it is clear that the RTG model predicts

the existence of.a hysteresis loop and the loop is elliptical.
The loss factor associated with the hysteresis loop, the

ratio of the energy dissipated during a cycle, D, to the peak

strain energy stored during a cycle, U is a parameter

max °’
often used to characterize the ability of viscoelastic

materials to dampen vibratory motion.

The energy dissipated per cycle is

=)
)
e

n= 1 m

=X
w .
: o ()E (1) dt 4.39
(o)
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%
4.37 to evaluate dissipated energy yields

where is the period of the motion. Using Eqns 4.31 and

3 3
D = = Fo(w )e? =+ y I P,le de 4.40
3% o fal Bed 4% mn

The peak energy stored during a cycle is

€ =¢ 2w
3 3 F T Meuey 0§ 3 it
Unax = I 1 L Z °nn mn® i
= = n=1 m=1
n=1 m=1
: €an” O "
T where 0y are the stresses in-phase with their respective

strains, &t sinwot . Again using Eqns 4.32 and 4.33, the
0
peak energy stored during a cycle is

3 3
AR 2 . 2
U - Fl(wo)eo + nzl mzlrz(wo)cmno 3 4.42

The resulting loss factor is seen to be

3 9
2 2
Fylugleg + Z Z Fgluglenn
& n=1 m=1 0 4.4%
F, (v )e + F,(w_ )e
1*70" 0 Be) pel ¢+ O W

Notice that the form of the expressions for the hysteresis
behavior and loss factor of the RT model is identical to that

of the RTG model. This follows from the observation that the
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RT model is a special case of the RTG model for bk =0 ,
KoY, 2, sovs E , t0d bp =0, P A 2 g B

In summary, RT and RTG models satisfy the elastic
viscoelastic correspondence principle. Conditions necessary
to insure that the stress does not anticipate the strain have

been developed. In addition, both models predict the existence

of stress-strain hysteresis effects and the resulting hysteresis

loops are elliptical. Most significantly, the models predict

moduli which have the same frequency dependence as is observed

The outstanding question is whether or not the parameters
of the RT and RTG models can be chosen to describe accurately
the properties of a particular viscoelastic material. The
construction of the RT model for the elastomer 3M-467 is

in frequency-dependent moduli in typical viscoelastic materials.” |
the topic of the following section.

* In addition, a generalized derivative constitutive relation occurs
in Newtonian, viscous fluids as demonstrated in Appendix B.
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V. The RT Model for the Elastomer 3M-467%

The first material examined for the possible application
of generalized derivative constitutive relations was the
adhesive tape 3M-467. The tape was chosen as a prime candi-
date because of its viscoelastic mechanical properties, its
linear response in shear for engineering shear strains up
to 1, its growing applications in mechanical damping, and
the fact that sufficient data on its mechanical properties
were available.

The proposed uniaxial shear RT model for 3M-467 is

-~

o, (1) = 2 (u . plDul) e, () , m#n 5.1
where

w, = 1.0 1b/in? 5.2

wp = 7.3 lb-sec’’"/in? 5.3
and

a; = .56 5.4

* 3M-467 is an adhesive produced by the Minnesota Mining
and Manufacturing Co., Inc., Minneapolis, Minnesota.
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The parameters of the model, Mg 2 My s and @
are chosen such that the sinusoidal, steady-state response
of the model closely approximates the sinusoidal, steady-
state response of the material observed experimentally. For

sinusoidal strain

e (t) = Q 5.5
0. t < 0.

the RT model generates stresses of the form

-~

: - e ey ipt

omn(t) = a7 (uo + ul(lw) ) €nn © 5.6
(o]

t>>0

for t 1large enough for the transients to have died out.
The frequency dependent shear modulus, u(w) , is seen
to be

~

01>
whe) g # uy (lw) 5.7

Figure 5.1 displays the good agreement between the experimen-
tally observed mechanical properties of 3M-467 at 75°F and
the RT model using the values of the parameters given above. "
The parameters of the RT model were determined in an
iterative manner. Initial guesses of the parameters were

made, and the resulting frequency dependent shear modulus

* The mechanical properties of 3M-467 were provided by the
U.S. Air Force Materials Laboratory, Wright-Patterson
Air Force Base, Ohio.
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was compared to the observed modulus. Successive guesses
of the parameters were made to match the slopes and
asymptotes of the model to those of the observed properties
until an acceptable fit was obtained.

Although the parameters of the RT model are based on
the sinusoidal response of the material at 75°F, the model
can be used for non-periodic strain histories. To demonstrate
the ability of the model to portray accurately the behavior
of the material when undergoing non-periodic motion, the
response of the material as predicted by the RT model is
compared- to the experimentally observed response of the
material at 75°F.

In particular, the behavior of 3M-467 was observed when
the material was used as a viscoelastic spring in a simple
oscillator undergoing non-periodic motion.* The visco-
elastic spring was two pads of 3M-467 that underwent shear
strain during the motion of the oscillator. Each pad of
3M-467 was made by laminating 2 mil layers of 3M-467. Air
entrapped between the layers of the pad was removed by
pressing the layers together with a 5 1b. weight for 48 hours.

. The two other components of the oscillator are the mass
and the support structure, Fig 5.2. The mass for the
oscillator is a metal cube sandwiched between the two visco-

elastic pads, Fig 5.3. Each pad is attached to an

* A schematic of the viscoelastic spring appears in Fig 5.3.
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aluminum brace. Both braces are glued to an aluminum base
which, in turn, is glued to a steel foundation as shown
in Fig 5.2.

The specific objective of the experiment was to
determine the acceleration transfer function of the oscilla-
tor. The acceleration transfer function is the ratio of
the transform of the acceleration time history to the trans-
form of the input force history. The force time history,
measured by a Wilcoxon Zoll.impedance head, was sampled
at 2 x 10* measurements per second and all frequencies above
8 x 103 Hz are filtered out. The mass of the oscillator was
tapped with a Wilcoxon Z-11 impedance head to produce impul-
sive loading. The force time history measured by the impedance
head and the rcsulting acceleration time history, measured by
an Endevco accelerometer, Model 2217, were also sampled at
2 x 10" measurements per second where, as before, all
frequencies above 8 x 103 Hz were filtered out. The trans-
forms of the time histories were calculated using the '"fast
Fourier transform” routines of the Hewlett Packard System 5451B.

This experimentally determined transfer function is
compared to the analytically predicted transfer function
based on the equations of motion of the oscillafor and the
RT model for the viscoelastic pads. The force-displacement

relation for the two pads based on the RT model, Eqn 5.1, is




B e -

B

-~

£ = R vuph @ 5.8
where A is an area of contact with the mass for each pad,
§ 1s the thickness of the pad, fp(t) is the total force
acting on the faces of the pads in contact with the mass,
and x(t) 1is the displacement of the face of the pad in
contact with the mass. This force displacement relation is
based on the assumption that the displacement in the pad
varies linearly between the support wall and the mass of
the oscillator.”

The resulting equation of motion for the oscillator is

-

[+
it} = mx(r} + 22 K ulDl)x(t) 5.9

o)

Taking the Fourier transform of the equations of motion and

determining the acceleration transfer function produces

A

a
: 1
Gu)’x) . ' /{q. 2 s G2 VioirO 5. 10
w (iw)z

A comparison of the experimentally determined and
onalytically predicted transfer functions for five oscillators
with various masses and viscoelastic spring stiffnesses is

presented in Figs 5.4 through AL S Each transfer

* A finite element analysis of the viscoelastic pad verifies
this assumption to be valid for the frequency range of the
tests, 0 to 5 x 103 Hz,

** The relevant paramcters for each of the five oscillators
are given in Table 5.1.
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function is displayed interms of its magnitude and phase.
The agreement between the observed and predicted transfer
functions is very good.

For comparison, the calculated transfer function

based on a Voigt viscoelastic model of 3M-467

omn(t) = 2 (uoemn(t) + ulemn(t)) , M#n 5.11
is also given in Figs 5.4 through 5.13. The parameters of
the Voigt model, o and u; , are chosen to match the

properties of 3M-467 at 103 Hz.

Mg 630 1b/in? $.12

My .113 1b-sec/in? 5.13

Note that for some of the oscillators, the Voigt model
and the RT model both generéte transfer functions that agree
reasonably well with the observed transfer functions. However,
for those oscillators having the peak magnitude of acceleration
response at higher frequencies, Fig 5.12 for example, the
transfer function based on the RT model is clearly in better
agreement with the measured transfer function than the
transfer function based on the Voigt model. In addition,
the phase of the observed transfer functions is consistently

modeled more accurately by the phase of the transfer functions
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calculated using the RT model. These results follow directly
from the fact that the RT model accounts for the observed
properties of 3M-467 over the entire frequency range of
interest, 102 Hz to 5 x 103, whereas the Voigt model accounts
for the observed properties of 3M-467 only in the neighborhood
of 103 Hz. This is clearly seen by comparing Figs 5.1 and 5.14.

If one attempts to duplicate the results presented here,
one should be aware that the mechanical properties of 3M-467
are strongly dependent on the water present in the material.
Figure 5.15 shows the variation of the real part of the
modulus ‘with relative humidity. Changes in the imaginary
part of the modulus with relative humidity are roughly
proportional to changes in the real part. Hence, the loss
factor, the ratio of imaginary part to real part of the
modulus, is relatively insensitive to changes in relative
humidity, as seen in Fig 5.16.

The pads of 3M-467 used in this experiment were fabri-
cated under conditions of 40% relative humidity at room
temperature. However, the pads were kept covered during the
time between fabrication and installation into the test setup.'

In summary, the RT model for 3M-467 is capable of
accurately predicting the non-periodic response of the material
over several decades of frequency, and is superior to a Voigt
model of the material. Consequently, the RT model, having
parameters based on the sinusoidal steady motion of the mater-
ial at numerous frequencies, is capable of predicting the

response of the material to impulse-like, short duration
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loading. Therefore, one can conclude that the RT model
can accurately predict the general response of the material

within the frequency range of the model.
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VI. A Finite Element Formulation

of the Equations of Motion

Having established that a very elementary formulation
of the equation of motion for an elastomer-damped oscillator
produced excellent agreement with experimental observation, it
is appropriate at this point to put forward the tools required
in the analysis of more complicated structures of engineering
interest. In particular, the development focuses on the
analysis' of structures having both elastic and viscoelastic
components.

A continuum formulation of the equations of motion for
such structures is impractical because of the resulting
complexity of the formulation for most structures with complex
geometry and varying material properties. As a result, a
finite element formulation of the equations of motion is
adopted.

The cornerstone of the finite element approach is the
construction of the stiffness matrices for each of the
finite elements in the structure. The stiffness matrices for
the elastic finite elements of structure are constructed in
the normal fashion using assumed displacement methods or
assumed stress methods, etc.

The formulation of the stiffness matrices for the finite
elements in the viscoelastic components, however, is limited

to those methods that do not constrain the stresses in each
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finite element to be in equilibrium with the forces at the
nodes of the element. The assumed stress method, in parti-
cular, is based on this constraint (Ref 24). As a result,

the time dependence of the stresses in the element is predi-
cated on time dependence of the nodal forces. However, this
contradicts the fundamental nature of the generalized
derivative models in which the time dependence of the stresses
is predicated on the time dependence of the strain histories.

Consequently, the assumed displacement method is adopted
to formulate the stiffness matrix of the viscoelastic finite
element (Ref 25). In an assumed displacement element, the
displacements within the element are assumed functions of
the nodal displacements.

The stiffneés matrix of the viscoelastic finite element
is constructed using the elastic-viscoelastic correspondence
principle. Thre stiffness matrix is first formulated as
though the material were elastic. The stiffness matrix is
then separated into two matrices, one matrix containing
those elements proportional to the elastic constant A ,
and the other matrix containing those elements proportional

to the elastic constant u .

(k] = [k + ulK)7] 6.1

At this point the transforms of the moduli, u*(s) and
A*(s) , from either the RT or the RTG models, are substi-

tuted in place of the elastic constants, uy and 2 .
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The result is the viscostiffness matrix of the finite

element, [Ke(s)]
[K, ()] = a*(s)[KZ] + w*(s)[KZ"] 6.2

Specifically, the viscostiffness matrix for a finite element

in which the RTG constitutive relation is used to model the

material is

G, ) Ays )|

[K ()] = i e 15
(1+ ] as?™)

k=1

L e
kn, * ) u,s )

=1 .o

+ T 7 [l(e j 6.3

(1+ JYbsP

e’
—
o

The viscostiffness matrix of the finite element relates
the nodal forces, {F(s)} , and nodal displacements, {X(s)} ,

as shown below

(PL8)) = [Ke(S)] {X(s)} 6.4

and the viscostiffness matrix of a viscoelastic structural
component is constructed from the viscostiffness matrices of

the elements within the component in the normal manner. The
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viscostiffness matrices of the R viscoelastic structural

components
(F(s)}, = [K(s)I. {X(s)}.  r=1,2,3,...,R

and the stiffness matrices of the Q elastic structural

components
{F(S))q = [KJq {X(S))q 9 =21,2.3,..:,8

are used to construct the stiffness matrix of the total
structure, again in the normal manner.

The stiffness matrix of the total structures, [K(s)]
and the mass matrix of the total structure are now used to
construct the Laplace transform of the equations of motion

of the structure
s2[M] {X(s)} + [K(s)] {X(sJ} = ({F(s)}

Since some of the elements in [K(s)] are functions of s
decoupling the equations of motion, Eqn 6.7, to obtain
solutions is more complicated than decoupling the equations
of motion of a completely elastic structure where the
stiffness matrix has constant elements. Finding solutions

to Eqn 6.7 is the topic of the next section.
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VII. The Solution of the Discrete

Equations of Motion

The task at hand is the solution of the equations of
motion which resulted from the finite element formulation,
Eqn 6.7. A form of modal analysis is adopted where the mode
shapes, eigenvectors, of the equations of motion are used
to construct an orthogonal transformation of the variables
that decouples the equations of motion. The decoupled
equatioﬁs of motion are then used to determine the compon-
ents of the structure's response and a general form of the
solution to the.equations of motion is derived.

Throughout this development, the viscoelastic
components of the structure are described by their respec-
tive RTG models. Since the RT model is a simplifieé version
of the RTG model, the method of solving the equations of

motion of a structure with viscoelastic components described

by RT models will be seen to be a special case of the

following solution technique.

The reason for developing a special solution technique

for the equations of motion

s2[M] {X(s)} + [K(s)] {X(s)} = ({F(s)} 6.7

o

is that the normal method of decoupling the equations of

motion, using modal analysis to construct an orthogonal

61
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transformation that diagonalizes the mass and stiffness
matrices, is not applicable because the stiffness matrix
of the structure, [K(s)] , contains terms that are depen-
dent on the Laplace parameter, s

The method of solution for Eqn 6.7 is an extension of
the method proposed by Foss to decouple the équations of
motion for a structure with non-proportional viscous

damping (Ref 26).

M] (x(t)r + [C] tx(t))y + [K] {x(v)} = {f(t)} 7.1
Non-proportional damping occurs when the damping matrix [C]

is not a linear combination of the mass and stiffness matrices

of the structure.

[cl # a,;M] + a,[K] 7.2

At present there is no general method of constructing an

orthogonal transformation for three, real, square, symmetric

matrices when each of the matrices is not a linear combination
of the remaining two. Consequently, Foss posed the equations
of motion for non-proportional damping in terms of two real,
@ ‘ symmetric matrices.
0| M X -M | o0 X 0

“e-- 7.3
M| C X 0| K X f(t)

o
'
'
'
[
'
[
[
[
'

+
'
'
'

——
'
[
'
'
'
'
L}

dt

D




| The lower set of the partitioned matrix equations is the
equations of motion of the structure and the upper set of
matrix equations is satisfied identically. The equations of
motion as posed in Eqn 7.3 are readily decoupled and solved.

To solve the equations of motion of the structure con-

taining elastic and viscoelastic components, Eqn 6.7, the
equations are posed in terms of two real, square, symmetric

h matrices. To begin, one multiplies the equations of motion

by each, distinct term appearing in the denominators of the

elements of the stiffness matrix, [K(s)] ,

} [D(s)s2[M] + D(s)[K(s)]] {X(s)} = D(s) {F(s)} 7.4
l where
K P 2
| = - o Bnk o - &
£ ngl(l ) kZ1a“kS b ngl(l i p§1b"10s i g

assuming that there are N different viscoelastic materials

T TS T

in the structure. Multiplying D(s) times [K(s)] , the
stiffness matrix, produces a matrix, [KD(S)] , that has

no terms in s appearing in the denominators of its elements.

D(s) [K(s)] = [Ky(s)] 7.6

In fact, all of the elements of [KD(s)] are constant terms
plus terms containing s raised to real, positive powers.

Also note that the matrix D(s)s?2[M] has elements which
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are sums of terms containing s raised to real, positive
powers.

The equations of motion are now expressed as

[Z(s)] {X(s)} = D(s){F(s)} :
where

(Z(s)1 = ([D(s)s2[M] + [Ky(s)I] 7.8

At this point in the development the real, positive exponents
of s appearing in the matrix [Z(s)] are taken to be
rational as well. Had any of the exponents been initially
irrational, they are replaced by their rational approximations
to as many significant digits as desired. Since all of the
exponents in [Z(s)] are rational, the matrix may -be
expressed as

P %
2m? 2=1

J
[2(s)1 = [ [M] ] ] 7.9

[K s
j 2

where m 1is the smallest common denominator of the exponents

of s in [Z(s)] and

32D(s) = )} €8 7.10
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VIR e

v/
[K,]s

e~

[kp(s)] =

2=0

where [Kz} is symmetric and some of the [Kz] and cj

appearing above may be zero.

Using Eqn 7.9, the equations of motion of the structure

become

3 3
[ [M]. cjsJ/m

L L/
+ ] [k,Js "™ {X(s)} = D(s){F(s)}
j=2m 2=0

and expressed in terms of one index of summation, they are

J j
_20[ [Mle; + [X;11s m (x(s)1 = D(S)E(s))
J=

or
3

J
,ZOEAj]s {X(s)} = D(s){F(s)}

J=

where

(A = [ [Mlcy + [K,] ]

and again recognizing that some of the cj and [Kj] are
zero.
The equations of motion as given in Eqn 7.14 are now

posed in terms of two real, square, symmetric matrices.

7.11%

7.12

1.15

7.14

7.15
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ZERO
Ay
Ay Ay
bJ S R )
f
ZERO
n
n
Ay Ay,
Ay Ara Ao
0. 0 0

s_m_ {X(s)}
s™  (X(s))

s—m— {X(s)}

2/ {X(s)}

s {X(s)}

L {X(s)}

)
—

=l

s {X(s)}

3|s

s {X(s)}

(]
=]

s {X(s)}

s {X(s)}

s {X(s)}

L {X(s)}
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S ——————————

i [
; {0.}
‘ {0.}

n » n

= n - n
| {0.}
*; {0.}

‘ L D(s){F(s)} J 7.16

Note that each matrix [Aj] s 3= B A 2. .0 i TRl
square and symmetric because they are linear combinations
of [M] and [Kj] . It follows that the two matrices
containing [Aj] in Eqn 7.16 are also real, square_ and

symmetric. Also notice that the lowest set of partitioned

? matrix equations in Eqn 7.16 are the equations of motion of
the structure as given by Eqn 7.14, and that all of the upper

sets of matrix equations in Eqn 7.16 are satisfied identically.

The equations of motion as posed in Eqn 7.16, referred
to as the expanded equations of motion, can be decoupled
using an orthogonal transformation. The general form of the

, ¢ expanded equations of motion is

s2[MI{X(s)} + [KI{(X(s)} = {F(s)} 7.17

AR e




e L dan .

-
which is Eqn 7.16 expressed in more compact notation. The
orthogonal transformation is constructed from the eigen-
vectors associated with the eigenvalue problem for the
expanded equations of motion.
A MIte 3+ [Klfep} = (0.1 - 7.18
The eigenvectors {;n} are used to construct the orthogonal
transformation matrix [;] in the normal fashion, and the
resulting transformation of variables is
{i(s)) = [e]{a(s)} 7.19 |
|
Substituting this transformation into Eqn 7.17 and premulti-
plying the equation by [;]T produces
A e aTpnar™ o P o
s ‘"[e] [MI[el{a(s)} + [e] [KI[e] a(s) = [e] {F(s)} 7.20
To demonstrate that Eqn 7.20 is, in fact, the decoupled
expanded equations of motion, one uses the fact that eigen-
vectors of the expanded equations of motion are orthogonal
with respect to [ﬁ] and [k] :
~ T -~ -~ A .
(417N o) = 0. £ LT |
- T -~ -~ B 5
{¢ Y [Kl{e,} = 0. j#n 7.22




Equation 7.20 then reduces to

1 e
s/“‘[\mn\]{a(s)} + [kgla(s)} = [o1T(F(s)) 7.23

where E‘mﬁ\] and f\kﬂ\] are diagonal matrices of the

modal constants my and kn , respectively.

- PEELY v, T
B ® {¢n} [(MI{ B 7.24
" Loy lpsraes
k, (o, [KICe } 7.25
f Premultiplying Eqn 7.23 by f‘mﬁ\]-l or equivalently
1 :
[~—<J yields
™
1 ' X N
¢ /m[~1Jta(s))y + [N Ja(s)) = [=-d[e] {F(s))  7.26
n n

The r-~tio of the nth modal parameters, kn/mn 5 38

!
minus the nth eigenvalue of the expanded equations of motion.

k /m_ = -X 7.27

Premultiplying Eqn 7.18 by {¢n}T produces

{ X e 1TINICo )+ (o} [KIGe ) = O 7.28

? rm. + k. = 0 7.29

|




from which Eqn 7.27 follows. As a result, the equations of

motion can be further simplified to
l/m\ % 2 1 St T o
s T[TI-J(a(s)} - [ag-J{a(s)} = [~z—J[e¢] {F(s)} 7.30
n

From Eqn 7.30 it follows that the expression for the

Laplace transform of the nth modal coefficient, an(s) 5 1S
(61T (F (s))
a (s) = iy .51

m = :
m (s A,) |

This expression for the modal coefficient can be further 1
simplified by noting the general form of the eigenvector

{¢n} associated with the expanded equations of motion

§

L A i 7.32
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where {¢n} and \, are the solutions of the eigenvalue
problem associated with the original equations of motion in

the form of Eqn 7.14.

J o
[ JIA. 3263 = (0.} =n=1,2,3,...,N 7.33
j:o J n n

The general form of the nth

eigenvector, {¢n} , can be
verified by direct substitution in Eqn 7.18 when [ﬁ] and
[k] are expressed in terms of the matrices [Aj] as
indicated in Eqn 7.16. The lowest set of resulting,
partitioned matrix equations produces Eqn 7.33, and the
upper sets of the partitioned matrix equations are satisfied

th

identically. Consequently, the numerator of the n modal

coefficient, {¢n}T{§(s)} s As

(-5 T ( 3
An {¢n} {0.}
od=2
An {¢n} {0.}
“J-3
An {¢n} {0.}
~ T - n . N ~ & n
{¢n} {F(s)} = = . v R LY 7.34
An{¢n} {0.}
( Aoy (0.1}
L {o,} J L D(s){F(s)}J

Fr ?
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Lis

or
oty e T
{o 3 {F(s)} = {¢,} {F(s)ID(s) 7.35
and the n*! modal coefficient reduces to
|
T i
{9} {F(s)}D(s)
an(s) = 1/m - 7.36
mn(s —An)

The Laplace transform of the displacement response of the

structures follows from Eqn 7.19 and takes the form

N
{X(s)} = 'n§1a“(s){¢“} 7.37
or
T
N (¢} {F(s)ID(s)
{X(s)} =} T o} 7.38
n=1

mn(s /m-in)

where N is the order of the matrices [M] and [i] in
the expanded equations of motion.

The order of the expanded equations, N , can be
very large. From Eqn 7.16 it is clear that the order of
the expanded equations of motion is equal to & , the

order of the matrices [Aj] , times J where J is

defined in Eqn 7.10.
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W B v

N = § 1J 7.39

J/

From Eqn 7.10, it is clear that m 1is the largest

exponent in the expression s2D(s) which is 2 + 8 ,
where 8 1is the largest exponent in D(s) . Therefore,
J = m(2+8) 7.40

and the order of the expanded equations is seen to be

N = sm(2+8) 7.41

Note that if m , the smallest common denominator of the
rational exponents of s , in the original equations of
motion is large, the order of the expanded equations is
quite large for a structure with anything more than a very

modest number of degrees of freedom. However, the solutions

to the expanded equations of motion can be obtained by using
numerical methods that do not involve the manipulation of
the expanded equations, as will be shown in the following
section.

Before proceeding, it should be pointed out that the
equations of motion of a structure containing both elastic
and viscoelastic components can be solved given that a 1

finite element formulation of the equations of motion is
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possible and that an RT or RTG model exists for each
viscoelastic material in the structure. The general form
of the solution technique for the equations of motion
containing only RT models for the viscoelastic components
is identical to the above development except that D(s)

is set equal to one.




VIII. Calculating the Laplace Transform

of the Structural Response

At this point, it is clear that solutions to the equations

of motion for the structure containing elastic and visco-

elastic components

N un}T{F(s)}D(s)

{X(s)) = } {o. 1} 7.38

& 1/ U n
n=1 mn(s m An)

are difficult to calculate from the expanded equations of
motion, because of the large order of the matrices in the
expanded equations. As a result, an alternative method of
obtaining the solutions is required if the finite element
formulation of the equations of motion using generalized
derivative models is to be a useful tool to the engineer.

The alternative method adopted here is a combination
of iterative schemes used to obtain the eigenvalues,

\p o and eigenvectors, {¢n} , associated with the original

equations of motion.

J=

Recall that the number of distinct homogeneous solutions to
the equations of motion, N , is dependent on the smallest

common denominator of the exponents in the equations of

J e
['ZO[Aj]A%]{¢n} " .3 . o mne i 2.8 .0 7.33




motion, m ; the largest exponent in the product of the
denominators terms of the Laplace transform of the RTG
models in the equations of motion, g8 ; and the number

of degrees of freedom of the structure, ¢

N = ém(2+8) = 2mé + Bmé
Using an iterative scheme based on the homogeneous
form of the equations of motion in Eqn 6.7, 2ém of the
homogeneous solutions are obtained.
(M)« (KOG He 3] = (0.)
n n n ;

The iteration for the solutions centers on calculating
successive estimates of 5 and 5 using the scheme
2P g« k6PN - g0

iép) is the pth estimate of in . ;im(P+1) is the
(p + 1)th estimate of iﬁm and {¢n}(p+1) is the
(p + 1)th estimate of {¢n}
: g th .
Given a value of xn s Che (p = 1) estimates
of iﬁm and {¢ } may be calculated using matrix iteration

or any other method that is appropriate to obtain the

solution to the eigenvalue problem

P r R

7.

8.
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FOJTESY D

[B]{¢} = u{e} 8.3

where B is complex. Note that Eqn 8.2 can be expressed as

[K(;IEP))]-l[M]{¢n}(P+1) = ‘r'z—m—(lpTl—T {¢n}(P+1) 8.4
A
n

which is of the same general form as Eqn 8.3.
The iterative scheme as it appears in Eqn 8.4 is only

useful in obtaining the eigenvalue with the smallest

~

magnitude, Ay and the associated eigenvector, {o4}
To obtain the other eigenvalues and eigenvectors, the
iteration scheme is modified to allow the scheme to converge

on the larger eigenvalues and associated eigenvectors.

th

For instance, the scheme used to obtain the L eigen-

% th

value, AL o and the L eigenvector, {¢L} , is (Ref 27)

g
L (9,1 (Ply 3P

[RGE I 11 Zm(P) M1 coy) (P71
“ ]
L 1y (P+D)
i2m(P+l)
L 8.5

The terms in the summation on the index & subtract the

components of the first L - 1 eigenvectors, associated

with eigenvalue problem,




DS

'and Eqn 8.5 reduces to

|
|
s (P} -2 - S 1 {r). !
[K(AL )] [M]{wl} = ;mp-)- {wg} i B TR (| :
. 8.6 |
: . ¢ (P+1)
from the successive approximations of {¢L} calculated

when matrix iteration is used to solve Eqn 8.5.

Given that matrix iteration has successfully produced

“2m }(P+1)
L

AL and {¢ , one can take advantage of the orthogon-

ality of the mode shapes
@’ (P+1)
{v,} [M]{¢L} = 0, 1=1,2,005 401 8.7

to demonstrate that

P)
L (y,}¢ )T s
221 In(P) {e,} M]1{¢,} = {0.} 8.8

L

(KGN Mo P*1) = ;‘TnTl(P?T)'wL}(P*” 8.9
L

are in fact the (p + 1)th

Thus, {¢L}(P+1) and ;im(P+1)

approximation of the solution to the equations of motion.
On the other hand, {wl}(P) and AEP) e BN L Bessughnd o

are not in any sense approximations of the solutions to

the equations of motion. However, they are the first L-1

eigenvalues and eigenvectors associated with Eqn 8.9. This

can be seen by comparing Eqn 8.6 with Eqn 8.9. {wll(p) and

Agp) can be calculated using matrix iteration.




l
i

Notice that in continuing the iterative processes in

Eqn 8.2 or 8.5 that the (P + 2)th approximations of the

solution, iﬁm(P+2) and {¢n}(P+2) , are based on the
value of ;£p+1) However, the function 21/2m has 2m
branches. Given a value of ;ﬁm(P+1) , one can calculate
2m values of iép+1) , one value for each branch of
21/2m

So, when using Eqns 8.2 and 8.5 to obtain solutions

of the equations of motion, it is necessary to choose one

1/
branch of 2 & to calculate the & eigenvalues and 3§
: 1/
? eigenvectors. Then another branch of 12 2M  js chosen and
3 6 other solutions are obtained. This process is continued

until all 2m branches have each been used to calculate
§ solutions producing a total of 2m§ homogeneous solutions
to the equations of motion. The general form of the equations

that has these 2mé homogeneous solutions is

j=1,2,...,6

«.zm -~
" ‘ : = {0. .
DM+ IROG () 13065 5y} = 1023 T 8.10
. 1/Zm on
where the subscript k denotes the branch of 2
which the relation
- 1/ "
Zm 2m  _
is valid.
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| The remaining gmg of the N homogeneous solutions
to the equations of motion are determined using Eqn 7.41,

f . an iterative scheme based on the homogeneous form of Eqn 7.12.%

: L
- i :
[MJJEchjxn ¥ EZO[Kz]*k]{¢n} {0.} 8.12

! The iterative scheme is

' (P) F-1. .9

| - (P+1);J-1 j

| (0] (e 47 (PR ¢ L)

L :
: . zo[xljxi(P)](¢n}(P+1) - {0.}8.13
. ,L
or, in more compact form

!
b 0T R B N T R S S R T

th

{ -~
' where, as before, Aép) is the P estimate of the eigen-

value, iép+1) is the (P + 1)th estimate of the eigen-

value and {¢n}(P+1) is the (P+1)th estimate of the
s WF)
*n

eigenvector. Given a value for , one can calculate

L 3 SRR Q(A(P+1) ~(P») using matrix iteration

{ i or any other method suitable for the solution of Eqn 8.3.

R T

* Note that, if the equations of motion contain only RT models for
the viscoelastic materials, that D(s) is one and g, the largest
exponent of s in D(s), is zero. Hence, the total number of homogen-
eous solution, N, is 2m§ as seen by Eqn 7.41.  Since Eqns 8.2 and
8.5 provided 2mé solutions, one can return to Eqn 7.38 and calculate
structural responses.
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Equation 8.14, expressed in the form of Eqn 8.3, is

y(P+1) g 15

T (P)yq-1 (P+1) _ 1
[ 7)) "Ml ) = - — - {4
D'*n n Q(A£P+1)’A£P)) n

At this point, the numerical value of Q(iép+1),xép)

. |

from Eqn 8.25 is used to calculate A£p+1) with the relation |
|

|

- - . i P) J L; ;

) o cmeaal (P) ;

Qr, A7) A, A + jgzmcjxn 8.16 ?

_ni

|

which follows from Eqns 8.13 and 8.14. However, this method 1

of calculating ;£p+1) assumes that ;(p+1) are both on
" 1 1/
the principal branch of (xﬁm) BM The method of

calculating iép+1) assuming that ;£p+1) and iép) are

ST

both of the ES: Brauch of <k Sl

J gm I/Bm
gt Gl s ¥ e )
n(k) ’*"n(k) e=eJ nik) e
j=1 o (P41} 8.17
~J_1(P+1) n (k) ;
3% (k)
th 1/ gm - (P+1)
where the k branch of Z is used to calculate xn(k)

The resulting form of the iteration process is

LR IN M 1 (TIPS Al

(P+1) '

- {¢ } 8.18
P+1 (P) K

Q0N Anky) OO




.

where successive estimates of ;n(k) are calculated using
(P+1) > (P)

Q(Xn(k)’ n(k)) from Eqn 8.18 and then using Eqn 8.17 to
calculate A(?i%) . When using matrix iteration to solve

é?i%z é?%)) and {¢n(k)}(P+1) in Eqn 8.18, one

for Q(x
usually obtains only the Q with the smallest magnitude
and its associated eigenvector, {¢1(k)}

To obtain successive estimates of the other Q's
with larger magnitudes and their associated eigenvectors,

the iteration scheme is modified as before. The iterative
(B+1]) = (P)

scheme that yields Q(AL(k)’ L(k)) and {¢L(k)} is
T
(P) (P)
L-1 {y, 1} (v, 1y}
001« 1 =2 =) M1 Cey )} FHH)
il s
I 1 (P+1)
o {¢ } 8.19
L (P+1) 7 (P) L(k)
Gy (

where Q(A(P+1) (P) ) and }(P) are the solutions to

&) M) e )

[Kp QL)) 17 M1, gy ) S ){wﬁ(k)} 8.20

2 (k)? z(k)

having the L - 1 smallest values of Q . The values of

(P+1) (P) (P)
SO vyt . Yoy

iteration.

can be obtained using matrix

Using Eqns 8.17, 8.18, and 8.19, 8sm homogeneous solution

to the equations of motion are obtained for each branch of
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1/

7 gm 1/Bm

. Since there are gm branches of Z , the
iteration process should produce gm§ homogeneous solutions.
These homogeneous solutions satisfy the homogeneous equations

of motion.

J -3 L ) Pl ey S
[[M].Z ijp(k) 3 QZO[KQJAP(k)]{¢P(k)} = {0.}

j=2Zm k=1,2,:..;8m

8.21

The two iterative schemes used to obtain the N solutions

to the homogeneous equations are considered to have converged

1 . 2 < EP) ~{pel)
when successive approximations of kn(k)(xn(k) and kn(k) )

-~

are approximately the same complex number.

3 (P#l)
n (k) =

s
A (k)

8.22

1]
—
o

The general convergence criteria of the iterative schemes are
considered beyond the scope of this investigation; however,
the schemes have converged for numerous structures considered
by the author. Homogeneous solutions for an example problem,
calculated using the iterative scheme given above appear in
Table 8.1.

Note that all of the parameters of the Laplace transform
of the structure's response are determined, except the modal

constant m, defined by Eqn 7.24.

83

» o m—— - e ————————————————
Y
i J, TSNS
VSR
AR

PR R —




AD=AO071 726

AIR FORCE INST OF TECH WRIGHT=-PATTERSON AFB OHIO SCH==ETC F/6 20/11
APPLICATIONS OF GENERALIZED DERIVATIVES TO VISCOELASTICITY.(U)
JUN 79 R L BAGLEY

UNCLASSIFIED AFIT/DS/AA/T95=2

END
ll

8 ?ﬂ




2:8 Iﬂ

e = &
s ix =
R ||uf‘§‘i*"“

NAIMMAUOF STANDARDS
MICROCOPY RESOLUTION TEST CNART

rrrr

«




Table 8.1
HOMOGENEOUS SOLUTIONS OBTAINED USING

THE PROPOSED ITERATIVE SCHEMES FOR AN EXAMPLE PROBLEM

« 23300 .0825

[M] =
.0825 .3300
Y
4.0 + 0.2 + 0.2s -2.0
[K(s)] = 1.0 + 0.1s” a
S 4.0 + 0:01 + 0.01s

1.0 + 0.1s”

Using Eqns 8.2 and 8.5

: 1.000 + i
\pay = 1071768 + i 1.099794 {4 )} {1.040 + i
: 1.000 + i
‘3ay . 1.073498 + i 1.028611 {¢1(z)} {1.001 + 3
‘ | 1.000 +
May = 1.073498 - i 1.028611 (¢ 5y} = 1.001 -
: | - | 1.000 + i
1 Msy = 1.071768 - i 1.099794  {¢) 4y} {1.040 -
| ~ 1.000 + i
% ; ) T 1.581998 + i 1.601989 f¢z(1)} {-.9713+ i
~ ;

’f | : . 1.000 + i
| : Ay(z) = -1.584631 + i 1.547150 {4, 5} '{;1 002 + i
a :

b
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TABLE 8.1
(Continued)
i 1.000 + i 0.0 }
X = -1.584631 - i 1.547150 {8....)} = {
2(4) 2(3) -1.003 - i 0.0240

; : . 1.000 + i 0.0
Ay(sy = 1.581998 - i 1.601989 (4,4} = {_

«971 - i 0,0120
Using Eqns 8.18, 8.19, and 8.20
- N 1.000 + i 0.0}
A = -9,997418 + i 0.0 =
33) : t103)’ {4.462 +10.0

: 1.000 + i 0.0}
= -9,99385 i 0. B
2(3) e 203! {-0.448 +i 0.0




- T -~
m o ) [MI{e} 7.24
The eigenvector of the expanded equations of motion, {;n} ’
can be constructed from the nth eigenvalue and associated

-~

eigenvector of the original equations of motion, Ay and
te,1 using the relation given in Eqn 7.32. This,
coupled with the general form of [M] given in Eqn 7.16,

produces an expression for m, which takes the form

n -

I
me o= (o3[ le-Ai 1[Aj]]{¢n} 8.23
J=

The modal constant of the expanded equations of motion,
m, , can be calculated without manipulating the expanded
equations of motion.
In conclusion, all of the parameters in the general
form of the Laplace transform of the structure's response
can be calculated without manipulating the expanded equations

of motion, given that the iterative schemes outlined above

converge.




IX. The Existence of the Structural

Response to Impulsive Loading

0f particular interest at this juncture is whether or
not the inverse transform of the Laplace transform of the
structure's displacement response for impulsive loading
exists. In fact, the inverse transform always exists and
is real, continuous and causal.

To demonstrate this, one starts with the general form

of the transform of the structural response.

N T
= {¢_Y {F(s)ID(s)
X(s)} = } n
n=1 ¥ e oy} 7.38
mn(s -xn]

For simultaneous unit, impulsive loading at the structure's

degrees of freedom, the column vector of applied forces is

; (£(t)} = &(t)(1.) 9.1

?
E ' where {1.} 1is a column vector of ones. The Laplace *

transform of the column vector of forces is

(F(s)i = 1147 9.2

e . s ahai L
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and the transform of the response for the impulsive loading

is

- N T
{X(s)r = [} {eo,} {1.1}D(s)
n=1 s 4

g
mn(s xn)

to,) | 9.3

The inverse transform of this expression always exists,
which follows from a theorem on the existence of the inverse
transform (Ref 28). Paraphrasing the theorem in terms of
the notation used above, it states that the inverse transform

of {i(s)} exists and is real, continuous and causal when
1. {i(s)}~ is analytic for Re[s]>0 ,
2. {i(s)} is real for s real and positive, and

3. {i(s)} is order s ¥ , where y»>1 , for s

large in the right half s plane.

{i(s)} is analytic for Re[s]>0 when the branch cut
1/
of s ™ is chosen to lie along the negative, real axis

in the s plane and the poles of {i(s)} , which occur at

m
s xn 9.4

and do not appear in the right half s plane.*

* A pole in the right half s plane indicates that a RT or RTG model
in the equations of motion characterizes the viscoelastic material as
generating energy instead of dissipating energy.
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{i(s)} is real for s real and positive. The only

quantities appearing in Eqn 9.3 that can be complex are
2 1/
{¢n} - An and m, because D(s) and s ™ are real

for s real and positive. When {¢n} s ;n and m

-~

are complex, they occur in conjugate pairs. Note if An
and {¢n} are a homogeneous solution to the equations

of motion

J i
[jZI[Aj]xg]{¢n} = (0.} 7.33

-~

where An and {¢,} are complex, that their conjugates are

homogeneous solutions to the equations of motion.

J - —
[ ] 0AIN2TCe 3} = (0.} 9.5
jag J° D n
Equation 9.5 follows directly from the complex conjugate of
Eqn 7.33. Since homogeneous solutions occur in conjugate

airs, the modal constant m occurs in conjugate pairs.
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