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P1 \~~\~.\ T I l IORY

There are no a d d i t i o n s  to theory to report  t h i s  qua r te r .

m ~~ i i

~ I MI l.A 1 N

A . DRIFT CYCLOTRON I N S 1 A B I L I T Y  P A R T I C L L  SIM UL A T I ONS

J~ e Koo Lee (Prof . C. K. B i r ds a l l )

The .i r i f t cyclotron i n s t a b i l i t y  (Dci) may occur in any finite

co lli s i on l e ss naqnetized plasnia wi t . h a M a x we lli an ve locity di s t r i b u t i o n .

The DC I may be a major confinement prou lem in most mirror ma chine s , l i k e

2 X I 1 B  or TMX , even a fter the DCLC mode is completel y stabilized.

The many theoretica l ,tudie s of DCI have not been ver y suc-

cessf ul in providing uncon t roversial info rmation especiall y on the nonlinear

evol ution 1 this i n s t a b i l i t y .  We are using particle sim ulat ions to obtain

l inear and non linear behavior of this i n s t a b i l i t y .

We hav e s i~~ulate d DC I ~si ng an electrostatic 2 - di r~icns iona I ,~ar ti -

cl e code , EZOHAR , for a M axwe I li ar m ve l~~:ity distribution , f (v , w i t h a

densi ty gradient in a uniform magnetic field. We use a slab ~~del ~.here

the plasma dens ity changes along onl y the x d i r e c t io n , and the magnet ic

fie la is alo ng the z d ire ction as in Hg. 1 . The temperature is uni lor ’ ,

~T 0 (s e  , i ) and the electrons are cold i n i t a l l ~ T =
~~~ T . ~~O

Tb: den si tie s vary as 

e

n m.~ + cos ~~x ) or x
0 $ ;cn i x  ) =

~~ 
-

S ~ C 0 fo r  ~9c -

4
- 1 -
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w ith ~~ . , A chosen to make n =n . . The system is periodic in y
e eo io

bounded in the Outer x , and has an inversion symmetry at the left x

boundary (the zy plane).

As reported in the last QPR , our simulations produced linear

growth rates in accordance with the ROOTS non l ocal theory . We wi l l  show

detailed results for two mass ratios , namely, m ./m =25 and 100 , in an

ERL Report in the next quarter.

4 The nonlinear evolution of this instability has been found to

be complicated in sing le-mode simulations. We observed that the electro-

static field energy saturates at 1 ~~~~ of the initial ion kinetic

energy for most single-mod e cases (of abou t 20 runs). The possible satur-

ation mechanisms may be listed as:

(1) particle (electron or ion) trapping,

(2) nonlinear shift of the ion cyclotron frequency ,

(3) wavebreakin g (of electron or ion wave),

(4) electron (collision less) heati ng, or

(5)  the density gradient modification due to E x B  drift.

Some of these mechanisms may be correlated w ith each other. We wi l l  present

the details together with other nonlinear phenomena in the ERL Report.

4
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B. LOWER-HYBRID DRIFT I N S T A B I L I T Y  SIMULATIONS USING AN ESI HYBRID CODE

Yu-J iuan Chen (Prof . C.  K. Bj r d s a l l )

In t~h~ last QPR , c c o r d i n~ to  EL l~~. (3) and (4), the iun s c.~n be

s i m p l y treated as urm magneti;:ed par ticles. Assume ions are electrosta tH

cal l y confined , i.e., v where V
E 

i s  the E ~ B drif t and

is th~ density gradient dri ft. Therefore , the ‘‘ ghos t ’’ ion  me t hod 1

mentioned in the last report is not needed to simulate the l ower-h y b r i d

drift instab fli ty in the ions ’ f r a me .

The elec t ron s are treated as a linearized fluid with suscep

tibi I i t y  
~e
(k
~~~ 

to stud y the l ower-hybrid dr i f t  i n s t a b i l i t y .  This

me thod was or i g i n a l l y  used by Bruce Cohen and Gary Smith. 1 &e (”~~~ 
is

g i ven  by

-b
- I (b)e ~ k v (k

x (k ,~~) = —~ -~~- ° + —~~--. —~~—-~
‘ 

(1)e 2 2 2
b k v  w - k v

cc y e  y E

for a slab shape , where

T
b = L

2 _!
~
_.

y ne ce

T
v H ~k ) = — 

e I (b)e
b 
~~~~ , ( 2 )

y m . 0 ne c e

v is t~ e E ’  e dri f t  vel oc it~~, and , .. , —‘ and T are tne
E ~e ce e e

~Br uce I . Cobei anc Gar~ R. S~~i t b , Ef f i ci en t ~et hod for Local S ’ u~ ati c”~ of
Drift—Wave In s t a b i l i t i e s ’ , p rocee dings : - e E i : — .:- - -r . c. —
Si r’ulat ion o P s~~~, PD-8 , 1978 .

-R . C. Davidson a”~ N. T . G)add , ‘A noma l ous Transport Properties As~ o c a te~
w i t h  the Lower- Hybrid-Drift l n s t a b i i i t y ’’ , P~~ sics of F l u i d s ,  Vol . IE , No . 10 .

4 p. 1327 (1575) .

I
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electron plasma frequency, cyclotron f requency . m ass and temperature , res-

pect ivel y.

The id Fourier transforme d Poisson equation ,

11 + &e~~~~~~~k
(t) = 

~~
-
~~
- 

~~( t )  (3)

may be written as

2~~~ (b)e
_b 2

1 + (
~

) °
b ~ - kv

E)~k
+ ~~~~~~~~~~ kv( k)

~ k

~ (~ ~~~~~ 
(14 )

by rep lacing ~ with the operator 
~j~

- where and are the

perturbed potential and ion charge density. Put

2 -b1 - I  (b)e
A i + _—~~-~~- ° , (5)

b

‘1 

ce

and

2

B 
2k 2:

2 
A ~~E , 

(6’

Ec. (i., i s r e d .~cei ~o the fo r-

—s +2 6- = 
1s —  

(
~~~~k - kv

E:). 
V 7 )

4 !

. ~~~~~~~~~~~~~~~

--—
~~~~
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Using finite diffe rences , we obtain

iA (fl+ 1 - 

~
) + B(~~~1 +~~~) = 

~~ 
[
~ 

(fl+ 1 

~~ 
- ~~E (n +1

n)]

,8)

Multi pl y ing both sides by At , and setting

kv ’ kv
B’ = B~ t and —i = —f- t~t , (9)

Eq. (8) becomes

( i A + B ’ ) ~~~~
1 

+ (B’ - iA )~~ = 

~~ [(v
- .)

n+l 
+ (
~

+
~
) ~

(10)
Define

KSQI , (ii)

A
2 

- B’ 2C 1 2 2 ‘ 
(12 )

A +B ’

= 2AB’
2 2 ‘ 

( l 3 )
A +B ’

(kv~
A - B ’

C KSQ I . 
2 

— (i4)
A + 8’

(kv ’\
+ B ’

C~ KSQ I 2
2 

2A + B ’

4

-
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kv
A + B ’ —k-

C KS QI 2 
2 ( 1 6)

A +B ’

and

kv ’
A ~~~~ -B ’

C6 
KSQ I ‘ 2 

2 ( 1 7)
A + B’

Finally, we obtain

= (C
1 

+ iC
2
)~~ + (c 3 ÷ iC 4

)p~~~ + (-C
5
+ iC

6
)p~ , ( 1 8)

or

n+1 n n n+l n+1
Re = C 1 

Re 
~k 

- C2 
Im 

~k 
+ C

3 
Re 

~
m
k 

- C~ Im

- C
5 

Re - C6 Im P~ , ( 1 9)

Im = C 1 
im + C2 

Re + C
3 

Im ~~~ + C4 
Re

- C
5 

Im + C
6 

Re 
~~~ 

(20)

Th i s  code has been tried in the l o w - d r i f t - v e l o c i t y  reg ime

2i,~ < V . ) .  Pa rameters used are I— = 1 , — I.- . — n ./ r  900
E i pe ce pe ~~i I e

102 1+ , v. 0 . 1 1 4 1 1 4 2 1  , v 0.C )~ , v O. 0  . The
c i  i on i E e

s i — u la t io n  re s u l t  is  s hown in F iç. 1 . The growth rate i s o~ the order

4

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ , ~~~~~~~~~~~~~~ .L~~~. .~~~ 

--



- .

‘0

I
—b ~ ~

- 
~~ 

,

~ :1 
~~ 

I, 

~ 
1 t 

I

~ ;— 

I

W p i  t  

— . —  -, - . 

—
I

~~~~~~~ -- — -~~



- 8 -

of the theoretica l value of Davd i son 3 . B. I . Cohen (LLL) suggests use

of smaller va l ue of (~~~~ ./ ~~~~.)
2 

, and a large r number of particles , due

to problems with mu ltibeaming (numerical) instabilities; we wi l l  try these.

4

R. C. Davisdon , ‘‘Quasi-L inear Stabilization o’ Lo~
,
~er -H ybrid-Dr i ft Instab-

4 i H t v ’’ , Physics of Fluids , Vo l . 21 , No. 8 , :. 1375 (1978).
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C. F IELD REVERSED LAYER SIMULATIONS IN 2d

Douglas Harned (Prof. C. K. Birdsall , Alex Friedman)

During the past quarter we have been stud y ing the two-dimen-

siona l electrostatic particle code EZOHAR with a view toward modif ying it

to simulate field-reversed layers (e.g., field-reversed mirror or field-

reversing ion layer confi gurations). The simulati ons would thus be two-

dimensiona l across the r-theta p lane of the cylindrical field-reversed

geometry. This type of simul ation should enable us to examine the theory

of Love lace 1, as well as that of Uhni and Davidson 2 concerning the stab-

i l i t y  of lon g l ayers. When electron polarization effects are included

(which w i l l  not be in the earl y stages of modification ) it should also be

possible to examine Ogden ’ s3 theory concerning the microstability of these

systems , particularly the l ower hybrid drift instability .

The theories of interes t he re are con cerned with low frequency modes

such as prec ”~ssion , for which low- frequency electromagnet ic effects are

i mportant. Therefore our in tent is to proceed by converting EZOHAR from an

elec t rostatic t o a  Darw in mode l (i.e., neglecting radiation f i e l d s ) .

Addi tional l y the present particle code w i l l  be converted to a qu a sineutral

hybrid one in wh ch ions w i l l  be treated as particles and electrons w i l l

be t reated as a f l u i d  ( i n  the i n i t i a l  m o d i f i c at i o n , a n a s s l e s s  f l u i d ) .  T h i s

should be adequate for the frequencies of interest. The code ~
..i l l  be

R . . , Love la ce , ‘‘Precessio n and Kink Motion of Lcr’q As tron Layers ’ , sub-
H tted to ~“v s i c s  of °luids (1978).

~~~~~ . S. Ubn , R , C. Da v i J~ on , ‘ ‘S t a b i l i t .  p rop erties o~~ a ~~e1c-Sever~ ed Ion
Laye r H a Backg round ~ las— a ’ , PFC/JA -T8—7 (1978~

~~~. ogden . ‘ A nal y t ic and Nu - erica l St~~dies of ,
~ ic roi n s t abiI ~~tie s rive n

~~~, I o n s ’’ , Ph .D. d i sserta tion , Univ. ‘f~~.,~rv land (l978~~.

4

L __ 
_ _ _
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nonline ar , and serve to comp lement linearized codes currently be i ng deve l oped

(e.g., Friedma n ’s’
~ three dimens i ona l hybrid code). Allowing nonlinearity

may comp lica te observing and measuring linear growth rates between noisy

starts and saturation ; however , problems due to coarseness of initi a l

cond i t i on s usual l y s a t u r a t e  at  a low leve l in a nonlinear code , rathe r

than grow i ndefinitely as in a linearized system. In addition , it should

be of interest to observe saturation and other nonlinear effects on flute

modes. This type of simulation is intended to provide valuable insi ght

cons ” rni ng the s t a b i l i t y  of field—reversed layers.

‘A . F r i e d m a n , S. N. Sudan , J. Derma . i t , ‘A L near zed H jb~~ d Code ~or Stab i l i t y
r tudie s of Axi svmetric Field-Reversed E g u i l i c n i a ’’ , Proceedin gs of the Ei ;h t nm
Conference on the Nume rica l Simulation of Plas’ias , a~ t e e .  A . Ju-m e 15T~~. 

ii—i — . -  _ 1T11 .~~~~~~~~~~~~~~~~~~~~~~
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S&’.c.t~~’i: I l l
CODE DEVELOPMENT and MA INTENANCE

A. ES1 ON THE CRAY

Stephen Au -yeung

1 . Dial up number:

Same as the A-machine

2. Logg ing in:

c [use r no} a 8l8sb l (ctrl—z )[coiimbo l

3. Getting ES 1 :

rfi l em / t v

‘~read 1222 .cray esl/t

~end

1+. Extracting file s from esi!’.:

li b  esl/t’ / t v

ok. x esl/s esl es1/b/~
ok. end

ed /s is the FORTRAN source

esi is the executable file and

cs1 /b/~ i s the relocatable f i l e  lib rary

5. Mod i f ’ ing ES 1 :

ç,~d esl /s / t v

t - (qed c~ r’ mands )

- end

6. Comp i 1 Hg and load in~ ES 1

~f t = esl /s , b = esl !b , = 0 / t

l d r i = esi ‘b ,x = es l , l i b  e s l ’ b  :t .’ e l i t  / t V

~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ :-~ Z~I~~~~II1 ~~ IIiT~:.
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7. Input file for ES 1 :

The name of the e~ l input file is the string ‘‘input ”

followe d by the current suffix (channel). For example , if

suffix b is currentl y used , the name of the input file

must be “inputb ” . This allows the capability of running

up to 5 esl programs simultaneousl y.

The input file specifies the prob lem , p lots desired ,

etc. For example , a two-stream instability problem input

could be:

box b22 ee stream electron-electron two stream

nsp = 2 i rho = 50 iphi = 50 i xvx = 25

mplot = 1 2 3 nt = 300

S

vO = 1. mode 1 xl = .001

$

vU = -l

$

For the meaning of those variables , see the INPUT section

of the [SI document written by Bruce Langdon .

Getting hardcopy output:

In order to ~et graphics ~ror’ tr ~ noni ’- pdc t ,~r i n t e r

one has to F irst t ransfer his files to the A-m achine . The

p rocedure is as follows :

netout a aiwit h. ~l05 b.

(crtl -d) — to logoff the Cray

( 1o~~in unde r the A - ’~iach He)

n~~~it c’ar’. f i l e n a m e  ~~~ bnn ~ 
/ t v

Note t’~a t no soace in  ‘i ~~’ is a l l owe d ao -~ ‘ t~’o error -es-

sage ‘ The FO . ..  p i l e  is r- i ss i ng ’’ appears , i gnor~ i t .

4
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8. [Ml Code

No special report.

C. EZOHA R DEVELOPMENT

W. M . Nev ins and ‘f’ . Ma t s uda

We have tested EZOHAR , a bounded , 2d3v electrostatic p lasma

simulat ion code, by s i m m u l a t i n g  a plasma slab in a un i form magnetic field.

This slab is uniform in y . The p lasma density is constant between -L
~

and L , and zero for x > L . Th i s  confi gurat ion was chosen for test-
x x

ing the code because the linear theory is relativel y simple. Our goa l

in these tests are :

(1) To compare the norma l mode frequencies with the linear theory ,

as this prov i des a test of the accuracy of the code in re-

producing physics;

(2) To test the power of EZOHAR diagnostic package . In par-

ticular , we wish to demonstrate tha t the spatial structu re

of the norma l nodes can be obtained by examining the fluc-

tu at ion spectra of a stable pLasma .

We w i l l  f i r s t r e v i e w  the l i nea r  theo ry  of the bounded plasma

s lab , an d then p resen t  a summary of our simulation results to date.

A . THE ~J C~J . I AL ‘( CVL~ CF A S L 1 ~ 1?E L~ PL&S.1~A SLA S

Wi thin the olasna the norna l modes var . s~ a t i a l l v  l ike s in es

and c o s i n e s . Hence , there  are four 1 i n e ar l ’~ independent  - ‘odes F c~r each
p

cho i ce o~ k and L . ~e 
f i n d ~t conven ient t r ~ choose t n~~e ~c~~r 

-
~ ‘ues

to he ei~~enf :nction s of the inversion operator , and .~n i: e ~nc a s

14 I

1. 
_ _ _ _ _  

_ _ _ _ _ _ _ _ _ _ _ _ _ _
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~1
(x ,y,t) = cos k x  cos k y  cos (wt + ~

) (1)

= 
in s i n  k x  s i n k y  cos (u t  

~~~~ 
2)

~3
(x,y,t) = sin k x  cos k y  cos (~ t+ 4’3

) (3)

~4
(x ,y, t) = cos k x  sin k y cos (uJt +~~4

) . (4 )

Of these four wave forms , only 
~ 

and are even under inversion , i.e.,

~~ ~~~~~~~~ 
= 

~l (x,y,t) (5 )

and

= ~2
(x,y, t) . ( 6 )

Hence , the inversion symme t ry boundary condition i mposed at x 0  (see

QPR of J u l y 1 , 1976) selects out modes 
~l and , and rules out modes

and 
~~ 

, which are odd under inversion .

‘I For x > L , the nor r~al modes must decay exp onentially in x

i.e.,

~1
(x ,y, t) = ,~OUt exp (-L x) cos L~~ c c s  ~.t + :1

) ( 7 )

and

,.out .(x .y,t) = exp (—k x) si n k . cos ~...t + ) . (
~~)— 2 v 2

We w i l l  c all the ‘ cosine-like ~r e. and 
~2 

the ‘‘ sire-

like ’ ‘ode. Ma t o h i rw ~ and ‘~ /~ x a t the bo~ nda nies . we ~~~ th at

4 

- - - -~~~~~~
T . T ~~~:

T:- 1- --. :
-

~T
— 

- -  -~~ —~~~~~~~~ --  — — - - -- - - -~~~~
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the cosine-like modes obey

t a n k L  k/k (9)x x  y x

whi le the sine-like mode obey

cot k L = -k 1k . ( 1 0 )
x x  y x

Periodic boundary conditions are i mposed in y . Hence ,

k satisfiesy

k = ~~~~
- m , m = O ,1 ,2 . . .  ( i i )

Specializing to the case L = L  , we find that cos i ne-like

modes satisfy

z tan z = 2iim (12)

while the sine-like modes satisf y

z cot z = - 2~m , m 1 ,2 ,3 ... ( 1 3 )

where

a = k L  . ( 1 1 + )x x

Hence , the allo we d va l ues of k may be labeled by two

S integers : in is the number of nodes across the system in y , and n

is t he num ber of node s across  the s y s t e m  in x

With the assistance of Hiss Jean Yao we have solved Eqs.

(12) and (13) numericall y, with a rootso l ve r that employs the globa l

14 “ .
~tofl ’s ne t hod (see QPR of Oc t . 1 , 1977). These roots , together with

L
L ~~~~~~~~~~~~~

--_- 
~~~~~~~~~~~~~~~~~~~~~~~1:1 

_________________________________ 

, 0

_ _ _ _ _ _ _  
_ _ _ _ _ _ _ _ _ _ _ _ _ _ _
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Eqs. (1) and (2), p rov i de the allowed values of ki , which are shown

in Tables I and II , and the norma l mode structure , an examp le of which

is shown if Fi g. 1. The norma l mode frequencies may then be obtained

by solving the un i form plasma dispersion rela tion at these allowe d va l ues

of 
~ 

. This is accomplished with Gerve r ’s program UNIFORM 1 , available

f rom L I B R I S  on the MFECC.

B. ANALYSIS OF SIMULATIO N RESULTS ; THE FREQUENCY AWl? STRUCTURE OF

TIlE NORMAL MOVES

In our computer simulatio n runs we save t ime histories of

the potential at fixed va l ues of x k . The EZOHAR post-processor ,

ZED (see the previous QPR on ZED as used in [Si), then calculates the

spectra l density as a function of the discrete var iab les k
y 

and x

as well as the (essentiall y continuous) variable w from these time

histories. We identif y the peaks i n  plots of the spectra l density vs

w as the norma l mode frequencies , while the amplitude of each peak is

proportional to k’(x,k ,o)!
2 

. Hence , we may determine the spatial

variat i on in the am plitude of the norma l modes by p lotting the spectra l

density vs x for fixed kv and ~

Figures 2a and 2b of the A pril 1978 QPR show typ cal p lots of

the spectral density vs . The upper-hybrid frequency and the electron

gyrohar nonics are clearly visible.

In general , we have found that the flu ctuation is dor.inated bs

the long wavelength modes. Hence , those modes labelled w ith small values

of n and ri have greater amplitudes than those nodes wi th l a r~ er

~M. J. Gerver , ‘ ROOTS , A Dis:e rs cn Equat ion  So lve r ’ ’ , ERL Me-~o No. UCB/ ER L
,177/ 27 ,  3 1 O c t .  1976.
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in and n v a l u e s .  We have , as ‘,et , only been ab le  to i d e n t i fy  n 0

mode structures by examin in g the fluctuation spectrum of a plasma slab

in therma l e q u i l i b r i u ~. .

The techn ique described here may be easil y generalized to obtain

th e spatial variation in the phase , as well as the amplitude , of the

nor~’ol ~odt ’~~. T h i s  phase i n fo rna t i on  is  ob ta ined  from the c r o s s - s p e c t r u m

o f toe ~ntent ia1 a t  d i f f e r e n t  va lues  of x . It should be e a s i e r  to ‘~easure

the s;~a t i a l  structure of an un stable mode (wh ich  wHl grow to larqe amii pli-

tude ) than i t  is t~ p ick the i’iode s t ruc tu re  out of the therma l fluctua-

tion spectrum. Hence , we expect tha t this techni que w i l l  be very useful

‘or compar inq the norma l node s t ruc tu re  observed in computer si n u l ation s

w t h  the results of linear nor ma l node calculations.
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0. ES1 + [FL Code

Jae Koo Lee (Prof . C. K. B irdsa ll )

A journa l art i c l e is in preparation for the Jou ’i naL o~

Comptt t~ tto~iai ~~~~~~~

E. RJET DEVELOPMENT

Step hen Au -Yeunq (Alex Friedman)

The POP- li /DMA Controller — mode l 12 1 , the driver of the

Versatec Printer , arrived in early November , 1978. However , while trying

to install the controller , we found that the re is no DD-1l DK Expanded

Board left in the PDP-ll /OL + computer. Furthermo re , the RJET softwa re

deve l opmen t group discovered that 16K words of add i t i ona l  memory was needed

for the controller. Orders for the above-mentioned i tems have been placed

and we are waiting for DEC people to delive r them.

F. RUNNING THE SAME PROGRAM SIMULTANEOUSLY UNDER DIFFERENT CHANNELS

Stephen Au-Yeung

Inserting the following code at the beginning of a program

is an example of how to ma ke the program run under different channels sirnu l-

F 
taneousl y:

parameter (nf = 3)
intege r fnames(nf)

data fnames/8r +prog , 811 input , 8r output/

call setfile (fnames , nf)

c a l l  d rop fi l e (fnames(1))

call open (5, fnames(2) , 0, len)

call create (6, fnames(3), 1 , — 1 )

4

L 
_ _ _ _  
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where setfi le is a subroutine that appends the current suffix to al l

names g iven in the array “fname s” . To get this subrouti ne , type :

filem rds 1222 .li b f l ib end / t v

for the a-machine users , or type :

rfi lem read 1222 .cray uti l/b/ l end / t v

for the cray- i users .

4
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G.  R OOTS I M PROVE MENT

Bruce Cohen and Neil Maron , LLL (A . Fried mima n and S. ‘i-ye ung )

\ rev i ,-ed vers i ot t  ‘f (he l~()OT-~ p r ’gr . t im i  ha’-. t ’ t - t ’ t i

dev elop ed b~ Bru& -e (oht -rt arid \e i i  Ma ruri i t  I LL with
the apab I 1 1 t s o f  r (lUll rig a f am i ‘ 1 i t- — I I huu I I ii,’ l i t- ’ - e  I

a I t he u r r e S t a r t ii t he ~‘ r og ram fu r  , -a ,  - u a I - To a, - e t lit’ f leW

ers 1 ) 4 1 1 , t \  p t :

I i I em r Ii ~ :~ ~
) I I (U) t r a 1 1 ¶1 ~ r ~‘~~‘ I ~‘ F

11w ft r s t of I lie a f~ I ,- I ~ (lie ~ ()1~ Fl~ ~\ omi  r~ ‘ ‘ , I lie C c  ‘ ‘i i i I s t i:-
e xe c u t  ab 1 ~ f t I , ’ - .ind I l~ - i t~~ I i s  a ~ amp Ia (- (‘~~rIlu~ (ft -I- h fur o ut p u t

p r o~ -t - -‘ i rig -

e x e c i t I~~’ I hI 11( 1% ~ I - I -  I on - 1’’ : 1’ ’ ’’ ’  I ~ /
A salnp I -  t e r m  l Ila 1 t I le  r at - I I ( I I I  ~~ ( ~ I a l l  I it I() I I ~~~~~

tSI~;R : \ ro ut  
~ ~ 

1 I -
~‘I 1))) X tii ’ l I l l Ir l i t i t— r- 1),’ \ Iti ~i

t ~—~I~;R h,tx ii:~~
PROG : I I li lsi

m o r e =  i — ( I  o o I i S l F I ’ =:i - li4t rg= 1 - I - 1 - ~rnpsq r9  - e p- -.= - i t - 1 - ii

‘ - ‘ ‘ u t t umie n a m e I i -
~ I t i 1 j i l

t ~— I- R : aliids4 -4=l - I - .o() )~~I - Ia7 dt-iI ~ 4-= 1 - i : ~~ — - 1 _ ’ 1 . r l a r n i = l i i:i:i.i 1)~ end
1 111)11 t -

f l i O t ) i) ‘‘l’ — ’= - ~~ a t i t i

Pl
~
O( : a l l  ,i,,rit-

Tlit l I -~~ I’ —~V I S 010 I F ’ - I I 1 ‘~ iit ‘ ‘I  11(OI ) ( 1 ( 4— C v. i I 1 f a I I ow (l i t ’

( ‘ l Ir r e t i t  t - a , -_ ( - , a l i ( I  u i o r - f - = ( )  i f (lie ( - m l r r t - r I l  a - . F ’  I — t h e  141 4’ t - \anie l i - c t

F 
I np u  I n - — e rio i riii t ‘‘(I v. I I li a titi - , 

-

Th e I I Ia ( 4 )  4 . 0 1 1  I i ‘c ft F 0 SOlO S (Ia( h I a — t ’ i i t i  011 I p u t  t (F t I ll- VC I ~‘ a t  e(
1111(1 Ii (

~t O- dt -  v I (‘C - mind ShOU 1(1 he moti i Ii ad I n sin t t 1w- use r - s 11CC d s - a t
1 e as t ( tie ho x nitmhe r mu s t he t iange d - lu pr ‘ ‘ t  - out  pu I - t v pa

(0 5 1 0 0 5  I ( ‘ , ‘ M , ) m l t  / (
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H . RIN G RY BR ID CODE ; LOW DENSITY PLASMA CONSIDERATIONS

A l e x  F r i e d man

A. 1NTR OVL1 CT 1~~,’

The l i n e a r i z e d , 3d hy br id code R I N G H Y B R I D 1 was or i g i n a l l y

deve l oped at Cornell University for the stud y of field-reversed ion

r i n g  s ta b i l i ty in a dense cold background p lasma . It is currently being

suppo r ted b y this author at U.C. Berkeley . The code follows the develop -

men t i n  t ime of per t u r b a t ion s , with azimuthal -i c ’ d e 1u --~~t - r ~ , a~- c~,j t ,~n

axis ymmetric zero-orde r state. The e q u i l i b r i u m  current is pure l y azi-

mutha l and is carried entirely by the ener getic on corimponent , wh i c h i s

modeled by discre te particles in the code . [To zero order these are ax sym-

metr ic r i ngs , w h i l e  to first order they are perturbed in shape by a dis -

place ment £exp (i~H) .1 Alternatel y , discre te particles which are sta-

tionary to zero order can be i n i t i a l i z e d  uniforml y i n space and the flui d

ion component dispensed with. In addition , the co ld  back ground  of io n s

and a complement of inert i aless cold electrons , of density such that equil-

ibriu m charge neutrality obtains , are desc ribed by fluid equations.

One potential app lication of the code is to the study of field-

reversed mirror plasmas. However , in this appl ication the assumption of

F the existence of a uniform dense , cold plasma component is not appropriate .

Th us , we need to examine the behavior of the RINGHYBR ID al gorithm when

app lied to equilibria containing regions whe re the density is low , and to

consider modifications of the algorithm. We first discuss the present

1 A. F r i e d m a n , R . N. Sudan , and J. Denavi t , r~ ’c .  o~ t lrc E~i~j kt1t Con~ c~ enc c vu
Nunvr,cz.e S-unuLa-tAoI~t °K P&14rna2 , Article PC I3, June 28-30 , 1 978 . Monterey ,
Cal i fornia.
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a l g o r i t hm , and the nature of the l i m i t a t i o n  t~ , i s  algorithm imposes on the

size of the t mestep. A revisi on to the al qa ri t hm which eliminates this

l i m i t at i o n  i s  p rop osed . F i n a l l y, -,ocme considerati ons which arise when

trying to generalize the mode l to one a l l o w i n g r e g i o n s of vacuum are pre-

sented -

13. TH~ k’Z AJG HV 13k’1 V AL~~~ l THM ; CO1—J VER GEVCE CRi TERi ON FOR TIlE i TERA Ti VE
SOLLiT1~~ OF 011 1? 

~ LAW

In this section we describe the al gori thm presently employed

i n the s o l u t i on  of Ohm ’s Law , and the restric tion i mposed by this al gor i t hm

on the a l l o w a b l e  t i m e s t e p  s i z e , .t - Defi nin g dimension less code vari-

ab les as B° =~~° . ’.t , n . = ~
2
.x

2
/c

2 
, w i t h  s i m i l a r  un i t s  for othe r quan-

C I  I

tities (to eliminate -~t , ~x in the par ticle pusher and to simplif y the

al gebra) , omitting superscripts on first-order quan tities , and letting a

tilde ( ) denote a quantity defined at the previous time leve l , Ohium ’ s Law

becomes

n. E = (B°/2) -
- ‘; E + W l , (1)

whe re

(B°/2) E + - ‘ * 
~2)

Here is due to the discre te ion component (we assume no fluid ion

component present), and the last term in W ’ is obtained f rom fdt V~~’~[

t 
- The present version of RJNG HYBRJD solves Eq. (1) by d i r e c t

iterat ion ; dividing by n . , E (in the left hand side) is set equa l to

the r ig ht hand side , which is itself a weak function of E . This iteration

4
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converges when L°.’t/2)(k
2
c
2
/ ~~~~ < 1 (approximately). Assuming

k ‘-, x = ”  , in the dimensionless units employed this becomes
max

~
2
B0/2n . < i . (3)

• Note tha t the Couran t condition on A l fven waves restricts B°/v”
~~ to

sma l l  values , so that as n i 
decreases the convergence criterion for the

direct ite ration eventuall y i mposes a more seve re li m i t  on ‘4t than does

the Courant condition . Inhomogeneous mirror plasm iias w i l l  contain region s

of small n. , so that an undesirably sma ll Li t must be chosen if the pre-

sen t algorithm is used .

C. A PROPOSED L~01 FICATIO~J TO FA Ci L I TATE P~J V E R SIO~J OF OI1c ’ I’ ~ LAW 1PJ

F ’ROBLEMS IN VOLV IM3 SMALL li

To eliminate the restriction i mposed by direct iteration on (1)

i t is necessary to b r ing  the term (13°/2 )  - V ~ E to the left hand side.

Since B° and n. are functions of the spatial variable z a direct in-

version by Fourier analysis in z and tridiagonal solution in r is

not feasible; a form of ICCG inversion would be suitable , but for sim-

plicity  a simp ler iterative method is proposed. This would replace the

direct iterat ion on (1).

Equation (I) represents six equations for the unknown components of

E , since E
r ‘ 

, E~~ each have 2 parts , E
C ,. cos ~O and E

5 
-~ s i n  ~O

where t is the azimutha l mode number. Thus , in each cell (i ,j) we have

a 6 6 matrix to invert for E. - , assuming E . . E. - , . . .  known .
Ii ,j+l +1 ,j

For example , the first equation (for the c component) is , letting -*~~Ar/,\z

4
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[c 
- 1(Ur~)E S .. - (2+2~

2 + l / r ~ )EC . -
~~r~ J 2 ~ 

j  n j  j  e~~j

B°. -
= W~~~~. 

- ~~~~ I(a~-/2r .)( E~ -E
5

n j  2 
~ 

-~ 2j+~~,~ ~~~~~

— u
2(E~~ + ) - (1 + 1/2r.)

i— I  ,j i+i ,~
j i , j+l

— (1 - 1/2r.) E~ + (L/2r .)(E5 - [S )}
i , j— l  -~ i ,j+l i ,j—1

~
c . , (ft)
r i j

Similarl y, the othe r 5 component equations are found , yielding an equa-

tion of the form

- - 
C 

- -

X
C . .  

-

n j  n j

E
5
. .n j  n j

E
C
. x C , .

1
~
Ij eli

= . (5)

ES
F 

Oij Oij

E
c
.. XC ..Z I j  Z i j

E
S

. X C . .
£ Zl J Z i J

L - _  - - -

The “ E. i ” , et c.  parts of X already appear in the current vers ion of RING -i , j+
H Y B R I D , and on l y the “ Ed ’ terms need be deleted f rom the source terms in

‘4 
the pre sent code . E x p l i c i t l y ,  we f ind ~A’ to be , om i t t i n g  ind i ces i ,j and

l e t t ing  b
~~

B j f2

1~;
I ’  

~~~

---—‘-‘----- --- - ‘.-—

~~ ~~~~~

‘5- ’

~~~~~~ 

— .4;~ t 7-’ ’~~
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This matrix is singu lar for n . =0 , and ill-conditioned when

n . is very small; to see- r h i s  note the linea r dependence of the first

and fifth rows when n. =0 . Inverting this matrix gives E
c
. - , E~~. .r Ij n j

as a func tion of W’ .. and the [
C 

- . .  , which are assumed “known”
— I j  nI ,j’+-J ,

from the last pass in the iterative scheme proposed . This invers i on should

be done once , on paper , and A programed Into the code .

While this modification does not change the model equations at

all , and hence in princi p le does not alter the range of problems for which

the model equation s provide a reasonable description , the relaxation of the

restriction on At should make practica l the simulation of inhomogeneous

m i r r o r  p lasm a s .

V. GENERALIZAT iON TO PRO13LEMS IWOLVING VACUUM REGiONS

A possible generalization of the code involve s matching the

plasma mode l (with either direct ite ration or the above method ) to a vacuum

region , whe re the equation V2E~ ’O is assumed to hold. Note that spec i-

fication of V~~V~~E=0 in vacuum is by itself insufficient. The addi-

‘1 tiona l specification of V~ E 0  on at least v ( v  . E) =0 is necessary to

determine all components of E - Combining V • E 0  with V x V x E O

yields V2E = O  as the equation to be solved .

The author has , for a previous version of the 3d linearized

code , deve l oped an iterative solver for the equation V2A J  ; with a change

of notation this is direct ly applicable to the solution of V
2E O  -

Expl i citly, in “vacuum ” cells (possibly defined to be those cells where ,

say, VA l f v n
A t / L i X > 0

~5)P we solve

S .. - UCR .E
C . . - UCX .ES

. ~4 lij j n j  j O ij

S - . - %JCR .E
5
. . - UCX .E

C. . a2 ij  j Oij j  n j  

— — 
— 

-i__: — — 
(
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where UCR. 2+2c~
2+~

2
/r2+l/r2 , UCX. 2E/r~ , and S , S come from cells

j  j  1 2

of the unknown other than , j  , and from a source term taken to be zero

for the current app licat ion . We solve to find

= (uCR.S - .  - UCX.S . . )  /(ucR~. - ucx~ .)
n j  j  l i j  j  2 1 j  / l J l J

- 
- 

(8)
SE - . = UCR -i—÷ UCX

and similarly for the othe r components.

However , it remains to be determined whethe r the solution to

th is  equat ion  in vacuum imp l ies  a smooth transition from the solution to

Eq. (I) in p lasma . ln a private coriynunicat ion , J. Byers suggests tha t

in the last p lasma cells or first vacuum cells strong “sheath” effects

may be present. Some observations relevant to this issue follow .

Where n. =0 , the p lasma Eq. (1), Ohm ’s Law , makes litt l e

physical sense. However , formall y i t reduce s to

— B° x y , v *  (E-’-E) /2 = — ~~~~~~~~~~~ , ( 9)

i.e.,

SO X V X B  = 0 , (10)

or

6
° x~ 7 * ~~~ x~~ o (11)

with prope r cho i ce of initial conditions. This last i s  certainl y true , and

is a “subset ” of V x V E 0 , but evi dent ly i s not sufficient to specif y

E in vacuum (even when n. is nonzero but very small , prob lems are like l y

4 to be present). Consider the id , radial-variation-only limit: Eq. (i)

becomes

t  - - - —

I . I .~~J . 1T
- -

~~~~
-
~~ ~~~~~~~~~~~~~ - . - - — — — —  — — 

— 

—



r n 1
’ 

E -
* 

—

~~ 

— 

1 F  r m E (12a)

n . E - = - - ( 1 2 m - )
‘J j -

.

T rme l a~~t~~r these ~~ 
~ , r / I S  -, •R ’l\ R)5 , d e q u d —

tion w he n n. i s  s - u l l  —i nce J . ~J l l  L~~t~~~’ - - d ie- tne sma ll numbe r

ot  par t  i c l e s/ ~~- l l  ~n. as~~~~e-: ‘ f ’ ~~~~en - as - s a :erc’— rder •~u anti t y ) .

w ith  E so - e L i f e -~ ’ , J ~~~~~ - s  ‘~~~- 1  ~nd h~ nCt- C is deter—r

rr ined . In v lcuu n- ,

(2 + l/rt)E. = ( 1  + 1 ’ 2 r . ) E .  ( 1 - 1/2r . ) E .  - ( 1 3 )
j  -j ~ -j+ 1 j -j - l

the it-me e q ua t i u n  hold ng for both conpooents E and E . Even thoug h

may be small in (l2a), fl
i
E
r ~may not be , and in any event E~ i s

determined by (l2b). Thus , the vacuum and p lasma equations do not appear

at a l l  s i m i l a r ;  onl y t he l a t t e r  suppor ts  waves , and t he in te r face  must

reflect these waves in some manner , so that sheath effects are like l y.

A p p r o p r i a t e  ‘ ump condi ti ons at the inter face must th~ be for-~ulated. These

que stions are und e r i oing furthe r stud y.

E. CONC L US i ONS

In its present form the RINCHYBRID code i s app licable to a

F 
restricted class of problems i nvolving dense plasm as which are spatially

— nearly homogeneous. A modification has  been proposed which would facilitate

modeling of more strong l y inhomogeneous mirror plasma s , as in t eld-reversed

mirror confi gurations. Finall y, some considerations which arise when one

attempts to generalize the mode l itself to include vacuum r e - l i o n s  have been

• presented.

_ _ _ _ _ _ _ _ _ _ _  
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