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SUMMARY

This report surveys a class of inequalities related to variational inequality
and optimal control approximation. The semidual method for control approximation
is introduced, and the application of this method to the optimization of VSTOL
aircraft trajectories is discussed. This research was supported in part by
independent research at the Naval Surface Weapons Center.
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Introduction

In this survey, we discuss a class of inequalities related to the following ~
topics:

(1) Error estimates for variational inequality and optimal control
approximation

(2) Stability for mathematical programs

(3) Solution regularity for optimal control problems

Sections 1-6 provide the foundation for the semidual method for the numerical
solution of control problems (Secticn 7). The semidual method was developed to
solve problems for which the control and state constraints are fairly simple, but
the system dynamics may be complicated. The optimization of VSTOL flight
trajectories provides one important naval applicszation of our method. In this case,
the control constraints are the limitation on the nozzle angle §: namely
8p < 8 S 8y where typically 6y = 0° and &y o 100°. On the other hand, the
equations of motion for VSTOL aircraft are very ncnlinear and complex.

In particular, let us formulate the minimum time problem for an aircraft such
as the AVBA Harrier. Define the following parameters:

horizontal distance

- altitude

- horizontal velocity

~ vertical velocity

~ angle of the plane with respect to the horizontal
~ nozzle angle with respect to plane center line

- angle of attack

plane mass

- nozzle thrust

coefficient of drag

- coefficient of lift

- moment of inertia about the pitch axis

- wing area

s2 = distance from center of gravity to lines of action of aero and
thrust forces

- dynamic pressure

acceleration of gravity

o
|
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The minimum time problem becomes:
; minimize t
; £
subject to
x(te) = h(tg) = ulty) = v(ty) = 6(ty) = w(te) = 0

.
X = u

hev
Mu = Tcos(6+8) - qs(CDcosy + cLsiny)

My = Tsin(6+8) - qS(CDsinY - CLcosy) - Mg

8= w
Jo = thsinG + !aqs(cnsinu + CLcosa)
x(0) ,h(u),u(0),v(u),6(u),w(0) given
o <85

See Section 7 for the semidual approximation to a control problem such as this.

1. Error estimates for guadratic cost

Consider the problem

minimize{(J(v) = a(v,v) + 2(v) : veK} (1.1)
where K is a convex subset of the Banach space 4, 2(¢) is a bounded linear
functional on u, and a(*,*) is a symmetric, bounded bilinear form on u. Suppose
that there exists a solution ueK to (1.1), and let Kh Cu be an approximation to
K. No assumptions are made regarding Kh; in particular, it need not be convex.
If uh ¢ Kh solves the problem

minimize{J(v) : veKh}, (1.2)

we shall estimate the error u--uh in terms of energy a(u-uh,u-uh).

Since K is convex and J(+) is differentiable, we have the standard variational
inequality [1 ]:

DJ[u](v-u) 2 0 for all veK (1.3)

1. Lions, J. L., Optimal Control of Systems Governed by Partial Differential
Equations, translated by S. K. Mitter, Springer-Verlag, New York, 1971.
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vhere
DJ[u](v) = 2a(u,v) + t(v).
Expanding J(-) about u gives us:
I = 3w + DfulPw) + aqP-u,uu).
Moreover (1.3) implies that
DJI[u] (u"-u) = DI[u] (wP-v) + DI[u] (v-u)
> DIfu) (V)
for all veK. On the other hand, since u minimizes J(*) over K", we have:
IWM < I™ = I + DIfu)(vP-u) + a(vPou,vP-u)

thh. Finally combining (1.5)-(1.7), we get:

h

for all v

a(uh-u.u -u) < DJ[u](v-uh) + DJ[u](vh-u) + a(vh-u.vh-U)

for all veK and vthh.
Special cases of (1.8) are the following:

(1) K" C K. Choosing v = u" in (1.8) gives

h

n(uh-u.uh-u) = DJ[u](vh-U) + &(Vh‘“-v -u)

h .h

for all v eK .

(11) K = u. Hence (1.3) implies that DJ[u](v) = 0 for all veK and (1.8)

yields:
a(uh-u.uh-u) s a(vh-u.vh—u)

for all vthh.

(1.4)

(1.5)

(1.6)

1.7)

(1.8)

(1.9)

(1.10)

A classical application of (1.8) is the obstacle problem [2,3] where we have:

. |
w Ho(n)
K= {veu : v 2 ¢ on Q)

3wy = Jollev]? - 2fv)

(1.11)

- Brezzi, F., Hager, W. W. and Raviart, P. A., "Error estimates for the finite
element solution of variational inequalities," Numer. Math. 28 (1977), 431-443.
3. Falk, R. S., "Error estimates for the approximation of a class of variational

inequalities," Math. Comp. 28 (1974), 308-312.
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Here Q C‘R is a bounded open set, f ¢ Lz(ﬂ) H™(Q) is the standard Sobolev space
conoioting of functions whose derivatives through order m are sgquare integreble on
L (n) C #1(R) is the subspace consisting of functions vanishing on 30, and

wcﬂ (n) is tho given obstacle. If 3Q is sufficiently regular, there exists a .
solution ueH2(Q) for problem (1.1). To simplify the exposition we assume that R
is a polygon although this restriction is easily removed (2].

Let sP Cfn%(n) denote a piecewise linear subspace that satisfies the standard
interpolation bound

lls-g™l] , < en?® (1.12)
H
i for all gcﬂz(ﬂ) and k = 0,1 where h denotes the diameter of the biggest triangie in /
the triangulation of Q and c denotes a generic constant that is independent of h.
Finally, we define the set ]
K e (vRes? ¢ P 2 of on ). (1.13) |
Integrating by parts DJ[u](v) given by (1.4) gives us
D{ul(v) = (w,v), w = -2(8u + f) (1.14)

where <*,) denotes the L2(Q) inner product. Furthermore, using the variational
inequality, it can be shown that

20

almost everywhere on Q. (1.15)
w(u-y) = 0

We now substitute v = u and vh = uI into (1.8); applying (1.14) leads to:
DI{u](u-u") + DI[u](ul-u) = (v ul-u"™
- (".'fI ™+ (V.v-01> + (wyu-y) + (V.ul-u) (1.16)

<0 = 0(h?) -0 = 0(h%)
2

< ch
I h I 2 I
since w 2 0 by (1.15), y -u s 0 by (1.13), ||y~v ||“° = 0(h%) = ||u-u|]| - by
(1.12), and v,u-y> = 0 by (1.15). Similarly, we have
IIlz1 - o). (1.17)
H

n(u—ul.u-ul) < | lu=u

Combining (1.8), (1.16), and (1.17), we obtain the estimate:

alu-u",u-u™ < on?d). (1.18)

T ————————
sl ot : S e el S st ko o e e
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Using quadratic elements and sharper regularit{ results established by

Brézis ([4,5], it can be shown that Ifu-uhll 1= o(nl-3- €) for any ¢ > 0 [2].
H

2. Error estimates for differentiable cost

Now let us consider the equation: find ueﬂé(ﬂ) such that
u"(x) = eu(x) for all xeQ (2.1)
where Q@ = (0,1) and let ucHz(Q) denote the solution. Defining the functional
I = Sl + 2e"T, (2.2)
(2.1) is equivalent to the variational problem
minimize{J(v) : veK} (2.3)

where K = Hé(ﬂ). Letting Sh C’Hé(ﬂ) denote the space of continuous, piecewise

linear polynomials with h = maximum grid interval, we select Kh -

the approximation (1.2).

= § and consider

The estimate (1.8) no longer applies due to the e’ term included in J(v). To
generalize our earlier results, suppose that J : u - R is differentiable; hence,
(1.3) holds [ 1]. Moreover, suppose that there exists a > 0 such that

I(v) - JW) - DI[w](v-w) 2 af|v-w]|2 (2.4)

for all v,weu where ||+|| denotes the norm on u. Consequently, (1.5) can be
replaced by

I > J(u) + DIful(ul=u) + of u-u®][2. (2.5)
In addition, define the parameter

J() = J(w) - DI[w] (v-w)

c(v,w) = [[v—w[(z (2.6)
for all v # w. Hence (1.7) can be replaced by
3™ < 3(u) + DIfu] v-uw) + c@lw) | [|v-ul[? 2.7)
for all vheKh. Combining (2.5), (1.6), and (2.7), we get:
a| JuP=u| |2 < DIfu) =uD) + DIfu) (WMu) + e(eu)|[vPu]|? (2.8)

for all veK and vlekM.

Now let us apply (2.8) to our particular equation (2.1). Observe that

4. Brézis, H., "Nouveaux théorémes de régularité pour les problémes unilatéraux,"
Rencontre entre physiciens theoriciens et mathématiciens, Strasbourg 12 (1971).
5. Brézis, H., "Seuil de régularité pour certain problimes unilateraux,"
C. R. Acad. Sci. Paris Ser. A 273 (1971), 35-37.

9
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DI[w](v) = 2 fo[w'v' + e“v) (2.9)
- 2{~v" + &",v) and
J(v) = J(w) - DI[w]l(v-w) = {(v=w)',(v—w)"D (2.10)
+ e (v-w),v-w) by Taylor's Theorem
where Y(x) lies between v(x) and w(x). Hence we have:
2 {v=w)', (v=w) D

(2.11)
S v-w)', (v=w)"> [exp{]||v']| 2 * Hw'HLz} + 1]
L

since
Hvl) oS Hivld for all veH(Q)
L“ 2 0
L
(2.12)
yx) $ lvll _+ |lwl] , for all xeq.
L L

Finally (2.1) implies that DJ[u](v) = O for all veu},m) and (2.8)-(2.11) yield for

v-uhandvh-uI:

{u=u ', (u-u)D < cnl. (2.13)

3. Error estimates for nondifferentiable cost

Consider the Bingham fluid problem that is given by (1.1) with the choices:
u= Hcl)(n) = K

2 (3.1)

J(v) = fn[lw] + |wv] - 2fv]

with feLz(Q). Letting sh C u denote the piecewise linear subspace of Section 2,
we again take KM = Sh and study the approximation (1.2).

Observe that (2.8) cannot be utilized since J(+) is nondifferentiable. To
generalize (1.8) or (2.8), suppose that

J(v) = Jn(v) + Jd(v) (3.2)
where Jn(-) is convex but possibly nondifferentisble, and

Jd(v) = a(v,v) + (V). (3.3)
If ueK solves (1.1), then the following variational inequality holds [1]:

DJd[u] (v-u) +J_ (v) 2 J (u) (3.4)

10

b il
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for all veK where

DJd[u](v) = 2a(u,v) + 2(v). (3.5)
Hence we have
3™ = 3@ + 3 + 03 lul@Pw) + a(u"u,u®-u). (3.6)
Moreover, by (3.4), we find that
DI, [u] (w™-u) _ DI fu](a™v) + I_(u) - J_(v) (3.7)
for all QeK. On the other hand, we observe that
J(ub) = J(vh) = Jn(vh) + Jd(u) + DJd[u](vh—u) + a(vh-u,vh-u) (3.8)
for all vP Kh. Finally the combination (3.6)-(3.8) yields:

a@u,uu) <3 M - I + I - Jn(uh) (3.9)
+ DJd[u](vh-u) + DJd[u](v—uh) + a(vh-u,vh—u)
for all veK and vheKh.

Applying (3.9) to the Bingham fluid prcblem using v = uh and vh - uI, we
obtain:

llvaP-w 1%, < <Ive-w],1 (3.10)
H
- 2{tu + f,uI-u> + ||V(uI—u)||20 < ch.
H

With a more careful analysis, one can establish the estimate

||V(uh—u)||20 € cht (3.11)
H

for any € > 0. See Glowinski [6] for the details of (3.11).

4. Perturbations in the cost

In the previous sections, we studied the effect of replacing the constraint
set K in (1.1) by an approximation Kh. Now let us consider the case where the
constraint set is fixed, but the cost functional is permitted to depend on a
parameter. §

6. Glowinski, R., "Sur 1'approximation d'une inéquation variationnelle
elliptique,” R.A.I.R.O. Analyse Numerique 10 (1976), Number 12, 13-30.

11
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For example, consider the quadratic programs:

minimize{uTRju+2r§u : uek} (4.1)
for j = 1,2 where K C R™ 1s convex. Suppose that there exist solutions (uj,up) to - r
(4.1) associated with j = 1,2, respectively. Hence the following variational

inequality holds: |

(R ) 2 0 for all veK (4.2)

juj + rj)T(v-u

3
and j = 1,2.

Choosing (j = 1, v = uz) and (J = 2, v = u;) and adding the resulting relations 3
yields: 3

T < = R - T e C
(u2 Ul) Rz(uz ul) s (1'1 rz) (uz \11) + ul(Rl Rz)(uz ul)- (4'3)
If the smallest eigenvalue, a, of R2 is positive, (4.3) implies that 4
aluz—ull s |r1-r2| + |u1| lRl-Rzl (4.4)
where |°| denotes the Euclidean norm. If K is compact or Ry is positive definite,

then an a priori bound can be given for lull; hence (4.4) implies that the
solution to (4.1) depends Lipschitz continuously on the perturbation.

We introduce the following notation:
m m m
Ifg:R xR2x...x R "

+ R, we let ng denote the gradient of g(yl,...,yl) with
respect to yj where ykeRmk for k = 1,...,2. The following &eneralization of (4.4)
is easily established :
Theorem 4.1: Let K C R™ be nonempty closed, and convex, E CR®, f : R® x R™ - R be
differentiable in its first n arguments on K x R®, and assume that there exists
a > 0 such that

£(y,6) 2 £(x,6) + 7, £(x,6) (5-x) + alx-y|? .5)
for all x,yeK and £eE. Then for all EcE, there exists a unique x(£)eK satisfying

f(x(£),E) = minimum{f(y,E) : yeK}; (4.6)

and given ;EK, we have

|x(&)-x| < [9,£Gx,8)|/a. (4.7) -

Also, if V1f(z,*) is continuous for all zeK, then z(+) is continuous on E, and if,
moreover, Vzvlf(-,-) is continuous, then

[€,-¢, | i
1 *2

12
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5. Dual approximations

One case where the perturbation parameter appears linearly in the cost of a
program arises in the study of dual methods for mathematical programs. Consider

the program 3
minimize(f(z) : zeR", g(z) < 0)
where g : R" > R™ and f : R™ + R. The Lagrange dual function is given by
£(n) = inf{f(z) + n'g(z) : zeR™)
and the associated dual problem becomes:
sup{£(n) : neR", n 2 0},

Under suitable assumptions, there exist solutions n* to (5.3) and z* to (5.1).
Moreover, z* achieves the minimum in (5.2) for n = n*.

Now define the set
K= {neR" : n 2 0},

and let K" be an approximation to K. The following approximation to (5.3) is
considered:

sup{£(n) : ncKh}.

If nh solves (5,5) and zh achieves the minimum in (5.2) for n = nh, let us
estimate z* - z .

Referring to our development in Sections 1-3, we see the need for an
inequality of the form (2.4) and an estimate of the parameter c in (2.6). To
attack these estimates, define the Lagrangian

£(z,n) = £(z) + n'g(2)
and assume the following:
(1) f,gec?

(11) there exists a > 0 such that

V§£(!:ﬂ) > al for all zeR" and nek
where E Cme and Vi denctes the Hessian of £(z,n) with respect to z.
Letting z(n) denote the minimizing value of z in (5.2), we know that
Vig(z(n),n) = 0

since the minimization is unconstrained. Moreover, by Theorem 4.1, z(+) is
differentiable almost everywhere on E. Hence the chain rule and (5.7) give us

13
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DE[U] (n) = n'g(z(u)) (5.8)

for almost every peE. Motivated by relation (5.8) and our earlier development in
Sections 1-3, we study the quantity

£(ny) - £(ny) - g(z(nz))T(nl-nz). (5.9)
The following result can be established:

A

» %12(n1) - z(nz)l2

T

£(n,) - £(n,) - g(z(n,)) (n,-n,) (5.10)
: : . h e = 'VS(Z(nZ))T(nl-nz) zla.

Therefore, proceeding as in Section 2, we get the estimate:

Iv

2
2-z-lz(nh) - z(n*)l2 £ ag(z(n*))T(nh R L (5.11)

2
+ |vgz(n*))T| 2 |ul-n¥|
for all uhexh and uekK.

6. Ritz-Trefftz for optimal control

As an application of the results in Section 5, consider the following control
problem:

1

minimize{ C(x,u) = .[ £(x(t), u(t), t)dt} (6.1)
(4}
subject to

x(t) = Ax(t) + Bu(t) for almost every te[0,1]
x(0) = X

G(u(t),t) < 0 for all te[0,1]

xea R™), uel” (R™)

where x : [0,1] » Rn, u: [0,1] > R™, and a denotes absolutely continuous

functions. The Lagrange dual functional associated with (6.1) is given by
£(p,2) = inf{C(x,u) + ¢(p,x - Ax - Bu) (6.2)

+ &), & xe ®R™), uel”(R™), x(0) = xo}

14
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and the dual problem becomes [7 ]
sup{£(p,1) : (p,A)eK} (6.3)
K = {(p,\) : peBV, P(1) = 0, AeLl. A 20}

where BV denotes the space of functions with bounded variation. Under suitable

assumptions [ 7] , there exist solutions (x*, u*) to (6.1) and (p*, A%*) to (6.3).
Moreover,

G(u*(t),t) IA*(t) = 0 for almost every te[0,1] (6.4)
and (x*,u*) achieve the minimum in (6.2) for (p,)A) = (p*,A%).

Now let Kh C K denote the subset consisting of continuous, piecewise linear
functions p such that p(l) = 0 and piecewise constant functions A such that
A 2 0. As usual, "h" denotes the maximum grid interval. Consider the following
approximation to (6.3):

sup{£(p,1) : (p,\)eK"}. (6.5)
Suppose that (6.5) has the solution (ph,Ah)eKh and that (xh,uh) achieve the
migfmum in (6.2) for (p,A) = (ph,Ah). Let us estimate the errors (xh-x*) and
(uh=u*),

Assume that f,GeCz, the components of G(*,t) are convex for all te[0,1], and
there exists a > 0 such that

v3E(z,t) > al (6.6)
for all zst+m and te[0,1]. Integrating by parts in (6.2), it can be shown that:
% 1
£(p,0) = -p(0)'x, + gf F(t)de (6.7)
where
F(t) = inf{f(x,u,t) - p(t) x
-p(t)T(Ax + Bu) + G(u,t)TA(t) : xeR®,ucR™}.

That is, £(p,2) can be expressed as the integral of a pointwise minimum.

7. Hager, W. W. and Mitter, S. K., "Lagrange Duality Theory for Convex Control
Problems," SIAM J. Control and Optimization 14 (1976), 843-856.
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Moreover, with the identifications
p(t)
X
n= |p(t) - z = , and
u
A(t)
-x
8(2) - -AX - Bu »
G(u,t)

we can apply the results of Section 5 for each time t and integrate over te[0,1]
to get:

Sl x"x] |2, + [uP-u][2,} < <oy, Ae-y™ (6.10)
L L
s «hy 2 h 2 h ,2
+clllpr=aTi]%, + [lp=q 1%, + [1a%-u"]|%,)
L L L
h h, ~h h
for all (q ,u )eK satisfying q (0) = p*(0) where C depends on A,B, and
VIG(u*(').').
Now suppose that (ﬁ*.k*) are Lipschitz continuous, select qh = pI. and

let yh = Al = the Plecewise constant function agreeing with the minimum value of

A* on each grid interval. Since G(u*(t),t) 2 0 < A*(t) for all te[0,1] and (6.4)
holds, we conclude that

G (ur) %2> = 0 (6.11)

while the remaining terms on the right side of (6.8) are O(hz). To summarize,

leh—x*lle, | |uP-u*| |Lz = 0(h). (6.12)

For additional results in this area, see [8].

7. Semidual methods in optimal control

In the previous section, we introduced a dual multiplier for both the
differential equation and the control constraint. Now let us consider a semidual

approach where a dual multiplier is only used for the differential equation. In
particular, let us consider the problem

8.

Hager, W. W., "The Ritz-Trefftz method for state and control constrained
optimal control problems,'" SIAM J. Numer. Anal. 12 (1975), 854-867.
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1
minimize{C(x,u) = %{ [x(t)TQX(t) + u(t)TRu(t)]dt} (7.1
subject to
x(t) = Ax(t) + Bu(t) for almost every te[0,1)
x(0) = x
o
G(u(t),t) £ 0 for all te[0,1)
xea(R™), ueL™(R™)
Define the set
U= {ueL"®R™) : G(u(t),t) < 0 for all te[0,1]),
and the semidual functional
£(p) = nf{C(x,u) + ¢P.x - Ax - Bu) : xea(R"),x(0) = x_, uev}. (7.2
The semidual problem becomes:
sup{£(p) : peK} where
7.3
K = {peBV : p(1) = 0}.

Suppose that Q and R are positive definite; hence, it follows from [7] that
there exist solution (x*,u*) to (7.1) and p* to (7.3). Moreover, (x*,u*) achieve
the minimum in (7.2) for p = p* and the following adjoint equation and miimum
principle hold:

pr(t) = -ATp*(t) + 2Qx*(t) for almost every te(0,1], (7.4
M(u*(t),p*(t)) = minimum{M(u,p*(t)) : ueR™,G(u,t) < 0} (7.5
for almost every te[0,1], where

M(u,p(t)) = u'Ru - p(t)Bu.

Let Kh C K be the space of continuous, piecewise linear polynomials, and
consider the following approximation to (7.3):

sup{£(p) : pcKh}. (7.6

Suppose that ph solves (7.6) and that (x,u) = (xh.uh) achieves the minimum in (7.2)
for p = ph. We study the errors (x*-x") and (u*=uh),

Integrating by parts in (7.2), it can be shown that

£(p) = £,(p) + £,(p) (7.7

where

17
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1
£, = - %bf (B() + ATp(ENTAR(®) + ATp(e))de, (7.8)
1
J £,(p) = -p(O)Txo + f y(p(t))dt (7.9)
] o "
Y(p(t)) = inf{M(u,p(t)) : ueR",G(u,t) < 0}. (7.10)

Furthermore, it can be shown that (xh.uh) satisfy relations (7.4)-(7.5) with "#"
replaced by "h".

Since £1(p) is a quadratic functional and £2(R) is poslibly nondifferentiable,
we can apply the bound (3.9) choosing v = ph and v

-£, (@"-p*) < -£ (pT-p*) + (7.11)
Hk T o o I Tenloon * I
2(p* + A'p*, Qlp -p* + A (PPN +£,(p%) - £,(p).
If there exists a continuous control u such that G(u(t),t) < 0 for all te[0,1], 1t
follows from (7.4)-(7.5) that p*cL . Integrating by parts the pI-p* term appearing
in (7.11) and applying the interpolation estimate |Tp*-p1|| 9" 0(h2), we get:
L
-2("-p%) < ch? + £,(p%) - £, ()
1

ok + gf (I(t) - pr(e)) TBul(t)de

A

where u = u (t) achieves the minimum in (7.10) for p(t) = p (t) Applying (4.7),

Ilulll is bounded uniformly in h, and (7.12) gives us:

-£, ("% < v’ (7.13)

Since ph(l) = p*(l) = 0, we show in [ 9] that there exists a constant 8 > 0

such that

= - —pk

8l lp"-p#| |2 o < -8, ("-p". (7.14)
Therefore, we obtain
h
[Ip"=p*[] ; < eh. (7.15)
H

Since (ph.xh) satisfy (7.4) with "*" replaced by "h", (7.14) also implies that

IIX*-xhlle < oh (7.16)

9. Hager, W. W., "Rates of convergence for discrete approximations to problems _
in control theory," Ph.D. dissertation, Massachusetts Institute of Technology, |
1974.
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Finally we combine the inequality (7.14), relation (7.5) with "*" replaced by "h",
and the quadratic program stability bound (4.4) to get:

||u*-uh||L2 < ch. (7.17)

8. Lipschitz continuity for constrained processes

In the previous sections, we studied the effect on a program of replacing a
constraint set K by an approximation KR, and the dependence of the solution to a
pProgram on a parameter appearing in the cost. Now we study stability (or more
specifically Lipschitz continuity) in the abstract setting of a "constrained
process".

A constrained process can be described as follows: Let § be a Banach space,
D be a convex subset of a Banach space, z : 0 + &, and ¢ : D > (power set of
{1,...,n}). Two examples of constrained processes are the following:

(1) A control problem such as (6.1) with optimal solution (x*,u*); we
choose D = [0,1], the time interval, z(d) = (x*(d),u*(d)), and c(d) = indices of
the binding constraints associated with u*(d).

(2) A mathematical program such as
minimize (f(x,E) : xeR", g(x,E) < 0} (8.1)

where EeR" is a given parameter. Suppose that there exists a solution x(£) to (8.1)
1 for £eD C R™®, a convex subset. We then choose z(d) = x(d) and c(d) = indices of
the binding constraints associated with x(d).

Our goal is to estimate the Lipschitz constant for z(-). First consider the
program (8.1), and let #c(d) denote the number of elements in the set c(d). Recall
that the Kuhn-Tucker conditions give us a system of n + #c(f) equations in the
same number of unknowns: x(£) and the dual multipliers associated with binding
constraints. If c(gj) = c(g2), then Ix(gl) - x(£2)| can often be estimated in
terms of |§1-§2| using the implicit function theorem. Similar results apply to
the control problem but with the Kuhn-Tucker conditions replaced by the Pontryagin
minimum principle and the adjoint equation.

On the other hand, suppose that c(£;) # c(£2). A key result on this subject
is given; namely, a Lipschitz constant that is valid for compatible

parameters (where the binding constraints agree) is also valid for noncompatible
parameters. To be more precise, assume that z(+) is continuous, and c(+) has the
following property:
If {d}C D, dy > deD as k > =, and I C c(dy) for all k, then I C c(d).
Given d,ecD, we define the segment
[dye] = {(1-A)d + de : 0 £ X £ 1}

and we say that (d,e) are compatible if c(d) = c(e) and c(8) C c(d) for all
seld,e].

19
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Theorem 8.1: If y satisfies

[12(d) - z(e)|| £ v||d-e]|] (8.2)
for all compatible data (d,e)eD x D, then y satisfies (8.2) for all data
(d,e)eDl x D.
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