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RIGOROUS DERIVATION OF GENERAL DISPERSION
RELATIONSHIP FOR GYROTRON

I. Introduction

As a high power microwave and mm wave source the gyrottonl-
is gaining much interest recently for its applications to RF heating
of fusion plasma, to radar transmitter and to amplifier. Gyrotron
makes use of the interaction between transverse electric field and
motion of relativistic beam electrons via the electron cyclotron maser
instability. This instability is originated by the asymetry (bunching)
on the electron beam distribution over gyration orbit, caused by either
the signal electromagnetic wave (amplifier) or the initial perturbation
in electron distribution (oscillator), which enhances the magnitude
of EM wave at the expense of the transverse energy of beam electrons, and
which in turn further fuels the bunehing mechanism.
Most of the previous theoretical analysesh-llhave been carried
out within the framework of linearized Vlasov-Maxwell system under
the tenuous beam assumptions, and some of the results have been shown
to agree well with those of the experiment:ss.lz-14 There were, however,
some limitations of previous analyses, in that they are limited to
the azimuthally symmetric modes and to the specific equilibrium distribution
function. 1In this paper we extend our analysis to include the azimuthally
asymmetric mode with general equilibrium profiles. We further extend
the geometry of the system from simple waveguide to coaxial waveguide
in order to examine the contribution of the center rod in the gyrotron.
The derivation of the dispersion relation consists of two major
parts: (1) the orbit integral to calculate the perturbed distribution
function and (2) the dispersion equation itself as moment integral

of the perturbed distribution function. In the first part (the orhit

Note: Manuscript submitted May 16, 1979.
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integral) we follow closely the analysis by Chu,10 which makes use

of the Bessel sumamtion theorem, and in the second part (the dispersion
equation) we use a new approach in order to retain arbitrariness of
the beam distribution function.

After careful examination of self-consistent distribution functionm,
it is found that the distribution function is determined entirely |
by three constants of electron motion, namely y (total relativistic

factor), P, (axial linear momentum) and P, (canonical angular momentum).

e
With these constants as independent variables for the distribution
function, we can obtain the dispersion equation for general equilibrium
beam profiles. We add that, during the course of the orbit integral,
we include the contribution of the term that is proportion to af°/3Pe
(see eq (33)), which is previously ignored by other authors.

In this paper the authors attempted to present as much mathematical
detail as possible for future reference at the risk of repetition
of some previous works. We emphasize that this work has been primarily
the ground work of our current and further developments on this subject,
such as the effect due to spread in the energy and momenta, and due
to the presence of inner conductor.

In Chapter II, the basic equations and assumptions are described.
The orbit integral for the perturbed distribution function is obtained
in Chapter III. In Chapter IV the dispersion equation for arbitrary
distribution function is derived. The closed form of the dispersion

relation for cold beam electrons is given in Chapter V as an example.
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II. Basic Equations and Assumptions

The basic equations which govern the combined system of the rela-
tivistic electron beam with electric charge (-e) and mass m and the
electromagnetic wave are as follows:

4n 3E

p=3 5.1 &, (1)
y T

V.B=0 , (2)

V. E = -4Ten , (3)
p 2

ng:_--‘z t ’ (4)

2 2 1 3¢ =

n = fd32f - (6)
3

.‘l=“e.{d2!f ’ (7)

where the quantities B (x, t), E(x, t), f(x, p, t), n(x, t) and J(x, t)
represent the magnetic field, the electric field, the distribution
function of the electron beam, the beam density, and the beam current
density, respectively. Here x and p denote the coordinates in real

and momentum spaces, respectively. The electromagnetic wave (E and B)
is determined by the Maxwell equations (1) to (4), the electron beam
by the relativistic Vlasov equation (5), and the source equations (6)
to (7) combine these two systems. The Maxwell equations (1) to (4)

can be combined into two wave equations.

2
[-123—2+V213--ﬂvx.r (8)
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b~ c2 atz = c2 at

Generally, different boundary conditions are imposed on B and E in

equations (8) and (9), so that there exist two separate branches of
the electromagnetic wave modes, namely transverse electric (TE) and

transverse magnetic (TM) modes, which satisfy equations (8) and (9)

respectively. In this chapter, we will examine TE modes in the cylindrical
waveguide which are commonly used in gyrotron devices. Hence, the
% cylindrical coordinate system (r, 6, z) is employed throughout this
P paper.

The geometry in this paper is assumed to be coaxial cylinder
whose conductors are located at r = §R and r = R (Fig. 1). The
parameter § is the ratio of inner conductor radius to that of outer
conductor, and note that when § = 0, the geometry becomes single cylin-
drical.

Present analysis is carred out in the framework of the linearized

Maxwell-Vlasov system, where any quantity w(g, t) is expanded into

AL bt 2 L ok 4 anee e ad Ll ) et addiab b B e ol

Wx, £) = Vo(r) + V() expliCke + 20 - we)l (10)
Here Wo is the equilibrium quantity, whose symmetry properties
(viz. 5% =0 = 3%) are explicitly assumed, and wl is the small perturbed
quantity which is already Fourier decomposed into the integer azimuthal
mode number £, and the axial wave number k. With eq (10), TE mode

equation (8) becomes

2 271 _ _4n 13 Iy i 2
(vt +mlnz c[?ar(”o) rJrl ’ (11)
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Br 2 { B %2 Je ]
3 3 1
n;=l‘§li&nl-ﬂ.rl (12)
@ B E . C ¥
1 w 1 1 w 1
Et ck Be’ EO T ¢k Br ?

The boundary conditions to be imposed on eq (11) are
1

aBz =0 , and

“or |r=R (13)
1 1

™ =0 or 55 : finite if 6 =0 .
or | r=0R or | r=0

The perturbed current density gl is given by

e fdpue

(14)
The perturbed distribution function f1 is given by orbital equation

using characteristic method

' of
€ = e [° altt) expliCknz+220 - wa)] (€' + 1y x8') . -a—g. (15)

—w
where primed (') coordinates represent the equilibrium location of

the single electron at time t = t', and At = t'~t, Az = z'-z, A8 = @' - O,
It is evident that the TE differential equation system (eq. 11, 14, 13)

is self-consistent for El and 2}. A fully self-consistent problem

is difficult to solve, and some assumptions should be made to overcoce

this difficulty. First, we assume that the electron beam is very

tenuous. Specifically, we assume

vy <<<l (16
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where the Budker parameter V is defined by

2
T an
mcC

Y

and the number of electrons per unit axial length by

N =27 [rdr [ d?g £ : (18)
In Eq. (16), Yo is the total relativistic mass factor. In presently
available gyrotron devices, the Budker parameter V is in the order
of 10-3, so that assumption (16) is valid. Noting that the beam correction
term in the right hand side of the TE dispersion equation (11) is
proportional to V, under the tenuous beam approximation (eq (16)) we
conclude that the zeroth order solution of TE waveguide is free wave
guide mode. We will use this mode to derive the perturbed distribution
function £l (eq. 15). With the boundary condition (13), the free

waveguide mode is given by

| EN 2
B, zz (“zn r)
1 « K
B =i —2' (a, r)
r “zn £ " fn (19)
1 k2
By > 2 Zz(aznr)
%on-
1 @ o PR S S
r ck BO’ EO ck Br’ E, L
where we define
Yi (zen) 3
Jm(x) -W Ym(x)’lf §>0
Z (x) =
- 3 (x)y if §=0 (20)
2! (x, ) =0 o w0
L fn ! %n R




Here unsigned integer n denotes the radial mode number, and Jg and
!

Yl represent first and second kind Bessel functions of order £. The

1

amplitude of B, is already normalized to 1. If we combine eqs (11),

(14), and (15) with those in (19), and by making use of orthogonality
of Bessel function (see Appendix A), the dispersion equation for TEin

mode results. Namely,

w2 2 2 2‘!I’e(lzn 1
o Ml ot G
c i &n

IR dr @ & 2L e w) e o« vy * 2, e £3Civ ~v. 3] ,(21)
g cSRr . B 2-1"%a" r Ve 241 0" Ve V07

where the perturbed distribution function fl is given by the orbit

integral (eq. 15), and

= 2 _ g%y o2 _IRRL a2y 2 2

' L (xln 2°) 2 (xzn) ( Xn L7) z (zen) /2aLn . (21a)
Next, we assume that, at equilibrium,
Pz

E
]

! 0 (22)
] B =(0,0,B) ,

where By is constant axial magnetic field. These assumptions are

1 consistent with the tenuous beam assumption (eq. 16) in that we neglect
the self-fields. Therefore, the equilibrium particle orbit is composition
of circular gyration motion in transverse direction with constant
longitudinal speed. The orbit of electron is discussed in detail

in Appendix B.

Another assumption we make is the symmetry of the problem at equilibrium

in @ - and z- direction, which is previously made use of in eq. (10).

This symmetry enables us to use three constants of motion in describing

the equilibrium distribution function fo.

N




We also assume that the growth rate w; (= Imw) is small;

c
where the classical cyclotron frequency Ac is given by
B
Ye = Tme s (23b)

This assumption leads to single mode calculation and non-linear inter-
actions between the different modes can be neglected.
Under these assumptions, we will find the dispersion relationship

by eq (21). This requires finding the perturbed distribution function

fl in eq (15) via the orbital integral in the first place.




III. Orbit Integral

The perturbed distribution function f1 is given by the orbit

integral equation (15), which can be written as

£! = e /2 a(Be) expli(kdz + 280 - @st)] I, (24)
where of
Dinp i 1’ 0

I=(E +z!'x§ Y *TE'. . (25)

Here prime denotes the phase space coordinates of the particle at
time t' = t + t. The integral is taken over the equilibrium path
of a single electron under constant axial magnetic field Bo

The symmetry in @ - and z - directions and time independent nature

of equilibrium enables us to use three constants of motion for momentum

space p (Appendix B3-B5). Namely,

P = B(Y, pz, Pe), (26)
where

Yy=[1+p. 2/m2c2]% (27)

P,= R - &, (28)

Pg= rp.eg-%m wcrz . (29)

Here three constants of motion, Y, P, and Pe represent the total rela-
tivistic factor, the axial linear momentum, and the canonical angular
momentum, respectively. In Fig. 2, the transverse motion of a single
particle is shown. The electron will rotate from position A to A'

in time At with guiding center located at point G. (For detailed
discussions of the particle motion, see Appendix B.) The associated

constants of motion, i.e. transverse linear momentum, Larmor radius

RPN, . TINPRCNETEE SRR ¥, -5 SRR S S

e, (eq. 22).




and guiding center radius are defined in order (see Appendix B6-B8)

by
S .
L~ mo . (31)
and
2P
=1.2_""8, %
ry = [rL - ey - (32)

Now let us make a canonical transformation in the momentum space

p to the variables Y, and Pg in eq (26). Then the integral I has

the form below:

A€ 9f of
s B 0
L= IY w ¢t ]'.z apz + ]'.9 31’9 o (33)

With the substitution of the perturbed TE fields in eq (19),

P
L = (-i) —1— L @y

Y Ym2c2 02“ c 1
= (-1 _1-— P
Iz (-1i) Toe — k I1 and (34)
Ln
P P
= (-1 - __Z - -i..
I, = (-l 5, b ~ 2= Vil ~ 2 T
where
I =

1 2 Ylexp(-i&') z£-1(°2nr') - exp(+i&') Zg+1(a2nr')] "

-
n

2 Ze' 2§ (“xnr') , and

-
!

3 = ir' sin gt Zz(agnr') = i o sin X' Zl(“znt') (35)
Here 2j (x) = %; 2,(x), and @', X' and &' are angles of the triangle
OGA' in Fig. 3.

Two things deserve to be mentioned in the orbit integral eq (24)

of of
with its integrand I in eq (33). First, we note that FTaL 3;9 ’ 35%
b4

10
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| are constant along the equilibrium orbit path and can be factored
out of the integral. Due to this reason we introduced the set
(v, Py PO) as our independent variables. Secondly, the integrands
I, I, and 1, are functions of r', which is in turn a function of
t. The orbit equation r' = r'(At) is not only complicated, but makes
it extremely difficult to perform the integral. We note that the

! orbit is best described in angle variatiowus. They are from Fig. 3,

Ap = = t (36)

Py
Az = = A, (37)
where X = x=4¢ ’ (38)
a-od =M . (39)

It is, therefore, desirable to convert r' (At) into r' (A¢) through
angle variations. This can be done with summation theorem of Bessel
function (Appendix A4). Use is made of results of the theovem, i.e.

eqs (A-9), (A-7) and (A-10) to obtain

L @ Zs-g,(xo) I ()
I, = (-1)" 2

1 o exp(isx'+ifa') (40)

Js_z(xo) z, (x)

% Z;_z(xo) Js(xL) + xLZs_z(xO)J;(xL)
=0 §_ &+
fn [ xp JL o(x0) Z.(x) + X T _o(x.) z, (X))
. exp(is)x' + ifa') (41)
and

Leen® £ L {70 Zap%o) () ¢ (a2 (xp)I ()
3 B’m a ) :
L 8Xy Js_l(xo) Zs(xL) + (B-Q)XLJs-n(xo)z.("L)\

« exp (isy' + ifa') ’ (42)




&

e

¢ = = A
F where x, 0 To,, X I @ T (43)
x :
E and 0 = -iﬂ was previously defined. Here upper (lower) expressions

are for thosc electrons with the guiding center radius to greater

(less) than the Larmor radius r,» that is, with the canonical angular
momentum Py less (greater) ;han zero. Note that when 8§ = 0 (viz.

simple waveguide geometry) the combination Bessel function Z is replaced
by the first order Bessel function J, and the expressions remain the
same regardless of PG' Now that the At dependence in the orbit integral
appears only through exponential function with angle variables X',

a', 0', we can easily perform the integral. The perturbed distribution

function f1 is proportional to the angle integral. That is,

0
£l oc [ a(at) expli(kaz + 240 = wAt) + isy' + ifa']
-Q0
0 kpz w,
= exp(isX + i%a) [ d(At) exp[-i(w ~ =% - =) At]
R Yo Y
] o oo sxpCiog » 100 -~k (44)
3 (-1i) : (x)“ﬂs
% where
3 8 = .I:.p_z. + s .(:).E (AS)
s~ Ym Y

represents the Doppler shifted cyclotron frequency of harmonic number s.

With eq (44) the full expression for fl is given by

1 <@ 1
o T , (46)
n L : 2
gl =5 (1) exp (Lsx + ifa)
. o

~ of ~ of a of
._Q --.9. .__.Q 1 \
x [ 17 p + 1 i, * Iy Ty ] 473

12
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where
& x, zs_,.(xo)Ja(xL) : G
L& = e oy °
; o J .(x)Z2'(x ) .
s-% 0°"s L’
i z._z(xo)J;(xL) : :
£l C=1D)] 49)
: Iz: (Dc k _Y W= s .,
: J._z(xo)z.(xL)
E .
: ; TS { Zg_g(xg)J (x) }
: 0 :
i Js_l(xo)zs(xL) <
Zg_g(xg)I (x) 2w,
+ X, 1+Y ] (50)
1 Js_z(xo)2;(xL) (wFQs)
Again the upper (lower) expressions are for Pg <0 (P9 > 0), and Xg

x, are defined by equation (43). The angles & and ¥ are shown in
Fig. 4.

It should be noted here that another wave mode number s is intrcduced

to overcome mathematical difficulty which turns out to possess physical
meaning of magnetic harmonic number (see eq. 45). Also note that

the response of the perturbed distribution function gives rise to
resonance of w at Qs with the dependence of (w-Q.)-l. The discreteness
of Qs with respect to s makes it possible to treat the problems of
different mode numbers individually (see eq. 46). We will, therefore,
designate the transverse electric (TE) mode with TELna notation where

£ denotes the azimuthal mode number, n the radial mode number, and

{
|
1
|
{

8 the magnetic harmonic number of cyclotron frequency.

13




It is interesting to observe the responses of fl to the independent

momentum variables Y, p_ and P,. While ;Y and ;z (eqs. 48 and 49)

are proportional to (w-ﬂs)-l, ;O has & constant term with respect

to (mfﬂs). Furthermore, for the azimutﬂally symmetric (£=0) mode,

the resonance term (u)w-fls)-1 completely disappears in ;9. We conclude,
therefore, the contribution of 3f°/3P° to TE, _ mode will remain significant
only for the azimuthally asymmetric mode (¢ 0).

14
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IV. Dispersion Equation for TE

e Mode

The dispersion equation for TEkns mode is obtained by substituting

the perturbed function £ with fz into the original TE o €quation (21).

L
Namely,
2
2 2 2me 1
W -k -q == @ —
=2 n c n Noo

x Jrdr [d"p fi[ Zy_ (@ 1) (Gv +vp) + Zz*l(aznr)(ivr—ve)]. (51)

From Appendix B [eqs (B-9), (B-15), and (B-7)!, we have

w.r

iv —v, =+ L exp [+ i(a+x)] . (52)

d?g o Imc Y 1
w, Torp siny

dy dpz dp (53)

e .
Here the angles a, X, and § of the triangle OGA are as shown in Fig. 4.
With eqs (52) and (53) substituted into (47), the dispersion eq. (51)

can be rewritten as follows:

o _ 2 _ 4 2__ 2mel-n’

w2 Jar fay fap_ fap
c2 2a a!n“!n z :]
~ of A Of ~ Of

r 1 + = 0 0 0

ol % Pamndda - md  ahe T L e
z (:)
where

0= 21 () expliles)x + iuba]l . (55)

and I's are given in eqs. (48) to (50). We note here that I's and fo

is independent of r (see discussion in Appendix C), so that the terms

in [ ] bracket can be factored out of r-integration. Thus,




ST & = “zn’
2 9; a a f - a f ~ a f
~ _ 2mme"(-1) 0 e
- e far Jap, Jarg x5 541, 55t L9 5. )
e, N o v
n &n
rdr + =
£ i 4 (o*- o7 (56)
rorLs iny :

when X, (= Glan) is previously defined. The r-integration in eq. (56)
is difficult to perform through complicated dependence of angles X

and o on r (see Appendix B), and again we invoke Begsel summation
theorem (Appendix A) to overcome this difficulty. That is, we expand
Zgn (Gznt) in 0% (eq. 55) using running index s' on triangle OGA

in Fig. 4. By eq. (A-6),

% Z , ax)y I (%)
Zz+1((!. r) = (_1)!""1 i' s'-L 0 8 11 L l
41 " 4n g8=— ’
Js'-E(xo) zs':}(xL)
x exp [-i(s'#1)x - i (0* 1)) , (37)

where upper (lower) expression is for Py <0 (Po >0), and Xq = aznro

With the expansion (57), the term @* -07) in eq. (56) becomes

z (x.) J',(x.)
s'L70 s' "L
T e = { }
Jorg(xg) 22, (x)
x exp [i(s=s")y] , (38)

The upper (lower) expression is for Py < 0 (Pe > 0) in eqs. (58) and

(59). Using eq. (58) in eq. (56) leads to

i s i i
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R .-%.,2“9. fav fap_ farg .E_ox
n

z.._l(xo)J;.(xL) R - 3 o B 5
5 ok . b T ] B
AR SARTE UL

J.._z(xo)z;.(xL) z . £59)
where @'.. stands for the integral byr, i.e.,
2 = d .
¢ss' = [ ;;;i—%;;x exp [i(s-s')y] . (60)

Since the angle X in Fig. 4 is function of r for given Y, P, and Pe

(i.e. r_ and rL), we transform X = X(r) in eq. (60) via

2,2 2
Ty tr T .
cos X = —2—17-—"—- ’ (61)
oL
and noting
rdr 2

oL

we can rewrite st, as integral over angle X ;

ssa' - J dy exp [i(s-s')y ] (63)
-0

It is easy to show that

¢sa. = 2ﬂ58‘, 3 (64)

where Gss' is Kronecker §, which eliminates summation over s' except
for s'=s. Finally, with eq. (64), the dispersion equation (59) becomes

as follows:

2 X, 2 2 2
Oo_g2_tn __8%¥me (4 fap [ar
2 2 z ;]
c R N
fn
of of of

0 0 0, (65)

x
~~
-

s ]
-4
9
+
]
+
+
-
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+
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Here, from eq (2la),

- 2 2 2 2 2 2 .2 2
RN A by {(x’!’u - 2%) 2,7 (xp )-(8%, “-2T)z (zen)} .

When P, < 0 (or ro > rL), we use the following Ti's in eq. (65);

(:)
Ye x 2
- w _L c 2 1
TeZm? Ty Zagay) 1T Gy o
&2
= ' 2 1
T E kwc Y [zs_z(xo)Js(xL) ] zmjﬁ:y ’
Tg = % 2 _o(x )30 (x) [ X Za-t, (X035 (x,) (67)

L

L w

x Z__,(x)J3'(x) {1+ e }] ;
L “s-2 %0’ s L 'd&qigy—-

i <
when Py > 0 (i.e. T rL), Zs_z(xo) an Js(xL) are replaced by Js_i(xo)
and Zs(xL) respectively in eqs (66) and (67). The dispersion relation
eq. (65) can be further reduced by integration by part. However,
caution must be taken in the process especially when the distribution
function f

0 has spread in Y or P, In that case the integral over

P, for example, has a form of

of
Jap LS g (68)
ym

and the denominator (qus) has a simple pole at p = 1% (w-s—$), which
contributes to residue at the same value P, thereby resulting in
Landau type damping. The same is true for Y-integration. We have
to bear in mind to include this residue contribution whenever need

may arise. We will here ignore this contribution, by noting that
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we can always add the residue contribution to the results of integration
! by part. By integration by part, and assuming that fo vanishes at :

the limiting values of integration, we get

¥ 2 k2
oot -2 - 2Tme fayfap  Jar
z (2]
c R
n
att'Y a'rz a're
XIfO(—ﬁ+3;-z-+.5.l—’;)] & (69)

The various derivatives in [ ] bracket can be computed by using the

table I given in Appendix B. Then we obtain for eq(69)

5 w2 gl 2
W _ 2 _Bn _ 77 Mn  [dy fdp, fdrof (v, b, Pg)
2 g T % z
¢ * WeVen
e @_2-cid) -
” _.B 2“ éxo’x ) __g___i_—-
i S L (w-\Qs)
w
2 c 2
SN {F Quutrgrmy) = 87 88 0o | ik
+0, (x.,x.) - Bzﬂ (x_,x.)
s 0L s 0'°L J
-

Here Nzn is defined previously in eq (66), and

= ' 2
Hsl(xo’xL)— [ Zs_z(xo)J s(xL)] .
8(82-&2)
Qsz(xo,xL)E ‘Z‘_z(xo)J;(xL)[ S— Z‘_z(xo)Ja(xL)
L
xLz(s-l)

+ -—-jq;-- Z's_z(xo) J;(xL) ] (71)
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. ( T P 2|2
= L e et -
U, (xg %) = 3,Gx) 310x) [ . , (=072 x)
X i
2
i '
x {2} ,xp} 1.
We define the following quantities:
kp sSw
s —2+—2=
s~ ym Y
X X wr
X - *in s
EW e R Iy B REQ (72)
eaih A B
r, = =y [m“c“(y"-1) P, | -
e St L g i
¥ oh [m“c“(Y"-1) P, 2muEPe] 5

[

The expressions given in eq (71) hold when Py < 0. When Pe >0,
Zs-l(xo) and Js(xL) are replaced by J;-E(xo) and Z.(xL) respectivelr
as before.

Once the distribution function fo(Y, P, Pe) is given, the eigen-
frequency W(= u; + i“k) with its real frequency h; and its growth
rate l“ﬁl can be determined from the dispersion relation eq (70) with
terms defined in eqs (71) and (72). It should be emphasized that
the dispersion relationship eq (70) is, unlike previous works, valid
for the completely general distribution function of the beam electrons

as long as the cylindrical symmetry exists and the self-field can

be neglected. The left hand side of the dispersion relation (70)
cx
R

the right hand side is the correction to the waveguide equation due

is the free waveguide equation with cutoff frequency y while

to the presence of the beam. Although the right hand side is small

and proportional to V (see eqs. (17) and (18)), it is this term indeed

20




which gives rise to the instability. Careful examination shows that

while the term proportional to (u.i--ﬂs)-2 is responsible for instability,
-1 7

the terms proportional to (w-ﬂs) and (uhﬂs)o are stabilizing ones.

More detailed analysis of dispersion equations will be carried out

. 15
in a separate paper.
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V. Zero-Temperature Beam Dispersion Relationship

In this chapter we will derive the complete dispersion relationship
for a specific distribution function, given by

w N :
c = = =
£ * S(y-r) 8(p,~P,) &(Py Py) (73)
4mmecy

where ? - ;;, and ?é are constants. This electron distribution ¢ ~c-

2 : : = 0
tion describes the electrons which have constant energy Ymc , constant

guiding center radii r,, and constant Larmor radii r,. Here the constants

0 L
;L’ and ;b are defined as follows:
-- 1 2 2,=2 -2, 5%
£ = -f-—[mc(Y-l)‘P] ’
T * (74)
= o 1 ¢ 23 =3 =3 5 1%
T = o [ m%c® (y*-1) - p, ~ 2mwcP] -

Since there is no spread in Y, p, or PG’ this distribution is often
called a zero-temperature distribution function. It can be easily
verified that

2nfrdrfd32 B, =8 (75)
where N is the total number of electrons per unit axial length. After
some mathematical manipulation with eq. (73), the zero-temperature

beam dispersion relation is derived below.

2 2
N k2 : x£n2 A 2v xln
c? R’ w, R
a2 - A
- 8
By Hsz(xo, xL) .
(w=-9_)
X
2 mc - - 2 = -
: " Twa ){ y %o %) T BT, g G| - o

2
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Here barred quantities are those which are obtained after y =Y,

I Pe = Pe are inserted in eqs (71) and (72). It is this dis-
persion relation we will examine extensively both analytically and

numerically, the results of which will be reported in separate papers.
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Vi. Conclusions

A detailed procedure of obtaining a general dispersion equation
for the electron cyclotron maser instability in the waveguide has
been presented with and without a center rod. The analysis has been
carried out in the framework of linearized Vlasov-Maxwell system under
the tenuous beam assumption for the azimuthally asymmetric mode and
for the aribrary equilibrium distribution function.

The orbit integral for the calculation of the perturbed distributior
function is solved with the aid of the Bessel summation theorem without
neglecting any term, and the moment integral for the dispersion ecquation
for an arbitrary equilibrium beam profile is obtained with the help
of self-consistent properties of the distribution function, namely
the fact that the distribution function is entirely described by three
constants of motion. As an example, the closed form of dispersion
function for cold electron beam is given by eq (76).

The resulting general dispersion equation ((69) or (70)) is useful
for further development of the theory, such as the effect of the spread
in energy and momenta. The analysis of the cold beam dispersion relation

is given in accompanying memorandum paper.
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APPENDIX A

Some Properties of Bessel Function

In this appendix some properties of general Bessel function,
which are used in the text are summarized. General Bessel function
z,(x) is defined by

Zm(x) =C

J(x)+cC,Y (x),
m m

1 2
where Cl and C2 are constants, and Jm and Ym are the first and the
second kind Bessel function of integer order m with x>0 .

1) Recurrence formulae

2m
zm_l(x) + Zm+1(x) ma Zm(x)

z (x) - zm+1(x) =2 Z'm(x)

=l (a-1)
Z.-1 (x) e Zm(x) z m(x)
' - 2 =
Z m(x) i~ Zm(x) Z (x)
2) Negative integer order
z_(x) = (-D" z_(x) (a-2)
3) Asymptotic behavior for small arguments (m>0)
1 X M
Jn(x)+ = (5) , (m ¢ 0)
+ 1 - (%2
Jp(x)* 1 - () (a-3)
(m=-1)! 2.m
Ym(x) i o (;) , (m# 0)
2 X
Yo(x) +> ~ log (2)
4) Summation theorem
In a triangle OGA as shown in Fig. 4, first let
a = <GOA, £ = OAG, y = <OGA, and r = OA, Ty & oG, r, & GA. Then we
have E +a+ x=1m ., (A=)
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Bessel summation theorem states that, when o > L (i.e. O 3_;),

then for real a > 0 ,

exp(ifa)z,(ar) = sgL” Zy,.Carg) I (ar ) exp (isX) (A-5)
with integer s. If ry <r (i.e.§ i'g)x we have
exp(iE) z Car) = £ 2, (ar)) 3 (ary) exp(isx) (A-5)

0>tL(r0<rL).

We can rewrite eq. (A-5) by substituting (-£) for & and (-s) for s,

From here on, we designate unprimed (primed) equations for r

and by making use of eqs. (A-2) and (A-4). Namely,
L . 2
Zo(ar) = (-1)" Lz (ary) J (ar ) explisy+izx 1. (A-6)
Similarly by substituting - for %, and -s+! for s in eq. (A-5'),
Zl(ar) = (-1)° g Js-z(aro) Zs(arL) exp[isy+ila ] (A-6")
After we differentiate eqs (A-6) and A-6') with respect to a, we get
= (-1)¥ ' !
rz (ar) = (-1)" I (rgzy_glarg) J (ar)) + r 2, (ar )3} (ar )]
x explisy + ika ]l , (A-7)
- (=132 ' )
rzl(at) (-1)7 I [rgd;_,(ary) 2 (ar) + r J__,(ary) Zs(arL)1
x exp[isx + ifa ] . (A-7')
By substituting 2+1 for %, and s+l for s into eqs (A-6) and (A-6'),

we obtain with eq (A-4)

exp[+iz] Zz+1(at)
= 25-5¢ar) Jot1 (ar ) (A-8)
= (-l)l § exp[isX + ika )
Joglary) 2 + ,(ary) (A-8')

Therefore, from eqs (A-8) and (A-8') with eq (A-1), we find
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Ylexpéif) Z,_ (ar) - exp(+ikE) Z (ar)]

Z._L(ato) J; (arL) (A-9)

- (-1)‘ z exp [isy + ifa ]
’ 3 _g(ary) 2} (ar)) (A-9')

When we substitute (s + 1) for s in eqs (A-6) and (A-6'), then by
making use of eq (A-1), the results are

i sinX zl(ar) = (_1)£ 5 explisX + ila ]

(8-!') ' s ] -

—;;;— z__glary) Jo(ar ) + ;;L z,_o(arg) J (ar,) (a-10)
X

(8'!') (] 8 (] e (]

—‘IT' Js_z(aro) zs(arL) + —arL Js_"(al‘o) Z‘(arL) (A-10')

5) Orthogonality

Consider Z (x) defined by

Jz( x n)
Zz(x) = Jz(X) —Y!’—(‘G;Zn) YL(X) 3 (A"ll)
such that
zz(zen) = 0, (A-12)

where X, > 0 is obtained from
(] = -
zZy (in) 0. (A-13)
ZQ(X) thus defined is in the form of eq (A-1) sc that all of previous relatioms
are applicable. If we introduce new variable r such that
X
= _4n = -
XEgrEa o, (A-14)
then it is to show the orthogonality of zz(cznr) as follows:

R
Here the normalization factor Nln is given by
Nen ® 1[ 2 % 2 ) - 8% 2 - 0?) 22k ) (A-16)
" w2 (XY Xon . (A-16)

fn

Here thn' is Kronecker &-notation.
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APPENDIX B

Electron Orbit Under Constant Magnetic Field

In this section, we will examine a single electron orbit with
charge (- e)under the constant axial maénetic field (eq 22). The
electric potential ¢ is assumed to be zero and the vector potential
for constant magnetic field A = (O,Ae(Cr), 0) due to the symmetry

in @ and z. Then Lagrangian L of the relativistic particle is given

by
. L4 ']
Leme? [1-1 242824 2M%-208 4 (B-1)
c

where Ag = 4 Byr . (3-2)
Since the Lagrangian L is cyclic in 8 and and time independent,
there exist three constants of motion associated. Namely,

g—% = Pe -Ymr2 e - -E- r Ae = rp9 = Ewcrz = const. (B-3)

2
ad = . &
5 - P, =ymZz=p, = const. (B-4)
DEE— (B-5)

H = v/czp2 + m2c4 = Ymc2 = const.

If we let
P O 5 P (P L -

p, = [m%e"(y"-1) - p,7) (B-6)

T, = Py (B-7)

L b

T
c
2, %
2 0
= er o, ) (B-8)

and let the angle between gl_ and Bg ©q as £ as shown in Fig. 4.

& =sin g 6r + cos £ & (5-9)




then

cos £ - lsdﬂcrz (B-10)

! 2_ 2 =
Pe = Wc(ro rL) umcrrL

That is
2 2 2
r, wx e > 2rrL cos ; , (B-11)

This cosine equation describes the triangle shown in Fig. 3 with OA = r,
06 Ty GA = L and the constants L and T correspond to the guiding
center and the Larmor radii. Some useful properties result from the

triangle OGA.

r0 r rL

sint  sinX _ sin® (B-12)
2 2 2 2. 4
r2+r - 2 [(r r, )(r2 -r )}
cos§ = s b 7 sinf = 2rr
2rr ? L
L
g 4.3 I T S
cosX = ro +I'L -y i sinX = [(r -fl )(!‘2 -r )_l
errL 2rorL
r2+r z-r 2 [(,:-2_r 2)(‘: 2_1,2)] Y
0 'L — 1 L
SRS Ny o e 2rr
0 0

g = gt ey,

Note that o (PO,Y}pz), rL(Y,pz). From eq. (B-9), we find that if

r

P <r. (r, >r ). That is, the orbit of electrons

) 0 L0 L

with Py >0 (Po < 0) encompasses (does not encompass) the origin of

>0 (P9< 0), then r

axis.
For future references, the following table for the derivatives

is useful (see Table I).
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It is our intention to use the set (YsP ,P ) as the independent
momentum space variables Py provided that the Jacobxanl ;;71;97|# 0.
We now proceed to complete the Jacobian. The Cartesian momentum
coordinates Py py can be shown as (from Fig. &)

p, = P, (sin § cos 8 - cos € sin @) (8-13)

Py L (sin £ 8in @ + cos & cos @).

Then the Jacobian is found by

d 9 3
' (px’pz)l _I;fg Ny 32! apx| - me? _y 1 .  (B-14)
YsPg dy 9Py 3y . 3Py W, Ty siny
Therefore the volume element in the momentum space d3p is now written as
3 Ll o A (B-15)
e W r,.r sinY dy dpz dpo

by making use of the table I and the relations (B-12).
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APPENDIX C

Self-consistent Electron Distribution Function

In this appendix we will describe characteristics of the self-
consistent distribution function of beam electrons, fo under the influen:2
of constant magnetic field Boez. Using the constants of motion, Y,

P, and P, as the independent variables in momentum space, the equilibriuz

e

distribution function fo is generally written in the cylindrical coordinz:e

system as follows:

fo = fo(r, ¥ P, Pe), (c-1:
where
r = X . er,
Yy 1+22)y
m2c2 ) (C--
Pz = B.ez ’
Pz (x.8)(p.8) - % mw (x.6 )2
O~y 0 ey *
Here, the symmetry of equilibrum in 8- and z- coordinates (viz. %3 =O=§2f
of
is explictly assumed. It is our objective to show that —sg = 0, from
equilibrium Vlasov equation. The time independent Vlasov equation is giv:a
by
of of
0 e Qe N
! 0 a 5 c ! X E . "a? 0 . (C 3
afo afo
Now we will obtain the expressions of 3—_-’5 and TR when fo is given

by eq (C-1).
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0 0,23 0 s . 2.2 0

BT ECIEW  HW, U W, 2
and

y, dr By o 3, dp, A, B 3, (c-5)

8~ 9p or ' 3p oy ' P 3, 3 9,

It can be easily shown from eq (C-2) that

op
ar . 2 Y. _ 2.
x “r’ x ox 9
SPO
_;E‘: = - q ;ucrer (c-6)
and
gl_. = .al 2 -
3p ’ 3 2.2
p oP
Laf . wlags &
P z’  9p i (c-7)
Here, the relatiors -t € =¢&_ and -3 é = - @&, are made use of.
! 91 30 r 8 20 0 r’

By substituting eqs (C-6) and (C-7) into (C-4) and (C-5), respectively, we

obtain
of of of
0. 2 0 _ 0 -
—52 er[ —5; mwcr 5P—° ] (c 8)
and
af p of of af
0 0 A 0 a 0
—_———— —— 4 g =™ +TIr e, 6 a— (0-9)
ap Ym202 dy "z dp, 9 3P,

With eqs (C-8) and (C-9), the Vlasov equation (C-3) becomes

r -T°- =0 (c-10)
) o
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Since Vr Z 0, the equilibrium constraint on the equilibrium distribution

function fo specified with eq (C-1) now states that

afo
b T =0 - (c-11)
The condition (C-11) is expected from simple argument. We note Vlasov

equation is the statement of Liouville theorenm,

df,
- - 0 . (c-12)
If the functional dependence of fo is assumed as eq (C-1), then
dfo < afo ar afo av, 3f0 dpz 4 3f0 dP9 R
dt or dt Jy dt 3pz at 'ﬁ; it
As pointed out in Appendix B, howevef, the variables Y, P, and P9 are
constants of motion, so that L dpz - dPO =0 . Then Liouville
dt dt
theorem eq (C-12) now becomes
f
0 dr
e = -l (c-14)

which is identical with previous result eq (C-10).

. ]
We see the significance of the equilibrium condition f0/3r =0 in

afo 3f0 of
that this makes —3? 3 5;; and 5;; to be independent of r, thereby

independent of gyration angle X (see chaps. III and IV) so that these
terms can be factored out of the orbit integral (eq. 24) and of r integra-
tion in the dispersion (eq. 51). The constants of motion (Y, P, Pe) as
independent variables were thus adopted in the description of equilibriunm

distribution function of beam electrons.
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TABLE I

Derivatives of quantities (Q's) in the first

column with respect to ¥y (second column), Pz

(third column) and Pe (fourth column). This

table was used in Appendix B.
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al gyratron. The conductors
d the electron beam is con-
The constant equilibrium

Fig. 1 - Cross gection of coaxi
are located at r=R and r=06R, an
tained between two conductors.

magnetic field is in Ez direction.

o

: @

The transverse equilibrium orbit

The electron is moved from position
at timet'. The guiding center

(= GA=GA') are con-

and <AGA' = A8.

Fig. 2 - Electron orbit.
of an electron is shown.

A at time t to position A'
radius rg (=0G)> and the Larmor radius r,

stants of motion, Here <AOA' = Ao = 8' - 6,
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Fig. 3 - Electron position at t'. The triangle OGA' is
used for Bessel summation theorem. Note that the trans-
verse linear momentum p' is perpendicular to the line GA'.

o L B Lt el e s s o

Fig. &4 - Electron position at t. Here we have a + E+x=2n
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