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PHOTOELASTIC INSTRUMENTATION: PRINCIPLES AND TECHNIQUES
by
Albert Roberts and Ivor Hawkes

PART I: THEORY

INTRODUCTION

The determination of stress, strain and load in the strata surrounding earth excavations, and
in underground support systems, presents special problems due to the need for long-term measure-
ments in an environment that is particularly arduous and severe. In this environment delicate
electronic and mechanical measurement systems are cosily and prone to failure.

Within recent years measurement techniques employing photoelastic transducers have been
devised to meet these problems. The photoelastic instrumentation system has also proved to be
of value in observing stress, strain and load in civil engineering structures during construction
and subsequent operation.

The system employs optical transducers in which the readout is in terms of the birefringence
produced in cylinders or disks of glass, or sometimes of plastic, under load. The use of a glass
disk loaded across its diameter is a well-known technique in photoelasticity for determining th~
stress-optic coefficient of birefringent materials. But its successful application as a load trans-
ducer, used in conjunction with an observation system devised by research workers at the former
Postgraduate School of Mining at the University of Sheffield, is a relatively recent innovation.

BACKGROUND

That certain crystals, notably Iceland spar, possess the property of double refraction was
well known before the beginning of the 19th century, and in 1816 Brewster® enunciated the prin-
ciples of photoelasticity and was the first to use glass as a stress-birefringent material. Since
that date numerous investigators have studied photoelastic techniques, which have today reached
a high state of development for general use in stress analysis.

These developments have been mainly concerned with photoelastic model studies, at first
with a two-dimensional technique using relatively thin sheets of stress-birefringent materials
(usually plastics but occasionally glass), and subsequently by the three-dimensional ‘‘frozen
stress’’ technique (Frocht'').

A more recent development is the photoelastic coating technique, in which surface strains are
observed by means of a birefringent coating bonded continuously over the surface of the actual
component under stress, and not on a birefringent model.

The idea of using glass components inserted or attached to a structure under load, so that
birefringent effects in the glass could be observed and used, has occurred and reoccurred periodi-
cally throughout the years since Brewster published his original work.
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‘ !
In 1930 Mabboux published details of a system to observe strains through the medium of bire-

fringent elements attached to the surface of concrete, masonry and other forms of structural com- i
ponents. Patents relating to this system were granted in Paris in 1931 and in the U.S.A. in 1935."” * i 3

Maris devised a photoelastic blast pressure gage in 1944, and this was patented in the
United States in 1947.%* It used a glass element as a photoelastic transducer. Transient biref-
ringence produced in the transducer by blast pressure waves was observed by the medium of re-
flected polarized light directed onto a photoelectric cell. The resulting electrical signal was
observed by cathode-ray oscillograph. i

In Europe in 1948 Coutinho carried out investigations into stress in concrete structures. Glass
! inserts were used as photoelastic inclusions.”

In Germany, Jobst outlined a photoelastic transducer system in 1949, and a German patent was
issued in 1951.'®

There is little evidence that these systems received more than sporadic attention, and none
appears to have been systematically developed toward practical ends. Most of these devices used
reflected polarized light, whereas the general and classical approach to photoelastic stress analy-
sis was based on the use of transmitted polarized light on the laboratory photoelastic bench. It
was not until the photoelastic coating technique became a practicable system of strain measure-
ment that reflection polarimetry received serious attention and photoelastic stress analysis was
taken out of the laboratory and into the field.

In 1957 Hiramatsu, Niwa and Oka published the first of a series of papers describing new
equipment and techniques for measuring stresses in concrete structures using glass inclusions.
And in 1961 Zandman patented a photoelastic transducer system employing birefringent plastic
elements attached to the surfaces of structural components.* Concurrently, Emery and Hawkes
devised a photoelastic plastic transducer system for use on a rock bolt dynamometer and an ex-
tensometer.’® Chakravarty® extended these transducer systems and also investigated the potential
application of a cylindrical glass transducer designed by Roberts, Hawkes and Williams.” This
device is a biaxial gage, following Hiramatsu, but is observed by transmitted polarized light.

i This photoelastic ‘‘stressmeter’’ was studied in detail by Dhir,* and the associated polari-

' scope systems by Williams.? A number of subsequent investigators at the University of Sheffield
pursued various aspects of the photoelastic transducer system. The results of all these investi-
gations form the basis of this report.

PRINCIPLES OF THE PHOTOELASTIC TRANSDUCER SYSTEM

Photoelastic stress analysis is essentially a technique whereby the differences in the princi-
pal stresses at various points within a transparent material can be studied in terms of the isochro-
matic fringes produced when the body is viewed under polarized light. The theory of the technique
is well established (Frocht'*) and will only be briefly reviewed here.

When a beam of polarized light passes through a stressed birefringent material it is split into
two component beams. These emerge polarized in the planes of the principal stresses in the ma-
terial and retarded in relation to one another by a phase difference which is proportional to the
difference in magnitude between the principal stresses (o 1-02) and the length of the light path
through the material, t.
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This relationship may be expressed in the form
8 = Ctg’max (1
where:

o
C

the relative retardatica
the stress optic coefficient.

The relative retardation is measured in terms of fringes (isochromatics) produced by inter-
ference between the two beams when they are resolved into one specific plane.

| ! The polarizing of the incident beam and the resolution of the emergent beam are carried out
using two filters, both of which are linear polarizers, referred to as the polarizer and the analyzer.

At points where one of the directions of principal stress in the birefringent material coincides
with the axis of polarization, light passes through the material without being affected. If the axis
of the analyzer is set at right angles to that of the polarizer then light of all wavelengths is ex-

3 tinguished and all such areas appear black (isoclinics). This enables the directions of principal
stress to be identified at any point in the material.

The directions of principal stress are required for the measurement of fractional fringe orders
at any point. But if these are already known, as for example when a disk is compressed across a
diameter, the isoclinics are not required and they are therefore removed from the field of view.
This is achieved by incorporating ‘‘quarter-wave’’ plates in both the polarizer and the analyzer,
which has the effect of producing circularly polarized light. A quarter-wave plate is a permanently
1 birefringent filter, with ‘‘slow’’ and ‘‘fast’’ axes at right angles to each other to produce a rela-
tive retardation between the two emergent beams equal to one quarter of some specific wavelength,

In circularly polarized light the light waves may be considered as being propagated through
the birefringent material in the form of a helix, in which there is no specific linear plane of polari-
zation. THhere is therefore no specific direction at which the axis of polarization is coincident with
a direction of principal stress and of course no isoclinics.

The arrangements that have been standardized in the Sheffield photoelastic transducer system
for iliuminating and viewing the isochromatics in diametrically loaded disks are illustrated in
Figure 1. Figure 1a shows the standard filter orientations relative to the loading direction for
transmitted-light viewing. Figures 1b and 1c show the standard orientatious for reflected-light
viewing. In the latter two cases the disk is given a coating either of reflective cement or a mirror
backing. It should be noted from Figure 1 that in each case the relative orientation of the linear
analyzer with its adjacent quarter-wave plate remains the same. Thus, by producing an incident
beam of the correct rotation, only one analyzer is required for viewing beams in both transmitted
and reflected light. The arrangements shown give a ‘‘dark’’ field with zero stress in the disk, and
the relationship between the isochromatics visible in the disk under load and the induced relative
retardation is given by

& = nA. (2)
where:

=
]

the fringe order
the wavelength of the light producing the fringes.
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Reflective
Backing

& sy
c. Reflected light viewing (combined polarizer and analyzer).

Figure 1. Viewing systems for use with photoelastic glass disk transducers. (Arrows
indicate optical transmission axes of filters.)

Polariscopes used with the Photoelastic Transducer System

The instruments and viewing techniques used in the photoelastic transducer system have
] been designed to make operation as simple as possible, consistent with achieving precision ade-
quate for the engineering problem in hand. A variety of polariscopes have been designed, each
type being applicable to a particular form of transducer.




eany o rre———— R R L e L T —— S : 1

PHOTOELASTIC INSTRUMENTATION: PRINCIPLES AND TECHNIQUES 5

Simple hand-viewer

This is the simplest form of reflection polariscope. It consists of a sheet of plane-polarizing
filter and a quarter-wave plate. These are aligned with the polarization axis of the quarter-wave
plate at 45 degrees to the right (i.e. clockwise) of the axis of the plane polarizer. This arrange-
ment is protected by thin sheet glass and is held in a frame with a handle attached (Figure 2a).

é ‘ The viewer is intended for use with reflection transducers of the uniaxial disk type. If it is
held against the transducer with the quarter-wave plate between the plane polarizing filter and the
birefringent transducer the light incident on the transducer is circularly polarized and the observer
sees the reflected circularly polarized beam. The same filter arrangement thus serves both as

i polarizer and analyzer.
The isochromatic pattern is read to the nearest unit fringe order, sometimes with estimation
to the nearest half-fringe, the handle of the viewer being held in line with the direction of constraint
on the transducer.
b It is sometimes best to eliminate the isochromatic colors when making a simple line count.
This is done by introducing a red filter, so that the isochromatics are seen as black lines against

:_ a red background. In some instruments the simple polariscope is fixed permanently in place on |
‘ the transducer. The signal is then automatically displayed for observation when the transducer is

illuminated.

Stressmeter viewer

The stressmeter viewer (Fig. 2b) is used with transducers operating under transmitted polar-
ized light, with separate polarizer and analyzer, one on either side of the transducer. The viewer

Con gy
R | [
s

.,/////'///

¢

a. Simple hand-viewer. b. Stressmeter viewer.
Figure 2. Viewers.
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serves only as the analyzer. It consists of a plane polarizing filter and a quarter-wave plate, with
provision for rotating the filter relative to the plate. This rotation moves a scale on which 180
degrees is graduated into 100 units. The index of the scale is in line with the handle of the viewer
and is held in register with the direction of constraint of uniaxial transducers, or with the zero axis
of biaxial transducers.

Precision hand-viewer

The precision hand-viewer is designed for precision measurements with reflective tracsducers.
The polarizer and analyzer are mounted separately, one on each side of the central handle. The
polarizer consists of a combined linear polarizer and quarter-wave plate. It is mounted rigidly on
the handle to the observer’s right and has a cup into which an electric lamp can be inserted. In
mining applications the light may conveniently be provided by the headpiece of a miner’s cap. lamp
(Fig. 2¢).

The polarizer, together with the light cup, is hinged so that the beam of light can be easily
directed onto the transducer. The transducer is observed through the analyzer mounted on the
handle to the observer’s left.

The analyzer, with fixed quarter-wave plate and rotatable plane polarizing filter, is graduated
for goniometric (Tardy) compensation, 0 to 100% over a 180-degree half-circle.

Periscope viewers.

In certain applications of photoelastic transducers the transducer may be fitted in a location
that is either not accessible or too remote for direct viewing. Some of these installations may
require the polarizer and the light source to be mounted integrally with the transducer fitment. The
signal is then observed through a telescope, or a periscope, attached to the analyzer.

A typical example is the viewer designed for reading photoelastic gages on rock bolt dyna-
mometers mounted up to 15 ft above ground level (Fig. 2d). The light source and polarizing filter
are fitted on the head assembly of the periscope tube, which is made in sections coupled together
to give the desired length.

c. Precision hand-viewer. d. Periscope viewer.
Figure 2 (Cont’d). Viewers.
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The head of the periscope is placed against the dynamometer, and circularly polarized light,
incident upon the gage, is reflected back and down the tube to the analyzer and eyepiece unit,
where the signal is observed. A prism in the eyepiece brings the image of the signal out at a
convenient angle. The eyepiece also contains a quarter-wave plate and a rotatable plane polarizing
filter. The rotation is graduated to measure to 1.0% fringe order. A fixed-focus lens system in
the instrument gives suitable magnification, and a light filter gives monochromatic light.

Hiramatsu’'s reflection polariscope

Hiramatsu's polariscope, designed for use with his glass-insert stressmeters, is illustrated
in Figure 3a. White light from a miniature electric lamp is converged by a condenser lens and
converted into a polarized beam by a polarizer. The polarized light passes through a Babbinet
compensator and is reflected by a half mirror placed at an angle of 45 degrees to the light path.
The light is then projected into the photoelastic gage, which is of the reflective type. After being
reflected by the silvered end-plate of the gage the light reenters the viewer, passes through an
analyzer and is observed through an eyepiece.

The field of vision in Hiramatsu’s stressmeter viewer consists of colored parallel lines
arranged symmetrically on both sides of a straight line. Turning the dial of the compensator shifts
these lines. When the dark line is brought onto the crosslines in the eyepiece the retardation in
the gage is completely compensated. The scale reading on the dial then gives the relative retarda-
tion, one scale unit corresponding to approximately 500 A°.

Williams’ reflection polariscope

Williams constructed a reflective stress plug viewer fitted for goniometric (Tardy) compensa-
tion (Fig. 3b). The primary light source is either a miner’s cap lamp fitted into a cup with an ex-
tension to fit the light tube of the viewer, or alternatively a 12-v lamp with collimating lens as
shown.

Babbinet
Compensator
Unit

Polarizer
| Lens Element

L Light Source

a. Hiramatsu et al.**

Figure 3. Reflection polariscopes.
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Scale for
Goniometric
Compensator
Mirror
o
N-Polarizer N7
7 /
& Analyzer
Ya Wave Plate Light Source

b. Williams.”

Figure 3 (Cont’d). Reflection polariscopes.

The instrument consists essentially of two concentric tubes (an outer light tube and an inner
viewing tube) with a light source adaptor tube and an eyepiece. Light enters via the light source
adaptor tube and is reflected by a stainless steel mirror down the annulus between the light tube
and the viewing tube. An elliptical hole permits unobstructed vision down the central viewing tube.

Light reflected forward from the mirror is polarized by a plane polarizing filter annulus and
then passes through a quarter-wave plate which takes the form of a disk covering the front of the
instrument. These filters are protected by a glass disk and annulus. A second annulus of glass
at the mirror-chamber end of the light tube protects the viewing tube and supports it.

Light reflected from the stress plug reenters the instrument through the quarter-wave plate and
passes down the viewing tube, then through the central hole of the mirror to the eyepiece. An
analyzing polarized filter is fitted into the eyepiece which rotates on a tube fixed to the mirror
chamber. The tube carries a 0-100 scale graduated over 180 degrees, the eyepiece being fitted
with an index.

Application of Polariscopes — Fringe Counting

Integral fringe orders

The appearance of isochromatic fringe patterns in a disk under a series of diametrically applied
loads is illustrated in Figure 4. With monochromatic light the fringes appear black against a
colored background. The color depends upon the wavelength of light being used. With white light
the fringes appear colored, the color at any point being the complementary color minus those colors
corresponding to the wavelengths extinguished at a given retardation. The color usually taken for
the purpose of fringe counting is that produced by the extinction of the yellow part of the spectrum,
and corresponds to a distinctive purple band between the red and blue isochromatics. In photo-
elasticity this color is referred to as the tint of passage.
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4 S ©

Figure 4. System of fringe counting for a diametrically loaded disk.

It is clear from Figure 4 that the fringe patterns are always symmetrical with isochromatics
stacked on either side of the loading axis. The integral fringe order at the center of the disk is

obtained by counting the number of fringes from one edge to the center along the transverse diameter.

Fractional fringe orders are then measured by using either the Tardy system of goniometric com-
pensation or the Babbinet compensation technique.

Tardy compensation

In the Tardy system the analyzer is rotated to optically retard or to advance the fringe order
at the center of the disk, while keeping the two quarter-wave plates and the polarizer fixed in
their positions relative to the direction of loading. With the filter orientations shown in Figure 1a
and b the effect is to produce a complete wavelength retardation of the fringe order for 180 degrees
of rotation of the analyzer. For the case shown in Figure 1c the same effect is produced by a 90-
degree clockwise rotation of the combined polarizer and analyzer, again keeping the quarter-wave
plate fixed.

The operation of this technique when using a separate polarizer and analyzer is illustrated in
Figure 5 which shows fringe patterns in a disk before and after compensation. Figure 5a shows
the fringe pattern as it normally appears with the analyzer aligned vertically in the direction of
loading and the scale set at zero. Counting the fringes along the horizontal diameter, to one side
of the center, gives an integral fringe count of 2.0.

To obtainthe fractional fringe order the analyzer is rotated clockwise until the second fringe
is optically retarded to the center of the disk (Fig. 5b). The scale reading of 0.70 is then added
to the original integral fringe count, to give a total fringe order at the disk center of 2.7.

Hiltscher et al.'* have found that by aligning fringes along the arms of a 60-degree cross
marked at the center of the disk face, the fringe order can be measured to +0.005 fringe. For
practical purposes however, a reading accuracy of +0.02 fringe is normally acceptable. This can
be obtained by a relatively untrained observer with no marking on the disk.
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a. Before compaction. b. After compaction.

Figure 5. Tardy method of goniometric compensation.

Babbinet compensation

With the Babbinet method of compensation a variable amount of relative retardation can be
added to or subtracted from the retardation being measured, by introducing a separate birefringent
material into the optical system. This additional component normally takes the form of a pair of
quartz wedges which can be moved relative to one another by means of a micrometer screw.

3 When the birefringence in the double wedge is of opposite sign and equal magnitude to that at

: the: center of the disk, the region appears black. The number of revolutions required to obtain this
dark field therefore gives a direct digital readout of fringe order without the need to count fringes.
The technique is as accurate as the Tardy system. It is not widely used with photoelastic trans-

_ ducers in the Sheffield system. The Tardy system is preferred because of its simpler instrumenta-
1 tion.

Isochromatic fringe sharpening and multiplication

{ Two methods of modifying the fringe pattern in a birefringent material have been described
| by Post.*® They are particularly applicable to disk transducers as they improve the accuracy of
reading and also increase the sensitivity of the transducer.

Fringe may be both sharpened and multiplied by inserting a partial mirror on either side of a
birefringent model positioned in a standard circular polariscope. In fringe sharpening the mirrors
are parallel; their effect on light traversing the material is shown diagrammatically in Figure 6a.
At each mirror surface some of the light is transmitted but most is reflected back through the bire-
fringent material. (The rays have been drawn obliquely for clarity. In practice, normal incidence
is employed; the rays are then parallel and emerge from the same point.)

The net result of this system is that the emergent rays combine to produce sharp peaks in the
intensity/birefringence curve at integral and half-fringe orders. The entire fringe pattern is thus
sharpened, which allows the center of any particular fringe to be more accurately located. This
effect is illustrated in Figure 7 where a circular disk in diametral compression has been positioned
in a dark field circular polariscope. Under monochromatic light the pattern consists of narrow light
and dark fringes against a gray background.
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Figure 6. Light path through model and mirror system. (Full and dashed lines represent light
polarized in mutually perpendicular planes.) (After Post®.)

o e

Figure 7. Sharpened isochromatic patterns for circular
disk in diametral compression. (After Post®,)

The fringe multiplication technique differs from the above method in that the mirrors are in-

3 clined to each other at a small angle. The light path through the birefringent material and the

mirror system is shown at a greatly exaggerated scale in Figure 6b. Each ray emerges from the

mirror system in a different direction, according to the number of times it has traversed the material.

The technique involves isolating that ray corresponding to the desired sensitivity, bearing in mind

that the relative retardation is directly proportional to the total length of the light path. ]

It therefore follows that the fringe pattern in a disk transducer can be substantially altered by
incorporating partial mirrors in the optical system. Fringe sharpening allows a more accurate
assessment of the fractional fringe orders, and also presents the fringe pattern in a form more
suitable for automatic recording, should this be desired. For example, the disk may be scanned by
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a photocell mosaic and the output signal fed to an oscilloscope to give a display of isochromatics.
Brown and Hickson* have obtained repeatable readings of fringe order to +0.002 using a single
photocell in conjunction with a stabilized light source.

A disadvantage of the fringe sharpening method is that the peak intensity of the sharpened
fringe is much less than that of the normal isochromatics, by an amount depending upon the optical
properties of the mirrors. For example, it can be shown that for high reflectance mirrors (typically
having non-adsorbing dielectric coatings with a reflectance of 0.90) the peak intensity of the
sharpened pattern is only about 5% that of the normal peak intensity. In practice this disadvantage
can usually be overcome by using a brighter light source.

With fringe multiplication the loss of light intensity is even more severe than with fringe
sharpening. The magnitude of the loss depends primarily upon the reflectance of the mirrors and
the number of times the observed light passes through the birefrinigent material. However, for
typical values of these two parameters, the theoretical estimate of light intensity is less than 1%
of that associated with standard isochromatics.

If the birefringent disk material is polished plate glass, the parallel partial mirrors required
for fringe sharpening can be easily incorporated by directly coating both faces of the disk. For
fringe multiplication, on the other hand, one of the disk faces must be reground and polished before
coating. Alternatively, a separate partial mirror is required to obtain the necessary nonparallelism
of the reflecting surfaces.

ANALYSIS OF THE TARDY SYSTEM OF COMPENSATION

In the classical Tardy compensation method the crossed polarizer and analyzer plates are set
parallel to the stress axes of the specimen, and a pair of ‘‘crossed’’ quarter-wave plates are inter-
posed at 45 degrees to those axes. One quarter-wave plate is inserted between polarizer and

specimen and the other between specimen and analyzer, forming a crossed circular polariscope
arrangement (Fig. 1a).

The light is thus circularly polarized before entering the specimen and, provided that the
relative position of the polarizer and its associated quarter-wave plate are maintained, no specific
alignment would appear to be required between these filters and the rest of the system.

As long as the stress axes in the specimen (Fig. 1a) are horizontal and vertical, compensation
to an integral fringe value can be achieved by rotating the analyzer until the point under observa-
tion is either black (monochromatic light) or exhibits a tint of passage (white light). The angle by
which the analyzer has to be rotated to produce this effect is then equal to either half the angular

phase difference produced in the specimen (¢/2) or its complement (180-¢/2), depending upon the
direction of rotation.

For photoelastic specimens with a more complex stress system, with varying stress directions,
the complete polariscope is normally rotated with respect to the specimen, so as to obtain align-
ment between the analyzer axis and one of the stress axes before compensation is attempted. It
will be shown, however, that it is the alignment of the analyzer and its associated quarter-wave
plate only which is important in this respect.
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Effect of Variations in Polariscope Design

Commencing at the illumination source, the light is initially nonpolarized, vibration occurring
randomly in directions normal to the light path. This light then passes through the polarizer, and
plane polarized light with a vertical vibration plane then enters the quarter-wave plate (Fig. 1a).

Referring to Figure 8a, b let OS be the plane of vibration of the polarizer, and let OX, OY be
the principal axes of the quarter-wave plate set at 45 degrees to that plane. Within the quarter-
wave plate the initial vibration plane is resolved into two components, in the planes OX and OY.
These vibrations are mutually at right angles and of equal amplitude, one being retarded by a
phase angle of 45 degrees with respect to the other.

The axes of the quarter-wave plate may be set in either of two ways. In Figure 8a OX is the
‘““fast’’ axis of the quarter-wave plate and OY the ‘‘slow’’ axis, i.e. the vibration on the OY axis
is retarded by 45 degrees with respect to that on the OX axis. In this case the resulting circular
polarization vector rotates in a counterclockwise (positive) direction, when observed towards the
light source.

In Figure 8b the fast and slow axes of the quarter-wave plate are reversed and the rotation is
clockwise (negative). In both cases therefore the phase difference between the rays emerging from
the quarter-wave plate is 45 degrees, or #/4, except that in Figure 8a the OX vector leads OY by
45 degrees and in Figure 8b the OX vector lags OY by the same amount.

The circular polarization resulting from this arrangement of polarizer and quarter-wave plate
can be resolved into two sets of vibrations mutually at right angles and oriented in any direction
about a line perpendicular to the plane of Figures 8a and b, in which the slow ray lags the fast
ray by 45 degrees. In effect, no particular orientation of the polarizer and its associated quarter-
wave plate is required with respect to the photoelastic specimen and the analyzer section of the
polariscope.

Slow Fast
x-axis _y-axis y-axis _x-axis
7 /N
/ \ \
/ \ / \L
k" \zr/ N 7
A ¥ \ /
Nz \__;/
Case A Case B
a. Vector rotation counter- b. Vector rotation clock- C.
clockwise (positive). wise (negative).

Figure 8. The effect of variations in polarizer design.
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However, correct orientation between the polarizer and its quarter-wave plate is esseatial.
This conclusion is of vital importance in the use of many photoelastic measuring devices, especially
when the polarizer, as part of the device, is embedded in the structure under examination and thus
is in a position where it cannot be adjusted. In any case, where such gages are used, accurate
alignment to an unknown stress direction cannot always be predicted before the gages are set, and
the stress direction may change during the measurement period.

T T
]

Suppose the polarized light impinges upon a loaded specimen of transparent material having
the property of temporary birefringence, and having its stress axes vertical and horizontal. Con-
sider the case in which the fast axis of the specimen is vertical and the rotation of the incident
i circularly polarized light is positive (Fig. 8c, Case A.) Let the circular polarization be resolved

so that the fast or leading ray vibration coincides with the slow axis of the specimen, and the
slow or lagging ray coincides with its fast axis.

The fast ray, initially leading the slow ray by a phase angle of 45 degrees, is now retarded
by the stressed specimen by an amount ¢ (phase angle) which is dependent upon the specimen’s
thickness, the stress/optical properties of the specimen material, the applied stresses, and the
wavelength of the light.

The emergent components are thus altered so that the lead of the fast ray is reduced to (45%¢).
The light leaving the specimen therefore consists of two components of equal amplitude having an
arbitrary phase difference, in which condition the general form of the vibration is elliptical (Fig. 9).

| Slow Axis
of Model 5

Fast Axis
of Model

Figure 9. Development of elliptical polarization from circular polarization
in a stressed photoelastic specimen.
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Direction of specimen fast axis Direction of specimen fast axis
Horizontal Vertical Horizontal Vertical
! a. Positive Polarizer b. Negative Polarizer

Figure 10. Vector orientation and rotation of ellipse.

The axes of this ellipse can only lie at 45 degrees to the stress axes in the specimen. At
special values of ¢ the ellipse can become a straight line or a circle. The direction of rotation of
the vector is the same as that of the circular generators in the example shown, but assumes an
opposite direction for certain ranges of ¢.

Consideration of the vector system with a polarizer setup as shown in Figure 8c and a similar
stress system applied to the specimen, in both cases with the fast and slow axes of the specimen

interchanged, gives the results shown in Figure 10, the retardation in the specimen being kept
constant. The light emerging from the specimen passes on to the second quarter-wave plate, the
axes of which are set at 45 degrees to the stress axes of the specimen, i.e. parallel with the axes

of the ellipse.

Consider the case of Figure 10a showing a positive rotation polarizer and a specimen loaded
¢ so that the vertical axis is fast. Figure 11a shows the elliptical vibration and the generating
circular vibrations superimposed. Figure 11b shows the relative positions of the vibration planes
within the analyzer quarter-wave plate.

Referring to Figure 11b, on entering the quarter-wave plate the elliptical vibration is resolved
into two components at right angles, 0Q and 0Q', in which OQ leads OQ' by a phase angle of 45
degrees. In traversing the plate arranged with its fast and siow axes as shown in the figure, the

vector 0Q is retarded with respect to OQ' by 45 degrees, i.e. on leaving the plate the vectors are
in phase and the light emerges as a linear vibration OP'.

In order to produce extinction when viewing with monochromatic light, or to see a tint of pass-
age when viewing with white light, the analyzer with its vibration plane initially on the line of OX
must (using clockwise rotation) rotate through the angle BOA, so that its vibration axis lies per-
pendicular to the plane defined by OP"'.

In Figure 11a the time for the vector to describe the arc KT of the ellipse KLK'L' will equal

that for describing TL (K and L being symmetrically placed with respect to T). That is, arc XM
equals MR. Thus angles MOX and MOR are equal and have the value % (45°-¢).

In Figures 11a and b

0Q - OT =-VBON
OP' = OP =V20X =VROM
MNO P'QO = 90 degrees

therefore triangles QOP' (Fig. 11b) and NOM (Fig. 11a) are similar.
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Thus

MON

#

P'0Q - (45°_§)
Further,
QoA - Poa - 4-%)

and
BOA = 450__(450_125)
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Figure 11. Elliptical vibration (a) and the generating ! &
circular vibration superimposed (b).
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That is, the angle through which the analyzer must rotate in a clockwise direction to give extinc-
tion and to compensate for a retardation of ¢ in the specimen is ¢/2 when the polariscope is
arranged as described above.

In an unstressed specimen ¢ is zero and the circularly polarized light beam entering the
specimen leaves it to arrive at the analyzer quarter-wave plate unchanged. The ellipse then be-

comes a circle, and OP' (Fig. 11b) lies along OY. The analyzer in the zero position thus passes
no light and the field appears dark.

Stress applied to the specimen,as shown in Figure 8c, results in integral fringe orders being
observed, and a clockwise rotation of the analyzer causes a decrease in observed fringe values.

Coker and Filon® determined that for glass under load the fast axis corresponds to the principal
stress direction having the greatest compression. In the case of biaxial tension, the principal
stress direction showing the least tension would be the fast axis.

Thus the case illustrated by Figure 10a could represent a glass specimen under compression
about a horizontal axis. The polariscope considered could therefore be used to measure fractional
fringe orders in a specimen stressed in this way, provided always that the analyzer is rotated
clockwise to measure the fraction. With this arrangement it is possible to dispense with the degree
scale normally used with polariscope analyzers, and replace it with a 0 - 1.0 scale divided equally
in fractions of a fringe and extending over an arc of 180 degrees.

Positive and negative circular polarizers

Consider a polariscope set up as in Figure 1a to observe a glass specimen under a horizontal
compressive load. We have seen that integral fringe orders are observed and that clockwise rota-
tion of the polarizer results inthe observed fringe orders decreasing to a lower-order tint of pass-
age. The effect of changing the positive circular polarizer for a negative type is shown in Figure
10a, b.

Assuming that initially the specimen is under no stress, the negative circular polarization is
transmitted unchanged and the emergent rays are unaffected by the specimen. This means that the
axis of vibration of the plane polarized light emerging fromthe quarter-wave plate is horizontal.
Light thus passes through the analyzer when it is set in the zero position, and the fringe orders
observed when the specimen is stressed are half-order colors. If the stress on the specimen is
increased above the zero level, rotation of the analyzer in a clockwise direction, while maintaining
a constant compressive stress,results in a lower fringe order being observed.

Orientation of the specimen

Rotating the polarization specimen under compression through a right angle rotates the ellipse
through the same angle (Fig. 10a). The fast and slow axes of the specimen are interchanged.

Figure 12a shows that, with no stress, the extinction plan coincides with the OX axis, the
vibration plane of the analyzer. That is, a dark field is observed at zero stress and the fringes
observed when the specimen is under stress are the integral fringe orders.

A (180°-¢/2) clockwise rotation of the analyzer is now required to increase the observed
fringe order to the next higher integral value, in the process of compensation.
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Figure 12. Reversal of fast and slow axes intension and compression.

Compressive and tensile stresses

Maintaining the stresses in the original (horizontal) direction and replacing the compressive
stress with an equal tensile stress also reverses the fast and slow axes of the specimen. The
position of the analyzer is then exactly the same as that shown in Figure 12a. Again,the integral
fringe orders are visible, and in the process of compensation a clockwise rotation of the analyzer
by the amount (180°~ ¢/2) is required to increase the observed fringe order to the next higher in-

teger.

In both these cases the original procedure of having to rotate the analyzer through an angle
¢/2 to gain extinction with a decrease in observed fringe order to the next lower integral value can
be used by merely rotating the complete analyzer assembly through 90°.
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b

| Axis of the analyzer quarter-wave plate

f 3 Referring to Figure 11b, interchange of the slow and fast axes of the quarter-wave plate in the

1 analyzer results in the vibration plane of the plane polarized light leaving the quarter-wave plate

' and entering the analyzer lying on the OP'" axis (Fig. 12b).

In the condition of zero stress the ellipse becomes a circle and OP*' lies along the OX axis.
When the analyzer is placed in the zero position a bright field is observed, and when stress is ]
applied to the specimen, half-order interference colors are seen.
With clockwise rotation of the analyzer an increasing value of ¢ results in a decrease in the
rotation of the analyzer required to give extinction. This rotation increases the fringe order to the
: next higher integral value above that initially seen.

Axis of the analyzer

Referring again to Figure 11b, if the zero position of the analyzer is rotated through 90° the
new zero position and vibration plane of the analyzer will correspond with the axis OY.

Zero stress in the specimen will result in OP* lying along this axis. The field will therefore
be bright, and when the specimen is stressed half-order colors will be seen. If the stress increases
the angle ¢ will increase, and correspondingly larger clockwise rotations of the analyzer will be
required to give extinction.

Therefore, clockwise rotation of the analyzer results in the observed fringe order decreasing
until, at full compensation, the observed color is the tint of passage at the next lower integral
order below the fringe value initially seen.

General Behavior of Transmission Polariscopes

In the foregoing discussion the behavior of a single polariscope setup has been analyzed,
together with the effects of making a series of individual alterations to the original arrangement.
More than one of these changes could be incorporated at any time into a single instrument.

In Figure 13 the effect of all possible arrangements of a transmission polariscope are sum-
marized.

Behavior of Reflection Polariscopes

Comparison of Figures 1a and b shows that the arrangement of polarizer and analyzer is the
same. Therefore, if no phase change occurs at the reflection surface on the back of the photo-
elastic disk the reflection instrument (Fig. 1b) will behave identically with the transmission polari-
scope (Fig. 1a).

In Figure 1b the polarizing arrangement gives circular polarization with a positive vector ro-
tation incident upon the transducer. If the transducer is not loaded this circularly polarized light
undergoes a phase change of 90 degrees at the rear of the reflective transducer, so that the emer-
gent light is circularly polarized but has a negative vector rotation.

Passage of this light through the analyzer quater-wave plate results in a horizontally polarized
beam, which passes through the analyzer when the latter is in its zero position. A bright field is
then observed. If the specimen is placed under load, half-order colors are seen.

bl 2.
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Figure 14. The behavior of reflection polariscopes. Axes marked on linear polarizing filters are
vibration axes. Axes marked on quarter-wave plates and photoelastic specimens are fast axes.
(Atter Williams®. )
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When under stress, the specimen modifies the original phase difference of 45° produced by the
quarter-wave plate in the beam incident upon its surface by an angle ¢. The light reflected at its
rear surface is then elliptically polarized. Again, a phase change of 90 degrees occurs, and again
the effect is a reversal in the direction of rotation of the light vector, with no change in the shape
of the ellipse. The light so reflected then returns through the specimen over an equal path length,
during which an additional phase change of 45 degrees occurs.

The sensitivity of the system is thus double that of a transmission system using a specimen
of the same thickness, while the behavior of the polariscope is similar to that of a transmission
polariscope with a polarizer of opposite sigh.

It thus becomes possible to deduce the behavior of the various possible arrangements of the
reflection polariscope system (Fig. 14).

TRANSDUCER SYSTEMS

Uniaxial Photoelastic Line Count Transducer

Classical stress distribution in a circular disk under diametral compression

To determine the type of fringe pattern produced in a diametrically loaded disk it is first
necessary to consider the stress distribution within the disk. The two-dimensional solution for
the case where a circular disk is compressed by two diametrically opposite point loads is well
known. In particular, Frocht'* has given the stress distribution in terms of rectangular coordinates,
using the notation shown in Figure 15, in the following form:

N D 2
g, =~ - Ra L S (compression negative) 3)
nt rd rd D
[ 2
[ 3 3
oy = = 2P [@-y)”  @wy)°® 1 @)
nt ] roi rg D
oy 2
ay = iTP [(a yl LA (a+y1 x| (5)
ri Iy
For points on the x-axis,these equations become
2 _ 40272
ge e DB ] ®
ﬂtD 2 o 4x2
4
PPN | .l TN 0
y ntD (D2 @ 4X2)2
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+ve: tensile
fp -ve: compressive

Figure 15. Rectangular stress components in a
circular disk under diametral compression.

rxy =0 . (8)

It is therefore evident that o, is always tensile and o_ is always compressive along the entire
x-axis, and that both stresses reduce to zero at the circumference.

The maximum stresses are developed at the center of the disk:

2P |
oy e 9 |
% atD )
|
; = e 10 |
§ % atD 0 |
The stresses on the y-axis are:
2P |
= 11 |
x atD s |
oy o S [ e e S (12)
y nt | D-2 D + 2 D |
ey ® 0. (13)
# The classical theory therefore predicts a constant horizontal tension along the entire y-axis, and
it implies infinite compressive stresses at the loading points.

Equation of isochromatics é

Recalling the basic definition of a fringe or isochromatic curve as the locus of points of maxi-
mum and constant shear stress, the principal stress difference may be written as: |

01—02=H
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where H is a constant, or

H? = (o -0))® + 41 . (14)

Substituting values from eq 3, 4 and 5 into eq 14 gives

4Pz (% + 8% 4 §5° - 4aty® (15)
ntH 32 |5 x2 Ry Y2

Equation 15 represents a family of bicircular quartics all passing through the two points of loading.

It now becomes convenient to introduce the fringe order n by observing that, from eq 1 and 2,
H=01"02=a-. (16)

Equation 15 may then be written in the form

2 2 Ne o2
d @ +2 +y)y -4ay 17
n az_xz__yz
where
J=4PaC
A

and is constant for any given disk under a specific load.

The degree of agreement between theory and experiment is shown in Figure 16, which illus-
trates the observed fringe pattern in a plastic disk under a given diametral load, together with the
theoretical fringe pattern corresponding to the same load. In this instance the fringe order at the
center of the disk is 3.0.

The only discrepancy between the two patterns is that some of the observed fringes do not
pass through the loading points in the two highly stressed zones. This can be explained by noting
that the actual compressive load is applied over a finite width, due to flattening of the disk. This
has the effect of displacing the zone of maximum shear stress away from the boundary.

It is important to note that the locus of the zero fringe, obtained by putting n = 0 in eq 17, is
described by a® - x2 4 y2, which also defines the circular boundary of the disk.

It therefore follows that, except at the loading points, shear stresses vanish at this boundary
and the zero fringe is always present irrespective of the magnitude of the applied load. This dark
zero fringe produced under a crossed circular polariscope is clearly evident in Figure 16.

During compression of the disk, fringes are generated at the two loading points; each succes-
sive pair of fringes approaches the center of the disk, merges temporarily, and then separates by
moving outward toward the disk boundary. As these fringes can never reach the boundary, they
stack along the x-axis.

One further consideration concerns the fringe order at the center of a diametrically loaded
disk. Putting x = y = 0 in eq 17 and substituting for J gives

. (18)

o st g e
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y

a. Observed. b. Theoretical.

Figure 16. Fringe patterns in a disk under diametral compression.

where
D = the disk diameter
C
and A - % , a constant for a given disk material and light wavelength.
- .

Thus for any given disk viewed under transmitted polarized light of a given wavelength, the
fringe order at the center of the disk is directly proportional to the applied load, inversely
proportional to the diameter of the disk and independent of the thickness of the disk.

For reflected light viewing the length of the light path is twice that for transmitted light viewing
and eq 18 becomes
2AP

5=

(18a) 1

Thus a disk viewed under reflected light has twice the sensitivity of the same disk viewed under
transmitted light.

As will be shown later the single glass disk can be used extensively as a photoelastic trans-
ducer, particularly as the fringe order at the center of the disk can be determined with a consider-
able degree of accuracy.

Uniaxial Central Fringe-Order Transducer

Hiramatsu’s uniaxial stressmeter

As an alternative to the diametrically loaded disk described above, the stress birefringent
material can be loaded so as to have a more or less uniform stress distribution. The fringes then
appear as areas of uniform color which can be related to the applied load. Hiramatsu'’ has used
such a system in which a solid cylinder of glass bonded into a body was used to monitor uniaxial 1
stress changes.

As a practical tool for measuring, one of the greatest disadvantages of such a technique is that
the fringe orders are transient, so that identification of the specific fringe value at the time of

b o it et it it SN G o d
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observation may present problems. It is generally much more satisfactory to use transducers in
which the successive fringes ‘‘stack up,”’ so that a fringe count can be made from the zero datum.

Dowty pit-prop load cell

The Dowty pit-prop load cell is an example of a simple load indicator in which a birefringent
material is bonded into a steel housing. The indicator was designed by Messrs Dowty Mining
Equipment Ltd., as a fitment to indicate load on a cylindrical steel pit prop.? It consists of a
circular steel cap 1.125 in. outside diameter which is welded into a hole drilled into the wall of
the pit prop at mid-height.

The back face of the cup is a diaphragm 0,020 in. thick with a hole 0.375 in. square at its
center. A disk of birefringent plastic 0.120 in. thick is fixed to the diaphragm, using reflective
ceient, so as to cover the hole. It is important that the plastic disk not touch the walls of the
cap at any point and that it completely cover the square hole (Fig. 17).

When the pit prop is loaded the hole containing the load indicator deforms, and the deformation
is transmitted to the cap through the weld. The square hole in the diaphragm acts as a stress
raiser and the stress concentrations which result are transmitted to the birefringent plastic through
the adhesive bond.

When viewed through the reflection 2and viewer polariscope the interference fringes identify
the loads on the prop by direct calibration. The appearance of the fringe pattern is shown in
Figure 18.

Measurements can be refined by compensating between the integral fringe orders. However,
the primary objective of this load cell was to provide a general indication of load at increments of
5 tons over the range 0-20 tons. For this purpose a simple hand viewer without compensation suf-
fices. The characteristics of the optical signal are easily distinguishable at each 5-ton increment.

Locoting Flonge

wall /&’0 |25“

h
91?;5’7032 Birefringent plastic
0.C2C" thick disk 0.120" thick

Adhesive bond

L

Type A Type B(Type A mc ified)

Figure 17. Dowty pit-prop load cell. (After Braiden.?)
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Figure 18. Optical scale of Dowty pit-prop load cell. (After Braiden?.)

Uniaxial Photoelastic Strain Gages

Oppel’s linear strain gage

A linear strain gage operating on photoelastic principles was designed and introduced by
G.U. Oppel in 1956 (Fig. 19a). It consists of a thin strip of stress-birefringent plastic into
which parallel interference fringes have been ‘‘frozen’’ by causing the plastic to polymerize under
a condition of strain.

Strain of the surface to which the gage is cemented (at its ends only) is conveyed to the gage
and observed as lateral displacement of the fringe pattern. The sensitivity of the gage depends
directly on the stress optic coefficient of the plastic and its thickness calculated by equation 1.
A typical gage would be designed to give a displacement of one fringe order for a strain of 1000
microinches per inch. The gages are available in a range of lengths and sensitivities. The maxi-
mum sensitivity ranges from 15 to 50 microinches per inch.
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a. Oppel®, b. Hawkes',
Figure 19. Linear photoelastic strain gages.

Hawkes’ linear photoelastic strain gage

Hawkes described his uniaxial photoelastic strain gage (Fig. 19b) in 1968'%. It consists of a
strip of stress-birefringent plastic (A) with a reflective backing (C). This strip contains a central
hole (B) backed by a layer of PTFE non-stick tape. In use the two ends (D) are cemented to the
surface under observation. Any subsequent strain is revealed as an isochromatic fringe pattern
when the gage is viewed by reflected polarized light. The precision hand viewer is used for this.
The interference fringes visible in the gage under strain are shown in Figure 20.

Characteristics of the Hawkes linear photoelastic gage

The stress distribution around a hole in a strip subjected to uniaxial stress, 04, is given by

o 2 4 2
o PR 1_b_ il 1+i—3b— cos 26 (19)
2 r2 2 ré 2
o 2 4
00=—!l+b——11- 1+-:l cos 26 (20)
2 r2 2 rt
9y 3b4 2“2
g =1 = ——_ —)si :
() 2( r‘ + 2 )sm 20 21
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*Fringe reoding poin
| Fringe 2 Fringes
Q. b.

F——.—-—-—-——T -—

2.5 Fringes : 3 Fringes
c. d.

Figure 20. Fringe patterns displayed by Hawkes’ linear
photoelastic strain gage under load. (After Hawkes'?)

the tangential stress

the applied stress

the radial stress

the radius of the hole in the gage

the radius of the point being considered

the angle of the point being considered, from the axis of the strip.
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The maximum shear stress for any point r,  is given by

2 2
00 - g
P 2—' + '1?0 (22)

It can be shown that the shear stress at any point in the gage is directly proportional to the
axial strain in the gage at that point.

On a line making an angle of 45 degrees with the axis of the gage the shear stress reaches a
maximum value at a distance from the center of the gage of r = b \/3 . This gives four precise
points of fringe identification (Fig. 20). Operating the precision hand viewer by the Tardy compen-
sation technique, holding the handle of the viewer in line with the axis of the strain gage, precise
readings may be taken over a range of at least six fringes and within +2% fringe order.

The sensitivity of the gage is directly proportional to the thickness and the stress-optic con-
stant of the plastic. The gages currently in use have a sensitivity of 345 microstrains per fringe
in white light, and 380 microstrains per fringe if the isochromatic colors are removed with a red
filter.

Biaxial Photoelastic Gages

Oppel’s biaxial strain compass

Oppel'’s biaxial photoelastic strain gages, sometimes called ‘‘strain compasses,’’ take the
form of a circular plate with a hole at the center (Fig. 21a). A circular fringe concentric to the
hole is frozen into the gage by allowing it to polymerize while under strain. In use the gage is
bonded around its periphery to the body being studied. When the gage is strained the hole acts as
a stress raiser and the circular fringe is distorted. A scale is provided on the face of the gage,
and by use of a calibration chart the directions and magnitudes of the principal stresses in the
underlying body can be roughly determined.

Oppel’s gages are capped with polaroid and quarter-wave filters so that only the application
of a light source is necessary to take a reading. This is often convenient, but the system lacks
the refinement possible with viewers fitted for Babbinet or Tardy compensation. More precise
readings are possible using optical equipment and oil immersion, as described by Zandman®*'.

Hawkes’ biaxial strain gage

In the Sheffield photoelastic transducer system biaxial gages have been applied in three forms:
1) hollow cylindrical glass inclusions, 2) hollow cylindrical plastic or ‘‘low modulus’’ inclusions,
and 3) flat circular disks of plastic with a central hole. The latter are Hawkes’ biaxial photo-
elastic strain gages'’. The Hawkes gage is cemented around its periphery to the surface of the
body under examination. Although the dimensions may vary, the internal/external diameter ratio is
maintained constant at % (Fig. 21b).

The isochromatic fringe patterns formed on such a gage when it is attached to a body under
load and observed under polarized light are shown in Figure 22. The data required from these
patterns are the directions, magnitudes, and signs of the major and minor principal strains.

Thecry of the photoelastic biaxial strain gage

The theory of the photoelastic biaxial strain gage is described by Hawkes in the
following terms**:

J '
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f
Reflected
light

Circular gage
e

Polcriz ing
film compound

b. Hawkes'*, Biaxial gage (a, b), front and back views; soft inclusion
gage (c, d), with and without front and back sleeves.

Figure 21. Biaxial strain gages.
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Figure 22. Isochromatic fringe patterns in an annular strain gage.
Numbers refer to fringe order; 7 (stress ratio) = 0,/0 ;.
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<t
Oy, 0y Gage €y, €, Gage
b Lt Yo Sx
Prgq Body} Steses € ,€2 BOGY}S"O"‘

Figure 23. Stress and strain in an annular disk bonded
around its periphery to « body under load.

Consider an annular disk bonded to the surface of an isotropic body under biaxial stress
(Fig. 23). The principal stresses p and g acting in the plane of the surface give rise to two prin-
cipal strains € and €0 where

1
€ =—E—-(P-.Vh‘1) (23)
h
and
1
g g @ = vyl (29)
h

where E, and v, are the Young’s modulus and Poisson’s ratio, respectively, of the body. The
strain ratio L in the host material is defined as
€ @ - vy, P
I islis b

(25)
€y P =P

and L varies from v, to 1 as the stress ratio varies from uniaxial to hydrostatic.

The strains ¢, and ¢, are conveyed through the cement annulus to the body of the disk, where
they set up stresses oy and oy given by:

E, :
o, = €. + Vv, €)
y (l—Vg) 1 g 2
E
L (1 + v L) (26)
1 -vp

7
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ax = g ((2 + Vg 51) :
a1- Ve
E
Sl i ST PR @7
a-vd)

where Eg and Ve are the Young’'s modulus and Poisson’s ratio, respectively, of the disk material.

| . The stresses o, and o, in the disk are now subjected to a stress concentration by the central
hole, and the stresses o, , o9, and r,4 in polar coordinates, at any point, are given by

a =(f§_+ﬁ) -b_2 + (ox 5 ay) 4% ¥ G cos 20 (28)
3 2 22 2 2 rt

o, + O 2 a, — O 4 ‘
00:(_5__31) PR VY . S A Y PO cos 20 (29) ‘

o, — O 2 4
y x 2b 3b .
r'9=( 5 )(1+ = ———4) sin 26 (30)

r

where
o, = radial stress comiponent

gg = tangential stress component
% = shear stress

b = hole radius

r = radius of any point in gage

@ = angular displacement relative to major principal stress axis.

The relationship between the maximum shear stress Tmax 30 point r, 6 and the birefringence ]
under a crossed polariscope is given by: 1

o, - og\® » Egn A
5 P 31
"Onax \/( 2 ) T A K e

isochromatic fringe order

wavelength of the light (2.27 x 107 in. for white light)
strain/optical coefficient of the disk* 1
thickness of the disk (length of light path = 2t). 1

where

-~ = > =
[} [} [}

*For plastics it is usual to use the constant K as the material constant rather than C, where
K= (E‘C)/(l + vg).
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When @ = 0° or 90° the relationship between the principal stress difference and the birefringence
is given by:
l'.‘g nai

3 LR 32
= (T g) 26K @2)

From eq 25 — 31 it is possible to derive the complete distribution of the isochromatic fringes formed
in a biaxial gage of given material properties when stress is applied to the body to which it is
attached.

Analysis of the isochromatic fringe pattern

The distribution of the lines of constant principal stress difference (isochromatic fringes) in
a biaxial gage under strain is symmetrical about two axes, given by § = 0°and 90° (Fig. 22). The
strain directions can therefore be obtained immediately by noting these directions of symmetry.

The direction of the major principal strain is identified by the alignment of two isotropic points
(points of zero shear stress) which move outward as the strain ratio increases, until they are ulti-
mately lost at the edge of the disk.

Magnitude of major principal strain

To determine the magnitude of the major principal strain, some optimum point in the disk must
be specified at which the fringe order can be read. The two requirements governing the selection
of the optimum points for reading are:

1. To give greatest possible sensitivity, it should be as close as possible to the point of
maximum principal stress difference.

2. At the optimum point, variations in the magnitude of the minor principal strain should have
no influence on the principal stress difference.

From eq 29 — 31 the point of maximum stress difference in a disk can be shown to be at the
edge of the central hole, on the axis of the minor principal strain:

(00 - al.)m“ = 3”y - oy

The minor principal strain axis is easy to identify, which makes it an ideal line along which
to count the fringes. Figure 24, derived from eq 26 — 29, gives the principal stress differences
along the minor strain axis for maximum and minimum values of the principal strain ratio in the
body to which the disk is bonded.

The principal stress difference is directly proportional to the Young’s modulus of the disk
material, and to the major principal strain magnitude. In the example shown in Figure 24 the
Poisson’s ratio of the disk material is taken as 0.38. For this ratio there is a point on the minor
axis, at a distance of 1.83b from the center, at which the stress difference is independent of the
strain ratio.

A reading of the isochromatic fringe order at this optimum point can therefore be related di-
rectly to the magnitude of the major principal strain, without reference to the magnitude of the
minor principal strain,

N S,
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Figure 24. Principal stress difference along the minor strain axis

Figure 25. Optimum distance ratio vs Poisson’s ratio of gage material.

35

The location of the optimum fringe order reading point is dependent only on the Poisson’s ratio
of the disk material. Figure 25 shows how the optimum point N p moves as the Poisson’s ratio

Below a Poisson’s ratio of 0.35 there are two optimum points, representing a double intersec-
tion of the curves of principal stress difference plotted in Figure 24. Also shown in Figure 25 is
the scatter band representing the accuracy with which the optimum point must be located, so that
when the strain ratio changes from —0.38 to 1.0 the variation in stress difference is limited to +2.5%
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In the normal range of possible disk materials v, = 0.25 to 0.4. This represents a distance of
+0.05 N_ and for a disk with a central hole radius of 0.2 in. the optimum point N p must therefore be
located to within +0.01 in.

To ensure accurate location of the optimum point within these limits a soft, opaque plastic
collar, having a radius commensurate with the point distance, is fitted into the central hole of the
disk. The isochromatic fringe order is established at the edge of the collar.

The magnitude of the stress difference at the optimum point, for disks having different Poisson’s
ratios, together with the scatter possible when locating the optimum point to within +0.01 in., is
given in Figure 26. The possible errors in the values of stress difference are greater for the optimum
points close to the edge of the hole (curve B) than for those farther from the edge (curve A).

Most of the elastomers used in the manufacture of the gages have a Poisson's ratio greater
than 0.3, so that the possibility of using the optimum points represented by curve B (Fig. 25, 26)
does not arise, even if this were desirable. The scatter in observed values of stress difference for
curve A (Fig. 25) represents a possible error of +4%, with the given tolerance in location of the
optimum point.

The theoretical position of the optimum point, and the sensitivity (fringe order/principal strain
magnitude) for any disk material, can now be calculated from Figures 24 and 25. For example, con-
sider a gage having a central hole diameter of 0.375 in., a thickness of 0.132 in., a Poisson’s ratio
of 0.32, and a K factor of 0.14, illuminated by white light (wavelength A = 2.27 x 1075 in.).

From Figure 25 the optimum point is located on the minor strain axis, 0.32 in. from the center
of the gage. From Figure 26 the stress difference at the optimum point is 10.3 Eg € 10~2, From
eq 32 we have:

Egn/\
0B E e, x P e
8 A+y) 2K

The major principal strain magnitude €, per fringe is therefore given by:

; A x 102
1 (1+v,) 2tK 103

455 x 10~ strains/fringe .

The sensitivity is independent of Young’s modulus for the disk and the radius of the central
hole.

Magnitude of minor principal strain

To determine the magnitude of the minor principal strain it is necessary to measure some para-
meter that is independent of the major principal strain and which only varies as the ratio between
the major and the minor principal strains.

Along the principal strain axis in the gage there are two points at which the stress difference
is zero and therefore independent of the strain magnitudes. Figure 27 gives the relationship be-
tween the strain ratio L and the zero stress difference ratio N0 for various values of the Poisson's
ratio of the disk material.

The shaded area above a strain ratio of 0.6 indicates the general region in the disk where the
zero stress difference point is not distinct and where it merges into a general background of very
low stress difference. Also given in Figure 27 are the experimentally derived relationships for the
disk (Hawkes and Moxon'*). There is close agreement between the results of the experimental and
theoretical studies.
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Figure 26. Principal stress difference at the optimum point
vs Poisson’s ratio of the gage material.
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It is not possible to derive the magnitude of the minor principal stress from Figure 27 with the
same degree of precision as the major principal strain, especially as the strain ratio must be esti-
mated above 0.6. In practice it is usually the major stress which is the more important. If an
accurate value for the minor strain is required it must be obtained by using a solid disk, again bonded
around its periphery to the body.

In this case the disk will be under a uniform stress, giving a constant fringe order over its
area. From eq 26 and 27 we have:

o a-L) = o2 @3)
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As ¢ 1 the major principal strain, can be obtained accurately from the annular disk the value
of the stram ratio L can now be obtained directly, using eq 33, in terms of the fringe order n in
the disk.

Photoelastic Inclusions

When considering the virgin state of stress in a solid material, such as a rock mass or a con-
crete structure, it is convenient to think in terms of three principal stresses, one of which is assumed
vertical.

The experimental determination of the magnitude and direction of stress changes within a solid
mass presents many problems. Gaining access to the measurement point and fixing instruments
may be difficult. Most conventional stress analysis techniques are based on the application of
direct linear strain measurements. When the material under examination exhibits nonlinear stress-
strain characteristics, and viscoelastic behavior, the calculations based on such measurements
assume doubtful validity.

An alternative procedure is to determine the body stresses from the strains induced in an
elastic inclusion inserted and bonded within the body. When the inclusion is of a type that displays
a biaxial readout the number of measurements required to solve the complete stress field can be
reduced from the usual six to three.

Inclusion theory

When an elastic circular inclusion is bonded into an elastic host material and the host material is
stressed, a uniformly distributed stress o, — oy will be set up in the inclusion®. The stress diff-
erence in the inclusion is given by

P-q
Kk -k

g,-0y =

where o, and o, are the principal stresses in the gage, p and g are the principal stresses in the
host material and « and k are two constants, defined by Coutinho’ as:

a- vs) @3- 41(.8) Eh 5-4dvy
0 e SR LD g e S
8(1-vpQ +vy E-g 8(1 - )

(1+v)(1 4vg) E, 2 4vy -1
8(1 vh)(l+vh) Eg 8(1-vh) X

Coutinho plotted values of « and k against E_/E, and showed that for ratios of E _/E, greater
than 2, < and k change very little and when E g is greater than 3E, they are practically constant.

This means that if an elastic inclusion of high modulus is firmly cemented or otherwise fixed
to the walls of a borehole in concrete or rock, changes in the host stress will produce corresponding
changes in the inclusion that will have little dependence on changes in the modulus of elasticity
of the host. That is, it iS not necessary to know the host modulus precisely, and the more rigid the
inclusion the less important becomes knowledge of the host modulus.

The inclusion may then be calibrated directly in terms of stress in the host, to become a
‘‘stressmeter.’’

poe—
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Photoelastic stressmeter

The photoelastic inclusion stressmeter consists basically of a hollow-cored glass cylinder,
L bonded around its periphery in a hole drilled or cast in the body being studied. When illuminated,
the end of the stressmeter is visible to an observer looking down the hole (Fig. 28).

Stresses generated in the body are transmitted to the meter, where they are revealed as an
isochromatic fringe pattern when the meter is viewed under polarized light. In the plane of the
: meter, perpendicular to the axis of the cylinder, the fringe pattern identifies the directions, signs,
and magnitudes of the two principal stress components.

The isochromatic fringe patterns are those illustrated in Figures 29-31.

In practice, to reduce the complexities of interpretation and to simplify observational proce-
dures, it is sufficient to consider only those stress fields in which the major and minor principal
stresses have the same sign. Owing to the low tensile strength of rocks and concrete it is rare to
find appreciable tensile stresses in such materials. The glass inclusion stressmeter is used mainly
to observe any increase of stress in a structure after the inclusion is inserted. In most applications
both the principal stresses have been compressive.

deade e 4L et o

prawy v

Whether the principal stresses are both compressive or both tensile the procedure for interpre-
tation of the isochromatic fringe pattern is similar. The sign of the major principal stress is
clearly indicated by the direction in which the fringe pattern moves during the process of compen-
sation.

i o AR 2

Stressmeter and accessories.

Figure 28. Photoelastic stressmeter.
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E . For casting into concrete structwres 4
3 the adaptor holds the meter in the |
shuttering during casting. The source F ,'
is a probe inserted through the central |
hole.
_t Used in drilled or cast holes more than |

12 in. long. A 6-v bulb is incorporated.

Reflective plug 1% in. diam used in
shallow holes. The light source, polar-

H izer and analyzer are held by the observer
giving a sensitivity (psi/fringe) twice
that of a normal plug.

Sizes available for setting in blocks or
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under investigation.
P
: Figure 28 (Cont’d). Photoelastic stressmeter.
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Figure 29. Isochromatic fringe patterns in a hollow cylindrical
inclusion. (Fringe order 3.00.)
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¢). 300 d). 400

Figure 30. Isochromatic fringe patterns in a hollow cylindrical inclusion
under increasing uniaxial stress. (Numbers give fringe order.)
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Figure 31. Identification of optimum isochromatic fringe reading
point in a hollow cylindrical inclusion.
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Theory of photoelastic hollow-cylinder inclusions

Hiramatsu, Niwa and Oka'’ made the following analysis of the stress in hollow cylindrical in-
clusions, in relation to the stress in the surrounding body.

It is assumed that the principal stresses at an arbitrary point on the surface of the body were

previously o, and o, and that the stresses have changed to a present value of o) and o}, respectively.

Denote the angle between the directions of o, and o} by a, as shown in Figure 32. The vari-
ations in the stress components Ao and A7, acting on the plane making an angle of € with the plane
on which o, acted are, considering fundamental stress theory:

oY + 05 -0y -0 oy - o} o, - Qa

Ao = : 22 : $ . $ cos 20 - a) - i 2cos26. (34)
oy - ol o, - O

Ar=_" 2 gin2@-a) + — 2 sin29. (35)

Differentiating eq 34 and considering eq 35 it may be sh¢wn that at any point there are two
planes perpendicular to each other where Ar vanishes and Ao takes maximum and minimum values.
Let these values be p and g respectively. Then p and ¢ as well as the angle 6, between the plane
on which p acts and the plane on which o, acts are given by:

(o'1 + 0'2) - oy + 02)

Z = - + l(a‘l - 0'2)2 + oy - 02)2 - 20 - 0'2)(01 - gy)cos 2al”
(o} - op) sin 2a (36)
tan 6, =

2P—ia'l+a'2-202 - (0} - o) cos 2al J

It can be shown that the magnitudes of Ao and A7 on a plane making an angle B with the plane
on which Ar vanishes are given by:

Ao = p+e . p—qcos2ﬁ'
2 2
@37)

Ar = P_;_‘l sin 28.

This leads to the conclusion that Ao and Ar can be treated as if they were a normal and a
shear stress respectively, and thus q and p can be treated as if they were principal stresses. Let
p and g be called apparent principal stresses.

Photoelastic gages respond to the variation in normal stress. Therefore it may be possible to
determine the apparent principal stresses. In the special case when both o, and o, are zero, p
and q coincide with o4 and o}. Therefore if the gage is fixed in a body already subjected to stress
the present apparent principal stresses may be determined, but if the gage is fixed in a body free
from stress initially, then the present actual principal stresses will be determined.

If the initial principal stresses o, and o, are known the present principal stresses can be cal-
culated from:

1
3
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Figure 32, Initial, present, and apparent princi- Figure 33. Coordinate system in Hiramatsu’'s"’

pal stresses. (After Hiramatsu'’,) analysis.
a' O, +0, +P+ ¢
a.l - L_22__ + % o, - 02)2 +(p-9)°+ (0, - 05)p-g)cos 2003%.
2

88)
(p-g) sin 26,

tan =
" 20y - 1205 + (p+q) - (P-q) cos 26y}

0, is always greater than a, that is, the apparent principal stresses exaggerate the variation
in direction, or change in direction, of the original principal stresses, especially when these are
of a high magnitude.

Suppose the gage was inserted in an elastic body at a time when that body was free from stress.
Suppose, further, that the body is now subjected to compressive stress, the principal stresses
being p and q in the vicinity of the gage but outside the area of stress concentration produced by
the gage. p is always assumed numerically greater than g.

The stress distribution in the gage will then depend upon p and g, the Young’s modulus E,
and the Poisson’s ratio 29 of the containing elastic body. When the gage is observed under polar-
ized light the isochromatics form contours of principal stress difference in the gage. Let the Young's
modulus and the Poisson’s ratio of glass be E_ and v_ respectively, the outer and inner radii be
a and b, and let us define the polar coordinates as shown in Figure 33. Assuming that the contact
between the gage and the body is welded, without discontinuity, and that q = 0, the stress compon-
ents o,, oy and 7,0 at any point in the gage are:

o, = 245+ B2 - (6Byr™* + 2C, + 4Dy"%) cos 20,
og = 24y~ By~® + (124,% + 6B~ + 2C) cos 20, (39)

ng= BAF® 6By + 2C, - 2D ™% sin 26,

-
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where

4o == ton 4

0™ T T o
2p?

= 1w I-VB B 1+"8 1 1+vh(1 a)-l

0_-_ Sm——— Sl _ - pm—— ’
Eh Eg b2 EB a Eh a3 b2

A2=_L(2c2+0-2 —1-). 3
3b2 b2 :
bt 1

B, = - —|[C, + 2D, —),

: 4 (2 2b2)

Co = (B'y-By')V(ap -a'B),

=)
134
[

(@y-ay')(a'B-aB'),

2\[3-v 1+v
a=4(--¥3-— l!+ o
b2 Eh ES

3-v 4 1+v 4 3-v
ﬁg%i h(1_?__)-_5 o g,
a

Eh b4 Eg b4 Eg s !
y = - 4p/Eg ’
y 2(1 + vh) @3- Vh) <b4 482 g 8(3 + thg) 32
@ B e e = = o i, |
Eh 84 b2 ) Eg b2 | .
21 + ug) @3- vh) pt 6(1+ vh) a+ vs)
+ — '
I'J8 a4 Eg
B o 4(1+vh)(3—vh) (ﬁ_i)Jr 4(3+uhug) f
E, at pt Eg bt
4(1+ vg) @ - vh) b2 12 (Vh - ug) 1
+ —_t ——
Eg a4 Eg a2
6p (1+ Vh) i
Y = ——— .
Eh

Should the principal stress p be zero but the other one q have a finite magnitude, the stress
components at any point in the gage may be obtained by substituting ¢ and @ + »/2 respectively in
eq 39.

When both q and p are not zero the stress components in the gage are given by the algebraic
sums of the corresponding components under the two assumed stress states.

1
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Once the stress components at any point in the gage have been found, the difference between J
the principal stresses o, - o, is calculated from:

o ~a, = l(a,-06)2+4rr265% . (40)

Figure 34 shows theoretical isochromatics, drawn under the assumptions that the Young's
moduli of glass and the containing body are 6.3 x 10° and 2.1 x 10° kg/cm respectively, that the
Poisson’s ratio for both is 0.2, and that the gage is welded to the body.

The shape of the isochromatics is much affected by the ratio g/p, but only little affected by
lz‘h and 2% When g is equalto p, all the isochromatics become concentric circles.

Barron®, using the basic equations derived by Hiramatsu, has also determined the stress dis-
tribution in a hollow cylindrical inclusion bonded into an elastic host material and subjected to
biaxial stress. Referring to Figure 29, the isochromatic fringe order n at any point in the inclusion
is given, for plane stress, by:

t :
Be gy = {[_, [P ky (1+0)~p ky (1= 1) cos 26) + P2 kE (1 - n)® sin® 20}% 41

where k r k2 and k, are functions of a/b; the elastic moduli and Poisson’s ratio of the meter and
host material and the radius to the point in the meter being considered,

These constants are derived by Barron as follows:

k, = 2B,r*
ko = 4B Ag® + 3Bt 1 Cy+ D, %)

kg = 4@ Arf =3 Byr™t 1+ Cy+ Dyr?)

where
: “b-zBo
Ao = 5
= 1-v) 1+v) (1 +v) ]
a g -2 g =l h = -
B=——-/ ab”™* + a~ - (a -abz)
0
E [ ls‘g Eg Eh
i
b= -2
A2 = —T (¢4 Cg+b Dg)
b4 -2
where

“p = (aﬂ—_—"—g : f.y‘;)

*( is the material fringe value where f = [(0l - aa)t]/n.
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3-vp) (1+vg)]
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Eh Eg EB
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Ey

-2 (1+vy) B-vp (@4 -4a% b2+ 3)
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EB
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Eg

+

6(1+vy)
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Roberts et al. have shown experimentally,?” and Barron theoretically,' that there are two points
at which the fringe order may be measured for the evaluation of the major principal stress, depending
upon the stress ratio »:

When 5 < % , the point is r = 2b, 6 = 45° (45° point)
When 7 > % , the point is r = 1.75b, 6 = 90° (90° point)

Three axes can be readily identified: 6 = 0° (major), 6 = 45° and @ = 90° (minor). The major
axis is not suitable for fringe order measurements as the stress gradient along it changes too slowly,
giving very low sensitivity.

-
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For the minor and the 6 = 45° axes eq 41 simplifies to:

f - (42)

n
(r, =90° g[(k1+k2)+n(kl—k2)] t,

P =

t nf
P = M 6-45° S s (43)

k2 +p2+k2a-n21%

Whenn=1andt=1, 1/J 2 becomes equal to the meter sensitivity factor S, which, when
multiplied by the unit material fringe value f, gives the meter sensitivity in terms of psi in./fringe
of inclusion length.

Using eq 42 and 43 the meter sensitivity factor S, in terms of the material fringe value f, can
be calculated for all points along the 45° and minor axes for various stress ratios 7, various values
of the Poisson’s ratios v_ and Ve and Young's modulus ratio Eh/Eg . This has been done by
Hawkes et al.*? and the results are shown in Figure 35.

The most common stress change encountered in practice is uniaxial (y = 0). From Figure 35
it will be noted that for uniaxial stress fields there is a point on the 45° axis at which the gage
sensitivity is a maximum (i.e. the meter sensitivity factor is a minimum). The ‘‘45° point’’ is so
clearly defined (see Fig. 30, 31) that it would be convenient to have the sensitivity determined by
measuring the fringe order at that point for all stress fields, biaxial as well as uniaxial. This
would then be the ‘‘standard sensitivity factor’’ for the gage. The 45° point cannot be used when
the stress ratio n > % as it is not easily identified, and measurements must be made on the minor
axis in such biaxial stress fields.

For the sensitivity factor to remain constant the measurement point on the minor axis should
be fixed so that the average sensitivity when the stress ratio 5 varies from 0 to 1 will equal the
sensitivity determined by measuring the fringe order at the 45° point for uniaxial stress fields. For
the example shown in Figure 35, with values E,/E_ = 10~ and v, = v, = 0.25, the optimum 90°
point is at a radius of 1.32b and the standard sensitivity factor, S, is 0.470f psi in./fringe.

Figure 36 shows the variation of the J, factor of eq 43 for the 45° point (n = 0), and illustrates
the influence of the ratio Eh/EIg and the Poisson’s ratio of the host and gage material v, and Ve

The variation of the optimum 90° point radius with the Poisson’s ratio of the inclusion and the
host material, and with different values of the modular ratio E h/Eg' is given in Table I, together
with the various sensitivity factors, for stress ratios of unity and zero.

Soft birefringent inclusions — The photoelastic strainmeter

The state of stress in an elastic medium in situ may be deduced from measurements of strain
on a soft elastic inclusion inserted into a hole in the structure under observation. If it may be
assumed that the inclusion has a sufficiently low elastic modulus relative to that of the surrounding
medium, the hole into which the inclusion is set must deform as though the inclusion were not
present.

The soft inclusion thus acts as a strainmeter, and if it consists of an optically stress-bire-
fringent material it will form a photoelastic biaxial gage.

i
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Table I. Optimum fringe reading points and sensitivities of
photoelastic hollow cylinder inclusions.

Meter sensitivity factor, S *
Optimum fringe I Standard S Biaxial stress values
Eh/ Eg Vg 129 reading point (at ‘‘45° point,’”” | ‘‘90° point,”’ | ‘‘90° point,"’
when n =0) (np=1) (n=0)
¢ 10 0.1 |o0.2 1.28b 0.435 0.472 0.392
| 0.32 | 0.2 1.28b 0.435 0.472 0.392
0.25 | 0.1 1.33b 0.445 0.469 0.419
0.25 | 0.4 1.20b 0.410 0.484 0.342
0.25 | 0.5 1.16b 0.397 0.483 0.311
10? |o0.1 |o0.2 1.28b 0.438 0.472 0.392
0.32 | 0.2 1.28b 0.439 0.472 0.393
0.25 | 0.1 1.33b 0.448 0.471 0.420
0.25 | 0.4 1.20b 0.434 0.486 0.344
0.25 | 0.5 1.16b 0.400 0.486 0.314
: 10" | 0.1 |o0.2 1.28b 0.467 0.510 0.426
0.32 | 0.2 1.29b 0.469 0.510 0.428
0.25 | 0.1 1.34b 0.483 0.510 0.358
0.25 | 0.4 1.21b 0.448 0.521 0.375
0.25 | 0.5 1.17b 0.430 0.519 0.343
1 0.1 | 0.2 1.24b 0.709 0.805 0.619
0.32 | 0.2 1.30b 0.741 0.795 0.681
0.25 | 0.1 1.31b 0.745 0.795 0.691
0.25 | 0.4 1.22b 0.701 0.798 0.596
0.25 | 0.5 1.20b 0.685 0.805 0.571
10° 0.1 | 0.2 1.12b 23.6 29.8 17.4
0.32 | 0.2 1.27b 27.4 30.0 24.54
0.25 | 0.1 1.22b 26.3 30.16 22.44
0.25 | 0.4 1.22b 26.3 30.3 22.44
0.25 | 0.5 1.22b 26.3 30.3 22.44
10 0. | 0.2 1.12b 2320 2959 1707
0.32 | 0.2 1.27b 2690 2955 2413
0.25 | 0.1 1.22b 2580 2976 2206
0.25 | 0.4 1.22b 2580 2976 2206
0.25 | 0.5 1.22b 2580 2976 2206

* Meter sensitivity = S x f psi inch/fringe.

Theory of soft photoelastic inclusions

stress.

displacements of the walls of a borehole, of initial radius a, are given by:

U = 2 [(g+p) + 2 (g-p) cos 2a
Ey

The theory of soft photoelastic inclusions has been studied by Hawkes.** For a soft inclusion
the boundary strains are those produced by the deformation of a borehole under uniaxial or biaxial

Referring to Figure 37, Merrill and Peterson®’ have shown that the radial (U) and tangential (V)

(44)
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and

V oo - 22 s ninde
E,

% cipal stresses acting.

assuming that the inclusion is solid.

(Fig. 37):
Figure 37. Deformation of a borehole.

_ AC +ED _ Usina + V cosa

y AB a sina

Substituting for U and V from eq 44 and 45, and letting

g+0 =W1andq—p=W
E
h h

2

(Wya + 2aW, cos 2q) sina - 2W, a sin 2a cosa
€ =

y a sina
Using
cos 2x = 1 -2 sin 2x
sin 2x = 2 sin x cos x
sin®x + cos?x = 1
€ = W‘ + 2W2 - 4W2 sin?q - 4W2 cos? a
= W1 - 2W2
= 3p = q
Eh
Similarly
3g~p
g ™ ===
Eh

Let us now determine the strains ¢_ and ¢_,

(45)

where Eh is the modulus of the material into which
the borehole is drilled and p and q are the prin-

X

At any point A on the surface of the borehole

(46)

47

48)

This means that the strains € and ¢_ are independent of the angle a, i.e. the strain in the in-
clusion is uniform and independent of the Poisson's ratio of the material surrounding the borehole.

We must now determine the principal stress difference (o, - 0,) at any poiat in the inclusion,
assuming that it has a central axial hole small enough that the boundary stresses are not changed

by its presence. From eq 47 and 48:
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3 €
p=§Eh(ly+3—

3 €
q=§Eh(¢,+?’). (50)
‘X
Putting L =— in eq 44
€y
4 E
3 L h
p=-8-Ehcy(l +§)=T€y(3+L). (51)

Putting n = Tin eq 47
p

1 (G
. @ =p—r. (52)
y Eh

Substituting for g in eq 51 we have

@ -n@ + L) =28

ie.
. (53)
3-17
The boundary strains €yr €g ON the inclusion set up stresses given by i
Eg Ex
o, = (e, + v €,) = e, 1+v_L) (54)
y (l_vgz) y g X (l_vgg) y 4 ‘
and
ES EB
g, = (e, + v e,) = e. (L+v). (55)
Y@= T oa-vh ’
Substituting for L and €
E
ay= 3 _g_ (3-1')[14.‘;‘ @-_1)_]
a- v:) h 3-7
(56)
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and
E
oy - -8 _ PB-n) ["s : (3'7-1)]
(l—v:) Ey 8-17
E
- E_‘ Q, (57

The stresses are now concentrated by the central hole, radius b, and become, in polar coordinates:

E [Q,+Q 2 Q,-Q 2 4
a'=p_£[‘+ L S, TR ke SF e . cos2a]
En— 2 2 2 2 4

r r

E
-p-E—:IV1 (58)
E, [Q, +Q 2 Q, -Q 3b*
r
E
g
=p E—N2 (59)

=0 &= Ny (60)
The principal stress difference at any point is now given by:

Es 2 21%
01-02- pE— [(N1-~2) +4~8]

-hp (61)

The relationship between the isochromatic fringe order at the point r, a and the principal stress
difference is given by:
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ES
ot 62
Eh

(63)

where § is the meter sensitivity.

Interpretation of Birefringent Pattern on Hollow-
Cylinder Photoelastic Inclusions

The birefringent pattern in a hollow-cylinder photoelastic inclusion completely and instan-
taneously identifies the biaxial stress field in the plane of measurement, perpendicular to the longi-
tudinal axis of the gage.

Separation of the biaxial stresses

Several methods have been proposed by various authorities to determine the separate stresses
p and g from the optical pattern displayed by a hollow-cylinder photoelastic inclusion under load.

Measurement at two points. Barron' shows that if two measurements are made, one on the
6 = 0° axis and one on the 6 = 90° axis, and both at the same radius, then:

p = !/4tk1k2 [kz("x+"y) + kl("x‘"y)] (64)
and

g =t/4tk kylky(ny+ny) - ky(n,-ny) (65)
where t is the length (thickness) of the cylinder, f is the material fringe value, n x and ey are

the fringe orders on the 6 = 0°, 90°, and 45° axes.

The method is discounted as being too complicated and liable to inaccuracy, except under high
stress, unless precision optical equipment is used, preferably incorporating Babbinet compensation.
This is also one of two methods suggested by Hiramatsu.'’

Determination of the stress ratio q/p: Hiramatsu’s method. Hiramatsu’s method is to use the
shape of the pattern, over which certain points A, B, C etc., are defined, as shown in Figure 38a.
At point H the fringe order is the maximum that occurs on the outer circle and at point X it has the
same value. At point Y the fringe order is the minimum occurring in the meter.

From the radial position of point X or of point Y the stress ratio ¢/p is determined by referring
to the relationship shown in Figure 38b. Young’s modulus and Poisson's ratio of the host rock have
very little effect on this relationship. When 5 varies from 0 to 0.5 the position Y is used to define
the ratio of stresses.

Unfortunately the position X does not vary very much in radius as n changes. Hence errors
could be significant. This criticism does not apply to point Y, where the radial variation of position
is quite large in the range n = 0.5 to 0.9.

Pl o
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E=2x10% kg/cm?
a. b.
Figure 38. Determination of theratio g¢/p. (After Hiramatsu''.)

Determination of the stress ratio q/p: Sheffield method (A). The ratio of the applied stresses
may be estimated from the overall shape of the fringe pattern. Figure 39 shows fringe patterns
obtained for ratios of » of 0, 0.2, 0.6, 0.9 and 1.0. It can be seen from these photographs that
it is quite feasible to obtain an estimate of » from the variations in the overall shape of the fringe

pattern.

However, not only does the pattern shape change with 5 but it also varies with the magnitude
of p. Hence, to identify the ratio 5 by inspection over a range of both p and q the observer must
remember a series of standard fringe patterns and be able to readily distinguish between them. Until
the observer can make these estimations with confidence he must carry photographs of standard
fringe patterns for use as a visual comparator.

The accuracy of such a system is adequate for many practical field problems.

Determination of the stress ratio q/p: Sheffield method (B). The ratio of the applied stresses
may be estimated by observation of zero points on the p axis. Figure 40 shows the variation of
[(k1 -ky)+n(k, + "2)] with radius for various values of » when E = 10 x 10° psi. In the range
0.2 < 7 < 0.9 there is some radius at which this proportionality constant is zero, i.e. the fringe
order is zero. Hence there is a black spot on the fringe pattern and the radial position of this spot
varies with n. Since this is a zero point it should always be visible regardless of the magnitude of
the stress level p.

Hence a measure of this radial position of the zero point is a potential measure of n, Which,
theoretically, should be equally suitable at both high and low stress levels.

Now it can be shown that ng= 0 when
k2 - “1

= —_——, (66)
k2+k1

sn
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a. Biaxial fringe patterns q = 0.

One fringe Two fringes Three fringes Four fringes

b. Biaxial fringe patterns q = p/4.

One fringe Two fringes Three fringes Four fringes

¢. Biaxial fringe patterns q = p/2.

Figure 39. Photographic comparator of stressmeter patterns.

il ‘J




PHOTOELASTIC INSTRUMENTATION: PRINCIPLES AND TECHNIQUES 57

One fringe Two fringes Three fringes Four fringes

d. Biaxial fringe patterns q/p = %.

¥ q=0 q=0.2p

q=0.6p 9=0.9p q=p

e. Behavior of zero points with principal stress ratios.

Figure 39 (Cont’d).
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Figure 40. Variation of proportionality constant with radius,
for various values of q/p (Barron).

Hence the radial position of the zero point can be calculated for all ratios of 7. Figure 41
shows the radial position of the zero point for the range of 5 from 0.2 to 0.9. It can also be shown
that the radial position of this point is almost entirely unaffected by variations in the host rock
modulus.

Figure 39 shows the zero point clearly at values of 7 of 0.25, 0.50 and 0.75, and measurements
from these photographs are in excellent agreement with the theoretical graph.

Determination of the magnitude of the greatest stress p

After the stress ratio n is determined the magnitude of the greatest stress p is evaluated by
relating the fringe order at a specific point of measurement to the major principal stress, either by
direct calibration or by calculation (see eq 42 and 43).

Depending upon the value of the stress ratio either one of two optimum measurement points is
used. The 45° point is very precisely defined as a discrete point and is self-evident on the relevant
fringe patterns. The 90° point is not self-evident and is therefore fixed as the edge of an opaque
collar inserted into the central hole of the inclusion. The magnitude of the greatest stress is
obtained by measuring the fringe order at one of these points and multiplying the measured value
by the meter sensitivity factor.

Determination of the sign of the greatest stress p

Whether the greatest stress is tensile or compressive is determined by observing if the fringe
order at any point on the minor axis is advanced or retarded when the Tardy compensation procedure
is carried out.
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Figure 41. Radial variation of zero point with biaxial stress

ratio (Barron). Experimental points are from photographs in 3
Figure 39. J

Sensitivity of the photoelastic stressmeter

From Figure 36 and the results quoted in Table I the following conclusions may be drawn con- :
cerning the photoelastic stressmeter:

1. The Poisson’s ratio of the inclusion plays no part in determining the optimum 90° point
radius and the standard sensitivity factor.

2. The optimum 90° point radius increases from 1.16b to 1.33b as the Moisson’s ratio of the
host material decreases from 0.5 to 0.1.

3. The standard sensitivity factor increases by roughly 10% as the Poisson’s ratio of the host
material decreases from 0.5 to 0.1.

4. In a host material with a Poisson’s ratio of 0.1 an error of up to 5% is possible when
applying the standard sensitivity factor for fringe order/stress conversions in biaxial stress fields,
The possible error increases to 20% when Poisson’s ratio of the host material falls to 0.5.

The glass photoelastic stressmeter described by Roberts et al.*” has a Young's modulus of
107 psi, a Poisson’s ratio of 0.25, an inner hole/inclusion diameter ratio of 0.2 (i.e. b/a = 0.2),
and a material fringe value f of 1024 psi inch/fringe.in white light illumination.

The theoretical sensitivity factors of this gage when set into various materials with different
Young’s moduli are given in Table II, and plotted in Figure 42. In this example the Poisson’s ratio 1
of the host material ranges from 0.2, an average value for rocks, to 0.5, the maximum theoretical
value for a material creeping under load without volume change. When Poisson’s ratio for the host ‘
material is 0.2 the sensitivity (uniaxial value) remains constant at 450 psi inch/fringe, as the ]
modulus of the host material increases up to 5 x 108 psi. This indicates that the stressmeter is
acting as a ‘‘rigid inclusion’’ over this range.
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Table II. Sensitivity factors of the Photoelastic Stressmeter

E, = 107 psi, a/b = 5, v, = 0.25, vy, = 0.20.

Meter seasitivity, psi/fpinge/in.
Bh. psi ‘“90° point’’ ‘“45° point’’
n=1 n=0 Avg n=0
10* 491 409 450 447
5 % 10 492 410 451 *
10° 494 412 453 449
2 x 10° 498 415 456 454
6 x 10° 511 428 470 *
10° 525 441 483 482
2 % 10° 559 471 515 515
4x i0° 627 527 577 *
6 x 1¢° 695 582 639 *
8 x 1P 763 636 700 *
10’ 832 689 760 750
1.5 x 10’ 1000 821 911 *
2x 10’ 1170 | 951 1060 1021
Note: Radius of ‘‘90° point = 1,29b.
* Not calculated.
q,‘200ﬁ|x|ll T T TTl'l'] = L T 2 OB L3 § T
o
e Phot /
= 9 oelaEshf 'Sg"resssimeier Experimental results —) .
= 9 P (Roberts et a1?”) /
S 1000} Hg-Ge5 —1
T f=1024 psi inch/fringe
a — “90° point" radius = 1.29b =
£ 800} 7 4
2 /
= =
D = 7)=0 (45° point) 2]
E ‘r)='/z {(90°point)
® 600} 1 -
E |___M=11(90°point) _
3 oof i
3 4001~ 777G (30° point) Concretes | 7]
-
72} -
Q o Shales
2 200 Sandstones -
d " Limestones, Granites
2 g
-
e ool I S S i ;8 1 ] s e oy o
= 109 106 107
Eh' psi
Figure 42. Sensitivity of the photoelastic stressmeter.
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The choice of a value for the standard sensitivity of the photoelastic stressmeter depends
primarily on the range of material types in which it is to be used. The experimental curve for the
uniaxial sensitivity of the photoelastic stressmeter, for various rock types and other materials (re-
produced from Roberts et al ¥’), is shown plotted with the theoretical curve in Figure 42, There
is some divergence between the theoretical and experimental results over a host material modulus
range of 108 to 6 x 108 psi. This is probably due to the difficulty in defining the modulus of such
materials. The moduli quoted in reference 27 are the average tangent values up to failure. These
are almost always several times higher than the initial tangent moduli, which would be the most
appropriate values for plotting against the meter sensitivity.

It is therefore not possible to have one specific value of the standard sensitivity for all the
materials in which the photoelastic stressmeter is likely to be used. Common sense must be
applied in selecting an appropriate value for the particular purpose concerned. For example, from
Figure 42 the appropriate value for soft shales and sandstones would be 450 psi inch/fringe, while
that for high-strength concretes would be 550 psi inch/fringe.

An optimum 90° point radius of 1.29b has been selected for the photoelastic stressmeter as this
is the average of the values over a range of the ratio of Young's modulus of the host to that of the
inclusion from 1 to 10~ for host materials having a Poisson’s ratio of 0.1 to 0.2 (see Table I).

The overall accuracy of the fringe order/stress conversion, using a standard sensitivity for
the general class of materials being studied, and for biaxial stress fields, will normally be within
15%. The accuracy is much greater for uniaxial stress fields by adjusting the sensitivity factor,
using the values given in Table I or Figure 42.

Sensitivity of the photoelastic strainmeter

The strain induced in a *‘soft inclusion’’ by stress changes in the surrounding host body is
independent of the material properties of the inclusion. The hole into which the inclusion is set
thus deforms as if the inclusion were not present, i.e. the inclusion behaves as a strain gage.

From the values in Table I the following conclusions may be drawn regarding soft inclusions:

1. The location of the 90° point and the value of the standard sensitivity factor are not affec-
ted by changes in the Poisson’s ratio of the host material.

2. The optimum 90° point radius and the standard sensitivity factor are functions of the
Poisson’s ratio of the inclusion material.

3. When the Poisson’s ratio of the meter is approximately 0.2 to 0.3, an error of up to 12% is
possible when applying the standard sensitivity factor for fringe order/stress conversion in biaxial
stress fields.

The variation of the standard gage sensitivity factor with the modulus ratio E,/E_ > 1, for an
inclusion having a Poisson’s ratio v_ of 0.32, is illustrated in Figure 43. Numerical values are

given in Table III. It will be noted t?:at for modulus ratios E h/E > 20 the slope of the curve plotted

logarithmically is unity. Therefore a standard sensitivity factor may be used, where:

Standard sensitivity factor S=Ff Eh/Es . 67)

The relationship between the Poisson’s ratio of the gage and the sensitivity constant F is
given in Figure 44. Over the range vg from 0.1 to 0.4 the relationship is reasonably linear and can
be expressed as:

F = 0215 + 0.167 vg - (68)
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Figure 44. Sensitivity constant F vs Poisson’s ratio
Vg for a photoelastic soft inclusion.

Therefore the standard sensitivity factor of a soft inclusion photoelastic meter having the ratio
b/a = 0.2 can be expressed as:

So = (0.215 + 0.167 vs) f Eh/Eg (69)

o VR AL L SRR o




PHOTOELASTIC INSTRUMENTATION: PRINCIPLES AND TECHNIQUES 63

Table III. Sensitivity of photoelastic soft inclusions.

P if Sensitivity constant F

sensitivity Elementary theory

factor Inclusion theory for soft inclusions
Diam ratio = 0.2 Diam ratio = 0.02 Diam ratio = 0.2

Eh/E8 vg= 0.32 Vg = 0.25 Vg = 0.32 vg = 0.25 vg = 0.32 vg = 0.32 Vg = 0.25

1 0.742 0.732 0.762 0.732 0.713 0.240 0.229
2 1. 02 0.997 .501 . 498 . 477 . 240 . 229
10 3.18 3.07 .318 . 307 . 287 . 240 « 229
2 x 10* 54.4 52.1 . 272 . 260 . 243 . 240 . 229
10° | 270 259 . 270 . 25¢ .240 .240 .220
2x10° | 539 517 . 269 . 258 . 240 . 240 .229
10* | 2690 2580 . 269 . 258 . 240 . 240 . 229

Viewing system used with photoelastic hollow-cylinder inclusions

The optical system applied in the hollow-cylinder photoelastic inclusions (Fiig. 45) has not
previously been applied to any great extent in photoelastic studies. The inclusion has three
components: an aluminum shield to keep the bonding cement off the face of the meter, a hollow-
cored glass or plastic cylinder (the photoelastic transducer), and a parabolic aluminum reflector.

A probe containing a light bulb and a circularly polarizing filter fits into the hole in the center
of the meter. Polarized light from the probe is reflected from the end of the meter and passes
through the transducer, to be viewed by the observer using a hand-analyzer.

The polarizing element in the probe consists of a combined quarter-wave plate and a linear-
polarizing filter set to produce left-hand circularly polarized light. Upon reflection from the back
end of the meter the direction of polarized rotation is reversed and the light becomes right-hand
polarized.

The quarter-wave plate and the linear polarizing filter in the analyzer are set to produce left-
hand polarized light. The probe filter and the viewing analyzer therefore act as a crossed polari-
scope, giving a dark field in the meter when it is stress-free.

To carry out Tardy compensation for exact fringe order measurement the linear polarizing filter
in the analyzer must be aligned with a direction of principal stress in the photoelastic inclusion.
As the directions of principal stress are the axes of symmetry of the fringe pattern this is self-
evident and is easily done, without the need to generate isoclinics. It is not necessary to have
any predetermined angular alignment of the polarizing filters in the probe and the directions of
principal stress in the inclusion.

The system thus differs essentially from that normally employed in conventional photoelastic
stress analysis, where the directions of principal stress are determined from observed isoclinics.
Reading the Photoelastic Stressmeter

The procedure for viewing the fringe patterns displayed by a photoelastic stressmeter under
load, and interpreting these patterns as a measured value of stress, may now be summarized:

o




64 PHOTOELASTIC INSTRUMENTATION: PRINCIPLES AND TECHNIQUES
Hand
Analyzer
B
d A
Observer Bore Hole i Light Probe
Y Stressmeter

Epoxy Cement
Polarizing Filter

N\
R

a. Photoelastic stressmeter.
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Probe with

Polarizing | Sh‘e'd Reflector
' F‘"e' o e R —y

\ Photoelos"c/ Cement

\ °°e .

Photoelastic Soft Inclusion Gage

b. Soft inclusion gage.
Figure 45. Viewing systems for hollow-cylinder photoelastic inclusions.

Insert the polarized probe into the stressmeter until the face of the meter appears to be uniformly
illuminated. At this point the collar of the probe should be in contact with the face of the stress-

meter. (When the meters are of the type to be set in deep holes the light probe is fixed permanently
in place.)

Set the scale of the stressmeter viewer to zero, and observe the stressmeter through the viewer.,
(Hold the viewer by its handle so that the scale faces the operator.) The orientation of the handle
of the viewer is not critical at this stage. If the stressmeter is at depth it can be sighted through
a telescope with the handviewer held between the telescope and the mouth of the hole.

On observing the stressmeter through the viewer there will be either:
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1. A uniformly colored field, which can be dark or light but in which the colors do not form a
definite pattern. In this case the fringe order is less than one.

2. A definite fringe pattern consisting of a series of colored lines. In this case the fringe
order is greater than one. Figure 39 illustrates the possible range of patiemns, from I to 4 fringes,
in biaxial stress fields ranging from uniaxial to hydrostatic (both principal stresses having the same
sign). The patterns display an exact fringe order, e.g. 1.00, 2.00, 3.00. The analysis in the
following section may be carried out on each pattern.

Pattern symmetry

The pattern should be symmetrical about two axes at right angles to each other, if the meter
is correctly set in a stress situation such that there is a relatively small stress gradient in the
vicinity of the meter.

The most common causes of asymmetrical pattems are:

1. Unsatisfactory bonding of the meter into the host material. Setting tools and setting pro-
cedures have been devised and proved in practical applications. If they are properly used the
possibility of defective setting will be remote.

2. Stress-raisers in the vicinity of the meter. This effect is souimes associated with meas-
urements in concrete, where steel reinforcement members embedded in (e oncrete and hidden from
view cause local stress gradients. The stress gradients associated with beams in bending will
also show up as asymmetrical patterns in the meter. Stress gradients are also produced in the
vicinity of ‘““flat jacks' used in certain forms of in situ rock stress and load measurement operation.
These will be seen as asymmetrical patterns,

3. Heterogeneities in the host material. The aggregate in concrete causes stress variations
on a local scale. If the aggregate size is greater than the external diameter of the meter this can
result in nonuniform patterns. When being used in concrete the meter should always be at least as
large as the largest aggregate.

Even when the pattern is not symmetrical and uniform, the readings rarely have to be completely
rejected. A considerable amount of informationcan still be extracted, with reference to relative
stress changes and general stress directions, even from irregular patterns.

Directions of the principal stresses

The axes of symmetry of the pattern in a photoelastic stressmeter are the directions of the
principal stresses in the host material, in the plane of measurement, perpendicular to the optical
axis of the meter. In Figure 39 all the axes of symmetry are self evident, except for the hydrostatic
case where there are no preferred directions of principal stress.

The directions of the principal stresses can be thus determined for any system of loading from
0.05 fringe upward. As the stress level increases from zero the background of the meter lightens,
and two dark spots appear at diametrically opposite edges of the inner hole. If the hand-viewer is
then rotated bodily about its optical axis (keeping the index at zero), these spots will change color
and oscillate slightly but they will not orbit around the central hole (as they would if the stresses
were zero). The line joining these two spots, and the line perpendicular to this, are the two prin-
cipal stress directions in the plane of measurement of the meter.

At higher stress levels, i.e. 0.5-1.0 fringe, the two spots of color may not be present, because
the whole meter appears light yellow or colorless. The procedure now is to set the viewer scale
to approximately 0.5 and then rotate the whole handviewer about its optical axis while observing
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the meter. At one specific position of the viewer a definite pattern will appear. Further rotation
of the viewer causes this pattern to distort and blur. One of the axes of symmetry of the pattern
seen will be coincident with the handle of the viewer. This direction and that at right angles to
it are the directions of the principal stresses.

Difficulties will be experienced when the stress fields approach hydrostatic because then there
are no well-defined directions of principal stress. This type of stress field is difficult to recog-

nize below 0.5 fringe but above the level of stress the circular nature of the fringe pattern is seen
when the scale of the viewer is rotated. This is then easily identified.

Direction of the major principal stress

The direction of the major principal stress cannot be found from stressmeter readings below
0.5 fringe without some knowledge of the loading conditions. If the stress field is known to be
uniaxial the line joining the two colored spots, mentioned previously, is the direction required.
However, in biaxial stress fields this is not necessarily so.

If it is definitely known that the major stress is compressive its direction can be identified
by aligning the handle of the viewer alternately with the twec stress directions and then rotating
the scale of the viewer clockwise. The alignment dir¢ * dn which retards the fringe order (i.e.
the colored areas shrink towards the edge of the central collar) is the direction of the major prin-
cipal stress. The reverse happens if the major stress is tensile.

At higher fringe orders the difficulties are much less. In Figure 39 the major principal stress
direction is vertical (i.e. top to bottom of the figures). As the stress level increases the fringes
first appear successively at the point where the minor (horizontal) axis runs into the central collar
and they then move out and around towards the major axis.

In biaxial patterns with a stress ratio n > %4 the major axis is clearly identified by the appear-
ance of two black spots (isotropic points) above and below the central hole, and directly in line
with the major axis.

At fringe orders between 1.0 and 1.5 in uniaxial stress fields there is sometimes difficulty in

distinguishing between the major and minor stress axes because the pattern shape at these fringe
orders is almost symmetrical with both axes. In such cases, however, it is usually known whether
the major stress is compressive or tensile, and the major stress direction can be identified by

applying the Tardy compensation technique.

Ratio between the principal stresses

When the two principal stresses have the same sign two methods are available for finding the
stress ratio: 1) Approximate assessment by deduction from the general shape of the fringe pattern
(see Fig. 39). 2) Refined assessment by measurement of the isotropic point spacing (see p. 55).

Sign of the principal stresses

When the direction of the major principal stress has been determined the handle of the stress-
meter is aligned with that direction. The fringes are observed at the point where they cross the
minor stress axis, i.e. at right angles to the handle of the viewer. Clockwise rotation of the meter
scale will now move these fringes, either towards the central hole (i.e. retarding the fringe pattern),
or away from the central hole (i.e. advancing the fringe pattern). If the fringe order is retarded the
major principal stress is compressive; if the fringe order is advanced it is tensile.

-
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Magnitude of the major principal stress
The procedure used to determine the magnitude of the major principal stress is as follows:

The handle of the viewer is held in line with the major principal stress direction and, with the
scale set to zero, the number of fringes visible in any quadrant of the pattern, between the major
and the minor stress directions,is counted. The fringes are counted beginning on the major axis
and then moving out and around to the minor axis (see Fig. 39).

The fringes in patterns resulting from near-uniaxial stress conditions appear first near the edge
of the collar at points lying 45° radially from the axes of symmetry. As the stress field approaches
hydrostatic, however, the fringes first appear at the edge of the collar on the minor stress axis.

When the fringes have been counted the viewer scale is rotated clockwise until the last fringe
to develop (i.e. that nearest the collar edge on the minor stress axis) is just about to disappear be-
hind the collar. At this point the pattern will have been retarded to an integer fringe order, and it
will be similar to one of those illustrated in Figure 39. The operation is illustrated in Figure 46
which shows a uniaxial stress pattern before and after retardation. To obtain the exact fringe
order the fractional scale reading after retardation is added to the original unit fringe count.

To carry out this operation when the major principal stress is tensile the hand-viewer must be
held with its handle aligned along the minor principal stress axis, after which the procedure is as
before.

When the fringe order is read it is essential to make the count of integer fringes with the scale
set at zero. This is because the pattern is compensated to the lower integer fringe order when the
increment is less than % fringe, but for fractions greater than % the pattern is compensated to the
next higher fringe order.

BEFORE RETARDATION

AFTER RETARDATION

Figure 46. Uniaxial stress pattern before and after retardation.
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For example, if the fringe order is 2.35 the pattern will be retarded upon compensation to the
unit integral pattern at 2.00 fringes, but if the fringe pattern is registering 2.65 on first viewing,
compensation will move the pattern to 3.00 fringes. This need cause no confusion if the cardinal
rule is obeyed: make the integer fringe count with the scale set to zero and make it before performing
the compensation procedure.

The magnitude of the major principal stress may now be obtained by multiplying the measured
fringe order by the meter sensitivity factor. The value of this factor depends upon whether the
meter is acting as a ‘‘rigid inclusion’’ or not, and on the length of the glass cylinder of the meter.
The validity of the rigid inclusion assumption depends upon the magnitude of the modulus of elas-
ticity of the material in which the meter is set. Rocks and concreterarely have a fixed modulus
which is independent of time or the rate of loading and it is seldom possible to quote a precise
value for materials of this type.

The range of values for En normally accepted for various rocks and concrete is given in Figure
42 and an average sensitivity over this range of materials is given as 480 #20 psi inch/fringe. For
soft materials whose modulus is less than 1 x 108 psi it is more realistic to assume a meter sensi-
tivity of 460 psi inch/fringe and for high modulus concretes a value of 500 psi inch/fringe.

For all but the most precise work, however, the errors introduced by assuming a standard meter
sensitivity, S, of 480 psi inch/fringe are very small.

To obtain the sensitivity factor of any given stressmeter it is only necessary to divide the
standard meter sensitivity by the length of the glass cylinder in the meter. The magnitude of the
major principal stress is thus given by:

Fringe order x 480 psi
Length of glass cylinder (inches)

Stress =

Fringe orders less than unity

To interpret the readings of a stressmeter when the fringe order is less than one usually re-
quires some knowledge of the loading conditions. Under zero stress, and with the index of the
scale set to zero, the general field of an illuminated stressmeter is dark blue or gray-brown, with
a lighter colored region around the central hole. If the viewer (not the scale) is then rotated bodily
around its central axis these background colors change from dark blue to gray-brown, or vice versa.

If the scale is set to approximately 0.2 fringe, the background of the meter will be either very
light blue or very light brown, with two colored blue/brown spots at diametrically opposite points,
just touching the edge of the collar. These spots rotate around the collar as the whole viewer is
rotated.

The light colored areas around the central hole, and the colored spots which appear when the
scale is set to approximately 0.2, are due to the small residual stresses induced into the glass
during the making of the stressplugs. The zero condition of the meters should always be observed
before the meters are inserted.

Solid Photoelastic Inclusions

Solid inclusions of photoelastic material are sometimes used when the shear stress in a body
is required rather then the principal stresses,
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Solid cylindrical inclusion stressmeter

The stress difference (a1 -0 ). equal to twice the maximum shear stress, in a solid cylindri-
cal inclusion bonded into a body subject to stresses p and g, is represented by Hiramatsu et al."”
as:

E,G+vy)-Ey(1+vp

b g b 70)
1T T @) Ey (Lt g .

]

where Eg and vg Young’s modulus and Poisson’s ratio of the inclusion

! ' Eh and v, = Young's modulus and Poisson’s ratio of the containing body.

From this it follows that o, - o, is proportional to p — ¢ and o, - o, iS uniform over the
whole area of the gage.

A solid cylindrical birefringent inclusion thus presents a uniform fringe order which can be
measured and calibrated to give p - q.

The individual magnitudes of p and g cannot be deduced by using circularly polarized light
alone in a solid photoelastic stressmeter. However, if two stressmeters, one annular and one solid,
are set in the same stress field, the annular instrument will yield the magnitude of the major prin-
cipal stress, and its direction, while the solid cylinder will give the arithmetical difference be-
tween the major and minor stresses. Hence the minor principal stress is identified. The value so
found should check with the magnitude of minor principal stress indicated by the isochromatic pat-
tern observed on the annular instrument.®

Observational procedures on the solid cylindsical birefringent inclusion

Except for a narrow zone near the peripheral boundary the isochromatic pattern seen in a solid
cylindrical inclusion is one of uniform color. The exact color is a function of the principal siress
difference in the glass.

Readings are taken as with the annular stressmeter. The analyzer is aligned with the major
stress direction in the inclusion, and the fringe pattern is compensated at the center of th<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>