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MEASURE-VALUED PROCESSES IN THE
CONTROL OF PARTIALLY-OBSERVABLE STOCHASTIC SYSTEMS

WENDELL H. FLEMING

ABSTRACT

This paper is concerned with the optimal control of continuous-
time Markov processes. The admissible control laws are based on white-
noise corrupted observations of a function on the state processes. A
"separated" control problem is introduced, whose states are probability
measures on the original state space. The original and separated
control problems are related via the nonlinear filter equation. The
existence of a minimum forv the separated problem is established. Under
more restrictive assumptions it is shown that the minimum expected
cost for the separated problem equals the infimum of expected costs

for the original problem with partially observed states.
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MEASURE -VALUED PROCESSES IN THE

CONTROL OF PARTIALLY-OBSERVABLE STOCHASTIC SYSTEMS

Wendell H. Fleming

1. Introduction.

We are concerned with optimal control of partially-observable
stochastic systems, of the following kind. The state (or signal)
process is denoted by x,, 0 ¢ t ¢ T, with x, €% where I is
some given "state space'. The control process is denoted by Uy
0 <t<T, with u, € U where U is some given 'control' space.

The control u, is allowed to depend on observations Yy for

t
0 <s < t. In this paper, we shall assume that

t
{1:1) ) Ioh(xs)ds W,

where Wy is a brownian motion process of some dimension V.

The object is to minimize a criterion of the form E@(xT). given

an initial distribution of the random variable X,

A precise formulation of the partially-observable control problem

is given in §2. An open problem, apparently difficult, is to prove

the existence of an optimal control process in case of partial
observations. We do not solve this problem here. Instead, we
introduce a related control problem in §3, which we call the
"separated" problem. In the separated problem the "state" at
time t is a probability measure T, on £. The state process is
governed by a stochastic partial differential equation, driven by

some v-dimensional brownian motion bt (see (3.1) for this

A




equatior written in a weak form). In the separated problem, the
controller is allowed (roughly speaking) complete past observa-

tions in choosing the control u See §3 for the precise

t.
formulation. The objective is to minimize EHT(O), given ﬂo,

where
(1.2) n(g) = j g (x)dn(x) .
z

The original control problem with partial observations and
the separated problem are related through the nonlinear filter
equation (2.5), which is the same as equation (3.1) if ﬂt is the

conditional distribution of X, given past observations and

bt = Qt is the innovation.

In §4 we establish some tightness and closure properties
associated with the separated problem. Then we prove a result
about the existence of a minimum for the separated problem
(Theorem 1). The method is an adaptation of [4]. If we let L
denote the minimum of E"T(¢) in the separated problem and @
be the infimum of Ew(xT) in the original problem, then the
nonlinear filter equation implies that G, < . In §9 we show
that Gs = &, under fairly restrictive assumptions (Theorem 3).
A result like Theorem 3 was proved by Bismut [2] when I is a
finite set, under still more restrictive conditions.

A separated control problem with state space I was also
considered by Segall [10]. He considered both observations of

the type (1.2) and point observations. A nonlinear semigroup

-




approach, when I is finite, was taken by Davis [3].
Another case of considerable interest is when the state process
X, obeys a stochastic differential equation

(1.3) dxt = f(xt,ut)dt + dwt,

where it is a brownian motion independent of the brownian motion

W in (1.2). Unfortunately, our results do not include this case.
A minor difficulty is that the state space I is some euclidean
space, which is not compact as assumed in §2. A more significant
difficulty is that the generator <" associated with (1.3) when
u 1is a constant control is an unbounded operator. The method used
to prove Theorem 3 would have to be changed to deal with this case.
It is hoped that the device of introducing the separated problem

may eventually be useful to study existence of optimal controls for

the partially observed control problem.

2. The Control Problem with Partial Observations.

Throughout the paper we assume that x, € I, where I is a

t

compact metric space; moreover, u_ € U, where U 1is a compact, convex

t
subset of euclidean R" for some wu. In (1.1) we assume that
h € C(Z;Rv); moreover, in the criterion to be minimized ¢ € C(Z),
where C(%) = C(E;Rl) is the space of continuous real-valued
functions on I.

We assume that for each constant control u € U there is a
semigroup 3V: on C(t) associated with a Markov, Feller process

X Let #Y be the generator of the semigroup 57:. We assume that:

tt




(2.1) There is a dense set & < C(X) such that 2 ¢ 9(.'{") &
for all u € U, Given g € @, y'ug € C(U;C(T)).

(2.2) Given g € C(X) and t > 0, ;j:g(x) € C(X x U).
Let D([0,T];¥) denote the space of N-valued functions which
are right continuous and have left hand limits for each t € [0,T);

see |[1].

Admissible systems (P.0.). Let x,u,w be processes defined

on some probability space (n._v.{.vt).v). provided with an in-
creasing family {,vk) of o-algebras, 0 < t < T. For brevity we

write x for the process instead of Xeo 0 ¢t <T, etc. We re-

quire that Xy is _ﬂ;-mcasurublo. and that w is a brownian

motion adapted to {,ﬁi}. Maoreover, the paths x, (@) are in

D([0,T);Z) for each w € Q. For g € @ let

(2.3) mg = g(x,) - glxg) - [ <

Let ‘ﬁ{ be the o-algebra generated by Ygr 0 ¢ 8 < L,

Definition. We say that (x,u,w) 1is an admissible system
(P.0.) if:

(i) u, is )f{ measurable, for 0 <t < T,

(ii) For ecach g € 2, m§ is a (‘*i}-martingalo and

mg,\»t = (,
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We recall that the condition <mg,w>t = 0 1is equivalent to

requiring that m%wt isan | jﬁ)-martingale (8]. The partially

observed control problem is to find an admissible system (x,u,w)

minimizing EO(xT), given ¢ and the distribution of the initial
state xo.

Since x has right continuous paths and w has continuous
paths, m% and m%wt are also martingales with respect to {.92~}.
Hence, we may assume that (,9%} is a right continuous family.

In addition, we may complete these o-algebras by adjoining P-null
subsets of .

In the special case of a constant control wu, we can let X

be a Markov process associated with the semigroup FY

tt

The nonlinear filter equation. Let “t be a regular conditional

given 9‘{. Given g € C(S)

distribution for Xy

(2.4) . (8) = E[g(x,)| #Y).

Since &) is the trivial o-algebra, n, is the distribution of

Xg- The nonlinear filter equation [7, Theorem 8.1)], for g € 2,
is
t I.lS
(2.5) 1@ = 1@ ¢ [ i Spas
K 0
t ~
' [olns(gh) - m (@) (h)]-diig,
where

‘.-“m““"-.'"""'"‘“""""'*ﬂﬂﬂuuh-nu-unnﬁ




(2.6) Gt -y - [oh(xs)ds

is the innovation process. Note that gh and h have values

: v A : ; p ’ c
in R, and w, is a v-dimensional brownian motion adapted to

{9’{}. From (2.4) with g = ¢ we have
(2.7) E®(x) = E{Eo(xT)lj?¥} = L7.(0).

3. The Separated Controcl Problem.

Let # = _4(X) be the space of probability measures on the
compact metric space L. We give _# the w*-topology; then 4
is compact, metrizable. In the separated problem the "stéte"
process T, is measure-valued, with T, € A. We define
admissible systems for the separated problem as follows. Let

T,u,b be processes defined on some probability space (5,1?,{3% },ﬁ),
provided with an increasing family { ¥.} of o-algebras, 0 <t < T.

We require that = and u, are 3Q-measurable, and that b is

t t t

a brownian motion of dimension v adapted to { ?Q}

Definition. We say that (T,u,b) is an admissible system (S)

if, for each g € 9,

t u t
(3.1) 7 (g) = Ty(g) * [owswsg)ds ! jotws(gh) - T (g)T (h)]-db,.

The separated control problem is as follows. Given ¢ € C(I)

and "0 € #, find an admissible system (T,u,b) minimizing E"T(0).
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We emphasize that the separated problem is defined without reference
to the partially observed problem in §2. However, equations
(2.5)-(2.7) imply the following relationship between the partially

observed and separated problems. Given T € A, let
(3.2) a = inf(ENxT): (x,u,w) admissible (P.0.), X has distribution ﬂo}

(3.3) o™ e inf{EﬂT(¢): (",u,b) admissible (S), "0 given}

If (x,u,w) is admissible (P.0.), let . be a regular con-

ditional distribution of X¢ given j’{; let 9% = j?{,

(5,.§3§) = (@, #,P). Then (T,u,w) 1is admissible (S). By (2.7)
and definition of 8

o < EM.(0) = EO(xp).

Since this is true for all systems admissible (P.O.)

(3.4) 1

A
R

In §9, we will show that e under the restrictive assumptions

that the generators <" are bounded operators, and that the |

control u enters <Y linearly.

4. Tightness; Closure Properties (Separated Problem).

If (",u,b) 1is an admissible system (S), then by (3.1) ﬂt(g)
is continuous on [0,T] for each fixed g € 2. The same is true

for g € C(Z), since 2 is dense in C(S) and ﬂt():) = 1.
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Since .# has the w*—topology, the measure-valued process _# has
paths in C([0,T);. #).
Consider any collection ¥ of admissible systems (7,u,b).

Let us show tightness of the corresponding collection of probability

;3 distributions of (m,b), which are measures on EC10,.T); ) =
C(jO,T];Rv). This is Lemma 2 below. Let us write T (g) for the

sample path nt(g), Rt ¢T.

Lemma 1. For every g € @, € > 0 there exists a compact set

B, = C(I0,T]) such that

g
P(* (g) € B, )51 - &
Proof. By (3.1)

L0 SRR | L Fg(t) # Fg(r) * Mg(t) o Mg(r),

t u,
Fg(t) = foﬂs(.s/ g)ds

t
Mg(®) = [ n e - I ()T () ab.

We have Iﬂs(gfug)l < 1<% < Kg,by assumption (2.1) and compact-
ness of the control space U. Hence, Fg(') is Lipschitz with
constant Kg,and Fg(O) = 0. Moreover, Mg(t) is a martingale

with increasing process

t

Mg(0)> = [ |7 5eh) - 7 (@)7 ()| %as.




: 2 o 3 -
Since Iﬂs(gh) - "s(g)"s(h)l < klg,we have <Mg(-)> Lipschitz
with constant Klg' From these facts, Lemma 1 follows by well-known

arguments (9, Proposition 9) (5, Lemma 4].

Lemma 2. For every € > 0 there exist compact sets

Agp € C(10,T);.#) and A_, < C([0,T);R") such that
P(¥_ € &;) 21 - 8 P(b, € A5) > 1 - €.
The existence of Aey follows from Lemma 1 and elementary
properties of the w*-topology on _#; see [5, Lemma 3). The

existence of ACZ is a known property of brownian motion.

Closure results. Let us consider sequences of admissible

systems (ﬂn,un,bn), n=1,2,..., all defined on the same
(5,.93{3§},5). If this sequence has a limit (m,u,b), in a suitable
sense, we wish to give conditions under which (m,u,b) is

admissible. In the first closure result we consider constant

u_.
nt n

We recall that _«# with the w*-topology is metrizable. Hence,

controls u

one can consider uniform convergence on [0,T] of sequences nnt'
This is equivalent to uniform convergence of nnt(g) to ﬂt(g)

for each g € C(Z%).

Lemma 3. Let (ﬂn,un,bn) be admissible (S), n = 1,2,...,

with u, € U a constant control such that U, *U 88 n + =,

Suppose that "nt > "t’ bnt - bt uniformly on [0,T] as n + =,
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with probability 1. Then (m,u,b) is admissible (S).

Proof. For each g € 2

t

t u
= 1 :
Te® * Tuge) ¢ [ 1, (e ¢ [ o by,

s = Tkl ToJig)T. (k).

n
ns

We have since ﬂns(E) =1
Un u Yn u u
["s & 8) - 17| < |l Mg -l ¢ I (M) - T (M)

u

By (2.1), |l ™g - «Yl| » 0; and since &g € c(2),
"ns(ﬁfug) > "S(ﬁfug) uniformly on {0,T) with probability 1.
Hence, with probability 1

t un t u
lim f T (< Tg)ds = f T (¥ g)ds, 0t < T.
now Jo NS 0 S - -
Moreover, €,s 1s uniformly bounded and tends uniformly on [0,T]
to e = migh) - “S(g)ﬂs(h), with probability 1.

By Lemma 1, given € > 0 there exists a compact set
D < C([O,T];RV) such that ﬁ(en. € De) >1 - €. Since compact sub-
sets of C([O,T];Rv) are equicontinuous, it follows by using

piecewise constant approximations that as n +

t t
foens-dbns -+ f es-dbs in probability.

T - —e B T g ATV AL ATV B AN 2 =3
TP~ T st s T R ———
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See (4, pp. 789-790]. Therefore, (W,u,b) satisfies (3.1) for

each g € 9, which shows that (mw,u,b) is admissible. This proves

{ Lemma 3.

; Let us now establish a second closure result, which will be

used in §5 for the proof of an existence theorem for an optimal
control in the separated problem. We recall that u = (“1'°°"uu) €U,
where U c R*. We now impose the following assumption on the

form of the generators <£Y:

(4.1) ¥ = £0 . 2’1~u, where <£0: 9(.%0) + C(%),

5/1:

i=0

9(.‘/1) ~ C(Z;RY) are linear operators with 92 < 2(¥Y),
1‘

-

Note that (4.1) implies (2.1).
When (4.1) holds, let

Jt
e u_ds.
t 0 S

If (m,u,b) 1is an admissible system (S), let us call (W,v,b) an

admissible system (S'). Equation (3.1) can now be rewritten as

t

4.2 m = T + T 0 ds + tn 1 d
() 1@ =@ [ v elads ¢ [ v eln v

t
! joznscgh) - m (g7 (h)] db_.

Thus, the conditions that (7,v,b) be admissible (S') are that




N
o el
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Tyrv, be & -measurable, that b, be a brownian motion adapted

to | g@}, that (4.2) hold for every g € 2 , and that W ” dvt/dt

is in U almost everywhere on [0,T] with probability 1.

-

Since U is compact, lusl < N for some N. Hence, v, is
Lipschitz with constant N. Since Vg = 0, v, lies in a fixed

compact subset of C([O,T];Ru). We then have by Lemma 2:

Lemma 4. For every € > 0 there exists a compact sct

Ag © CCL0,T1; 4 < R* x R”) such that P((n.,v.,b.) € A) > 1 - e,

The second closure result is:

Lemma 5. Let (ﬂn,vn,bn) be admissible (S'), n = 1,2,...

Suppose that (4.1) holds and that

(Tne*Vne Pne) * (TeaVesby)

uniformly on [0,T] _as n + o, with probability 1. Then (m,v,b)

is admissible (S').

Proof. Consider any g € Z. Since gfog € C(S),
"ns(éfog) > 12(5/03) uniformly on (0,T). Similarly

"ns(ﬁflg) -+ 1%(5f1g) uniformly on (0,T]. Since Yos * ¥, umi-

formly on (0,T) and Idvnt/dtl < N, we have

S 0 ; 0
i [ n (s 00as = [ 0 0nas

n-+o©

. I* 1 ¥ 1
11112 foﬂns(.‘/ g)dv = IO"S(.'/ g)-dv_.

The same proof as Lemma 3 then shows that (",v,b) satisfies (4.2),




13

for each g € 2. Finally, since ;- dvn/dt is in U, ¥ ‘i3

Un
compact and convex, and Yok TNy uniformly on [0,T], we have

dvt/dt € U. Hence, (",v,b) 1is admissible (S').

5. An Existence Theorem (Separated Problem).

In order to show that there is a minimum in the separated
problem, we show that there is an admissible system (S') for which
the infimum o in (3.3) is attained. This will be proved using

results in §4, following the method of [4]). The distribution of

a triple (w,v,b) is a probability measure on C((0,T]); & x R¥ x RV).

Triples (w,v,b), (533,3) with the same distribution measure are

identical in distribution.

Theorem 1. Suppose that (4.1) holds. Then there exists an

admissible system (S') (¥,v,b) such that EWT(¢) =a.

n,vn,bn) be a minimizing sequence (S'); thus

EﬂnT(¢) o and BﬂnT(o)-' 4y @5 an + =, Py Lemma 4 and

Proof. Let (7

Skorokhod's theorem, there exist a subsequence of n and

=  nd . . - - - . - - “
("n.vn,Bn) identical in distribution with ( n,vn,bn) such that

"nt'vnt’snt
probability 1. By Lemma 5, (7,v,b) is an admissible system (S').

tend to limits ﬁt'vt‘st uniformly on [0,T], with
Moreover

By » lim EnnT(o) = EW&(O).

n-+wo©

This proves Theorem 1.
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ﬁ ¥ 6. Constant Controls.

The remainder of this paper is concerned with the relationship
between the infima & and Gs in (3.2), (3.3). For this purpose,
we consider piecewise constant controls in §'s 7 and 8. In
preparation, let us suppose in this section that u 1is a constant
control, u, = u for 0 <t <T.

In §'s 6-8 we do not use linearity of <% in u in (4.1).

Instead, we make the general assumptions (2.1) and (2.2).

Lemma 6. Given ﬂo € #, u€ U, and a brownian motion b, there

exists an _g-valued process T which is a solution to (3.1) for all

g € 9. Moreover, the distribution of 7 is unique (it depends

only on "0 and u ).

Lemma 6 follows from results of Kunita [6] and Szpirglas [11].
Kunita's construction [6, p. 374] gives uniqueness in distribution

to the corresponding equation for T, written in terms of the

semigroup 57: on C(S) generated by <Y, In {11, Th. 111.1}]

Szpirglas showed that that equation is equivalent to (3.1).

Lemma 7. Given ™ € #, u € U, and F €C(a), let

W(ﬂo,u;F,T) = EF("T). Then V¥ is continuous on _#& X U.

Proof. Let "nO > T u +>u (un € U); and let (nn,un,bn)

be admissible (S) with T0 the state of the process Tat when
t = 0. By Lemma 2 and Skorokhod's theorem, there exist (ia,sﬁ)

identical in distribution to (ﬂn,bn) and a subsequence of n
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such that u_ -~ u, (¥ .,b ) ~ (Ft,Ft) uniformly on [(0,T] with
probability 1. By Lemma 3, (W,u,b) is admissible (S). Moreover,
70 = m,. Then

lim w(ﬂno,un;F,T) = lim EF(ﬂnT) = EF(HT) = w(ﬂo,u;F,T).

n-»>o n-—+eo
This proves Lemma 7.
Note that in defining W(ﬂo,u;F,T), we have used the uniqueness

in distribution of Tps which is implied by Lemma 6.

From Lemma 7 and compactness of _# * U we have:

Corollary. V(™) = min ¥(W,u;F,T) is continuous on _#.
u€eu

7. A-Admissible Systems (S).

In this section and in §8, we let A denote a fixed partition
of [0,T] into subintervals [tk’tk+1]’ with 0 = to < t1 o SEPRNTN -
VL, T. We define Vk(") by backward induction on k. For T € _&

(7.1) V(™) = 7(e)

(7.2) V. (") = min ¥ (m,u;V P - - t,) K*® Q,l,casm =~ 1.
k ueu . k+1’ "k+1 vl
By the Corollary in §6, Vk € C(L).
Equation (7.2) is a discrete-time dynamic programming equation
for the separated control problem, with constant control on each

interval [tk’tk+1)’ in a sense which we shall indicate below.
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Definition. An admissible system (",u,b) is A-admissible (S).

if u, is constant for tk <t < tk+1’ Ew B, Tiovsshk = 1

We recall that an admissible system (S) is defined un some

(@, 9,0 9,),P).

Lemma 8, If (T,u,b) is A-admissible, then

Vk("t ) < E{“T(°)|'9E Y, P-as.
k k
Proof. We use backward induction on k. For k=m, t =T,
Vo (Tp) = T(0) = E(n,(®)]| &)}, P - a.s.
Suppose Lemma 8 is true for k + 1. Then
(")  E{(n (®)| ¥, } = E(E{"(®)| & 1} & } > E(V,,, (", )}, ).
T ty T teel ty k#1070t 017 Tty

Let & denote (",u,b) restricted to [tk’tk+1); and let
Fy = Pk(w;-) be a regular conditianal distribution of this triple

given ¥ . With P-probability 1, u

i t
k

[tk'tk+1) and "tk is constant rk-almost surely. Moreover, the

restriction of bt to [tk'tk+1] is a Pk-brownxan motion. Let

is a constant u, on

t

Yk
66 = 1 (@) - 1 (©) - [ 1 e teds

tx

t
S NUACOERNOGLNOITN
k
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Let G(%) = max |G(&,t)]. By (3.1), G(&) = 0, P-almost surely.
[ty tye1
Hence, G(%) = 0, I‘koalmost surely, with 13-probability 1. With respect

to the measure Fk,c is a solution of G(§,t) = 0 on

[tk’tkdl’ for each g € 2. Hence, P-almost surely

T

k
BiVo .(®. )| ¥ ) =E
S Tl S | t

4 m w YR, sV, . ,t ot
ke ey )= V0T o0Vie By - )

> Vk(ﬂ o

tx

This, together with (*), proves Lemma 8.

Since "0 is given (not random) Lemma 8 implies when k = 0

Let
(7.4) al = inf{ET;(8): (T,u,b) A-admissible (S), T, given}.

; z A A :
Then (7.3) implies that Vo(ﬂo) L8 In fact, Vo("o) ol P This

follows from Theorem 2 in the next section. A direct proof that
Vo(ﬂo) = “2 could also be given in terms of the separated problem
only without reference to admissible systems (P.0.); but we shall
not do so.

In a similar way, Vk(ﬂk) is the infimum of EﬂT(0) for a
separated problem on [tk,T], using controls constant on intervals
[tz’tz+1)' £ > k, and with 7 . Ty This justifies calling (7.2)

t
k
a discrete-time dynamic programming equation.

A e e
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8. A-Admissible Systems (P.0.). As in §7, let A be a fixed

partition of [0,T]. -~

Definition. An admissible system (x,u,w) is A-admissible (P.0.)

if u is constant for t

t g=nea

k+1’ k = 0,1,...,m e 1-

Given 1'0 € 4 let

A

(8.1) «” = inf E¢(x (x,u,w) A-admissible (P.0.), x has

)¢
distribution ﬂo}.

As in (3.4) we have ag < GA. The purpose of the present

section is to prove:

A A
Theorem 2. a ™ Vo(ﬂo).

Since Vo(ﬂo) < “ﬁ < GA, it is sufficient to prove that, for

any € > 0, there exists (x,u,w) A-admissible (P.0.) such that x,
has distribution T, and

(8.2) E(o(xp)} < Vo(mg) + €.

This follows from Lemma 10 below.

We begin with the following construction, similar to one used
by Bensoussan-Lions [12]. Let 6%,..., 5& be disjoint, Borel
measurable subsets of _#, with _# = &a Usoo U &&. Let ukj €U,
k=20,1,...,m -1, j =1,...,2. Given an initial distribution "0
for Xo, we wish to construct a A-admissible system (P.0.) (x,u,w)

with the property




(8.3) u if . -w € 2. ty st <t 4, k=0,1,...,m-1,

k J -

where % is a regular conditional distribution of X, given 3@%

The system (x,u,w) will be defined on the '"canonical" sample

space
Q = D([0,T];Z) X C([0,T1;R"),
whose elements we denote by x_,w . Let .92 be generated by

x ,w  paths for 0 <s <t, with ¥ = .. We define by in-
duction a sequence of probability measures PO’Pl""
P . The measure P, will be defined
m-1 k

B as

m-1

follows; then we take P
on % .
T+l
Lot Q:k be the probability distribution on D([t,,t,,;];Z)
of a Markov process with initial state X, =X and generator ZU.
k
From assumption (2.2) and the Markov property sz depends con-

tinuously on (x,u) € Z X U in the sense of convergence of finite

dimensional distributions. Let ka be Wiener measure on

C([tk,tk+1];Rv) for paths starting at wtk = Ww.
For 0 <t < tys the control is constant: Uy * Uy = uoj for
that j such that 7, € 6%. We define P, on %  as the

1
product measure PO = Q0 X "oo’ where

u
i 0

Q) = [ o fmanm, se 7 .

Now suppose that PO’pl""’pk-l have been defined, as well

as piecewise constant controls u, for 0 <t < tye As in (8.3),




20
- = - n 3
we define Uy = Upy if "tk € é%, te St <ty where g is
a regular conditional distribution of X, given j?{ with
k k

respect to the measure Pk-l' Let (x',w'), (x?,w?) denote the

restrictions to [O,tk] and (tk’tk+1] respectively of (x ,w ).

The measure Pk is defined first for subsets of 2 the form

B' x B", where B' € _9? is generated by (x',w') paths and
X AT

B is a "window set" of the form B" = Eex® w''): (xS "W ) € A.}
. . = v 1
s i i
for finitely many s; € (tk’tk+1]' Let Qk = th x and Wk = th
k k
where u = u, for ty St <t .- Then

(8.4) P, (B' xB") = JB'(Qk X W) (B")AP, ;(x!,w!).

This determines the probability measure P, on .
k Tyl

We take P =P _,.

Lemma 9. The system (x,u,w) is A-admissible (P.0.).

Proof. By construction, u, is jV{-measurable and constant
on each interval of the partition A. According to the definition

in 82 it suffices to verify that, for each g € 9, m% and méw

Tt
are { 92}-martinga1es, where m% is defined by (2.3). Let us
first consider tey ST <t <ty,. Let ¥" be the o-algebra

r
generated by x'",w" paths restricted to (tk,r]. Then

QXW
E X K((mE-md)| 71

t u
= EQk{g(xt) - 8lx,) - ff&f kg(xs)dSI Fi} = 0.

i L S
o
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Hence, for any B" € #!,

IB"(mﬁ-mg)d(Qkxwk) = 0.

Since m% - m§ and W, - W, are independent with respect to

Qk x Wk, we also have

For B € 5} of the form B = B' x B" with B' € _9% and
k

L} ]

B" € 7'r

S - giag -
IB(mt mr)de [B' an(mt mr)d(QkXWk)de_1 0.
g Pty R
Thus, E{mg| 7.} m’. Similarly,

E{(m%-mﬁ)(wt-wr)l £}

0,

from which Bfm%wtl ji} = mgwr, for LS L tyers E
r < tk <t< tk+1’ we first condition on j?i and then on .51.

This shows that m% and m%wt are { 51}-martingales, from which

Lemma 9 follows.

Lemma 10. Given € > 0 there exists an admissible system (P.0.)

(x,u,w) such that

Ehyl sl cnpyssa <D
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k=20,1,...,m-1 and with any distribution "0 for Xg- Here

- g : ; . : y
is a regular conditional distribution for xtk given .S'tk.

Proof. In the construction above we choose the partition

vl

of 4 fine enough and Uy such that

& J

€
YOG Ve ter - ) S VM

for a1l T € d%, k =20,1,...,m. This is possible by Lemma 7 and
compactness of .4 x U. The probability measure P = Ph-1 and the
piecewise-constant control process ut on the canonical sample
space are defined by the construction. We now proceed by backward
induction on k (compare with the proof of Lemma 8). For k = m,
Vm(WT) = nT(o). Proceeding inductively, suppose Lemma 10 true for

k+l. Let O be a regular conditional distribution for

k
(x,u,w) given j?{ . With P-probability 1, u, is a constant Uyj
k
on [tk’tk*l) and "t is constant Ok-almost surely. Moreover,
by (2.5)
t Uy t .
me(®) = 1 @ ¢+ [ Mgas o [ o en - n @ -ai,
k tk tk

for £ $ t <t Hence, by the definition of ¥ in Lemma 7,

0
X
Vet

W e T AT Tl e

We then have, with P-probability 1,

“
)| FL )} = B UV, (0
thel” % w S

€

E(V,, (" R TVRAS T




E(m(0) | #.! E(E{m (0)| . % )} & }

k+1 k

A

BV, (", )| % )+ e - KL

k+1 ty

A

Vk("tk) + e(1l - %).

This proves Lemma 10.

We get the inequality (8.2) needed to prove Theorem 2 by
taking k = 0 in Lemma 10, since 575 is the trivial o-algebra
and EﬂT(¢) = E¢(xT).

9. A Sufficient Condition for o = a

s
According to (3.4), as < &; while by Theorem 2, aé = uA.

Since the class of A-admissible systems is contained in the class

of admissible systems (either (P.0.) or (S)), we also have ol >a

and “2 > @ . Therefore, we will have @, = o if we can show that

A
(9.1) @ = inf a.

Unfortunately, we have verified (9.1) only under the rather restrictive
assumptions of Theorem 3 below.

The proof of Theorem 3 will proceed as follows. Given any
admissible system (S) (m,u,b), approximations (ﬂn,un,b) are made
such that u: is piecewise constant. It is shown that ﬂ2 is near
“t’ in a suitable sense, if E I2|u2-ut|2dt is small. See (9.5),
However, our proof of this estimate uses boundedness of the generators

% 1 simplify matters we also assume that the control enters

s e —————— OV — S—




linearly, &Y wief ol seinm (4.3).

Theorem 3. Assume that (4.1) holds and that 5/0,ﬁf1

are bounded operators on C(S). Then o = B s

Proof. Let (7,u,b), ("™,u™,b) be admissible (S) with

Tp = To- Let ¢, = m - w0 .(g) = E[6,(g)1%; both ¢,.,9 depend

0 0 t t?
of course on n. From (4.2) we have

t

t t
0 1
¢t(g) f0¢s($/ g)ds + fo¢s(£f g)-usdS

+

t
D .l n
Jo"s(ﬁf g} (ug-u.)ds

+

t
[ ogtem - ¢ @ ) - ¢ ()W) -ab,,

2 0 < xt 16_(" 0_(¢lg)ld
(9.2)  0,(g) < [0[ ((£%) + 0 (Llg)as

+

t
11 el 1% [ Jug-ul|2as
0

+

t
[“to camy + 1inl1% ey + [1gl1% (m1as,
0

for some constant K.
Let h = g,; take 81+85»++. such that ||ng < C and their

linear combinations are dense in C(S). Let 5{2g = hg,

i ¢
.ij - {gj}, J&j = {¢F gj. 1=0,1,2},

MY O N :
veer Ky =, 1=0,1,2: £€ A, .}y

‘l’j

B ———




where j = 0,1,2,... . Let

: = 8. (f
Bk; (t) flga)x'k. ¢ ()
$J

st oee o o e e S L

Vg = max [[€]1°
fe"kj

T
lIu-unllg = B Jolut-uzlzdt.

some M

Henc £ CH"
ence, ij < M

bounded operator we have for some Kl
t

0.3 gyw < K1f

Take P > M, and let
= 5 -k
(9.4) § (t) kgoo By (t),
B(t) = z‘jaj(t).
j=0

From (9.3)

Since éfo,ﬁfl are bounded operators and ||h|| < «, we have for

« In (9.2) we take g € }ij' Since 2 is a

‘ 2
[Reer, i (8) * B () + mpy Bpg(s)1ds + vyl fu-u®[[y),

D S ——



t t @
Bj(t) < KI(JO(p+1)Bj(s) + Ioaoo(s)(kzop C"™M™M)ds

-k~2, .k
+ (3 p7RcAmky | u-um ) 2.
k=0
Since B,, < B, we then have for some K,

B(t)

A

£
KZ[J B(s)ds + ||u-u“||§],
0
(9.5)
B(t)

‘A

exp(K,T) | lu-u"]]3, 0 <t <.

To complete the proof of Theorem 3, given (m,u,b) admissible (S)

let u?, n=1,2,..., be a sequence of piecewise-constant controls
such that llu—unllg + 0 as n -+ o, The control ug is constant

on intervals [tz,t2+1 of some partition A" of [0,T), and ug

is ¢ nmeasurable on [t:,tﬁ‘l). Since <0 and (7 are
t
k

bounded operators, the technique of successive approximations

provides a solution ﬂ: to (4.2) corresponding to the initial data

“0 and ult‘,bt . We omit the proof (one proof uses a method like
the one above, with ¥ the difference between successive approxima-

tions to the solution "2). Inequality (9.5) implies that

Eﬂz(gj) > Eﬂt(gj) as n + @, Since 8)»8)+82s++. SpPan c(z),

En(g) » Em_(g) for all g € C(X), 0 €t <T., In particular,
t t A

n p
Enp(e) » Em (¢). Since o <o " < Emp(e),

A

@ < lim sup ¢ ™ < Em_(9).
$ 5= T e R ary )

Since the infimum of the right side among all admissible (m,u,b)

is &, this proves Theorem 3.
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