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~The design of correjation regions for tracking with cooperat ive users is examined
under the requireme4 to derign the correlation regions on a constant probability
of intercept basis. \Starting with the assumption of independent and Gaussian—
distributed range and\azljluth errors In the sensor and assuming a constant—
coefficient isotropic ~ — 5 tracking filter , It is shown how the correlation region
design must include such factors as sensor errors, t iming jitter , tracking errors ,
and the asynchronous operation of the tracking function with respect to the sen-
sor measurements. Using a specific example to obtain numerical results , it is
shown that , in the case of straight—line trajectories, the radius of a circular

• correlat ion region is linearly proport ional to the distance from the sensor in
• the region where azimuthal errors predominate and is constant in the region where

range errors predominate. For a maneuvering target , it is shown that the size of
the correlation region must be equal to the sum of the radius used for the
straight—line case plus the magnitude of any tracking bias which results because
of the deviation from a straight—line trajectory as assumed in the tracking
filter. By examining various types of maneuvers, an upper bound is derived for the
magnitude of the bias which could reasonably be expected in typical maneuvers.
By specifying the size of the correlation region on a constant probability bias ,
it should be possible to obtain better discrimination against false targets and
improved detect ion of maneuvers by sensing the development of tracking biases.
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EUCUT IVE SWO4ARY

The basis for all advanced air traffic control functions is the ability to
predict the pos ition of an aircraft sufficient ly far into the future to allow
intervent ion by a controller in situations in which this Is warranted. The

• predict ion of future position is based on velocity estimates obtained from
a tracking filter which estimates, via numerical differentiation, the time
derivatives of the position reports for a given aircraft. Within the tracking

• algorithm, the correlation region or search area, is one of the means by which
new target reports are associated with existing tracks derived from previous

• r.ports. The topic of interest in this paper is the design of search areas
which will achieve a high level of correct association between the existing
tracks and new target reports, but which are sufficiently selective to reject
erroneous reports such as false targets. In order to achieve this goal it
is necessary to design search areas which are adaptive to the statistical

• performance throughout the coverage area of the sensor.

The design of variabl, or dynamic search areas is based on both the measure-
ment errors of the sensor and the performance of the tracking filter for
various types of maneuvers. In all practical tracking al$orithme the trajec
tories of maneuvering targets are more difficult to follow than straight—
line tracks. Since the sis. of the dynamic search area varies with the
size of the expected measurement error, and other factors, this technique is
able to provide a better discrimination between straight—line and maneuvering
targets which results in an improvement of the tracking performance (via
a reduction In the bias observed in heading for maneuvers and a reduct ion
in the heading jitter for straight—line tracks). Since the search area
design is based on known statistical characteristics of the sensor measurement
errors, the theoretical performance of the tracking algorith, and the devi-
ations from the theoretical performance encountered in practical tracking
algorithms, the dynamic search area concept guarantees that a specified
level of tracking performance will be maintained throughout the coverage area
of the sensor. The numerical techniques developed In this paper are appli-
cable to the design of dynamic search areas for use with tracking filters
using either DABS or ATCRIS data. In a subsequent paper, the specific levels
of tracking performance improvement which can be obtained using the dynamic
search area will be found. 

-~~~ • -- ::. ~~~~~~~~ ~~ i*~



1. INTRODUCTION

The process of radar data correlation, which is defined as the associat ion
of surveillance data with a track (a mathematical estimation of a target
trajectory), has been considered previously ( 1—7 1. The requirement for
a correlation process usually arises in the transfer of tracking respon-
sibility between surveillance volumes covered by different sensors or in
the uultiple—target/multiple—sen.or case for the same surveillance volume
where an association between tracking and surveillance data, which may contain
false reports, must be made. In most cases the size of the gate (or search

• area) in which correlation will be allowed is based on the statistical prop—
erties of the residual errors between the measured target data and the pre-
dicted state of the trajectory at the time of interest. If it is assumed
that the distribut ion of the residuals is Gaussian and independent in each

• dimension, then the gate boundary will usually be taken as an equiprobability
contour with the statistical properties based on the chi—square distribution
(3, 5 , and 7).

The usual context for correlation analyses is in the case of uncooperative
users in which there is a noise background of spurious data combined with
true target reports corrupted by measurement errors. For the purpose of
this study, however, it will be assumed that cooperative targets (i.e.,
transponder equipped) are being observed and for this the correlation prob—

— 1cm is of a slightly different nature. The system of interest in this case
is the Air Traffic Control Radar Beacon System (ATCRBS) (8] in which the
correlation process is used to reject data which are unreasonable because
of inherent system limitations (e.g., identification errors in the beacon code
reply can be caused by overlapping replies from closely spaced targets, erro-
neous positions can be reported due to reflections, etc.). In addition to
rejecting unreasonable data, the correlation process must also determine which
of several alternative data points, if any exist , is the best for a part icular
track and, also, to detect a target maneuver by the size of the residual
error . It has been suggested that data aSsociation and tracking should be
treated in a unified manner rather than relying on simulation of alternat ive
techniques (1], and it is the objective in this study to illustrate the
interrelationship between correlation and tracking and to show how certain

• practical problems of implementation can affect the design.

2. MATHEMATICAL DEVELOPMENT

2.1 SURVEILLANCE MODEL.

In order to make probabilistic statements about the size of the correlation
regions, some form of statistical model must be used to describe the sensor

• measurement process. It will be assumed , as it has been in other studies
(201, that the surveillance system measures target position in a polar

1 
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coordinate system and that the range and azimuth errors are small in magn i-
tude , Gaussian distributed , and statisticall y independent . The transformation
to the Cartes ian coordinate system used for tracking is , where 8 is measured
from the y axis ,

z~~ ø-sl n O (1)

y o cos O (2)

and for small errors a first—order approximation is

A x • sln 8 A p + p cos 8 A6 (3)

Ay  cos 8 A p- p s i n 8 A8.  (4)

It is Implicitly assumed in the above trans formation that data from t argets
at different alt itude s have been mapped onto a co on plane using an appro-
priat e project ion technique . Assuming that the errors in range and azimuth
are unbiased then A x and ~y are bivariat e Gaussian random variables with
zero mean and variances

— 
2~ ~~

2 • (rcos 6’2 
~~~ 

(5)

• 2
~ 

~~ 
• (~ sin 8)2 

~~ (6)

P o
~ 

stn O cos8 .  (7)

Equa t ions (3) and (4) can be •ol~c’d simultaneousl y for AP and A8,and the
resulting equations can be used to express the variances in a polar coo~—
dinate system in terms of the variances in a Cartesian coordinate system;
i.e.,

• o~ — ~
2 sin28 + ~

2 cos28 + 2O
~ 

sin 0 cos 0 (8)

• — (~2 coa2O • ~
2 

•1n
28 —2a sin 8 cos 8 )/p2 ~0 x y xy (9)

• While (8) and (9) are valid for any Gaussian distribut ion , it will not neces—
saril y be t rue that P and 8 are stat istical ly Independent . If however, the
statistical characteristics In the Cartesian coordinate system were originally
derived from a polar coordinate system , via (5) to (7), then p and 0, in a

2
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a polar coordinate system with stat istical characteristics defined by (8) and
(9), will be statistical ly independent. The usefulness of the transformation
from a polar to a Cartesian coordinate system and subsequent ly revert ing to a

• polar coordinate system will become apparent in a later sect ion in which the
evaluat ion of certain integrals is discussed .

2.2 SPECIFICATiON OF THE TRACKiNG FILTER.

The sensor measurements consist of the sequences { P(k)) and (0(k)) where p (k)
and 0(k) are the t rue range and azimuth , respect ively, of the target at t ime
epoch k. In pract ice , the sensor measurements are corrupt ed by errors , t~p (k)
and ~0(k) , and i t will be assumed that the sequences {M~(k)} and {1~0(k)) areeach white and stochaaticall y independent of one another. After transformation
to a Cartesian coordinat e system via (1) and (2), the measurement sequences
(X.(k)1 and (Y,(k)I w ith the associated error sequences as defined by (3) and
(4) are input to a digital filter which is characterized by the recursive
equat ions,

X (it ) — x (It) + ‘~ (x (it) — X (k ) )  (10)
s p a

V (It) — V (k—I) + (~/r) (X (I t )  — x ( k ) )  ( 1 1)• s a a

X~(k+l) — X (k) + T v5(k) ( 12)

where X5, V5 X , are the smoothed position , smoothed velocity, and predicted
posit ion , respect ive ly,  and similarly for Y. The sensor data , X,, are assumed
to be availab le at a constant rate specified by the t ime interval T. The
properties of this filter , known as an ’—~ filter , are well known (9— 24 ) .  The

• usefulness of this filter , as compared to others with superior performance ,
• lies mainly in its ease of implementat ion and limited computat ional require-

ment s which allows tracking of large numbers of targets with computers of
relatively modest capacity. The smoothing constant s ti and ~3 determine the
performance of the tracking filter and various criteria have been developed for
specifying these constants 19— 131 . Smaller smoothing constants generally give
better noise reduction properties , while Large r smoothing constant s give better
t ransien t or maneuver—following capability. Since it is not possible to select

• smoothing constants which are opt imal in all cases, it is frequent ly nece ssary
to use several sets of smoothing constants to achieve a practical system. The
choice between sets of smoothing constant s is then based on the magnitude of
the difference between the measured position and the predicted position which
is referred to as the track datum deviation.

in the analysis of the c~— B tracking filter , it is normally assumed that the
filter operates at a constant rate with data available at the same rate.
While th is  is a reasonable assumption in the case of a sing le sensor , in the
case of multiple sensors, each of which covers only a portion of the total
survei l lance  vol ume , i t i s un l i k e l y that the sensor system and the tracking
system will operate in a synchronous manner so that the t ime of receipt of the
data may not be the same as the prediction t ime of the tracking system. Such
a situation arises in the enroute air traffic control system in which the

3 
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smoothing and prediction process is done at fixed intervals wh ich are asyn—
chronous with respect to the sampling intervals of the sensors (in fact , the
sampling intervals of the sensors are not all the same). To compensate for
the asynchronous operation of the tracking and sensor systems , the estimated
velocity is used to shift the measured pos ition in time so as to be time
coincident with the predicted position , thus attempting to duplicate the
operat ion of a synchronous sensor/tracking system. In this case, (10) and
(11) become

x1(k) — x~(it) + a (Xm (k ) + ATc(k) V5(k l)  — X~ (k ) )  ( 13)

— V 5 (k 1) + ( B IT) (Xm(k ) + A Tc(k) v5(it— I) — X~ (k ) )  ( 14)

where AT
~ is the difference between the t ime of receipt of X,5(k ) and the

t ime used in the calc u la t ion of the predic ted pos it ion X~(k). The require-
ment to adjust the smoothing and predic tion process to account for the time of
actual receipt of the datum has been recognized along with the fact that the
gate size must be, “. ..large enough to account for all sources of error” (10)
in order to achieve correlation with the target data.

The fac t tha t a ‘time—correction ’ process must be used to compensate for the
asynchronous operation of the tracking al gorithm implies that the correlation

• process must be a two—stage procedure , s ince the process of time correction
i tself imp lies that at least a tentative correlation has already been made ,
unless , of course, an exhaust ive searcn is made considering every possible
track—datum pairing. Many techniques have been developed for making tentative
correlations and these inc lude: (a) associat ing the beacon code of the datum
with the code of a track which already exists, (b) dividing the surveillance
volume into subvol umes wi th lis ts of the track s in each subvo lume , and (c )
the use of a preliminary search area defined , for exampl e, as

IX,~
(k )  — X~(k)( < D (15)

IYm(k) 
~p(k)I < D (16)

where D is chosen large enough to inc lude all possible track—datum pairings
which migh t be allowable in the second stage of correlation. It will be
assumed that some technique is available to make tentat ive correlations ,

• similar to the coarse/fine correlation in 131 or one of the techniques above,
so that it is not necessary to make exhaustive search of every possible track—
datum pairing . Regardless of which technique is used the characteristics are

• the same, name ly tha t the preliminary or coarse stage must process large
amounts of data with very low computational requirements for each pairing ,
while the second or “fine” stage processes small amoun ts of da ta , but may have
cons iderab ly higher computat ional requirements for each pairing .

4
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2.3 TRACK DATUM DEVIATION.

In the second or fine stage of the correlation process, which is of prima r)
interest in this study,  some means mus t be available to ass ess the qua li ty
the various track/datum pair ings which result from the tent at ive correlatic
made in the first stage of the correlation process. Assuming that all
other relevant factors are equal the best track/datum pairing will be that
which minimizes the magni tude of the track datum deviation, At, which is
given by (inc luding the time—correction factor ),

At(k) k) + A T c (k)
~ s(k

~
l) t~(k) ( 17)

where i
~m, ~~ and are the measured position , smoothed velocity, and

predic ted pos it ion , respectively, and it is now explicitly denoted that the
track datum deviation is a vector as are the positions and velocity. Since
$~t(k)$ will be used as the final basis for correlation , the statistical
characteristics of ~(k ) must be de termined to know how large a devia t ion is
reasonable. Expressing each of the terms in (17) as the sum of a true com-
ponen t plus a random error yields (where, for s imp licity,  the dependence on
it has been as sumed) ,

Ar rT1 ~~~~~~~~~ 
+ (ATT+ )  (ç+~ ) rT 2 — r ~ 2 

(18)

or

Ai~ 
r.~1 

+ ATT~~ 
- rT 2 + + 

~~ T + AT TVe + (
~~e - re2 (19)

where I is a timing error which arises from the fact that t ime is measured iii

discrete increments. Of course, in a digital computer all data are quant ized
but the additional errors introduced by finite precision computat ions will

• be assumed to be negligible . If the trajectory dynamics imp lied by ( 12 ) ,
i.e., a constant velocity straight—line path , are , in fact , correct , then the
f i rs t three terms of (19) wil l  vanish since T1+ Ti”T2. If the target
is maneuvering , howeve r, there will be a bias error introduced in Ar by the
fact that the assumed system model is not correct . For the present , however,
it will be assumed that the system model is correct so that (19) becomes

+ + TT~~ + (V~ — 

~ e2 (20)

in which the statist ical proper t ies of are given by (5)—(7). In the
case of the t iming error , e , it will be assumed that these errors are uni

• foraly distributed over an interval AT q with E~~ ) 0 , which can eas~jj  be
obta ined by an appropriate choice of the time origin, so that for VT,

5
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2 2 2
C 0 Vqx q z (21)

2 2 2• a - a Vqy q y (22)

2_
C V VCqxy q * y (23)

where

• — (iO~Tq
)2/ 12 (24)

and V~ and V ,, are the components of the true velocity.

2.4 STATISTICAL PERYORMA1 CE 07 TREa-BTRACKING FILTER.

The stat istical propert ies of the last three terms in (20) depend on the
noise reduction performance of the tracking filter . The tracking filter
(in both dimensions) can be considered as a single—input (X,~), multiple out-
put (x5, V5 X~) filter which can be shown to have unbiased outputsif X~ is unbiased , as it is in this case (this is also true in the case
where time—correction is used). Therefore , the statistical characteristics
of a constant coeff icient , isotrop ica—Btracking filter are completely
expressed in terms of the normalized variance reduction ratios ,

• K U~ (25)

• K,,/7
2 

(26)

2 2• ~~~~ (27)

where K5, Ky, and K~ are the reduction rat ios for X5, V5 and
XD, respect ive ly, and C~ is the variance of the noise at the input of
the filter . Expressed in terms of the smoothing constants , the variance
reduction ratios are (11 , 231,

K — 202 + B(2—3a) 
(28)

~ a(4~2a-6)

_ 1 2B~ 
(29)

K —

~~ 
a(4_2a_B)

T
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K • 202 +aØ+ 28 (30)
p a(4—2a—~)

where T is the cons tant smeothing interval.

The variance reduction ratios , however, do not inc lude the effects of time—
correc t ion which is simply a feedback loop, as shown In Figure 1, in which
there is an additional noise source to account for time quantization in the
tias—correction process. Since the errors are additive and statistically
independent

c~ ‘c 2 +c 2 V2 (31)
x x q x

so that the variance at the input to the filter in which time—correct ion is
used is c~ .

79—15—1

FIGURE 1. FEEDBACK LOOP ILLUSTRATING TIME CORRECTION
AND TIME QUANTIZATION ERRORS

Since the introduction of time—correction would be expected to modify the
noise rejection performance of the tracking filter , the variance reduction
ratios for the case where time—correction is used were calculated using the

• standard s—trans form method [241, and for this case

K5 — (202 — 3ag + 2 8 + 6
2 AT/ T )/A (32)

K,, — 2(8/T)
2/t~ (33)

— (202 + ct8 + 26 + $2A T/T)/A

7
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where A — ~~ (4—2o— 6) — B (4—4a—6)AT/T — 2(BAT/T ) 2 (35)

which reduce to th. resu lt s given previously when AT O. The varianc , reduction
ratios can also be derived using a matrix approach (21 , 221.

Since the three filter outputs are obtained from a co on input , K,5, it
would be expected that a nonzero correlation would exist between the various
outputs •o an additional item of interest , which will be required to deter-
mine the statistical characteristics of A’s, is the covarianc. between the
velocity and the smoothed position which Is given by the normalized covari—
ance ratio,

• B(2o—8)/(TA). (36)

In the derivation of the above equations, It was assumed that AT was a known
constant , yet in practice this is not true. The value actually used In the
tracking computat ions, AT~, contains an error result ing fro. t ime quant i—
sation, yet the true value, ATTI is, in fact , a random variabl. which varies
from sensor to sensor and with the trajectory of the target (even a constant
rotation rate sensor will not produce a constant t ime interval unless the
target of int.rest is stationary). As a result , there is some question as to
what value should actually be used for AT. If the reference t ime used by
the tracking filter for smoothing and prediction Is taken as the center of
the filter cycle, then this wilt minimise th. maximum time—correction required
so that AT wil l  be restricted to the range T/2 to T/2. In order to simplify
the analysis , it will now be assume d that AT is a constant which will be set
equa l to Its worst —case valu e of T/2, since this value results in Larger vari-
ance reduction rat ios (i.e., a higher noise variance at the output of the
f i l ter ).  As a result of this assumption the statistical propert ies of all
terms in (20) are now known with the exception of 1V.

The probability density function for the product term, ~~~~ can be shown to
be an exponential integral , but since these random variables are independent
with mean zero the variance of the product is simply the produc t of the
variances. In this case, the variances of the last three terms in (20) can
be objained from the variance reduction rat ios applied to so that , not ing
that V~ and ~~ 

are not independ.nt , *

— (o2 + V2 a2) (1 + (AT 2 + ~2) K + K
xr x x q q v P

— 2&T (K,,, +

where is the va~~ance of the x—coaponent of &~ and sim ilarly for a 2
and 0

~yr • It Is implicitly assume d in (37) that the scan—to—scan differences
in the statistical properties of (and a2 , orgy also ) are negl igible which
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is a reasonable assumption except at points close to the radar where the range
to the target may be on the same order of magnitude as the distance moved by
the target in the smoothing interval T. The probability for any particular
search area of interest, including the effects of tracking and time—correct ion,
can, therefore, be obtained by integrating the bivariate Gaussian distribution,

• defined by or
~r
, C

~r ) and 0xyr’ over the region of interest.

The value of the integral just defined will be the probability of a suc-
cessful f ine correlation when the search area for &! is the same as the area
over which the integration is performed. The use of the Gaussian distri-
bution requires the implicit assumption that the sensor measurement errors
are significantly larger than the errors introduced by finite precision compu-
tations and t ime and signal quantization which will be the case in a well—
designed system.

3. NUMERICAL RESULTS FOR CIRCULAR SEARCH AREAS

For the purposes of this study circular search areas will be used even though
the track datum deviat ion density assumes a highly ellipt ical shape as the
range to the target increases (resulting from the predominance of azimuthal
errors at large distances). The circular search area has a significant
practical advantage in that the correlation decision can be based solely on
the magnitude of the track datum deviation, ~~~~ or the square of themagnitude in order to avoid a square—root computation, and the angular rela-
t ionship between the datum and the track can be ignored. Thus the circular
search area has a considerable computational advantage over noncircular

• search areas which would impose a much higher computational burden. The
design of the search area is now reduced to the problem of determining the
maximum value of the track datum deviation for which correlation will be
allowed. Since it is desirable to maintain the same level of tracking perfor
mance throughout the entire coverage region, the size of the search area must
be a function of the range from the sensor to compensate for the increasing
significance of azimuthal errors. Acceptable tracking performance requires a
high degree of correlation so that the search area must be large enough to
include a significant portion of the region in which the desired data point
might be found. To design search areas to have a constant probability of
intercept, say 95 percent , it is necessary to integrate the bivariate Gaussian
distribution over a circular region and to present these results , in terms of

• the radius of the circle , as a function of the distance to the sensor, which
will achieve the desired level of correlation. To simplify the numerical
computations required , it would be desirable to reduce the two—dimensional

• integral to a single dimensional integral, and three means have been found by
which this can be accomp lished .

3.1 EVALUATION BY DIRECT INTEGRATION OF f(r).

The magnitude r, of the radius vector for a correlated bivariate Gaussian
distribution with zero mea. is given by the Nakagami q—dietribution [25 ,261:

9
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2 2 (38)
f(r) 2r ezp L’ (i i.\li (r ( L_ !

1 2  ~a 
+ bJj °~~~2 \b a

where

a — a~ + a~ + V~c2 -a2 ) 2 
• (2cc 5 c~ )

2 (39)

b .a~ . — 

~/~7 - c )  4 (2cc ~ )2 (40)

c a ~1~/ O ~a, (41)

and I~
( )  is the modified Bessel function of the first kind with order zero

(wh ich is easil y calculated ; e.g., (27 28)). The required probability, using
(37 ) to calculate the variances for (39)—(4 1) , is

P(R) f(r) dr (42 )

which can be obta ined using one of the many numerical techniques for eva l-
uat ing si ngle dimens ional integrals (e.g. , Gauss ian quadrature (27 , 29) was
used in this stud y ).

3.2 EVALUATION IN POLAR COORDINATES.

S inc e the range and azimuth errors are assume d to be independent, equations
(8) and (9) can be applied using (37) , assum ing that the t ime—quantizat ion
errors are ins ignificant , to revert to a polar coordinate system in which the
variables of the joint density function are separa b le . The limits on the
range integration as a funct ion of azimuth can be determined from the Law
of Cos ines (see Figure 2) :

• p cos 0 + /R2 — ( p sin 9 )2 (43)

r~j~ 
— P cos 0 - /R2 — ( p sin 

~ 
)2 (44)

then , expressing the integral over range in terms of the error function (26)
and noting the sysisetry in azimu th,
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ein 1(R/p )

PCI) j~
erf((rmaz—p) / iic ~

) — •rf((rmjn~p)!j~c0) } (45)

exp(—02 /2 )~~~ dO

which can also be eval uated using Gaussian quadrature and where erf( ) is the
standard error function integral.

Y

R

•
— ,II. x

p

_____ 
79-15—2 V

FIGURE 2. DERIV ATION OF RANGE LIMITS FOR PROBABILITY CALCULATIONS
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3.3 EVALUATION IN CARTESIAN COORDINATES.

The probability density function of the bivariate Gaussian distribution,
f(x,y) contains terms with the product xy and so cannot be fac tored , bu t if
the joint density is written as

f(x , y) f (x ) f (y/x) (46)

then the integrat ion can be more readily accomplished , because the condi t ional
density function f(y/x) is Gaussian with moments (301:

E(y/x) — c x (47)

2 2 2 (48)
E(y 2/x )  — c~ (1—c 2) + c ~~

where c is the correlation coefficient and, using this , the variables in (46)
are separable. Performing the integration over y first yields an integral
of the same form as (45) in which the result of the first integration is the
difference of two error functions in which the limits of integrat ion on y
are expressed in terms of x and which can also be evaluated using Gaussian
quadrature.

Since a considerable amount of computation was required in this study, the V

three methods discussed above were developed to provide computationally effi-
cient techniques for evaluation of the integrals required. Other, more
generalized, techniques have also been developed for integrat ion of the
multivariate Gaussian distribution of higher dimension (311.

3.4 DISCUSSION OF NUMERICAL RESULTS.

For computat ional purposes the following parameter values have been used
(corresponding to those for the enroute air traffic control system):
t~ • 0.125 umi, 00. 0.263°, V~ 

— V • 600 knot s , ATq — 0.5 s,ATT — 3.0 s,
T • 6.0 s, ~ — 0.3125, and B • O.OZ6875. The values chosen for V~, V,,, and

were selected as the worst case values which would be observed in normal
situations. Using these parameter values , the contribution of t iming errors
in (37) is negligible, with the result that the variance is about 28.1 percent
larger than the variance of the measurement error alone, and this is due mainly
to the contribut ion of the predicted position K~ . To obtain the radius of
the circle required to assure a specified level of correlat ion, in this case V

95 percent, a numerical Interpolat ion routine was used to find the radius
as a function of the desired probability. The numerical interpolat ion was
required be c ause it is considerably easier to find the probability as a
function of the radius , rather than v ice versa. The results of these compu-
tations are given by the lover line, corresponding to a zero offset , in
Figure 3. Note that the results are independent of azimuth and depend only
on the distance to the sensor. To insure computational accuracy , both

12 V
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methods 1 and 2 above were used to provide a check on the results. In
the high—probability regions, which are the only region s of interes t in this
case , the results of the two methods typically differed by about 2 x lO~~,which is more than sufficient accuracy for th. purposes of this study. As
would be expected, the radius of the search area is relatively constant at
short distances and becomes linearly proportional to distance at larger ranges
in the region where azimuthal errors predominate.

For convenience, the results for the case where the mean deviations are not
zero are also given in Figure 3. Nonzero expected values arise when the
predicted pos ition is offset from the true target position which usually
results from a maneuvering target so that the assumed target dynamics are
not correct and the first three terms of (19) will be nonzero. The results
in this case were found to depend on the magnitude of the offset, d0, and
on the angle between the line from the target to the origin and the line from
the targe t to the point of offset , as illustrated by the angle~~in Figure 4.
The results were also found to be period ic in4i~with the maximum and minimum
values occurr ing at 0 and 90 so that onl y these two cases need be considered,
s ince only the radius of the search area is of importance. The fact that the
maximum and minimum of the search area radius occur at either 0 or 90’ is due
to the predominance of either range or azimuthal errors, with the crossover
point at the range where th . errors are equal in magni tude . Using (5) to (7) ,
the * and y var iances will be equal and the covariance zero if

2 2 2 (49 )
- p

or

9 — Op/09 (50)

and using the standard deviat ions given previously, the crossover point is
27.2 nmi as illustrated in Figure 3. The numerical computations for the
biased case were performed by modifying the second and third method, dis-
cussed previously to account for nonzero means in the x and y track datum
deviation, with the offset, d0, as the magnitude of the means:

d0 u~~~~(~iX) + E2(Ay). (51)

V For computational purposes, the first method used previously is impractical
in this case because the probability density function is given by an infinite
series in which the individual terms are expressed as modified Bessel functions
(25 , 321.

Since it is the object ive in the desig n of a search area to achieve a high
probability of correlation, it is apparent that the search area must cover a
significant portion of the probability density function to achieve this goal.
It would be expected, therefore , that the radius of the search area in the
biased case would have to be sufficient ly large so as to compensate for most

14 
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of the bias , and the result s in Figure 3 show this to b. the case; however ,
it is not necessary to compensate for the ent ire ~~ unt of the bias as shown
by the results , also in Figure 3 in which 1.5 ami wa. simply added to thi
radius required in the unbi ased case . When a bias occurs , it is likely that
the targe t is maneuvering in which case different smoothing constants may be
used . Also shown in Figure 3 are the results for the case where the bias was
1.5 nmi and the n and ~ smoothing constants were 0.5 and 0.15625, respect ive ly,
and these results agree fairly c losely with those for the case where 1.5 met
was added to the radius required in the unbiased case (wh ich were obt ained
with different smoothing constant.). For pract ical purpose., therefore , the
radius of a circular search area required for a constant probability of cor—
relation can b taken as the sum of the radius required in the unbiased case
plus the magnitude of any bias which may be present , and this is especially
true in the case where larger smoothing constant. are used when a bias is
detected.

Y ft

TRUE POSITIO(~

PREDICTED POSITIOSI

EQtIIDDSITY CONTOu RS

— 

~ X 79-15-4

FIGURE 4. ILLUSTRATION OF OFFSET SEARCH AREA FOR NONZA*) BIAS
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3.5 ThACRING BIASES FOR MANEUVERING TARGETS.

It was stated previously that one of the functions of the correlation task is
to choose between alternat ive sets of smoothing constants, and this function
can be achieved by dividing the correlation region into subareas , each of
which is associated with a part icular set of smoothing constants. For the
purposes of this study , the correlation region will be divided into large
and small search areas as illustrated in Figure 5. The size of the small
search area , in which smoothing constants applicable to straight—tine tracks
are used , is determined by the results in Figure 3 for the unbiased case,
wh ite the size of the large search area , in which smoothing constants appli-
cab le to turning tracks are used , will be taken as the sum of the radius
of the small search area plus the magnitude of any bias which may be present. 

V

Therefore, in order to detarmine the size of the large search area it is
necessary to de termine the magnitude of the bias which wilt result from real-
istic maneuvers. By determining the maximum bias which can be realistically
be expected to develop, it ‘will be possible to design the large search area
on a worst case basis so that correlation wilt be possible for all realistic
maneuvers .

Implicit in the equation for the predicted position is the assumption of a
straight—line constant velocity trajectory , and any deviation from this ideal-
ized trajectory is likely to cause a bias error. Since the significance of
the bias will vary in d i f feren t si tuat ions , the comparison of the bias will
be in terms of the relat ive bias as normalized with respect to the prediction
distanc e , Vi. Por example , if the target accelerates in a straight—line
tra jectory, then the re lat ive or normalized bias is

- ½aT2/VT • ½ aT/V . (52)

Y
- L~ PREDICTED POSITION

I V 
j SMALL SEARCH AREA

LARGE SEARCH AREA

L~~~~~~~~~

79—15-5
FIGURE 5. ILLUSTRATION OF LARGE AND SMALL SEARCH AREAS
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Assuming worst case value, of 100 knots/minute and 100 knots for acceleration
and velocity , respectively, for a 6—second sampling t ime , the normalized bias
is 0.05 , but in most cases it will be less than this and negligible for prac-
tical purposes. A climbing or descending t arget can also int roduce a bias
in the predicted position . If a target is moving at a constant velocity and
then begins a vert ical transition at a constant vert ical velocity , V,,, while
maintaining the same airspeed , then the true ground speed will decrease,
resulting in a normalized bias of

— 1 — 1i - (v
~
/v)2 (53)

and choosing worst case values of 4 ,000 feet/minute and 100 knots for V, and V ,
respect ively, the normalized bias in this case is 0.085 , which is also negligi-
ble for pract ical purposes.

Both of the biases just discussed are relatively sma l l  and occur in the line
of the trajectory. For a turning trajectory , however, substantially larger
biases can develop which are not along the straight—line projection of the
velocity vector. For a target moving at a constant speed in a circular
path in which the heading changes at a constant rate,w , it can be shown , by
integrat ion of the parametric equations of motion, that the normalized bias
at t ime T is

— Vi + (sin(UT/2)/ (~iT/2))2 — ZcjFsin(ciiT) (56)

wh ich is plotted in Figure 6 . The result, show that the normalized bias
increases with the tot al heading change , cOT, to a max imum of 1.26 and then
asymptotically approaches one in an oscillatory manner. The reason the normal-
ized bias approaches one is illustrated in Figure 7. As the headIng change
increases, with the target repeated ly traveling a circular trajectory, a point
is soon reached at which the diameter of the trajectory is much less than the
linear projection, hence the asymtotic value of one. Since a typical turning
rate is on the order of 3’ per second or less, it is apparent that a signifi-
cant bias wou ld not develop until several scans had elapsed during which no
data were received for the track. If a target maneuver takes several scans,
as it usually does, then the effect of tracking on the bias must also be
cons idered.

— It has been shown that of the maneuvers which have been considered, the bias
obse rved during a turn is the largest , however , this is without cons idering
the ef fect of tracking . For s implicity in analyz ing the effect of tracking it
wou ld be desirab le to restrict cons ideration to turning maneuvers . The justi-
fication for this simplifying restriction is that for nonturning maneuvers,
only the constant ve locity assumption used in the tracking prediction is
violated , while a turn represent s a violation of both the straight—tine and
constant velocity assumptions. In addition , a turn represents a t ime—varying
accelerat ion (in Cartesian coordinates), while the other maneuvers considered
represent a constant acceleration. It is conc luded , therefore, that if the
bias which is used to determine the size of the large search area is based
on a turn, which represents a worst case situation , then if it is possible
to track turning targets with this large search area size, it will also be
possible to track other maneuvers which produce a smaller bias.
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FIGURE 7. ILLUSTRATION OF BIAS FOR CIRCULAR TRAJECTORIES

Unless the tracking function is exactly able to compensate for the bias as
it occurs , which is not possible , then it would be expected that the effect of
the bias on each scan would be cumulative and would increase until a steady-
state va lue had been reached . The magnitude of the steady—state bias in
pos ition has been determined by calculat ing the magnitude of the sinusoidal
response of the track ing filter trans fer function, which would correspond to a
c ircular trajectory, and after ~iormalization

d 4 sin2 (ctT/2)/o,T

+ (2—cz+~~T/T) cosoit ]2

+ [(a— BAT/T) sincdr]}½
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where a and B are the smoothing constants of the tracking filter and oT is
the heading change per scan (rather than the total heading change as pre-
viously used). The normalized bias calculated , using (55), agrees with the
resu lts obtained in another study [91 and is given in Figure 8 for the two
parameter sets used prev iously and for ~T ~ T/2 and 0. The results in
Figure 8 show that the peak bias errors developed during tracking of a
maneuver , which occur in the ~üT—region of pract ical interest , can be two to
three t imes larger than the projected distance for a straight—line trajectory,
VT , and also that the process of time—correction has little effect in this
case. Clearly, the bias deve loped during the tracking of a sustained maneuver
is the largest bias which must be accommodated in the design of the large
search area. Presumab ly, by the t ime a bias of this magnitude had developed,
the tracker would have switched to the large search area smoothing constants
so that the maximum size of the large search area for purposes of correlation
could be taken as 2.4 times the velocity—time product plus the small search
area radius. Since the velocity which must be used for this purpose , how-
ever , is the estimated velocity, given by (ii) , it will be necessary to use
a different mult iplier than that indicated for the pos it ion bias in Figure 8,
because the estimated velocity during a maneuver becomes significantly less
than the true ve locity.

The magnitude of the steady—state bias in the velocity can be determined in
the s ame manner as that used for the position; i.e., the magnitude of the
s inusoidal response of the tracking f ilter trans fer function for velocity will
be the steady—state speed . Us ing this approach , the ra t io of the es t imated
speed to the true speed is

V f ((3_ a_ 8+B~ T/T)+(2 a+B_ 4_ 2~~ T/T)cos(Jr+( 1_a+B~ T/T)cos2(JrJ2
’
~~

~ 1 ~ 
+[(2a+B— 2—2Bi~T/T)sj ncJF+( l—a—f ~AT/T )s in2WF ]2 J(V~ — f.. . (56)

(a+B—2—B~T/T)+(2—a+B~T/T)coscJr)
2 +((ct-B~ T/T )s in T]2 

~ 
½

which is also plotted in Figure 8. As the results show, the bias in velocity
can be significant , espe cially for the small search area smoothing constants
given previously. To check the accuracy of this equation, a statistical simu-
lation of the tracking algorithm was performed and the simulation results , in
terms of the ratio of the estimated speed to the true speed, agreed very veil
with the ratio obtained using (56) .

If the est imated velocity, which in practical s ituations is the only ve locity
information availab le, is to be used for determination of the large search
area size , then in order to compensate for the velocity bias , the est imated
velocity must be divided by the normal ized velocity bias factor in order to
obt ain an estimate of the true velocity. Therefore , if the product of the
filter period and the estimated velocity is to be used to calculate the
maximum position bias in orde r to specify the s ize of the large search area,

V then this product must be mult iplied by the rat io of the normalized position
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bias to the normalized velocity bias in order to compensate for both the
position and velocity biases. The bias ratios for the two sits of smoothing
parameters cons idered previously are also g iven In Figu re 8, and It can be
seen that there Is an almos t linear relationshi p on a logarithmic scale and
also that the effect of time—correct ion is eliminated in these ratios . Since
one of the main purposes of t ime—correction is to allow the use of sensors
wh ich operate with a different period than that of the tracking filter , then
the correlation process must be designed to accommodate such a situat ion.

V Considering that a typical turn rate is usually less than Y per second and
that th. maximum period of rotat ion for ATCRBS sensors is 12 seconds then
the maximum bias ratio required for the large search area is four (from
Figure 8 with wT•36), which is considerab ly larger than the maximum value of
2.4 found previously by considering only the position bias . Therefore, In
order to guarantee correlation in the large search area with at least the same
probability as for the small search area, the size of the large search area
should be taken as the sum of the small search area size plus four times the
magnitude of the product of the scan t ime and the estimated speed.

4. CONCLUSIONS

The results just presented provide the bas is for the design of correlation
regions on a constant—probability—of—intercept basis. In many cases , two cor-
relation regions are required: a small search area used for straight—line tracks
and a large search area used for maneuvering targets with different smoothing
constant s for each search area. The size of the small search area is deter—
mined primari ly by the measurement errors in the sensor and the tracking

— performance for straight—line tracks. At distances close to the sensor a
constant radius is used for the small search area , while a. the distance to

V the sensor increases the search area radius becomes Linearl y proport ional to
distance. The radius of the large search area is equa l to the sum of the
radius of the small search area p lus the magnitude of the worst case bias
whIch could reasonably be expected to develop in a sustained maneuver. The
specification of the size of the correlation region in this manner assures a
cons t ant level of per formance with regard to the probability of correct
correlation and, in addition, results in better discriminat ion agains t false
targets and Improved performance in turn detection for purposes of tracking .
The use of a dynamical l y varying correlation region , as discussed in this
study, was, in fact , found to yield improved tracking performance a. compared
to the performance obtained using fixed radius correlation region. t331 .
Although the numerical results of the present study apply to a specific a B
tracking filter , the technique developed could easily be applied to other
tracking filters .
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