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A VA$IATION ON SOlIPPE’S T1 0PN4, WITh
APPLICATION TO NONPARA~(TVC ~W~SITY I$?IMTICN

Per probability density fIi~cticns (f5) end £ defterd ci a d-dimi’-

sicisi Noclidsai space, $dLsffd (iN?) proved the tasful result that

poia~.is. convergence of ç to f i~~Ues convergenc, in th. ns~ i as well.

In son. applications it ii of interest to kn~v ths rat. of ths eren cone

vergsnss, end, In particular, to connsct it with th. rate of ths ~adfors

polntwis. convergence. A basic 1. of this type is derived sad applied

to soon prcbl.a. in nomparanstric density estinatios.

Esy phrases: Convergence in L1-nora, Nonparsontric density istierticn.
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1. INTRODUCTION

In real analysis and measure theory there are several results giving

conditions wider which pointwi se convergence of a sequence of fwictions

iapli.s convergence in the mean as well. A spec ialized , but useful , such

theorem was introduced into iuathematical statistics by Scheffd (1947) :

if (fe) and f are probabilit y density functi ons defined on d-diaensional

Euclidean space Rd , and limnfn(x) • f(x) , x c  R’1, then

• li% J lf~(x) - f(x) ~dx • 0. In some applications it is of interest to know

the rat, of the mean couvergence and, in particular , to connect it with

the rate of the uniforz~ polntwise convergence . A basic leasna of this

• i. type is derived in Section 2 , and applications in nonpara metric density

estimation are considered in Section 3.

2. A BASIC LEP44A

For x (x1, •.., X~) in Rd. denote the usual Euclidean distance by

li x i l • (~~x~)½. For ai~y function h(x) on Rd. denote the sup-norm by

Mxi i. — suP~
th(x) I and , for p � 1, the kr-norm by lIhII~ — (JI hl~)1”

~.

For any probability densit y function f on S~, define for each real r > I)

the (possibly infinite) constant

Cf,r SUPt t~ jffX)dX (
~ E~ f lX~~’ ~i1.ic i ~

sad for r - . the constant C
f~~

S sup (t: J i i~ i i �~
f(x)dx . 1). Also,

denote by Vd the constant w”rQid + 1) • which is the volt of the d-

dimensional unit sphere. For two prob ability densiti es f and g, the

foll ow ing lemea provides a bound for Hg - f 11 1 in ter ms of l it - fli. and

the constants Just introduced.
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L~I~A. Let f end & be probability density functions on R’~. Then,

for r s a l r > 0 ,

lit - fit 1 s 
~~~~~~~~~~~~~~~~~~ lit - flI~~~

1
~ , l)

also

lii — f11 1 ‘ 2Vd4,J lg - fIt.. (2)

Thon 

P~~OP. Put h(x) — f(x) - g(x) if f(x) ~ g(x) and h(x) 0 otherwise.

lit - f11 1 • J(f - g) - J(f - g) — 2J(f - g) - f (f - g) — 2J(f - g) • 2Jh.
f~g f(g f~g f�g

Thus , for axbitraiy constant A ‘ 0 we have

lit - f11 1 lI~IlM 
+ 

lI~il>A 
~ 2VdA

~
’ll ht ii, + ~~~~~~~

The two rightsast terms become equal for ~~~ - Vd i ihi i.,) ’Cf r ’ in which 3

case the righthand sid. becomes that of (1) . A similar argument leads

to (2) . 0

Clearly we nay replace Cf ,a by miii (Cf a’ C
~~~

} in the le , to pro-

dec. a result sy etric in f and g. However, in typical applications the

one-sided version is more apropos, as in the following result.

COW)LLARY. Let £ b a probability density function on ~d 
~~~~~~~~

Cf,~ (• (i~~li .d by~ Ef IIX IIT c .), where 0 r c.  Let f~ be a sequence

of dens ity f~ricticns satisfying li% I lf ~ 
- f il,, - 0. Then
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If5 - fil l — oClI ç - flI 1
~
”
~). n 
... If, further, f has bounded

st~port, then h f 5 - fit 1 • O(1if5 - fi t..
Thus , by strengthening the hypoth~~is of Scheff i’s theorem, we obtain

a rate for the convergence of iI f~ - fit 1 to 0 in terms of that of If5 - fi t,,.

Note that the property that we are dealing with probability density func-

tions is crucial to th . proof of th . above leon.. Thus a generalization

of th. above corollary to arbitrary sequences (fe) converging pointw ise

to arbitrary f is not envisioned.

Along with the distances lit ~II. 
and h g  - fhI~. let us also con-

sid.r the H.ll inger distance, Iii - fli p - hIt
s’ - f¼ i 1 2. We then have the

inequalities

lit - fIi~~~2Iit — fIt 1 (3)

end, for p 1,

• li t — fiI~ ‘lit 
— fhi! 111t — fii 1. (4)

These bounds on li t - fit, 
lead via the above L m e i  to bounds on

Is — fIle and on lit — fhl ,~.

3. APPLICATIONS IN NONPARAIETRIC DENSITY ESTIMATION

We now let f,~ denot , an eapirical probability density function based

on a saapl. of size n from a probability density function f defined on

the real line . A broad literature offers many varieties of such f5 and

many properties. In particular, unde r conditions slight ly milder than

f having a bounded first derivative , it has been shown for suita bly de-

signed estimators that
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IIf5 - IIi. wpl 0(n~~
’3log ii), ii .•. (5)

(The exponen t 1/3 in such results is subject to improvement only under

additional regularity conditions on f , such as existence of a bounded

second derivative.) In some situations it is of interest to establish

the auxilia ry convergence

- fhi~ 
• o~ (n 3

~
’2), n .‘. (6)

N. can obtain this result by using the Corollary in Section 2 in con-

junction with (4) , (5) and the additiona l assumption that Cf ,r ~ for

so.. r ~ 1 (implied by f having finite r-th moment for some r 1).

As an example of when (6) is of interest • consider estimati on of the

quantity J ’12 (x)dx , which appears as a parameter in the Pitman asymptotic

relative efficiencies of certain statistical procedures. Mien little is

known about f , it nay be of interest to estimate this par ameter as a pre-

liminary to selection of a statistical procedu re. For the sample analogue

estimator , ff ~(x)dx, the corresponding asymptotic distribution theory may

be derived as follows. Introduce the functional T(f) • Jf2(x)dx defined

on the space of probability distributions f and approximate the estimation

error T(f~) - T(f) by the first term in a Taylor expansion of T(f) about

T(f5), following the t.chnique of von Mises (1947) . This approximation

is found to be 2Jf(f5 - f ), which for suitable type of 
~n can be shown

to be asymptotically noi l by the use of central limit theor y for

do~~le arrays. To transfer this asymptotic nor mality to the normal ized

estimation error n112(T(f5) - T(f) ), it is necessar y to show that

n112(T(ç) - T(f) - 2 f(f5 - f)] 0. This reduces to showing
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that (6) holds . (A more general treatment for a class of such efficacy-
relat ed parameters is in prepa ration with the collabo ration of Kuang-Fu
theng.)

Ltt us next conside r the “mean integrated squared error,”
E(IIç - f hi ~

), for which as an analogue to (S) it is desirable to charac-
teri ze the rate of convergence to 0. We confine attention to the case

that f~ has the form fn(x) a n a~~’~~1X( a ( x  - Xi)), -‘ x ‘
where X(’) is a known probability density function and (an ) is a sequence
of positive constants tending to .. From Nsdaraya (1974) we have

E(I If~ 
- fi i~

} - o(a~n4) • O(%
_25), n .‘, (7)

wider some regularity condit ions on K and assuming that the s-th derivat ive
of f is a bowided L1(-., a) function, with s ~ 2. In (7) the first term

is the contrib ution due to the integ rated variance, JE((f~(z) - Ef~(x) ]2)dz,
the second term due to the integrat ed squared bias . We shall now handle
the lat ter cont ribution by a diffe rent approach, using the above Liona,
and thus obtain a competitor to (7) . For each -. ‘C z ~ and n - 1, 2 ,
defin, the proba bility density function tn,g (Z) • f(x - a~~z), •‘ ‘C ~ 

( ~~.

Then Ef5(x) a ft~ 5 (x)k(z)dz and thus the integrated squared bias satisfies

J (Bf (x) — f(x) ]2dx • fCJ(ç 2 (x) -

‘ 1
~~’n,z~~~ 

- f(x ) )2K(s )dz dx

‘ J (I ( *1r~,~(X) — f(x) )2dx)Iu:z)az

~ M~,1J1 lç 5  - fI (2r.1y(~. ~~ (z) dz ,

where Nf ,r is a cons tant depending only an f and r. Her. w have used

-- 
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Jensen’s inequality, Fubini. ‘5 theorem, and the a , along with th. as-
s~~ tion that Cf r is finite (implied by the aasi~~tion that f has finite
r-th moment.) If we further assume that f is Lipschitz on the real line ,
so that 11 ç 5  - fIL ~ Afa3~~Izl , then we arrive at

- fIl~
) O(%n ’) • O(a 2T41)/(T4l)), n •.. ($)

Here we have assumed $1z 12K(z)dz •, as does Nadaraya (1974) . With

regard to f , our smooth ness conditions ar’, les s stringe nt thai N.4araya’ s ,
but we have imposed a moment restriction . (A more general treat ment allow-
ing recursive versions of f~ is in preparatio n with the collaboration of
Philip Qi ng.)

As a final illustrati on, let us consider the mimi~~~ Hellinge r dis-
tance approach tow ard paramet ric robust effi cient estimation , introduce d
by Beran (1977) . In this theory a basic role is played by convergence
in the Hellinge r metric of a sequence of probability densities f~ to a
limit f. By our L a  and relation (3), we may derive rates for such con-
vergence fro. given rates for convergence in the sup-metric. The rates
for the Hellin ger metric convergence have applications in connection with
estimators repres.nted as f imct iona ls , analogous to the treatment of the
functionai T(f) a ff2 discussed earlier.
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