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For .stia.tion of a probability density fwicttos £ by an ~~~iricil

f~mCtiO. f~ based on a s~~~ls of cii. n fro. f , a widely used a.ure of

~oodes.s I. th. sean iat.~rsted squared error . For he veil known ~—func—

tic. type of we show that the asy.ptoeic behavior of this usasure

is .ss tIslly mchsn$sd if f~ is repl.csd by a recursive version. Also,

vs charecterta. this asy~~totic behavior imdsr sc.swhat sildsr smOoth-

nose restriction. on f than previously con.idsrsd in the literature, at

the ~~~~~e however of addin tail rest riction s on S.

lay pbr es s Ilinpar sestric dsn.Lty .stiastics ; s iate$ratsd squ ared
err or ; oosvsrgencs rate .; recursive estiastore. 
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1 • Introduction ~~.d a basic is_a. Consider estimation of an us-
known probability density function f by en sepirical function f~ based

on a s~~~l.. A widely used measure of goodness is the sean integrated
squa red error . For the veil—known 6- function type of 

~~ 
vs show that

th . asymptotic behavior of this measure is essentially m~h~nged if

is replaced by a recursive version 
~~~

• Also, we characterize the asy.p-
totic behavior unde r somewhat milder conditions on f than previously
considered in the literature , and compare with previous results.

Specifically , we consider “ncnpara.strj c” estimation of a density £

(f(z) � 0, J f(z)dz — 1) on the real line by an pirical function f~ (not
nscssssrily itself a density) formed from a s ple of Indsp. nd.nt rando m
variab les 11. ..., each having dsn.Uy £ • Vari ous ways of concocting

a useful £~ are reviewed in Wegman (1972) , Fryer (1977) , and Tapia and
Thoupson (1978) . Here vs consider the 6—ft.uation (or in specialized form
the lcarp wj typ e) approach of Roaenblatt (1956) , Whitt le (1958) , Parzen
(1962) , Leadbett.r (1963) , Watson and Leadbettsr (1963) , and Nadaraya

4 (l974) ,inwbj ch f has the forut

(1.1)
iwl

where S~(•) is a suitably chosen app roxiuiant to the Dirac 6—function .

The kernel type f~ corresponds to 6~ of the for .

— c~
1z(u/c0),  - ( U C

where I(.) is a specified “kernel” or weight function and (c0) is a

Sequenc. of specified “bandwidth” constants tending to 0.
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£ useful global seasure of goodness of an estimator f~ for f is

th. as.s £nt.gzakd .qvered .rror (lasE) ,

• l(J (f ~ (*) — f(z) )2dx).

~ der restrictions on f , and for f~ chosen compatibly with respect to

such restrictions, the rate of convergenc, of J (f , f~) to 0 ha. bean

characterized by variou, authors • Pe~ 6—function f~ , Watson and Lsadbet ter

(1963) impose conditions on the characteristic function of f. For kerne l

type tn ’ Nadaraya (1974) imposes conditions on the derivative, of f of

order 2 and higher . Tb. validity of such conditions may presuppose mere

knowledg. of the unknown f than would be availabl , realistically , thus

asking difficult the selection of a “compatible ” f~ . In Section 2 vs

offer ss_ competitive results under conditions on the tails of f (iapli.d

by simple moment coadition). Also, vs extend $ada raya ’s approach to

the case of re strictions merely on ths first derivative of f.

A variation on (1.1) is the associated r.ovz.i~v. version def ined by

(1.2) ?~~x) • n~~ ~~ 
d~(z — Ii) .

i—i

introduced In the context of kerne l type f
~ 

by WoLvsrton and Wagner (1969)

We have l~(x) • n~~((n — l)?~_~
(z) + d~ (z - X~)J I •0 that the estimator

need not be recomputed entirely when an additional observation i. com-

bined with previous ones • Iseide. saving computational effort , this

lands itself to sequential sampling (sic Davis. and Wegmen (1975)) . ~~i

the other hand , there is the philosophical grievance that in (1.2) ,

versus (1.1) , the observations are not being used sy str ically .
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Uswerthsl.ss, for large s~~~les, which is the case when the recursi ve
approach is of greate st Importance , this asy etry doss not affect sf-
ficiusq , as we will see below. Also, ((1.2) 1. struct urally simpler
than (1.1) , Lu that (1.2) Involves partia l s~~~ over the .ii*91. uqsmnom
of random variab les (60(z - Xe), n ~ 1), whereas (1.1) entails the doubLa F
~~~~~~ ~~~~~ 

— 1
~~

, 1 s I. ~~n , n � 1). Thus the application of classical
probability theory is mere straightforward and fruitful in connection
with (1.2). For sx~~ 1e, it is easy to stats , poiutviae in z, a law of
the iterated logarithm for the estimator

For kernel type 
~n’ 

the work of Parsen (1962) on pointvise mean
square error of f~(z) ha. been extended to recursive versions by Y ato
(1971) end Wegman and Davies (1979) . Wint .r (1978) has investiga ted a
global measure, the wa~f ois, me~~ •qi~ iv .rror sUP~E((?(z) - f(z))

2}.
However, the HISI has not received attention. We now prove , for general
6—function estimators, a simple 3.s_a which yields the relation

(1.3) 
~~~~ J(f, i~) 

~~~~~~~ ‘~~~~~~~‘ ~n~ ’

showing that the recursive version is asymptotically as effective as
the 000recur sive counterpar t. In proving the is_a, we will use the fact
that by Pubini’s theorem the MISS may be written as the “I1~ I , ’ which
in turn may be written as the sum of the int.grat.d uarion os and the m t.-
grat d .quoir.d biom. That is, for any estimator ~~ vs have
(1.4) 

~~ 
• £(f, 

~~ 
+ I(f, fe) ,

where £(f , 
~~ 

• fl((fn(z) — Efu (X) )2 ) dx and ~~ • f(*f~(*) — f(z) )2dz.
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LE)Q~A. For a given 6-f ~.sotic.t 8.qu.noe (6~J, Z t  f0 ~~~ ~n be given

by (1.1) ~ id (1.2), xwap eotiu.iy . Th.n

(1.5) J(f, f0) � n 1 

~: act , ft ) .
i—i

P~~0F. We have

E {(i (x) — s? (x)32} — Var(n~~ ~~ 61(x — X~)}n n 1

— ~ ~~ 
Var {6~(z — X1

))
i—i

— ~—2 Z i Var{ f~ (x) }
i—i

(1.6) ‘ fl
l 

~ Varff~(x)}.1—1

Mid , by Jen sen’s inequality ,
n

(E? (x) — f(x) ]2 
— (fl

1 
~~ [E6~(x — 

~~~ 
— f(x)fl2

i—i

� n~~~} (E6~ (x — X~) — f(x) J 2

(1.7) — n’
~ ~ EEf 1 (x) — f(x)]2

i—I.

By (1.6) and (1.7) we have £(f , •

~~~
) � n ’I~_1A(f , f~ ) and B(f , ~~) S

f rom which (1.5) follows by 1.4) . 0

Thus J(f , ~~) is dominated by the Ceüro mean of {J(f , f~)} and

hence (1.3) follows.

2. On rate s of converasnce for the MI SE. To establish a perspective ,

let us first review three key results in the literature . Watson and

Leadb tter (1963) consider two forms of restricti on on the rate of decreas e

_ _ _ _ _ _ _ _ _ _ _ _ _ _— 
. ~.- -- ___
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of the characte ristic function of the underlying density f. Zither

has an .,~sa.tiat rate with coefficient p ‘ 0, i.e. ,

(2.1*) •~(t) I s ~~~~~~ all t , f or  so constant A,

or it has an aigsbrai o rate of degree p ) 0, i.e.,

(2.2.) 1imI~I,.,ItI~I.f
(t) I .

In this eonnsction two types of 6-sequence 
~
‘U~ 

for estimators given by

(1.1) are considered. In each case 6~ is ase~~~d square integrable with

Four ier tr s_ fora 86 . Zither 6 (t) has the form
n a

(2.lb) h(%eSI t I )

or it has the fore

(2.2b)

wher , in either case h is a bounded square thtegr.ble function and (as) is

a sequence of constan ts tendin g to 0. In the first case the auxiliary

conditions

(2.lc) Ii — h(t)I s $~t $ ,  It I  s 1, for ss_ constant I,

and

(2.14) % . D n~~, fo rb 4and b~~~e/2P .

are required , and Lu the second case ths auxiliary conditions

(2.2c) J t t j 2
~(1 — b(t) ]2dt

and

(2.24) — ~~—l/ 2p

_ _ _ _
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In this sett ing Watso n end Lesdbett er (1963) establiah i wider ,di~ticiis

(2.1) ,

(A) lIa~~,(u/1og n)J(f . f~) —

a.ider oo,diti~ w (2.2) ,

(I) li uI~,_n11
~ 2PJ(f , f )  • Q

1
.

and ar. specified finite constant s whoes values ar. not impor-

tent Lu the present di.cus.icn.

We sution that (2 .2b) equivalently noans that 6u(U) — a~~I(u/i~~)~

with z(t) h(t) • making 
~u of kezosi type with square integrab le kernel

K. In any case , in order to assert for an estimato r the rate (A) or

(I) for J(f , f~)~ one must construct so as to meet conditions

(2.]b , c, d) or (2.2b , ~~, d). This requries prior knowledge of (2.1*)

or (2.2*) , respectively, for the unkn own density f.

Altsrnativsly , Iladaraya (1974) utiliass condit ions on the derivatives

of f• For even integer s ~ 2 , let W5 denot e the set of functions f(z)

havin g derivatives of s—tb order with f (s) (x) being a bounded contin uous

L2(—. , .) function , and let denote the class of kernel s K(u) satisf r

lag K(u) — K(—u) , JL(u)du — 1, sup~lK(u)
( ~~, fu

1K(u)du - 0, 1 5 i S — 1,

f f u R ~(u)du s 0, and fu IK(u)Idu c .. For estimation of f satisfying

(2.3*) f c V51

the “compatible” kernel type estimat or f~ corresponds to 6~(u) • Cn~
1X(ii/ Cu)

with

(2.3b) K

and 

~~~~~~ 
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— 1/(2s+l)
(2.3c) Cu —

Madaraya (1974) establishes : sosd.r xndi~tio,ss (2.3),

(C) 1i~ ._ ,nl 1 2~~~~J(f , ~~ —

This result is competitive with (B), but for s � 2 the condition

(2.3*) presupposes considerab le knowledge of the pr operties of f. Vt

now establish two results requiring less stringent prior information. We

restrict to kernel type f~.

~~~OR~ 1 1. L t  f have ~~ntin*aoim .qvr. int.gr ~thZ. derivative. Let

K satia/~q JK (u)du — 1 ~ sd Ju2 1K( u)Idu —, ~ id talce c~ — Ca 1’
~
3. T hn

CD) J (f , f,~) — o(a 2~’3) .

PROOF. Using (1.4) , we treat the terms ACt , f~) and B(f , 
~~ ~

parately . Assuming K square integrable and requiring nothing of f , we have

A(f , f~) — n~~fVar(6 Cx — X1}dx s n~~fE(6~(x — X1)Jdx

(2.4) — (nc )~~JK2 (u) du .

In dealing with the term B(f , f~)~ we apply Taylor ’s formula

with integr al form of remainder , to write

E f ( x) — f(x) a J K (u)lf(x — c~u) — f(z) ]du

— cjZ(u) )f ’(x — tCnU)U dt du,

giving

___________

— - - --
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1(1, ‘n~ 
£ c~f(JIL(u)IJ~If’(x — tC~U)U dt du)

2dz

1
‘ c~JJ((J I~ ‘(x — tc u)dt) 2u2 IK(u)Idu)dx

0

(2.5) — c~(J(f’(z) )2 fu 2 IK (u)Idu) ,

by two applications of Jensen’s inequality. Co~~ining (2.4) and (2.5)

with C
u — Cu 1’3, (D) follows. 0

The pr.ced~ug result extends the range of Nadaraya ’s conditions on

f darn to first order derivative restricti ons . We have , in fac t , used

Nadar aya ’s line of argument in the above proof . In the next result we

introduce a modification in the treatment of B(f , f~) and further relax

ths condition s on smoothness of f but at the expense of adding restric—

tions on the tails of 1. For each real q ‘ 0, we put

Cf • sup
~ ~~ f f(x) dx (S J,xI~f(x)dx).,q txI ’t

Also, put

Cf • sup(t : 
f 

f(x)dx • 1).
1 IxI �t

We will use the following inequalities derived in Serf ling (1979) . For

any probability density g,

(2.6.) fIg(z) — f(x)~dx s 2Ct,~
’
~
”
~suP~

Ig(x) — f(~)~~~~~4~ )

for O~~~q . , and

(2.6b) f~g(x~ — f (z)Idz S 2C~~ sup~I g( x) — f(x)I .

_ _  ~~~~~ . - 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ Li
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We now attack again the term 3(1, ft). Putting S~ ,~
(x) f(x — cpu)

and ass~~(ng JK (u)du — 1, we have

3(f, f~) — 
~~~~~~~~ 

— f(x)]K(u)th~)
2dx

s J fE&01~
(x) — f(x))2dx K(u)du.

Since c,u(x) . —. c x  c . is a probabili ty density, we have by (2.6*)

that

3(f , f~) ~ 2Cf ,q
l/(~~l) 

1 
sup

~ I&~,~
(x) — ~~~~~~~~~~~~~~~~

Nov assumln8 that f is Lipe’~ itz of order B on (-. ,.‘) , we have

UP~~S~~~ (X) — f(x) I S Af c
81g1 8 for sans constant A1, and thus

(2.7) as:t, 
~~~ 

—

provided that Cf q c .  and f l u I  
2 

~
1
~”~
’
~IK(u)ldu c ~~. Likewise, if

C1_ c —, we obtain 0(c25) in (2.7). Thu s we have

THEOREM 2. Let I be Lip echita of order B on (-o ’• •) and l..t Cf,q <

where 0 c q � a. L.t K oatiefti JK(z)dz a ~ and ~~~~~~~~~~~~~~~~~~~~ a~

Talce c~ ~~
_ (
~+l)/[(25+l)~+1)) ~~~

CE) J(f, 1) — O(n 2
~~~~

/ 2
~~1~~~~]).

In particular, for f Lipschi tz of orde r 1 on (—. , a) and having

bounded support , J(f , f~) — O(n 2
~
’3), the same as in Theorem 1. For

5 c 1 or q c —, however, the rate in (E) is slower than O(n 2’13).

Conditions (A) — CE) comprise a hierarchy of possible rates for
j
~~, tn~~ 

Rates close to O(n~~) are achieved in (A) , in (B) for p suff i—

_______ - -. _m_ ~~~~~~~~~ ..—-~~~ - 
— 

—
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sntly large , and In (C) for a suf f iciently large . On the other hand ,

the rate. in (C) end (D) are no slower than 0(n 415) and O(a 2’3) ,

respectively. The rates in (B) may be as high as O(~~
2’

~ ) but may

be as slow as O(n~~), any ~ > 0, as may be the rates in (B) for p sufficiently

close to 4.

Sans interrelationships among conditions on the characteristic func—

tion of f , conditions on the derivatives of 1, and conditions on the tails

of I are as follows. If f has an integrable s—tb derivative , then

decreases faster than an algebraic rate p > a (Feller (1966), p. 487) .

On the other hand, it is readily proved that if decreases at algebraic

rate of degree p > a, s an integer , then 1 ha. a bounded continuous deri-

vative of order s — 1. However, conditions on the tail. of f relate to

properties of •f at the oriQin. Namely, if f has q—th absolute moment ,

q an integer , then has a q—th derivative ,; conversely , if • has a q—th

order derivative at the origin , then I has all moments up to order q if

q even, q — 1 if q odd.

Finally , we remark that in view of the lemea of Section 1 the 0(.)

rates specified In (A) — (E) apply equally well, to J(f , f~)~ where is

the recursive counterpart of f~•
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