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A8STRACT by Rashid (7) and Valani s (8). Rashid uses a modified
superposition principle with the compliance, which isA single-Integ ral non linear vis coe lastic theory a function of stress and time, transformed such thatis cast Into a generalized increm enta l form for use In it is a function of a single parameter cal led reducedpredicting c reep response of materials. The Incre- time. Válanis ’ s theory (8) is derived from thermody-mental creep co nst ltvt lve model is tailored for use In namic consid erations wi th the resulting sing le integra lan Incremen ta l finit e element program wherein the equation appearing in terms of the strain histo ry In-equations of motion are integrat ed .n.uerlcal ly step- stead of the stress history as in referenc e (6). Thisby-st ep. Recursiv e relati ons for material memory pa- theory is very similar to Schapery ’ s theory (9) whereinrameters are developed which all ow the retention of strain is employed as the independent variable insteadall past history prior to the curren t time step and of str ess. The functional difference in references (8)require integration over the curren t time step only. and (9) Is due to their respective definitions ofThe creep model parameters required in the theory are reduced time. The other material functions enteringobtainable from a standard creep and recovery test. into references (6,9) are not present In Rashid ’ s orThe incorpo ration of the model within an incrementa l Valan is ’ s theo ry.elastic-plastic finite element formulation is outlined. Applica tion of the single integra l theo ry has

/~ been made by Valanis (10 ,11) for the viscoplasticINTRODUC110t4 J response of severa l metals. It has also been shown to
giv. accurate results for several polymeric compositesIn a majority of the finite element programs in in creep, creep-recovery and mu ltistep Input tests on

use today for analyzing metal components , the tradi- uniaxial specimens (12, 13).t ional approa ch of separating the tota l strain into A potential advantag e of the single Integralelasti c, plastic, and creep components is used (1,2,3). approach is that It easily handles multistep input
The most widely accepted means of predicting the creep histories including stress reversal and creep-recovery .
strain in this contex t is the phenomenological creep This is not true of the phenomenolog ical theo ry oftheory (4 ,5). As an alternative to this approach, a cr eep for metals based on strain hardening which mustsingle integral nonlinear viscoelasti c theo ry has resort to special procedures to handle the stress
been obtained by Schapery (6) from thermo dynami c con- reversal situ ation as outlined in (14). These proce-
siderations. It has a form similar to the Boltzisn dures have In some cases resulted in rather poor results
integral used in linear v iscoe lastic ity , but the as indi ca ted in ref erence (14). Further , the phenome-physical time Is replaced by a so called reduced time; nolog ical theo ry has no predictive capability for theand severa l other material functions ente r into the recovery response to stress removal . Thus , the single Inte-theory. In theory, this representat lon of the inelast ic gral constitutive theo ry may offer additiona l predic-strain components should provide , within the same tive capabilities over the phenomenologica l theo ry of
const lt ut iv theory , the capability of analyzi ng both c reep .polymeric and metallic materials. This paper casts the single integra l theory Into

Two const itut ive theories similar fn appearance a form suitable for use within an incremental finite
to the single integra l theory of Schapery ’s are given element program. Since the equations of motion are
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integrated numerically step-by-step , the time den y- To cast equation (1) Into a form suitable for use
ative of the single integral equation must be ob- In an incremental finite element analysis , Its time
tam ed. In thi s form, the creep strain increment can derivative is taken, and equation (2a) is used to
be determined for the current time interval based on obtain ,
the creep strain rate at the beginning øf the step.
Camputationally, the relationships derived for the a —a) ~.t
rate form of the si ngle integral equation are partic 

-

_______
ularly appealing since recursive relationships are tab ~~°~°ab + ~~ab j  £J(*~,’)~~tdt ’
developed which allow for the retention of all past (3)
histo ry pri or to the current time step and require
int egration over the current time step only. a0 (

he~~) ~ dLaJ
The Incor poration of the model within an incre— + 1~ aø.b ~ 

dt’
mental elastic-plastic finite element formulation is
outlined. The time— independent incremental plasticity
relations wi th a von Nises yield criterion and a
kinematic hardening rule are employed to describe the Equation (3) is rewritten as ,
plastic component of strain. 

( Cd• A graphical procedure for determining the mate- a
rial functions from either creep data or creep equa 

-

_______
tions is presented. It is shown that this procedure £ab ~ °~‘ab 

+ fl ~ i~~i~~~
’cd

Is only applicable to materials whose elastic strain
change on unloadi ng is equal to that on loading, whereNumerical comparison of the single integra l
theory to that of phenomeno logical theory of creep
are given for creep, creep and recovery, multIstep Xcd £J(9~~’) ~

cd dt’ , (5)and reverse loading historie. for a type 304 stain-
less steel . The numerica l results were obtained using -o 5

a computer progr NONVIS developed by the authors

below for the single integral creep equation. S V
which implements the Integr ation procedure developed 

cd — f &J’(*-*’)--~~ dt’ , (6)• It is suggested that the rate form of the sIngle- -ointegral equations appearing in (7,8,9) could be inte-
grated by employing a procedure similar to that given andin this paper for the single integral constitutive
theory of reference (6), provIded the kernel function 

________Is a combination of constants , l inear, and exponential aJ’(*-.’) .d ~~~~~~~~ (7)
di

terms.
A time marching procedure for evaluating Xcd and 

~cdRATE FORM OF ThE SINGLE INTEGRAL EQUATION is formulated below.

Th. single integral nonlinear viscoelastic con-
stitutive equation derived in reference (6) for an a5i1~ t10~i of 

~cd and
~~ d

initially isotropic material is written for isothermal The evaluation of the two integrals Xcd and ~cdconditions, incompressible creep strains, and infin- given by equations (5) and (6) represents a key element
itesimal strains as, in evaluating the creep strain rate. Once the value of

these integrals are known, the creep strain rate is

+ ~°cd ~4 d%~ evaluated from the sum of the second and third terms

~ab ~
0
~°ab 

~~~~~~~ J - d ’  (1) of equation (4) as:

~‘ab + ~ .2~__E~~.) y• f a5 dt , (2a ) ~ b at Xcd a5 aaab cd . (8)
oç

Two important features in the evaluation of L.d and 
~cdare the determination of recurs ive fo rmulas whi ch0cd (2b) make use of values from the previous time step and

-
‘ 

5cd a5 ‘ 
require the evaluation of the two integral s over the
current time step only. The formulation presented
here is similar to the Integration technique employedAJ(~) ~~A

(r) (l_ei~
Tr) + ~~8(r)9 (2c) by Zak (15) and Bills, et al. (16) for a thermorheo- S

logical simple material due to a variable temperatureand A(r ) , B( r )  and T are constants The functions field.
a5,a0 and 8cd are mat rial properties and are in Assume the time from 0 to t is subdivided into

• general functions of the three stress invariants. N subintervals such that t0 0,t1stg+A *• The quantity * Is a reduced time variable while cab tN t Nl +AtN t. For ocd(x,tN) and c~.dt1*t1l), writeare engineering strain components and acd are compo- acd~ and £cdN and assume that ac~~(..,t~) 0 and
nents of the Cauchy stress tensor. The function âJ(~) Cc~~

(0,tti) - 0. Then Xcd and ~cd 
can on written as

is the transient component of the so cal led linear
viscoelastic shear creep compliance. The first term
in equation (1) represents the instantaneous elastic -- f

tN d dt’ (9)response of the material. xcdN J A1~(*N * ‘)
~~~~ r
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UN - ulN - U2N (16)
dG

aJ’(
~ •‘) --~~T’ dt ’ (10) 

Cr) 1 t~ ‘(*N” i” )/’T r

~‘çj 
e dt’ (17)

~~Luation of L dN. Using equation (2c) in t,~_1
equation (9) , one obtains andtN dG ( ‘ ) lXCdN 

- f 1 A (’ ) -.a
~*dt ’ J2N

r . 

~cf (C M- i)  dt’ . (18)

(11) With the use of equatIon (16), equation (13) is
1r~ *N”* ’

~ ’ t r dG 
rewritt en as

- I EA ’ ’ e
j  

~ 
r t XCdN 

- EA (” )GCd - G
~~

(uw ) + 1CdN 
(19)

f
tN 

E8 (r ’)
(*~_* s )  

~~i’~~dt’ . 
where,

r “ cdN 
• Gc~~~

(UN) - 
~~~~ + ZN S (20)

By evaluating the firs t integra l in equation (11),
expanding th, second and third as the sum of two and
integrals and approximating the time rate of change Cr) (r)of G~ within the time interval tN_l <tctN as *lc~~ 

EA Cl
~~ 

(21 )

~ cd ~~~ - 
, ( 12) 

( 5 )  ( 5• ~~B 
r C2c~~

) (22)

then equation (11) can be written as
Cr) (“N-i 

~~~~~~~~ dG
Xcd • EA (” )G

~~ 

Cl
~~ j e r dt’, and (23)

[its_1 
e

_
t~

*5 15
~

Tr 
~~~ dt’ 

C2~~~- ftN_1 
) dt’ . (24)

~ S Recursive relati onship s for equations (23) and (24)
- 

cd,1 - cd
~ i (13) are developed in the Appendix and are given below as:

~ 
At,, 1

tN 
ci - •

‘
~r~~N 3ci~~ + 

~~~~~~~~~~~~ 
G
~ ,, )J4”

~
(25)

I EA~”~ e~~
N *

5)
~
Tr

dtsJ and 
Cr ’) Cr ’)C2
~~ 

• A*NGcd,,1 
+ C2cd,,1

+ 
~
8cdN..l 

- x

-l 
E
,
Bt’ ’

~~(.,,-*’) ~~*dt’ J2~”~ (26)

cd,~ - 
5cd~~1 (

tN (r 1 where Cl~~~_1 , ~~~~~ ~41 and J2~~~ are known from
I ~~B 

~
(eN-e ’)dt ’ I . the previous time step. Thus. eqvat1g~,(19) can be

J evaluated by Integrating J1~~ and J2~~’d.fIasd by
equations (17) and (18) , respectively, over the current

Define the following quantities time step only. All history effects are cas talmad In
1cdu defined by equation (20). In thin Appsmdl*,

t~ (r) C r) equltlons (17) and (18) are numerically Integrated using
45 * 41N , (14) GaussIan quadrature. EquatIon (17) becomes:

• ~~~(r ’) j4r’) 
, (15) j 1(r) 

• (1 - 
eMi t)  4 ~1 (r) (27)

~ ~~~~~~~~~~~~ -~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ‘ • - ••~~~~---_
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whore, 1
J1 (r) if “ (*N )’t r -(1-t )
N 2’ C -e ‘T4’r)dt (

~~~
) 

,~~i’
’
~~’r dt’.1 j 1(r) ,

and
- •N-1 t,,_1 -Ce

F(r )• Equation (18) becomes: 
~~~~~ I ~~ N”* )s’tr 

~~~~~ d~
5 . (34)

- J2*LrS) 
Note that Jl t

~~ Is the came quantity that a pears inthe evaluation of ~~~ Using equation (33~
’ 
m d  (34),where,

equation (32) is rewritten as,di , 
~~~ 

5cd~ 
n~ + 

~~~~ (37)

Evaluation of the reduced time integral given in A r ecu rs ive relationsh ip for equation (37) is developedequatIon (2.) Is also øresented In the Ap~end1x. Ii, the Appindix and Is given below as:
Evaluation of The Integntion of tcdN Is

carried out in a similar manner to that used for ç (r) 
•

and Is outlinid briefly here. was given by cdN 
l’ A* N 

+ ~~~~ - G
1 cdN 2equatIon (10) as,

whore ~~~ and J1~~ are known from the previous
• 

~ ‘(~ -e ’) 
~~~ evaluated by integrating J1N~ 

given in equation (17)

dt ’ time step. Thus 
~~~ in e uation (37), can be

0

over the current tim e step only using numericalwhere, quadrature as outlined in the prtvious section. *11history effect * are repronented by Ked,, given by
~~

‘I*N” *’ • ~~~ ,
*/Tr + ~~ 1~

” (31 ) equation (34)’
INCREMENTAL EQUATION OF E QUI L IBR IWI

Expanding equatIon (10) as the si of two Integrals, In this section, an incremental finite elementusing equation (31) and approximating the time rate of forRJ lat ion for the Isothermal , elastic-plastic -cr eep-change of G~ g van by equation (12); equation (10) large strain problem Is developed . The for mulationis rewritt n as, 
Is suitable for use with any creep con st1 t ut~ve theory
which will predict the incremental creep strain corn-

• I C E A (r) -(*,1-,’ ) / t ,. 
+ (r ’) ponent based on the creep strain rate at the beginning

] * of the stop. Although the creep and plasticity rela-
tions are for smell strains , the formulation is devel-r r 
oped for large st ra in kinematics. One may begin withdsc -

~~~~
the equations of equilibrium written In terms of the

• _
~~* ~~~• •(___ .~~ç_.~~i3 ~ (32 ) 

second Piola-ki rchhoff stress:
aujfr~ 

tSji~
(6s, + ~ç)) + . 0 (39)tisf C ~~~~ 

,“ (CN~C ’)/T r 4~~S(r ’) ]d~. 
where a and u~ are Lang rang lan coordinates and dis-

~‘ “ piacsmegts, respectively, Sjk is the 2nd Pioia-1 
Kirchhoff stress tensor , •~ 

is undefor med densi ty andDefine the following quantiti es F0j is the body force per unit undeformed volume per
un t mass . Applying the virtual work principle attime t .at y ields

r r
U Es~’’~ • E ~~~~~~~ 

fs~~ ~~~~ d~l (40)

I I k
S

_Gc d , + y
~~ (34 )

whoreand

~
Cd
~ 

r 
~~~~~~~~~
A~”~ • ~~.( ‘ )  

~~~~ 
, (35 ) • aut+Atds •(,~~t.~t eet a t ,T• r r (41)S

4 
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and aEt?t is the variation the Sreen-Lagrange The term AP any be interp reted as the change inst rain~ at tim e t+At and T~ 
tare surface tractions stress rsqul~ed to account for th. creep and thermalat time t+At applied to thS deformed surface S. • strains. Equation (47) takes on the following form

Equation (40) may be put into incremental form by when put into matrix form
writing

(N) (~t+At ) + ((K ~) + (K~,])(aq) • (R~~~ ) - (Ft )
S 

‘ U + 
~ ij (48)

where (N) is the mass matrix, (~,t] and ( ~ ] are(42) ‘linear ’ and nonlinear’ st iff ness matr ic P (Rt +At) is• E~ + £E~ a ~ector of forces due to exteroally applied loads,

I 
where S~.j and E~j are stresses and strains at time t (F ) is a vector of forces due to internal stress, and

(Ml is the increment of the nodal displacements.and and 
~
1ij are increments of stress and strain, CO.~lete details of the derivation of the quantitiesrespectively. The strain increment may be decomposed in equation (48), without creep, may be found ininto components which are linear and nonlinear in the reference (17).displ acement inc rements The determination of Dijkl and APij depends on

the specific hardenin g rule chosen . For si mpli city
• £E~ + £E~ (43) of presentation, the isothermal model is chosen and

it is assumed that the yield function can be expressed
by• where

F ” f - k 2 - O .  (49)I. 1 5*u1 + !i. +!~~~.~~
’
~~ + 

~~~
ii i” at, s&~ ii , ~i ii ’~ For kinematIc hardening,

AE~j  • ~~
SAUk BAUk) 

f • ~~‘ Cs;~-s;~) (S~ -o.~~) (50)
(44 )

where S41 and sjj are deviatoric components of the 2ndPio la-K1~chhioff st ress and yield surfac e center,Substituting equations (42) and (43) into (40) yields respectively and K is a constant.
The associ ated flow rule Is given by

( 

S~ 6*C1j,1dv + 
,
~( 

S~~iiE~jdv
SF 

(51)0 dE~3 U

• .1 ASij 8(d!jj+AE~j)dv • ~~~~ (45) where * is a scaler to be determined. Using the
Ziegler modification of the Prager kinematic work-o hardening rule , it is assumed that the projection of
the increment of stress onto the normal to the yieldThe stress increment may be decomposed into two com- surface Is a scaler multiple of the dot product ofponints, one which is dependent upon total strain and the plastic strain and yield surface ,normal :one which is I

• 
thermal, etc.)~ 

ss~dert of strain (i.e., creep, 
• CdE~ 

~~

aF (52)

• AS13 0i3kl~~kl + £P~J (46)
where C is a scaler (hardening modulus) to be deter-where °Igkl is the usual eff ective tangent modulus and mined from a uniax lal stress-strain curve. It can beaP 1 is stress increment due to strain independent shown that equation (52) is equival ent to the consist-phellouimia (as is usually assumed in creep). Substi— ency condition for kinematic hardening and isothermaltuting equation (46) into equation (45), maki ng use of conditions . For smell strains , a decomposition ofequet on (43), and neglecting terms which would be strain is assumed :

• nonlinear in disp lacement increments, yields the
S followi ng:

~~~~ (dEan~
d( ,~

dE
~~

) (53)

j
4’AE~1 0ijk l 6

~~~ii
)
~~ wh!re Eij is the elastic constitutlve tensor andV dEun are ~ e Incremental creep st rain components . The0 

incremental creep strain components are determined
from equation (8) for a time inc rement over which it

+ f  (S~ +aP~~) 6(a(~~)dv (47) Is assumed the creep strain components are constant.
Substituting equation (51) into equation (52) and (53)V0 and solving the resulting equation for ~ gives

• - I (S~3+aP1~) 8(AE!j3)dv + ,Rt A t  
A • ________________ __________ (54 )a~~~aF- I .  V

5
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Substituti ng equation (54 ) Into equation (51) and the where
resul ts into equation (53) and comparing the results
with equation (46), one can show that the instant.- 

• a (64)neous modulus tensor is given by ~2° a6
SF aF

~
ç iç Et~~ 

and
C Lij en - SF SF I~ SF aD(a)Epqrs W- I~

-
~~ 

~ W a0(a) 
~~~~~~~~~ 

(65)

and the change of stress due to creep strains Is When equation (63) is subjected to a creep test,
given by the resulting equation can be used to evaluate the

material functions 92 and aa. Consider equation (63)
• - D dEc subj ect to the stress histo ry:

ljmo w •
a(t) • H(t) a . (66)

Equation (53) can now be rewri tten as,
Substituting equation (66) into equation (63) gives

~~IS — Dijkl (dEmo—d E
~~

) (57) 
5c 

~ AD (f.)a ; (67)
DITE~UNA TION OF MATERIAL FUNCT IONS FROM EXPERIMENTAL 0

DATA and the creep compliance is given by
In this sectio n, equation (1) Is specialized to

the case of unlaxial loading; and to materials whose aD(t) • 4 ~ 
g~ aD(~_) . (68)elastic response on loading and unloadi ng in a creep

and recovery test are the same. The required material
functions can then be evaluated by a graphical pro-
cedure from the results of creep test s. For a gem- Taki ng the log of both sides of equation (68) gives ,
eral description of the methods for obtaining the
material functions from experimental data, see Lou log aD(t) • log g2 + log ao(f-) . (69)
and Schapery (13).

Consider a uniaxial bar which is in a unifo rm
unlaxlal state of stress at a uniform temperature. The simple form of equatIon (69) is such that a simple
Considering only one stres s a, and one strain . graphical procedure can be employed to evaluate the
let c•q~ and °°l When equation (1) is special- material functions. This Is easily demonstrated byized to this uniaxial loading, the creep te rm is plotti ng aD end t on double - logarithmic paper.given by Curves at different stress levels can be superimposed

by translating them along the AD and t axes . If the
curves are shif..~ ~o t reference stress, °r’ theU 

~~~~ 
aD(p-~’) 

d( 
d~ (58) amount of horizontal ihi ft (t) and vertical 1h~ft ) (aD)

equals log •~ 
log and log a log a0(j• and the three independent material functions are given

by respectively. These shifts are graphically demon-
strated in FIgure (1).

~~l1g1(a) ~~~— , (59)

g~(o) G~ (a) (60)aaG

• and

a0(a) ‘~~~~~~~~~ , (61)

E A (r) (1_e r) + ~~B
(r )~ . (62) 

~~~~~~~ log ~~~ log a
~

(a) - log a
~

(
~r)

/ 

/~

r ‘ ra~~~~nca

It is shown in refe rence (12) that 91 (a) 1 Implies ioq g2s log 92(°r1 log g
~

(clthat the amount of elastic straining on unloading is in t nI’e~ iate si ,~qt locationthe same as on loading and that 
~ ‘ab Using —- ~~ -

g~(a) 1 and aab”~ab, equation (D8) Is now gIven by,
log

c d(g2 )

£

— aD(~—~’) dt dt (63) FIg. 1 Horizontal and Vertical Shift of Creep Compliance

6
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The di rection of the shifts are as follows: A~
1
~ U 

~2~°r~ 
(7k )

_ _ _  
andI , shift Is up,

l/a0(a,~) (7k)

1 , shift is down , Rearranging equation (73a ) gives

A / a u g 2 (74)
and

ag(ar ) and from equation (2.) and (73b)
shift Is to left,a0[a) I r l/a~ (75)

Therefore , the actual shifting of the creepap(or) 
~ 1 , shift is to right , compliance is not necessary to determine the materialCarol functions g

~
(a) and ~~~ It is easy to validate the

SOME NI*RICAL ~ESULTS
function 

~2 and
This section presents some numerical ~ sults procedure. 

given above by using the graphical

obtained for a type 304 stainless steel with the If the steady state creep term in equation (70),
compu ter program NONVIS developed by the authors I.e., the term linea r in t , Is subjected to the creep
which Implements the procedures developed above for stress history given by equation (66), one obtains
integrating equation (1) for the following stress
historIes : creep (figure 2),creep-recovery (Figure ~, 

~~~~ 
r— ~~ • (76)multi-step (Figure 4), and stress reversal (Figure 5). a

The results obtained are compared with those of the
phenomenological creep theory based on strain harden-
Ing using total creep straIn (18). Using equations (74 ) and (75), equation (76) becomes

An effective creep equation of the form:
— 8(1) Art (77)

• A (l _e t t ) + kt (70)

was used to determine the material functions in lieu Equation (70) abàve gives for the steady state creep
term

1 of the actual experimenta l data . Two diff erent heats
- I of type 304 stainless steel are considered. The c reep

strain parameters for heat no. 9T2796 at 1100F are - 

(5 • kt . (78)
taken as:

• However, from equatIons (77), (78), and (7k) or (72c) ,
A ( )  • 5.436 x l0 ’

~ ;
1.84 3 (ll a ) it is seen that equations (77) end (78) are not equal.

Thus It is concluded that a single reduced ti.t cannot
be used to relate both the transient and steady stater ( )  - 5.929 x l0~ exp(O.2029 

~~
) (llb) creep terms using the creep equations given by either

equation (71) or (72). Hence , in the present appll-
- J k(;) • 6.73 x lO~ (s inh(0.l479 )] 3 O  (7lc) cation to the type 304 stainless steels, the steady

state term wi ll be taken as the second term of equationwith (effectlve stress) in ksi , and t in hovr~. The (70), 
~ 

kt.creep strain parameters for heat 10. 804*13 at l200F Figure 2 presents creep strain vs. time for aare taken is uniaxial stainless stee l specimen (hu t No. 912796)
for a creep test. The resul ts of both the nonlinear

A ( )  • 2.33 * l0 6 ;3.083 (72a ) v Iscoelast ic and the phenomeno logical creep theory are
nearly identical as is ecpected. Thus , only the non-

r() • 1.354 x l0~~ ex p(0.l29 
~~

) (72b) linea r viscoe last ic theory Is presented.
Figu re 3 presents the creep strain response of a

type 304 stainless steel (heat No. 8043813) uniaxia land spec imen subj ected to a creep and recovery test. The
k(i) • 7.91 x i.o.11 (s inh (0.l932 )J 4.O (72c ) results Indicat e very litt le recovery; and, of course ,

the phenomenological theory usin g strain harde~Ing
predicts no recovery . However, it should be noted thatThe vertical shi ft is defined by the functign the nonlinear viscoe last lc theory would predict con-A(o) and the hori zonta l sh ift by the function r(o). plate recovery if the creep-recovery curve wereThis can be seen be quating the transient term given extended to larger valu es of time.In equation (58) (for r • 1, r ’ • 0) and (70) from Figure 4 presents the creep strain response of awhich It may be shown that type 304 stainless steel (h at No. 8043813) uniex ial
specimen subjected to montonica lly Inc reasing load.A g2

o (73.) The results are in reasonab le agreement with the exper-
imental results and are very close to the results based• — rt (73a) on strain hardening.

FIgure 5 presents the creep strain response of a
cyclicunlaxial specimen ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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~, _ - loading history. On the first reversal , the nonlin-.00$ ,. ear v iscoe last ic theory over predicts the creep re-sponse as given by the experimental data . This is
~~ 

j ..20000 PSl due In part to the lack of significan t recovery forp ,_.
. Type 304 stainless steel . To amplify thi s behavior ,

I ~ ~~~~~~~ psi~y
’ Sulnls ss Suet consider the stress history up to the time of the

~~~
‘
~~
‘ i ... .—

‘ NOet No. ~T27% second stress reversal ,
;.003 

._ .... . ~~~~~~~ visc o .~astic a(t) a H(t) - 2o H(t-t 1) 0 t t2 (79)

~~0O2 
Subs: it:ting equa:ion (7:) into equation (63)

400 600 800 1000 Thus It is seen that the second term gives 292 aTue $ 
times the compliance. Thus twice the value oF g, ~• Fig. 2 Creep of Uniaxial Specimen is multiplying the compliance than was on initiaT
loading. This seems reasonable for materials with an
active recovery, I.e. , polymers. However, for metals

• the recovery Is only slight and the second term over
predicts Its contribution to the recovery. Further,

003 the fIrst term Is related to the concept of a fading
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ memory, which is questionabln for the stress reversil

— / Stainless Steel situation. Note the curve ‘iven fo r the first stress
/ 

NO&t No. $013813 reversal wi th no recovery or uumor~’ of past history.
• / . 

~ ______ 
This curve was obta ined by Initi aliz ing equation (2~)., 17.S[~ 

~ to zero , whi ch represents the momory of the material
I ~ L ~ to prior histories , and setting Gl I N..2 • 0 when a

I ~~‘ 
141 rue 

~~~~~~~~ 
stress reversal occurs. This gives the same response

I as an initial loading with the strain acci ilated at
.001 [ the time of the reversal serving as a new origin; this

/ . 
No,~~~ Ylsc eelos t lc Is the current procedure being fOllowed In reference

/ (14) for the first st ress reversal using bie phenom-
( 

— — — Strain Hardening enolog ical theory.
- 

100 200 300 400 500
Time (~re)

Fig. 3 Creep—Recovery of Unlax ial Specimen

Stainless Steel
Heat No. 8043813

.020

S I G:I —‘~~

“

~ Nonlinear Viscoelestic
~
0

• 
2 0  400 600 800 1000 1200 1400

Time (Nrs l

Fig. 4 Creep Strain Response of Uniax ial Specimen Subjected to Nonotonically Increas ing Load’

$
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contain the memory of past histories when a stress
reversal occurs and setting the value of 011 • 0.

17.4 Although the results obtained herein ha~e2been

~ ~ 
I I 1 for the response of a stainless ste el • most of the

resul ts reported to date have been for a polymer or
: ~~~~~~ I I I Tine (Ni’s) polymer composite. As noted in the introduction,

002 t lIt 313 477 644 references (12 ,13) show the theory to be in good• I agreement for a polymer composite for the following
~~~~~~~~~~~~~~~~~ , stress histories: creep, creep—recovery, and multi -

.001 step inputs . Therefore, it is believed that the use
of the integration technique for the single integral

• equation in conjunction with an incremental finite
element analysis has in,nediate application.

- .00 1 Current work with the single integral equationStainless Steel
Hea t No. 9127% of Schapery ’s involves : (1) providing a better pre-

dictive capability for the stress reversal and other
stress histories for metals, (2) determining the creep
compliance and material function for several composite

-.003 materials and (3) incorporating the above integration
Strain N.rdenlnq procedure into a finite element program for testing on

- .004 —m— Nonlinear V is coelas t le two dimensional problems.
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APPENDIX 
Cl~~ • e~~~~’ ~ Cl~~~~+ (Gcd

_ G
cd )Jl

~~~.

Recursive Relationships for Cl~~ and C2~~~ : (87)

and 0After expanding equation (23) as the sum of two Note the values of ~~~~~~ Jl
~’1, 

0cdN lintegrals , it can be rewritten as
are known va lues from previous steps.

Similarly, equation (24) can be manipulated and
Cl (r )  ~~*N 4N_l )’t r 

~ 
rewritten as

cdN 
e 

C2~~
’
~ 

S 

~~ 
0cdN.l 

+ ~~~~ + 
~
0 d~~~ 

0cdN~~
5 IN_2 e (*M 1 * )

~
lht 

~~~ 
dt’ 

J2
~
’
~~ (~~~)

1
0

where ~~~“) and J2
~~~

) are values of equation (24)ft7~.1 (e cdN 1
e ~~~~~~~~~~~~~ 

~
cd

d tj  (81 ) and (18) from the previous step.
tN.2 

I 
F(r)Recurvise Relationship for cdN

To evaluate equation (81), note that if in equation After expanding equation (36 ) as the sum of two
(23) N is replaced by N—I , equation (23) can be integrals, it can be written as,
written as,

W dt
Cl (r) 

J

tN_2 
•

l~~~~
’
~r 

dG.~d ~~~ 
f N 2  e

_ (*
~

_* 1+*N_ 1~* ) /t r dGcd ,

dt (82) 
(89)

which is the value of from the previous time 
J

tN_ l 
e

_ 
N~~N_l iSi * ) hlTr ~~ dt’

step.
Define 

~~N as, tN_2

ACM * 1’N - *M_l (83) To evaluate equation (89), nOte that if in equation
(36) N is replaced by N-l , equation (36) can be re-

and approximate the time rate~of change of 0cd by wr itten as,

10 

~~~~~~ ~~~ ~~~~~~~~~~



(r) !
tM_2 (* N l *’) It r dO d 

allows equation (93) to be rewritten as
~~~ 5) —~~rdt ’ (90) 

~ 
r _! (t _ t)~

tN0 j1(r) -
~y ._

~[e 
tr N +

which is the value of ~(~~) from the previous step. ‘

~~ 

N

- Using equation (89), (95j and (84), equation (36) can N-I
be written as,

• F(r) e~~ pl~
TrJ F(r) + 

6cd
~~l

_6cdN..Z 
• 

~ N ~~ — e

_
~~~~~

h
1 ) + j1*(r) • (96)

cdN ~~cd 1 At- N- Making the following change of variable in

e *~~~~~~~~
T r dt }. (91) t t ,~ t~~t~~ 2t~~t~4••t~~

t$_2 AtM At.,~ AtM

Th~ Integral term in equation (91) can be written as 
transforms the lower and upper l imits of the integral

Jl ~~ j using equation (86) to obtain in ,equation (93) to -l and +1, respectively, and gives
dt (AtN/2)dT.

(r) ~A*N
/t ( ( )• e r 

tFc~~~
+(Gc~~~

_G
c~~~

) J4hi}.(92) Hence

(valuation of the Quantities Jl~
r) Cfld 32(r ’) *(r) /1 

1e
_ (*N_*~

ITr
Expand j4r)in equation (17) as N 

~~~ ~

e *~~*
’1
~
tt dt’ :e

4r
(tN - 

2 1 1

• 

~~ -l 

e4T~~(
t’)

dt~ 

or 

z 1f ~ *) It r ~~~r~~~~~1_T)}dT (97)

• .
~ where

f
tN 4(tN-t’) ~— - j e r dt’~ 

A*~ *N - CM_i

N-l Equation (97) can be integrated numerically by stand-
ard Gaussian quadraçyre.or £ ,t a Expanding J2~~ I in equation (18) as

i t  1 i i N  r (t.,— t )
.31’ ‘ • — ~ I e r “ dt’ tI’ At~~ j  fM

tN_l (93) J2~’ ‘ £t~J (CM-C’) dt’ . (98)

+ 

f

tN 
[e 

(( ‘ r_e T~
tti t’)] 

dt’} . 

tN_l

Upon Integration of the first term, equation (98)
ui-l - becomes

Let the change in reduced time during the Interval ,
~ 1

~~ be related to tN through the parameter , a , such J2N’ *~4 - xc f N •~ dt’ . (99)

55 

M — M~i 
• (t,I-tN_l ) or a • . (94) 

tN_i

Defining the quantity j1*(r) as

F f ’~ [e
h1 ’”_ e4r(t

~
_t ’)]

dttN tN_i 
(95)

12.
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Define, Changing the variable of integration to ~~, equation(103) becomes
• 

~
ç f C’ dt’ (100) °N a0(a ’) ~~~.

C CM_ i + f a0(a’) r— (104)
Nand wrI te equation (99) as

- j2*(r I) 
(101)

— Using the same change of variable as above allows
equation (100) to be rewritten as

+1

~ f C’ dT . (102)

Eva luation of C
Recalling that the reduced time is defined by

• J• dt’ ;

for the Interval t N l  t t~, one can then write

rtN_l a I_tN a
C -~ dt ’ +J 1dt’a00 tM_l

• or
(‘N a

C CN_l + J ~~ dt’ (103)

55 tN-i 
D

For small time intervals, one can approximate the
stress as a l inear function of time with the interval
AtM such that

AI M _ F I 55

j  I-tn_i tN t 
55

Fig. 6 Linear Interpolation of Stress

from which

a(t) • + A2 t tN-i t

where 
• °N l  tN~~°~ tN-l •1N At,~ 

and A2 At,~

- - ~~~~~~~


