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ABSTRACT

LIMIT DISTRIBUTIONS OF KOLMOGOROV-SMIRNOV
TYPE STATISTICS UNDER A FIXED ALTERNATIVE
WITH ESTIMATED LOCATION AND SCALE PARAMETERS
Much attention has been devoted to Monte Carlo simulations of the
pover of Kolmogorov~Smirnov type goodness-of-fit statistics when nuisance
parameters of the hypothesized distribution are estimated. Here we con-
sider the asymptotic behavior of such statistics at fixed alternstives
vhen location and scale parameters are estimated. It is shown that suit-
ably normalized Kolmogorov-Smirnov statistics converge in distribution
to Gaussian-related random variables depending on the alternative distri-
bution and the luxiuu- deviation between the null and alternative die-
tribution functions. The work of Raghavachari (1973) is thus extended

from simple hypotheses to the case of composite hypotheses with estimated

nuisance parameters.

Key words and phrases: Limit distributions; Kolmogorov-Smirnov statistics;
Fixed alternative; estimated parameters.
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1. Introduction. Let xl. seha x“ be a sample of independent obser-
vations on a continuous distribution function F. Consider the composite
null hypothesis

!ox F(x) = G(x; 6), for some 6 € 6,

where G is a specified cdf and © is a specified parameter space for the
nuisance parameter 6. A test of uo may readily be conatructed from the
sample distribution function and a consistent estimator 8n of 6. In parti-
cular, with

- -8 -

U (t; G, 8) =n 1§11[G(x1‘ 9)s¢t],0s¢es1,

where I[E] denotes the indicator of the event E, a measure of discrepancy
between the observations and the hypothesized distribution is given by
the modified empirical stochastic process

vn(:; G) = n*lun(t; G, 8n> -t],0sts1.

Many test statistics, including the Kolmogorov-Smirnov statistics with
estimated parameters, can be written as functionals of the stochastic

process Vn('; G). Specifically, the one-sided Kolmogorov-Smirnov statis-

tics are
+ -
D " = gup V_(t; G) D = inf vV _(t; G),
- oses1 @ - 0sts<1 ®
and the two-sided K-S statistic is
D, = sup v, (t; )1,

Ost<l




-

Stephens (1974) gives a comprehemsive treatment of statistics which can
be given similar representations. A more extensive class of test sta-

tistics can be shown to be asymptotically equivalent to such functionals.

See Creen and Hegazy (1976) and Kumar and Pathak (1977).
The weak convergence properties of the modified empirical process

and corresponding test statistics have been extensively investigated both

under the null hypothesis and under sequences of comtiguous alternatives
by Durbin (1973), Neuhaus (1976), and Wood (1978). Hcwever, power stu-
dies of statistics based on vn(-; G) have been restricted mainly to Monte
Carlo simulations.

Here we consider the asymptotic behavior of nn-o-. D; and »n -

a fived alternative. In particular, restricting attentiom to location
and scale families of distributions under both the null and the alterna-
tive hypotheses, we extend the results of Raghavachari (1973), who
treated the case of simple fixed alternatives, to the case of estimated
nuisance parameters. Section 2 presents the main results, Section 3 the

proofs, and Scction 4 an illustration testing normal vercus Cauchy.
2. Results. Consider the goodness-of-fit problem of testing

Hy: F(x) = G((x - a5)/8,), == < x < =, for some (ag, By), By > 0,
versus

Hy: F(x) = B((x - an)lsn). =» < x <=, for some (ay, By, By > 0.

The approach in Section 1 is motivated by the well-known result that under
ﬂo the random variables c(xi; (ac, aG)), 1l <41 <n, are independent uni-

form (0, 1) variates. In this case the sample distribution function
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n
Uy(t; G, (ag, 8g) = n‘liilxlc(xi; (ags 8)) stl, 0 st s,

is strongly consistent estimator of the uniform distribution function
U(t) = t, 0 £t s1. The k-5 statistics can then be written as func-

tionals of the empirical stochastic process
W (t; G) = n*lun(t; G, (ags 8g)) -t), 0 st s,

That 1is, sup Hn(t; G), inf Hn(t; G), and sup
Ostsl Osts<l 0stsl

Then weak convergence of H‘('; G) to the tied-down Wiener process w°

W (t; ).

yields the limit distributions of the K-S statistics. (See Billingsley
(1968) for details.) Here W° 1s the Gaussian process determined by
B(H°(t)} «0,0sts<1, and I(H°(.)H°(t)} = ain(s, t) ~st, 0 S8, t s 1,

Similarly, to test l!o as given above, we replace W n(-; G) by 1ite
analogue Vn(-; G) based on estimates (a n? in) of the nuisance parameters
(ags Bg). We require that (&n, g ) be consistent estimators satisfying
conditions which insure the weak convergence of Vn(-; G) under llo. See
Assumptions A and B(i). These conditions also insure that G(x,; (in. Cn))
converges in probability to a uniform rsndom variable and that
U, (¢; 6, (én. ﬁn)) is a consistent estimator of U(t), 0 S t S 1.

However, under H,, (6n, 5n) need not converge to t he appropriate
location and scale parameters of H but we assume the existence of ay and
Bx > O such that n"'(an - ag) = 0.(1) and n*(in - 8p) = 0,(1). (In the
sequel, all probability statements will refer to the alternative hypo-
thesis, unless otherwise indicated.) Then H((x, - a“)lﬁn) vill converge




in probability to II((x1 - q‘)la‘). which may not be uniform. In order
to produce asymptotically uniform variastes, the probability integral
trensform K((X, - qn)li o) 18 needed, vhere

K(x) = BI(Bex + (o = a))/By), = < x < =,

In terms of this transformation

ot - sup V(e K) + n*(t - cx‘l(c)]).

- 0sesl
vith D; and D represented analogously.
To insure the weak convergence of Vn(-; K) under l!l. we assume that

K satisfies Assumptions A and (& n? ﬁn) satisfies Assumptions B, as follows.

Asswmptions A,
(1) K' is positive on the support of K;

(11) K" is bounded and xK'(x) + 0 as |x| * 0. O

Assumptions F.
(1) There exist random variables Y and Z such that for each

ke]l, 2, ...and 0 < :1. evep t. < 1, the vector v°(t1). ooy w°(:k). Y, 2)

3
is multivariate normal with mean vector 0 and (k+2)x(k+2) covariance

and is the weak convergence limit of the random vector

(11) There exist constants €y S0 61 and §, with -u(cl. 62) >0

2
such that for all n sufficiently large
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* 5 -(1“1)
Pla"a, - ag|/8; > A} < ¢;2
and
* & "(1“2)
Pln¥|8, - 8;|/8g > A} < ) o

With these assumptions, V“(-; K) converges weakly to the Gaussian

stochastic process
Vo(e) = Wo(e) + 'K AeNY + K e ez, 0 st s,

(see Wood (1978), (2.2)), while n¥[t - Gk~(t)] is unbounded for G = K

and is dominated by n*onp It - G.l(t) |. Setting
0sts1

o aqup [t-ae)), 0 etnf [t -& )
0sts) 0sts1

0% @ {1 ¢ - ai(e) = 0%}, 07 = (e:t - Gx"'(:) -9),
if we can show that
Dy = sup (V. (&5 0 + a¥le - & X)) + 0 (1)

ted®

.+
(2.1) - v (t +n'® + o (1)
aup“d’ ACH K) +n o’

and similarly
- - 3 ‘ -
(2.2) Dn inf _vn(t. K) +n‘e + op(l).
ted
wve will have from the almost sure continuity of the sample paths of v°
that

THEOREM 1. Under Assumptions A and B, for every a,
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1= __P(p' - "0+ sa) = Plsup _V(t) s a)
p_—— t¢0+

L) * -
1im  P{D_ - n% s a) = P{inf V°(t)sa ).
o - te®

Typically, 6% and 6 consist of one point each, in which case the
limit distributions are normal.

Sinilarly, setting ¢ = max(6®, -07), 6, = {t: ¢t - &®1(") = @),
8, = {t: t - GK™M(¢) = -g), and ¢ = 6, U ©,, 1f ve can show that

(2.3) D, " .up“elvn(t; K| + n*e + op(l) .

we will have

THEOREM 2. Under Asswmptions A and B, for every a,

ln_ P(D_ - 0% < a) = P(max{eup  VO(t), - inf  V°(e)] < al.
n
teo ted
1 2
(Note that one of 01 or 92 may be empty. In such a case, we zdopt

the convention that the sup over the empty set is -=.)

3. Proofs. In order to complete the proof of Theorem 1, we need
ouly show (2.1) and (2.2). Since the arguments in each case sre identical,
we will consider only (2.1).

By construction of K and by Assumptions A and B(i), it follows from
Wood (1978), formulas (3.3) and 3.14), that

IV (t; K) - A (t; K =0 (1),
“’os:sl ' . P

wvhere

8,85 B = o¥ty (i) + K &1, - /8, + KNG, - B/8 1),
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for 0 st < 1. Thus (2.1) is equivalent to

¥ -1 § +
sup {a (e K) + (t - X “(t)]) = sup A (t; K) +n% + o0 (1).
Osesl " . tee’ ® " °p

PROOF OF THEOREM 1. For brevity, we put

x: =sup {4 (t;K)+ a¥(e - & o))
ted
= gsup +“n(“ K) + n*e.

ted

Next for every integer £, § = -1;:{61. 62). and 0 S y s 1, define

(3.1) SCy, H ={e:0sts1, |y - GK'I(t)I < %)

and

(3.2) S = (s(t, &):teodh)

Since GX~! 1s continuous, 6% 1s compact and S, being an open cover for

0+. has a finite cover T(T c S). By the lemms given at the conclusion
of this section, T has cardinality Y not exceeding 2[[21“]]. where
[(*]) denotes greatest integer part, i.e., T = S(t,, L), 1s1 sy}
Also, let

Y
M= uS(t, L),
i=})

with closure N and complement M (with respect to [0, 1]).
Since

sup (An(t; K) + n*[c - Gx'l(t)]) ] 3:.
0stsl

it suffices to show that, for any ¢ > 0,




(3.3) P(sup (An(t; K) + n’k[t - GK"I(:)]) - n: > ¢€) = o(l).
Ostsl

We deal with the sup in (3.3) in two parts sup _ and sup e’ First,
teM teM

Poup (& (t; X) +n¥[e - & }(0)) - £ > ©
el

" s Jrew o (60 -8 (e B+ ¥l - @) - ') > o
1 11 eeS(e 0 ° »

< P(sup _ W (t; K) =W (t,; KNI >e¢€)
121 tes(t, L) - g

» Tooom . K xAe)) - KK 118 - all8, > €
1=1 teS(e, ,0) 1 a” %'k

+ {P(wp =

-1 -1 -1 -1 -
IK'(k “(t))K “(t) = K'(K "(t . ))K “(e)lI8_ -8 118, > €).
1=1 tes(e, ,0) 1 i e e

By an argument identical to that of Raghavachari (1973) for the uniform
distribution, it follows that the final summation in the last inequality
may be made arbitrarily small for appropriate choice of £. We now derive
similar results for the other two summations.

First consider z(t) = K'(K"1(t))K™M(t), 0 s t < 1. Recalling
(3.1) and (3.2), define

(148,078, 4
Z(y, &) = {t: 0 st s 1, [s(y) - 2(t)] < ¢ L47)

2, = {2y, O: y e §“1° DY, 1s1isy.

By assumption B, sup |z(t) | <c for some ¢ > 0. Also, since cx'l

0sts<l
is nondecreasing, S(t,, £) is an interval and §(:1. L) is compact.
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Further, Zi is an open cover for '§(t1, 2),1s1 sy, Therefore, there

-(1+62)/62

exists a finite subcover of Z1 with cardinality y 4 s f[2cle 11,

say {z(:u. H,1s3s Y:l}' Then, for n sufficiently large,

¥
P(®|(B_-8,)/8 | sup _ lz(t) - z(t)| > €)
TR tes(e, L) 4

Y

i
* a
s I P@*|(B_~8)/8 Joup _ lz(t) - z(t )| > €)
3-1 a K K ttz(tij’t) :

s (1+6,) /8
s J211'(::"1 B, -80/8 ] e 2 215 ep

Y

O a
s jzlm |8, ~ B)/B | > L/4e

/v,)
il

Y4 (1/5,) -1
< <, { [4e 2 £
3=

] (1+5,)

(1/8,) (1+5,)
2 2 1-1] 2

< <, 2[2cle

-¥5
= o(L 2

+ 1] [4e
).

Note that the fourth inequality above follows from Assumption B(i1i).

¥§
Since v = 0(L 2). for n sufficiently large, the sum

* -
{P(n 1B - B8.)/8 Ilsup _ lz(t) - =(t,)] > ¢€)
1=1 Lt teS(e, ,8) >

is sy o 2) and can be made arbitrarily small for appropriate choice

of L. A eimilar argument with z(t) = K’(K'l(t)), 0 st <1, completes the
proof that

(3.4)  PGaup {8 (t; K) +n¥(t - & L))} - EN > €) = o(1).
teM

e




Next we deal with the sup % part. Since Gl(']‘ is continuous, e* c M
teM

for every choice of £ 2 1 and sup c(t - GK-]'(t)] is bounded above by a
teM

aumber p with 0 < p < 6+. Choose n < 6+ - p. Then

sup {a_(t; K) + n"[t - GK'I(t)]}'!:

teM® ®
< sup {8 (t; K) - sup +A (¢) + n"(p - e"’)
teuc » teo .
S 2 sup lAn(t; K| + n*(p - 9+).
0sts<l

Since sup 1A (t; K)| = 0 (1) and n*(p - 6+) < -n*n,

osts1 ° P
we have

¥ -1 +
(3.5) P(sup {A (t; K) +n°(t - GK “(t)]} - E > €) = o(1).
teM® ® a

Thus (3.3) follows, completing the proof of Theorem 1. [

The proof of Theorem 2 is now given. The method also provides a

simpler proof for Theorem 2 of Raghavachari (1973).

PROOF OF THEOREM 2. Write D_ = max{D_, n‘;}. If 0, and 6, are nonempty,

then o+ «=Qgmwp,0 = 0+. and © © . Therefore, for every a > 0,

1 -

P(D_ - ¥ < q) = P(mx{D: - n¥o*, e 0¥8) }sa)

+ P(max{sup V°(t), ~taf  _VO(t)} 5 ),
ted ted

as n + »,
Now suppose el is empty. Then e"' < 6, Since 92 cannot simultaneously

be empty, 6 - -0 and 8, = © . Therefore,




Dy - %6 = max{(@! - n¥o%) + a¥(e* - 0), - (o - n¥o7)),
Since D, - n*o* - Op(l) and 6% - ¢ < o,
P(D ¥ < "
. a) + P(inf Vi) <a),n+ e,
ted

But for 91 empty, by convention,

max{sup Vo(t). ~-inf Vo(t)} = inf V().
uel t¢92 ted

For 92 empty, a similar argument gives the desired result. [J

We now prove the basic lemma which was used at several points in
the proof of Theorem 1. For any continuous function f on [0, 1) and

subset A of [0, 1), and any ¢ > 0, define

8'(x, €) = {y: 0 st <1, |£(x) - £(y) < ¢}

S' = {S(x, €): x ¢ A).

LEMMA. Let A be a subset of (0, 1) and a oontimuous Ametion on
(0, 1]. ZThen there exists a finite open cover of A, T( < S'), with ocar
dinality < 2([2w/c]], where I£] s M.

PROOF. Let

D, = {xthte < £(x) < ¥(1 + 1)}, 0 s 1 < [[2M/¢])
and

Diafiamse)) = (% ~¥(1 + 1)e < £(x) s ~He), 1 51 s [(20/c]).




|
|
|
|
|
I
|

Sy .

Without loss of generality, it may be assumed that D, n A » (B
0<1s 2([2M/e]]). Now choose x, €D, 0 A, 0 <1 s 2[[2M/¢])], and con-

sider s'(xi. €), 0 <4 s 2[[2M/e]]). Suppose y € Di' Then, if f(:i) <0,
Mle < £(x) s (4 + 1)e and =¥(1 + 1)e < -f(y) s =Hle,
Therefore, lf(xi) - £(y)| < %¢ and D, < 3'(:1. €). Similarly, this latter

result also holds 1if f(xi) S 0. Thus

“05152[[2M/¢]]D1 " “1s1s2[l2u/c1]s"‘1' €.

But A c 005152[[2HI¢]]D1' Therefore, by construction, we have demonstrated

the existence of a finite subcover with the required properties. [}
4. Testing normal versus Cauchy. Suppose we want to test

Ho: F(x) = ¢((x - u)/o), = < x < », for some y and 0 > 0,
against the fixed alternative

HI: F(x) = C((x -a)/B), -~ »< x < », for some a and 8 > O,

where C(¢) is the standard Cauchy cdf. In this case u and 0 will be
estimated by the sample median and a linear functica of the sample inter-
quantile range, respectively. In particular, if we define, for any
0O<p«1l, cp -a+ ac'l(p) and tp - F;l(p). where F_ is the sample cdf,
then (u, o) will be estimated by (ﬁn. On). where ﬁn - E* and

an - (33,‘ - El/d)/ 1.349. (Note that the interquartile range of the
standard normal distribution is ¢"1(3/4) - ¢"1(1/4) = 1.349.)
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Since the Cauchy distribution satisfies Assumptions A with C'(x) > 0,

~» < x < », we have, from Bahadur (1966), with probability 1,

@1 @ - ) maflp- ¥ (ep)\/ (&) + 0™ 10g m).

This implies consistency of (0“. on). which shows that ay = C,‘ = a and
B = [*“3/4 - £1M)l/[#(1.349] = 8/.6745, since the semi-interquartile

range is the scale parameter of the Cauchy. Therefore,

K(x) = C(x/.6745), == < x < =,

Also, B(ii) follows from (4.1) and Chebyshev's inequality and B(i) follows

from (4.1) and the Cramér-Wold theorem.

Next we need to specify 6., e* and © . Since the minimum and

1 2’
maximum of [t - okt (t)] occur at points -t = K(y), where K'(y) = ¢'(y),

y =0, i.e., at y = £ .33927, we obtain 6, = @ = {.60407} and

2-
L = 6 = {.39593), andes,=06" = -6~ = 0.0182.

s SN AR BB i it it S SR 4 UGB

°

Combining this with the fact that for 0 s s < 1, the vector

n‘k(wn(o; K), (0n - GK)/BK. o, - BK)/BK) converges in distribution to

normal with mean vector 0 and covariance matrix

TeQ - 9) £:6745) [¥s-min(s,¥)] (.6745) [min(s,1/4)-min(s,3/4)+ o]
c'c @)
. (.6745)2 o
c' ¢ la))
* * (.6754’0)2
& (4c' (c~1¢3/4)))2

PCPRCRTONR e . i i
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we obtain that the vector (sup Vo(t). sup Vo(r.)) is bivariate normal
teel tcsz

with mean 0 and covariance matrix

.070  ~.010
-.010 .070 |.
Thus n: and D, suitably normalized, are asymptotically normally distri-

buted, while Dn' suitably normalized, corresponds to the supremum of

two bivariate normal r.v.'s with zero mean.
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