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ABSTRACT

LIMIT DISTRIBUTIONS OF KOLI~ GOROV-5MIRNOV
TYPE STATISTICS UNDER A FIXED ALTERNATIVE

WITH ESTIMATED LOCATION AND SCALE PARAMETERS

Ibach attention ha. been devoted to Mon te Carlo simulation , of the

power of Ro1~ ogorov—Sairnov type goodne ss—of-fit statistic. when nuisance

par~~~ters of the hypothe sized distribution are est imated. Here we con-

sider th~ asymptotic behavior of such statistics at fixed alternatives

when location and scale par aasters are estimated . It is shown that suit-

ably normalized Kolaogorov—Smirnov statistics converge in distr ibution

to Gaussian—related random variables depending on the alternat ive distri-

bution and the men u deviation between the null and alternat ive di.-

trlbution functio ns . The work of Raghavachari (1973) is thus extended

from simple hypothese. to the case of composit. hypotheses with estlasted

nuisance para meters .

Esy words and phrase.: Limit distributions ; Eolmogorov-Sairnov statistics ;
Fixed alternative ; estimated par ter ..
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1, Introduction. Let X1, ... , X be a sample of independent obser-
vations on a continuous distribu tion functio n P . Consider the oo,~,osit.
null hypothesis

00* F(z) — G(x; 6), for some 0 €

where C is a specified cdf and e is a specified parameter space for the
nuisance paramet er 0 • A test of R

~ 
may readily be constr ucted from the

sample distr ibut ion functi on and a consistent estima tor of e. In parti-
cular , with

U Ct; C, 0 ) a n~~ ~ I[C(X~; O~) ~ t), 0 � t ~ 1,n n 
i—i

where I ~EJ denot es the indica tor of the event E , a measure of discrepancy
between the obssrvations and the hypothes ized distribution is given by
the modified empirical stochastic proce ss

4Vn(t; C) — n [U (t; c~ 6n~ 
— ~~ 0 � t � 1.

Many test stati stics , including the Xolaogorov—Sajrnov statistics with
estimat ed par ameter s, can be written as functionals of the stochastic
procsas V,~(’; C). Specifically, the one—sided I~olaogorov—Smir nov statis—
tics are

D
+

— sup V (t; G), D — inf V (t; G) ,n 
~�t~~ 

n n O~t~1 
n

and the two—sided X—S statistic is

D — sup IV (t; G) I .n O�t~1
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Stephens (1974) gives a comprehensive treatment of statis tics which can

be given similar repre sentations . A more extensive class of test sta—

tistica can be shown to be asymptotically equivalent to such functionala .

See Green and Hego2y (1976) and Kumar and Pathak (1977) .

The weak convergence properties of the aodif isd siapir ical process

and corresponding test otatiatics have been extensively investigated both

under the null hypothc3is and under sequences of omstigsios. alternatives

by Durbin (1973) , Neuhauii (1976), and Wood (1978) . However, power stu-

dies of stat istics based on V (. ; G) have been restricted ~~a(nI y to Monte

Carlo sim”lationa .

Here we consider the asymptotic behavior of D~+, D and under

a f ixad alternative. In particular, restricting attentio n to location

and scale fa.jlies of distributions under both the null and the alterna-

tive hypotheses , we extend the y~eau1ts of Raghavachari (1973), who

treated the case of ein~ j e fixed alternatives, to the case of estimated

nuisance par~~eters. Section 2 presents the main results, Section 3 the

proofs, and $cctio~ 4 an illustration testing normel ver cus Cauchy .

2. Results. Consider the goodness—of—fit problem of testing

H
~
: P(x) — G((x — uc)/ec), —~~~ < x < , for acme 

~~~~ 
8G~~ 

0G > 0,

versus

Hi: F(x) — E((x — eH)/80), —C. c z c —, for come (ClO, ~i~’ ~~ 
) 0.

The approach in Section 1 is motivated by th. well—known result that under

the random variables G(Xi; (aG, OG)), 1 � i ~ n, are independent *s*i~
form (0, 1) variates • In this case the sample distribution function

~

•-,

~

-- -

~

. 

j
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U~(t; C , (ac, $.~)) n~~~I I(G (x1; 
~°G’ ~~~ 

a tI ,  0 a t a 1,

is strongly consistent estimator of the uniform distr ibution function
U(t) — t , 0 ~ t a 1. The K—S statistics can then be written as func—
tionals of the empirical stochastic process

W~(t; C) • n4(U~(t; C , (as, B~)) — t], 0 a t a 1.

That is, sup V (t; C), inf V Ce; C), and sup ~V Ce; G) j .
Oatal ~ Oatsl ~ 0~t~l ~

Then weak convergence of V~
(.; C) to the tisd-down Wiener process V0

yields the limit distributions of the K—S statistics. (See Stilingeley

(196$) for details.) Her. V° is the Gaussian process determined by
E(V°(t) J • 0, 0 a t a 1, and I(W°(s)W°(t)} — min (s, e) — st 0 a a, t a 1.

Similarly, to test 00 as given above , we replace W~(.; C) by it s
analogue V

~
(.; C) based on estimates (%. ~~ of th. nuisance parameters

~‘G’ 
la). We requir. that (

~~, ~
) be consistent estimators satisfying

conditions which insur, the weak convergence of V~(.; C) under H0• See

Assu ptions A and 5(i). These conditions also insure that OCX1; (&~. ~~
converges in probability to a uniform random variable and that

U0(t; c, 
~~~~ 

Es)) is a consistent estimator of U(t), 0 ~ t a i.
However, under H

~
, ~~~~~~~~ ‘ 

~n
) need not convsrge to t he appropriate

location and scale parameters of H but vs assume the existence of

‘0 such that n4(&~ — cIE) • O~(l) and n
4(~~ — S~

) — O~(l). (In the
sequel , all probabili ty stat ~~~nts will refer to the alternative hypo-

thes is, unless otherwise indicated.) Then H ((Xi - 6~)Ii~) will converge
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in probability to B((X i — Q18K~’ 
which may not be uniform. In order

to produce as~imptot ically uniform variates , the probability integral

transform K( (Xl - &e) IL,~) La needed, whet.

K(x) — HL (~~z + (as: — —I, C X ‘C

In terme of this transformation

— (y Ce; K) + n4(t —n ostal n

with and Dn represented analogously

To insure th. weak convergence of K) under 0
~

, we assume that

K satisf Lea Ass*~~ tions A and (â~. ~~ 
satisfies Assumptions B, as follows.

Mrn~~tio,s. A.

(i) K’ i. positive on the support of K;

(ii) K” is bounded and x X ’ ( x ) . O a s  lxi ‘0. 0

M s a~,tio,sa P.

Ci) There exist random variabiss Y and Z such that for each

k — 1, 2, ... and 0 ( C1, •~~ •~~ 
t~ c 1 the vector W°(t1), ..., W°(e~) ,  T , Z)

is ailtivariat. normal with mean vector 0 and (k+2)~(k+2) covariance

matrix and is the weak convergence limit of cbs random vector
1. ~~~~~

~~ (t1 K), .. ., V,~(t.~; K), n4(&,~ — 

~~~~~~~~~~~~ ~~~
(ii) There exist constants c1, C21 6~, ~~~ 62 with .in(61, 62) 0

such that for all n sufficiently lar ge

• ~~~—.~~~~~~-~~--~~~ •—

• ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~
- • • --~ 

- —
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—(1+6 i )
— 

~~
l/8

~ 
‘ 1) ~ c1A

• end
—(1+ 6 )

• 
P (n t $ ~~— $ ~ I /$~~) A } ’C c2A . 0

With these assumptions , V~(.; K) converges wsakly to the Gaussian

stochastic process

• W°(t) + K’ (K 1 (t))Y + K’(K ~~(t))f~(t)Z , 0 a t a 1,

(see Wood (1978) , (2.2)),  while n4t t — (Z 1(t) ) is unbounded for C • K

end is dominated by n4sup I t  — (Z
1(t ) I .  Setting

Ost ai.

• 0+ (t — Z 1(t) ) , 0 — jut —

Oatal 0~t~l
end

$ .  (t~ t — CK~~(t) • $+)~ 9
_ 

— (t:t - (iC
1(t) —

if we can show that

sup +~‘ 
(t; K) + n4(t - (~~

1(t )]) + o (1)u t $  ~ p

(2.1) . sup V (t; K ) + n 40~~+ o ( l )p

end similarly

(2. 2) D i n fn 
~1~

- n

vs will have from the almost sure continuity of the s~~~1e paths of V0

that

• TBB0R~ I 1. ~~~~ Aaas.çtior~. A .sd B , fbr .v.rv a

_ _ _ _ _

~~~~~~~~~~~~~~~~~~~~~~ — •  —~~- •~ • —-———• —~~~~~
-
~~~~



1ia~.~,P(D9 
- n40 a • P(sup +V°(t) a a)

øid

1ia~,,P(D - n40 a s )  — flint _V0(t) a~~ ).tie

Typically , 8~ and 0~ consist of one point each , in which case the

limit distribu tions are normal .

Similirly , settin g e • asx(04, _0~), e~ • U: t — (Z’~ (’) — 0) ,

• Cc: t — G1C~(c) • -g), and ~ — U 
~2 if we can show that

(2.3) D •uP~~elv (t; K)J + u40 + o~(l) .

we viii. have

THEOREM 2 • Und.r Aaewiçtion. A ond Ba for •Us2~ 5,

1i%j{D — n40 a a} • P(max (sup V°U), — inf V°(e) ] a a).
tcO1 tee2

(Note that one of 81 or 83 may be empty . In such a case , vs edopt

the convention that th. sup over the empty set is -rn .)

3. Proofs • In orde r to complete the proof of Theorem 1, we used

only show (2.1) and (2.2) . Since the arg~~~nts in each case are identical,

vs will consider only (2.1) .

By constructio n of K and by Assumptions A and 5(i) , it follows from

Wood (1978) , formulas (3.3) and 3.14) , that

• sup Iv Ct; K) — £n(t; 5)1 • o (1),
oatal u P

• where

K) • n4(Wn(t ;K) + x’(f’(t))L(e~ — + R~~(~)(a~ —

_ _ _ _ _ _ _ _ _ _- 
- - _ _ _ _ _ _ _ _

_ _ _ _ _ _  _ _ _ _  _ _ _ _ _
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for 0 a t a 1. Thus (2.1) is equivalent to

5U~ (*5(t; K) + n4(t — (Z
1(t))) — ~ ~~ 

Ct; K) + + o (1).
Oatal tie n p

P~ )oV 07 THEOREM 1. 7or brevity, we put

— •~ +“~
(
~
; K) + n4(t —

U6

e sup 4(A ( t ; K ) + n40.

Next for every integer L, 6 — min(61, 62). and 0 a y a 1, define

(3.1) s(y, L) Ct: 0 ~ C S 1, l~~~~(y) — ~Z
’(t)I ~

end

(3.2) S • (S(t , L): t i

Since is continuous , e~ is compact and S, being an open cover for

9’, has a finite cover T(T c S). By the 1s~~~ given at the conclusion

of this section , T has cardinality r not exceeding ~((3~~63) , whets

L1 )) denotes greatest integer part , i.e., I — S(t~, L), 1 S i S r}.

let
V

M — u s(t~, t),i—i

with closure ~ end complement K° (with respect to (0 , ii ).

Since

sup (A (t; 5) + n4(t - GK~~(t)J) ~

it suffices to show that , for any i ‘ 0,
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(3.3) P(sup (~ (t; K) + n4(t — ~Z~~(t))} — E~ > e) — o(1).
Oatsl n n

We deal with the sup in (3.3) in two parts sup and sup • First,
teN tcM~

P(sup _~~~~ (t; K) + n
4
(t — GK 1(t) } — E’ > e)n

a P(sup 
— 

(A (t ; K) — A (ti; K) + n4(t — cZ~~(t) — e’J} > c)
i—i tcS(t~,Z) 

n n

S ~~P(sup — 
IW~(t; 5 ) — V  (ti; 5 ) I ’ e )

teS(t~.t)

+ P(sup 
— 

IK’(t~~(t)) — K’ (K~~
(t i) ) I . I a  — > c)

i—i teS(t~.Z)

+ P(sup (K ’(k~~(t))K 1 (t) — ~~~~~~~~~~~~~~~~~~~~ 6K I 1 8 x 
) E).

i—i teS(t~~t)

By an argument identical to that of Raghavachari (1973) for the uniform
- I distribution , it follows that the final s~~~ation in the las t inequality

may be made arbiti~ar i1y small for appropriate choice of L. We now derive

similar results for the other two sumeations.

First consider aCt) — K’(i1 (t)) K~~(t), 0 a t 5 1. Recalling

(3.1) and (3.2), define

• (1+62)162 —lZ(y , Z ) — ( t : O S t a l , l s ( y ) — * ( t ) I < e  £ )

and

— (Z(y, £): y c I(t~~ L) ) , 1 a i. S y.

• By ass~~~tion I, sup Ia(t) I ‘Cc for some c ‘ 0. Also, since OK’3
Ostal

• is ncndecrsasing, SU~. t) is in interval and i(t~ , L) is compact.
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Further , is an open cover for S(t~, t

~

,, ~ ~ ~ y. Therefore, there

_(l+6
2)/62exists a finite subcover of 2~ with cardina lity y

~ 
a f (2cZa ] 3,

say (z(t~~. £), I S j  S v~}. Then, for n sufficiently large,

P(n41(j — 

~K)/BK I sup 
— 

z(t) — z(t~) In teS(t1,Z)

~ 
P(n~~(~ — BK)/BX Isup 

— 
lz(t) — z(t~) J ) e)

i—i tcz(t~~ L)

‘ I P(n~J (~ — 8s:)/B~I 1 2 2 .Z—1 >
.1—1

4 (l/y2)‘ !~~(n I (B~ — B~)/8~ I > £/4e )

Y~ (1/6 ) —1 (1+6 )
S c2 ~~I4e • ]

i—i

—(1+5 )/6 ( 1/ 5 3) (1+62 )
S c2 2[2 cte 2 2 +11 (41 r1]

—48
• o(L 2)

Note that the fourth inequality above follows from Assumption B(ii).
*62Since y — 0(~ ), for n sufficiently large, the sum

~ P(n41(B — B~)/8~ $ sup 
— aCt) — s(t~)I > c)

i—i CC S(ei, t)
• -46

is ~ • oCt 2) and can be made arbitrarily small for appropriate choice
of £. A similar argument with s(t) • K’(K’3(t)), 0 S t a 1, completes the
proof that

(3.4) P(sup _(A~(t; K) + n4(t — OK~~( t )J}  — E > e) — o(1).
teN 

-~ ~ —~--- - - •~~ —• • _~~~ -~~~ - — — ———-—. .——- —— — •~~~ —~~~~—~•
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Next we deal with the sup 

~ 
part. Since GK’3 is continuous , c N

teN
for every choice of £ � 1 and sup — GK’3(t) ] I. bounded above by a

teN

number p with 0 ‘C p ‘C e~. Choose ~ C 0+ 
— p . Then

sup (A (t; K) + n4(t —

~~
c n  n

a sup (A Ct; K) — sup +A~
(t) + n4(p — 0+)

CeO

5 2 sup n
(t K) I + n4(~ — 0+).

oats’

Since sup IA Ct; K)I — 0 (1) and n4(p — e+) ‘C
Ostal n p

we have

(3.5) P(sup (A~(t; K) + n
4(t — GK’3(t)) } — > 1) • o(l).

Thus (3.3) follows, completing the proof of Theorem 1. 0

The proof of Theorem 2 is now given . The method also provides a

• simpler proof for Theorem 2 of Raghavachari (1973)

PROOF OF ThEOREM 2 • Wr ite D • max(D , D} . If 01 and 02 are nonempty ,

then — e — o , e~ — O~, and — 0. Therefore, for every a ) 0,

P(Dn
_ f l4055) •P (max{D—n40~,— ( D- n4~~) } a a )

• -‘ P(max(sup +V°(t), .-inf V°(t)} a a),
I te8 tee

as n + .

• 
Now suppose is empty. Then ‘C 0. Since 02 cannot simultaneously

be empty , e - —e and 62 • C. Therefore ,



— n40 — aex( (D - n48+) + n ~(O+ - 0), - (D; - n40 )) .

Since Dn _ n *i+ a o pa a n d e 9 _ e ’ C 0,

P(D — n40 a a) • P(inf _V°(t) S a), nn 
CeO

But for 01 empty , by conwntion ,

• msx(sup V°(t) , —inf V°(t); • inf V°(t) .teO 1 tee2 tee

For 02 empty , a similar argument gives the desired result. 0

V. now prove the basic l e s  which was used at several points in
• the proof of Theorem 1. For any continuous function f Ofl (0, 13 and

subset A of (0 , 1] , and any > 0, define

• S’(x, e) • (y : 0 a t a 1, If(x) — f(y)l  ‘C c}

and

.5’ (S(x , ):x A}.

LEP0~A . LatAb . a esè..t of (o , j ] a,.4 a o of l~j ,n J ~~~~j ~~~~
(0, 13.

dinality a 2((2 m/ e)J ,  whey. I f i  a N.

PROOF. Let

— (x:4ic ‘C f(x) S 4(i + l)i), 0 5 i a ( (2$/c))

l and

• (z: —4(i + l)i ‘C f(x) a —4ia }, 1 a i a ((2$/i)) .

L 

_  _

F
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Without loss of generality, it may be assumsd tha t D~ n A $ ~,

• 0 5 i S 2((2N1tfl. Now choose e D~ n A, 0 S i S 2 ([ 2M / t ) ) ,  and con—

sider S’(x1, c) ,  0 a i a 2 ((2 14/ e)] .  Suppose y c Di. Then , if f(x~) a 0,

4iit ‘C f(x) a (i+ l) and —4(i+ l)c ‘C —f(y) S —4ic.

Therefore, f(x1) 
— f(y) l a 4e and C S’(xi, e). Similarly, this latter

result also holds if f(x~) 5 0. Thus

c 5” )OSia2((2M / c]) i laia2 ( (2M /c)) ~

But A c UOSiS2((2$/e)]Di~ There fore , by c~nstruction , vs have demonstrated

• the existence of a finite subcovsr with the require d properties. 0

4. Testing normal versus Cauchy. Suppose we want to test

H
~
: F(x) — •((x — ~a)/o) , ~a ‘C x ‘C , for soma ii and a > 0,

against the fixød alternative

il l : F(x) — C C CX —a ) /8) , — ~ ‘C x C a , for soma a and ~ 0,

whets C C .) is the standard Cauchy cdf . In this case ~ and a will be

estimated by the sample median and a linear function of the sample inter-

quaitile rang., respectively . In particular , if we def ine, for any

o ~ p ‘C 1, — a + 8C~~(p) and — F~~(p) , where P is the sample cdf ,

thin ( i , a) will be estimated by (i~ , •~). where • and

(
~~p — 

~3/4)/ 1.349. (Note that the interquar tile rang. of the

• standard normal distribution is •‘3 (3/4) — •~~(1/4) — 1.349.)

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~A .   -~ - S-- - - —- 



_________________________________________________ I• 
~~~~~~~~~~~~~~~~~~~~~~~~~~ 

—.----------
~~

- - .

—~~•--——.—-- •- ~~—•--•.-— — - - - - — •  - .

— 13 —

Since the Cauchy distribution satisfies Assumptions A with C’(x) > 0,

—* ‘C X ‘C a , we have, from Bahadur (1966), with probability 1,

(4.1) n4(~~ — Li,) • n4[p — F~(y~\~/”
(c~) + 0(n log fl).

This implies consistency of (On, O~)~ which shows that cs.~ — • a and

— (4(~~3/4 
— C1/4))/(4(l.349) — 01.6745 , since the semi—inte rqua rtile

range is the scale parameter of the Cauchy . Therefore ,

K(x) — C(x/.6745) , —a ‘C x ‘C

Also, B(ii) follow, from (4.1) and Chebyshev’s inequality and 5(i) follows

from (4.1) and the Cram~r—Wo1d theorem.

Next we need to specify 01, 02, 0
+ and C. Since the minimum and

maximum of (t — •K 3 (t) ] occur at points —t — K(y) where K ’(y) —

• y $ 0, i.e., at y — ± .33927 , we obtain 02 — 8 — (.60407) and

— 0+ — (.39593), and00j•009 
— —0 — 0.0182.

Combining this with the fact that for 0 5 s 5 1, the vector

n4(W~(s; K), (P ,~ — cIL)/B K, 
~~fl 

— BK)/O K) converges in distribution to
normal with mean vector 0 and covariance matrix

— •) (.6 745) (~~—ain(g 4)I C .6745) (min( s ,1/4)— min(s ,3/4)+ .1
C’

* 
(.6745)2 0

C’ (C~~C4))

• * * 
(.6754)2

f4C’ (C4(3/4)) ~2

___- - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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we obtain that the vector (sup V°(e) , sup V°(t) ) is bivariats normal
CeO1 CeO2

with mean 0 and covariance matrix

.070 — .010

— .010 .070

Thus D and D , suitably normalized, are asymptotically normally distri-

buted , while ~~ suitably normalized, corresponds to the supremu m of

two bivariate normal r.v. ’s with zero mean.
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