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Ga geometrica.l model. of Snell‘s Law was presen ved. It was further shown
how the formula for the horizontal renge increment, R, in a leyer of
water of a constant velocity gradient cen be »xpressed in terms of veloci-
ties as prescribed by this model. The justification for this form of ex~
pression was argucd to consist in the simplification of the programming of
ray calculations. In a further memorandum {U3SL Confidential Technical

- Memorandum No. 1110-01-58) the geometrical molel was also applied to the
formula for incremental travel time, with the expectation of unifying the
methods of calculation of both Rp aund tn)_ nolely in terms of the veloci-
ty structure. \'(«‘M) 1H,M, _LWO

It is the purpose of this report to extend these methods of computs.-
tion and include the formula for the intensity ratio (JQ/I s where Ig is
the index intensity) at any point elong the riy path in the sbove set.

The following limitations should be noted: R

(1) The formula for Io/I here used does not take into sccount any
intensity loss that may be incurred by atienu.tion. Spreading loss alone
is considered.

(2) The spreading loss formula obtained bere is invalid for calcula-
tions of intensity at ell points on the limit ng ray beyond the point where
the ray reaches its vertex velocity.

TERMINOLOGY AND BASIC EQIATIONS

Before going any further the matter of terminology has to be somewhat
better organized. In general the velocity of sound varies continuously

T 2$420C oess
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with depth and this variation may not be linea:'. In refraction calcula-
tions it is therefore necessary to approximate the nonlinear variation of
velocity with scmething linear, thus creating _.ayers of fixed velocity
gradients. In the discussion that follows, these layers will be indicated
by the symbol n (n = 1,2,3,4,...) and nunbered consecutively along the
ray path in such a manner that the number of the layer increases by one
each time the ray crosses a layer boundary or is reflected from it. For
the purposes of simplified expression the point. of origin of each ray, as
vell as the point of its termination, (the latier a metter of choice in
each calculation) are considered as layer boundaries (see Fig. 1).

velocity .
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Figure 1

When n is attached as a subscript to scme other symbol, it indicates
that particular value of the symbol appropriate at the point where the
sound rj-w crosses the boundary between layer (n-l) and layer n (see
Fig. 1).

By way of completing our picture of the velocity structure of the
ocean it is convenient to associate with each layer a constant velocity
gradient:

78 08 07 390
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where: VS - the velocity of sound at the points indicated (ft/sec)
YnS- the depth at the same points (1't)

As a starting point the following equatiorn will be used (for deri-
vation see "Fundamentals of Sonar," J. W. Horton, U. S. Naval Institute,

1957, peges 99-100):
b o B iy 4R~
v k E&TD'.!S"‘Q““( de.)l

where: 0's - indicate the angles of inclination (with respect to the
horizontal) of the ray (radiane or degrees)

N - total muber of layers passed through by ray
R - total horizontal range (yds)

The absclute value signs are utilized because w» are interested in the
separation between the bounding rays of a ray bundle and not in the
direction in which this separation is measured. This equation is valid
no matter what path the ray follows between its origin and the terminal
points. To express it in terma of the geumetric model we also need the
relations between the trigonometric functions involved and the geometric
model. The basic relation here is Snell's lLaw:

(3) \9=z¥,‘a= a\é‘a:. (.‘é_)

vhere Vx is the vertexing velocity of the sourd ray. As the Vp's
are all fixed by the velocity structure of the ocean, for a fixed source
the only independent variable is Q1 . For eack 01 a different ray
path is specified because the ratio Vx is fixed by Snell's Law, thuse
making all On's (nfl) dependent on the choice of 91 . Assuning thus a
fixed ray path with known Vx we have the follewing two relations:
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| V
0s0,. = -7'3_.
and from sin*@ =| - cos*®

(bv)

>
100 22 =VE (4w 0 10 sosttive; - when 0 18
n \"A negative). This rule is reversed at
each reflection from what it was before

that reflection.

These relations will enable us to obtain the final expression for Io/1
entirely in terms of the velocity structure for each ray of fixed Vx .

Before this we have two cther factors (R end ﬂ ) involving the total
range R vhich must be determined. In this determination we shall use

two generalizations from the incremental range equations presented in USL
Memorandum serial 1110-83. They are:

(5a) R:iR": 5%;(5“\9,, -sinem)z

=3 < [T o

where: Rp's - indicate the horizontal incrementsl ranges covered by
sound ray in each constant gradient layer (yds).

The second form of the above equation (5b) is the result of direct sub-
stitution from (4b) and the sign convention of the latter is retained. It
is important to remember that in ray calculaticas a ray directed downward
forms a positive angle with the horizontal and the ray directed upwards a
negative angle.

The derivative dR/a01 is calculated as saown in the appendix using
(5a) and (3). Then, by means of (ka) and (Ib) the derivative is expressed
in terms of the velocity structure.

4
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GENERAL CASE (N LAYERS)

The general expression is obtained now by mibstitution from Eqs. (4a),
(¥v), (5a) and (A7) into Eq. (2)

L. b R | e FEBY R,
VY, W V\ : ~(t7\¢-\<,§)(17¢_v;“)

Since the velocities are positive and the two sjuare roots may be always
regarded as positive we can write the final fora as follows:

N
L AL Y P | _Rn
(6) —% * o VVE -V N = Viin ZR“ i(twlw-v: XV —vi)

n=! "

As stated before this equation is applicable in all cases except the
tvo listed at the beginning. In all cases confision will be avoided if

Eq. (6) is reduced to its simplest form for each specific case before any
nunerical calculations are made.

A special case, sometimes gilving rise to confusion, concerns the
validity of the equation after a ray has passed its vertexing point and
is crossing the layers in the opposite direction to that preceding the
vertexing point. In this case the sign rules should be used as usual ’
taking into consideration eny reflections that ney have occurred, where
they apply in Eq. (6). The choice of layorn and layer boundaries should
also be made in accordance with the directions oreviously given. -
cifically, this means that the point of vertexing is not considered as a
layer boundary and that the velocity Vp = Vn4) (n designating vertexing
layer) but the exit and entrance angles are opposite in sign. The range
increment too in this case would be the distanc: between the two points

at \lhit):h the ray crosses the same boundary in opposite directions (see
m. 1 -
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APPENDIX
Determination of dR/d 6

Starting with Eq. (5a) from the report:

N
R =23!G‘: ( SiVI e"l T Slﬂ Gl‘l"‘) (’d‘)

LEY]

and expressing the dependent variable Vx in terms of the independent
varisble O by Snell's Law (Bq. (3)) we have

(A1) R i Vi (sinBn ~ sin Bne)

=L, “cos §, B G

(ycls)

In Eq. (Al)both €n and Op 4 are still deyendent on 03 and this must
be taken account of when differentiating. This operation is simplified,
however, by avoiding the immediate repleacemeni. of these terms by functions
involving ©¢1 . Performing the differentiation we obtain:

N x
dR | é_i Sy dRe W s e
o 6, de % R"'Z de, ’Z[sen ‘55?'5.(6 Bn - 5inBau )+

e \ (c.os On je" —cosQ‘“_@:m.)]

el d 9.

At this point we must complete the differentintion by obtaining the two
derivatives d./9, and dbsi/d68, (for any va’ue of n ) from Snell's law
(Eq. (3)). Expressing Snell's Law as follows:

v
cos 6, =-\% cos 9,
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and differentiating with respect to ) we get:

or
(A3)

: d Vi :
- sin 9O, -&-%-': ‘..:-'-“V!‘\;" Sinm Q.

d% _ V¥ sin® _  cosBnh sind,
dO\ ) V| sin 84 4 COSé-: &in Oy

substituting back for Ve /v, from Snell's Law. Similarly;

(ah)

.é.g?i.’_ -~ €03 Gw §'g Qoﬂ_ﬂ
dS: a0 Cosel sSin e‘:h“i

Substitution of the Hq. (A3) and (A4) into Bq. (A2) allows for a con-
siderable simplification as follows:

dR

———

de,

Sl
Z
0 lm

s V, sin6 L Vi 1 [cos’0q Sinb
-Z["é’ wszgl(“ng" sme...) St,t‘_ose,(cos(;, sin On

e cos"em sin, J—
cos® sinGan/| —

;l\ ) [( sin Qn - sin emw) 22t e" - £ 9".)}

sin Qe

Vi sin g, $l'n‘9n + cos' Qn __ Sh‘\‘_e_a_.u + co;Gm
36n cos'd,

sin BGa &in en-H

N
—— VI Sih el l L '
d U i 3&! COS‘G. sin 9 n sin 0».-)
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This result may be further simplified by exprersing it in terms of Rp .
3. To achieve this the term in parenthesis should be put over a caumon

dencminator snd Eq. (3) used to introduce Vx . Then by reversing signs
and using Eq. (5a) we can substitute R, into Eq. (AS).

N
-‘L-:z .S!D_QL_.L__ V, $in On., ~— sin B4
°I CO&O. 56'\ C03§‘ ® i1 e" s‘ne”'.

= e sin 6 W : s |
= i: Cosd, SGn( 6”‘9" 5 enﬂg Sin enSin B-m

LET}
N
(A6) 4R _ _ sing Rn
8, Cos8 [, sin0,sinb,,,
(R 1}

Substitution fram Eq. (ka) and (4b) leads to the faollowing final resulti:

N
(A7) oK . 2% (s Ay 'V") Ry

46, Vi La = v

the signs being determined as explained in the report.
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