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In USL Memorandum serial 1110 83 of 1 D~ ember 195~~by Mr D L Cole ,
~a geometrical model of Smell a Law vu presen~ed. I~~waa further shown
bow the formula for the horizontal range iner ~ment, ~~~ in a layer of

• water of a constant velocity gradient can be ~xpresséd in terms of veloci-
ties as prescribed by this model. The justif ~cation for this form of ex-
pres sion was argued to consist in the aimplif .cation of the programming of

• ray calculations. In a further memorandum (U:3L Confidenti al Technical
Memora ndum No. l].l0-Ol-~8) the geometrical mo ~el was also applied to the
formula for incremental tr avel time, with the expectation of unifying the
methods of calculation of both R~ and .t~ iolely in terms of the veloci-
ty structure. i ~~~~~~~~ ~~

It is the purpose of this report to exte: id these methods of c~omputa -
0- tion and include the formula for the intensity ratio (~ç~/I , where i~ isthe index intensity) at any point along the r~y path in the above Set.
C..) The following limitations should. be noted:

(i.) The formula for loll here uaed does not take into account any
— intensit y loss that may be incurred by att enu tion . Spreading loss alone

is considered.

CIi~~ (2) The spreading b a a  formula obta ined here is invalid for calcula-
~~~~~ tions of intensity at all point s on the limit:.ng ray beyond the point where

the ray reaches its vertex velocity .

• TE1~14INOLO(~Y AND BASIC EQUP1TIONS

Before going any furthe r the matter of tt rmiuolo~~ has to be somewhat
better organized. In general the velocity of sound varies continuously
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with depth and this variation may not be llnea . In refraction calcu].a-
tions it is therefore necessary to approximate the nonlinear variation of
velocity with something linear , thuø creating ‘ a.yeru of fixed velocity
gradients. In the discussion that follows, thuse layers will be indicated
by the sy~~ol n (xi 1,2,3, J ,...) and numbered consecutively along the
ray path in such a manner that the number of the layer increases by one
each time the ray crosses a layer boundary or ~~ ref3,e~ted from it. For
the pu~poees of simplified expre ssion the poin-. of origin of each ray, as
veil as the point of it• termination , (the 1at~er a matter of choice in
each calculation) are considered as layer boun iaries (see Fig. 1).
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Figure ).

When xi is attach ed as a subscr ipt to acme other symbol , it indicaten
that particular value of the symbol appr opriate at the point where the
sound ray crosses the boundary between layer (n-i) and layer rt see
Fig. 1).

By way of complet ing our picture of the ~e1ocity structure of the
ocean it is convenien t to associate with each layer a constant velocity
gradient :
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(i) 
(j~~+i :Lj b~ 

(s .~~)

wbsre: - the velocity of iound at the points indi cated (ft/ eec)

the depth at the same points (i’t )

As a starting point the following equatior~ will be used ( for den-
vatLon see “Fundamentals of Sonar,” J. W. Horton, U. S. Naval Institute,
1957, pages 99-100):

(2) 
_ _ _  

.
~~~~~~ 

( dR
— - SIfl~Jt it+i t~~t cos O~ ‘, dO1

~there : 0’s - indicate the angles of inclination (with respect to the
horizontal ) of the ray (radians or degrees)

N - total number of layers passed t~wough by ray

R - total horizontal raige (yds )

The absolute value signs are utilized because w ~ are interested in the
separation between the bounding rays of a ray b indle and not in the
direction in vhich this separation is measured. This equation is valid
no matter what path the ray follows between its origin and the terminal
points. To express it in term s of the ge~xnetri~ model we also need the
relations between the trigonometric functions i~ivo1ved and the geometric
model. The basic relation here is Snell’s Law:

(3) “.  __ . _ _ _

where Vx is the vei-texing velocity of the eoux .d ray. As the V~ ’8
are all fixed by the velocity stru.tuxe of the ocean, for a fixed source
the only independent variable is Qj . For eac3~ 9). a different ray
path is specified because the ratio V~ is fixtd by Sneil ’ S Law, thusasking all On’S (nil) dependent on the choice cf Oi . Assuming thus a
fixed ray path with known Vx we have the foilciring two relation.:

3
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(ba) CQ~Q1~~ ‘
~P

au d f r o m~ s~n~9=I -~ OS~S
(bb) 

_ _ _ _

~~~ t4~~~ v~ (4 when 9~ is positive; - when 9n is
negative). Thin rule i~ reversed at
each reflection from what it was before
that reflection.

These relations will enable us to obtain the f,.nal expression for Icj ~,/ X
entire3.y in terms of the velocity structure for each ray of fixed V~

Before this we have two other factors (R t~nd *) involving the total
range B which saist be determined. In th is determination we ~h5).l use
two generalizations from the incremental range equations presented in USL
I~~ orsirwiiiin serial 1110-83. They are:

(5a) R~~~Rn~~~ t
(Smn0n _ s ~n e ,~ )~~

(5b ) ::~~~ 
~~~li=1

where: fin ’s - indicate the horizontal incremental ranges covered by
sound ray in each constant gradient layer (yds).

The second form of the above equation (5b ) is the result of direct sub-
stitution from (bb ) and the sign convention of the latter is retained . It
Is Important to remember that in ray calculatio is a ray directed downward
forms a positive angle with the horizontal and the ray directed upwards a
negative angle.

The derivative dWda]. i~ calculated as a~own in the appendix using
(5a) and (3). Then, by means of (lea) and (lib) ~.be derivative is expres sed
in terms of the velocity structure.

4
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GENERAL CASE (N LAYERS )

The general expression is obtained now by i~batitutj on from Eqs. (4a),(Jib), (5a) and (A7 ) into Eq. (2)

-~~~ ~ R~ ±4~~ -~~~~~~~ 
_ _ _  _ _ _-I V1

Since the velocities are positive and the two s iuare roots may be alwaysregarded as positive we can write the final for~a as follows:

(6) -/v .V 11~ JVx” -V~,

As stated before this equation is appuiceb .e in all cases except thetwo listed at the beginning. In all cases cont tsion will, be avoided ifEq. (6) i~ reduced to its simplest form for eaci specific case before anynumerical calculations are made.

A special case, s3ometimes giving rise to c )nfuf4ion , concerns thevalidity of the equation after a ray baa passed its vertex~.ng point andis crossing the l*yer. in the opposite directio i to that preceding thevertexii*g point. In thi . case the sign rules should be used as usual ,taking into consideration any reflectjon~ that aey have occurred, wherethey apply in Eq. (6).  The choice of la~ ~ an’I layer boundaries shouldalso be made in accordanc e with the directions :~reviouely given . Spe-cifically, this means that the point of vertexi~g is not considered as alayer boundary and that the velocity V~ Vn4 1 (n designating vertexinglayer) but the exit and entrance angles are opposite in sign . The rangeincrement too in this case would be the distance between the two pointsat which the ray crosses the same boundary in opposite direction s ( seePig. 1).
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APPENDIX

Determination of dR/d O1

øtarting with Eq. (5a) from the report :

R 
~ 3G ~ ~~~~~~~ GIl — 

~~~~~~~ O~,.$ )
flu

and expre ssing the dependent variable V~ in terms of the independent
variable ~i by ~n~l1’s law (Eq. (3)) we have

Al 
— ç’ V1 (sip, O~ — sin 9.,+i) ( 

~rs. —

~~~~~~ cos O1 3 Gp, I

In Eq. (Al)both Q~ and Q~ + are still deiendent on Qj and this must
be t~k~n account of when differentiating. Th~.a operation is simplified,
however, by avoiding the Imnediate replacement of the se terms by functions
involving ~i . Performing the differen tiat.on we obtain :

e~~” =~~~~ ~~~~~ ~~ 
[-

~~ 
~~~$y sinen —

VI 
~~~ 9P1 — C05S(~, Cos G 1~

At this point we must complete the differentiation by obtaining the twc
derivatives 

~~~~~~~~~~~ 
ana dG..1/a S~ (for any va .ue of n ) from Snell ’ a Law

(Eq. (3)). Expressing Bnel1~s Law as foUovu~
I’ V1~1COb ~~P1 ~~~~~~~~ COS~~~$
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end differentiat ing with respect to Qj, we geli

,.. dG~, _ Vn .
— SIfl V p~ 

~~~~~~ 
‘— 

~~~~~~~~~ ~~~~~~ ~~iU., ‘I

g~
.

___  -~ V,1 hifl Os C.O5 Oru t,1fl01-w 
~~~~ 

-

subetit~ting back for V~./v 1 from SneU’ a Law. Similarly :

(*4) — ~~~~~~~ 
e.,~ ~~~~~cose, Sin ~~~

Substitution or the Eq. (A3) and (A u. ) int o ~q. (*2 ) a11ow~ for a con-
siderable ~iwp1ificatjo~ as follows:

__ - _ _ _  _ _ _

,I~~I

Ia
CO~ Vsi .1 $t f l Ol-

~~~~ ~o3e~ s~n8~~ 
-

~~

~ ~~~~~ 
{~ 

£ ~ * ~~ . - (~r~ 
L
e~?_ — _ _ _ _ _ _

,•~~~~~~~ sir~ ~ (~~i~
1

On + c o ~’~3.. 
- + c o $~ ,.

~~ 3r~ coj ’~~, ç i r ,  e~

4.L V~ v~ sir~O. 
(______ — ______

‘ / dO ~~~~~~ coeo, ~ 5 n  On
ll%I

•1’ 
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This result ~i~ay be further simplified by expre~ sing it in terms of R~‘Lk ach ieve thi s ~be ter m in parunthesia shoul d be put over a couunondsruvinstor and Eq . (3) used to introduce Vx . Then by reversing signs• and using Eq. (5a) we can Substitute R~ into Eq. (A5).
II

d R 
~~
‘ 

~~~~~ _ _ _  ~,
, f ~ _ _ _ _ _ _ _ _ _ _ _dO, L..~ Co~ O, ~~~ co~L \~ 

ç i~~G1, s~n 9,~~‘1$’

= — 

~~~~~~~ ~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

N
6) 4R ~j n 9 % \ ’  

-

d O 1 
— 

co~~ê L_4 ~ fn ~~~~~~~~~~I.
~ SI

Substitution from Eq. (4a ) and (4b ) leads ~ th& following final re~~iJ t.:

~A7) * .  “d~~L~
) 
~

the signs being deter~dn1th as explained iu the ‘report .

8

— .



iT~
U~iL Tech . Meizio .
No. 1110-44-58

DISTh~~~jp1~Q~ LIST

Internal

USL Codes 100
900
905

1100
1110
1UOA
1112
ifl4
1170
1210
1400
l4io

P. A. Barakos
T. 0. Bell
D. L. Cole
L. T. Einstein

• W. H. Thorp
F. 0. Weigle
0. Purava

External

WBOI
Hucthon Labor ator ies

Shallow Water Propagation C~ r~’.lt t~~~Deep Water Propagation Cc~rd~~ ~c’


