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In two previous memora.nd.e/, (references (a) and (b)) methods were _

described for calculating the sound pressure on circular flexural disks \‘,‘_‘j\.
and obtaining their radiation impedance. Unfortunately, it was only feas- '\
ible to obtain the sound pressure by means of an electronic computer, and .
the radiation impedance data had to be obtained by numerically integrating

this computer data for the sound pressure. In this memorandum thc double

integrals needed to compute the radiation impedance are evaluated. Simple
expressions are given for radiation impedance suitable for direct bhand cal-

culation. ‘\

According to reference (a), radiation impedance for circular flexural °
disks, referred to their average normal surface velocity 1, is given as \

Z=R+iX =Ta_l_1 f, Plr) u*(r) 27 de

We take u to be

a2 e (F - U B

heven

Most flexural disk problems of interest can be formulated using only even
powers of r/a. Using the relation -

Pr)=peU et Z anZnlr) (3)

n €Uew

it is seen that

Rfporar = 2 ()[R 2N Erax Dl ) g
(x= 7)
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The pressure components Zy are given in reference (a) for the case when k is
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and

\

ly P |
X/’/Tra -/’) (L. 2% (s ) xdx
0, 2, and k.

»Interchangirig 1ntegration and summation, we have

Ri-2(5)2 2 aa [[REIx™ 4y ©

K even 1 Qveénr

and
’(/ (= = = A djj ey dy. @
rd - 2Ca) 2, ) & |
From Equ. (2) we see that 1
- n
lul: T = o () (8)
N Luln .
and y a
S hsaUBRs
’al ﬂ’&" ‘SC« o ‘u’ £ dr 08 = nevenn*z 3 (9)
It now remains to evaluate the following two integrals:
i ' i j"
Ske = L@e (Zk) x.'ﬂ' dy , Tka: S‘c Im(Ze) 2 J# . (10)
We also define the complex quantity
. — . \ jf'
Q’(I" Smfc ey = S;ZK‘y, JY- (11)
so that o
|
! > 2“- |
——
Z/A = . Aye oy @Kl (12) '
< n«u.n’z I soen euln & |
When k and { are even, we shall be able to integrate Sxg and Txg . Two
examples will be carried out, Q,, and Q0. Tables I and II show Skx¢ and
Txe for k and 4 =0, 2and ﬂ It will be shown in the Appendix that | i
Qk‘ - Q ﬂk. !
Referring to Equ. (11),

78 08 07 3881
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¥ = ] .
oo =), Z, rdr = So fr-= ";'rjov‘; 'k&"")"“" (13)

L L —I'ch
-2, e ds xdy

In reference (a), R, was defined as

N3

Ra = rcCosoe + (a—" ""'15"";“) (1)
so that y

2 ¢ SO Nl A ) 2

_a___'xacsa-r(l xtant ) ® 38}

Therefore,

L sty ek fiverass)
pr 2 .é. —-::—T—L £ € x (ld.‘//‘,(l6)

In the x- o« plane, the integration is over a semicircle with unit rad-
ius. We now make a change of variables

U= X ainck , V= X @osok (17)

and the differential area element x c‘d- dx becomes du dv, and we have

Q.=+-(§ e By 4,
60 2 T Jo Jficax (18)
—— =™ "- §
o _L5|e¢.‘f&v"'u1 (f - IGL/JV d
2 U Jo -ias .

When the integration over v is performed, we have,

Q. e i “ N e [é-."&.Jl-u ;— e;m\.h-ua]J“
O S T — ' Vi«

CTRR PG I Y ‘('C—z; e du (29)
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Letting u = sin @, the last integral in Equ. (19) becomes

/ /e-z'-/(a .,CTL"C/“ :fo’r/&e_.z,/aaon{) coxfdf

.

, , (20)
=/- T Sz - S5 T (26 |

This last integration was dcne with the help of one integration by parts, and
reference (c). S, (2ka) denotes the Struve function of order one and argu-
ment 2ka. Therefore, we have

q)a" " ,-Z,L +'z‘.,-a- s. (2&5) ‘;?T(Z‘@.) (21)

8o that finally we get
S T T (2<a)
Qo = “ - ——0

g T2 Ke : (22)
and VS' ( N
2

Tee e (23)

1f ®o =1, and all other otn = O, then we have simply the piston with uni-
form surface velocity. Referring to Equ. (12),

%A: < Seo = |- mf(im) (24)
and
"/«A z A Tee @ §_£_§,('_<_‘ ¥ (25)

These are the familiar equations for the radiation resistance and reactance
of a circular piston.

The same methods that were used to evaluate Qgo will be used in obtain-
ing an.

'
({)LC o So Zz 7-4-’- . (26)
Referring to reference (a) for Zp, and again setting x = r/a,

Zy= wt-r o+ (I- (%:)x)'Zc

2s. ™ e (- e (27)
— — =k (Cosut + 1= xts 2
oF rica ,V"'xﬁhfu- e ( e e ")‘Jd..




o TR o

USL Tech. Memo.
No. 912-79-62

Then we have

.A S
Gre = Jo G*-)xdr + J O @5)Z rdr

& : _ (28)
A '5'.7:7 SRS AT IEENL) L
'Trk‘“ e 2 ¥ 2 ¥ XJI‘ X.

Bimplifying and again changing from the x-« plane to the u-v plane,
vl _ 2 )
G = gi- g +- G )oe

— (29)
= i N R TR 5 — 5
2 J f e.—.k.« (v +/i=az) o L{V(_/u.
ﬂ"\'il- e

—viou®

so that

: 2
Gloz =4+ (- 5)Gue

i . : Wi=RE kY (30)
+ 2 g puxefknﬁ:n[j e ! JJJu
ﬂm = “Vi-u* o

Carrying out the inner integration, we see that

! -2 6.

@LC= -z +<I (':.-)I.)Qv

- kl\yl’n" "\-“'W‘ (31)
€

e, < -.'/fiw"——-»a‘ ¢ - - .
'-'i—;z“ J.;. '),-ua. e y l g du,
and

- i -2 K yTou® s d
-—‘"'_6—(—0.,)‘- j’\),—“l— (é -—I) o

It can be shown that

!
fTous .. (33)
‘/:. Vl—-u" Ju- 4- &
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By again letting u = s in @, expressing cos2f as 1-sin®f, and using reference
(c), we obtain

§ ool 2t JIoG% T 2K Cos :
! Vi—uw® ¢ J“ = €. aem"tpdﬁ

Jo .
= = | Tolzka) = Til2ke) i '.S'o{sz. Y ‘S«(zka))]
¥ ,' 2 K ( ) 7 i< 532‘)

Finally,

ISR B T (=3 T (2a)

w e LR (k)™ Bl )
and =

Sufpind o MkeF—3) & (%)
v (o)™ 2 (#n)? J s

Considerable arithmetical care must be taken in using the formulae in
Table I. The numerical computation of the Sy and Txy often involves the
subtraction of large comparable numbers, which leads to a reduction in sig-
nificant figures in the result. For this reason, a very accurate Table of
Bessel and Struve functions is required, with perhaps seven (7) figures,
such as is found in reference (d).

Unfortunately, this work has not led to & formula not involving inte-
grals for the pressure distribution on a circular piston or on a flexural
disk. However, it has led to such a formula for the integral of this pres-

sure over the disk.

U TR . C:\“ —-"‘j .

- ! ()a‘, ‘/ / 1, /‘%‘\_
DAVID T. PORTER
Mathematician
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APPENDIX
THE RECIPROCITY OF QM AND Q g x

We wish to show that Qk) = Q px. To do this, we first write Qx¢ as

R+t T VAR (A1)
QKQ—SZg)ﬁ “7{1502‘“(“)"4".
Integrating with respect to an angle « around a circle,
X
% < (% (a2)
Qks = ,,ml S g “) rdr

This double integral can be considered as the integral of Zk(r/a)‘ over
the circular area Sy . Therefore,

Gs = Lo (2l 4S5 )

2 o

and so, we wish to show that
f 7o dSa = § 24 Cy*dSic ()
< .

Consider now the mutual radiation impedance beiween two superimposed
circular pistons, k and § , which have normal surface velocities

Vo = Uk (%)< "~ (a5)
and
Vas = Ty () ™ (A6)

The mutual radiation impedance between the two pistons, referred to their
edge velocities, Ux and Uy , will be, following reference (e), Equ. (8},

Zieg = e () V.3 (r)d Se. (a7)
Vg Vf* S2 o hl
Because the reciprocity of Zyy and Z gy applies here,
ZKkl T Zpe (a8)

and

’/’_,,J P (1) V¥ OENVE iﬁ("kmt("r)‘{sx.u\9)

%v{ i
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Here ‘
] ot ! R
i = C)jl-e g Mg 2 UKe' . (A10)
.a.nd
Po: plf ™ Zp | Pe: pc U ™ 2 (A1)
Therefore, we have
SN (U Ty
Uy g (a12)
= —— (2o U (L)Y 45k
Uﬂ Ul: Se .
And so, ‘ '
_fg z. (L)' dSg = Sk Zo(%) d Sk (A13)

which was needed to be shown to prove Qx = Qﬂ k°
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