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~• In two previous memoranda.-, (references (a) and (bjY’~>methods were
~~~ described for calculating the sound pressure on circular flexural disks

— 
and obtaining their radiation impedance. Unfortunately, it was only fese-
ib].e to obtain the sound pressure by means of an electronic computer, and.
the radiation impedance data had to be obtained by numerically integrat ing

this computer data for the sound pressure . In this memorandum thc double
integrals needed to compute the radiation impedance are evaluated . Simple
expressions are given for radiation impedance suitab le for direct hand cal-
culation.

Accordi ng to reference (a), radiation impedance for circular flexura l

h disks , referred to their average nor i~~1 surfac e velocity ~~, is given as

z= g+IX —

~~~ J T(i-) u*(i~) Zir ,-s.1 (i)

We take u to be

c_I £~~ 2 (%)
1~ z:i~ —~f~ +IJJ

Most flexural disk probleme of interest can be formulated using only even
powers of n a .  Using the relation

(3)

it is seen that

z (i~)2 J~(c~ ~~~~~ z~)(7~~ x~’) ~ (le )
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and

.

1p 

= 2(-~~) J’
~L ~~~~~~~~~~ z~.)(7 x ’) xd)~ (

~
)

The pressure components Zk are given in reference (a) for the case vhen k is
0, 2, and

Interchanging integration and sume~tion, we have

~~~ . ~~~~~ (6)
• K t v~~m f  ~~iidr

and

!~/p c~4 z(-~)~2 :~i ~~~~~~~~~~~ ~~~~~ (7)
~~~~~ ‘4,s J “~~~‘

From Enu. (2) we see that

~~~ 
~~ (r/~y’ (8)

• and

I ~ .

~~ 

. L~ .s:1’ ~~~~~~ 1’~I r Z U ~ (9)

• It now remeins to evaluate the following two integrals:

5K Q- £~~e k~~~~~J)~’ ) 
J
~~Q~ 

(io)

We also define the complex quantity

• Q.r1 -~~ S • 1- •ç’z -x.J•’ J~ (ii)

so that

~~~~~~~~~~ ~~~~~ 
~~~~~~ ~~ (12)

• . ,o~ . ~~~~~~~ t( ~~~~~~ 
f e~ e..

When k and 1 are even, we shall be able to integrate S~
j and Tkft • Two

examples will be carried out, Q00 and Q20. Tables I and II show SkJ and
for k and ~ a 0, 2 and ~~. It will be shown in the Appendix that

Qk1 Q jk•

Referring to Ecu. (11),

2
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5 z~ y cis =~~~~ ( s —  1
1r

k R)  ) (d~ (13)

d~~xd ~

In reference (a), R0 was defined as

rc ~’~~oC. + (a~ — r ~~~#i~~) ’6 (i4 )

so that
R . ~~~~~~ lf~

• _.~~~~~ ~~~. ~~ ~-~s ~* + (/ — ~~~~ ‘~~ . (15)

Therefore~

(I 1ir ~~~~~~~~~~ ()~~ 
Ot.~ ~ ~~

- /, ~~~~~~~~ ,)
• ~~~~: ÷ —

~~
)
~ ~~~, 

~~~ d~~,~• i6

In the x- ~~~- plane, the integration is over a semicircle with unit r&d-
• lus. We now make a change of variables

• 
, 
f: ,~ .~osO( .. (17)

and the differential area element x dx becomes du dv, and we have

~~
I (Ji~.. ~~~. k~’ ( V-i- v’i~~) ~Li  — i — J_. i ‘~ _ _ _— 2. ~T7 J 

~~~~~~~~~~~~~~~~ (18)

• 1i _ . #~-.~ j~Zi (5 “ ‘

~~~~~~
-‘

~~~~~ ~ d~2.. ~- J0 ~ . 7 ~~~

Whe n the integration over v is performed, we have,

Q
- • (

I _ ? ( ~ J , — .~~ (19)
_
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• ‘ Letting u = sin 0, the last integral In Equ. (19) becomes

J 1~ — 2. /c2~ ~~~~~~~~~ 1.4 :J ‘~e_ 2
~~ 

O.ç~~

(20)

~ / - rS,(zt
~~~ -~~~3 izk~~

This last Integration was done with the help of one Integration by parts, and.
reference (c). S1 (2ka) denotes the Struve function of order one and argu-

p ment 2ka. Therefore, we have

= .1 .~. I S (~ IGIL ) 
-

~~~~~~~~ 
(~~~~L) 

(21)

80 that finally we get

~~~~o c.. ~~ — — (22)2l~ e-

and
c~ (z s )~~ (23 )

If c&i = 1, and all other at, 0, then we have simply the piston with uni-
form surface velocity. Referring to Equ. (12),

• z = ~~ ~~ (zi~~) (24)• •

and

~~~~pcA 2. T~. 
_ _ _ _ _  (25 )

These are the familiar equations for the radiation res istance and reactance
of a circular piston.

The same methods that were used to evaluate Q~~~~~ 
will be used in obtain-

• Ing Q20-

(26)

Referr ing t~) reference (a) for Z2, and again setting x = n a ,

• = )t~.
”- l  ~ (i- (pcat)l~)Zc,

+ ~~~~

.‘ (‘~;:__ ~~~~~~~~~~ (-~~ co~~~ *J~~~~ ;:; :;:;:-) (27 )
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Then we have

Q~~:. ~~~~~~~~~~ • f j  (‘ i)~-)Z y~~~dp~

~~~~~~~~~~~~~ 
5,  ~~~~~~~~ 

(28)

Simplifying and agaIn changing from the x-~~. plane to the u-v plane,

4; - + ~ 
(,- ~~~~~~~~~~~~~,

____ (29)
Z f t 

j
’ ”” _..k~i. (v t- iT~~~)  

~~~~~~~~~~~~~~ d~d~
so that

÷ (• , -

~ ~~~ S.1 
17 :: ::: ; €.

-~ ~ ~~~~ t ~~~~~ 

V d j

Carrying out the inner integration , we see that

Q,.~. 
~ 

+ (i— 
~~~~ Q~

• _____ ~~~~~~~~~ ,I..aj r ~-i ’ (31)

~~~ 
( I  - ~~ 

~ I --~~~~-- ~~~~~~~~~~ J d~.• 4- 

~~ J ~~~ 2. ~~! —

and

- 4- ( I -  ~~~~~~ (32 )
.1

~~~~~~~~~~~

• It can be shown that
I--

r• I
I ~~~~~ 1 ~-T•r- (33)
j  y —“ ~ a’. —-—

• 
~~

• 4-

/~.
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• By again letting u = s in 0, expressing cos2Ø as i-sin2Ø, and using reference
( c ) ,  we obtain

f ’ r k*.jj_a hl.
v = 

.
~~~~ ~. ~~4i d4J

{ JT. zk~) — _
~~~ (s~~~

_ ~~~t ( 2~~~~
)](34)

Z iCe.. .

Finally,

I •~ :: (~~kk ’) 
~~~~~~~~~ ?) .J (z~a~

• (35 )

and 

- 

~~~~~~~~~~~ 
~~

(i~~.J 
a~ Z (~c~)~ (36)

• Considerable arithmetical care must be taken in using the formulae in
Table I. The numerical computation of the Sk, and T~j  often involves the
subtraction of large comparable numbers, which leads to a reduction in sig-
nificant f igures in the result. For this reason , a very accurate Table of
Bessel and Struve functions is required, with perhaps seven (7) figures ,
such as is found in reference (a).

Untortunately, this work has not led to a formula not involving inte-
grals for the pressure distribution on a circular piston or on a flexural

• disk. However, it has led to such a formula for the Integral of this pres-
sure over the disk.

DAVID T. PORTER
Mathematician
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• 
- APPENDIX

THE RECIPROCITY OF Q1çQ ~ND Q Q  k
We wish to show that Qk~~ Q 9 k ~~ 

To do this, we first write Q~~~J 
as

-~~~~~ S~~ 
(rh)J 

~
— J r  (Al)

Integrating with respect to an angle o(, around a circle,

~~~~

— ç~ ~~~~~~~ (‘-h)~1-.~1~- (A2)

This double integral can be considered as the integral of Zk(r/a) over
the circular area Sj . Therefore,

- - 
I ç I~74~ ~ 

(A3)
2-’r~~- 

~~~~~

and so, we wish to show that

5~~ ~~~ ~ 
— 

5.
~~ 

(r/~’f~ ~~ (A4 )

Cons ider now the mutual radiation impedance between two s~iperimposedcircular pistons, k and 9 , which have normal surface velocities

• y . = UK~~r/~.)~~ € ’”’
~~ (A5)

and

V,~ - 
•C7~ (~f ) JZ ~~~~~~~~~~ (A6)

The mutual radiation impedance between the two pistons, referred to their
edge velocities, Uk and U~ , vii]. be, following reference (e), Equ. (8’,

T i j* ~~~~~~c ( ~~~ ~~~~(r,) c4 S1 (A7)

Because the reciprocity of and ZIk applies here,

2kQ (A8) 
—

and 

5 Pk (~ ~ ~~ 
~ 

(r~ ~~fr ~)dS~ (A9)
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• Here

-~~~ -e “
i 

~ 
= tr~ e “

~~~ (AlO)
and

1’
~~~~: ~~~~~~~~~~~~~ t ”~ZQ ~ p 10~TJ ~~~~~~~ (All)

• Therefore, we have

• 
•_ _

~~~~~~~~~~~~~ 
(Al2 )

= 
l 

~~~~~V9 C7i~ ~
And so,

• J z.
~ 

= 
~ Z

~~~~
(%)’

~~~d.ck (Al3) 

I 
-

~

which was needed to be shown to prove 
~~~ ~jk

9
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TABLE I
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• 
- TABLE II
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