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• CONVERGEI~ B PROOF OF ECOZICI C RSPRBSEffIATIOR
OF TRA1~ CEN1~ N 1~AL I’UI~ TIOJ~

by

Jerry L. Fields
and

Tudell L. Luke

S~m~ ’y and Introduction

In a previous report (i)~/,~~t was shown that a large class of
transcendental functions could be represented by a rational function, the
rat io of two polynomials, together with a remainder term. Nor. specifically,
if B(s) is defined by a Laplace intagral, then

K(s) ç0/f0 *R1~ R~

where t~~~ and F0 are polynomisi a of degree n and,/R~ is the remainder.
In Section I it is shown that this can be coneiderecI’~ regular su~~~tio~

L technique.

By proper choice of eo~~ pari~nsters, t0 is a polynomial of
h~pergeometric form. If , exc~pt for a multiplicative factor, B(s) baa a
gener alized byperg~9~~txJ~r1iries rapruentat ion, then F~ is a sum of n
general iz~~_.I,yØ~j~ometric series . - — - -

Only in certa in cases could it be shown that the rational represen-
tation conver ges. t-.-, r”r a t~ass4, -~&m %()~~~ 

--O --~~, Coe of the prin-

cipal difficulties l~s in the fact that asy~~totic e~ Iansions of a certain
• class of hypergeo metr ic polynomials were known only for a few special cases ,

the classical Jacob i polynomials, for ev~~~l. Asy~~totic expansions of this
• class of bypergeoiaetric polynomials now exist, _.surf*> and the converg ence

quest ion can be further explored .

_ _ _  

pcç~

Numbers in square brackets pertain to references at end of report.

— 1 -
~~~~~~~~~~~~~~~~~~~
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The structure of the numerator of the error term, i.e., Fl!~ ~
coeplicated. and only in a few special cases bs. it been possibl. to represent
it in a useful form. This drawback is partly alleviated by the fact that one
of the above-mentioned special case. includes the b&~ittaker functions and
their natural generalizations. For those cases wher e ?~ can be put into a
useful form, we prove convergence of the rational representation.

In the case of particular interest , i.e., the ~t*ittaker functions,
we represent F0 as an integral and then find a suitable bound for it • This
coupled with an aayeptot tc estimate of f0 enables us to prove that
h a  ~ R0 . 0 and also to obtain an ssyeptot l.c bound for the error • This is

the essence of Section I In Section II, numerics are presented to display
the effectiveness of this bound.

• 1. ~~nvergence of the Rat ional Ap~roximations

• In (1), it was shown how to formally generate a rather general
sequence of rational approximations for the generalized hypergeometric
function [s)

K(i) _
P+lFq(~~ 

~:::: aP~~~..) ,

-~~~ ~there

a
.. ~~~ 

1T (~~ )
~F0(x)

.
~~P0(~ l’’’” ~a x ~).~~~~

t_
~
1 ~~~~~~

~~~~~~ ~ J k’.O 
~~

, 

~ 

kt

tsl . (1.2)

(w) r( .Q.
~k)IC r~~i

Throughout this paper we employ a contracted notat ion and ~a ite

~ 
.:~~~.. - 2 -
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~ ~
( c~m~x)  

~~~~~ 

(jk 
• (1.3)

a
Thus (er a) is interpreted as 11 (ot t ) , and a similar remark holds for

k k

~‘
°
~ k • ~rb assume that none of the 

~~t ’~ 
, or A’s are zero or a

negative integer . Also, it is assumed that the differenc e of any numerator
parameter otj  , and any denominator parameter ~~ , is never equal to

- . zero . ~~~ty terms in expression such as (1.3) are replaced by unity. Two
distinct sequences of rational approximations were developed in the above
paper (1). They are as follows.

Type I or Homogeneous Case

B(s) + R 0(z,a ’) , R0(z , l ’) • (1.4)

~~~~ 
(0 r (

~~P )
r ( .~~

)
r ~~[r]~~ ,)  (1.5)

r Pq~~

f ( I )  (1.6) 

- - •-- 

•

~~~~
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on r+l
Ffl (ak, z~ a’) = r(0-) 7 

e Ztt~ -1 afl..k ( >~i t) 1~ 

~~~~ 
dt

(1.7)

_____  

(a +r+1)k(?~t)1~~
• 0 0 ~~~ z / ~~ ( /0q~~~~~ (r+k+l) ~

(1.8)

~~
. ~~~~~~(o- 

~~~~ ~~~~~~ ~~~~~ cm. 
~~-k(° 

.
~rii)k( ~

‘p4r+l)kf,~(
Z ~~~ (2) r ( Pq+lJ~ 

(lI; ~~) , U2+i~~t Pq1T 4].)i t~~~~)
(1.9)

p q
where ~x9 = 

~ 
, and = T~ . Here the coefficients 5k are as

t=1 t=3.
yet arbitrary, and )‘ is unrestricted except that l/z ( ~l

Type II or Non-Homogeneous

K(s) = cP0(z, i) 
+ R0(z, fl R0(z, ~~ ) 

F0(ai~,~ , ~~~ . (i.io)

• 

~~ (z,~~ ) =  
~~~ 

I
~ rR~ i5ffl

Cr+J (j )  . (l.u)

(1) = 
~~~~ 

[O]
( 

~~ ) = ~ (~~ ) • (1.12)

•

- 4 -  
-

~ 
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F0(a ,z,i’) = 
~
-1
1

~~~

• 

c/

t
e_zttcr

~
l 

~~~ 
an_k ( �~ ~‘t) ~~ ~~~~~~~~~~~~ 

~~
k=O r=~ 

( ,oq)~ ÷~(r+k) .
(1.13 )

= Z~~ ~/e 5tt0~~1~~~ 8fl_k( i)  ! p)r+k k~~~
t 

~~
0 k=O r=o ‘°I~r+k 

r+k

(1.14)

= £ ~~ 
(~ J 

af l k (cr+r )k (oc p+r)k

(1.15)

ithere, as before, the a~’ s are unspecified and 1~ is subject only to the
restriction t~ /z I �1

The difference between the two sequences is that when z = ~~~, in
• the Type I representation, ~~(o) ~ 0 , whereas for the Type II representa-

tion under the same condition, 9~0(o) = 0 • For scme particular case one
of the representations may be more desirable than the other. Also, it sane-
times happens that one sequence approaches the desired limit monotonically
fran above, and the other monotonicaily fran below, thus yielding rational
inequalities for the functions in question. The above formal sequences were
derived, strictly speaking, with the restrictions p ~ q and. Re(s) >0 if
p < q , while Re(z) > Re()¼) if p=q However, these restrictions may be
weakened whenever the resulting expressions are defined and make sense .

The merit of [1] 1ie~ in the fact that it motivates how the arbitrary
coefficients a~ should be chosen and gives a closed form expression for
the error . The ak ’s were chosen in [1) to agree under certain circus-
stances,at least , with the rational approximations given by application of
Lanczos ’ r -method (see [4)) to the linear differential equation satisfied
by K(s) (see [~1). The choices made for the a~ were

Type I -H 2~~~~~2ua

Cnk ~
°qi~ if c r 1  (1.16)

(ot +1)k~~

- 5 -
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cak( ,0 ) (1)
5n-k - 

q k k ~ 1 (1.17)
(orp+1)k(e

~
+l)k ~

k

where

(_fl )k(fl+0+~ ~
1)kCflk = 

(
~~

+l)k k
~

Type II - Non-Homogeneous

an..k = 
c~ ( Oq_1)~ (l)~ (1.18)

and C~~ is defined as above. With this selection of the coefficients ak ~we show that the rational sequences defined by (1.4) - (1.9) and (1.10) -
(1.15) converge for two general classes of functions defined as follows:
Class I is composed of those hypergeometric functions such that p � q in
(1.1) and Class II is made up of the bypergeometric functions such that
p q+1 in (1.1). Class II includes the S!&iittaker functions , modified
Bessel functions, the Weber Parabolic Cylinder functions, and various spec ial
cases thereof . For completeness, we define a Class III composed of all
hypergecmetric functions such that p � q+l in (1.1).

Considering K(s) as a formal iofinite series, we define the
partial sum of this series by

P0(z) = ~~~ rç~~~~r (~~/~ ) r (1.19)

Rearrangement of (1.5) and (1.11) gives

~~

(z,

~

’) ~~~ n k ~~
k 1~k(2~) (1.20)

- -~~~~~~~~~~~-~~~~~~~~~~~~~ - ~~~~~~~~~



where a - 0 for the Type I or Homogeneous Case,

a - 1 for the Type IX or Non-Homogeneous Case.

Thus our rational approximations may be considered as a su~~ tion technique.
A method of sui~~ability is said to be regular if it sums a convergent series
to its ordinary sum. We now show that our economization process is a regular
s~im~ hility process .

Theorem. If

(‘) c~
(
~
,
~’) = afl_k~~~ 1~k(z) 

~n
(fl ~~~aD..k ik=a k=

(2) Lim = K(s) , for fixed z

F (3) a8~~>0 , ~‘>0 , and

• (‘) ‘~~ ~n ( 1) = 00 ~ ~ ~~ ~~ > 
~~ *‘ ) for fixed t 

‘n •—~~ ~ 0

then Liin 

~~~~ 
I )/ç~

( 
~~) - E(z) = 0 for fixed ~ and z

f l-~. 00

Proof .

Given € >0 , there exists a positive integer N (usually dependent
on z) such that n >N implies I I’k~~ — E(z)I < ~/3 . Then

• ~~(z,~~)/r~U) =~~~~ {an_k ,k [‘k(~~ - B (s) - €/3] } ~

~~~~an..k Ik [Pk (z) - B(s)] - a a~ [€ 13 + E( z)]

f~U )

_____ -

- ~~~~~~~~~~~~~~~~~~~~~~
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I
I ’ Thus, for n > N ,

- 

~~~~~~~ ~~~~ ~“9Pk
(z)

~
E(z)

~ c/31 } + a

I)

+ € /3~~~~~~ .

• Since N is fixed, n can be chosen large enough such that the right hand
• side of the above is less than € • This proves the theorem. From the

results of [2] , and (1.16) - (1.18), we see that convergence for Class I of
• the hypergeometric funct ions is proved, when A � 0

We nov consider Class II, i.e., the situation where p = q+i
Treating the non-homogeneous or Type II ase only, for p = 1 and q~ = 0 ,
from (1.15) and (1.18 ) we get

F~(Z ,/)  = 

~~ 
/e Ztt~~ l ~~ C~~( y/5)k 3p2 

(
~ i+k~~~+k~l ~~~ dt(o~) 0 k k+l,0 / (1.21)

By use of the relationships, see [3]

~~1~q+l (~~:~~
1
+
~~ 

Iz) = r~~~r?)~~ / u ’(1.uf2~~~p1 (~~izu) du ,

Re Cli). 0 , Be C~~>0 (1.22)

• and

• 
- (l=z) 2Fi(1

,
~~I
.L.
) 

, (1.23)

we can write

— 8 —

• ~~~~~~~ — -  - ‘--- - -~~-
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( () ____________________ f /) ~ e
5tt 1u~~l 1t1eu)~~ 1v0 2

F~ ~ - rfr~l)r(1_cr1)rfr1) of a’ o’ (l-t >~u) 
—

)~%. 3F2 ~~~~ 

~ 
(1;.) (

~ 
dvdudt

Re A < 0 , Re(z)>0 , 0<R e0C1<l, Ee0 >l . (1.24 )

• Defining

• 141t1 - ~3F2 
(E

nsn+ or+
~~

+1Il
~ ~) , (1.25)

and noticing that

l_ t)u~~� 1, 0�t�°°, 0~~u�l ,

(1.26)
o~ju (L) (~:~ )j �i O~~v~~1

it is easily seen by direct computation that

(1.27)

By repeated use of (1.22) and the same method of proof as above, it can be
ehovn that

Fn (Ss ~~~~~~~
(1.28)

• ~ ~II+3’~+2 (_nin+oc +~~+].a IOq~1~1~ ,
’

) 
-

. 9 —

- -
-~~~~-~~-~~~~ -- —--.•-
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fr om [21, it (2s~+or +~~+5/2)>o , where

2~~~ ~~~~~~~~~~~~~~~~~~~~~ oci)
1 

, (1.29)

-, 4W+ oc +Q +l
- 

r (p +1)1 
~~~~~~ N Ii+ 0(1/N) Ir(,oq.1)r(2w+~ +~ +W2)

- (1.30)
• N2 

- n(n+~~+~~+l) J
Thus F~(s, () is bounded by a term of algebraic order in n .

~ the other hand, by (1.18), (1.12) and a result given in [2J,

~~ ~) - ~~~~ 4.1,1 
I 
r,i~) ~

. 

I

• 
r (~~~)r (~-) r (~+~ ) 

{
&i] I

~ 
- (&) (1.31)

+ ( 5 + 0 (
\ 4/5) 

+ terms ot slg.braio order



~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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~ 
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I

where

-

- 
24U+l/2uu’C

~~~~~~~~~~~~~~~~~~ ,Re(~~)�O

• +~~~ (~‘/~~.) 2  - 
~~~~~~~~~~~~~~~~~~~~~~~~

(1.32)

+ (2D1+i~ .i) +F~-Ej .2/9

q +3
D1.l + Z  (,c~~1) ~~D2 ”~~~~ ~~ ‘~~q.~2~~~~~’~~q+3 •l+~~t_l i—i

q, n-i
• D1.1 + ~~ (

~~~~‘) 
( (j -l)

n 2j a l

q+3 nu.1
Z Z (0r~)( cCj )

n—2 j .l 
-

Since t~(~~) is of exponential order in n ,

_ - 0 . (1.33)

Similarly in the homogeneous or Type I ass., one can show

‘ (s ,r ) i  (1.34)n

-11.

L _ __ _ _ _  
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where

Wq.~1 - 
~ ~ 

~~~~~~~ 
.n,n+cX+~~+l,1+ e~,i u’

) J
• (1.35)

- 

~~~~ ~ ~ . ~~~~~~~~ 
fl~,2 N) L -

Again, by [2) , it (2n+~~+~~+3/2)>0 , where

2 r - .~~+ q -~~~+~~~ i°~~~Ei—i iii].

(1.36)

q
~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~ ~~&+1

i—i i—I.
s-al  

-

- 

r(~ +1)r(~~+1) 
~~~~~~~J I• r(1+pq)r(2r~+~ +~+3/2) 1 ~NJJ

cr~~~1

— 
r (~+1)r ø.+~~1) ~~~~~~~~~~ 11 + (1.37)r ( ~o~) P (2n+~+ p43/2) \ NJ

cr- i

• n(n+cc+~~+l)
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Thus, by (1.34) and (1.37), P~(z , ~‘) is again bounded by a term of algebraic
order in n . Combini~~ this with (1.51.), we &~ i~i have

- - o . (1.58)

It calls for remark that the bound for the integral in (1.24) wee
obtained by ignoring the oscillatory nature of the hypergeometric function
in its integrand over the ent ire region of int egration. Thua, the asymptotic
bound for the remainder is conservat ive as the rational approximations con-
verge much more rapidly than indicated by (1.28). Realistic estimate. of• 
~~~~ ~

) and so of R~(s, ~~) seem to be much more difficult . However,
though (1.28) is quite rough, it is easy to use and not excessively

• misleading.

2. Numerics

To give a qualitative ides of the effe~~iveness of the bound
Nq~j for F~(s, 

~~
) , we consider an example given in [iJ (Table (8.2)). The

example is connected with the modified Bessel function Ky (a)

• x3, (a) — e~~( ,r/2s)V2E(s)
(2.1)

B(s) - 2F0(l/2 — y ,  1/2 + V f  - l/2s)

Using the non-homogeneous or Type II appro ach,

— 13 —
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~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - C-—- C~CC_C C~~~ ~~~~~~~~~~~ -- ~~~~~~ r - -  C fl~

• sFs (zr !~1~~2+, I .i.2~)

~Pr&(~’ ~
) - (1/4- ~ 2) E (i/2+1+r) +r)

‘
~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~ 

_2~) 
. (2.2)

£(z,() 
cp~(z,~~)

- - -

— E~(z ,)’) + R~(a,r)

~~ — .1/2 , ~~ 0 , 1’— z , and denoting asymptotic values as
computed from (1.30 ) and (1.3 1) by , we have to tour significant figures,

f3(z) ~ f3(z) R3(z, ?f)

0.5 298.3 295.5 5.598 x i0~~
1.0 1 265. 1 276. 3.145 x 10 ‘~

2.0 6 515. 7 007. 5.84 x i0~~
5.0 72 400. 121 000. 0. •-

• 7.0 184 300. 507 800. -1. x 10~~
10.0 506 600. 3 994 000. -8. x iø~~

F3(s,3’) 
_____  

,~~~II ~~~II/’.Jf 3(z)

0.5 0.1670 —9.4 9.42 3.188 x 10-2
1.0 0.3977 7.582 x lO~~

C 2.0 0.3805 I I l.544x105
5.0 0.0-- I I 7.785 x
7.0 -0.1843 1.855 x icr5
10.0 -0.4053 2.359 x l0 6

(2.3)

-14 -

_ _ _ _  _ _ _  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~

R4(s,r )

0.5 1. 206. 1 198. 1.170 x 10~~
1.0 7 169. 7 217 . -6.1 x 1016
2.0 55 8~0. 61. 170 . ~5.4 x 1O”~
5.0 1 208 000. 1 754 000. -2. x lO”7
7.0 4 052 000. 8 491 000. -1. x l(r7

10.0 15 140 000. 68 760 000. -1. x

- 

- 

p4(5,y) N1
11 ,•l•It~L

II 
_____________

0.5 0.1411 12.58 12.57 1.049 x
• 

- 
1.0 0e04373 I I 1.742 x l0~~
2.0 —0.3015 I 2.055 x
5.0 ‘.0.2417 I I 7.166 x

t 
7.0 -0.4052 1.480 x l0 6

10.0 -1.514 1.828 x 10~~
(2.4)

The above example shows that our error analysis is quite conserva-
tive, as exp.cted. For the present, a pragmatic view should be taken con-
cerni ng the error. That is, if more precise information is reeyired, in

— those oases where convergence is assured, one should compute for successive
values of n and accept the co~~on digits as correct • To illustrate, in the
above~~xa1T1e for K,~(s) , if

B

~

(o.s) • 0.85932

E4(0.5) • 0.85976

and it is quite reasonable to say

E(o.5) - 0.860

with a possible error of one unit in the third d.ci l plea..

. 15-
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