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‘gensor Channel Transmittance, which is defined as the mutual information
between the input and output of the measuring device. This quantity is
not independent of the properties of the input signal; however, in any
given problem it need only be calculated once.

For proofs relating to the estimation problem the constraints on
the system elements are so relaxed that the sensor model need not be
known and the only description of this device that is required is its
Sensor Channel Transmittance. This implies that processors not having
acceptable models, such as human operators, may now be successfully
studied through the use of entropy analysis. For the feedback problem
the restrictions are somewhat tighter in that although the sensor data
processing may be nonlinear the noise must be constrained to be additive.
However, this class of sensors is very important and the theory of feed-
back control is advanced significantly.

The major result of the report is that when a sensor path (either feed-
forward or feedback) is used to improve the performance of a system such
as a flight control system, the entropy of the system error can never be
reduced by more than an amount equal to the Sensor Channel Transmittance.
This approach leads to the determination of the optimum system performance
by using only open loop quantities that are easily determined. None of
the results involve calculating the optimum filter that must be used to
achieve the minimum entropy performance.

™ This research is important because it imbeds the control problem
in the communication problem and clearly demonstrates the manner in which
the information handling capability of the system elements limits per-
formance, and is, therefore, of considerable potential significance to
advanced flight dynamic systems.
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PREFACE

This report is a study of the application of the entropy func;ion
of Information Theory to the analysis of sampled data systems so char-
acteristic of the evolving and important field of digital control,
including multimode systems. The systems studied are both feed-forward
and feeback with the emphasis placed on the regulator problem. The
feature common to all the configurations is the presence of a sensor
which measures the input signal and which has an output that is usually
some random function of the input. For the purposes of the analysis it
is convenient to describe the behavior of the sensor by its Sensor
Channel Transmittance, which is defined as the mutual information
between the input and output of the measuring device. This quantity
is not independent of the properties of the input signal; however, in
any given problem it need only be calculated once.

For proofs relating to the estimation problem the constraints on
the system elements are so relaxed that the sensor model need not be
known and the only description of this device that is required is its
Sensor Channel Transmittance. This implies that processors not having
acceptable models, such as human operators, may now be successfully
studied through the use of entropy analysis. For the feedback problem

the restrictions are somewhattighter in that although the sensor data
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processing may be nonlinear the noise must be constrained to be additive.
However this class of sensors is very important and the theory of feed-
back contrel is advanced significantly.

The major result of the report is that when a sensor path (either
feed-forward of feedback) is used to improve the performance of a system
such as a flight control system, the entropy of the system error can
never be reduced by more than an amount equal to the Sensor Channel
Transmittance. This approach leads to the determinationof the optimum
system performance by using only open loop quantities that are easily
determined. None of the results involve claculating the optimum filter
that must be used to achieve the minimum entropy performance.

This research is important because it imbeds the control problem
in the communication problem and clearly deomstrates the manner in which
the information handling capability of the system elements limits perfor-

mance, and is therefore, of considerable potential significance to the

advanced flight dynamic systems.

iv

|
?
|
i




x !m‘wo-‘.-.-.--‘--c‘-s

Historical Survey . . . . . « . « « « .+
The Design of Experiments . . . . .
One Armed Bandit Problems . . , . .

Human Operator Systems . . . . « « « v v o v o &

.

Systems with Random Parameters . . . .. . .

General Description of Problems Considered in this Dissertation . .11

Brief Summary of Contents . .

IT DEVELOPMENT OF ENTROPY AS AN ANALYSIS TOOL . v v v v v ¢ v v v v v

WY BRtropyY . il Wy @R SR O 8
Properties of Entropy . . . . « . v . .
Theorem 2.2.1 v ¢ ¢ v v s 4 e
Theorem 2.2.2 « v « « v ¢ v & ¢ v s
Mutual Information . . . . . .
TheOT®m 2.3 « ¢ ¢ v v vv e s
Coordinate Transformations . . . . . . . .
Entropy of Markoff Sources . . . . . . . .
The Channel Capacity of a Semsor . . , . .

The Sensor Channel Transmittance . . . . .

L L I T T Y

LR, sl B i R RS e NS TIRH R SR AR e R

s s 413

v in A

i T SR T RS R SRS TR TR R TR \21

L I T I L I )

LR R

L)
, R A
L Y
L Y
L Y

LI )

L O )

LI T S )

L T U Y

. &

T %% '¢ % % ¥ OG8N

Bneropy Of the Sum VeCtOr « ¢« « « v v & ¢ ¢ ¢ ¢ ¢ 4 ¢ vt v

Incremental Channel Transmittance . . . . « « v v « « ¢« o

l“ m mmexw Pmm . . . . . . . . . . . . . . . . . . . .

L Y

.

sufy..-......s.--.-'\uvo-w.s-‘..

Naive Application of Entropy Analysis . . . ¢ v ¢ ¢ ¢ v v v v 0

m.oms\zt‘\i\Qtl‘li\!‘!l\\!‘i.t

The Estimation Problem; Description . . . . . . « ¢ v ¢ v v v v v

oo 28

. . . 30

IR\

o « 88

56

59

okl e 0 Lt ob




TABLE OF CONTENTS (Continued)

The Entropy Theorem for Estimation . . . . . . .

TROOXOM 3.8 o o v i v v s e e Ea

The Channel Transmittance Approach to Estimation

THSOTOR 3.5 o\ & oo b spaddatwl o it caus

EROMPLE o o 00 e eimaetenrie v b
Corollary I to the Estimation Theorem 3.5 .
Steady-State Entropy. . « « ¢« « ¢ ¢ o o« o .
IV THE FEEDBACK CONTROL PROBLEM . . . . . . . . . . .
SUBBRTY o oo v bR SRR Tk R

The Feedback Control Problem; Description .

System Uniqueness . . . . . . . ... ...

The Entropy Theorem for Feedback Control . . .

DO « o v oo o oo o e

ThoOoTom 4.4 . . o « o v 6.5 « s

.

.

V' THE TRACKING PROBEBMI . . ¢ « v, s o 5,9 o v wioiadoh vimiasil o »

EREROTUCEION & o o o & 55 5 o 5 oG SRS SETD at R a

The Tracking (or Servomechanism) Problem; Description

The Entropy Theorem for Servomechanisms . . . . . . .

VI REAL TIME DATA PROCESSING . . . . + . « « « . .

SUMBRYY o o 5 5 ¢ o % ¥ s o5 e v & BOEINT Tl 8 %

The Sequential Channel . . . . . . ¢« v ¢« ¢ ¢ ¢ ¢ o« & &

Incremental Sequential Transmittance . . . . . . . . .

The Sequential Entropy Theorem for Estimation . . . .

INCPOQUCEION & « oiovivead viwsdid Woenwigoel dne

Le-l.‘.....-......o-..-...

Proof of the Theorem for Sequential Estimation . .

THOPME Ol « v ¢ v v v 4 v % ¢ 0o v o5 % @

vi

.

Page
et » 63
e, Y
SEds e
o m s 20
s a1
A s D
S |
T
AR W lB
3 m e B
TR
o e w B8
o e O
« w o 88
< 90
s ~ 90
US|
o 93
« o 96
v s s 98
. 5 v 98
¢ o <101
e v « 102
sils o 102
.« . 103
« « ¢ 110
¢« ¢« « 110

g



TABLE OF CONTENTS (Continued).

vii

| Page
: PRCTVEEE RGP R R v
Corollary II to the Sequential Estimation Theorem . . . . . . . 116
CRERINEE IR ooniih & inpwd @ e ISR BN o« o 328
Gousoian BXample . . « o & 4 s o o g it oot e et & . o 1T
The Sequential Entropy Theory for Feedback Control Systems . . . .124
Introduction . . . . . s 8w a e el R R SRt R TR o . 124
The Real Time Feedback Entropy Theorem . . . . . . . . « . . . . .126
TR 8.7 o v o @ e i et s o bt aradae st T s » » 126
A Generalized Entropy Approach to Feedback Control . . . . . 129
TROOE B8 ¢ . o o o el Aot ks e Al shel alata ash . 1B
Corollary to Theorem 6.7 . + . . « v « ¢« ¢« ¢ ¢ « s+ « s« « + . 131
VII CONTINUOUS TIME DATA PROCESSING . . . + ¢« &+ o« ¢ o o s o ¢ o s & « o« o 133
Discussion of the Difficulties in Solving Time
Continuous Systems with Entropy . . . . . . . « ¢« « ¢ & « . . 133
R e L IR S ST I G PP R |
ConCIUSIonNS o o v i v ¢ e e e e e v e e A e e e 138
VIII ENTROPY ANALYSIS OF ADAPTIVE CONTROL . . . . . « ¢ ¢« ¢ v v o« o« « . 140
SUETORURCION ¢ vi's v v v v i w N e e e ¢ v e o0 v os 140
A Parameter Estimation Problem . . . . . ¢« + ¢« ¢ ¢« v ¢ ¢« v ¢ v« 141
Entropy Solution of the Identification Problem . . . . . . . . . .144 |
TROOTER 8:3 . ¢ ¢« ¢ ¢ ¢ v ¢ ¢ ¢ s 5 s a3 s v v s s s s J104 ;
COMCIUSIONS & ¢ ¢« v ¢ ¢ ¢« ¢ s & ¢ 0 s ¢ s v v s v v v s s M6
IX SUMMARY OF RESULTS AND AREAS FOR FUTURE SEARCH . . . . . « « « « « . . .147
ALY OF RUFUALY ¢ ¢ ' ¢ v« ¢ 5 ¢ %' 4.8 & ' ¢ % v & &9« x RQT
Areas for Future Research . . . . « « « v ¢ ¢« ¢« ¢ ¢ s o s v o+« 149




Sad o m o aboia b sl e b (o Sas Sha kbt

Figure

1.1
1.2
2.1
3.1
3.2
3.3
3.4
4.1
S.1
6.1
6.2
6.3
6.4
6.5
6.6

7.1

LIST OF ILLUSTRATIONS

Page
The Batination ProBlam « . + o « o o s o & & ¢ s 5 s s s 5 6 & o 5 3 12
The Feedback Problem . . . . . . . R da e R S e e e

Interpretation of a Sensor as a Communication Channel . . . . . . . . 44
A Scalar Feedback Problem . . . . . . . . .. S ol S RO -
A Typicel Graph of HEE) ¥, By Ve Vs @ i vie v waia s o s v s +58
The BEstimation Problem . . v « o v ¢ ¢ Va0 s e e e v ow s . s« B2
The Estimation Problem with Generalized Sensor . . . . . . . . e s
The Disturbance Rejecting Feedback Control System (Regulator) . . . . 79
The Tracking Problem (Servomechanism) . . . . . . . . . .. ... .. 92
A Typical Additive Noise Semsor . . . . . . . . . . e R SRR 1
The Sequential Estimation Problem . . . . . . . . « ¢« ¢ v v v v v o . 104
The Real Time Estimation Problem with Generalized Semsor . . . . . . 113
A Modified Estimation Problem . . . . . . . . . . ¢« ¢ ¢« L118
A Recommended Experiment . . . . . . . ¢ ¢ ¢ 0000118
The Sequential Feedback Regulator . . . . . . . . ¢« « « ¢ ¢ o « « « 125

A Jdentification SYStolm « « « ¢« « « ¢ v ¢ & o« v KA v s v s s s s « 148

viii




L

CHAPTER ONE
INTRODUCTION

1.1 Historical Survey

Historically, the theory of informat: n began with Claude
Shannon's publication of "The Mathematical Theory of Communications"
[1). This fundamental work is so profound that even though many
authors are able to prove the Shannon theorems more simply [2,3],
or supply proofs where none were given [4,5,6], or merely reinter-
pret the theory in a more useful manner [7,8,9], it is very rare
to find published results that are not based in some way on a
remark or idea generated by Shannon. Because the theory is so young,
much of the significant published research has been directed toward
developing and understanding the mathematical techniques [10,11,12,
13,14,15,16,17] rather than extending the theory to other appli-
cations. However, this survey, and in fact this entire dissertation,
will be primarily interested in the applications of this theory

which by now appears to have a very rigorous foundation.

The principles of present day information theory are the results
of attempts to solve the very basic problem of calculating the amount
of information contained in various random, but not very simple,
objects. This measure of the information content, called entropy,
provides, at the very least, a criteron for evaluating any encoding
procedure [18]. In fact, the usual units of entropy, bits, indicates

the preoccupation of the present theory with symbols and codes.




For the most part, information theory has remained the private
preserve of the coding theorists, and it is perhaps unfortunate
that the effect of the need for high powered space-age coding
analysis has been to diminish the true universal value of entropy
as a measure of information. It is rather apparent that there has
been relatively little conclusive work applying the concepts of
entropy to other problem areas. Nevertheless, a few valuable appli-
cations, generalizations, and interpretations of the theory have

been obtained, with the most useful results appearing for:

a. The Design of Experiments [19,20]. DeGroot's effort [20]

in this field is even more remarkable than is first apparent because
useful results regarding the sequential design of experiments may

be obtained fram a very general axiomatic definition of uncertainty.
This implies that for other areas of interest (filtering, controlling,
etc.) the specific measures of uncertainty such as entropy and

variance may be interchangeable.

b. One Armed Bandit Problems [21]. Kelly's approach to a

gambling problem [21] is probably one of the earliest non-coding
applications of entropy. Since gambling, econamics, filtering, etc.,
all have a cammon probabilistic basis it will not be very surprising
if derivations such as those made by Kelly, will be made in other
fields.

c. Human Operator Systems [22]. Elkind's paper [22] is an

attempt to apply entropy concepts to a type of system (human operator)
that is not easily analyzed using existing techniques. This work

must definitely be considered a precursor of the entropy analysis of




automatic control systems. However because his analysis depends
on the information transmitted by the closed loop system, Elkind
overlooks two important facets of the problem:

i) The information transmitted by the operator
as an individual component of the whole system is
not known.

ii) The effect of the limited "channel capacity"

of the human operator on the total system perform-

Lo il ket Sl Sl Lg Ly

ance is not known.

d. Systems with Random Parameters [23]. When a system has

random parameters it is often difficult to describe the system

response. The work of Foy [23] is an attempt to bridge this gap
through the use of entropy. The class of systems investigated may
be described by ordinary linear differential equations. The input
forcing function and the coefficients of the differential equation
have a known mathematical structure but contain certain parameters
which have known probability distributions. The effect of the para-
meter variations on the output can then be measured through the use
of the "instantaneous" output entropy (i.e., the entropy measure
of uncertainty as to the value of the output that will be observed
for a given value of the independent variable) as opposed to the
use of the ensemble entropy (i.e., the entropy uncertainty as to
which one of the class of output functions will be observed) for
the same situation.

Unfortunately the general formula for the entropy of the out-

put, that is in this dissertation, is mathematically intractable so

P




it is necessary for Foy to derive upper bounds, through the use of the
properties of the Gaussian probability density function. The effect-
iveness of these bounds is supported by an experimental program on

an analog computer. Examples, based on a useful and recognizable

B

feedback loop system are presented but it is these examples that
point out the fundamental weakness of the report, that weakness being
that the evaluation of instantaneous output entropy has no useful
interpretation, as yet. It does not appear to be a meaningful design

criterion.

The reason for this may not be the inappropriateness of the
entropy measure but the inconclusiveness of the research. This incon-
clusiveness may yet be resolved if Foy's work can be reevaluated in
the context of an adaptive control system analysis. Certainly the
usefulness of any adaptive controller must be measured and the results
of current research clearly indicates the effectiveness of entropy for
just this purpose. Foy's work may well prove to be the cornerstone

of a totally new approach to adaptation.

Despite these examples described above, for the most part it has
still been the motivation of the problems of communication, i.e., the
problem of transmitting knowledge fram point to point that has attracted
the attention of the information theorists [24,25,26,27,28]. Reduced
to its simplest abstraction, the communication problem concerns itself
withj (1) a signal (or message) drawn in some fashion from a predefined !

signal vocabulary, (2) a channel for transmitting the message, and (3)

a receiver for deciding the content of the received signal. By




assigning a measure to the information content of a message, infor-
mation theory provides an invaluable tool for assessing the worth of
the coding procedure, analyzing the performance of the channel, and
describing the efficiency of the receiver. By tracing the message
content from point to point in the communication system the concept

of a system channel capacity follows directly and various design

approaches evolve. In fact, the theory of channel capacity represents
the major contribution of Shannon's pioneering effort in cammunication

theory. With the fundamental channel capacity theorem given by

£ P :
C-BLOG2 [1f-ﬂ-]b1ts,

Shannon [1] showed conclusively how it was possible to exchange channel

bandwidth (B) for signal power (P) in order to maintain constant

channel capacity (C) for the same noise power (N).

The mathematical description of the channel behavior becomes more
obscure when the signals involved are continuous. The process of
passing from the discrete situation, with its secure foundation of
intuitively acceptable results, to the continuous case is extremely
tortuous, especially in view of the spectre of the ever-present paradox
of a signal carrying infinite information in zero time [29,30]. This
was a weak spot in the original Shannon work and to avoid his ambigu-
ities and paradoxes it has been necessary for Gelfand [31], Pinsker
[32], and Hyang [33] to each make new definitions. Hyang's work is
probably the most up-to-cate research on the entropy of time continuous

processes and for background it contains a lengthy and important

—
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discussion of the necessity for carefully defining a continuous-

time-process information measure.

i Hyang overcames the most pressing difficulties in the following

manner. let

i 4
§; =js(t)0i(t) dt 1 B TE R
0
T
\’j =fy(t) "j (t) dt ol cior
0
where

y(t) = s(t) + n(t).

s(t) is the message and ¢; and uj are arbitrary functions. The average

information in y(t) about s(t) is defined as

I(y(t);s(t)) = sup I(Yl,Yz,....Y ;Sl,...,SK)
where the supremum is taken over all o uj, K and M.

The powerfulness of this definition can be seen from the fact

that there are no restrictions on

1. The process spectrum
2. The process stationarity

3. The observation interval.

It is therefore not surprising to learn that no general results
have been obtained using this definition, so that Hyang then finds
it convenient to consider only the class of Gaussian randam processes.
For this class of problems the covariance function describes completely

the process probability density function, so that after some manipu-




lation it can be shown that the necessary basis functions for
the information qQuantity are the eigenfunctions found from
T

T
AKjRN(t,u)OK(u) du = o‘[RS(t,u)OK(u) du.
0

This integral equation is a fundamental equation in mean square error
analysis and in that context it has led to the formulation of the
Wiener-Hopf equation [34] for linear estimation and the formulation of
polynomial estimators for nonlinear estimation [35]. Of course these
classical theories now became even more interesting because they have

been derived fram a purely information theoretic point of view.

Hyang's results are important for two reasons; first they lead
to valid results in the almost totally uninvestigated field of con-
tinuous process entropy and second, they indicate to even the casual
observer that stronger (stronger than Gaussian) results for the sol-
ution of estimation problems may be obtained through the use of
entropy analysis.

The very extensive and quite practically oriented examples

chosen for demonstration of the application of the time continuous

theory is only further proof that information theory has far exceeded

information practice, because at no time is Hyang able to present a

clear motivation for wanting to calculate continuous time entropy in
the first place. In general, it is not the theoretical limitations
of time continuous entropy that limits the usefulness of entropy

techniques for describing and analyzing objects. Rather, it is the

FERE T S Y RSV U RO ey W
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assuned requirement for an optimal code which achieves arbitrarily
small error for the cost of faithful reproduction of a message must,

in general, be paid for with infinite time delays.

Such considerations and restrictions are unheard of in the design
of feedback control systems. Conventional feedback control systems
are usually continuous, long time delays are intolerable, and very
rarely are there any coding considerations®*. However, these differ-
ances between communication systems and feedback systems do not auto-
matically preclude the application of information theory to control
system analysis. Actually, it is in the areas of degradation of per-
formance due to noise and channel capacity that communication and
feedback systems show the most resemblances. The purpose of this
dissertation is to show how the basic theory of information may be
extended to take advantage of these similarities and accommodate the

large class of feedback control problems.

If new results are to be obtained, it appears that it will be
necessary in same way to rise above the restrictions implied by the
coding approach to information theory and to reinterpret the concept
of entropy in temms generic to the operation of a feedback control
system as opposed to the operation of a coammunication system. For
example, by abandoning coding concepts, Weiner [36] is able to use

mutual information to derive filtering equations that are usually

"When a coding problem does arise, such as in a system using analog
and digital components in a hybrid configuration, the coding is not
germane to the feedback problem.




arrived at by the conventional methods of mean square error analysis.
In the field of statistical analysis, Gardner and McGill [37] are

able to demonstrate an entropy approach to the partitioning of vari-
ability, while Chaitanya Swarup [38] develops an informational descrip-
tion of the properties of estimators and hypothesis tests. Foy's work,

already cited [23], is still another example of the non-coding aspects

of entropy being applied for analysis purposes.

Krasovskiy [35,40], who considers a system that may be described
by a set of nonlinear differential equations with time varying non-
random coefficients, takes a slightly different point of view than
that taken by Foy for investigating the entropy of the output of a
dynamical system. When the unforced dynamical system is linear and
can be described as

ax, N
- 1;1 ag (B) x =0 1 P TR,

Then he shows that the instantaneous entropy of the state vector,
X= (xl, Xpy seey xn)

may be found from
N
dH
S - ase (t).

at 121 ii
A derivation is also presented by Krasovskiy which allows for a random
forcing function. Unfortunately this formulation is too unwieldy to
be of use for anything but the Gaussian situation. In addition to this

fault the paper suffers from two other important defects:

i e




o T

1. The equations of motions must be written for the system as
a whole; subsystems can not be examined separately and then connected
output-to-input. If the result of the entropy analysis is to be used
to design a system camponent, then the form of the differential
equation description of that component must be known down to the last

parameter,

2. Krasovskiy presents no motivation for calculating the output
entropy. Examples are presented and this quantity is determined but

there is no justification for doing so.

Because the techniques of Foy and Krasovskiy begin with the
system equations of motion, both are general enough to include feed-
back systems. But once the dynamical equations are written, it is
no longer apparent whether the original system did or did not have a
feedback path. Certainly it should be expected that any useful appli-
cation of entropy as an analysis tool should maintain the distinction
between feedback and non-feedback systems; and, in same cases, even

provide greater insight into the basic differences between them.

The ability of the system to act upon a cammand message and to
control, through the use of a feedback mechanism, an external object,
most clearly distinguishes the feedback system from the communication
system, and yet this has always been the most overlooked aspect of
the problem. Even in Weiner's Cybernetics [36], which appears to be
the earliest attempt to make use of entropy as a statistical design
property, this fundamental distinction between the control problem
and the filtering problem is ignored. Yet surprisingly, the reward

10
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for insisting that the control system equations specifically
emphasize the feedback form of the configuration is that when an
entropy analysis is made the resulting parameters that describe the
system performance can all be calculated from knowledge of the open

loop behavior of the system.

The development and proof of this very general result represents

the main contribution of this dissertation.

1.2 General Description of Problems Considered in this Dissertation

Two classes of problems are considered in this dissertation. They

1. The estimation problem shown in block diagram form in

Figure 1.1, and
2. the feedback problem* shown in Figure 1.2.

Even though they represent fundamentally different applications,
it is nevertheless true that both problems have a great deal of
similarity. Both utilize noisy measurements in order to obtain a
quantity which, when subtracted from the processed signal, produces
an error which is minimum in the sense of a predefined criterion.

In fact it is the demonstration of the similarity of the behavior of
the noisy sensor in both types of systems that unifies these problems
and which occupies the major effort of the analysis contaimed in this

report.

¥Th the category of feedback control problems is included both noise
rejecting and tracking systems. Where it is appropriate to do so,
both types of systems will be referred to simply as feedback systems.

11
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All the variables encountered in the problems in this
dissertation are assumed to be sampled in time [not necessarily
regularly], and to be continuous in an arbitrary but predefined
probability space. The signal is taken to be statistically independent

of the sensor errors.

Practical experience seems to indicate that the performance of
these systems must be specifically limited by the behavior of the
noisy sensor and yet conventional applications of presently accepted
analysis techniques does not usually lead to this desired inter-
pretation. In a very heuristic way a verbal description of the signal
flow couched in the information theory language of uncertainty and
channel capacity seems to provide the right approach toward evaluating
the effect of the sensor on the performance attainable by such systems.
However, even though the existance of a new theory of analysis based
on sensor properties is suspected, a great deal of sophisticated
manipulation involving entropy expressions is required in order to

develop this theory, as will be seen later.

1.3 Brief Summary of Contents

Chapter Two develops the concept of entropy into a useful
analysis tool. Beginning with a motivation for using entropy and
related concepts to analyze control problems, it continues by outlining
some of the more important formal properties of both entropy and
mutual information and how these quantities change when acted upon
by circuit elements. It is convenient to also introduce in this

chapter, the concepts of entropy of markoff sources, entropy of sum

13
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signals, and the transmittance and Mtal transmittance of
noisy sensors. Alone, these quantities have no intrinsic value,
but their evaluation leads to proficiency with the entropy criterion
function and paves the way for the useful interpretation of the
important results relating to analysis of control systems which comes
later. The channel transmittance of the sensor which is the infor-
mation obtained about all of the signal samples from all of the
measurements must, when the time comes to use the concept, be the
limiting factor on the ability of a measurement path to improve

® system performance using either feed-forward or feedback signal
processing. Markovian entropy on the other hand demonstrates that
acquiring new measurements (or alternately saving old measurements)
becomes less and less effective for reducing the signal uncertainty.
This in turn leads to a proof of the existence of steady-state (non-

perfect) performance solutions for the given systems.

Chapter Three initiates the effective use of entropy as a tool
for the analysis of systems which estimate the values of random signals.
The fundamental result is an equation relating the significant infor-
mational quantities encountered in this type of problem. This equation

may then be rearmanged to demonstrate:

1. Gaussian linear mean square error analysis is a special case

of the entropy solution.

2. The error vector entropy for the system is bounded by a
quantity which depends on the channel transmittance of the sensor.

14
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3. The coordinate entropy of the error is bounded by a quantity

which depends on the incremental channel transmittance of the sensor.

These results bear two important resemblances to the pioneering work

of Shannon. The first similarity, unfortunately, is a requirement
i that optimum system performance can only be obtained by delaying all
data processing one entire message length. This is the "infinite
delay" that is required by a Shannon code in the general case, in
order to achieve error free transmission. For some types of estim-
ation this is not a handicap, but real time estimation and feedback
systems demand lagless data processing and can tolerate no delays.
On the plus side, the second similarity is that, just as with the
Shannon procedure, it is sufficient to prove the existence of a coding
procedure [in the case of estimation to prove the existence of a
filtering function] and evaluate the system performance as if the code
were known. Never once, in the course of realizing the benefits
of the work in this chapter is it actually necessary to know the

optimizing filter.

These two observations of the theorem of Chapter Three hold out
a promise of deriving a real time solution without sacrificing the
decidedly important advantage of a "disappearing" filter function.
Before this aspect of estimation is investigated, Chapters Four and
Five are devoted to studying the feedback control problem and the
tracking problem respectively. The results for 'oth of these problems
are very similar in form to the result derived for the estimation
problem and are subject to the same sort of interpretations. Of course,

as was suspected in the analysis of the conclusions to the theorem

15




of Chapter Three, the bounds derived for feedback systems are too
loose and cannot be achieved through the use of physically realizable
components. These results can not, therefore, be shown to be
analogous to solutions derived by the application of Gaussian-linear
mean square techniques. The important conclusions of these two

chapters are:
1. Entropy analysis can lead to useful results.

2. Sensor channel transmittance is always a limiting factor

to the system performance.

3. It is never necessary to know the optimum feedback filter
or to evaluate the closed loop gain function, in order to determine

the bounds on system entropy performance.

The real contribution of this dissertation is made in Chapter Six.
Even though the channel approach to system theory is an original
analysis technique, it is only when this theory is applied to real
time data processing systems that significant advances in the under-
standing of feedback control systems are made. Chapter Six begins
by deriving a real time property of sensors referred to as "The
Sequential Channel Transmittance." This quantity relates the para-
meters of the sensor to its real time ability to provide new infor-

mation about a signal when it is used in a suitable measuring path.

For both the estimation and feedback configurations it is proved

that:




1. Gaussian linear mean sguare analysis of real time sampled

data systems is a special case of the sequential entropy solution.

2. The entropy of the error is bounded by a quantity dependent

on the sequential channel transmittance of the sensor.

3. All performance quantities can be determined without actually

solving the optimum entropy problem for the solution filter.

Chapter Seven discusses the extension of the theories to
continuous time systems. Based on an axiomatic description of
uncertainty and mutual information, there is no reason to expect
that all the results of the first six chapters do not carry over in
total to the continuous time problem. Unfortunately, at the present
time the theory of continuous entropy is not sufficiently developed
to overccame the onus (or at least seemingly unexplainable fact) of
infinite signal uncertainty. It is not known whether this limitation
is due to the lack of experience on the part of researchers in under-
standing continuous entropy, or due to the need for an entirely new
defining equations for entropy such as one based on integration in
function space. In either case the example presented in this chapter
does provide hope for the eventual development of satisfactory

continuous time entropy analysis.

A very elementary approach to the problems of adaptive control is
considered in Chapter Eight. Considering only one part of the adaptive
process, the identification of unknown system parameters, an example

and a theorem are presented which again demonstrate the importance

of the sensor channel transmittance. While this is a new and




important result for the theory of adaptation it still remains to
consider the entire adaptive process and to prove that the rate of
improvement of the system performance is a function of the sensor

channel properties.

Chapter Nine summarizes the principal results of the dissertation,
discusses the limitations and disadvantages of the procedures developed

and indicates the areas which require further investigation.
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CHAPTER TWO
DEVELOPMENT OF ENTROPY AS AN ANALYSIS TOOL

2.1 Why Entropy?
Entropy (or uncertainty as it is often called) has found wide

spread applications among communication engineers. When used to
describe a process having a countable number of states, it has a very
definite interpretation which leads from information content (bits)
to coding length (bits/code symbol) to channel capacity (maximum bits/
second) and then to practical system design. But its use is defin-
itely limited when applied to continuous processes (even processes
continuous in state space but discrete in time). Continuous signal
entropy may be negative, mutual information can be infinite and

even simple linear transformations are no longer entropy invariant.

But these are not actually limitations on entropy as a system cri-

terion function but more on entropy as an intuitively understandable
concept. It is when entropy is treated as a cost function and not
as measure of content of cammunication signals that it finds usage
in the analysis of control systems.

The entropy H(x) of a scalar variable x, having a probability

density function, px(x) is defined as:
£ 1
H(x) = [ da px(u) log W s

In simple terms this function measures the "spread" of the randam
variable x. A variable whose pdf is more concentrated than another

will have less entropy than the other variable. As a criterion,
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entropy is analogous to

variance and entropy so

imum entropy.

second order (the variance) spread of a variable.

the mean square error which measures the

In fact, for

Gaussian random variables there is a one-to-one relationship between

that when used as a criterion for system

design minimum mean square error must always be equivalent to min-

There are several other important probability density functions

for which minimum entropy is equivalent to minimum mean square

This benign relationship

error. For example:
1. The Rectangular Distribution
p(x) = 513 a<xc<b
2
vAR(x}= 22L . 2
HO) = LN (b-a) = IN o + 31 22
2. The Exponential Distribution
p(x) = ae X x>0
E{x} = 2
a
VAR(x} = —= = o2
a
HOO = IN £ = IN (eo?)

between the variance and the entropy fore-

tells great possibilities for the use of entropy as a tool for
system performance analysis.
This relationship is, of course, not satisfied in general, so

that minimum entropy designed systems are not always identical to

20




minimun mean square designed systems. However, it is not the use

of entropy as a design tool that is considered in this report. Rather
it is the use of entropy as a design criterion so as to set bounds on
possible system performance and the inequalities relating entropy to
variance that are considered. The ability to be able to write entropy
expressions without first having to design the optimum system, dis-
tinguishes entropy analysis from conventional second order consider-
ations.

The remainder of this chapter will be devoted to developing the
basic properties of entropy and mutual information as they apply to
systems analysis. Important theorems relating to:

1. The entropy of markoff sources,

2. the entropy of signals, conditioned on measurements,

3. the channel transmittance of a sensor, and,

4. the incremental channel transmittance of a sensor,
are presented in anticipation of a need for these results in the body
of the dissertation. It is interesting to notice that the properties
of entropy are in exact agreement with how intuition says an infor-
mation measuring quantity should behave.

For the reader already familiar with the concepts of information

theory, the results of the next two sections are summarized in Table I.

2.2 Properties of Entropy

The entropy of a K dimensional vector random variable having a
probability density function that is continuous in all the components
is defined by Shannon [1] on page 54 as:
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TABLE I i
Properties of Entropy and Mutual Information

“delza2ooodeK px(xl‘ngo-o.xl()
LOG px(xl,xz....,xK)

. ] dX p,(X) LOG p,(X)

| 3, (X)
2. H(Y) = H(X) + ] X Py(X) wG'DET ax; '
- j

>

1. H)

where Y = F(X)
=R p, ()
3. H(_)sllf_) Q]d‘}_(.ZdX_ p(X,Y) 1OG m
2. ot -
4. HQ(_,_Y_) =]d§]d_ p(X,Y) LOG F(YITT
A AP -t

5. H(Y,X) = H(X,Y)

6. H(X,Y) = H(X) + H(Y/X)
7. H(X,Y) = H(Y) + HQ/Y)

8. H(Y) = H(yl.yz,...,yx_l) + H(yl(/yl(-l""’y2'y1)
9%, H(X,Y) < H(X) + H(Y)
10%, H(X/Y) < H(X)

11%, H(Y/X) < H(Y)
12. H(Z/Y,X) < H(Z/Y)

pX,Y)
deg 9% &Y L8 e 1YY
X -

13. IX;Y)
I(¥,X) > 0

14, T(X;Y)

15, I(X;Y)

(1]

H(X) + H(Y) - H(X,Y)

16, I(X;¥) = H(X) - HX/Y) = H(Y) - H(Y/X)
17, I(X3¥,2) > I(X,Y)

*The equality holds if X and Y are independent random variables.




nep

H(X)

:
|
3
»!‘i
1

-‘-/: cbtl...f dePx(xl“"’xK) LDpr (xl.....xK)

-0

-f dX p, (X) LOG p,(X) (2.2.1)

where the vector notation X = column {xl ,xz,...,xx} is used. In all
cases in this dissertation capital letters are used to denote the
vector and lower case letters the vector components.

From the cammunications point of view continuous entropy has
three "disadvantages" when compared to the entropy of variables
having discrete probability densities:

1. Continuous entropy is not always non-negative.

2. Continuous entropy is not always finite.

3. Continuous entropy is not always invariant under linear

transformations.

These properties clearly handicap the interpretation of entropy
as a measure of uncertainty. For control system applications, how-
ever, there is no obligation to view entropy as anything more than a
suitable criterion function. As an example of the variability of
entropy under coordinate transformations examine the vector random

variables, X, and Y, where

Y = F (X
or

y; * fi(xl’x2" .o ,xK)
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If F(X) is continuous and one-to-one, the two probability density

functions are related by (see Parzen [41], page 329-331):
P (X) = P, (F(X)) J

where J is the Jacobian of the transformation and it is defined as

e -
axl axK
L] af.(x)
a 1) P
J = | DET S e | DET — I
. J
axl axK
e -l

The entropy of X is then given by

&’\a %‘\s 's'\a

H(X) X p (X) L0G p, (X)

axX Py (F(X)) J (oG (py(F(X)) + LOG ()]

dy Py (Y) LoG (p (Y)) - fdx px(X) LOG (J)

or finally

H(Y) = H(X) +f dX p, (X) LOG (J) (2.2.2)

This result is due to Shannon [1], page 57, and is listed in Tab':
I, as property 2. If F(X) is the linear transformation
= f(x) = ax + b, with J = a,

then the entropy of y is

H(y) = H(x) + LOG |a| j
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Thus f depending on the value of "a," the entropy of y can either

be greater or less than the entropy of x. H(y) = H(x) if and only
if a = 1. The whole question of the entropy of transformed vectors
is so important that it will be studied again in Section 2.4.
Associated with the pair of vectors X and Y, which possess
continuous marginal densities and a continuous joint probability
density function, are the conditional entropies H(X/Y), H(Y/X) and

the joint entropy H(X,Y). These quantities are defined as:

p,,(Y)
H(X/Y) = f dX dY p(X, Y) LOG EB(—YT (2.2.3)
C o(‘ P, (X)
H(Y/X) = dX dY p(X, Y) LOG Y (2.2.4)
—‘—
‘ 1
H(X, Y) = [q dY p(X, ¥) LOG Srirgy (2.2.5)
H(Y, X) = H (X, Y) (2.2.6)

The following equations relate the entropy expressions:

H(X, Y) = H(X) + H(Y/X) (2.2.7)

n

H(Y) + H(X/Y) . (2.2.8)

When X and Y are independent random variables the joint probability

density function is simply

P(X, Y) = p (X py(}(_),

and then
H(Y/X) = H(Y) (2.2.9)
H(X/Y) = H(X) (2.2.10)
H(X, Y) = H(Y) + H(X) . (2.2.11)
25




The conditional entropy provides a simple way for expressing

the entropy of a K dimensional vector as the sum of entropies of
one dimensional entropies. First note that
p(xl Xgsees ,xK)=p(xK/xK_1, Vs ,xl)p(xK_llxk_2 gone ,xl) e .p-f(lexl)p(xl) .
Then

H(X) = H(xK/xK_l, ceeaXy ,xl) + H(xx-l/xK-Z' R ,xl)

¥ es ¥ H(lexl) + H(xl) . (2.2.12)

When the {xK} form a Mt order stationary markoff chain the con-
ditional probability densities can be simplified using:

p(xK/xK-l’xK-Z’ eeaXy ,xl) = p(xK/xK_l, seosXk M_1) K>M .

For such a situation, HO /%y 15000 X)) = HOG /Xy 50 Xy _M-1) and

H(X) H(xK/xK_l, T ’xK-l-M) + H()(K_l/x](_.2 oo ’xK-2—M)

+

ves + H(Xl,xz,...,)(")

(K-M) H(xml/xM,...,xl) + H(xl,xz,...,x") " (2.2.13)

where the stationary property of the random sequence, X,, Xy, Xg,
Xyseoos Xpes is used to write this last equation.

For first order markoff camponents the total entropy of the
vector X is

HOO = (K-1) Hxg/x)) + Hex)) (2.2.1%)
Another"luseful property of the entropy of first order markoff
process is that

H(eOq ) /% 15 % o) = H(e(x ) /%, 1) (2.2.19)
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is an arbitrary single valued function of x, having a continuous

] } (and non-zero) derivative.

If pl(xK’xK-l’xK-2) is the joint probability density function

T

of %5 X 15 and X 5, and if p,(yysXc 1% _,) is the joint proba-
bility density function for Yk ¥k-1° and Xy o3 it is true that

Py WysXy1 %) = Pp(e(x) ”‘K-l"‘x-z’
<l
de(x,

'?oc_K_ 3

= Py (xya%y g 5%y o)

Then

-1
d¢(xK)
P/ 1% 2) = PO/ % 1) | =
_ pl(xK,xK_l) do(xK) X E
. w, X = Py (y/xy ) = Pyelx ) /3y ;)

and equation (2.2.15) follows directly.
When the components of a vedtor are Gaussian random variables

the probability distribution of the vector can be written as:

-1

L oL

P = —F g e S (2.2.16)
(2m)" “\/DET R,

where R is the covariance matrix with entries, Rij = E{xi,xj}. The

total entropy of the vector X is then

H(X) =_/ (X)I: 106 (20" DET R + 7 X'R 7! 5]

= 2106 (20" + 3 L0G [DET RJ . (2.2.17)
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For two one-dimensional random variables, Shannon [1], has
shown that for the same variance, the random variable with a
Gaussian distribution always has a greater entropy than the randam
variable with any other distribution. This conclusion leads

directly to the important inequality:

VAR {x) > 5= L0G 2H(x) (2.2.18)

where x has an arbitrary probability density function. This
inequality provides the bridge between conventional second order
analysis and entropy analysis.

A property of entropy which is extremely valuable is that as
more data becomes available about the primary random variable the
entropy of that random variable decreases. The proof of this
statement concerning the conditional entropy of Z is embodied in
the following theorem.

Theorem 2.2.1:

The entropy of Z decreases as it is conditioned on more data,

i.e.,
H(Z_/Y_) > H(_Z_/!,_)_(_) . (2.2.19)
Proof :
P(X,Y,2)
H(Z/_Y_) - H(_Z_/_Y_,_)_(_) =‘£d¥'_[ d_‘_/‘: d_ p(?_(_,!,_z_) LOG ——prg—’-z)—-
p(y)
f“ / f" P(X,Y,2)
= J, d.x_‘fm d_ /. d_ p(?i,!,_) p‘!’y
p(Y,2)




Now use the inequality

INZ> 1

to get

- pCY,2) p(Y,X)
e I R _ o 3. -

Z

~ p) pY)
2 [ z1-1z20

l'\\ 8
l'\. 8
1

Q.

F . p(L2) pCEX)
f p(Y)

|v
3\:

v
o

H(Z/Y) - H(Z/Y,X) > Q.E.D.

This theorem is an obvious extension of a similar theorem given

by Shannon [1] for the scalar case, i.e., by Shannon:
H(z) > H(z/y)

The technique for the proof is an accepted procedure for proving
entropy inequalities and has been most effectively used by Feinstein [2]
and Abramson [7].

Since much of the solution to the estimation and feedback con-
trol problems involves calculating the uncertainty (e.g., entropy)
of the signal sample given the measurements made of the signal vector,
it is important to consider further the properties of the entropy
of conditioned signals. However, even before the actual need for
this function arises (it first appears in 3.7) it is obvious that

it must be part of any effort to determine the effectiveness of a
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procedure to predict a signal based on noisy measurements of that

signal.

It is expected that the uncertainty of the signal will decrease
as more measurements are made. However, it is not expected that
uncertainty is likely to approach certainty as the number of meas-
urements approaches infinity. While this is a minor point, it
spells the difference between understanding the steady-state behav-
ior of a system or being completely ignorant of any limiting factors
to its performance. The important attributesypf the conditional
entropy function, are proven in the following theorem. The inspir-
ation for this theorem and the procedure are due to Birch [15] but
the statement, proof and interpretation are original.

Theorem 2.2.2:

For stationary processes the conditional entropy of the scalar
randam variable Yk given the last K values of the noise corrupted

signal, is a monotonically decreasing function of K and has a finite

limit, i.e.,

A
hK = H(yK/z.K) x H(yK+l/§K+1) = h}(+1 (2220
and
2im H(y,/Z,)) = H(y, /Z ) >-o (2.2.21)
Proof':

The monotonic behavior of the conditional entropy follows

directly from the stationarity of the processes and the previous

theorem (2.2.1).




H(yK/_Z_K) = H(yK+l/zK+l’zK’ s ,22)

> H(yK+l/zK+1" .k ,z2,zl) = H(yK+l/ZK+1)

Thus, the entropy of Yo conditioned on all the past measurements
is a decreasing function of K, where §K is the vector whose com-
ponents, z, =y, + n, are the K noise measurements made of Yier
kel 2y vouy K

It is inconceivable that in ordinary physical situations
H(yy/Zy) = -=, for any finite K*, Singular probability distri-
butions can be imagined where a finite number of measurements can
be used to predict the signal with probability one [entropy of —=],
but such situations are of no real concern. The real concern is
to be able to bound H(yK/EK) away from -», (Obviously additional
conditions must be imposed to insure that with even an infinite
number of measurements the conditional uncertainty of the signal
is not —». Consider first the situation when y is first order
markoff, the extension to MtN order processes will be obvious.

It is convenient at this time to introduce another sequence

{gk} defined by:

A
i1 - HOa1/Zy47997) -

Because of the process stationarity it is also true that

8ke © H(yK/zK,zK_l,...,zo,yo).

*An entropy of -» implies a campletely certain continuous random
variable.
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The sequence (gK) is now shown to be a monotonically increasing
function of K

8oy * H(yK*llzl’ZZ" P ’ZK+1’yl)

= H(yK*l/zl,zz, A ’zK+1’y1‘n1) 3

where the rearrangement of the pair (zl,yl) into (zl,yl,nl) through
the use of zy 2y, tn, does not change the conditional entropy of
Yia1® Since the {yK} and {nK} are taken as first order markoff
sequences, the result of equation (2.2.15) implies that the intro-
duction of . and n, into the expression for 841 will not change
the forward conditional probabilities, i.e.,

Bia1 = HOVi1/2y5290 00 224131 00 Y00

= H(yKﬂ/zo,zl, sxs 'zK+l’yl‘yo)

{a

)
H(yK+l/zo’ L) ’ZK+l'y0) - 8K+2'

thus proving that 8k is a monotonically increasing funotion of K. Now,

the following inequality describes the relationship between the

sequences {hK} and {gK}. For all k>k

B Bkh,

Obviously both sequences are bounded and monotonic so that the follow-

ing limits exist:

;;1;: he=h
-
and
gKfE.‘.ﬁihK ¥ K.
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It follows that tim H (yK/z.K) is bounded away from -e, if

8k is not -« for same finite K. Examine g,

g; * H(yzlzl.z? ,yl),
when the Z process is formed by adding independent random variables,

i.e.,

z',k=yk+nk K ®0,7Ly ooy K
it is not possible that

82 B, i
and the theorem is proven.

2.3 Mutual Informatiion

Communication theory lLas given rise to a quartity, which
because of its properties, is even more valuable than entropy.
This quantity is "mutual information." Technically, the mutual

intormation, I(X;Y), between the twn random vectors X ana Y is

I(X;Y) = I(Y;X) = HCX) - H(X/Y)
¢ -[ dX dY p(X,Y) LOG pROPLL) g (2.3.1)
X AL pY UG prry

Unless otherwise noted, both X and Y are usually taken as K dimen-
sional vectors.

If H(X) is the a priori entropy of X and H(X/Y) is the entropy
of X after observing Y, then I(X;Y) is the average amount of entropy
supplied by Y. However, it is often convenient to use the intuitive
notion that I(X,Y) is the average amount of "information" obtained .‘

about X by being given the value of Y.




Mutual information (or transinformation) is

1. symmetrical in X and Y,

2. non-negative (I(X;Y) > 0),

3. generally finite,

4. invariant under linear transformations.

In addition, the following relationships are satisfied:

1. ICX3) = 0 (if X and Y are independent)

2. I(X;Y) = HEX) + HQY) - HX,Y) (2.3.2)
3. I(X;¥) = H(X) - H(X,Y) (2.3.3)
b, I(X;Y) = H(Y) - H(Y/X) (2.3.4)

Using I(X;Y) > 0 in equations (2..3.2‘), (2.3.3) and (2.3.4), yields

H(X) + H(Y) > H(X,Y) e (2.3.2a)
HIX) > HOX/Y) | (2.3.3a)
H(Y) > HCY/X) (2.3.4a)

With mutual information just inversely as with entropy, acquiring
more measurements increases mutual information montonically. This

is stated as:

Theorem 2.3.1: 5

If the information about X given Y is I(X;Y), then the infor-
mation about X given Y and Z must be greater, i.e.,

I(X;Y) < I(X;Y,2) (2.3.5)
where the coordinates of Z are additional coordinates of the Y
vector (or are other observations).

Proof':

The statement for this theorem is given by Gel'Fand [31], but

his proof is much too sophisticated for the analysis of sample data




signals so a simpler one is supplied here. Using the defin-

ition of mutual information, I(X;Y,Z) is

® ® - p(X)p(Y,2)

i « - [ o [or [apuwrn ws Ty XD
™ © © p(X)p(Y)p(Z/Y)
:-/dxfd deP(X’Y’Z)me

l. —d —d TSRS PLA,L1IPLa/A, X,

I(X;Y,2) = I(X;Y) + H(Z/Y) ~ H(Z/X,Y)
and finally, using theorem 2.2.1, this equation becomes
I(Z;Y,2) > I(X;Y). Q.E.D.

2.4 Coordinate Transformations

Much of the work of this dissertation depends on considering
the entropy (or mutual information) of transformed variables. It
is therefore convenient for the initial developments to restrict
the derivations to the class of information preserving trans-
formations.

If the mutual information between a pair of random variables
is invariant under a transformation of those variables it is not
intuitively obvious that the given transformation must be one-to-
one, or that the inverse transformation exists so that the input
vector can always be "recovered" if the output vector is known.
When studying random variables with continuous (or at least piece-
wise continuous) probability density functions the constraint on

the transformation is made slightly more severe than merely being
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information preserving, so as to include the "recovery" property.
The following definition will accomplish this.
Definition:
An information preserving transformation fraom x £ix), y is one
for which the equation defining the transformation of the probability

density functions [41],

(x)
P = By (£GO) [g . | . (2.4.1)

is defined and is valid for all values of x.
It is quite easy to show that when f(x) satisfies the con-
ditions of equation (2.4.1) it is a regular transformation, i.e.,

both f(x) and f-l(y) are of class ‘1

and I(x;z) = I(f(x);2) =
I(y;z).

Alternately an equivalent constraint on f(x) is that the
Jacobian of the transformation is continuous and non-zero. In any
case, the important fact is that when the conditions on f(x) are
defined, in either manner, f(x) has an inverse and no information
about the input is lost because of the transformation.

Actually, the true class of information invariant transforma-
tions is much more inclusive than the class of functions defined
by the use of equation (2.4.1). This is because the broader class
of transformations also includes functions, F(*:), that while not
having a unique inverse, do possess the property that for all sets
A and B, where B = F'1(A) it is true that

p(z/yeA) = p(z/xleB) = p(z/x2eA) Vxl,x2e8 . (2.4.2)
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Since I(zjy) = H(z) - H(z/y), it must follow that for any trans-
formation

y = f(x)
satisfying equation (2.4.2)

I(z3x) = I(z;f(x)) = .(z3y).
As an example of this type of function, consider

¥y
together with

p(z/x) = 0 x< 0.
Now let R be the continuous real line and A and B be the positive
half line (including zero). Then obviously

p(z/yeA) = p(z/xeB)
and therefore, even though £ 1(y) is not unique,

I(z;x) = I(z;y).
This is a "contrived" example and it is not likely that transform-
ations matching themselves so closely to the conditional density
p(z/x) so as to satisfy equation (2.4.2) will ever occur in practical

situations.

2.5 Entropy of Markoff Sources

In general, most of the random processes encountered in control

systems analysis are markoff sources which may be considered as

being generated by the simple MtN order differencing process given
by:

RS
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y, = i a.y. + § s (2.5.1)
K 1=K-M Ki’i e _MbKl i

where the driving function {Ek} is a sequence of independent
random variables chosen with the necessary probability density
functions to achieve the desired density for the y sequence. It
is not necessary that the £ process be stationary or that the
differencing be time invariant. However, later on such simpli-
fications will be introduced in order to study the much more
comon stationary markoff process.

For convenience of notation it is desirable to make the

following definitions:

F ylﬂ r-cl-
Y2 &2
Y = . E - .
= 7 "
Yk &k
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o 1 0 . . . 0 . . . ]
(an#bn) 1l < I
a3089 23209

a,tb 1 G
A= *aal*bal 32 Y32

e o e & s s s =

A is a lower triangular matrix, i.e., it is the matrix of a phys-
ically realizable process, and its determinant is 1. Using a

vector algebra the generation of {yk} can be written simple as:

Y = Af (2.5.2)

The entropy of the Y vector can now be determined directly
from the entropy of the generating sequence § using the' relation-
ship

H(Y) = H (8) + L0G (DET (A)] = H (§)
where the subscript K is used to denote that the dimension of the
vector whose entropy is being deécribed is K.

Since § is composed of independent random variables it follows
directly that

K
He (Y) = 12:1 HCg) . (2.5.3)
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Now if an additional value of y, namely Yia1? is generated

then
K+l K
ey O = kgl Rte) * k; () + B Gy
= B (Y) + H (g, ) (2.5.4)
but
By () = B QYD) + H Gy /vy paeeyy)e (2.5.5)

Therefore, these last two expressions together with the markoff

property of the y process yields
H) (ypay /Yoo oo oV = By (Egyy) K>M. (2.5.6)
When written in terms of the probability density functions
this equation is:

j ¢ ) p(yK, S ’yK-M)
| v P P 1oes e ) IR
K+l yK*l’yK’ K-l, ’ K-M p(yK#l’yK’ DO ’yK—M)

1

=fd€P£(EK§1) LOG m .

In terms of the initial entropy of the y sequence, and the
conditional increase in entropy for each additional y generated,

the total entropy of the Y vector is

K=1

H () = X By gy Mot +« Ve By Wgoenoatly) o €2:8.7)

Define the entropy of an Mt order markoff source as

=M+1

s
By, 170 2 H (00 W e ey (2.5.8)




Then for the case when the probability distribution of & is

stationary:
(Y) = .%1 HR(y, /Y)+H (Y, 500 oY) = KHCE) . (2.5.9)
S R e
If the differencing process is time invariant, i.e., if bijzbi.k’
and aij“ik for all i, j, k>M, then
HK(!) = (K-M) H*(yK_l/!) + HH(yl’“"yH) - (2.5.10)

When the driving function § is Gaussian the Y vector is also

Gaussian, so that the total entropy of the y process is

H D = 3 106 (20X e, (2.5.11)
where
8y = DET [E(YY")] = DET (R, ]
Ry = E (1) = E (Ag'A") = AR, &'
F"oez
1 2
g
£y A
%
R 3
¥ T, _ T
8y = DET [AR“A 1 = DET [A] DET [Ru] DET [A"] (2.5.12)
K
= L [+ ] 2 .
k=l °k
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Then
K 1 2 X
(Y) = 2‘1 LOG 2me 0, = Zl H, (&) (2.5.13)
0= L7 S
which is, of course, identical to equation (2.5.3).
As before, for the first order markoff source:

H (v /vy 1) = By (g (2.5.14)

When the &y distribution is stationary and the differencing process

is time invariant, the conditional entropy for very large K is

found fraom
2
E {yKyK_l} =0y a (2.5.15)
and
3 wo oA E
£ B! % o3
so that
o 7 | 2 2
Hl(yK/yK-l) =9 LOG 2rme Lol LOG 2me % (1-a") (2.5.16)

2.6 The Channel Capacity of a Sensor

All real world systems must make use of one or more measuring
devices in order to be able to have an absolute (or relative)
assessment of performance so that the tasks which are performed may

be judged. It seems intuitively true that in any real time control

problem, feed-forward or feedback, it must be the measuring device

which ultimately limits the performance of the control process. If

data could be taken quickly, efficiently and accurately, then 100

percent precise commands could be given and zero error performance
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would be achieved. Of course no sensor can provide data that good;
they all provide data that is distorted, noisy, late and sometimes
missing. Until this present report, feedback control system theory
has lacked techniques for assessing the worth of sensors. There
has been no good criterion by which sensors could be judged and no
scale on which alternate sensors could be compared.

The significant new results in this dissertation were obtained
by no longer using the sensor as a data gathering device having
certain variance properties, but rather as an information trans-
mitting device having channel properties. Such a view is not
unnatural. It is a highly respectable assumption when made by coding
theorists analyzing cammunication systems and moreover much can be

said for the analogy between control and communication.

Of course, the worth of any proposed property of a system depends
on the knowledge it conveys tc the user, and given that a sensor has
a channel property it is not surprising to learn (as will be proven
in the later chapters) that this property can be used to develop a
measure of the system performance. The channel capacity of the
sensor becames the factor which limits the flow of information around
a system and therefore the factor which can measure the effectiveness

of the given sensor path in accomplishing some end.

The channel property studied in this dissertation will be that
of the mutual information between sensor input and output and will
be referred to as the "Sensor Channel Transmittance." This
quantity closely resembles Shannon's channel capacity, but, for the
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situations examined here, the luxury of a controllable signal
probability density functior. is not available and so the two concepts

STET——

are different and are treated as such.

E ; 2.7 The Sensor Channel Transmittance
The sensor or measuring device that is used to determine the

state of a dynamical system can be regarded as a noisy communication

channel. Figure 2.1 is a possible representation for such a channel.
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Figure 2.1. Interpretation of a Sensor
as a Communication Channel.

The additive noise term, {nk\ is usually an RN order markoff

process which is independent of the measured MM order markoff process
{y,}. However, no markoffian properties will be assumed at this |
point. The signal shaping operator B is linear and physically

realizable, and so it may be represented as a casual matrix having

entries bij’ such that bij = 0, for all i>j. The only requirement




on this matrix operator is that DET [B] be non-zero. This is an
obvious requirement that states mathematically the constraint,
that it always be possible to completely recover the signal y,

when the measurement noise is known.

The output filter C can be of a more general nature and, for

convenience, it taken as a nonlinear casual operator of the form

f_cl( wl)
<, (wl M, )
C3(w1’w2’w3)
Z = CW) = : (2.7.1)
LcK(wl, e ’WK)A
where
-, = —
23 Wy |
=2 "
. w
Z = and _W_ C)
| K] LK

The "recovery" constraint on C(W) requires that the Jacobian
of the transformation, J(W), must be non-zero for all W. The

Jacobian is given by the expression

J(W) 2 DET [r(w)]

R ]




where I'(W) is the matrix of partial differentials given by

3c; (Wyyeeeywy)

rw) = ™ = (vl

In this dissertation the mutual information between the K dimen-
sional input and output vectors is called "The SeftSor Clnnel “iyars-= -~ °* °
mittance." This quantity is given as:

L.(Y;2) = H(2) - H, (2/Y) £2.7.2)
or

S i, e 1
IK(X’E) -‘/‘pz(z) LOG B;T_Z_T d_Z_ fjp(z,!) LOG m d-Z_- d!
£2.7.3)

where the integrals are of Kth order and are taken over the whole K

dimensional space.

The probability density functions for S and W are related to

the input and output density functions through the transformations:

i) Z=cw)

i) py(c) = p W oW | (2.7.4)
o

iii) py(l) = pg(B7Y) B.

The mutual information when written in terms of S and W becomes:

S 1
I (¥;2) = f P, (W) L0G =gy d + f p,(W) L0G |J(W)| aW

1
3 f P, 1h3) L0G o="rrgy o 03

W,S—'—

_f[pw,s(g,g) LG |J(W)| dW dS
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or

I (¥;2) = H(W) - HW/S). (2.7.5)

The conditional entropy of W given § is simply HK(E). This
may be shown as follows:
3

S . - ~ ®e
- o ®o - ar
Bor s vom e vce @il - 4" @@ @ = w 4 o

! & 1
HK(!J_/§) = fd_S_ I dgpw,s(g,g) LOG M (2.7.6)
where
W= SN
p(ﬂ/§) = pN(E-§) (2.7.7)
pws(ﬂ.g) = pns(ﬂ-§,§) = ps(g) pn(bj_-g) (2.7.8)

and pn(ﬁ) is the probability density function of the K dimen-

sional noise vector. Making the proper substitutions reduces the
conditional entropy to

- 1
HK (!/§) = fd§ [dﬂ pns(!-_s_,g) LOG F;(E:S_T

&
fps(g)@]dﬂpn(u) LOG m

HN) . (2.7.9)

Using this result in the expression for the mutual information yields:

I (Li2) = H(SH) - B QD . (2.7.10)




Now using property 2 (Table I) of entropy, it is true that

H(CN) = H (N + [dg P, (N) LOG |J(N) |

In addition,
H.K(C(§+§_)) s Hk(gnﬂz +j dg p”(y_)wg l._{(!l‘)lm B e e
=om ¢ [os [ o p w9 we 9w

= H(SHN) + [d§_ P () fdg P, (W-8) LOG [J(W)|

= H(SHN) + fd_N_ p.(N) LG |J(V)| .

Then from these two equations and 2.7.10, it follows that

H(C(SHD) - B (CAD) = H (S - B (V)

H(C(SHN)) = H (CN) = L (Yi2) . (2.7.11)

This form for the Channel Transmittance is more important than 2.7.10,
because it relates directly to readily accessable quantities, i.e.,
the sensor output for no signal input (C(N)) and the sensor output
for a signal input (C(stN)). Thus, according to equation (2.7.11),
IKQ!_;_Z_) can always be found for any sensor, even by simulation

if necessary. So under laboratory conditions IK(!;Q) may be
determined experimentally, without any knowledge of B or C being
required for this determination. This, cou?led with the fact that

all the bounding theorems on system performance subsequently proved
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in the body of this dissertation, always depend directly in

L Y52) (the term H (N)) never appears without the corresponding

term HK(§+§)], means that it is never really necessary to know
individually any of the sensor parameters (N, HK(Q), H(S+N), etc.]

but only IK(X;Z._). Thus sensors which defy representation in con-
ventional terms and which do not have suitable models can be completely
described for the purposes of this discussion simply by a channel

transmittance.

Recognizing that C(S+N) is the sensor output (or the signal
measurements) it will not be surprising to learn below that the

difference between the entropy of the output for signal and no-

signal conditions

The information in
HK(C(§+l_{)) - H.K(C(ﬂ)) = the output about (2.7.12)
the input
can be interpreted as that amount of information in the output that
is actually effective for reducing the entropy uncertainty of estimates
of the input. Obviously if any estimates of a function of Y are to
be made using the noisy measurement Z, it is the Channel Transmittance
I, (¥;2) that will measure how successful the estimation procedure is.
The reader should be cautioned that this is not a completely new
interpretation of I, (Y;2). If the sensor of Figure 2.1 was called a
channel and if Y took on only a finite number of values _and was called
a code then there would be no objection to calling I, (Y;2) the effect- |
iveness of the decoding procedure. What is new is that this approach

is now being applied to the estimation of continuous-state processes.
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Since mutual information is always non-negative, equation

2.7.10 yields the important inequality
HK(§+§) :Hk(ﬁ) (2.7.18)

In a similar manner, the mutual information IKQI_ ;2) yields an

- ®. @ L e o <@ e - vy 98 € .. o ¢« - @ -

equally important inequality

LN;2) = H(SHN) - H(S) > 0 (2.7.14)

or

(S*N) > H (9). (2.7.15)
o gl o

2.8 [Entropy of the Sum Vector (S+N)

For many of the derivations to follow, it is necessary to know
the conditional entropy of the sum of the two independently distributed
random vectors § and N, given all the past values of the sum. Since
the probability densities of S and N are usually known in advance it
is not difficult to conceive of using:

P =fdg_ P_(@) P_(SN-a) (2.8.1)

-w

in order to determine the desired entropy function.

However it is sometimes desirable to be familiar with the proper-
ties of the conditional entropy without being obliged to carry out the
convolution and entropy integrals directly. An expression similar to

equation 2.5.6 is clearly desirable, but unfortunately, the sum of two

markoff processes is no longer Markovian and no such simple equation




exists. However when the randam variables involved are stationary

and N is markoff then it is possible to determine a useful assymptotic
description of the conditional entropy. It follows from the use of
equation (2.3.5) that the mutual information increases monotonically

with the number of samples used, i.e.,

e e “ es®r @e. E-é-!

Itsi',éz i .’.’,sK J(s*n) L ;",’(s¥h7‘k)

Ia

I(sl,s2, A ,sK,sK+l;(s+n)1,(s+n)2,. o .(s+n)K)

A

I(sl,sz, e ,sK+1;(s+n)1, < .(s+n)K,(s+n)K+l)

.8.2;
S I (S5 (2.8.2
Now expanding each of the mutual information terms according to a

modification of equation (2.7.10),
L (S;8*N) = H (SHN) - H (N)
which leads to
HK(§_+§_) - HK(E) < HK+1(-S-+E) - HKH(E) % (2.8.3)

It has already been determined (see Section 2.5, equation (2.5.3))

that the entropy of a K dimensional markoff noise vector is:

K
H (N) = k; H, (g)). (2.8.4)

This simplifies the above inequality to yield:

H (S+N) < l-l*s'm)l(,,l/(s+n)K(s~~n)K_l,...,(s+n)1 *H(SHN) - H (g, ]
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or finally

H

(s#n)y,,/ (§+§))_>_ Hy 6y )-

In the stationary case this result, together with equation (2.2.19)

leads to - o W ® - ~gege

l-ll ( (s+n)K+2/ (s+n)K+l, e ,(s+n)2,

= Hl ( (s+n)K+1/(s+n)K, A ,(s+n)l

> H ( (stn)y o/ (st 15000, (st

> Hy (). (2.8.5)

Thus the sequence H ( (s+n)K+1)/ (§+§_)K] is monotonically decreasing
and is bounded below by Hl(z). It is therefore convergent to a
limit

11(1.!: H l(s+n)K+l/(§+y_) )= H ( (s~+n“)/(§+§))l H, (8) (2.8.6)
where in the limit S+N becomes an infinite dimensional vector. An

alternate and useful expression for the convergent property is:

Given any e>0 there exists a x sufficiently large so that for

all K>k ,
H | (stn)y,,/(S+N) l - H ((sw+n“)/(§_+§) < €. (2.8.7)

This relationship will prove useful below for studying the incremental

change in Channel Transmittance. ]

2.9 Incremental Channel Transmittance

According to equation (2.7.10) the K dimensional Sensor Channel

Transmittance is
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{
% IK(_{;E) = HK(§_+_F1) - H.K(y_). (2.9.1)
As more data is taken and K increases, the Channel Transmittance
(according to Theorem 2.3.1) must also increase and in general, it
increases without bound. An interesting quantity to study is By
© =Y+  <he Mcremental Channel Transmittance, defined as
b & Ly, (52D - L(Y32) . (2.9.2)
It follows from equation (2.8.2) that L is always positive and
it represents the amount of "new" information obtained about all the
signals (including the latest one) that may be derived fram an
additional measurement. After a sufficient length of time, the
new data does not provide any new information about the oldest signal
samples and therefore 4, approaches a steady-state limit o . In the
stationary case this statement is proven as follows.
From equations (2.9.1) and (2.9.2),
by = HK+1(§+§) - HK+1(E) - [HK(§+L~[) - HK(_I!_)J,
using equation (2.8.4) and
Heyy (SHN) = H(SHD + H ((stn), /(840 )
the equation for A becames
by = Hy ((sem) /(M0 ) - By Ce ). (2.9.3) i

Then by applying equation (2.8.7) the convergent property of 4, 3

may be stated as: ]




Given any e>0 there exists a x sufficiently large so that for
all K>«

AK - A < € . (2.9.“)

The asymptotically stationary Incremental Transmittance, 4_,
will prove useful <in-3ectiorr 3:8 for showing that in‘'stafioflary =~ = -
markoff estimation problems the average entropy of the error approaches

a steady-state value.




CHAPTER THREE
THE ESTIMATION PROBLEM

3.1 Summary
Except for the requirements of real time data processing, feed-

back.control syctems are very s¥nilar-to estimating systems. ° There-
fore it is not illogical to assume that the investigation of feed-
back should begin with an investigation of estimation, especially
since this type of problem has received much attention and several

mean square error solutions are known to exist [3u, 35].

Useful entropy analysis is not just a matter of writing the
system equations, transforming the corresponding probability density
functions and then determining the various signal entropies. The
scalar feedback problem studied in 3.2 best demonstrates the diffi-
culties involved in this approach. The major result, that of
bounding the error entropy from below is

HGO > Higgz ).
If "a" were known, then this bound could be determined; but then if
"a" were known H(x) could be determined exactly. Thus in this example
no useful purpose has been served by using the entropy measure. This

setback is still further incentive for first developing entropy
techniques by solving the simpler problem of estimating before attempt-
ing to solve the very complex feedback control problem.

The critical step for initiating entropy analysis, the study of

the mutual information between the system error and the sensor output,




is investigated in 3.4 (after a suitable problem definition is given

in 3.3). The most useful result of the mutual information approach
is that it leads to a bound on the estimation error entropy that is
independent of the estimating filter and is a function solely of

the known properties of the system input and the system Sensor. .«.e¢--- : .-

In 3.5 a corollary is proven that is a reinterpretation of the
estimation theorem through the use of the concept of a Sensor Channel
Transmittance. This corollary completely relaxes all of the con-
straints on the form that the estimating system may take on. The
filters "C" and "D" need not preserve information and the only
description of the sensor that is now required for an entropy analysis

is its (hannel Transmittance, I(Y;Z).

A simple example, presented in 3.6, is used to show that in the
Gaussian-linear-estimation problem, entropy solutions lead to con-
ventional results. With this experience as background, another
corollary to the estimation theorem is proven, the results of which
demonstrate clearly the basic similarities between variance and
entropy as uncertainty measures. For linear Gaussian problems
variance and entropy are completely interchangeable. The remainder
of the chapter is devoted to understanding the implications of the
results as tiiey apply to the change in error entropy with additional

measurements.

3.2 Naive Application of Entropy Analysis

The tracking problem produces an interesting example of how

undisciplined use of the entropy criterion can lead to difficulties.
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Consider the scalar feedback estimation problem shown in Figure 3.1.
: The following theorem applies:
, Theorem 3,2

The entropy of x is bounded by:

H(x) > H (E%T n) 3.2.1

i.e., the entropy of x always exceeds the entropy of the component of
the noise that appears at the output.

Proof:

Since

ok a
X*1my 1"

b

Yy,

it follows that the transformation of the probability density functions
is

-1

1
Pyy (X5¥) = Py (n,y) (1;;

So that using property 2 (Table I), the joint entropy of x and y may
be found in terms of the entropy of y and n, i.e.,

H(x,y)

H(n,y) + LOG lf—a

H(y) + H(n) + LOG Ii_a

H(y) + H ‘1%5 n) /

Now examine the mutual information between x and y:

I(x3;y) = H(x) + H(y) - H(x,y)

H(x) + H(y) - H(y) - H ‘ fa n) g |
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Figure 3.1. A Scalar Feedback Problem.
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or
H(x) = I(x3y) + H (1%; n) g
Since I(x;y) is always positive, the theorem is proven.

In an analogous manner, using I(x;n), it is possible to prove
that the error entropy always exceeds the entropy of the closed loop

caomponent of the signal at the output, i.e.,

H(x) > H ‘1—1'3- y) A

It would appear that these bounds on error entropy would have
strong applications for system analysis. Unfortunately they do not.
The reason is that even if the minimum possible error entropy occurs
with satisfaction of the equality in equation 3.2.1 (and it definitely

does not), evaluation of the quantity H (%a n| still depends on deter-

mining the values of "a" to achieve the minimum, and if "a" were avail-
able, entropy analysis would have no advantage over the actual

calculation of the properties of the true error.
. y, have little bearing on

[or H Tta

the true minimum error entropy that may be achieved by this system.

: a
In actuality H (1—+5 n

A typical relationship between "a" and error entropy is shown in Figure
3.2. Thus, there is no simple way to find either a or H(x) from this
particular application of entropy for feedback analysis, even though

two apparently very nice reuslts were obtained in the process.

3.3 The Estimation Problem; Description

As the first useful step in the study of the use of information

theory, it is instructive to investigate the elementary estimation
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problem shown in Figure 3.3. A random signal sequence taking on the
values s k=1,2,...,K is processed by the known dynamical system D.
D may be nonlinear and time varying and it may also be non-realizable
in the sense that the system output could depend on future values
of the input. A suitable vector representation for this operation can
be written as:

U = D(Y),
where the U and Y vectors are K dimensional vectors whose components

are the members of the corresponding random sequence, i.e.,

| P Y1
b Y2

Ic
"

|=<
"

’_dl(yl,yz, S ,yK)q B d, (Y) 7]
dy(yys¥gseeesyy) d, (Y)
Dy = |° :

_dK(yl’y2’ o ,yK)- @ dK(_Y_)

-

if dk(yl’y2""’yk""’yK) is independent of all i for i > k+l,

then the system is called casual.




=

- - e m e e

1 SENSOR

+

Figure 3.3. The Estimation Problem.
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At the same time, the sequence (yk} is measured by the noisy
sensor consisting of a nonlinear pre-filter, B, the corrupting
additive noise N and the nonlinear post-filter C. At this point in

P the development, no other constraints are placed on the forms of B,

C, or N, other than the fact that the noise process {nk} is independent

T BTN T YA T N T

of the signal process {yk}, and that B, C, and D be information
preserving in the sense of section 2.4. The measurement vector Z,

is then processed by the estimation filter F, to produce the random
vector V. The optimum filter F(Z) = f(g) is chosen so that V is

the best estimate of the processed signal, U, in the sense of minimum

error entropy. Again, at this point F is not constrained to have

any particular form other than that of information preservation.

Suppose that this estimating system is optimized (or will be
optimized), a natural question is; "What will the system performance
be?" One of the severest handicaps of the currently available
analysis techniques is that the answer to this question requires
determining the optimizing filter and this filter is not easily found.
If the problem is one of preliminary design analysis of complicated
systems, then not being able to easily calculate the optimum per-

formance adds greatly to the design problem and obscures the impor-

tance of certain system parameters. An advantage of the information 5
theory approach developed herein is that it provides the "back door"
‘to'syste'm performance evaluation without solving the filter problem
directly. When the estimation problem has the form shown in Figure

3.3, the following theorem is applicable.
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3.4 The En Theorem for Estimation
Theorem 3.4:

1. For the general estimation problem shoin in Figure 3.3,
and an arbitrary filter function, F(Z), if all the transformations
are information preserving, then the entropy of the error vector X
always satisfies the inequality:

H(X) > H(D(Y)) + H(N) - H(B(Y) + N) = H_, (3.4.1)

where Ho is independent of F(Z). In other words, the reduction in
the processed signal entropy, H(D(Y)) - H(X), due to feed-forward

estimation, cannot exceed the Sensor Channel Transmittance, I(Y;7),
where

ICYW) = I(Yi2) = H(BCY) + N) - H(N).

2. Minimizing the mutual information I(X:iW) is equi. :lcnt tc

minimizing the error vector entropy.

3. The minimum error entropy occurs when I(X:W) = 0. This
minimum entropy is

nq)] = H_ = H(D(Y)) + H(N) - H(B(Y) + N) (3.4.2)
min = G

and is attainable if the optimum filter ' can be chosen o that the

random vectors X and W are independent.

The proof of this theorem is based on considering the mutual
information between the measurement vector, W, and the error vector
X. It is intuitively obvious that in the sense of entropy, if the

system is optimized [H(X) is minimum] then V can not contain any
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irreducible information about the error X, i.e., I(X;V) must be a

minimum. Since I(X;V) = I(X;W) for information preservation, it
follows that this implies that the mutual information between the
error and the measurements is a minimum, If it is not a minimum
then _i_ could be reprocessed and this additional information removed,
thus reducing the entropy of X further. This intuitive notion that

the minimum error entropy corresponds to minimum "error-measurements"

mutual information will be proven.

Proof :

The mutual information between X and W is defined as:

p,. (X,W)
I(X;W) =[d5 Py, (X,W) LOG p—"(wmw . (3.4.3)
X =W =

where pxw(ﬁ,_h_l) is a function of 2K arguments and each i ~gral is
K dimensional, i.e., dX = dxy dx2 oo dxy. According to Table I,
Property 15, this mutual information may be written in terms of the

g individual entropies of X and W as
I(X;W) = H(X) - H(X,W) + HW) . ; (3.4.4)

The vector W is given by
W= N+ B,
so it follows that

H(W) = H(N + B(Y)).

If the distributions of N and Y are known, then at least in theory

H(W) may always be calculated.




The joint entropy between X and W is found from examination of
the system equations
W=N+ B (3.4.5a)

X = -F(CN+B(Y))) + D(Y) = -F_(N+B(¥)) + D(¥) (3.4.5b)

The Jacobian J, for this transformation of [%] into [}} is given

by the expression

AN | 3 B ]
Jeamn =pETE M- -t - ¥
L e 0%y e
0t sty T
=DIT|~ ==~ - - == -
3o 1 D3 |
= DET [3yD - 3ch + (anFC)(ByB(_\_))] (3.4.6)

where the entries in the partitioned matrix are defined in the follow-

ing manner:
anN =1 (the identity matrix)
: ab, (Y)
3y5(!) = B® (with Bij = ——a-y—;— ¥
B ar
oF  (N+B(Y)) 3aF  (N+B(Y))
c, = = Gy e e
1 1
anl b 9 anK
)
3nfes L
aF . (N+B(Y)) aF . (N+B(Y)
R pter - i
a "l.’ a
5 nj K F
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™ aF_ (N+B(Y)) aF_ (N#B(Y)) T
1 1
a' 'l... a —
Yl . YK
| ayrcé : : = 3 F B |
aF_ (N+B(Y)) aF_ (N+B(Y)) |
Op R T = ‘
\ 5 ey a ]
fpre?l YK 3
¥ ¥ 3 pysei: 3 :
1 ¥, Yk
A . .
a.p & . :
yP ; ]
9 ady
gl e U
Y, Yz Yk |
- ;

Using this notation, -
J(,Y) = DET (3 F_] DET (B°] + DET [a,D] - DET [aF 1,

but it is obvious that .

DET(aF.] = DET (3 F) B“] = DET [aF ] DET 8],
! so that finally,
JW,Y) = DET (3 D(Y)] (3.4.7)

The Jacobian given in this manner may then be used to express the

probability relationship existing between the vectors (N,Y) and (W,X).




The pertinent probability density function equations are:

Proa(XoW) X AW = po (N,Y) dY dN = p (¥) p (M) dY AN (3.4.8)

-1
ProaXoW) = P CYX,WD) p (NCXWD) [N, 1|7 (3.4.9)

The joint entropy of (X,W) is defined as

[ i
H(i,ﬂ) - [ dl(_ dE pxw(i,ﬂ) LOG m .

-C0
When 3.4.8 and 3.4.9 are substituted into this expression it
becomes

1
P,V p,(¥) [DETCa D] |7

HOX,W) = f N dY PN p(Y) 10G

s s

(3.“.10)
If the log term is expanded and the indicated integrations
performed, the mutual entropy can then be written as:
HOXW) = HQD + B (L0G |DET (3, D1|} + HQY) (3.4.11)
where Ey { } is the expectation operation taken with respect to the

random variable y, i.e.,

|
Ey {a} | d!gpy(l) . (3.4.12)
An important simplification of this equation is possible, if it is
noted that

HD(Y)) = H(Y) + B (L0G DET [3 D)) . (3.4.13)
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With the aid of equation (3.4.13) the joint entropy of X and W

can be expressed in terms of the entropies of Y and N,

H(X,W) = H(D(Y)) + HON). (3.4.14)

The expressions for H(W) and H(X,W) may now be combined in equation
3.4.4 to yield the equation from which all the results of this
theorem follow:

I(X3W) = H(X) - H(D(Y)) - HON) + HEBCDN) . (3.4.15)

Only I(X;W) and H(X) are functions of the estimation filter F(2),
therefore, minimum error entropy occurs for minimum mutual infor-
mation. Since mutual information is always a non-negative quantity

it must be true that
H(X) > H(D(Y)) + H(N) - H(B(Y)+N) . (3.4.186)

The importance of this equation is that it relates the entropy of
X to the known entropies of the input quantities, without requiring
explicit knowledge of the estimating filter F(Z). In addition the

relationship is true for all possible filters. Let

H(D(Y)) + HN) - H(BCY*N) = H_. (3.4.17)

Ho is a constant for a given sensor and a given dynamical system D
and is not a function of F(Z). Then from equation 3.4.16, it follows
that:

HOX) > H. (3.4.18)

H(X) is bounded below and can never be less than Ho.




If the equality in equation 3.4.18 can be achieved for same

choice of F(2) then that filter must be the optimum entropy filter
because is causes H(X) to take on its minimum value. The equality
of equation 3.4.16 can be attained aonly if I(X;W) = 0, but this
occurs if and only if X and W are independent. Therefore the optimum
estimating filter, f‘(g) is such that

pxw(i,V_I) = px(i) pw(ﬂ) (3.4.19)
with the result that

MIN (HOO) & HOO = H . (3.4.20)
F(2)

It is impossible to over emphasize the fact that in either case,
that of determining the entropy lower bound for estimation with sub-
optimal filters, or of determining the minimum entropy for optimum
estimation, it is not required to actually know either F(Z), or

F(2).

The requirement that X be independent of W requires that all
the data be made available before an estimation is made. This is
analogous to a similar requirement of the Shannon coding theorem,
and it follows that if minimum errors are to be achieved for either
optimum estimation or optimum coding it is required that the entire

message (signal) be known before it is coded (filtered).

3.5 The Channel Transmittance Approach to Estimation

Having shown that the performance of an estimating system that

utilizes an additive noise sensor is bounded by the Channel
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Transmittance of that sensor, it is easy to conjecture that only the
informational properties of the sensor are important for entropy
analysis and the particular form taken by the sensor's model is not

significant. This relaxation of the constraints of Theorem 3.4 is

e T

stated rigorously in the following theorem.

e

Theorem 3.5 (A stronger version of Theorem 3.4)

If a signal vector Y, is measured by a sensor having a Channel

Transmittance, I(Y;Z) then the entropy of the error in estimating

s oo b L o

D(Y) is H(X), and H(X) is bounded as

H(X) > - I(Y;2) + I(X;2) + H(D(Y)). (3.5.1)

Both F(Z) and D(Y) are completely arbitrary single value functions,
and the equality holds when D(Y) preserves information. When F(2Z)
is chosen so that

I(X;2) = 0 (3.5.2)

this corresponds to the minimum error entropy,

MIN {H(X)} = H(X) = H(D(Y)) - I(Y;2). (3.5.3)
F(2)

Thus the maximum system performance improvement H(D(Y)) - H(X) is
equal to the Sensor Channel Transmittance. Note that this theorem
relaxes the constraints on the estimation problem to such an extent
that now all the components may have arbitrary form.
Proof':

Begin with the system equations defined by Figure 3.u4.
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The Estimation Problem with Generalized
Sensor.
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D(Y) - F(2)

2(_:
S ih (3.5.4)

It then follows that with U=D(Y), the joint probability density
function of X and 2 is
Pyz (X,2) = Puz (X+F(2),2) .

This equation is true for any single valued function F(Z), information

preserving or not.

The entropy of [X,Z] must be

H(X,2) = H(U,2) = H(D(Y),2) . (3.5.6)
This expression is then introduced into the equation for the informa-

tion between X and Z in the following manner.

I(X;2) = H(X) + H(2) - H(X,2)

H(X) - H(D(Y)) + [H(D(Y)) + H(Z) - H(D(Y),2)]

H(X) - H(D(Y)) + I(D(Y);2) (3.5.7)
but

I(Y;2)

(K%

I(D(Y) 52) (3.5.8)

with the equality holding when the transformation D(Y) preserves

information. Therefore
H(X) > H(D(Y)) + 1(X;2) - I(Y;2) (3.5.9)

and the theorem is proven.
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3.6 Example
An example supporting the major conjectures of this theorem
is had by considering the simple (and classical) problem of estimation

of a Gaussian signal in additive Gaussian noise. Then:

jeN © B o
11
=< H H

* B

and f‘(g) will obviously be a linear function of Z.

The optimum mean square filter must satisfy the requirement that
the minimum error be orthogonal to be signal Y + N (42, p.218]. This
leads to the equations

~ T il

E{(x-F2) 2}=0

(® E (22" = Bz .

For convenience all variables are taken with zero means. Using

the notation
R, & E (D)
R, 4 E o)

the optimum filter is found to be the matrix
F e Ry [Ryﬂ%]"l ;

The minimum mean square error matrix is defined to be

"




E@D 8o’ sk i’ =R - R
X ‘3=1
% -8, BRI,
=R - [Py+1g1]‘1 R,)

Simplification of this last expression leads to
2 -1
o = lx, [lyrlg_.] (%ﬁ&l_&')
o = R, [Ryﬂg,l‘l R,
Since X, the optimum error vector is Gaussian, the error entropy may
be written directly as
H(X) = 3 106 ((2m DET [o%])
or, making use of o found above, H(i) can be expanded to yield
HQO = 3 106 {(2m* DET [R 1)
+ 3106 ((2m pET [R,*R 1)
+ 7 106 (2" DET [R 1} .
Recognizing each of the terms on the right side of this equation
leads to
H(X) = H(Y) + H(N) - H(Y+N),
which is, of course, the major conclusion of the theorem.
Because of the unique relationship between Gaussian variance and
Gaussian entropy it is suspected that an entropy expression exists

which unites the two points of view. The following corollary to

Theorem 3.5 provides this unification by considering the signal con-

ditioned by the measurements as the fundamental analysis quantity.




3.7 Corollary I to the Estimation Theorem 3.5

Corollary 1

The entropy of the error vector always exceeds the entropy of

the processed signal conditioned on the measurements,
H(X) > H(D(Y)/2) (3.7.1)
with equality if the optimum filter is used.

Proof :

From equation (3.5.7) the error entropy is
H(X) = H(D(Y)) + I(X,2) - I(D(Y),2)
using

T(D(Y),2) = H(D(Y)) - H(D(Y)/Z)

I(X,2) > 0.
It follows that
H(X) > H(D(Y)/Z)
where the equality holds when F(Z) is chosen so that

1(X,2) = 0,
thus proving the corollary.
This result resembles very much the accepted relationships of

classical Gaussian mean square analysis. In fact, in the special

case of Gaussian random variables in a linear system the corollary

reduces to




DET [VAR {X}] = DET [VAR {D(Y)/Z}] (3.7.2)

an equation which is well known (45, p.225]. Of course this is just
a practical example of the supposition first made by DeGroot [20]
to the effect that in uncertainty analysis the various measures,

such as variance and entropy, are interchangeable.

3.8 Steady-State Entropy

When the signal processes are stationary and the transformations
are time invariant, it must follow that after a sufficiently long
time steady-state conditions will exist. Under such conditions it
would be useful to know the entropy of one coordinate of the error
vector. This knowledge is not directly available since all the
previous entropy expressions are always written for vector quantities.
However the average entropy per coordinate ]]éHK(i) » Will serve the
same purpose.

Begin with equation (3.4.1), using S = B(Y)
% HX) > & HADW) + & [H AW - H(SH0)] (3.8.1)

by assumption
1
LIM 4 HK(D(X)

Ko
must exist and it will have the value H(u), i.e., it is the entropy
of the steady-state processed signal.

According to the definition of Incremental Channel Transmittance

given in Chapter Two, it is possible to write




T~
K
(N) - H (S+N) = - (Y3;2) + a; |- (3.8.2)
HAD - BEE = - | BB+ 2 o

According to the result presented in equation (2.9.4), given any ¢,
arbitrarily small, it is always possible to find « sufficiently large

to ensure that

€ _> € Jesitie
where € is defined as
) 3 e
Ci - Ai AQ . (3-5.3)

M is now fixed so that
M>« .

Combining equations (3.8.1), (3.8.2), (3.8.3), and taking the limit

yields
H(X) I,(Y;2) S )’E ¢
LIM —p— > H(w) - LM = - L a_ LIM
Koveo i3 Koo Koo ® K M¥l X
x)

o KE L e - - Lo KL

K Koo
or

H (X0
HGW) - LIM —5— | - a_ <«
K

which is the requirement that the steady-state system performance
improvement due to feed-forward estimation be limited by the

asymptotically stationary Incremental Channel Transmittance, 4_.
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CHAPTER FOUR
THE FEEDBACK CONTROL PROBLEM

4.1 Summary

The most important application of the techniques of entropy
analysis is in regard to feedback control systems. In this chapter
and the next, two types of closed loop control systems will be
investigated and a completely new interpretation of feedback control
will be derived.

This present chapter is concerned with the performance of the
disturbance rejecting system shown in Figure 4.1 which maintains the
minimum entropy output, despite the presence of both external noise y
and sensor noise n. The major result of this chapter is theorem

4.4 which can be stated mathematically as
H(DY) - H(X) = I(U;2) - I(X;2) .

This equation leads to an absolute description of the entropy of the
error vector X and to a bound on the improvement of system perform-
ance, due the use of feedback, that is the channel property of the

system sensor. Also from this equation follows the corollary:
H(X) > H(DY/Z).

Evaluation of the resulting equations with regard to actually
achieving the equality (or the bound) reveals that these expressions
are not tight enough for real time data processing. This indicates
that Theorem 4.4 provides only the initial ground work for an
investigation of feedback control systems. However, this preparatory
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study is more than sufficient to demonstrate that it is again the
Sensor Channel Transmittance that limits system performance. The
developments in the future chapters are all based on this fundamental

idea.

4.2 The Feedback Control Problem; Description

A recurring problem in the design of the class of automatic
control systems, cammonly referred to as regulators, is to isolate a
dynamical system from undesirable disturbances. Typically this
type of problem is solved through the use of feedback. A configuration,
general enough to describe the most often encountered systems of this
class is shown in Figure 4.l. Here y is the disturbing input and
X is the system output. The sensor consists of a linear prefilter B,
a postfilter C, and an equivalent noise source n, which is used to
take into account any measurement error. The linear dynamical system
of “plant" is given by D while the feedback gain is denoted by F.
Often there are unchageable elements of the plant in the feedback
loop. Since F is completely general it is convenient to assume that
such elements are already included as part of the feedback signal
processing. When the feedback gain, F, is chosen so as to achieve

an optimum (in some sense) system output it will be written as F.

When the sensor used in the feedback loop is absolutely accurate,
i.e., there are no discretizing errors, measurement noise, distortion,
etc., then the optimum system solution is to use a feedback network
having infinite D.C. 1loop gain so that the resulting stable control

system provides complete rejection of the disturbances. On the
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other hand, if the sensor is very noisy when compared to the effects
of the disturbing forces, then it would be expected that a low feed-
back gain would be the optimum solution.

Using entropy as a criterion function, it is obvious that
values of feedback gain exist which will cause the system output
to assume, continuously, all the values of entropy between the
entropy of the sensor noise and the entropy of the uncontrolled
disturbances, However, it is not so obvious that feedback can
decrease the output entropy to less than either the signal entropy
or the disturbance entropy. Therefore it is important to ask how
much improvement (if any) over the uncontrolled system entropy can
a given sensor provide when used in a feedback configuration.
Since it is apparent that the performance of the resulting system is
directly related to the properties of the sensor, it is desirable
that the answer to this question should be based only on the
invariant characteristics of the sensor. Theorem 4.4 below,
shows exactly how the Channel Transmittance of the sensor is used
to bound the performance improvement of a sampled data control

system using the given sensor in a feedback loop.

4.3 System Unigueness

The feedback system of Figure 4.1 may be described by the
equation

W= BDY + N - BDF(C(W)) . (4.3.1)
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This equation may be solved as a function of BDY+N to yield the
expression

W = g, (BDY*N) . (4.3.2)
If g, is a single valued function of BDY+N it will be possible to

write the informational inequality
I(n;W) < I(n;BDY+N) (4.3.3)

for any arbitrary random vector n. This is an important step in
the development of entropy analysis of feedback systems and so it
is critical to understand the conditions under which g1 is a unique
function of BDY+N. To simplify the discussion somewhat, the signal
is set equal to zero and only the noise response of the system is

studied. The mathematical constraint on g,(N) is that the Jacobian

oW
JGW,N) = DET (s b = DET [I+BDF; () 17

a_
exist and be non-zero always with the same sign. For a physically
realizable system this states that the perturbation response of
the system is stable. This agrees with experience; the noise response
of stable realizable systems is unique. The explanation of this
lies in the fact that the effect of a noise input can't appear instan-
taneously at every point in the loop. One or more component outputs
are not changed because of a noise input. Under the assumption
that all system elements perform single valued transformations of
the inputs it must follow that any signal in the loop is a single

valued functional of the inputs and the initial conditions, if any.
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When the feedback system is nonrealizable it is possible that

the noise response is now unique. For example in Figure 4.1,

take
F D =d
; B -3
L c =1
F(z) = 2°

Then for a noise input, n,

w=n-dw2

or w may have two values

s -1 + Y1+4dn

but if w has two value: so does x,
o 2
x = -d(x+n)

or

x2+x(2N+al-)+r\2=0

(2n + %) + \/(2n + %)2 - un?

i 2

This’ clearly indicates that the mathematical description of the system
is incorrect, because what practical use can a multiple valued system
output be when it is impossible to tell which output state will

result from a given input? This type of system must be of limited
use and will not be considered in this dissertation; only systems

for which gl(ﬁ) is unique will be allowed.
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4.4 The Entropy Theorem for Feedback Control

The entropy analysis of the regulator problem, Figure 4.1, is
simplified by the use of the following lemma.

4.4.1 Lemma

For closed loop noise rejecting control systems of the form
shown in Fiapare 4 +T™TH afMitrary sensor configuration, the joint
entropy of the errors and the measurements is equal to the joint

E entropy of the open loop signal and the measurements, i.e.,

where
For this lemma the plant D()), is constrained to be linear.
Proof : ko

The variables X and U are related by

X = D(Y) - F(2).

Therefore

Py,z (X,2) = P ,(X+F(2),™

Thus proving the lemma.

The results on an entropy analysis of the regulator of Figure 4.1

is summarized as Theorem 4.4. The main result is that the reduction
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in the processed signal entropy, due to the use of feedback, cannot

exceed the open loop Sensor Channel Transmittance.

ST u-,(-_nuv-.)gg,-_?w‘.ﬁ?mﬁm

4.4,2 Theorem 4.4

For the regulator problem shown in Figure 4.1, where B and D

are linear, C is information preserving, and the feedback gain F(Z)
; *w.~e. - o 1S arhiteary: v

1. Minimizing the mutual information I(X;W) is equivalent to
minimizing the entropy of the error vector.

2. The entropy of the error vector, H(X), always satisfies the
inequality

H(X) > H(U) - I(U,S*N) = i (4.4.1)

U = DY,

BDY .

3. Since I(U;S#+N) is the open loop Sensor Channel Transmittance
it also follows that

H(U) - H(X) - H(S+N) - H(N). (4.4.2)
The improvement in the system performance because of the use of feed-
back is bounded by an open loop quantity that is independent of F(2).

Proof:
The mutual information between the errors, X, and the measurements,
Z, is

I1(X,2) = H(X) + H(Z) - H(X,Z) . (4.4.3)

- . L OB LBt Mt See W ©
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Applying the lemma, and rewriting yields

I(X,2) = H(X) - H(U) + H(U) + H(Z) - H(U,Z)
? = H(X) - H(U) + I(U;2)
or
;' H(U) - H(X) = I(U;2) - I(X;2). (4.4.4)
M-”n’ GGG TGS WY - e SO GRS, e e 1

This reuslt is not particularly useful since it utilizes I(U;Z),
which depends on the sensor closed loop Channel Transmittance. The
reason that I(U;Z) is not useful is that to calculate it, or measure

it, requires specifying F(Z), and the whole purpose of entropy analysis

is to avoid doing that.

When the sensor noise is additive and the prefilter, B, is
linear the closed loop Channel Transmittance may be related to the

open loop Channel Transmittance as follows:
Z = C(BDY+N - BDF(Z)).

Using
s @ oy

this equation may be solved to obtain Z as some function of S#N, i.e.,
2 = g,(SN) = C(gl(gfrﬁ)).

As discussed in Section 4.3, g, must be single valued. Now, either

g, preserves information, or it does not, but in either case,

so that then
H(U) - H(X) < I(U;S+N) - I(X;Z). (4.4.5)
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Since only H(X) and I(X;Z) have a functional dependence on
F(Z) it must follow that minimizing H(X) must be identical to
minimizing I(X;Z). Since I(X;Z) is always non-negative the lower
bound on being able to use a feedback function, F(Z), to reduce H(X),
must be the Sensor Channel Transmittance, I(U;S+N).

Using equation (2.7.10)

I(U;S#N) = H(S+N) - H(N),
equation (4.4.5) becomes

H(U) ~ H(X) < H(S*N) - H(N) = 1 (4.3.5)
with equality if g2(§+§) is an information preserving transformation
and if F(Z) is chosen to achieve

p(X,2) = p (X) p,(2).

Thus, an inequality for the joint entropy of the error coordinates
has been found which is true for any feedback element, F, and does
not depend on knowing the feedback gain function in order to evaluate
it. The constant r, is a function of the parameters of the sensor
and the statistical properties of the input signal and immediately
sets the lower bound on the system entropy performance, irrespective
of how sophisticated the feedback optimization is made.

Thus it has been proven that the effectiveness of a feedback
loop in reducing system errors is determined by the ability of the
sensor to transmit -information. This is an entirely new way for

looking at feedback control systems. It is the first time that the
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entropy flow of signals around a feedback loop has been examined,
and the first time that it has been proven that system performance

is determined by the entropy handling capabilities of the camponents.
Rearranging the terms of equation 4.3.3 and using
I(X;2) > 0,

leads to
H(X) > H(Y/W).

This resembles previously obtained conditional entropy expressions
and it also sets a lower bound on the possible system error entropy.
It is disappointing that this result can not bridge the gap to the
real time Gaussian linear solution as it was able to do for the
estimation problems. The reason is real time data processing
considerations are such that H(X) can not be caused to be equal to

HOY/W) .

Actually the question of achieving the bound for physically
realizable systems is the only disenchanting facet of this theorem.
The requirement for equality in equation 4.4.5 is that I(X;W) (or
I(X;Z)) be equal to zero. Of course, this is just the condition that
the function ;‘(Z) be chosen so that the measurements Z are independent
of the error X. In a realizable closed loop control system the error
is generated in real time because the only data that may be taken
by the sensor is data about the errors and without data there cannot
be errors, etc. Therefore it is impossible to cause past coordinates

of the error vector to be indpendent of present or future measurements,
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using a physically realizable filter, F, and H(X) can not be equal

to Ho‘ This disadvantage in no way impairs the validity of the
bounds derived non-realizable systems but it does reduce the
usefulness of the theorem. The truly useful result must have a
tighter bound and it must be attainable. Obtaining this type of
result is considered so important that the contents of Chapter Six
will be devoted to deriving the real time solutions for both the feed-
back and the estimation problems and to examining the properties

of that solution.




CHAPTER FIVE

THE TRACKING PROBLEM
5.1 Introduction

As already demonstrated in Chapter Four, the most significant
application of entropy analysis is for the study of feedback control
systems. Through the use of Channel Transmittance concepts, entropy
analysis provides an entirely new interpretation of the benefits and
limitations on the use of feedback to improve system performance.
This interpretation is in complete agreement with conventional
verbal descriptions of such systems but until now, it has not had a

suitable mathematical foundation.

This chapter continues the study of entropy analysis by
examining the performance of a closed loop tracking system. Results
are again derived which demonstrate that the performance improvement
of a tracking system utilizing a feedback loop over that of an open
loop system is directly limited by the Channel Transmittance of the

system sensor.

In this case the performance bounds can not be achieved and
therefore are not as tight as would be desired. However the experi-
ence gained fram the present limited approach paves the way for the
sharper results presented in the next chapter and those results
justify the continued emphasis of this dissertation on Channel
Transmittance as a fundamental concept in estimation and feedback

control.
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5.2 The Tracking (or Servamechanism) Problem; Description

The procedure of examining the mutual information between the
error and the measurement quantities is applicable to problems
involving noisy measurements of signals in either open or closed
loop configurations. In this dissertation the (closed loop)

servamechanism is the last class of system to be studied.

The main purpose of a servamechanism is to cause the output
to follow, or track accurately an input signal. This is usually
accomplished by sensing the difference between a function of the
output and the input, filtering this quantity and then applying it
to the plant. This configuration is shown in Figure 5.1. The most
important aspect of the system as considered here, is the identification
of certain components of the system as being elements of a measure-
ment device. The form chosen for this sensor is general enough to
include the major characteristics of feedback devices ranging fram

simple potentiometer pickoffs to gyros and human operators.

As far as the sensor components are concerned, B must be a
linear element and the noise must be additive. The filters C and
R may be non-linear, as long as they are information preserving
in the sense of Section 2.4. The optimizing filter and all fixed
elements of the feedback path may also be included into R. The
fixed part of the system is D, and P is a filter which may be
added because of the auxiliary system requirements not germane to
the tracking problem. The only constraints on P and D are that they

be information preserving.
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5.3 The Entropy Theorem for Servomechanisms 1 ’.

The entropy analysis of the feedback tracking system is simplified
through the use of the following lemma.

A S il i

5.3.1 Lemma

For closed loop tracking systems of the form shown in Figure 5.1,
having an arbitrary sensor configuration, the joint entropy of the

signal and the measurements equals the joint entropy of the error
and the measurements, i.e.,

H(X,Z) = H(Y,2).
No further constraints are placed on the system camponents. ]

Proof:

X=Y- K2
Pe 2D =y (K+F(2),2)

H(X,2) = H(Y,2) Q.E.D.

This lemma will now be used to prove the entropy theorem for servo-
mechanisms. The major result of this theorem is that the improvement 1

in system error performance because of the use of feedback is limited

by the Sensor Channel Transmittance.
5.3.2 Theorem 5.3 (The Entropy Theorem for Servomechanisms)

For the tracking problem shown in Figure 5.1, where B is linear,

C information preserving and the feedback gain, F(Z) is arbitrary;




1. Minimizing the mutual information I(X,W) is equivalent to
minimizing the entropy of the error vector.

2. The entropy of the error vector, H(X), always satisfies the
inequality

H(X) < H(Y) - I(Y;BY+N).

3. Since I(y;BY+N) is the open loop Sensor Channel Transmittance
it also follows that

H(Y) - H(X) < H(BY+N) - H(N).
Proof :

The proof for this theorem follows the same pattern as the
proof for the regulator theorem (Section 4.4). The mutual information
between the error X and the noisy measurement quantity 2z is I(X;2),

which may be written as

I(X;2)

H(X) + H(Z) - H(X,2)

H(X) - H(Y) + H(Y) + H(Z) - H(Y,Z)
H(Y) - HX) = I(Y;2) - I(X;2).

I(Y;Z) is the mutual information between the signal Y and the closed
loop measurements Z, and unless F(Z) is given, it can not be calculated
or measured. However, when the sensor is specifically constrained

to have linear prefiltering and additive noise it follows that

z

C(BY+N - BF(2))

g,(BYHN) = g (C(EY+N).
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According to Section 4.3, ‘2(') is a single value function so

If gz(Bx_ﬁy_) is an information preserving transformation then this
last equation is an equality.

H(Y) - H(X) < I(Y;BY+N) - I(X;Z)

only H(X) and I(X;Z) are functions of F(Z), so minimizing I(X;Z) mini-
mizes H(X). Using

I(X;2) > 0

ICY;BY+N) = H(BY+N) - H(N’
leads to the final equation

H(Y) - H(X) < H(BY+N) - H(N). Q.E.D.
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CHAPTER SIX

REAL TIME DATA PROCESSING

6.1 Sumary
An unfortunate limitation of the theorems of the preceding

chapters is that, in order to achieve the lower bound, the processor
must have access to the entire time history of the sensor output
before it estimates the signal. This delay, which is required to
make all possible information available, is not a serious defect
for some categories of signal estimation, but it is disastrous in
any real time estimation problem and catastrophic for feedback
control systems where the presence of even small lags carries a
high penalty.

Of course, this in no way impairs the validity of the bounds
derived above, but their shortcamings due to the time lag require-
ment leads to the belief that in real time (or sequential) situations
even tighter bounds may exist. If such a tightened bound exists,
it is certainly obvious that the real time data processing system,
where the information gained because of the new measurements can no
longer be used to correct the previous errors, can have a performance
no better than the total delay system, and probably has a pooren

performance.

The work in this chapter develops the theory of sequential
information and shows how this entirely new concept adapts itself
readily to the real time pecularities of closed loop feedback systems.

The first step is to define the Sequential Channel Transmittance of
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the sensor. This property measures the sequential cumulative

PR

acquisition of information about the signal as measurements are
made. This definition is contrived so that it completely discounts
information derived from the new measurements about past signal
samples. Of course this is what must be done in any real time
processing system if it is to remain physically realizable.

The next step is to consider the Incremental Sequential Channel
Transmittance, i.e., the amount of new information derived from one
new measurement. The sum of all the incremental transmittances up
to scme time is obviously the Sequential Channel Trensmittance.

The incremental quantity meets two important needs. First, it
measures the importance cf new measurements. Secondly, if this
quantity approaches zero, it provides an indicaticn of what the
asymptotic Sequential Channel Transmittance will be and how fast
the asymptotic limit is approached. This asymptotic Sequential
Transmittance is the irreducible uncertainty of the signal and no
amount of additional measurements and data processing can decrease
the conditioned signal entropy below this level, even if the data

processing is optimum in the entropy sense.

Knowing that the total delay system performance of an estimation
system is limited by Channel Transmittance as shown by Theorem 3.4,
and suspecting that Sequential Channel Transmittance plays an
analogous role in real time systems, it seems reasonable to assume
that a theorem analogous to Theorem 3.4 can be proven for the real

time estimation case. It turns out that such a theorem can be proven
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by direct application of the following result, which will be proved
as a lemma later.
"The joint entropy of the error and the measurements equals

the joint entropy of signal and the measurements, "

Similarly, for real time closed loop feedback systems, an analogous
lemma and an analogous sequential theorem can be proven. For both
the estimation and the feedback problem the entropy bounds are tight
(i.e., achieveable) so that optimum realizable performance may be
predicted and obtained. In the special Gaussian-linear case, the
mathematical representations of the theorems for both types of systems
admit simplifications which reduce them to the same results as
obtained by conventional Gaussian-linear analysis, which shows the

complete generality of the new channel approach to system analysis.

6.2 The Sequential Channel

In many situations it is desirable to know the Sequential Channel
Transmittance of a sensor, which will be denoted by I(yk;_Z_) and which

is defined by the relationship

Hy}&E) = H(Z) - H(g/yk).
By continuing to interpret the sensor as a measurement device, it is
seen that this quantity represents the information between the last
input and all the previous measurements. It is easy to see that
I(yk 32) > I(yk ;zk), which is the information between the last input
and the last output. This implies that even though some of the

measurements 2,9 i # k were not made of the Y) variable, z; is
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is still statistically related to y, and can therefore provide

useful information about y, .

The Sequential Channel Transmittance is different than the
Channel Transmittance, I(Y;Z), previously defined. In the previous
case, Channel Transmittance is the information between all the inputs
and all the measurements. This quantity implies that, in some way,
time may be made to stand still until all the components of Y are
measured, and then all the information in Z about Y may be utilized
for whatever end is desired. Sequential Channel Transmittance
implies just the opposite and emphasizes the inevitable march of

time, and the uselessness of a measurement that comes too late.

Control systems are an example of how the "arrow of time"
renders same information useless, for no matter how much additional
measurements are related (in a statistical sense) to previous inputs

it is too late to make use of the information.

When C is an information preserving transformation, it follows
that for the sensor shown in Figure 6.1

Iy, 32) = I(y, 3W) = H(W) - H(W/y, ).

since H(W) = H(BY#N), in order to determine I(y, ;Z) it remains to deter-
mine the conditional entropy of W given Yo A useful relationship
between the respective probability density functions is

Py WsY) = By(Y) p, (W-BY).
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where in the last integral the notation

T * Yx

R, ® (dr,_;)dn ... (dry)

has been used.

6.3 Incremental Sequential Transmittance

The Incremental Sequential Transmittance is by» where the

definition of this quantity is
6 ; o ‘
8 2 Iyyi2) - Ty 152 )
In the stationary, time invarient case,
Ty g 320 < T 200 200 = Ty

therefore, I(yK;zx) is a monotonically increasing function with K.
Expand I(yK;QK) according to property 16, Table I, Section 2.2,

I(yx;&) = H(yK) - H(yK/EK).

When the processes are stationary and y is generated by a markoff

source,
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H(yK) £ H(y)

and, according to Theorem 2.2.2,

LIM H(y, /Z,) H(y /Z)
Yo yKZK ya-o

which implies that the Sequential Channel Transmittance approaches a

steady-state value. Moreover, it follows that

LIM 4,=0.
K-mK

The interpretation of this result is that even though the sequential
information about y contained in the measurements is increasing, i.e.,
the entropy of y conditioned on the measurements is decreasing, the
effectiveness of the oldest measurements to provide information about

the latest signal is decreasing to zero.

6.4 The Sequential Entropy Theorem for Estimation

6.4.1 Introduction

The total vector derivations made in Chapter Three have hinted
strongly that a real time entropy solution for the problem exists,
and experience indicates that that solution will be a function of the
real time capability of the sensor to transmit information, i.e., the
Sensor Sequential Channel Transmittance property. But before this
aspect of the problem is investigated, it is convenient to prove the

following lemma which will be used in the proof of the sequential

estimation theorem.




Lenma

For the signal estimating system shown in Figure 6.2, where
C is information preserving, the joint entropy of the error and the

measurements is equal to the joint entropy of the processed signal

and the measurements, i.e.,

H(xx,ﬂ) = H(uK,E) (6.4.1)
Proof:

The proof will proceed by examining H(xK,LJ) and H(uK,E) separately
reducing the expressions so that they are a function of the fundamental

quantities py(_'{) and Pn(ﬂ)» and then showing that the two expressions

are indeed equal.

The formal definition of H(xK,y_) is:

H(xK.!)

” [ dxy f A pxy W) LOG Py )

g fdﬁjd! Py (XaW) LOG plx W), (6.4.2)

Using a previously derived expression for Py (X,W), namely equation

(3.4.9),

-1
Py, (XoW) = py(_Y_) p,(N) |DET [ay D(Y) ]| (6.4.3)

and the system equations
D(Y) = X + Fc(ﬂ) (6.4.4a)

N=W-BDTN (XeF (W) . (6.4.ub)
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The Sequential Estimation Problem.




It follows that:

aD™L(X+F_(W))

MR
[3yD(!)] = W (6.4.5)
and
: 1 1
Broy M) = [py (D (&rc@) )]L P (E - (e ) )]

. (6.4.6)

Using the probability formula and making the change of variable
¥ = DHKeE (W)

the joint entropy of the scalar Xy and the vector W becomes

Hoo W = - [ ay f a p, (%) p,(H-BY) L0G [P, (6.4.7) !

s

o foup b oo el *

(6.4.8)

The important term in equation (6.4.7) (and also the most difficult
term to handle) is the argument of the logarithm and it will now be
studied separately.
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The following simplifying vector notation is used:

>

COL {x1‘x2,; .. ’xK}

= COL (xl,xz,...,xx_l}

(Y) - F_ (BY+N) = 4 (Y) - F_ (W)
4D - o B0 = 4D - 7 W

dxl clx2 o ‘de-l

(6.4.9a)
(6.49b)

(6'“.%)

(6.4.9d)

The quantity [P] can be simplified by making the change of variable:

R=p"

(X+F_ (W)

or using X as a function of R this transformation is:

X = D(R) - F_(W) .

Then

(6.4.10)

(6.4.11)

’ " PR
(P] = f dRy ) Py(R) B (H-BR) lnt:r Co, DI pEMa ™ DR, )|

where

ad, (1) 2, (V)
ay . L . a
1 Yx
3, (¥) 2, (Y)
L ayl . . - ayK J

(6.4.12)

(6.4.13)

is the K dimensional Jacobian of the transformation U = D(Y) and

106

et iy ™ " e




i Ve

2, (%, ) )
W T TG
X1p- . : (6.4.14)
y L ) o

W,y Wy-1

is the (K-1) dimensional Jacobian of the transformation Uy ,=D(Y, ,)
with D(Y) defined as

d, (¥)

D(Y) = :
()
| L

When the simplified expression for [P] is used in the joint entropy
H(xK.E) it becomes:

HOx W) = - f dY W p,(Y) p,(W-BY) LOG f dRy_; Py(R) P (W-BR)
|nz:r [aﬁ p1~} pET [af“l D]I (6.4.15)

Having derived this expression, it is now convenient to shift attention

and derive a similar (in fact an identical) expression for H(uy ,W) .

Consideration of H(u. W) is based on examining the transformation
between (Y,N] and [W,U], i.e.,
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The Jacobian of this change of variables is given symbolically as:

J = |DET ay D(Y)| = |DET [g—;] l (6.4.16)
so that the relationships between the various probability density

functions are

Pau(Wsl) dW aU = p (¥) p, (N) dY aN (6.4.17)

> ¥ .
P = p (D Yw) p w-B07tw) [pET 3 07N (W] . (6418

The joint entropy of u, and W, in terms of py(-) and p () is found

by using the probability formulas in the entropy definition

« «© o
H(uy W) = - [d_q [dﬂ Py (UsW) L0G fdgl(-l Pue QW)
to yield

d

K -1 -1 -1
H(u W) = - U | dW [DET (3 D (V1| Py (D (W) p, (W-BD" (W)

s
M

K -1 -1 -]
LOG f dgK_l | DET [aq D Q]| py(D (g))pn(E-BD Q)
& (6.4.19)

where Q is a dumy variable of integration and Qe It is important
not to confuse the variables of the expectation integral with the
variables of the integration performed within the LOG argument in order
to achieve the necessary marginal probability distribution. In the
expectation integral make the change of variable defined by:
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plw =y (6.4.20)

plQ =a (6.4.21)
here g, o

With these new variables

au |oeT (aX D= ax (6.4.22)

[a: D@1 = [aX pe@)1™? (6.4.23)

9, = day_, |DEI‘ (ay~? D(gx_l)]-ll. (6.4.24)

It then follows that:

Hlu, W) = f ay f & p () B, (W-BY)

|DET [at-lD(g.k_lﬂ |
|DET [ X D) ] |

(6.4.25)

day.) Py(a) p,(W-Ba)

B
2

This expression is identical to the expansion for H(xx,ﬂ) therefore
HCu W) = H(x, W) (6.4.26)

and the lemma is proved.
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6.4.2 Proof of the Theorem for Sequential Estimation
Theorem 6.4:

1. For the general estimation problem shown in Figure 6.2, with
arbitrary F(Z) and C information preserving, the entropy of single

scalar error always satisfies the equality

I(x ;W) = H(x,) + H(W) - H(d, Y,W) (6.4.27)
and the inequality

HGx) > H(QY) + H(BY+N/Q,Y) - H(BY*N) = H_ (6.4.28)
where l:lo is indendent of F(Z).

2. The system performance improvement due to feed-forward

estimation is limited by the Sensor Sequential Channel Transmittance
H(QY) - Hlx) < H(BY*N) - H(BY*N/q\Y) = I(d Y;BYsN). (6.4.29)
3. Minimizing the mutual information T(xy ;W) is equivalent to
minimizing the error entropy.
4. The minimum error entropy occurs when I(xK;E) = 0 and is

Hx, ) = Ky = H(QY) + H(BY*N/A,Y) - H(BY+N) . (6.4.30)
min
This value is attained if the optimum filter F is chosen so that the

most recent error, Xy s is independent of all the previous measure-

ments, W.

Proof:
The proof, although more involved than those studied previously,
follows the format that has been successfully applied to the total
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error vector case. As before, begin by examining the mutual information
of the scalar x, and the vector W.

I04W) = Hx) + HOD - HOW,x) (6.4.31)

H(W) is H(BY+N), so the only problem is to determine H(!I_,xx).

H(x,K,E) = -I(uK;E) + H(W) + H(uK) = H(U.K,!). (6.4.32)

This last equation can now be introduced into the mutual information
I(xK,E) to yield the basic result of this theorem,

TGy W) = HOG) + HW + T(u W) - HW) - H(uy)

I(xK;b_J) H(xK) - H(uK) + I(uK;_bl) . (6.4.33)
Rearranging this equation produces

H(y) - HGx) = ICu W) - I(x, ;W) (6.4.34)

H(y) - Hx) < ICuy ;W) (6.4.35)
and the theorem is proved.

The quantity I(u.K;g) is the mutual information between a sample
of the processed signal U and the measurements of Y. It appears
that the ability of feed-forward sequential estimation to reduce
the uncontrolled entropy of a processed signal is limited by the

amount of information provided about the processed signal due to

measurements of the signal. This observation remains true even when

the sensor does not have the specific form given in Figure 6.2. The

proof of this is given in the following corollary. |
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Corollary I:
If a signal Y which is the last element of the sequence,

Yys¥gaeees¥yse e a¥yo is measured by a sensor having no other
description other than its processed Channel Transmittance, I(uK;_Z_) .
then the entropy of the error H(xK), in estimating dK(}_f_) is given
by

H(xK) = H(dKQ!_)) + I(xK;_Z_) - I(dK(_‘g) i2) . (6.4.3°
If fK(_’{._) is chosen to achieve

I(xK;_Z_) =0

then

MIN - (H(x)) = HOg) = (1) - TG4 (0);2) (6.4.37)
£.(2)
K=

Note that neither d,(Y) or f,(Z) are constrained to preserve information.
Proof':
Figure 6.3 yields the system equations

X = 4 (Y) - £(2)

Z=or+z
since
D = vy

the joint probability density function of Xy and Z is
Pyp (X¢s2) = p, (X +,(2),2),

from which it follows that

H(x,2) = H(ug,2) = H(d(1),2).
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The Real Time Estimation Problem
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This entropy equation is true regardless of the nature of fK(_Z_) and
no constraints as to information preservation are implied. The

mutual information between the error and the measurements is

I(xK;E) H(xK) + H(2) - H(xK,g)

HOx) = H(d (1) + [HA () + HZ) - Hd (D), 2) ]

"

H(x ) = H(Q (Y) + I(d,(Y);2)
which proves the corollary.

Depending'on I(u,;2) this result is not as "clean" as the one
for the non-real time estimation problem where the system performance
was limited directly by the Sensor Channel Transmittance. The discrep-
ancy cames about because of the real time requirements on the estimating
procedure. The scalar u, may be a function of all the past signal
samples, ¥, but Sequential Channel Transmittance is defined in
terms of only the latest signal sample, Y+ A modified sensor such
as shown in Figure 6.4 may be defined if D is an information preserving
transformation. The change in system performance of this new system,
due to feed-forward estimation, is now limited by the modified sensor

Sequential Channel Transmittance.®

When no reliable analytical descriptions of the system components

are available, the conclusion of Corollary I implies that it would be

*The modification of the system in this manner is not entirely analogous
to the situation that results from taking D as the identity operator
but bears a resemblance to that approach in that if D=I, channel
capacity is again the performance limiting factor.
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useful to carry out the open loop experiment in Figure 6.5. The
result of this empirical investigation, I(uK;_Z_), can then be properly
utilized in the preliminary design of feed-forward estimators because

it is the upper limit on system entropy improvement.

While the performance bound is not totally pleasing since it
depends on I(uK;.Z_) and not on the Sensor Channel Transmittance,
I(yK;Q) , it is mathematically sound and intuitively correct and it does

lead to the following important corollary.

6.5 Corollary II to the Sequential Estimation Theorem

Corollary II:

When the causal optimum filter is chosen so that the most recent
error is independent of all measurements, the entropy of the error
is equal to the conditional entropy of the processed signal (con-

ditioned on all previous measurements), i.e.,
HO) = HCu /W) . (6.5.1)

Proof':

The optimum filter is chosen so as to cause

I(xK;ﬂ) = 0.
This causes
= Hu) - Iu W) + I(xy 3W) (6.5.2)
2 H(uK) - I(uK;!I_) (6.5.3)
e H(uK) - [H(uK) - H(uK/y)] (6.5.4)
s H(uK/_\!) Q.E.D.
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The uncertainty in Xy is the uncertainty of the processed input

signal, given all the measurements.

Theorem 2.2.2 shows that when uy is a markoff process and is
stationary, H(uK/!l_) is monotonically decreasing and approaches a
finite value and therefore

H(x,) < H(x) < H(x, ,) ¥ K (6.5.5)

Equation (6.5.5) is interesting because it demonstrates that under
the stated conditions the error entropy is monotonically decreasing

and approaches a finite steady-state value given as
H(x_) = H(u_ /W)

It is interesting to note that this result is not true in general.
Under certain conditions the entropy of x can decrease without limit.
For example, if the signal y were a constant then after a sufficiently
long time the estimate of y derived from noisy measurements would

have arbitrarily small error and the entropy of that error would have

no lower bound.

6.6 Gaussian Example

The sample problem described in Section 3.6 is again examined.
Contrary to the previous examples, the entropy solution to the real
time Gaussian estimation of a signal in additive noise is not very
simple. This is because the Gaussian mean square solution to the
problem is not very simple.

First let us determine the minimun variance error using the

classical techniques of Gaussian estimation theory. If Yk is the last
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signal sample, then the best estimate of y, is

vV, = FZ

K
where now Z is a column vector equal to Y+N and F is the optimum
row vector chosen so that the scalar quantity

o’ = E {yK--vK}2
is minimized. It is well known that F will satisfy the orthogonality
condition (42, p.216],

E {(y,~F2)(ZD)} =

FE@Z) = Ely, 2"} .
Then using the following notation
R, & EQy’)
2 8 02
°y 2 E{yK}
4 T
R, ¢ EowT)

PYY-E{yY)

for zero mean random variables. Now F is

F = Ryy [lvlg\]‘l.
%Y is a row vector and [Py+}§,‘] is a square matrix. The minimum
variance error using this solution is 02.

2 2 E (yy D)) = Blyl-y, F2-FZy#F22'F)

Q
n

qTA

Q
"

E{yK+[FZZ yKZ
o = Ely}) - FRyy

oy ye BRI Ry

Q
]




It is obvious that

2 -1 3

s + R+R 1 1I

% * Ryy [R#RT - [RR,1 L
where i is the column vector with zero entries in all but the Kth

coordinate, i.e.,

I

= mL {0’0"-"1} .

Using this expression the minimum error variance becomes:
2 -1 - T
o" = Ry [lan] ((Ryﬂg‘) I- NY}

since

R = Ky

and
R, L+ K & Engly”
o = Ry [R#R I K] -

Because x is a Gaussian random variable its entropy is:
H(xK) = %‘- L0G (2res?) .

This is the final result and resembles very much, in form, the error

found for the non-casual case in Section 3.6.

The entropy theorem on real time estimation applies, with the
following system parameters:

D=1

B=1
=1

iN o
"

N
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Since all the variables are Gaussian, the optimum filter is linear,

the error can be made independent of the measurements and the equality
H(xK) = H(yK) + H(!*_tyyx) = H(Y+N)
is attained.
It is true that
H(Y*N/y, ) = H(Y+N,y, ) - H(y)
so that
H(xK) = H(X+_I§J_,yK) - H(Y+N).

The first step in determining this solution is to evaluate H(_Y_+Q,yK).

HOYSN,y, ) = [ dy f N p (1) p () LG

1

[ @ n @000

where the equalities

2= YN

Pyan,y Q,2) = py(Q) Pn(Z2-Q)

Yk ® 9
have been used.

- 79,

p.(Q) = —=
y 8 (2:)](/2&5 [l&]




I e e e e )

R |

il > H2-Q 'R 2Q)
} Z .
Pn'EQ TRLL E (R,]

Q) . 1 - 1 0lp=1 ( )T-l 2-0)
S S ST T AR S

Now examine the exponent and expand

gR' 0+ QR @@ = Q'K ¢ 2Rz - QRIZ-ZR IR

. F nilw\-\ll &= QTPQIZE g _Z_'r,glg : é'r&-‘l_z_

-1, p-1

Q" - RMRH™ Rl IR (g - (RGMRTH Rz
- 2D (,\;1,&-\1)-1 [\-’1,&-‘1] (py-l’&:l) K] + TRl
[Q-R,(Ry#R 7217 [RSHRTY (Q-RU (R +R )72

+ 2" RAR 172

Using this last expression the term p_(Q) p (2-Q) may be written as
V(@ P, (2

the product of three terms, two which may be identified as being

Gaussian probability density functions.
VDET [N‘\P\\]
\ﬁr:r [RR,J DET [RRTD

-

py(g) P,(2-Q) = 162

where G1 and G, are Gaussian pi. bability density functions defined
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- 7 [ER R +R)™21T (R IR [e-R (R +R )" '2]
\/(2.) DET [R;1+R7117

- 72 RpR 172

G2 = & s pz(g)
K/2 ,
(2v) DET US;Rn]

= S W X ) %
and DET [Ran] DET [Ry *R_ "] = DET [Pben]. Since G, is independent

of Q, and since the distribution of Z = Y + N is the more important

one it follows that

HEN,,) = f f p,() B, (W) LOS

-00

1

_[' B S

+fdgf N py () B0 106 Sy
z——

=00

L

Obviously the last term is H(Y+N) and the first term can be simplified

as follows. Gl is Gaussian and a function of the K variables

LIRS VEREEEL e
r dgl(-lel must also be Gaussian and is the function of only Qs using
00

~

I=C0L {0,0,...,1} it may be expressed as:
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Yo % ~loid ¢ T Y s
e La-I'R (R *R ™21 [T (RS +R ) 1)

/ for (b

f Bty i™
Therefore the joint entropy H(Y+N ,yK) becomes

-1 1,2
[yI'R (R +R )7'2]

® ® 1
y o
H(!*E,YK) = H(Y+N) + f dy f div py(!) pn(ﬁ) ITT&_ lﬂgl)' i

+ 3 1L0G l:zn DET (11 (R;H4R-D) _I_]:l ;

In terms of the previous derivations
:T =1, o-1y-177 _ -1.T
DET (I (Py +&\ )""1] = DET [RyY(Ry”\u) %N]
and
'R (R#R) 2 = Ry (R R 2

moreover,

E Ry @™ 2% = o - Ry @eR)™ Ky + Ry R
2 -1 T
oy - RyY(Ryﬂ%) &_/Y

T

-1
RyY( &/‘.Rn) &W

so that finally,

H(ZAN,y,) = HOE#N) + 1+ 2 106 [(2m) DET [Ryy(R+R)™ R 1.
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since %- = LOG, (e), the error entropy at the Kth instant is now

found to be

e, 1. T
H(x,) = 3 LOG I-(2ne) DET [PyY(Pys‘&‘) RN ]
—
which is, of course, identical to the solution obtained through the

use of conventional mean square analysis.

6.7 The Sequential Entropy Theory for Feedback Control Systems

6.7.1 Introduction

The feedback problem has already been introduced in Chapter Four.
In this section the concept of Sequential Channel Transmittance will
be applied to the problem in order to determine a real time [physically
realizable] solution. The following lemma will be a cormerstone
of the Sequential Entropy Theorem for Feedback Control Systems.
Lemma

For the closed loop feedback control system of the form shown
in Figure 6.6 with arbitrary system parameters and arbitrary sensor
configuration, the joint entropy of the open loop signal and the
closed loop measurements is identically equal to the joint entropy

of the error and the closed loop measurements,

H(x,,2) = Huy,2) (6.7.1)

Proof :
Let

DY = U (6.7.2)




Zk
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(@]

V,
k FH‘

1. X=D(Y -V
2. Z = C(B(X)*N)
Vv = F(2)

S = B(D(Y))

Tigure 6.6. The Sequentinal Feedback kegul:ter.
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then

; % = g = G F@)

P,z 02 = Py ,Xytdy F(2),2).

The joint entropy H(xK 2) is
b

1
H( Z)=[d§fdap (a;.,8) LOG
X2 % ok K ¥xz "TK*= pxzzux,gj
= fd__ f day P/, (ayctd F(8)/8) p,(B)
LOG pu/Z(aK+d.K F(g)/8) p,(8)
then
H(x)(’@ = H(y,2).

6.7.2 The Real Time Feedback Entropy Theorem

The feedback control system that is examined is shown in Figure 6.6.
The components are all constrained to preserve information; in addition
B and D are taken as linear. No constraints are placed on the forms
of the signals other than the existence of an entropy measure. The 4

following theorem is applicable.

Theorem 6.7

RS ————————

1. For any realization of the filter function F(Z) the entropy

of a single scalar error always satisfies the equality

I(xK;Z_) = H(xK) - H(uK) + I(uK;g) 3




and the inequality
I0xq;2) < H(x) - H(u) + Iu; BDY+N) (6.7.3)

u= oy

f As a consequence, the following inequality is also true,

Hx) > (H(w) - I(u ;BDYHN) = H (6.7.4)

where ﬁo is an open loop function and it is independent of F(Z).

2. The presence of the term Sensor Sequential Channel Trans-
mittance (I(uK;BDX-lﬁ) in equation (6.7.4)) implies that the improve-
ment in the system performance, because of the use of feedback, at
least in the case of an additive noise sensor, must be limited by

the open loop Sensor Sequential Channel Transmittance, i.e.,
H(u) - H(x) < I(u ;BDY+N).

3. Minimizing the mutual information I(xK;_Z_) is equivalent to

minimizing the entropy of the error.

error X, is independent of all the previous measurements Z, then

I(xK;E) =0
and the minimum error entropy,

MIN {H(x, )} = H = I(u,;BDY+N) (6.7.5)
o o B 2 TR

is achieved.
Proof :
With the aid of the lemma of Section 6.7.1 the proof of these

statements is quite simple. Begin with the mutual information
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I(x32) = Hlx) + H(2) - H(x,,2)

HOx) + H(Z) - Hluy,2)

H(xK) - H(uK) + I(uK,z._) 3
Because this system is constrained to be physically realizable the
equation

Z = C(BDY+N-BDF(Z))
must have a unique single valued solution (see Section 4.3) given as
Z = g, (BDY+N).

The function g,(*) is a transformation of BDYN, the input, into 2,
the closed loop measurements. This transformation can not “create"

information, therefore
ICu;2) < I(u, ;BDY+N).
This leads to
I(x32) < H(x) - H(u) + I(u, sBDY+N).

There is equality when the system transformation of (BDY+N) into Z

preserves information.

I(uK;BD_‘_I_*F_}i) is the open loop Sensor Sequential Channel Transmitance
It is the informaticn between the scalar signal U and the open loop

measurement vector BDY+N.

Since mutual information is non-zero, the inequality
HOx ) > H(y) - I(u, ;BDY+N)
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also follows. The achievement of the equality obviously corresponds

to minimum error entropy and this must correspond to
I(%;2) = 0 . (6.7.6)

If ue is interpreted as the system output with an open feedback
path then

H(uK) - H(xK)

must be the system entropy improvement that results specifically
from the use of feedback. It is truly interesting to note that
this system improvement is bounded from above by the open loop sensor
properties of the device that measures uc. Without a doubt this is
a radical new approach to feedback theory. This result is significant
because it implies that optimum performance for feedback systems
may be calculated without either
1. calculating the optimization network, or,
2. campleting the feedback path and determining the

closed loop signal entropies.

6.8 A Generalized Entropy Approach to Feedback Control

In the special case where B and D are linear and g, (*) is infor-
mation preserving it happens that

I(uk;g) =z I(uK;BDX)
but then it is also true that

H(u/2) = H(u,/BDY).
If this equation were true for all types of sensors then the general,

completely nonlinear, feedback problem would be solved.
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It is not apparent at this time how the linear constraints on

B and D in the feedback control problem may be relaxed. The following

theorem is proposed as a step in that direction.

Theorem 6.8

If a sensor has the property that its closed loop conditional

R S

entropy equals the open loop conditional entropy, i.e., if 1
2 H(x,/2) = H(uK/ZO) (6.8.1)

where Z is the closed loop output of the sensor and _Z*J is the open
loop output of the sensor when the input to the sensor is the vector

DY, then
F | HY) - HOg) = TZgsu0) - 1042) (6.8.2)

I(Zo,uK) is the open loop Sensor Sequential Channel Transmittance.

In addition

H(uK) - H(xK) _f_l(_Zo;uK) . (6.8.3)
Note: For the system studied in Section 6.7,

e = 4 ¥
and

Z, = BDY+N.

Therefore it is obvious from the preceding work that at least the
linear prefiltering sensor with additive noise satisfies this

conditional entropy constraint, whether or not any significantly

P NS

different sensors also satisfy this constraint is not known yet.

{
|
|
|
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I0q;2) = H(x ) - H(x,/2)
= HGo) - H(u /2 )
= HG) - H(u) + HQu) - H(w/Z))
= H(xK) - H(uK) - I(uK;ZO)
or finally
H(uK) - H(xK) bt I(uK;ZO) Q.E.D.

Thus, under the assumptions of theorem 6.8 it is quite sufficient to
consider the sensor as a device for transmitting information and its
capability for doing so is described completely by the mutual infor-
mation between the input and output. The actual form for the sensor
model is immaterial. It seems reasonable to conjecture that this is
true in general, but the proof of this conjecture has not been attained
for arbitrary sensors.

In the real time feedback problem, the entropy solution may be
shown to be very similar in form to results obtained for the Gaussian-

linear system. This is stated as a corollary to theorem 6.7.

6.8.1 Corollary to Theorem 6.7

For any feedback system, having arbitrary components and uncon-
strained sensor models, the error entropy is always bounded by the

conditional entropy of the error given the measurements, i.e.,

H(x) > H(u/2) (6.8.4)
The equality holds if and only if
I(xK;E) =0.
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Proof':

Equation (6.7.3) was derived without any constraints being
imposed on the system elements,

I(xx;g) = H(xK) - H(uK) + I(uK,g). (6.8.5)
Rearranging this equation yields

H(x) = H(u) - H(u) + H(u/2) + I(xK;g)
since

I(x,32) > 0

the corollary is proven.
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CHAPTER SEVEN
CONTINUOUS TIME DATA PROCESSING

7.1 Discussion of the L~ _.ficulties in Solving Time Continuous

Systems with Entropy

Barring consideration of the fact that so far useful results for
the calculation of time continuous mutual information have only been
obtained when the processes involved are Gaussian, the extension of
entropy analysis, as described in the previous chapters of this
dissertation, to time continuous systems is simultaneously easy and
difficult. It is easy because all of the theorems in the continuous
case are proven using only the properties of mutual information and
these properties should hold in the continuous as well as the dis-
crete case. It is difficult because there does not exist a funda-
mental understanding of continuous time entropy. Undoubtedly, the
poor understanding of the properties of this type of entropy is due
in no small part to the fact that up until now there has been no
practical need for a continuous time entropy measure. Probably the
spectre of infinite entropy has so intimidated researchers that they
have not even made strong attempts to find useful applications. The
following very simple example opens up the possibility of just such
a useful application. The reader is cautioned to realize that,
since only Gaussian variables can be studied, the results only
indicate a potential on the part of entropy to solve certain broader

time continuous problems.
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The problem considered is the estimation of the magnitude of a
Gaussian random D. C. signal in additive stationary Gaussian white
_ noise. For this elementary problem the entropies of all the individual
’ signal quantities exist, so that it would be no great difficulty to
find the entropy of the estimation error, term by term, from the
familiar equation:
H(x(t)) = H(Dy(t)) + H(n(t)) - H(By(t)+n(t)). (7.1.1)

However, realistic situations exist where same or all of these
entropies can not be found. An alternate approach is suggested by
the technique used in the proof of Theorem 3.5. There the concept
of Channel Transmittance is utilized to obtain equation (3.5.3),

rewritten here for time continuous processes,
H(Dy(t)) - H(x(t)) < I(y(t);z(t)) (7.1.2)

and since I(y;z) almost always exists and can be found, it therefore
follows that the bound in improvement in the error entropy uncertainty

for any continuous estimating system almost always may be calculated.

Of course, no absolute measure of the system entropy performance can
now be obtained since H(x) can not be considered as a reliable
absolute measure in continuous time situations, and no other absolute

measure of the error will result from analysis.
7.2 Example
Consider the D. C. signal

s(t) = a, 0<t=<T, (7.2.1)




"a" is a zero mean random variable that is constant over the specified
time interval and it has a variance
var {a} & 02. (7.2.2)
Estimates of "a" are to be made using the noisy measurements z(t),
z(t) =a+n(t), 0<tc<T,

the random signal n(t) is a zero mean stationary white noise process
independent of "a" and having the covariance function

E {n(tl) n(tz)} = Ny 6(1:2-1:1). £7.2.3)
If "a" is estimated using

< T

as ‘éh(T-r) z(1) dr . (7.2.4)

Then according to the Wiener-Hopf equation (42, p.408], the optimum

estimating filter must satisfy

E {a2} =jh(T—1’) E{z(x) z(t)} dr, (7.2.5)
0
and therefore
ol = o jh(T—t) dr + N, h(T-t) +te [0,T]. (7.2.6)
0

The only filter function h(T-t) that solves this equation is a

constant, i.e.,

2
h(T-1) = ——,—" ' (7.2.7) ; -
No*o T ' 3
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After combining equation (7.2.7) with equation (7.2.4) the optimum

estimate for "a" is the weighted integral of the measurements, i.e.,

[ z(t) dr . (7.2.8)
0o T+N

The variance of the error in estimating "a" is found as follows:

E {(a-a)%} = E zz<f> ar
o T+N
-0-2—2—— (o'l‘)+ o “T“+N_T
o T+N ( "+N ) ( )
3 02 < 2(02)2'1‘ 3 (02)2T
PN o’TeN
02N°
= T— . (7-2-9)
o T+N

Using the properties of Gaussian randam variables the entropy of the

estimation error must be

2

o N

H(a—a) --2-1.0G '—2—— 2we) . (7.2.10)
T+N

This, taken together with the entropy of "a"

H(a) = 7-[03(0 2ne), (7.2.11)

proves that the change in the entropy of "a," because an estimation

is made is
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N +o T
H(a) - H(a—a) Vi ws( . (7.2.12)

A

The same result may be obtained from a direct application of the

Estimation Theorem, 3.5 (applied to continuous time systems and
using the work of Hyang [33,p.59]).

According to Hyang,
L(s(t)*n(t);s(t) = L(a*n(t);a) = % )1:< LG (1), (7.2.13)

where the subscript T denotes that the time interval over which the
processes are defined is [0,T]. The A, found from the projection of
the signal onto an eigenfunction space spanned by the set of functions

Fx(t), i.e.,
E (<Fy, 71 =2, (7.2.14)

where the inner product is defined as

<F, & stcr) F (1) du . (7.2.15)

The eigenfunctions FK satisfy the integral equation
T
My [ E (n(t)) n(t))) Rty dty = | (a®} Fy(t,) dt,.
(7.2.16)
lor the simple D.C. process in white noise the only eigenfunction, F,
is a constant, and

A =02T
s R g

= (7.2.17)
A = 0 E® 2, 8, ces
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Then by equations (7.2.13) and (7.2.17)

| 1 o?r

i I.r(aﬂ'\(t);a) =506 1+ (7.2.18)
ol

i which, of course, completely agrees with the informational quantity

of equation (7.2.12), which was calculated directly from mean square

error analysis.
7.3 Conclusions

There is no doubt that the above information theoretic procedure
may be applied to more complex time-continuous processes, but only

if all the signals are Gaussian and their covariance functions have

Karhunen-Loeve expansions. Fortunately one can expect that the
Gaussian restriction will be removed with further research, so the
only real problem to consider is whether equation (7.1.2), (repeated
here)

H(Dy(t)) - H(x(t)) = I(y(t);z(t)) (7.2.19)

has any meaning, and not whether the information, I(y(t);z(t)), can

be calculated. In this context, I(y(t);z(t)) still retains its inter-
pretation as a Channel Transmittance so that even in the continuous
case it is the Sensor Channel Transmittance that governs the ability
of the system to improve the entropy uncertainty of the signal.
Equation (7.2.19) is effective for comparing the performances of
different sensors used in optimum configurations. Unlike the equations
for discrete time, the continuous entropy bounding equations can not

be rewritten as variance bounding equations. This is because there
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is no relationship between individual signal entropy [which is
often undefined] and variance [which must be defined in the context
of a continuous time random variable].
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CHAPTER EIGHT

ENTROPY ANALYSIS OF ADAPTIVE CONTROL

8.1 Introduction

Underlying the whole theory of adaptive control is the idea
that the output of the vaguely described system can be examined in
order to obtain a better description of the system and ultimately to
use this information to improve the control of the system. Implied
in this procedure is the concept that the system output contains
information about the system parameters which might be profitably
used to estimate those parameters. If the experience gained in
this dissertation for signal estimation is any indication, it
should follow that entropy is a logical tool for describing para-
meter estimation. In the example presented below, a very simple
situation is examined. The system output is a linear function of
the system parameters which are to be estimated. This is not the
typical type of problem encountered in adaptive control, however
this model does represent a system with unknown initial conditions
and could still be valuable. A solution is obtained by imbedding
this problem into the estimation problem and applying the estimation
Theorem 3.4. Even though severe restrictions are encountered in
the useful application of entropy to the adaptive control problem,
it is not overly optimistic to expect that they will socn be relaxed.
In any case, the important conclusion is that the amount of improve-

ment in the entropy uncertainty of a system parameter is limited by
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the properties of the sensor measuring the output and the properties

o A SR AN
i

of the output function that is measured.

i 8.2 A Parameter Estimation Problem

Consider the following problem: The scalar output of a discrete

time system at time t; (ith instant) is

= MY o
wi-ﬂi _(_l_"'ni 1-1’.-',1(

where !i is a column vector, ng is additive noise independent of a,
and a is a column vector of size K of parameters upon which the output
depends linearly. It is desired to estimate a. This problem imme-
diately falls into the context of the estimation problem, Section 3.4,

especially when the following corresponds at the Kth instant are

noted:
L * 9
B = (MM 3
Bty
(5 20 S
D = I
_Z_ = Bg#\ll 4
k.
8§ T
V= a .
X = a-a Ba

It then follows that the improvement in the entropy uncertainty of
the system parameters is limited directly by the Channel Transmittance a i
property of the sensor. This is a new approach to adaptive control

analysis.




According to the results of the estimation theorem, the entropy

of the error in the estimation of a is bounded by

H(X) > H(a) + H(N) - H(BatN)

where a and N are zero mean Gaussian random vectors with covariance

matrices
Ef{ag’) =R
ENND) =R,

The entropy equation becomes
1 K
H(X) >3 LOG {(2n)" DET [Ra]}
+ L6 (2nf
- 3 106 {(2n) DET [BR B4R 1} ,

or, when using optimum estimates

DET (R ] DET (R,]

HOO = 3 106 (20 "
DET [BR B +R ]

This same result may be obtained in the following manner from a point

of view based only on mean square error analysis. If the estimation

of a takes the form

=A°Z

12>

according to the principal of orthogonality, [42, p.2181],

E {(a-a) Z°) = 0




or Ao must satisfy
7 gl T
RGB = AO(BRGB ﬂ\).
Using the value of A, as
A, = (R B"] [BR BT+R 17

it is found directly that

VAR {a-a} = E {(a-A 2)(a-A D))

Ru—AoBRn

i T -1
Ra- (RGB )(BRGB ﬂ%) BRQ

AP T -1
Rql (1-B (BRGB +l§\) BRG]

T T -1 T -T
RqB (BRQB *Ph) [(BRaB +Ph) B -BRGJ

T , SRV S
R BT (BR BT+R )71 R B
It follows from the constraint that DET[B] = DET(B'] = DET[B™] #0,

that

DET(R ] DET[R ]
H(a-8) = 5 Log {(2m¥ —2 i

DET(BR B +R ]

This example demonstrates a possible potential on the part of entropy
to be a useful analysis tool for adaptive control problems. However
in this very simple example there is a significant limitation that
requires further research to overcome. The significant limitation

is the form of the constrant on the operation B, i.e.,

dB(Y)
DET | —p— | # 0
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This restriction on the Jacobian of the transformation B(Y) implies

two conditions:
1. B is K valued function of K variables.

2. B preserves information.

Condition 1 insists that exactly K measruements be made if K para-
meters are to be estimated. This is not a cammon condition since most
often redundant measurements are taken. Constraining B(Y) in this
manner was necessary for the proof of Theorem 3.4. However, this is
not a requirement for the proof of Theorem 8.3 below, which allows

both redundant measurements and nonlinear plant outputs.

8.3 Entropy Solution of the Identification Problem :

Theorem 8.3

The entropy of the error, X , in identifying an m dimensional

parameter set, -qm , satisfies
H()_(m) :H(gm) - I(-Bm;ZK) + I(g_(m;gx)
where the identification system has the form shown in Figure 8.1.

In general, the output signal of the plant to be identified is a
nonlinear function of the parameters B This nonlinear operation
has been included in the sensor model, so that I(gm;z ) is recognized
to be the Channel Transmittance of the sensor. Obviously the improve-
ment of the paremeter entropy from H(gm) to H(X ) can never exceed
the Sensor Channel Transmittance.
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Figure 8.1. An Identification System
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Proof':
&n s 5“ - F(_Z_K)
px,z (51n’z‘l() : pB,z an*F(Z._K) ‘EK)

or

HOE, 02 )
HOX,) + H(Z) = HOX ,2)
HOX,) - H(B ) + I(8 5,)
H(g) = HOX) = I(8,2,) - I(X iZy)

which proves the theorem.

H(gm,_Z_.K)

I(ggm iZy)

8.4 Conclusions

The really significant result would be to "close" the identi-
fication system through the use of a control scheme and show that
the adaptive system performance is bounded by the Sensor Channel
Transmittance. The difficulty lies in the fact that the only important
adaptive systems are those having outputs that are nonlinear functions
of the unknown parameters. Unfortunately the entropy solution of a

feedback system with that much generality is yet to be determined.
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CHAPTER NINE
SUMMARY OF RESULTS AND AREAS FOR FUTURE SEARCH

9.1 Summary of Results

The application of the entropy concepts to the analysis of
sampled data feed-forward, and sampled data feedback systems has led
to some interesting and useful results. Through the use of the entropy
as a performance measure, an information quantity - - the Sensor
Channel Transmittance - - may be defined, which forms the basis of
a far reaching analysis technique. For example, in the estimation
problem with either real time or non-real time and with no constraints
on any of the system elements or signals (other than the assumed
existence of the signal entropy), it is the Sensor Channel Trans-
mittance, or a close relative of it, which bounds the estimating
system performance. Moreover, the form of the sensor need not be
specified and the channel property may even be calculated experi-
mentally if necessary. Under certain conditions, the estimation
filter may be chosen in such a way that an optimum system is achieved.
The performance improvement of the optimum system is then equal to
the Sensor Channel Transmittance. This result is important for
two reasons; first it justifies the use of entropy analysis for
investigating systems, and second, entropy optimization performance
limits are known independent of whether or not the necessary optimizing
filter is determined in advance.

As a by product of the study leading to the major results of this
dissertation, several philosophically pleasing observations were made.

147

B e s L e e

e iy s R




R e

The most interesting observation was derived fram a study of the
equation

H(X) » R(D(Y)/2).
This expression is a direct analog to
VAR {X! > VAR (D(Y)/2}

and contributes to the belief that entropy and variance are each
special cases of a more general criterion function, uncertainty.

The advantages of using an uncertainty function other than variance
has already been demonstrated by this dissertation. For example, a
monotonic decrease of error variance with time can not easily be shown,
but with entropy the decrease is easily proven. At a more practical
level, the form of the results are always such that they reduce to
well known equations for Gaussian variables and to acceptable
variance inequalities for non-Gaussian random variables. Therefore,
if for no other reason, entropy analysis is justified because it
always leads, very quickly, to mean square error bounds.

It is not possible to make such broad statements about feedback
control systems. The most critical assumption made for the solution
of this problem is that the sensor must have a linear prefilter and
additive noise. Nonetheless the same conclusions regarding the
importance of Sensor Channel Transmittance as a performance bound,
the significance of entropy as one type of uncertainty, and the
reduction in the special case to accepted Gaussian results, may still
be made. The real power of the feedback entropy bounds is that not
only are they independent of the feedback filter but they depend only
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on the open loop behavior of the sensor. If a filter to achieve

optimum performance exists, then the optimum performance achieves

the entropy bound and that bound may be determined from the Sensor
Channel Transmittance without first having to calculate the optimum
feedback function to close the loop.

Less conclusive but just as satisfying are the results derived
for adaptive control systems and continuous time systems. In both
cases, results are obtained that justify the potential of entropy
analysis. Theoretically, the continuous time problem has been
solved and the solutions are identical to those obtained for sampled
data systems, i.e., the improvement in system performance because of
a feed-forward (or feedback) path is limited by the continuous
Sensor Channel Transmittance of that path. The difficulty is in

defining continuous time entropy and not in making use of it.
Similarly, when the unknown parameters of an object are to be deter-
mined for use by a controller in an adaptive system, the ability

to determine those parameters is limited by the Channel Trensmittance
of the sensor being used. g

9.2 Areas for Future Research

There are three critical problems restricting the application of
entropy analysis:

1. The assumption of a feedback sensor having a linear prefilter. | i

2. The assumption of the existence of a continuous time entropy ﬂ

function.
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3. The fact that entropy measurement is not a sophisticated
art.

Relaxation of the constraints on the feedback sensor are desirable
because several important feedback control sensors can not be
modelled exactly in the form that was used for the feedback theorem.
The human operator is an example of a sensor that has no such model.
It would be a great advantage if a theorem could be derived for
bounding the performance of feedback systems which depends only on
the channel property of the sensor. If such a generalization is not
possible, it would be convenient to at least allow for nonlinear
sensor prefiltering. This result in a vector context, together with
Chapter Eight, would immediately solve the problem of determining
the performance of a "closed loop" adaptive controller. It is

expected that it is possible to make a statement of the form:

"The reduction in the output entropy of a plant which is
controlled by an adaptive system is bounded by the Channel

Transmittance of the sensor used to adaptively control the

plant."

If the conclusions of this dissertation are accepted as being
important, then there is no question that a continuous time entropy
measure is required. That such a measure would be put to immediate
use was demonstrated in Chapter Seven. But, until a suitable
entropy function is defined, these results can not be interpreted or

used effectively.
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There remains only one other fundamental problem with entropy

analysis and that is the newness of the concept. Systems, at present,
are not usually described in terms of information quantities so a
whole new set of system properties must be defined and measured.
This will involve designing instruments and algorithms to aid in
the determination of mutual information and entropy. This is an
area of interest that is virtually uninvestigated. Certainly if
entropy analysis is to achieve prominence, entropy measurements

must not be neglected.
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