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ensor Channel Transmittance, which is defined as the mutual information
between the input and output of the measuring device. This quantity is
not independent of the properties of the input signal; however, in any
given problem it need only be calculated once.

For proofs relating to the estimation prob lem the constraints on
the system elements are so relaxed that the sensor model need not be
known and the only description of this device that is required is its
Sensor Channel Transmittance. This implies that processors not having
acceptable models , such as human operators , may now be successfully
studied through the use of entropy analysis. For the feedback problem
the restrictions are somewhat tighter in that although the sensor data

• processing may be nonlinear the noise must be constrained to be additive .
However, this class of sensors is very important and the theory of feed-

• back control is advanced significantly.

The major result of the report is that when a sensor path (either feed-
forward or feedback) is used to improve the performance of a system such
as a flight control system, the entropy of the system error can never be
reduced by more than an amount equal to the Sensor Channel Transmittance.
This approach leads to the determination of the optimum system performance
by using only open loop quantities that are easily determined. None of
the results involve calculating the optimum filter that must be used to
achieve the minimum entropy performance.

‘
~ This research is important because it imbeds the control problem

• in the coirsaunication problem and clearly demonstrates the manner in which
the information handling capability of the system elements limits per-
formance, and Is, therefore, of considerable potential significance to
advanced flight dynamic systems.
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PREFACE

This report is a study of the applicat ion of the entropy function

of Information Theory to the analysis of sampled data systems so char-

act.ristic of the evolving and important field of digital control ,

including multimode systems. Th. systems studied are both feed-forward

and feeback with theemphasis placed on the regulator problem. The

feature co on to all the configurations is the presence of a sensor

which measures the input signal and which has an output that is usually

some rando. function of the input. For the purposes of the analysis it

is convenient to describe the behavior of the sensor by its Sensor

channel Transmittance, which is defined as the mutual information

• between the input and output of the measuring device. This quantity

is not independent of the properties of the input signal ; however, in

• any given problem it need only be calculated once.

For proofs relating to the estimation problem the constraints on

the system elements are so relaxed that the sensor model need not be

• known and the only description of this device that is required is its

Sensor Channel Transmittance. This implies that processors not having

acceptable models, such as human operators, may now be successfully

studied through the use of entropy analysis. For the feedback problem

the restrictions are somewhattighter in that although the sensor data
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processing say be nonlinear the noise must be constrained to be additive.
However this class of sensors is very important and the theory of feed-
back control is advanced significantly.

The major result of the report is that when a sensor path (either
feed-forward of feedback) is used to improve the performance of a system

such as a flight control system, the entropy of the system error can
never be reduced by more than an amount equal to the Sensor Channel

Transmittance. This approach leads to the deterainationof the optimum

system performance by using only open loop quantities that are easily
determined. None of the results involve claculating the optimum filter

that must be used to achieve the minimum entropy performance.

This research is important because it imbeds the Control problem
in the co unication problem and clearly decmstrates the manner in which
the information handling capability of the system elements limits perfor-

mance, and is therefore, of considerable potential significance to the

advanced flight dynamic systems.
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CHAFFER ONE
fl1~RO1~IJCTION

1.1 Historical Survey

Historically , the theory of informat ‘n began with Claude

Shannon ’s publication of “The Mathematical Theory of Cai~nunicat ions”

(1). ThIs fundamental ~~rk is so profound that even though many

authors are able to prove the Shannon theorems rx re simply [2 ,3) ,

or supply proofs where none were given E ~ ,5,6), or merely reinter--

pret the theory in a rx re useful manner [7,8,9) , it is very rare

to find published result s that are not based in sc~ne way on a

remark or idea generated by Shannon. Because the theory is so young ,

much of the significant published research has been directed toward

developing arid understanding the mathematical techniques [10,11,12,

l3,1~,l5,l637) rather than extending the theory to other appli-

cations. However, this survey, and in fact this entire dissertation,

will be primarily interested in the applications of this theory

which by r~~ appears to have a very rigorous foundation.

The principles of present day inform ation theory are the results

of attempts to solve trie very basic problem of calculating the arount

of information contained in various randan, but riot very simple ,

objects. This measure of the information content , cal led entropy ,

provides , at the very least , a criteron for evaluating any encothng

procedure 118]. In fact , the usual units of entropy, bits , indicates

the preoccupation of the present theory with symbols and codes *

1
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For the nost part, information theory has remained the private

preserve of the coding theorists, and it is perhaps unfortunate

that the effect of the need for high powered space-age coding

analysis has been to diminish the true universal value of entropy

as a measure of information . It is rather apparent that there has

been relatively little conclusive work applying the concepts of

entropy to other problem areas . Nevertheless, a few valuable appli-

cations, generalizations, and interpretations of the theory have

been obtained, with the niost useful results appearing for:

a. The Design of F~cperiments 119,20]. DeGrc,ot’s effort [20)

in this field is even nore remarkable than is first apparent because

useful results regarding the sequential design of experiments may

be obtained fran a very general axicznatic definition of uncertainty.

This implies that for other areas of interest (filtering , controlling,

etc.) the specific measures of uncertainty such as entropy and

variance may be interchangeable.

b. One Armed Bandit Problems [21]. Kelly’s approach to a

L 

gambling problem 121) is probably one of the earliest non-coding

applications of entropy. Since gambling, econcinics, filtering, etc.,

all have a ccziuon probabilistic basis it will not be very surprising

if derivations such as those made by Kelly, will be made in other

fields.

c. Hunan Operator Systems [22]. Elkind ’s paper [22] is an

attempt to apply entropy concepts to a type of system (human operator)

that is not easily analyzed using existing techniques. This ~~rk

must definitely be considered a precursor of the entropy analysis of

2
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autanatic control systems. However because his analysis depends

on the information transmitted by the closed loop system, E]idnd

overlooks two important facets of the problem:

i) The information tran~ nitted by the operator

as an individual ccxnponent of the whole system is

not J~~wn.

ii) The effect of the limited “channel capacity”

of the human operator on the total system perform-

ance is not known .

d. Systems with Randcin Parameters [23]. When a system has

randan parameters it is often difficult to describe the system

response . The work of Foy £23) is an attempt to t~ idge this gap

through the use of entropy. The class of systems investigated may

be described by ordinary linear differential equations . The input

forcing function and the coefficients of the differential equation

have a known mathematical structure but contain certain parameters

which have known probability distributions . The effect of the para-

meter variations on the outptrt can then be measured through the use

of the “instantaneous” output entropy (i.e., the entropy measure

of uncertainty as to the value of the output that will be observed

for a given value of the independent variable) as opposed to the

use of the ensemble entropy (i.e., the entropy •uncertainty as to

which one of the class of output functions will be observed) for

— the same situation .

• Unfortunately the general formula for the entropy of the out-

put, that is in this dissertation, is mathematically intractable so

3
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it is necessary for Foy to derive upper bounds , through the use of the

properties of the Gaussian probability density function. The effect-

iveness of these bounds is supported by an experimental program on

an analog canputer. D amples , based on a useful and recognizable

feedback loop system axe presented but it is these examples that

point out the fundamental weakness of the report , that weakness being

that the evaluation of instantaneous output entropy has no useful

interpretation, as yet . It does not appear to be a meaningful design

criterion.

The reason for this may not be the inappropriateness of the

entropy measure but the inconclusiveness of the research. This incon-

clusiveness may yet be resolved if Foy’s work can be reevaluated in

the context of an adaptive control system analysis . Certainly the

usefulness of any adaptive controller must be measured and the results

of current research clearly indicates the effectiveness of entropy for

just this purpose. Foy’s work may well prove to be the cornerstone

of a totally new approach to adaptation.

[~ spite these examples described above , for the most part it has

still been the motivation of the problems of ccsnnunication , i.e., the

problem of transmitting knowledge fran point to point that has attracted

the attention of the information theorists 124 ,2S ,26 ,27 ,28]. Reduced

to its simplest abstraction, the ccnnunication problem concerns itself

with; (1) a signal (or message) drawn in sane fashion fran a predefined

signal vocabulary, (2 )  a channei for transmitting the message , and (3)

a receiver for deciding the content of the received signal. By

_____________________________________________________________ 
____ ~



assigning a measure to the infonnation content of a message, infor-

mation theory provides an invaluable tool for assessing the worth of

the coding procedure , analyz ing the performance of the channel , and

describing the efficiency of the receiver. By tracing the message

content fran point to point in the ccernunieat ion system the concept

of a system channel capacity follows directly and various design

approaches evolve. In fact, the theory of channel capacity represents

the major contribution of Shannon’s pioneering effort in cai~nunicat ion

theory. With the fundamental channel capacity theorem given by

C~~~B 1JJG2 E 1t~~~]
bits

~

Shannon [1) showed conclusively how it was possible to exchange channel

bandwidth (B) for signal power (F) in order to maintain constant

channel capacity (C) for the same noise power (N ) .

The rnathen~ tical description of the channel behavior beccines more

obscure when the signals involved are continuous. The process of

passing fran the discrete situation, with its secure foundation of

intuitively acceptable results, to the continuous case is extremely

tortuous, especially in view of the spectre of the ever-present paradox

of a signal carrying inf inite informat ion in zero time [29 ,30). This

was a weak spot in the original Shannon woric and to avoid his ambigu-

• ities and paradoxes it has been necessary for Gelfand [31], Pinsker

[32) , and Ryang [33) to each make new defini~ions . Hyang’s work is

probably the nest up-to-date research on the entropy of t ime continuous

processes and for background it contains a lengthy and important

S
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discussion of the necessity for carefully defining a continuous-

time-process information measure .

Hyang overcanes the nest pressing difficulties in the following

manner . Let

T

s~ s(t).~(t) dt i 1, 2,...,K

Y
~ 
j y(t) 

~ (t ) dt j 1, ...,

where

y(t) s(t) + n(t).

s(t )  is the message and and are arbitrary functions . The average

infonMticn in y(t) about s(t) is defined as

I(y(t);s(t)) = sup I(Yl,Y2)...,YM;Sl,. ..
where the supr~~un is taken over all •., p ., K and M.

The powerfulness of this definition can be seen fran the fact

that there are no restrictions on

1. The process spectr’tzn

2. The process statio narity

3. The observation interval .

It is therefore not surprising to learn that no general results

have been obtained using this definition, so that Hyang then finds

• it convenient to consider only the class of Gaussian rartd~~ processes .

For this class of probl~ ns the covariance function describes cctnpletely

the process probability density funct ion , so that after sczne manipu-

6
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lation it can be shown that the necessary basis functions for

the information quantity are the eigenfunctions found fran

x KIR~4 (t .u).K (u) du c
~~
’Rs(t ,u)

~K(u) du.

This integral equation is a fundamental equation in mean square error

analysis and in that context it has led to the formulation of the

• Wiener-Hopf equation [34] for linear estimation and the formulation of

polyncinial estimators for nonlinear estimation (35]. Of course these

classical theories now became even n~ re interesting because they have

been derived fran a purely infonnat ion theoretic point of view.

Hyang’ s results are important for two reasons; first they lead

to valid result s in the a1ii~st totally uninvestigated field of con-

tinuous process entropy and second, they indicate to even the casual

observer that stronger (stronger than Gaussian) results for the sol-

ution of estimation problems may be obtained through the use of

• entropy analysis.

The very extensive and quite practically oriented examples

chosen for den~nstrat ion of the application of the time continuous

theory is only further proof that informat ion theor~y has far’ exceeded

information pract ice, because at no time is Hyang able to present a

clear n~tivation for wanting to calculate continuous t ime entropy in

the first place . In general, it is not the theoretical limitations

of time continuous entropy that limits the usefulness of entropy

techniques for describing and analyzing objects. Rather , it is the

7 
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assijned requirement for an opt imal code which achieves arbitrarily

email error for the cost of faithful reproduct ion of a message must ,

in general , be paid for with inf inite t ime delays .

Such considerations and restrictions are unheard of in the design

of feedback control systems . Conventional feedback control systems

are usually continuous , long time delays are intolerable , and very

rarely axe there any coding considerations*. However , these differ—

ances between ca~nunicat ion systems and feedback systems do not auto-

matically preclude the application of information theory to control

system analysis. ~~tually, it is in the areas of degradation of per-

formance due to noise and channel capacity that ccmnunicat ion and

feedback systems show the nost resemblances. The purpose of this

dissertation is to show how the basic theory of information may be

extended to take advantage of these similarities and acccmii~ date the

large class of feedback control problems.

If new results axe to be obtained , it appears that It will be

necessary in sane way to rise above the restrictions implied by the

coding approach to information theory and to reinterpret the concept

of entropy in terms generic to the operation of a feedback control

• system as opposed to the operation of a cci~inunication system. For

example , by abandoning coding concepts , Weiner (136] is able to use

mutual Informa t ion to derive filtering equat ions that are usually

~~hen a coding problem does arise , such as in a system using analog
and digital ca~çonents in a hybrid configuration, the coding is not
germane to the feedback pro

blem.8
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arrived at by the conventional methods of mean square error analysis.

In the field of statistical analysis, Gardner and McGill ( 37] are

able to den~nstrate an entropy approach to the partitioning of vari-

ability , while Chaitanya Swarup [38] develops an informational descrip-

tion of the properties of estimators and hypothesis tests. Foy’s work ,

already cited (23] , is still another example of the non—coding aspects

of entropy being applied for analysis purposes.

Kresovskiy [35 ,40], who considers a system that mey be described

by a set of nonlinear differential equations with time varying non-

randcin coefficients, takes a slightly different point of view than

that taken by Foy for investigating the entropy of the output of a

dynamical sys tem. When the unforced dynamical system is linear and

can be described as

+ 

~~ 
a~J( (t) = 0 (1:1, 2, . . . ,N).

Then he shows that the instantaneous entropy of the state vector,

~~~~~: (x1, x2, ..., x~)

may be found fran

~~~~~- :  — a1~ 
(t).

A derivation is also presented by Krasovskiy which allows for a randczn

forcing function. Unfortunately this formulation is too unwieldy to

be of use for anything but the Gaussian situation . In addition to this

fault the paper suffers fran two other important defects:

- 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



1. The equations of notions must be written for the system as

a whole ; subsystems can not be examined separately and then connected

output-to-input . If the result of the entropy analysis is to be used

to design a system ocinponent , then the form of the differential

equation description of that canponent must be known down to the last

parameter.

2. Krasovskiy presents no notivation for calculat ing the output

entropy. Examples are presented and this quantity is determined but

there is no j ustification for doing so.

Because the techniques of Foy and Krasovskiy begin with the

system equations of n~ t ion , both are general enough to include feed-

back systems . But once the dynamical equations are written , it is

no longer apparent whether the original system did or did not have a

feedback path . Certainly it should be expected that any useful appli-

cation of entropy as an analysis tool should maintain the distinct ion

between feedback and non-feedback systems; and, in sane cases, even

provide greater insight into the basic differences between them.

The ability of the system to act upon a camnand message and to

control , through the use of a feedback mechanism, an external object ,

riost clearly dist inguishes the feedback system from the cciitnunicat ion

system, and yet this has always been the nost overlooked aspect of

the problem. Even in Weiner’s Cybernetics (36) , which appears to be

the earliest attempt to make use of entropy as a statistical design
— 

- • property , this fundamental distinction between the control problem

and the filtering problem is igr~red. Yet surprisingly, the reward

10
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for Insisting that the control system equations specif ically

emphasize the feedback form of the configuration is that when an

entropy analysis is made the resulting parameters that describe the

• system performance can all be calculated fran knowledge of the open

— loop behavior of the system.

The developnent and proof of this very general result represents

the main contribution of this dissertation.

1.2 General Description of Problems Considered in this Dissertation

Two classes of problems are considered in this dissertation. They

are:

1. The estimation problem shown in block diagram form in

Figure 1.1, and

2. the feedback problem* sI-own in Figure 1.2.

Even though they represent fundamen tally different appli cat ions ,

it is nevertheless true that bot h problem s have a great deal of

similarity . Both utilize noisy measurements in order to obtain a

quantity which , when subtracted fran the processed signal , produces

an error which is minimun in the sense of a predefined criterion.

In fact it is the demonstration of the similarity of the behavior of

the noisy sensor in both type s of systems that unifies these problems

and which occupies the major effort of the analysis contained in this

report .

em t~~ category of feedback control problems is included both noise
rejecting arid tracking systems. Where it is appropriate to do so,
both types of systems will be referred to simply as feedback systems .

11 
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All the variables encountered in the problems in this

dissert ation are assuned to be sampled in time [not necessarily

regularly], and to be cont inuous in an arbitrary but predefined

probability space . The signal is taken to be statistically independent

of the sensor errors.

Practical experience seems to indicate that the performance of

these systems must be specifically limited by the behavior of the

noisy sensor and yet conventional applications of presently accepted

analysis techniques does not usually lead to this desired inter-

pretation. In a very heuristic way a verbal description of the signa l

flow couched in the information theory language of uncertainty and

channel capacity seems to provid e the right approach toward evaluating

the effect of the sensor on the performance attainable by such systems .

Ibwever , even though the existance of a new theory of analysis based

on sensor properties is suspected , a great deal of sophist icated

manipulation involving entr c~py expressions is required in order to

develop this theory, as will be seen later.

1.3 Brief Su~vnary of Contents

Chapter Two develops the concept of entropy into a useful

analysis tool . Beginning with a motivation for using entropy and

related concepts to analyze control problems , it continues by outlining

sane of the more important formal properties of both entropy and

mutual information and how these quantities change when acted upon

by circuit elenents. It is convenient to also introduce in this

chapter. the concepts of entropy of markoff sources , entropy of sun

13
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signals, and the transmittance arid incremental transmittance of

noisy sensors. Alone , these quantities have no intrinsic value ,

but their evaluation leads to proficiency with the entropy criterion

function and paves the way for the useful interpretation of the

important results relating to analysis of control systems which canes

later . The channel transmittance of the sensor which is the infor-

mat ion obtaIned about all of the signal samples frun all of the

measur~ nents must , when the time canes to use the concept, be the

limiting factor on the ability of a measurement path to improve

system performance using either feed-forward or feedback signal

processing. Markovian entropy on the other hand demonstrates that

acquiring new measurements (or alternately saving old measurements)

beccmes less and less effective for reducing the signal uncert ainty .

This in turn leads to a proof of the existence of steady-state (non-

perfect) performance solutions for the given systems.

Chapter Three initiates the effective use of entropy as a tool

for the analysis of systems which estimate the values of randcm signals.

The fundamental result is an equat ion relating the significant infor-

inational quantities encountered in this type of problem . This equation

may then be rearranged to de~E)nstrate:

1. Gaussian linear mean square error analysis is a special case

of the entropy solution.

2. The error vector entropy for the system is bounded by a

quantity which depends on the channel transmittance of the sensor.

14
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3. The coordinate entropy of the error is bounded by a quantity

which depends on the incremental channel transmittance of the sensor .

1~~se results bear two iiiçortant resemblances to the pioneering work

of Shannon • The first similarity , unfortunately, is a requ irement

that opt imun system performance can only be obtained by delaying all

data processing one entire message length. This is the “inf inite

• delay” that is required by a Shannon code in the general case , in

order to achieve error free transmission. For sane types of estiin-

ation this is not a handicap , but real t ime estimation and feedback

systems de~nand lagless data proce ssing and can tolerate no delays.

On the plus side , the second similarity is that, just as with the

Shannon procedure , it is sufficient to prove the existence of a coding

procedure [in the case of est imation to prove the existence of a

filtering function] and evaluate the system performance as if the code

were )aio~~. Never once, in the course of realizing the benefits

of the work in this chapter is it actual ly necessary to )a&o w the

optimizing filter.

These two observations of the theorem of Chapter Three hold out

a pr anise of derivin g a real time solut ion without sacrificing the

decidedly important advantage of a “disappearing” filter function .

Before this aspect of estimat ion is invest igat ed , Chapters Four and

Five axe devoted to studying the feedback control problem and the

tracking problem resp ectively. The results for oth of these problems

are very similar in form to the result deriv ed for the estimat ion

problem and are subj ect to the same sort of interpretations. Of course ,

as was suspected in the analysis of the conclusions to the theorem

15
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of Chapter Three , the bounds der ived for feedba ck systems are too

loose and cannot be achie ved through the use of physical ly realiz able

• canpOnents. These results can not , therefore, be shown to be

ana logous to solutions derived by the application of Gaussian-linear

mean square techniques. The important conclusions of these two
• chapters are :

1. Entropy analysis can lead to useful results .

2. Sensor channel transmittance is always a limiting factor

to the system performance .

3. It is never necessary to know the optim~un feedback filter

or to evaluate the closed loop gain function, in order to determine
• 

the bounds on system entropy perf orman ce .

The real contribution of this dissertation is made in Chapter Six .

Even though the channel approach to system theory is an orig inal

anal ysis techni que , it is only when this theory is applied to real

time data processing systems that significant advances in the under-

standing of feedback control systems are made. Chapter Six begins

by deriving a real t ime property of sensors referred to as “The
Sequential Channe l Trensxnittance.” This quantity relates the para-

meters of the sensor to its rea l time ability to provide new infor-

mation about a signal when it is used in a suitable measuring path.

For both the estimation and feedback configurations it is proved

that :

16

_ _ _ _ _ _ _ _ _ _  
U



___________________________________________________________ - --~——— ~ —,.—•,•.- - —-~~ ---~~~~~.— -—. ~_ ‘ - ‘~~~~‘~~~ ~~~~~~~~~~~~ ~~~ —~ -----. - —•~•‘- —.~

1. Gaussian linear mean square analysis of real time sampled

data systems is a special case of the sequential entropy solution .

2. The entropy of the error is bounded by a quantity dependent

on the sequential channel transmittance of the sensor .

3. All performance quantities can be determined without actually

solving the optimun entropy problem for the solution filter.

Chapter Seven discusses the extension of the theories to

continuous time systems . Based on an axiomatic descript ion of

uncertainty and mutual information , there is no reason to expect

• that all the result s of the first six chapters do not carry over in

total to the continuo us time problem . Unfortunately , at the present

time the theory of continuous entropy is not sufficiently developed

to overccrr~ the onus (or at least seemingly unexplainable fact ) of

infinite signal uncertainty. It is not known whether this limitation

is due to the lack of experience on the part of researchers in under-

standing continuous entropy, or due to the need for an entirely new

defining equations for entropy such as one based on integration in

function space. In either case the example presented in this chapter

does provide hope for the eventual developeient of satisfacto ry

continuous time entropy analysis.

A very elementary approach to the problems of adaptive control is

considered in Chapter Eight . Considering only one- part of the adaptive

process, the ident ification of unknown system parameters, an example

and a theorem are presented which again denonstrate the importance

of the sensor channel tra nsmittance . While this is a new and

17 
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important result for th. theory of adaptation it still rsnains to

consider the entire adaptive process and to prove that the rate of

iinprvvet~nt of the system performance is a function of the sensor

channel properties .

Chapter Nine suninarizes the principal results of the dissertation ,

discusses the limitations and disadvantages of the procedures developed

and indicates the areas which require further investigation.

~~~~~~~~ -



Q~AV1tR i~~~
DEVELOF~1D~T OF D4TROPY AS AN ANALYSIS TOOL

2.1 Why Entropy?

Entropy (or uncertainty as it is often called) has found wide

spread applications among caiinunicat ion engineers . When used to

describe a process having a countable rnmiber of states ) it has a very

def inite interpretation which leads fran information content (bits )

to coding length (bits/code symbol ) to channel capacity (maximum bits/

second) and then to practical system design . But its use is defin-

itely limited when applied to continuous processes (even processes

continuous in state space but discrete in t ime) . Continuous signal

entropy may be negative , mut ual information can be inf inite and

even simple linear transformations are no longer entropy invariant .

But these are not actually limitations on entropy as a system cri-

terion function but more on entropy as an intuitively understandable

concept . It is when entropy is treated as a cost function and not

as measure of content of camnunication signals that it f inds usage

in the analysis of control systems.

The entropy H(x) of a scalar variable x , having a probability

• density function, p~
(x) is defined as:

H(x) I ~~ r’~(~) log

In simple terms this function measures the “spread” of the randczn

variable x. A variable whose pdf is more concentrated than another

will have less entropy than the other variable. As a criterion,

19
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entropy is analogous to the mean square error which meastzes the
second order (the variance) spread of a variable. In fact , for
Gaussian randan variables there is a one-to-one relationship between
variance and entropy so that when used as a criterion for system
design mininiun mean square error must always be equivalent to min-
iimzn entropy.

There are several other important probability density functions
for which mininun entropy is equivalent to minimum mean square
error. For example :

1. The Rectangular Distribut ion

a < x < b

a+bE (x} =

(~~~ )2 2VAR(x }= 12

H(x)~~~~ 4 (b_ a ) : L N o + ~~~U4 12

2. The Exponential Distribution
-uxp ( x ) : c z e  x ’ O

E{xJ

VAR {x) 1
U

H(x) 114 C ~~~ ( 2)

This benign re lationshi p between the variance and the entropy fore-
tells great possibilities for the use of entropy as a tool for
system performance analysis.

This relationship is, of course, not satisfied in general , so
that minimum entropy designed systems are not always identical to

20
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minimum mean square designed systems. However , it is not the use

of entropy as a design tool that is considered in this report. Rather

it is the use of entropy as a design criterion so as to set bounds on

possible system performance and the inequalities relating entropy to

variance that axe considered . The ability to be able to write entropy

expressions without first having to design the opt imum system, dis-

tinguishes entropy analysis fran conventional second order consider-

at ions.

The remainder of this chapter will be devoted to developing the

basic properties of entropy and mutual inforirat ion as they apply to

systems analysis . Important theorems relating to:

1. The entropy of markoff sources,

2. the entropy of signals, conditioned on measurements,

3. the channel transmittance of a sensor, and,

4. the incr~~~ntal channel tran~nittance of a sensor,

are presented in anticipation of a need for these results in the body

of the dissertation . It is interesting to notice that the properties

of entropy are in exact agreement with how intuition says an infor-

mat ion measuring quantity should behave.

For the reader already familiar with the concepts of information

theory , the results of the next t~~ sections axe sun~narized in Table I .

2.2 Properties of Entropy

• The entropy of a K dimensional vector randan variable having a

probability density function that is continuous in all the ccanponents

is defined by Shannon Li] on page 54 as:

21
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TABLE I
Properties of Entropy and Mutual Information

1. H(X) _
.j~~~~LJ 2 j~~dxK p~~

(x1,x2 , . . ., x
~~

)

LOG

= -.Z~ 
P,~~~ 1.OG

2. H(Y) HOC) +~7dX P~(xJ LoG I DET 
~

where Y = F (X)
p (~ )

3. H(X/Y) ~ JdX ~~~dY p(X,Y) 1.OG p~~,Y)

4. H (X ,Y) = 7dX]dY p(X ,Y) LOG

5. H (Y ,X) H( X ,Y)

6. H(X,Y) H(X) + H(Y/X)

7. H(X,Y) = H(Y) + H(X/’i)

8. H(Y) = H(yl,y2,...,yK...l) +

9~. HOC,?) HOC ) + H(Y)

10*. H(X/Y) HOC)

11*. H(Y/X) < H(Y)

12. H(Z/Y ,X) < H(Z/Y)
p(X,Y)

1.3. I(X;Y) = P(X TJL)G

114*. I(X;Y) I (Y ,X) > 0

15. I(X;Y) = HOC) + H(Y) — H(X ,Y)

16. I(X;Y) = HOC) — H (X/Y) = H(Y) — H(Y/X)

17. I(X;~,,Z) I(X,Y)

~~~* equality holds if X and Y are independent randort variables .

I
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H(X) - f  th~ ... f  th~ P~
(xi,...,Q LOG p~ (X l,...,XK)

- L ~~~~~ ~& 
LOG (2.2.1)

where the vector notation X column (x 1,x2,...,x~) is used. In all

• cases in this dissertat ion capital letters axe used to denote the

vector and lower case letters the vector ecinponents.

Fran the ccninunicat ions point of view continuous entropy has

three “disadvantages” when ccinpared to the entropy of variables

having discrete probability densities :

1. Continuous entropy is not always non-negative .

2. Cont inuous entropy is not always finite .

3. Continuous entropy is not always invariant under linear

transformat ions.

These properties clearly handicap the interpretation of entropy

as a measure of uncertainty . For control system applicat ions, how-

ever , there is no obligation to view entropy as anything more than a

suitable criterion function. As an example of the variability of

entropy under coordinate trans format ions examine the vector randan

variables, X, and Y , where

Y :F (X )

or

y1 = f~~
(xl,x2 , . . .~~

x
K

)

• 23
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• If F(X) is continuous and one-to-one, the t~~ probability density

functions axe related by (see Parzen (41], page 329-331):

p~
(X) = p~,, 

(F(X)) J

where J is the Jacobian of the transformation and it is defined as

~~~~
-

~~~~~~~~ : (af.(X)
J : DET

: I
H

• ax1 axK

The entropy of K is then given by

HOC) - P~ 
(~ )

= - L dX p~ (F(X)) J (LOG (P~(F(~.)) + LOG (J))

= - f d~ Py~.V (Py(i~ 
- f Px(&

or finally

H(Y) H(X) + L ~~ 1~~ (J) (2.2.2)

This result is due to Shannon (1), page 57, and is listed in Tab ’

I, as property 2. If F(X) is the linear transformation

y~~~f (x )=ax+b , with J :a ,

then the entropy of y is

H(y) H (x) + LOG la l

24
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Thus~ depending on the value of “a,” the entropy of y can either

be greater or less than the entropy of x. H(y) H(x) if and only

if a = 1. The whole question of the entropy of transformed vectors

is so important that it will be studied again in Section 2. 4~

Associated with the pair of vectors K and ?, which possess

continuous marginal densities and a continuous joint probability

density function, are the conditional entropies H (XIY), H(Y/X) and

• the joint entropy H(X,Y). These quantit ies axe defined as:

p (Y)
H (X/Y) = j f  dX dY p ,  Y) LOG (2.2.3)

• -*—~~

f t  p (X)
H(Y/X) dx dY p(X , Y) LOG CX Y) 

(2.2.4)
p ,

~~~

H(X, Y) LdX dY p (X, ~ ) LOG 
~~~~~ 

(2.2.5)

H(Y , X) H (X, Y) (2.2.6)

The following equations relate the entropy expressions :

H(X, Y) = H(X) + H(Y/X) (2.2.7)

H(Y) + H(X/Y) . ( 2 . 2 . 8 )

When K and ? are independent randan variables the joint probability

density function is simply

~~~ !~~ ~~~~~~~~~ 
Py~�2’

and then

H (Y/X) H(Y) (2.2.9)

H(X/Y) = H(X) (2.2.10)

HOC, y) H(Y) + HOC) . (2.2.11)

L. _
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The conditional entropy provides a simple way for expressing

the entropy of a K dimensional vector as the si.xn of entropies of
one dimensional entropies. First note that

p(x 1,x2, ..  . ,XK )=p(X K/X
~~l,. . . ,x1)p(x~~1ix.~ 2I.. . ,x1).. .p~x2/x 1

)p(x 1).

Then

H(X) = H(xK/xK1,...,x2,xl
) +

+ ~~.. + H (x~/x~) + H(x1
) . (2.2.12)

When the {xx} form a Mth order stationary markoff chain the con-

ditional probability densities can be simplified using:

P(XK/XK...lIXK_ 2 ) . . .  ,x2 ,x 1) = p(x K/xK_l,. ,X~~4j 1) 
K>M

For such a situation , H(xK/xK_ l ,...,xl) = H(x K/xK..l ,...,xK.~~ l
) 

~~~

H(X) = H(Yxx i,. )X~~~~4~) + H(XK 1/x~ 2’. ,XK 2 ~ 1)

+ ... +

= (K-M ) ~~~~~~~~~~~~~~~~ + H(x1,x2 , . . . ,~~ ) , (2.2.13)

where the stationary property of the randan sequence , x1, x2, x3,
x4 ,..., x~, is used to write this last equation .

For first order markoff canponents the total entropy of the
vector X is

HOC) (K—i) H(x2/x1) + H(x1) . (2.2.14)

Mother useful property of the entropy of first order markoff

process is that

H(•(xk)/x.~_l, Xk 2 ) = H(•(xk)/x.~_l
) (2.2.15)
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where

= •(xk
) k = 1, 2, • •

is an arbitrary single valued function of x, having a continuous

• (and non-zero) derivative.

If p1(~~,~~_1,~~_2) is the joint probability density function

of x,~, x~~~, and ‘~ -2’ 
and 

~~ p2~~K,xK_l,xk_2) is the joint proba-

bility density function for 
~K’ XK..l~ and XK...2) it is true that

P2~ rK,xK_l,~cK_2 )

d$(x ) —l
= p1

(~~,~~_1,~~_2) 
K

Then
d
~

(xK) 
-1

p2(y~
/)~ _1,xx_~) p1(XK/xK_ 1) i~

Pi~~i~ ’~x 1~ 
d$(x1)

~ 
-l

__________ ______ = 

~~~~~~~~~ 
p2

(o K
)/xK_1)

and equation (2.2.15) follows directly.

When the canponents of a vedtor are Gaussian randan variables

the probability distribution of the vector can be written as:

- 
1 xTi~.~~ x

p (X) = 
1 

______ e — — (2.2.16)

~~~~~~~~ R~

where is the covariance matrix with entries , R1~ E{X1 ,x~). The

total. entropy of the vector X is then

HOC) = f  d~p(~ ) 
[.

~

. LOG (21, )M DEr R + ~ XTR 1 
K ]

= ~~WG ( 2 ) K + LOG (D~~ R~
) . (2.2.17)
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For two one-dimensional randan variables , Shannon (1] , has

shown that for the same variance, the randan variable with a

Gaussian distribution always has a greater entropy than the randczn

variable with any other distribution. This conclusion leads

directly to the important inequality:

VAR tx) ‘~~~~~LOG 2H (x) (2 .2 . 18)

where x has an arbitrary probability density function. This

inequality provides the bridge between conventional second order

analysis and entropy analysis.

A property of entropy which is extremely valuable is that as

n~re data becanes available about the primary randan variable the

entropy of that rardcm variable decreases . fl~ proof of this

statement concenüng the conditional entropy of Z is embodied in

the following theorem.

Theorem 2.2.1:

The entropy of Z decreases as it is conditioned on nore data ,

i.e.,

H (Z/Y ) > H(Z/Y,X) . (2.2.19)

Proof :

7 7 7. p(Y ,X)
— FI(Z/i) - H(Z/Y,X) =j dx] dYJ dZ p (X ,Y,Z) LOG

7. 7 7 p(X Y ,Z)

L dx] cFf ] dZ p(X,Y ,Z) LOG — 

p(Y ,X)
p(Y ,Z)— —

H 
28
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Now use the inequality

U4 ~~~~> 1-a

to get

r p (Y,Z) p (Y,X)

~ 
p(~ ,~ ) 

~~~~~u 1 -f d ~~fd~.fd ~ p (Y)

~ pc�~
) p(~ )

= 1 — f  dX p (Y) = = 0

H(Z/Y ) - H (Z/Y ,X) 0 Q.E.D.

This theorem is an obvious extension of a similar theorem given

by Shannon [11 for the scalax’ case, i.e., by Shannon :

H(z) > H(z/y)

The technique for the proof is an accepted procedure for proving
entropy inequalities and has been nost effectively used by Feinstein [2]

and Abramson (7].

— Since much of the solution to the estimation and feedback con-

trol problems involves calculating the uncertainty (e.g., entropy )

of the signal sample given the measurements made of the signal vector,

it is important to consider further the properties of the entropy

of conditioned signals. However, even before the actual need for

this function arises (it first appears in 3.7) it is obvious that

it must be part of any effort to determine the eff ectiveness of a
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procedure to predict a signal based on noisy measurements of that

signal.

It is expected that the uncertainty of the signal will decrease

as nore measurements are made. However, it is not expected that

uncertainty is liJ ely to approach certainty as the nunber of meas-

urements approaches infinity. While this is a minor point , it

spells the difference between understanding the steady-state behav-

ior of a system or being canpletely ignorant of any limiting factors

to its performance. The important attributesj~ f the conditional

entropy function, are proven in the following theorem. The inspir-

ation for this theorem and the procedure are due to Birch [15] but

the statement, proof and interpretation are original .

Theorem 2.2.2:

For stationary processes the conditional entropy of the scalar

randan variable 
~K’ given the last K values of the noise corrupted

signal , is a nonotonically decreasing function of K and has a finite

limit, i.e.,

g H(yK/~~) > H(y~41/~ <41) = hx+i (2 .2 .20 )

and

tim H(y~/~ <
) = H(yK/Z) >— ~~ (2. 2.21)

Proof :

The nonotonic behavior of the conditional entropy follows

directly fran the stationarity of the processes and the previous

theorem (2.2.1). 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~
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H(y~/4~) ~~~~~~~~~~~~~~~~ .. ,z~ )

=

Thus, the entropy of 
~K’ conditioned on all the past measurements

is a decreasing function of K, where is the vector whose can-

ponents, zk = + n~ , are the K noise measurements made of

k = 1, 2 , ... , K.

it is inconceivable that in ordinary physical situations

= -
~~~~, for any finite K*. Singular probability distri-

butions can be imagined where a finite number of measurements can

be used to predict the signal with probability one [entropy of ~ co] ,

but such situations are of no real concern . The real concern is

to be able to bound H(yK/~() away fran -
~~~. Obviously additional

conditions must be imposed to insure that with even an infinite

number of measurements the conditional uncertainty of the signal

is not -~~~. Consider first the situation when y is first order

markoff , the extension to Mth order processes will be obvious .

it is convenient at this time to introduce another sequence

{g~} defined by:

= H(yK+l/~~<+l,yl)

Because of the process stat ionarity it is also true that

H (y~/z~ ,z~~1, . .. , z0,y0
) .

— 
~~~ entropy of -

~~~ implies a ccinpletely certain continuous randcin
variable.
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I
~fl~e sequence (g~) is now shown to be a uonotonically increasing

function of K

=

=

where the rearrengement of the pair (z1,y1) into (z1,y1,n1) through

the use of = y1 + n1, does not change the conditional entropy of

Since the and 
~~~~ 

are taken as first order markoff

sequences , the result of equation (2.2.15) implies that the intro-

duction of y0 and n0 into the expression for will not change

the forward conditional probabilities, i.e.,

H(yK+l /zl,z2 , . .  .

thus proving that is a nonotonica].ly increasing function of K. Now,

the following inequality describes the relationship between the

sequences thK } and (g~}. For all k>K

g~<g~<h~ch~.

Obviously both sequences are bounded and rronotonic so that the follow-

ing limits exist:

tim h~~~~E

tim g

and

~~K .
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It follows that tim H is bounded away fran ~~~~~, if

is not — for sane f inite K. Examine g2.

g2 = H(y 2/z11z2,y 1
) ,

when the Z process is formed by adding independent randan variables,

i.e.,

= 

~‘k + n.K 
k = 0, 1, . . .,  K

it is not possible that

and the theorem is proven .

2.3  Mutual Informat ion

Caiinunicat ion theory ~as given rise to a qua~.tity , which

because of its properti es, is even more valuable than entropy .

This quantity is “mutual inforas tion .” Technically, the mutual

- j informa tion , I (X;Y ) , between the t~r~ r~i&rwn v t - ~r~ X ani V is

I (X;Y ) = I (Y ;X) = H (X) — H(X /Y)

i r  p(X)p(!)
4 -JJ dX dY p(X ,Y) LOG (X y) • (2 .3 .1 )

p ,
~~~

Unless otherwise noted, both X and Y are usually taken as K dimen-

sional vectors.

If H(X) is the a priori entropy of X and H(X/Y) is the entropy

of X after observing Y, then I(X;Y ) is the average a~ount of entropy

supplied by Y. H~~ever, it is often convenient to use the intuitive

notion that flX ,Y) is the average tount of “inform ation” obtained

about X b y  being given the value of Y.

_______________ 
_ _  

-~~~ :~J
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Mutual information (or transinfonnation) is

1. synmetrical in X and Y ,

2. non-negative (I (X;Y) > 0),

3. generally finite ,

L e. invariant under linear transformat ions.

In addition, the following relationships are satisfied :

1. I(X;Y) 0 (if X and Y are independent )

2. I (X;Y ) = HOC) + H(Y ) — H (X ,Y) (2 . 3 . 2 )

3. I (X;Y ) H (X) — H (X ,Y) ( 2 . 3 . 3 )

4 . I (X;Y ) H (Y) — H (Y/X) (2 . 3 . L 4)

Using I (X;Y ) o in equations ~~~~~~~ ( 2 . 3 . 3 )  and (2.3.L~), yields

H (X) + H (Y) > H (X ,Y) 
- 

( 2 .3 .2a )

H (X) > H (X/Y ) - - (2 .3.3a )

H (Y) > H (Y/X ) (2 .3 . L4a)

With mutual infotmat ion just inversely as with entropy, acquiring

more measurements increases mutual information montonically. This

is stated as:

Theorem 2.3.1:

If the information about X given Y is I(X;Y ) , then the infor-

mation about X given Y and Z must be greater, i .e . ,

I (X;Y ) c I (X ;Y ,Z) (2 . 3 . 5 )

where the coordinates of Z are additional coordinates of the V

vector (or are other observations).

Proof :

The statement for this theorem is given by Gel ’ Fand (31] , but

his proof is much too sophisticated for the analysis of sample data

— 
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signals so a simpler one is supplied here . Using the defin-

ition of mutual information, I(X;Y ,Z) is

p (X)p (Y,Z)
I(X;Y ,Z) - j  dX j  dY J dZ p(X ,Y , Z) LOG (X ~— — 

—~~ —~~ —~~ 
p ~_ ,_,_

p (X)p (Y)p (Z/Y)
= - L dX fdY fdZ p(X,Y,Z) LOG p (X ,Y)p (Z/X,Y)

I(X;Y ,Z) = I (X;Y ) + H(Z/Y) — H (Z/X ,Y)

and finally , using theorem 2.2 .1 , this equation beccznes

I(Z;Y ,Z) > I (X;Y ) .  Q.E.D.

2. 14 Coordinate Transformations

Much of the ~~rk of this dissertation depends on considering

the entropy (or mutual informat ion) of transformed variables . It

is therefore convenient for the initial developments to restrict

the derivations to the class of information preserving trans-

formations .

If the mutual information between a pair of randan variables

is invariant under a transformation of those variables it is not

intuitively obvious that the given transformation must be one-to-

one , or that the inverse transformation exists so that the input

vector can always be “recovered ” if the output vector is known .

When studying randcin variables with continuous (or at least piece-

wise continuous) probability density functions the constraint on

the transformation is nude slight ly more severe than merely being



__
- —

information preserving , so as to include the “recovery” property.

The following definition will accclnplish this .

Def inition:

An information preserving transformation fran x ~~~ y is one

for which the equation defining the transformatio n of the probability

density function s [41] ,

p~
(x) = ~~(f (x) )  

~~~ 
, (2 .14 .1)

is defined and is valid for all values of x.

It is quit e easy to show that when f(x) satisfies the con-

ditions of equation (2 .4 . 1)  it is a regular transformati on, i.e. ,

both f(x) and f~~(y) are of class ~~~~ and I (x ;z ) I (f(x) ;z)

I (y .,z) .

Alternately an equivalent constraint on f(x) is that the

Jacobia n of the tra nsformation is cont inuous and non-zero . In any

case , the important fact is that when the conditions on f(x) are

defined , in either manner , f(x) has an inverse and no information

about the input is lost because of the tra nsformation .

Actually , the true class of information invariant transforma-

tions is much more inclusive than the class of functions defined

by the use of equation (2.14.1). This is because the broader class

of transfor mations also incli~.1es functions , F( ~), that while not

having a unique inverse , do possess the property that for all sets

A and B , where B = F~~(A) it is true that

p(z/yeA) p(z/x1cB) = p (z/x2
cA) Vx1,x2eB . (2 .4 . 2 )

36
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Since I (z ;y) H (z) — H (z/y ) , it must follow that for any trans—

formation

y = f ( x )

satisfying equation (2.4.2)

I (z ;x) = I(z;f(x)) =
As an example of this type of function, consider

y : x
2

together with I -

p (z/x) = 0 x 0 .

Now let R be the continuous real line and A and B be the positive

half line (including zero). Then obviously

p(z/ytA) p(z/x~B)

} and therefore , even though f~~(y) is not unique,

I(z;x) = I(z;y).

This is a “contrived” example and it is not likely that transform—

ations matching themselves so closely to the conditional density

p(z/x) so as to satisfy equation (2.4.2) will ever occur in practical

situations.

2.5 Entropy of Markoff Sources

In general , most of the randan processes encountered in control

systems analysis are markoff sources which may be considered as

being generated by the simple Hth order differencing process given

31 

- - 

— 
.
~~~ -~--

-- .— - -
~~ 

- —-———- 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~ 

-



_____

=

y2 a21y1 + b21~1 + 
~2

M H
= 

~LM~~’’ 
+ 

ikM
bk i i  k’m

= 
i-~~M~~~

’ 
+ 

i=~~M
bK i i  (2.5.1)

where the driving function ~ is a sequence of independent

randan variables chosen with the necessary probability density

functions to achieve the desired density for the y sequence . It

is not necessary that the ~ process be stationary or that the

differencing be time invariant . However, later on such simpli-.

fications will be introduced in order to study the much more

caiixn stationary markoff process.

For convenience of notation it is desirable to make the

following definit ions:

. .
• 

— 

~‘k

38
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— 1 0 . . . 0 . . . —

(a21+b21) 1 0 . .
1a3t2i~ 32b2i1

A [+a31+b31 j a32+b 3~ 1 . *

A is a lower triangular matrix, i.e., it is the matrix of a phys-

ically realizable process , and its determinant is 1. Using a

vector algebra the generation of t
~k

1 can be written simple as:

= M (2.5.2 )

The entropy of the Y vector can now be determined directly

fran the entropy of the generating sequence j using the’ relation-

ship

= }j~~(~~) + lOG (Dm (A) ] = HK (Q

where the subscript K is used to denote that the dimension of the

vector whose entropy is being described is K.

Since ~ is ccinposed of independent rendan variables it follows

directly that

= 

k~ I. ~~~~~~ 
(2 . 5 . 3 )
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Now if an additional value of y, namely 
~K+l’ 

is generated

H then

HK+l ~ 
= Hl

(
~k

) = 
k~l 

H1(Q + Hl~~K+l
)

H.~<
(Y) + Hl

(
~K+l

) (2.5.4)

but

= + H
1
(y~f1/y~,y~_1). . .y1}. (2.5.5)

Therefore, these last t~~ expressions together with the markoff

property of the y process yields

= H
l
(
~K+l

) K>M. (2.5.6)

When written in terms of the probability density functions

this equation is:

1~~K+l K+l’~K’~’K-l’~ ‘~‘K-M~ 
LOG p(y~~1Iy~I. .. ,y~~~)

= fd~P~~ K+l LOG

In terms of the initial entropy of the y sequence , and the

conditional increase in entropy for each additional y generated ,

the total entropy of the Y vector is

• = 

k~~+l 
Hl

(yk+l/yk,... ‘~k - M ~
’l’ ••  )~ 7~~) . (2.5.7)

Define the entropy of an Mth order mar4coff source as

H*(yk+l/Y) ~ ~~~~~~~~~~~~~~~~~ . (2.5.8 )
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Iben for the case when the probability distribution of is

etationixy:

HK(Y) : 
k i  

H*(yK+l/Y)+HM (yl,. . . ~y~ ) = KH(~ ) . (2.5.9)

If the differencing process is time invariant , i.e. ,  if b1~=b~~~

and ~~ a~~ for all i, j ,  k>M , then

H.~(Y) = (K—ti) ~~~~~~~~~ + }i~(y 1,...,y~) . (2.5.10 )

When the driving function ~ is Gaussian the Y vector is also

Gaussian , so that the total entropy of the y process is

HK(Y) = f~~~ ( 2 ) K eA~ (2.5.11)

where

= DET (E{rfT}] = DE’r [R
w

)

R~~~~E {YYT} E (A~
TAT} A R ~~ AT

a 2

R~~:

so t~. ally

= DET (AR~~AT] = DET (A] Dm~ (Ru] ~~ (AT) (2.5.12)

= w ~~2 .
k:l

41

L _i i

~ 

—
~~~~~~~~~~~ -- ~~~• • ~~~~~~~ - -- -~~~~~-~~ —- - —



- ----- -.----—--•-~ - - •  — - _ -T____-_ _ •~
_
~_ _ -_,-_,• -

Then
1< 2 1<

HK( Y)  
~ LOG 2ire o ) H (~ ) (2.5.13)

— k~l ~k k~1

which is , of course , identical to equation (2.5.3).

As before , for the first order markoff source :

Hl
(
~K ) . (2.5.14)

When the distribution is stationary and the differencing process

is tine invariant , the conditional entropy for very large K is

found fran

2E 
~~~~~~ 

a.~. 
a (2.5.15)

and

2 aLint E{y~y~.1} a~.
~~1-a

so that

Hl(yK/yx l
) = LOG 2we o~ ~ LOG 2ire (1-a2 ) (2.5.16)

2.6 The Channel Capacity of a Sensor

All real c~rld syste’ns must make use of one or more measuring

devices in order to be able to have an absolute (or relative)

asses~nent of perfon27ance so that the tasks which are performed may

be judged. It se~ ns intuitively true that in any real time control

probl~n, feed-fori~erd or feedback, it must be the measuring device

which ultimately limits the performance of the control process. If

data could be taken quickly, efficiently and accurately, then 100

percent precise ccnnands could be given and zero error performance

42 
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t~ uld be achieved . Of course no sensor can provide data that good ;

they all provide data that is distorted , noisy , late and scinetimes

missing. Until this present report, feedback control system theory

has lacked techniques f or assessing the ~~rth of sensors. There

has been no good criterion by which sensors could be j udged and no

scale on which alternate sensors could be canpared .

The significant new results in this dissertation were obtained

by no longer using the sensor as a data gathering device having

certain variance properties, but rather as an information trans-

uL tt ng device having channel properties. Such a view is not

unnatural. It is a highly respectable asstznpt ion when made by coding

theorists analyzing cciimunication systems and moreover much can be

said for the analogy between control and ccnnunication .

Of course , the t.~ rth of any proposed property of a system depends

on the knowledge it conveys to the user , and given that a sensor has

a channel property it is not surprising to learn (as will be proven

in the later chapters) that this property can be used to develop a

measure of the system performance. The channel capacity of the

sensor beccines the factor which limits the flow of information around

a system and therefore the factor which can measure the effectiveness

of the given sensor path in accanplishing sane end .

The channel property studied in this dissertation will be that

of the mutual information between sensor input and output and will

be referred to as the “Sensor Channel Transmittance.” This

quantity closely resenbies Shannon’s channel capacity , but , for the

43
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situations examined here, the luxury of a controllable signal

probability density functior. is not available and so the t~~ concepts

are different and are treated as such.

2.7 The Sensor Channel Transmittance

The sensor or measuring device that is used to determine the

state of a dynamical system can be regarded as a noisy cc*rvnunication

channel.. Figure 2.1 is a possible representation for such a channel.

ThPtYr I~~~~~~~~ B _s
~~~~~~~~~~~~~~~~ C 

~~I
1. S=B(Y)

2. Z :C (W)

Figure 2.1. Interpretation of a Sensor
as a Ccmnunicat ion Channel.

The additive noise term , {nk} is usually an Rth order markofft process which is independent of the meas~~~d Mth order ~~~koff process

~~~~ 
However, no markoffian properties will be assuned at this

point . The signal shaping operator B is linear and physically

realizable, and so it may be represented as a casual matrix having

entries ~~~~ such that ~~~ 0 , for all i>j. The only requirement

-- 

_________
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on this matrix operator is that DET [B] be non-zero. This is an

obvious requir~nent that states math ematically the constraint ,

that it always be possible to ocinpietely recover the signal y ,

when the measurement noise is known.

The output filter C can be of a n~re general nature and , f or

convenience, it taken as a nonlinear casual operator of the form

c1 (w1
)

c2 (w1,w2 )

c3 (w1, w2 ,w3 )
C(W) . (2.7.1 )

where

zl WI

— 

and .

— ZK

The “recovery” constraint on C(W ) requires that the Jacobian

of the transformation, J( W) , must be non-zero for all W . The

~Jacobi~in is given by the expression

J (W) 4 DE’r lr (W)]

I
I

-

: - _
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where r (W ) is the matrix of partial differentials given by

ac. (w l ,...,wK )
r ( W)

In this dissertation the mutual infonMtion between the K dimen-

sional input and out put vectors is called “The ~eft&*~ CI~mne~. ~~~~~~
mittance.” This quantity is given as:

‘K~1’~ 
HK(Z) — HK(Z /Y ) ( 2 . 7 . 2 )

or

1
K~~I~~~~

) I p~(~.) LOG dZ -JfP(?~.~I) 
LOG p (~fY) 

dZ~. dl
(2.7.3)

where the integrals are of Kth order and are taken over the whole K

dimensional space .

The probability density functions for S and W are related to

the input and output density functi ons through the transfonnat ions :

ii) p~(C(W)) P~
(
~
)IJ(

~
)I
~

iii) Py(l) ~~~~ B.

The mutual information when written in terms of S and W beccines:

~K~I’~
) :1 p (W) LOG dW +Jp (W ) LOG IJ(~

) I dW

LOG dW dS

-fJPw s (k
~’~

) LOG I~1~~ I dW dS
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or

Ix(Y;Z ) = HK(W) — HK(W/S). (2 .7 .5)

The conditional entropy of W given S is simply 
~~~~~ 

This
may be shown as follows : 

- . .. .

~~

. . *~~ — —. _~~~~I — • • •• 4 .

f d~ f d~ ~~~~~~~~~~~~ 
LOG p(Wf 5) (2.7 .6)

where

W = S + N

p(W/S) = p~(W_S) (2 . 7 . 7 )

= p~5(w .s,s) = p5(~) ~~~~~~~ (2 .7 .8 )

and p
~q.p is the probability density function of the K diinen-

sional noise vector. Making the proper substitut ions reduces the
conditional entropy to

H.~ (~/~) = f d~ f dW ~ns~~!’~) LOG

£ .L P~q!) r
~~ 

_____

= H~(N) . (2.7.9)

Using this result in the expression for the mutual information yields:

= Hx(S+N) — H.~(N) . (2.7.10) ‘

L Li
—
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Now using property 2 (Table I) of entropy , it is tr~ie that

H~(C(N)) = HK (N ) + fdN Pn
(N) LOG

In addition,

HK(C(S+N)) H~<(S+N) + J d W p ( W )  LOG IJ(
~~~I.~~ * • _ .~~~~~~. , , ,.. . .

-

~~~

— = H.~(S+N) + f d S f d~ p~~(W ,S) LOG ~J (W )

= H.~(S+N) + f dS p5(S) £ dW p~(W_S) LOG IJ(~
) I

~~(S+N) + f d p~(N) LOG IJ(~)I

Then fran these t~~ equations and 2.7 .10, it follows that

H1<(C(S+N)) - HK (C(N )) H~< (S+N ) -

HK (C(S+N)) — H.~(C(N )) I~(Y;Z) . (2.7.11)

This form for the Channel Transnittance is nore important than 2.7.10 ,

because it relates directly to readily accessable quantities, i.e.,

the sensor output for no signal input (C(N ))  and the sensor output

for a signal input (C ( s+N)) .  Thus , according to equation (2.7.11),

~~~~~~ 
can always be found for any sensor , even by simulation

if necessary . So under laboratory conditions IK (Y;Z ) may be

determined experimentally, without any knowledge of B or C being

requir ed for this determinat ion . This, coupled with the fact that

all. the bounding theorems on system performance subsequently proved

48
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in the body of this dissertat ion , always depend directly in

‘K~!’~~ 
(the term H.~(N ))  never appears without the corresponding

term H.~(S+N)], means that it is never really necessary to know

individually any of the sensor paremeters (N , HK (N) , H.~(S+N) , etc.]

but only IK (Y;Z ) . Thus sensors which defy representat ion in con-

ventional terms and which do not have suit~blc nodels can be canpletely

described for the purposes of this discussion simply by a channel

transmittance.

Recognizing that C(S+N) is the sensor output (or the signal

measuren~nts) it will not be surprising to learn below that the

difference between the entropy of the output for signal and no-

signal condit ions

The informat ion in
HK(C(S+N)) — H.K(C (N)) the output about (2 . 7 . 1 2)— 

the input -

can be interpreted as that anount of information in the output that

is actually effective for reduc ing the entropy uncertainty of estimetes

of the input . Obviously if any estimates of a function of 
I 

are to

be made using the noisy measurement Z , it is the Channel Transmittance

that will measure how successful the estimation procedure is.

The reader should be cautioned that this is not a canpletely new

interpretation of Ix(Y ;Z ) .  If the sen3or of Figure 2 . 1 was called a

channel and if 
I took on only a finite numt’er of values and was called

a code then there ~~uld be no objection to calling I~.(Y ;7.) the effect-

iveness of the decoding procedure . What is new is tha t this approach
is now being applied to the estimation of cont inuous-state pr ocesses .
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Since mutual information is always non-negative, equation

2.7.10 yields the important inequality

H.~(S+N) > H ~<
(N ) (2 .7 .13)

In a similar mariner , the mutual information IK (N;Z ) yields an
.
~~~~ .- .. ~ .e . . —  .- , •. C. .. -  — .~~~ S • — . -  s . .  .

equally important inequality

IK (N;Z ) = H.K(S+N) — Fix(S) 0 (2.7.114 )

or

H,~(S+N) > H
~<
(S). (2.7.15)

2.8 D~tropy of the Stun Vector (S+N)

For many of the derivations to follow, it is necessary to know

the conditional entropy of the stun of the two independent ly distributed

randan vectors S and N , given all the past value s of the stun. Since

the probabi lity dens it ies of S and N are usually known in advance it

is not difficult to conceive of using :

P(~~~ ) :f d~ ~~~~~& 
P~(S+N-a ) (2 . 8 .1 )

in order to determine the desire d entropy function .

However it is sanetimes desirable to be familiar with the proper-

ties of the conditiona l entropy without being obliged to carry out the

convolution and entropy integrals directly . An expression similar to

equation 2 • 5.6 is clearly desirable , but unfortunately , the stun of two

mar koff processes is no longer Markovian and no such simple equation
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exists. However when the randan variables involved are stationary

and N is markoff then it is possible to determine a useful assyxnptotic

description of the conditional entropy . It follows fran the use of

equation (2 .3 . 5 )  that the mutual information incr eases rrcno tonioally

with the nunber of samples used , i.e.,

• •

~~
•

~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

< I (sl, s2 , . . . , sK , sK+l ;(s+n) l, (s+n)2 , . . . , (s+n) K )

~~ . ~~5l,s2 , . . . , sK+l ;(sI ~~
) l , . . . , (8+n) K, (s+n )K+l )

~~~~~~~~~ 
(2 .8 .2

Now expanding each of the mutual information terms according to a

nodification of equation (2.7.10) ,

Ix(S; S+N) = HK(S+N) - Hx(N)

which leads to

Hx (S+N) — Hx(N) < Hx+1(S4.N) — Hx+1(N) . (2.8.3)

It has already been determined (see Section 2.5 , equat ion ( 2 . 5 . 3 ) )

that the entropy of a K dimensional markoff noise vector is:

H~q~) = 
k~1. 

Hl(C k ) .  ( 2 .8 . 14)

This simplifies the above inequal ity to yield :

Hx(S+N) < 4s+n) K+l/t s+n) K s+n) K l ) . . . ) ( s+n )
l) 

+H.~(S+N) -
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or finally

H ((s+n)x+i/(S+N)J> Hl(~K+l
).

In the stationary case this result , together with equation (2.2.19 )

leads to .
~~~~

. . 
~ 
. -

~~~~~~~~~

H1

= 
~~~~

> H 1 (
c8+n )K+2/ s +n K+l~ . . .~~ s+n) l ) > H l~~

) .  (2 . 8 . 5 )

Thus the sequence H ( (s+n )K+l )/(S+N)
K )  

is nonotonically decreasing

and is bounded below by H,1(F ) .  It is therefore convergent to a

limit

tim H 
(

(S+n)
~÷1’c!+~~ ) H ( ( 5  +n )/ (S+N)) > ~~~~~ (2 . 8 . 6 )

where in the limit S+N becanes an infinite dimensional vector . An

alternat e and useful expression for the convergent property is:

Given any oO there exists a c sufficiently large so that for

all K>K ,

ii ((s+n )~+1
/(s+N) ) — H ( ( s +n ) f ( S + H )  ) < ~~. (2 .8 .7 )

This relationship will prove useful below for studying the incremental

change in Channel Trangnittance.

2.9 Incremental Channel Transmittance

Accordin g to equation (2 .7.10) the K dimensional Sensor Channel

Than~nittance is

~~~~ 
52 
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HK (S+N) — H~qo. (2 .9 .1 )

As nore data is taken and K increases , the Channel Transmittance

(according to Theor em 2.3 .1 )  must also increase and in general , it

increases witbout bound. An int eresti ng quantity to study is AK ,

The fr~c~~mental Channel Transmittance, defined as

6K ~ 
1x+i ~~~ 

— Ix(Y;Z ) . (2 . 9 . 2 )

It follows fran equat ion (2 . 8 . 2 )  that is always positive and

it represent s the anount of “new” information obtained about all the

signals (including the latest one) that may be derived fran an

additional measur ement . After a sufficient length of time, the

new data does not provide any new information about the oldest signal

samples and therefore A~ approaches a steady-state limit A , . In the

stationa ry case this stat ement is proven as follows .

Fran eqw~tions (2 .9 .1 )  and (2 . 9 . 2 ) ,

= K+l~~~!~ 
- Hx+1(N.) - [HK (S+N) — Hx(N )i ,

using equation (2 .8 .4)  and

H.~(S+N ) + Hl(( s+n) K+l /(S+N ) K )

the equation for

AK H1 ((s+n)~ +1/(S+N )
~~) — Hl

(
~ K+l ) .  ( 2 . 9 . 3 )

Then by applying equation (2 . 8 . 7 )  the convergent property of AK
may be stated as:

_ _
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Given any oO there exists a K sufficiently large so that for
- 

all K>K

— £ , < £ . (2 . 9 . 4)

The asymptotically stationary Incranenta l Transmittance , A,,,

will prove useful ~in ~~ctiozf 3 :~ far sho .ng that in’ S’ta’~1oz!ar~ 
.

markoff estimation problems the average entropy of the error approaches

a steady-state value.

1
4
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ca~F*rER ~~~EE
ThE ESTIMATION PROBU}1

3.1 S~zanaxy

Except for the requirements of real time data processing, feed-

back. control s~~t~~~ ~~e ~~ry s~mi1~r~to estimating 
- systems. There-

fore it is not illogical to assune that the investig ation of feed-

back should begin with an invest igation of estimation , especially

since this type of problem has received much att ention and several

mean square error solutions axe known to exist (34 , 35).

Useful entropy ana lysis is rot just a matter of writi ng the

system equations, transforming the corresponding probability density

functions and then determining the various signal entropies . The

scalar feedback problem studied in 3.2 best demonstrates the diffi-

cult ies involved in this approach. The major result , thea t of

bounding the error entropy fran below is

H (x) >- H(1~j y) .

If “a” were known , then this bound could be determined ; but then if

“a” were known H (x) could be determined exactly. Thus in this example

no useful purpose has been served by using the entropy measure. This

setback is stiU further incentive for first developing entropy

techniques by solving the simpler probl em of estimating before att ~~~t-

ing to solve the very canpiex feedback control problem.

The critical step for initiating entropy analysis , the study of

the mutual inforeation between the system error and the sensor output,

-

~~~~~ - j - - -  - - - - ----— .~~~ - -~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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is investigated in 3.4 (after a suitable problem definition is given

in 3 • 3 ) .  The ncst useful result of the mutual infor~~t ion approach

is that it leads to a bound on the estimation err or entropy that is

independent of the estimating filter and is a function solely of

the krown propert ies of the system input and the system sensor . - .~ .• • . ‘ ~~~~ .~

In 3.5 a corollary is proven that is a reinterpretat ion of the

estimat ion theorem through the use of the concept of a Sensor Channel

Transmittance . This corollary ccznpletely relaxes all of the con-

straints on the form that the estimating system may take on. The

filters “C” and “D” - need not preserve information and the only

descri ption of the sensor that is now required for an entropy analysis

is its Channel Transmittance , I (Y ;Z ) .

A simple example , presented in 3.6 , is used to show that in the

Gaussian-linear-est imat ion prob lem, entropy solutions lead to con-

ventional results. With this experience as background , another

corollary to the estimation theorem is proven , the results of which

denonstrate clearly the basic similarities between varian ce and

entropy as uncertainty measures . For linear Gaussian problems

variance and entropy are completely intercha ngeable . The remainder

of the chapter is devoted to understanding the implications of the

re sults as they apply to the change in error entropy with additional

measurements.

3.2 Naive Application of Entropy Analysi s

The tracking problem produces an inter esting example of how

undisciplined use of the entropy criteri on can lead to difficulties .
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Consider the scalar feedback estimation problem shown in Figure 3.1.

1~~ following theorem applies:

Theorem 3.2

The entropy of x is bounded by:

H (x) H ( ~~~~n) 3.2.1

i.e •,  the entropy of x always exceeds the entropy of the canponent of

the noise that appears at the output .

Proof :

Since 

aX r~ . y I ~~fl

y :y, p

it follows that the transformation of the probability density functions

is

p~,(x ,y): P~y th~Y) ~ 
)_ l

So that using property 2 (Table I) , the joint entropy of x and y may

be found in terins of the entropy o f y an d n , i.e.,

H(x,y) H(n,y) + LOG

H(y) + H(n) + LOG

:H (y )+H (1~._ 
n) . 

—

Now examine the mutual information between x and y:

I(x;y) = H(x) + H(y) — H(x,y)

= H(x) + H(y) - H(y) - H

57
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;i~~~e 3.1. A Scalar Feedback Problem . 

-

H(y).

0

/

Figure 3 .2 .  A Typical Graph of H(x ’
~ vs. a.
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or

H (x) I (x;y ) + H 

~ ~
) .

Since I (x ;y) is always positive , the theorem is proven.

• In an analogous manner , using I (x ;n) , it is possible to prove

that the error entropy always exceeds the entropy of the closed loop

component of the signal at the output , i . e . ,

H ( x ) > H ( ~~~ y )

It would appear that these bounds on error entropy would have

strong applications for system analysis . Unfortunately they do not .

The reason is that even if the minimum possible error entropy occurs

with satisfaction of the equality in equation 3.2.1 (and it definitely

does not), evaluation of the quantity H (
~ n) 

still depends on deter-

mining the values of “a” to achieve the minimum , and if “a” were avail-

able, entropy analysis would have no advantage over the actual

calculation of the propert ies of the true error.

In actuality Fl ~ ~) [or H (~ y) ] have little bearing on

the true minimum error entropy that may be achieved by this system .

A typica l relationshi p between “a ” ~wid error entropy is shown in Figuri~
3 . 2 .  Thus , there is no simple way to find either ~ or H(~ ) frvm this

particular application of entropy for feedback analysis , even though

two apparently very nice reus.lts were obtained in the process.

3.3  The Estimation Problem; Description

As the first useful step in the study of th~ use of informat ion
theory , it is instructive to investigate the elementary est imation

_ _  _ _ _ _  _ _ _ _  _ _ _ _ _ _
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probl em shown in Figure 3 .3 .  A random signal sequence taking on the

values 
~~~~ 

k:l ,2 . . . , K is processed by the ~a~own dynamical system D.

D may be nonlinear and time varying and it may also be non-realizable

in the sense that the system output could depend on future value s

of the input. A suitable vector representation for this operation can

be written as:

=

where the U and Y vectors are K dimensional vecto rs whose components

are the nembers of the corresponding random sequence , i.e •,

u1 y1
U

2

U :
— Uk —

uK

and
- 

d1(Y) -

d2 (y1,y 2 ,. ‘~‘K~ 
d2 (Y)

D(Y) :

dK (yl ..... . .  ‘~‘K~ 
dx(Y)

if d~(y1,y 2 I . .  ‘~k ’•  ‘Y K~ 
is independent of all y~ for i k+l ,

then the system is called casual .
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Z
k I i

_ _

1. U = D ( Y )
2. Z =  C(BCI ) + N )
3. V : F ( Z )

~~ . X : U _ V

Figure 3.3. The Estimation Problem.
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At the same t ime , the sequence (y~ } is measured by the noisy

sensor consisting of a nonlinear pre-filter , B , the corr’upting

additive noise N and the nonlinear post-filter C. At this point in

the deve1o~tnent , no other const ra ints are placed on the forms of B ,

C , or N , other than the fact that the noise process 
~~k 1 is independent

of the signal process 
~~~~ 

and that B , C , and D be information

preserving in the sense of section 2. ~~ . The measurement vector Z ,

is then processed by the est imation filter F, to produce the random

vector V. The optimum filter F(Z) : F(Z) is chosen so that V is

the best estimate of the processed signal , U , in the sense of minimum

error entropy . Again, at this point F is not constrained to have

any particular form other than that of information preservation.

Suppose that this estimating system is opt imized (or will be

optimized), a natura l question is; “What will the system performance

be?” One of the severest handicaps of the currently available

analysis techniques is that the answer to this question requires

determining the opt imizing filter and this filter is not easily found .

If the problem is one of preliminary design analysis of complicated

systems, then not being able to easily calculate the opt imum per-

formance adds greatly to the design problem and obscures the impor-

tance of certain system parameters . An advantage of the information

theory approach developed herein is that it proyides the “back door”

to system performance evaluation without solving the filter problem

directly . When the estimation problem has the form shown in Figure

3.3, the following theorem is applicable.
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3. ’e The Fz~tr~~y Thecr~~ for Estimation

Thso~~~ 3.’e:

1. For the general estimation problem shc~ .n in Figure 3 .3 ,

and an arbitrary filter function, F(Z) , if all the transfo rmations

are information preserving, then the entropy of the error vector X

always satisfies the inequality:

H(X) > H(D(Y)) + H (N) — H(B(Y) + N) : H0 , (3.4 .1)

where H is independent of F(Z). In other words , the reduction in

the processed signal entropy, H(D(Y)) - H ( X ) - ,  due to feed-fon.aard

estimat ion , cannot exceed the Sensor Channel Transnittance, 1 ( Y; ”) ,

where

I(Y;W ) : I(Y;Z) : H(8(Y) + N) — H(N).

2. Minimiz ing the mutual infonTution I (X;W ) is equi v ~t t..

minimizing t.he error vector entropy .

3. The minimum error entr opy occurs when I (X ,W ) 0. This

minimum entropy is

F I ( X ) 1  : H = H (D (Y)) + 11(N) — H(B(Y) + N) (3 . 4 .~ )
J min °

and is attainable if the optimum filter I can be chosen ~io that the

random vectors X and W are independent .

The proof of this theorem is based on considering the mutual

informa t ion between the measurement vector , W , and the error vector

X. It is intuitively obvious that in the sense of entropy, if the

system is optimized [H(X ) is minimum) then V can not contain any
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irreducible information about the error X , i.e., I (X;V ) must be a

minimum. Since I(X;V) = I(X;W) for information preservation , it

follows that this implies that the mutual information between the

error and the measurements is a minimum. If it is not a minimum

then Z could be reprocessed and this additional information rerroved ,

thus reducing the entropy of X further . This intuitive not ion that

the minimum error entropy corresponds to minimum “error-measurements”

mutual information will be proven.

Proof :

The mutual information between X and W is defined as:

r ~ 
(~~~)

I (X;W ) f ~~ Pxj~.’~P LOG 
Px~~)Pw~ P

where p~~(X ,W) is a function of 2K arguments and each ii- - gral is

K dimensional, i.e., dX dx1 ~~2 
dxK. According to Table I,

Property 15 , this mutual information may be written in terms of the

individual entropies of X and %1 as

I (X;W ) H (X) — H (X ,W) + H (W ) . 
. 

(3 • L~.4)

The vector W is given by

W = N + B(Y) ,

so it follows that

H (W ) = H (N •f B (Y)) .

If the distributions of N arid Y are Jo~own , then at least in theory

H (W) may always be calculated .

Ij 
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The joint entropy between X and W is found fran examination of

the system equations

w = N + B(Y) (3.4 .Sa )

X = — F ( C ( N+B (Y )))  + D(Y) : _F
~

(N+B(
~

)) + D(Y) (3 . ’4. 5b)

The Jacobian J , for this tra nsforma t ion of [
~] 

into [~
] is given

by the expression

r a N  ‘

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~— 

L 
_a

nFc i 3y~~~y 1’c

r i ‘

D L T J  

L _a
~F~ 

ayD_a yFc

DET [~~D - + (~~ F ) ( ~~ B (Y )) )  (3 . 4 .6 )

where the entries in the partitioned matrix are defined in the follow-

ing manner:

3 N  = I (the ident ity matrix )

ab. ( Y)
a~B (Y) B (with B~ = )

a!’ (N+B(Y)) a!’ (N+B(Y))
c1 — — c1 — —

_a
~~~ 

,..., -

~~~~~~~

a F -..n c. . .

a F (N +B (Y )) a !’ (N+B(Y)CK C
~~~~~~~

— —
,...,  —..

~~
——.——

I
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~ 

•1
- aF (N+B (Y)) aF (N+B(Y) ) -

Cl~~ 
— C1~~ 

—

a ‘ ‘  ayl
— 

a~F0 : : =

aF (N+B (Y)) aF (N+B (Y))
— C

K
I ~~~~~~~~~ ayl

ad1 ad1 a~1 
-

a ay1

adK ad~ adK
, 

1~~

•

~~~ 
~~~~~~~~~

Using this notation,

J(N,Y) = DL’r [a~F0] DL~F [B ]  + DL’r [a~D] - DE~

but it is obvious that

DL’r(a~F0) = DL’~r [ a nFc B’] DET E a~F~
] DEl’ B’] ,

so that finally,

J (N ,Y) = DET (ayD(~.)] (3.4.7)

The Jacobian given in this manner may then be used to express the

probability relationship existing between the vectors (N ,Y) and (W ,X). 

~ ~~~~~
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The p rtinent pt’obabi].ity density function equations are:

p~~(X ,W ) dX dW ~~ ( , ) d ~~~ P~(�2 ~~q!) 
dY dN (3.4.8)

= Py~~~~s~~ ~~~~~~~~ IJ(~
,
~)I~ • (3.4 .9)

The joint entropy of (X ,W) is def ined as

H (X ,W) ~ f fdX dW p,~~(X ,W ) LOG p~~~X ,W)

When 3 .4 .8  and 3 .4.9 are substituted into this expression it

becanes

H(X,W ) = f  f dN dY p (N) 
~ 
(y) T~~~ — 

1— —  
-

~

. ~~~~~~~~~~~~ 
P~
(
~
) I DEF[a~D] I-

(3.4.10)

If the log term is expanded and the indicated integrations

performed , the mutual entropy can then be written as:

H (X ,W ) H (Y) + E~ ( LOG I DET L a~D ] I }  + H (N) (3.4.11 )

where E~ { } is the expectation operation taken with respect to the

randan variable y, i.e.-,

E~ (~ } d!~~ Py(!.) . (3.4.12)

An important simplification of this equation is possible , if it is

noted that

H(D(I) ) = H(!) + ( LOG DET Ea yD) }. (3.4.13)

- - 
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With the aid of equation (3.4.13) the jo int entropy of X and W

can be expressed in terms of the entropies of Y and N ,

H(X ,W) = H (D (Y)) + H (N) . (3.4.14 )

1~~ expressions for H (W) and H(X ,W) may now be canbined in equation

3~14~4 to yield the equation fran which an the results of this

theorem follow :

I (X;W ) = H(X) — H (D(Y)) — H (N) + H(B(Y )+N ) . (3.4.15 )

— 

~~ly I(X;W) ar id H (X) are functions of the estimat ion filter F (Z) ,

there-fore, minimum error entropy occurs for minimun mutual infor-

mation . Since mutual information is always a non-negative quantity

it must be true that

H (X) > H (D (Y)) + H (N) — H (B(Y)+N) . (3.4.16)

The importance of this equation is that it relates the entropy of

X to the ) riown entrop ies of the input quantities , without requir ing

explicit knowledge of the estimat ing filter F (Z ) .  In addit ion the

relationship is true for all possible filters . Let

H (D(Y)) + H (N) — H (B(Y)+N) = H0. ( 3 .4 .17)

H0 is a constant for a given sensor and a given dynamical system D

and is not a function of F (Z ) .  Then fran equation 3.4.16 , it follows

that :

HOC ) > He, . (3 .4 .18 )

H (X) is bounded below an4- can never be less than H0.
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If the equality in equation 3.4.18 can be achieved for sane

choice of F(Z) then that filter must be the optinun entropy filter

because is causes H(X) to take on its miniirnzn value. 1~~ equality

of equation 3 • 4.16 can be attained only if I(X;W) = 0 , but- this

occurs if and only if X and W are independent . Therefore the opt imun

estimating filter , F(Z) is such that

~~~~~~~~~ 
(3.4. 19)

with the result that

MIN (H(X)} ~ H(X) = H . (3.4 .20)
F(Z) — —

It is impossible to over emphasize the fact that in either case ,

that of determining the entropy lower bound for estimat ion with sub-.

optimal filters , or of determin ing the minimum entropy for optimum

est imation , it is not required to actual ly know eithe r F (Z) , or

F(Z) .

The requirement that X be independent of W requires that all

the data be made available before an estimation is made . This is

analogous to a similar requirement of the Shannon coding theor em,

and it follows that if minimum errors are to be achieved for either

optimum estimation or optimum coding it is required that the entire

message (signal) be kno~ i before it is coded (filtered ).

3.5 The Channel Transmittance Approach to Estimation

Having sho~~ that the performance of an estimat ing system that

utilizes an additive noise sensor is bounded by the Channel

69 j
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Transmittance of that sensor , it is easy to conjecture that only the

informational properties of the sensor are important for entropy

analysis arid the particular form taken by the sensor’s rxcdel is riot

significant. This relaxation of the constraints of Theorem 3.4 is

stated rigorously in the following theorem.

Theor em 3 5  (A stronger version of Theorem 3.4)

If a signal vector Y, is measured by a sensor having a Channel

Transmittance, I (Y; Z) then the entropy of the error in estimating

D(Y) is HOC ) , and H (X) is bounded as

H (X) — I(Y;Z) + I (X;Z ) + H (D (Y )) .  (3 .5 .1)

Both F(Z) and D(Y) are completely arbitrary single value functions,

and the equality holds when D(Y) preserves information. When F(Z)

is chosen so that

I(X;Z) = 0 ( 3 . 5 . 2 )

this corresponds to the minimun error entropy,

MIN (H (X)} = H(X) = H (D(Y)) — I(Y ;Z) . (3.5.3)
F(Z) — — — — —

Thus the maximum system performance improvement H(D(Y)) - HOC) is

equal to the Sensor Channel Transmittance. Note that this theorem

relaxes the constraints on the estimation problem to such an extent

that now all the canponents may have ar4itrexy form.

Proof :

Begin with the system equations defined by Figure 3~~14~
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Figure 3.4. The Estimation Problem with Generalized
Sensor .
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= D(Y) -

L ~ = 0 Z — J ( 3.5.4)

It then follows that with U:D(Y) , the joint probability densi ty

function of X and Z is

~~~~ 
= p~~ 

(X +F(Z),Z)

This equation is true for any single valued funct ion F(Z) , informat ion

preserving or not .

The entropy of [X ,Z] must be

H (X ,Z) = HOJ,Z) E H (D(Y) ,Z) . (3 .5 .6 )

This expression is then introduced into the equation for the informa-

tion between X and Z in the following manner.

I (X;Z ) = H (X) + H (Z) — H (X ,Z)

[ = H (X) — H (D (Y ))  + LH(D(Y)) + H ( Z ) —

H(X) — H(D(Y)) + I(D (Y);Z) (3.5.7)

but

I (Y;Z ) > I(D(Y);Z) (3.5.8)

with the equality holding when the transformation D(Y) preserves

information. Therefore

H(X) > H(D(Y ) ) •+ I(X;Z) — I(Y;Z) (3 5.9) 
—

and the theorem is proven.
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3.6 Example

An example supporting the major conjectures of this theorem

is had by considering the simple (and classical) problem of estimat ion

of a Gaussian signal in additive Gaussian noise . Then :

D :  I

B :  I

C :  I

Z =  Y + N

and 1(Z) will obviously be a linear function of Z.

The optimum mean square filter must satisfy the requirement that

the minimum error be orthogonal to be signal Y + N [42 , p.2 18]. This

leads to the equations

E ((Y Fz) ZT ) 0

(F ) E {7J~T } E (y~T }

For convenience all var iables are taken with zero means . Using

the notation

E (y~T }

E {~~ T )

the opt linun filter is found to be the matrix

R~ (R ~+R~i
1

TPw .iri i~~~ ,~ an square error matrix is defined to be

-

~

- - ~~~ -~~~~~ -- - -
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E {)0(T} ~ E (~i_ FZ)(? FZ)T 
= -

= R~(]. — [R~+çr~ ~~

Simplification of this last expression leads to

2 
= R~ (R~+R~F1 (Ry+Rn-Ry )

~
2 R~, [RY

+RhI
’ Rn

Since X , the opt imum error vector is Gaussian , the error entropy may

be written directly as

HOC ) = •
~~
. LOG ((2~)K DET

or , making use of ~2 found above , H (X) can be expanded to yield

H (X) = LOG ((2i&~ DET [R ~J }

+ ~~~. j~y~ { (2 w) K DET

+ LOG {(2~)K D1~ LR ~~~] }

Recogniz ing each of the terms on the right side of thi s equat ion

leads to

H(X) = H(Y) + H (N ) - H (Y+N ) ,

‘4*ich is , of course , the major conclusion of the theorem.

Because of the unique relationship between Gaussian variance and

Gaussian entropy it is suspected that an entropy expression exists

which unites the two points of view. The following corolla ry to

Theorem 3.5 provides this unification by considering the signal con-

ditioned by the measurements as the fundamental analysis quantity .

A 
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3.7 Corollary I to the Estimation Theorem 3.5

Corollary I:

The entropy of the error vector always exceeds the entropy of

the processed signal conditioned on the measurements ,

H(X) > H(D (Y)/Z) (3.7.1)

with equality if the opt imum filter is used.

Proof :

Fran equation (3 . 5 . 7 )  the error entropy is

H(X) H(D (Y)) + I(X,Z) — I(D(Y),Z)

using

I (D( Y) ,Z) = H (D(Y)) — H (D(Y)/Z )

and

tOC ,Z) 0.

It follows that

H (X) > H (D(Y) /Z )

where the equality holds when F (Z) is chosen so that

I (X ,Z) = 0,

thus proving the corollary .

This resu]t resembles very much the accepted relat ionships of

classical Gaussian mean square analysis . In fact , in the special

case of Gaussian randcin variables in a linear system the corollary

reduces to
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DET [VAR (X}] DET [VAR {D(Y) /Z }] (3 . 7 . 2 )

an equation which is well krto~~ [45 , p.225]. Of course this is j ust

a pract ical exinple of the supp osition first made by DeGroot [20)

to the effect that in uncertainty analysis the various measu re s ,

such as variance and entropy, are interchangeable.

3.8 Steady-State fl~tr opy

When the signal processes are stationa ry and the tr ansformations

are time invari ant , it must follow that after a sufficiently long

time steady—state conditions will exist. Under such condition s it

would be useful to know the entropy of one coordinate of the error

vector . This knowledge is not directly avai lable since all the

previous entropy expressions are always written for vector quantities .

However the average entropy per coordinate 
~ H~<

(X) , will serve the

same purpose.

Begin with equation (3.4.1), using S = B(Y)

~ H~< (X) 
~~ 
HK(D (Y)) + 

~~ 
[H~< (N ) — HK (S+N)] (3.8.1)

by assumption

LIM ~ Hx
(D (Y)

—

must exist and it will have the value H (u ) , i.e . ,  it is the entro py

of the steady -state processed signal .

Accord ing to the definition of Incr emental Channel Trenemittance

given in Chapter Two, it is possible to write
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K
— Hl<(S+N ) = — 

[I
M (Y;z) + 

M~l 
4
~ ] (3.8.2)

According to the result presented in equation (2.9.4), given any c ,

arbitrarily small , it is always possible to find ic sufficiently large

to ensure that

C > K

where is defined as

~~~
. 

~~~
. — . (3 .~~~.3)

3. 1

M is now fixed so that

M > K .

Ccinbining equations (3.8.1) , ( 3.8.2) , (3.8.3) , and taking the Limit

yields
H(X) IM(Y;Z

) K M  1 C .
LIII > H(u) - LIII - 

- LIII ~~~ A LIII Z 4
K-.~ M+l

or 

~ H (u) - A - L~~ 
K-~~~ ~

[

H(u) - LIII 

~~~~~~ 

] - < c

which is the requirement that the steady-state system performance

improve~~nt due to feed-forward estimation be limited by the

asymptotically stationary Incremental Channel Transmittance, A .

77

- - - —
-
-——~~ .-&-~-— —-



—~ 
-

~~~~

CHAFrER FO~~
flIE FEEDBACK CONTROL PROBLEM

4.1 Suanary

The n~st important application of the techniques of entropy
analysis is in regard to feedback control systems . In this chapter
and the next , two type s of closed loop control systems will be

investigated and a canpietely new int erpretation of feedback control
will be derived.

This pre sent chapter is concerned with the performance of the

disturbance rejecting system shown in Figure 4.1 which maintains the
minimum entropy outpu t , despite the presence of both external noise y
and sensor noise n. The major result of this chapter is theor~ n
4 .4 which can be state d math~~~t ically as

H (DY) — H (X) I (U ;Z ) — I (X;Z )

This equation leads to an absolute description of the entropy of the
error vector X and to a bound on the improvement of system perform-
ance, due the use of feedback, that is the channel prop erty of the
system sensor . Also fran this equation follows the corollary:

H(X) H (DY/Z ) .

Evaluation of the resulting equations with regard to actu ally
achieving the equality (or the boun d) reveals that these expressions
are not tight enough for re~~ time data processing. This indicates
that Theorem 4.4 provides only the initial ground work for an
investigat ion of feedback control systems. However , this preparatory
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1. X = D ( Y— V )

2. Z=C(B(X) + N)

3. V =  F(Z)

4. S = B(D(Y))

Figure 4.1. The Disturbance Reject ir .~’ Feedbac~ C ntrol

System (Regulator)

79

__________ —~~ -~~~~- — -—--- -
~~~~~~~~~~ - - - ----—~----—-----—-----• — —-—-- - - --— - -~--



— -.., ~ 
— — ~~1— 

~~~~
— 

-i-
--— 

— -

st~iy is ixre than sufficient to demonstrate that it is again the

Sensor Channe l Tran smittance that limits system perfor mance . The

developnents in the future chapters are all based on thi s fundament al

idea .

4.2 The Feedback Control Problem; Description

A recurring problem In the design of the class of aut anatic

control syst ems , ca~ii~ nly referred to as regulators, is to isolate a
dynamical system fran undesirable disturbances . Typical ly this

type of problem is solved through the use of feedback. A configu rat ion ,

general enough to describe the nost often encountered systems 3f this

class is shown in Figure 4.1. Here y is the disturbing input and

x is the system output . The sensor consists of a linear pr ’efilter B ,

a postfilter C , and an equivalent noise source n , which is used to

take into account any measurement erro r . The linear dynamical system

of “plant” is given by I) while the feedback gain is denote d by F.

Often there are unchageable elements of the plant in the feedback

loop. Since F is ccinpletely general it is convenient to ass~~e that

such elements are already included as part of the feedback signal

processing. When the feedback gain, F, is chosen so as to achieve

an opt imum (in sane sense) system output it will be written as F.

When the sensor used in the feedback loop is absolutely accurate ,
i.e., there are no discretizing errors, measurement noise , distortion,
etc., then the optimu~ system solut ion is to use a feedback network

having infinite D.C . loop gain so that the resulting stable control

system provides canplete rej ection of the disturbances . On the
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- ~~~~~~~~~ ~~~~~ .... .~

-- -- -~~~~~
--



-
~~~~~~~~~~—--~- 

—
~~~~~~~.--. — -~~~~~~~~~~—~~-— -~~~-

other hand s if the sensor is very noisy when cc*npared to the effects
of the disturbing forces, then it would be expected that a low feed-
back gain would be the optimum solution .

Using entropy as a criterion functic~ , it is obvious that
values of feedback gain exist which will cause the system output
to assume, continuously , all the values of entropy between the
entropy of the sensor noise and the entropy of the uncontrolled
disturbances. However, it is not so obvious that feedback can
decrease the output entropy to less than either the signal entropy
or the disturbance ent ropy . There fore it is important to ask how
much improvement (if any) over the uncontrolled system entro py can
a given sensor provide when used in a feedback configun~tion.
Since it is apparent that the performance of the resulting system is
directly related to the properties of the sensor , it IS desirab le
that the answer to this question should be based only on the
invariant characteristics of the sensor. Theorem 4 .4 below,
shows exactly how the Channel Tra nsmittance of the sensor is used
to bound the performance improvement of a sampled data control
system using the given sensor in a feedback loop.

— 

4.3 ~ystem Uniqueness

The feedback system of Figure 4.1 may be describ ed by the
equation

W = BDY + N - BDF (C (W )) . (4.3.1)

L 
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This equation may be solved as a function of BDY+N to yield the

expression

= g1
(~ )~~~) . (4.3.2)

If g1 is a single valued function of BDY+N it will be possible to

write the informational inequality

I(n;W) I(n;BDY+N)

for any arbitrary randan vector n. This is an important step in

the develorinent of entropy analysis of feedback systems and so it

is critical to understand the conditions under which g1 is a unique

function of BDY+N. To simplify the discussion sanewhat , the signal

is set equal to zero arid only the noise response of the system is

studied . The mathematical constraint on g1(N) is that the Jacobian
faw~J(W ,N) = DET (~ ] DLT LI+BDF~ (W) T

i

exist and be non-zero always with the same sign . For a physically

realizable system this states that the perturbation response of

the system is stable . This agrees with experience; the noise response

of stable realizable systems is unique . The explanation of this

lies in the fact that the effect of a noise input can ’t appear instan-

taneous ly at every point in the loop. One or nore component outputs

are not changed because of a noise input . Under the assumption

that all system elements perfo rm single valued transformations of

the inputs it must follow that any signal in the loop is a single

valued functional of the inputs and the initial conditions, if any.
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When the feedback system is nonrealizable it is possible that

the noise response is now unique . For example in Figure 4 • 1,

take

D = d

B = 1

C = 1

F(z)

Then for a noise input , n ,

w = n - clw2 *

or w may have two values

_ _ _  -
,

w
~~~~ 2p

but if w has two valuec. so does x ,

x = -d(x+ n)2

or

x2 + x 2 N +~~)+ r~~= o

C 2n ~) \/(2n ~)2 4~2

x = —  2

This’ clearly indicates that the mathenatical description of the system

is incorrect , because what practical use can a multiple valued system

output be when it is impossible to tell which output state will S

result fran a given input ? This type of system must be of limited

use and will not be considered in th is dissertation ; only systems

for which g1
(N) is unique will be allowed.
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‘4 ~‘4 The D~itropy Theorem for Feedback Control

1~~ entropy analysis of the regulator problem, Figure 4.1, is

simplified by the use of the following lenma.

4.4.1 Leima

For closed loop noise rejecting control systems of the form

sho~e~ in -F~~~f~ *4 rr~wi~1I a~~it eris~~~co ifi ration, the joint

entropy of the errors and the measurements is equal to the j oint

entropy of the open loop signal and the measurements, i.e.,

H(X,Z) HW ,Z)

U =  D(Y).

For this lenma the plant D(’), is constrained to be linear .

Proof: -

The variable s X and U are related by

X D (Y) - F(Z).

Therefore

px,z ~~~~~~~~~

so that

H(X ,Z) = H(U,Z).

Thus proving the leirina.

The results on an entropy analysis of’ the regulator of Figure 4.1

is sixunarized as Theorem 4.4. The main resu lt is that the reduction
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in the processed signal entropy, due to the use of feedback , cannot

exceed the open ioop Sensor Channel Transmittance.

4. 4.2 Theorem 4. 4

* For the regulator problem shown in Figure 4.1, where B and D

are linear, C is information preserving, and the feedback gain F( Z)

• -~~~~--~~~ •~~ ~~ • — . is ~r~~t~~~y: 
, • .s 

~~~~•..
- __ •  ~~ ~~~~~~~~ _ •l_ ,.*~~~~~~~~~.

_ _ 
•~~- ~~~~ -,•. - • . . . .~ .. * — l

1. Minimizing the mutual information I(X;W) is equivalent to

minimizing the entropy of the error vector .

2. The entropy of the error vector , HOC), always satisfies the

inequality

HOC) ~ H(U) — I(U,S+N) (4.4.1)

I i :  DY,

S : B D Y .

3. Since I (U;S +N) is the open ioop Sensor Channel Transmittance

it also follows that

H (U) — H(X) - H( S+N) — H04) . (4 .4. 2)

¶fl~ improven~nt in the system performance because of the use of feed-

back is bounded by an open loop quantity that is independent of F(Z).

Proof:

The mutual information between the errors , X , and the measur ements ,

z, is

I(X ,Z) H(X) + H (Z ) — H(X,Z) . (4. 4. 3)

: j  
--



- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~ 

~~~~~~~ ~~~ - - - - -~~~~ 
-

- * --.* — - ~~* — — - ---——*-—--— —*-.*~~..*—

I

Applying the lenina, and rewriting yields

I(X ,Z) = H (X) — H(U) + H(U) 4 H (Z) — H(U,Z)

= H(X ) — H(U ) + I(U;Z)

or

H(U) — H (X) = I(U;Z) — I (X;Z ) .  (4 . 4 . 4)
- —*I_ • __,.— 

- 

1-1 1. ~~~~~ • — ~~~ W 4 ~~~
_ _ • ~~~ 

— S~ *~ ~~~~~~~~~~~~~ 
-

This reuslt is not particularly useful since it utilizes I(U;Z),

which depends on the sensor closed loop Channel Transmittance. The

reason that I(U;Z ) is not useful is that to calculate it , or measure

it, requires specifying F (Z) , and the whole purpose of entropy analysis

is to avoid doing that .

-

~ When the sensor noise is additive and the prefilter, B , is

linear the closed loop Channel Transmittance may be related to the

open loop Channel Transmittance as follows:

= C(BDY+N — BDF (Z )) .

Using

S~~~BDY

this equation may be solved to obtain Z as sane function of S+N , i.e.,

= g~~~~) C( g1
( S+N)) .

As discussed in Section 4.3, g2 must be single valued . Now, either

g2 preserves information , or it does not , but in either case ,

I )  < I (U;S+N )

so that then

H (U) — HOC ) < I(tJ ;S+N) — I (X;Z ) .  (8 .4 .5)
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Since only H(X) and I(X;Z) have a functional dependence on

F(Z) it must foflow that minimizing H(X) must be identical to

minimizing I(X ;Z) . Since I(X; Z) is always non-negative the 1o~~r

bound on being able to use a feedback function , F(Z) , to reduce HOC) ,

must be the Sensor Channel Tr ansmittance, I(U;S+N) .

Using equation (2.7.10)

I(U;S+N) = H(S+N) —

equation (4 .4. 5) beccines

H(U) — HOC) < H(S+N) — H(N) r (14.3 .5)

with equality if g2(S+N ) is an information preserving transformation

and if F(Z) is chosen to achieve

‘~~~
)

Thus, an inequality for the joint entropy of the error coordinates

has been fow~d ~rthith is tr’ua for any feedback ele~ent , F, and does

not depend on knowing the feedback gain function in order to evaluate

it. 1~~ constant F0 is a function of the parameters of the sensor

and the statistical properties of the input signal and iirinediately

sets the lc*ier bound on the syst~ n entropy performance, irrespective

of h~ i sophisticated the feedback optimization is made .

Thus it has been proven that the effectiveness of a feedback

loop in reducing syst~ n errors is determined by the ability of the

sensor to transmit information . This is an entirely new way for

looking at feedback control syst~ns. It is the first time that the
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entropy flow of signals around a feedback loop has been examined ,

and the first time that it has been proven that systam performance

is determined by the entropy handling capabilities of the canponents .

Rearra nging the terms of equation 4 .3 . 3  and using

I (X;Z ) 0 ,

leads to

H (X) H (Y/W ) .

This resembles previous ly obtained condit ional entropy expressions

and it also sets a lower bound on the possible system err or entropy .

It is disappointing that this result can not bridge the gap to the

real time Gaussian linear solution as it was able to do for the

estimat ion problems . The reason is real time dat a processing

conside retions ar e such that H (X) can not be caused to be equa l to

H (Y/W ) .

Actually the question of achieving the bound for physically

realizable systems is the only disenchanting facet of this theorem .

The requirement for equality in equation 1 4 . 4 . 5  is that I (X;W ) (or

I (X;Z ))  be equal to zero . Of course , this is just the condition that
V the function F (Z) be chosen so that the measur ements Z are indep endent

of the error X. In a realizable closed loop control system the error

is generated in real t ime because the only data that may ~e taken

by the sensor is data about the errors and without data there cannot

be errors , etc . Therefore it is impossible to cause past coordinates

of the error vector to be indpendent of present or future measur ements ,
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using a physically realizable filter, F , and H(X) can not be equal

to H0. Thu disadvantage In no way Impa ir’s the validity of the

bounds dsrived non—realizable syetens but it does red~~e the

usefulness of the thooren. ~~~ truly useful result must have a

tighter bo~~d and it must be attainable . Obtaining this type of

result is considered so Important that the contents of Chapter Six

will be devoted to deriving the real t IlM solutions for both the feed-

back and the estimation problens and to ex~nining the properties

of that eoluticn .
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THE TRACKING PROBLE}1

5.1 Introduction

As already de~~nstrated in Chapter Four, the nest significant

application of entrop y analysis is for the study of feedback control

systems. Through the use of Channel Transmittance concept s, entropy

analysis provides an entirely new interpretation of the benefit s and

limitations on the use of feedback to improve system performance .

This interpretation is in canpiete agreement with conventional

verbal descriptions of such systems but until now , it has not had a

suitable mathemat ical foundation .

This chapter continues the study of entropy analysis by

examining the performance of a closed loop track ing system. Result s

are again derived ~~ith demonstrate that the performance improvement

of a tracking system utilizing a feedback loop over that of an open

loop system is directly limited by the Channel Tra nsmittance of the

system sensor .

In this case the performance bounds can not be achieved and

therefore are not as tight as ~~uld be desired. However the experi-

ence gained fran the present limited approach paves the way for the

sharper results presented in the next chapter and those results

justify the continued emphasis of this dissertation on Channel

Tranemittance as a fundamental concept in estimation and feedback

control.
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5.2 The Tracking (or Servanechaniem) Problem; Description

The procedure of examining the mutual informat ion between the

error and the measurement quantities is applicable to problems

involving noisy measurements of signals in either open or closed

loop configurations. In this dissertation the (closed loop)

servanechanism is the last class of system to be studied .

The main purpose of a servcxnechanism is to cause the output

to follow, or track accurately an input signal . This is usually

accauplished by sensing the differ ence between a function of the

output and the input , filtering this quant ity and then apply ing it

to the plant . This configuration is shown in Figure 5.1.  The n~st

important aspect of the system as considered here, is the identification

of certain components of the system as being elements of a measu re-

ment device . The form chosen for this sensor is general enough to

include the major characteristics of feedback devices ranging fran

simple potentiometer pickoff s to gyros and hunan operators .

As far as the sensor cclnponents are concerned , B must be a

linear element and the noise must be additive . The filters C and

R may be non-linear , as long as they are information preserving

in the sense of Section 2 . 4 .  The optimizing filter and all fixed

elements of the feedback path may also be included into R. The

fixed part of the system is D, and P is a filter which may be

added because of the auxiliary system requirements not germane to

the tracking problem. The only const raint s on P and D are that they

be information preserving .
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5 • 3 The D~tropy Theor’en for Servanechaniems

~~~ entropy analysis of the feedback tracking system is simplified

thro~~h the uee of the following lørma .

5.3.1 LAmla

For closed loop tracking systems of the form sh~~~ in Figure 5.1,

having an arbitrary sensor configuration, the joint entropy of the

signal and the measurements equals the joint entropy of the error

and the ineasurenents, i.e •,

H(X ,Z) = H(Y ,Z) .

No fur ther constraints are placed on the system canpcments.

Proof:

X = Y - F(Z)

H(X,Z) = H(Y,Z) Q.E.D.

This le~rrna will now be used to prove the entropy theorem for servo-

mechanisms. The major result of this theorem is that the improvement

in system error performance because of the use of feedback is limited

by the Sensor Channel Transmittance.

5.3.2 Theorem 5.3  (The Entropy Theorem for Servomechanisms)

For the tracking problem shown in Figure 5.1 , where B is linear ,

C information preserving and the feedback gain , F (Z) is arbitra ry ;

- — —



1. Minimizing the mutual information I (X ,W) is equivalent to

minimizing the entropy of the error vector .

2. fl~ entropy of the err or vector , H (X) , always satisfies the

inequal ity

H(X) ~ H(Y) - I(Y;BY+N).

3. Since I(y;BY+N) is the open loop Sensor Channel Transmittance

it also follows that

H(Y) - H(X) .. H(BY+N) - H ( N ) .

Proof :

The proof for this theorem follows the s~~~ pattern as the

proof for the regulator theorem (Section 4.4 ) .  The mutual informat ion
V 

between the error X and the noisy measurement quantity Z is I (X;Z ) ,

~E~ich may be written as

V I(X;Z ) H(X) + H (Z ) — H(X,Z)

H(X) — H(Y) + H(Y) + H (Z ) — H(Y,Z)

H(Y) — H (X) I(Y;Z) —

I (Y;Z ) is the mutual information between the signal Y and the closed

loop measurements Z , and unless F (Z) is given , it can not be calculated

or measured . Hc~ever , when the sensor is specifically constrained

to have linear prefilte ring and additive noise it foll ows that

Z C(BY+N — BF (Z ) )

g2 ( BY+N) g1 (C( EY+N).

- -



V -~~~~ 
- -

r~ ~~~~~~~~ ~
VV_VT -

~ccording to Section ~~~ g~() is a single value function so

I(Y;Z) I(Y;BY+N).

If g2(BY+N) is an information preserving transformation then this

last equation is an equality .

11(Y) — HOC) c I(Y;BY+N ) — I(X;Z )

only H(X) and I(X;Z) are functions of F(Z), so minimizing I (X;Z ) mini-

xnizes H(X). Using

I(X;Z)~~~O

and

I(Y;BY +N) = H(BY+N ) — 11(N)

leads to the final equation

— 

11(Y) - HOC) c H (RY+N) - 11(N). Q.E.D.
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QtAP’ltR SIX

REAL TIME E~TA PROCESSING

6] .  SuIiTlary

An unfortunate limitat ion of the theorems of the preceding

chapters is that , in order to achieve the lower bound , the processor

must have access to the entire t ime history of the sensor output

before it estimates the signal. This delay , which is required to

make all possible information available , is not a serious defect

for some categories of signal estimation, but it is disastrous in

any real time estimation problem and catastrophic for feedback

control systems where the presence of even small lags carries a

high penalty.

Of course, this in no way impairs the validity of the bounds

derived above, but their shortcomings due to the time lag require-

ment leads to the belief that in real t ime (or sequent ial) situat ions

even tighter bounds may exist . If such a t ight ened bound exists ,

it is certa inly obvious that the real time dat a processing system,

where the informat ion gained because of the new measuremen ts can no

longer be used to correct the previous errors , can have a performance

no better than the total delay system, and probabl y has a poorel ’

perfor mance .

The ~&rk in this chapter develops the theory of sequent ial

information and shows how this entire ly new concept adapts itself

readily to the real t ime pecularities of closed loop feedback systems .

The first step is to define the Sequential Channe l Transmittance of
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the sensor. This property measures the sequential cunulative

acquisition of information about the signal as meastn’~nents are

made. This definition is contrived so that it canpletely discounts

information derived fran the new measurements about past signal

samples. Of course this is what must be done in any real time

processing system if it is to remain physically realizable.

The next step is to consider the Incremental Sequential Channel

Transmittance, i.e., the ancunt of new information derived fran one

new measurement • The sum of all the incre~ental transmittance s up

to sane time is obviously the Sequential Channel Tr&nsmittance .

The inc~e~~ntal quantity meets two important needs . First , it

measures the importance of new measure ments. Secondly , if this

quantity approaches zero , it provides an indicat ion of what the

asymptotic Sequential Channel Transmittance will be and how fast

the asymptotic limit is approached . This asymptotic Sequential

Transmittance is the irr educible uncertainty of the signal and no

aicunt of additional measur ements and data processing can decrease

the conditioned signal entropy below this level , even if the data

process ing is opt imum in the entropy sense .

Knowing that the total delay system performance of an estimation

- system is limited by Channel Transmitt ance as shown by Theorem 3.4 ,

and suspecting that Sequential Channel Transmittance plays an

analogous role in real time systems , it seems reasonable to assume

that a theorem analogous to Theorem 3.4 can be proven for the real

time est imat ion case. It turns out that such a theorem can be proven

V 
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by direct application of the following re sult , which will, be proved
as a lerma later.

“The joint entropy of the error and the measurenents equals
the join t entropy of signal and the measuranents.”

Similarly, for real time closed loop feedback systems, an analogous
l~nna and an analogous sequential theorem can be proven . For bot h
the estimation and the feedback problem the entropy bounds are tight
(i .e . ,  achieveabie ) so that optimum realizable performance may be
predicted and obtained. In the special Gaussian-lthe~ ’ case , the
mathemati cal repres entations of the theor ems for both types of systems
a~E~it siiTq, lifications which red uce them to the same results as
obtained by conventional Gaussian-linear analysis , which shows the
complete generality of the new channel approach to system anal ysis .

6 .2  The Sequential Channel

In many situations it is desirable to know the Sequential Channel
Transmittance of a sensor , which will be denoted by I(yk;Z) and which
is defined by the relationship

V I (yk ;z) H (Z ) -

By continuing to interpret the sensor as a measurement device , it is
seen that this quantity rep resents the informat ion between the last
input and all the prev ious measurements, it is easy to see that
I (y~ Z) > ‘~~k ;z,~) which is the informat ion between the last input
and the last outp ut . This implies that even though some of the
measurements z1, i ~ k were not made of the 

~k 
variab le , Zj is
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is still statistically related ~~ y~ and can therefore provide

useful information about

~~~ Sequential Channel Transmittance is different than the

Channel Transmittance, I(Y ;Z) , previously defined . In the previous

case, Channel Transmittance is the information between all the inputs

and all the measur’~nents. This quantity implies that , in sane way,

time may be made to stand still until all the c~ çonents of Y are

measured, and then all the information in Z about Y may be utilized

for ~~atever end is desired. Sequential Channel Transmittance

implies just the opposite and emphasizes the inevitable march of

time, and the uselessness of a measurenent that ccmes too late.

Control systerne are an example of how the “arx~~ of time”

renders saie information useless, for no matter how much additional

measurements are related (in a statistical sense) to previous inputs

it is too late to make use of the infor mation.

When C is an information preserving transformation, it follows

that for the sensor shown in Figure 6.1

= H(W) — H(WIyk).

since H(W) = H(BY+N) , in order to determine I(y~;Z) it remains to deter-

mine the conditional entropy of W given Yk• A useful relationship

between the respective probability density functions is

~~(!~
) p~(W_BY).

_ ~~~~~~~~~~~~~~~~ V~~~~~~~~~~~~~~~
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3. Z — C ( ~)
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4. — ck (W)

Figure 6.1 A Typical Additive Noise Sensor .
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Then

H (W/yk
) 

~ f ~~ 
f 

~
‘k 
~~‘k 

‘
~~~~ 

~~~~~~ 
______

— 
P(.Yk

)
= f dW J dY 

~~
(!) Pn~~’~ �9 ‘~~~— — r ~~~~~~~~~~~~~~~

where in the last integral the notation

r)(~~~yk

and

~~k—l : rk~l~~~~k_2 ),~~~~ 1l
)

has been used.

6 3  Increenta l Sequential Transmittance

The Inc~~~~ tal Sequential Transmittance is A~ , where t)~
definition of this quantity is

— I(yKl ;~ (...l
).

In the stationary , time invarient case ,

‘
~~K 1~~~~1’ ~~ 

=

therefore, 
~~~ 

is a ri~notonically increasing funct ion with K.

~ cpand 
~~~~~~~ 

according to property 16, Table I , Section 2 .2 ,

= H(yK
) - H(y

x
/
~~
).

When the processes are stat ionary and y is generated by a markoff
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H(y)

and , according to Theoren 2 .2 .2 ,

LIN H(y~/~~) H(y_ /~~)

which implies that the Sequential Channel Transmittance approaches a
steady—state value. t’breover, it follows that

LIM ~ = 0 .K

The interpretat ion of this result is that even though the sequential
information about y contained in the measuren~ents is increasing, i . e. ,
the entropy of y conditioned on the measuremnents is decreasing, the

effectiveness of the oldest measurements to prov ide infonnation about
the latest signal is decreasing to zero.

6. ’4 The Sequential E~tropy Theorem for Est imat ion

6. ’e.l Introduction

L 

The total vector deriv ations made in Chapter Thr ee have hinted
strongly that a real t ime ent ropy solut ion for the problem exists ,
and experience indicates that that solut ion will be a funct ion of the
real time capability of the sensor to transmit information , i .e . ,  the

Sensor Sequential Channel Transmittance property. But before this
aspect of the problem is investigated, it is convenient to prove the
following leniM which will be used in the proot’ of the ;equential
estimation theorem.
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For the signal estimatin g system shc~~i in Figure 6.2 , where

C is information preserving, the joint entropy of the error and the

measur ements is equal to the joint entropy of the processed signal

and the measurements, i.e.,

H(x~,W) = H (u.,( )W) (6.4. 1)

Proof :

The proof will proceed by examining H (xK , W) and H(uK ,W ) separately

reduc ing the expressions so that they are a function of the fundamental

quantities ~~(Y) and p~(N) , and then showing that the t~~ expressions

are indeed equal .

The formal definition of H(xK,W) is:

-~~ 
H(xK,W) - 

f 
dx
~< f 

dW p(xK,W) LOG p(xK,W )

f dx f dW p,~ (X ,W) LOG p (xK,W). (6.4.2)

Using a previously derived expression for p,~ (X,W ), namely equation

(3.4.9),

—l
~~~~~~~ Py’!) p~q!) IDt~1’ [a y D (Y )] I  (6.4.3)V and the system equations

D (Y) X + FC
(.W) (6.Li.4a)

N = W — BD 1 (X+F (W) . (6.’4.4b)
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l. U :D (Y )

2. Z

3~ V =  F(Z)

4. X = U - V

Figure 6.2. flr Sequential Estimit ion Problem.
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It follows that : 
-

aD~~(X+ F (W) )
= a (X+F0 W (6 .4 .5)

and 

[p y (D
-1 

( X + F w )  )] [ ~~~~~ (
~ 

- 

~~~~

-‘

r ~D~1 (X+F (W)) 1
DL’r — C — (6.4.6)

L a 
(~

+Fc~~~J ]
V Using the probability formula and making the change of variable

Y = D
~~
(X+F

~
(W)

the joint entropy of the scalar x~, and the vector W becanes

H(xK,W) = - f  dY f  dW P~(Y) p~(W~BY) LOG (P3 . (6.4.7)

where

= I ~~K-l [P
~(D

_1 
(x+F~ (W)) )] [ ~~, ( W-BD~~ [X+F (w~

))]

H [a~~
1
~~~
:
~~

(w
~) 
]
~ 

(6.4.8)

The important term in equation (6.4.7) (and also the nest difficult

term to handle) is the argument of the logarithm and it will now be
stulied separately .
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Th. following simplifying vector notation is used :

x = COL (x11x2~ . . . , x~} (6.4 .9a )

t~OL (Xl,X2 I . .. , XK 1J (6.49b)

d.,~(Y) — F~~(BY+N) = dK(Y) — F~~(W) (6.4.9c )

dx1 th2 •..cIx~~1 (6.4.9d )

1~~ quantity CP] can be simplified by making the change of variable:

R = (X+F (W)) (6.4.10)

or using X as a function of R this transformation is:

X = D(R) — F
~
(W) . (6.4.11)

Then

= J ~~~ Py~!? ~~~~ ~~~ 
(~~~ D(~)Y~ DErtar r)c!4 ( l )) 

$

(6.4.12)

where
- 

ad1
(Y) ad1

(Y). . .
D = . (6.4.13)

adK(Y) ad~
(Y)

is the K dimensional Jacobian of the trensforvnaticn U: D(Y) and
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adlc!K_1 ktl(!K_l ) 
- 

—
S ~

D = . (6.4.14)

. .
— 

ay
~_1 

—

is the (K-i) din*nsional Jacobian of the transformation

with D(Y) defined as

d1(Y)

dK (Y)

When the simplified expression for (P] is used in the joint entropy

H(xK,W) it becanes:

H(xx,W) = - J dX cI~ Py~V p~
(W_BY) ~~~ J ~~K-l Py~~? p~(W~BR)

D~~ ta~~ D)I} (6.4.15)

Having derived this expression, it is now convenient to shift attention

and derive a similar (in fact an identical ) expression for H(u.~,W ) .

Consideration of H(ux,W) is based on exmnining the transformation

between tY,N] and (W,U], i.e. ,

W = BY + N

U = D(Y)
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The Jacobian of this change of variables is given symbolically as:

J = I DET ay D(Y)~ : I DET I (6 . Li .16)

so that the relationships between the various probability density

functions are

p~~(W ,U) dW dU = ~~(Y) p~(N) dY dN (6.4. 17)

p~~(W,IJ) = P~(D~~(U)) ~~~~~~~~~~~ ~DET 3UD
’ (U)I . (6.4.18)

The joint entropy of UK and W , in terms of ~~~~~~~ and p~( )  is found

by using the proba bility formulas in the entropy definition

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

to yield

H(~~,W ) - f d~ J ~~ I~~ (a~ D~~(U)]( Py
1(~)) p~(W_ 8D ’(U ))

LOG f d~~_1 IDET (a~ D~~(~)]I ~~~~~~~~~~~~~~~~~~~~~
(6 .4 .19)

where ~ is a di.mr~r variable of integration and q~=u~. It is important
A not to confuse the variables of the expectation integral with the

variables of the integration performed within the LOG argument In order

to achieve the necessary marginal probability distribut ion . In the

expectation integral make the change of variable def ined by:
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D 1(U) Y (6. le.20)

D~~(9) = (6.4.21)

~.E~ere q)~ u)(za~.

With these new var iables 
V

dU I DE? (a~ D ’(U )] I = dY (6.4.22)

(a~ D~~(2.)] = ia ’~ D(a))~~ (6.4.23)

= d2K_l I1~1 (~~~1 D(~ _l )]_hI . (6.4.24)

It then follows that :

H (u.~,W) = J d~ J d! ~~~

[1 ~~~ p~
(
~~~~) III

(6.4.25)

This expression is identical to the expansion for H(xx,W ) therefore

H(ux,w) H(xK ,W) (6.4.26) 
V

and the lemma is proved.
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64 .2 Proof of the Theorem for Sequential Estimation

Theorem 6.4:

1. For the general est imat ion probl em st~~~ in Figure 6.2 , with

arbitrary F(Z) and C information preserving, the entropy of single

scalar error always satisfies the equality

I(xK; W)  = H(xK) + H(W) — H(dKY ,W ) (6 .4 .27 )

and the inequality

H(xK) ~
H(dKY) + H(BY+N/dKY) - H(BY+N) = (6.4.28)

where H
~, 
is indendent of F(Z).

2. The system performance improvement due to feed-forward

estimation is limited by the Sensor Sequential Channel Transmittance

H(dKY) 
- H(xx

) < H(BY+N) - H(BY+N/dKY) = I(d)(!;BY+N). (6.4.29)

3. Minimizing the mutual Information I(X~~~) is equivalent to

minimizing the error entropy .

4. The minimum error entropy occurs when I (x K ;W) 0 and is

V H(xx
) = H0 H ( d KY)  + H(BY+N/d.~Y) — H(BY”N) . (6.4.30)

This value is attained if the optimum filter F is chosen so that the

most recent error, xx, is independent of all the previous measure- V

The proof , although more involved than those studied previous ly,

follows the forma t that has been successfully appli ed to the tot al
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error vector case. As before, begin by exemining the mutual information
of the scaler xx and the vector W.

= H(xx) + ~1(~) — H(
~,xx) (6 .4 31)

H (W) is H (BY+N) , so the only problem is to determine

H(xx,W) = _I (u
~ ;W) + H(W) + H(u.~) H(u

~,W) . (6.4 .32 )

This last equation can now be introduced into the mutual information

~~~~~ 
to yield the basic result of this theorem,

I(xK ;W) = H(xx) + H(W) + I(u
~<

;W) — H (W ) — H(uK )

H(x.~) — H(u
~

) + I(u.1< ;W) . (6 . 4 .33 )

Rearranging this equation produces

H(u~) — H(xx ) = I (u.1< ;W) — I(xK;W) ( 6.4 . 34)

and

H(ux
) — H(xx) I(uK;W) (6.4 .35 )

and the theorem is proved .

The quantity I(u.~<
;W) is the mutual information between a sample

of the proce ssed signal UK and the measiirements of Y. It appears

V that the ability of feed-for~,ard sequential estimat ion to reduce
the uncontrolled entropy of a processed signal is limited by the 

V

amount of information provided about the processed signal due to

measurements of the signal . This observation remains tnte even when
the sensor does not have the specific form given in Figure 6.2. The
proof of th is is given in the following corollary.
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Corollary I:

If a signal 
~K’ which is the last element of the sequence,

~‘1 ,y2, • ,y~, is measured by a sensor having no other

description other than its processed Channel Transmittance, I (u.
~< 

;Z) ,

then the entropy of the error H(xK
) , in estimating dx(Y) is given

by

H(xx
) H(dK(Y )) + I(xK ;Z) 

— I(d
~
(Y);Z) • ( 6 . 4 . 3

~f f~(~) is chosen to achieve

I(xx;Z) = U

then V

MIN {H(x x ) }  H (xx) H(d CY) ) — I(d (Y) ;Z) . (6.4.37 )
K —

Note that neithe r dK (Y) or fK(Z) are constrained to preserve information .

Proof:

V Figure 6.3 yields the system equat ions

V xK = dK (Y) -

Z : O Y + Z

V since

dx(Y) U~<~

the joint probability density function of X
X 
and Z is

Pxz (Xx,Z) Puz (xK+fK(Z),Z),

fran which it follows that
V 

H(x.~,Z) H(u
~
,Z) H(d.~(Y),Z).

V - 
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Figure 6.3. The Real Time Estimation Problem

with Generalized Sensor.
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This entropy equation is true regardless of the nature of f K(Z) and

no constraints as to information preservation are implied. The

mut ua l information between the error and the measurements is

I (x~
;Z) H(xx

) + H(Z) H(xx,Z)

H(xK
) - H (d K (?)) + (H ( d x(Y ))  + H (Z ) - H(dK(Y), Z) )

H(xX
) — H(dx(Y) + I(dK(Y);Z)

which proves the corollary .

Dependi.r~g on  I (u
~<

;Z) thi s result is not as “clean” as the one

for the non—real time estimation problem where the system performance

was limited directly by the Sensor Channel Transmittance. The discrep-

ancy canes about because of the real time requir ements on the estimat ing

procedure . The scalar u.
~< 

may be a function of all the past signal

samples , 
~K ’ but Sequential Channel Transmittance is defined in

terms of only the latest signal sample , y~ . A modified sensor such

as shown in Figure 6.4 may be defined if D is an information preserving

transformation . The change in system performance of this new system ,

due to feed-forward estimation , is now limited by the modified sensor

V Sequential Channel Transmittance. *

When no reliable analytical descriptions of the system canponents

are available, the conclusion of Corollary I implies that it ~~uld be

V 

wrhe modification of the system in this manner is not ent irely analogous
to the situat ion that results fran taking D as the identity operator
but bears a resemblance to that approach in that If D 1 , channel
capacity is again the performance limiting factor.
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useful to carry out the open loop experiment in Figure 6.5. The

result of this ei~irical investigation, I(uK;Z), can then be properly

utilized in the preliminary design of feed-forwerd estimators because

it is the upper limit on system entropy improvement.

While the performance bound is not totally pleasing since it

depends on I(u~
;Z) and not on the Sensor Channel ~~ansmittance,

I(y~;Z), it is mathematically sound and intuitively correct and it does

V lead to the following important corollary .

6 • 5 Corollary II to the Sequential Estimation Theorem

Corollary II:

When the causal opt iintan filter is chosen so that the nest recent

error is independent of all measurements, the entropy of’ the error

is equal to the conditional entropy of the processed signal (con-

ditioned on all previous measurements ) , i .e.,

H(xx ) = H(UK/W) • (6 . 5.1)

V Proof:

The optimiin filter is chosen so as to cause

I (xK ;W) 0.

This causes

H(xK
) = H(uK ) — I(uK ;W) + I(XK ;W) 

(6.5.2)

to became

H(xK
) H(u~) — I(u.~< ;W) (6.5.3)

= H(u.~) — (H(UK
) — H (U K/W) ) ( 6 .5 .4 )

H(xx) H(ux/W) Q . E.D.
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V The uncertainty in XK is the uncertainty of the processed input

signal, given all the measurements.

Theorem 2.2.2 shows that when UK is a markoff process and is

stationary, H(uK/W) is monotonica lly decreasing and approaches a

finite value and therefore

V H(x ) < H(xK
) H(x~~1) K ( 6 .5 .5 )

V Equation (6.5.5) is interesting because it demonstrates that under
V the stated conditions the erro r entropy is im notcnically decreasing

and approaches a finite steady-state value given as

= H(u
00
/~~)

V it is interesting to note that thi s result is not true in general.

Under certain conditions the entropy of x can decrease without limit .

For example , if the signal y were a constant then after a sufficiently

long time the est imate of y derived fran noisy measur ements would

have arbitrarily emall error and the entropy of that error would have

no lower bound .

6.6 Gaussian Example

V The sample problem described in Section 3.6 is again examined.

Contrary to the previous examples , the entropy solution to the real

time Gaussian estimation of a signal in additive noise is not very

simple. This is because the Gaussian mean square solution to the

problem is not very simple.

First let us determine the minimum variance error using the

classical techniques of Gaussian estimat ion theory . If is the last
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V 
signal s~~çle, then the best estimate of is

VK FZ

where now Z is a column vector equal to Y+N and F is the optimum

row vector chosen so that the scalar quantity

E (YK~VK}

is minimized. It is well known that F will satisfy the orthogonality

condition 1Le2, p.2161,

E ((yK_FZ)(Z )} = 0 V

or

F E{ZZT} E{y1<ZT}

V Then using the following notation

V R~~~~E(YYT }

~ E(y~}

V R~~4 E(NNT }

Y }
V 

RYY

for zero mean randcin variables . Now F is

= ~~~ [R~+R~F~ .

is a row vector and (R~+R~) is a square matrix . The minimum

variance error using this solution is

V a2 E 
~~~~~~ ~ 

= ~~~~~~~~~~~~~~~~~

V ~2 
= E(y~+(}2~

T_y~~
T) j~T_~~~~)

2 2 ~ T
V ° 

:E{y~
) _ F Ryy

ø~~Ryy (R r1~
Rhi

1 
~~~
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It is obvious that

~~~~~~ 

~~ 
(~~+~~)~~ (R~,+R1~

] I V

where I is the column vector with zero entries in all but the Kth

coordinate , i.e., I

= CCL (0 ,0,...,l}

Using this expression the minimum error variance becanes:

a2 = ~~~ (Ry+ R]~
1 ((R V +R~) ~ 

- Iç~}

since

and 
V

Rh I : R ~~~~ E{flKNT}T

= 
~~, 

[Ry+R~]~~
• R~~ V

Because x is a Gaussian randan variable its entropy is:

H(xx ) = LOG (2wea 2) . V

This is the final result and resembles very irnx .h, in form , the error V

found for the non-casual case in Section 3.6.

The entropy theorem on real time estimation applies, with the V

following system parameters:

D :I

B :I 
-

C I  V

z Y+N
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V Since all the variables are Gaussian , the optimum filter is linear ,
the error can be made independent of the measurements and the equality

k(x~
) H (yx) + H (Y+N/y K ) - H(Y+N)

is attained .

V It is true that

V HCf+N/yK
) H(?+N,yK) - H(y K)

so that

H (xK ) = H(Y+N ,y~) -

‘fl~ first step in determining thi s solution is to evaluate H(Y+N ,yK).

V I d! J 4~ P~,(!) P~q!) ~OG 1
-~~~ 

- L ~~K-l Py~~~Pn~!~!~J

~k~ere the equalities

Z = Y + N  V

V 

~~~~ 
= p~(g) P~(Z Q)

and

V have been used .

Then

e ~1(/2 V

(2w) PtZr (R~J

V_

VJb

~~~

V V ;  

V



V ! - V V V  -r-r _~~~~~ ;__ - V

V ~ VV —
- — V V ___ V

4

- 
T~~~1(2~~~)

_ _ _ _ _ _  V

I’ — (2.1)1(12 VIja (Rh]

~ (9? P~(~1.) ( 2w) X V r r  (R~R~,) 
exp - ~~ . (9T

ç
1
9 + (z-9)Tçl 

(Z..Q~) }

Now examine the exponent and expand

9
T
ç

l 
~ 

+ .~ Tç1 (
~-9) 9T

ç
l~ + zT

ç
lz - 9

T
~~
lz...zT

ç
l9+~

T
ç

1
9

= 9
T cç1

+c

1
) ~ - 9

T
ç

lz zTçl~ +

~ ~9
T 

— ~ç
l

~ç
l

~~~
l R~~Z]T (ç1+ç’) ~~ 

— (~~
1
~~~

1)

zTçi (çl+çlYl cç’+iç’] (ç
’+ç’) (ç’z) + zTçlz

= (2-R~(R~+R~r’z]T (R 1+R~~) (~-R~,(R +R~~
4Z]

+ zT

V Using this last expression the term ~
(9) P~ &-9~ 

may be written as
V 

the product of three terms, two which may be Identified as being

Gaussian probability density functions.

V 

~~~~~ tR~+R~)
P~ 9? ~~~~~ G1G2

\JDET (R~R~] DL? [R~~+R~~]

where and G2 are Gaus~~ in ‘1 V ~abi1ity density functions defined

as

V 121
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- ~ I (Ry+R~1
)~

1Z]T 
(ç

1
+ç

1) ( ( R 3,+L1y1z]

~
J(2w)’

~ 
DL?

and

y 
p ( Z )

~~~~~~~~~~~~~~~~~ 
I —

V 

~nd x’r (R~R~1 DL? (R~
1+~~
’] = DL? [R~+R~]. Since C2 is independent

of 9, and since the distribution of Z = Y + N is the iw re important

one it follows that

H(Y+N,y1() = f  d! f  ~! PyQ9 
p (N) ~~ 

1

-. -

~~~ f d ~~~l G1

+ L ci f ~± ~~P p~qp LOG p
:
~Y+N)

Obviously the last term is H(Y+N) and the first term can be simplified

as follows . ~~ is Gaussian and a funct ion of the K variables
I :1

q1,q2,...,q1(

f dQ~~1G1 must also be Gaussian and is the function of only q1(, using

= CCL (O ,0 , . . . , l} it may be expressed as:

V t  ‘1
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e 
~ Iq1(_ITp~(1~ +~~)_lz]2 EIT

cç
l+ç

l) I)

£ ~~~~~~ 
~~~~~DL? (iT(çl+çl)-1~]_ 1

Therefore the joint entropy H(Y+N ,y1() ~~~~~~

H(Y+N,y1() = H(!+~!) + d1~~ J di~ Py~~) P~q!) 
[~~~~~ 

(y

+ i.o~ 
[

~w DL? [I T(Içl+R lYl i]]

In terms of the previous derivations

DEl’ (~~(ç
1+R~~)~~I] DL? ~~~~~~~~~~~~~

= 
V

~~reover,

E (ty1(-Ryy(Ry+Rh)~~ 
Z)2} - ~~~~~~~~~~~ B~~ + ~~~~~~~~~~ Icy

V 
= - Ryy(Ry+Rh Y~

••’
~ 

~~~ V

= Ryy(Ry+R~)~
1 

~~
so that finally ,

H(Y4~N ,y1() H (y4N) + + LOG ((2w ) DEl’ I yy(Ry1~R1)
1 R~~ ] .
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sa.nce ~~~: LOGE Ce) , the error entropy at the Kth instant is now

found to be

H(x 1() = LOG [
2we) DL? (R

~y (R
~,+Rh) ’ R~~]]

which is, of course, identical to the solution obtained through the

use of conventional mean square analysis .

6.7 The Sequential Entropy Theory for Feedback Control Systems j V

6.7.1 Introduction

The feedback problem has already been introduced in thapter Four.

In this section the concept of Sequential thannel Tranemittance will

be applied to the problem in order to determine a real t ime (physically

realizable] solution. The following lwma will be a cornerstone

of the Sequential Entropy Theorem for Feedback Control Systems .

For the closed loop feedback control system of the form shown V

in Figure 6.6 with arbitrary system parameters and arbitrary sensor

configuration, the joint entropy of the open loop signal and the

closed loop measurei~nts is identically equal to the joint entropy

of the error and the closed loop measurements,

V H(x1(,Z) : H(u1(,Z) (6.7.1) V

11 ~~~~~~~~~

DY = Ii (6.7.2)

I
- 

-

~~ 

V 

- 

V VV V
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1. X : D ( Y — V )
2. Z = C(B(X) +~j)

V 3. V = F (Z)

S B(D (Y))

rigure 6.6. The SequentiV-31 Feedback ReguL~tor .
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then

x.~~~u1( -d.~ F(Z)

V and

~x ,z ~c1~ Z) = Pu,z~’~~~i F(Z),Z).

The joint entropy H(XK Z) is

H(x1(,Z) f  dB f  da~ ~xz ~‘K’~
) LOG p (~~~~

= f  dB f  ~~K ~u/z (U K+dK F ( 8) / B )

LOG z~’X~ K F(8)/~)

then

H(xK,Z) = H(u1(,Z).

6.7 ,2 1~~ Real Time Feedback Entropy Theor~n

‘The feedback control system that is examined is shc~.ai in Figure 6.6.
V The components are all constrained to preserve information; in addition

B and D are tal en as linear . No constraints are placed on the forms

of the signals other than the existence of an entropy measure. The

following theorem is applicable. V

V 

Theor’en 6.7 :

1. For any realization of the filter function F~Z) the entropy

of a single scalar error always satisfies the equality

I(xx;Z) H(x1() — H(u1() + I(u1(;Z) , (6.7.3)

126

___ ____ _ _ _ _ _  ~~~~~~~~~~~~~~



- ~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~ V ~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ — ~~~~~~~~~~~~~~~~~~~~ -~~

and the inequality

I(x~;Z) < H(x~) — H(u~) + I(u~; BDY+N) (6.7.3)

U = DY

V 
As a consequence , the following inequality is also true,

H(xK) > (H(uK
) — I(uK;BDY+N) (6.7.4)

where H0 is an open loop function and it is independent of F(Z) . V

2 • The presence of the term Sensor Sequential Channel Trans-

mittance (I(u,~;BDY+N) in equation (6.7.4)) implies that the improve-

ment in the system performance, because of the use of feedback, at

least in the case of an additive noise sensor, must be limited by

the open loop Sensor Sequential Channel Tran~nittance, i.e •,

H(uK
) - H(x) < I(ux;BDY+N).

3. Minimizing the mutual information I(xx;Z) is equivalent to

minimizing the entropy of the error.

4. If the filter function F(Z) is chosen so that the most recent

error XX, is independent of all the previous measuremsnts Z, then

I(XX;Z) 0

and the minimtzn error entropy,

MIN {H(xK)) = H I(ux;BDY+N
) (6.7.5)

is achieved.

Proof :

With the aid of the lemma of Section 6.7 • 1 the proof of these

statements is quite simple. Begin with the mutual information
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between the error and the vector Z

I(xK;Z) = MC XX) + H(Z) - H(xx,Z)

V 
H(x~) + 11(Z) - H(ux,Z)

H(xx ) — H(ux ) + I (u1<~Z)

Because this system is constrained to be physically realizable the

equation

= C(BDY+N-BDF(z))

must have a unique single valued solut ion (see Section 4.3) given as

The function g2 ( )  is a transformation of BDY+N , the input , into Z ,
the closed loop measurements . This transformation can not ~create ”
inform at ion, there fore

I(u~ ;Z) I (u~< ;BDY+N) .

This leads to

I(xK;Z) c H(xK) - HCu K ) + I(uK ;BDY+N).

There is equality when the system transformation of (BDY+N) into Z
preserves information.

I(UK;BDY+N) is the open loop Sensor Sequential thannel Tran~nitance
It is the informaticri between the scalar signal u

~ 
and the open loop

measurement vector BDY+N.

V 
Since mutual information is non-zero, the inequality

V 

H(xx) H(uK) - I(uK ;BDY+N)
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V also follows . Th. achievement of the equality obviously corresponds

to minimum error entropy and this must correspond to V

~~~~ 
o . (6 .7 . 6 )

If u.~ is interpreted as the system output with an open feedback

path then

H (UK ) - H(Xx )

V mi~ t be the system entropy improvement that results specifical ly

fran the use of feedback . It is truly interesting to note that

this system improvement is bounded fran above by the open loop sensor

propert ies of the device that measures UK . Without a doubt this is

a radical new approach to feedback theory. This result is significant

because it implies that optimum performance for feedback systems

mey be calculated without either

1. calculat ing the opt imizat ion net~~rk , or ,
V 2. completing the feedback path and determining the

closed loop signal entrop ies .

6.8 A Generalized Entr opy ~~proach to Feedback Control

In the special case where B and D are linear and g2 ( )  is infor-

metion preserving it happens that

I (ux;Z) =

V 
but then it is also true that

H (u~/Z ) = H(UK/BDY).
If this equation were true for all types of sensors then the general,

completely nonlinear, feedback prob lem ~~uld be solved.
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V 
it is not apparent at this time how the linear constraints on V

B and D in the feedback control problem may be relaxed . The following

theorem is proposed as a step in that direction.

Theorem 6.8

V If a sensor has the property that its closed loop conditional

V entropy equals the open loop conditional entropy , i.e., if

H(xK/Z) = H(uK/4)) (6.8.1 )

where Z is the closed loop output of the sensor and is the open

loop output of the sensor when the input to the sensor is the vector
V 

DY, then

H(d
~
Y) — H(xK ) ‘~ o U K~ 

— • (6 .8 .2 )
V 

I(
~~,,u.~<

) is the open loop Sensor Sequential Channel Transmittance.

V In addition

V H( UK) — H(X
x

) < I(z ;ux
) • ( 6 .8 .3 )

Note: For the system studied in Section 6.7,

and

= BDY+N.

Therefore it is obvious fran the preceding work that at least the

linear prefilteri ng sensor with additive noise sat isfies this
V conditional entropy constraint , whether or not any significantly

V different sensors also satisfy this constraint is not )a~o~e~ yet.

— 
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V

Proof : V

= MCXX) - H(xK/Z)

= H(xx ) - H(ux/~~
)

= H (XX) - H(uK ) + H(uK ) - H(uK/~ ,
)

= H(xx ) - H(uK) -

or finally

H(uK ) - H(xK) c I(uK ;~~
) Q.E.D.

Thus , under the assumptions of theorem 6.8 it is quite sufficient to

consider the sensor as a device for transmitting information and its

capability for doing so is described completely by the mut ual infor-

maticn between the input and output. The actual form for the sensor

model is immaterial . It seems reasonable to conjecture that this is

true in general, but the proof of this conj ecture has not been attained

for arbitrary sensors .

V In the real time feedback problem, the entropy solution may be

shown to be very similar in form to results obtained for the Gaussian-

linear system. This is stated as a corollary to theorem 6.7.

6.8.1 Corollary to Theorem 6.7

For any feedback system , having arbitrary ccmponents and uncon-

strained sensor models, the error entropy is always bounded by the

V 

conditional entropy of the error given the measurements, i.e.,
V H(x K ) H(uK/Z) (6.8.4 )

The equality holds if and only if

I(xx ;z) O .
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Proof :

Equation (6.7.3)  was derived without any constraints being

imposed on the system element s,

I(xx ;Z) = H (XX) — H(ux) + I (u
~,Z) . (6 .8 .5)

Rearranging this equation yields

H(x) = H(UK) — H(UK) + H(uK/Z) + I(x ;Z)

since

X X ?~
) ~~ . °

V the corollary is proven.
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~ iAPTER SEVD~
CONTINUOUS TIME I~ TA PROCESSI~~

7.1 Discussion of the I Vf i
Ultj S in Solving Time Continuous

Systems with Entro py

Barring consideration of the fact that so far useful results for

the calculation of time continuous mutual information have only been

obtained when the processes involved are Gaussian, the extension of

entropy analysis , as described in the pr evious chapters of this

dissertation , to time continuous systems is simultaneously easy and

difficult . It is easy because all of the theorems in the continuous

case ar e proven using only the properties of mutual information and

these properties should hold in the continuous as well as the dis-

cret e case . It is difficult because there does not exist a funda-

mental understanding of continuous time entropy . Undoubtedly, the

poor understanding of the properties of this type of entropy is due

in no email part to the fact that up until now there has been no

practical need for a continuous time entropy measure. Probably the

spectra of infinite entropy has so intimidated researchers that they
V have not even made strong attempts to find useful applications. The

following very simple example opens up the possibility of’ j ust such

a useful application . The reader is cautioned to realize that,

since only Gaussian variables can be studied , the results only

indicate a potential on the part of entropy to solve cert ain broader

time continuous problems.
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V 
The problem considered is the estimation of the magnitude of a

Gaussian randcan D. C. signal in additive stationary Gaussian white

noise. For this elementary problem the entropies of all the individual

signal quantit ies exist , so that it t~a uld be no great difficulty to

find the entropy of the estimation error, term by term , fran the

familiar equation :

H(x(t)) = H(t~v(t )) + H(n(t)) — H(By(t)+n(t)). (7.1.1)

However, realistic situations exist where sane or all of these

entropies can not be found. An alternate approach is suggested by

the technique used in the proof of Theorem 3.5. There the concept

of Channel Transmittance is utilized to obtain equation (3.5.3) ,

rewritten here for time continuous processes,

H(Dy(t)) — H(x(t)) c I(y(t) ;z(t)) (7.1.2) 
V

L 

and sInce I (y;z ) almost always exists arid can be found , it therefore

follows that the bound in improvement in the error entropy uncertainty

for any continuous estimating system almost always may be calculated.

Of course, no absolute measure of the system entropy performance can
V now be obtained since H(x) can not be considered as a reliable

absolute measure in continuous t ime situatio ns, and no other absolute

V meas~~ of the error will result fra n analysis .
V 

7.2 Dcample

Consider the D. C. signal

L a(t) a, 0 c t c T, (7.2.1)

V 
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V “a” is a zero mean rand an variable that is constant over the specified
V time interval and it has a variance

var {a} ~ a2 . ( 7 . 2 . 2 )

Est imates of “a” are to be made using the noisy measur ’ements z(t ) ,

z(t ) = a + n(t ) , 0 < t  < T ,

the randam signal n(t) is a zero mean stationa ry white noise process

independent of “a” and having the covariance function

E (n(t 1) n(t2 )) = N0 6(t 2—t1) .  ( 7 .2 .3 )

If “a” is est imated using
T

a = h (T—r ) z ( r )  dr . (7 .2 . 4)

Then according to the Wiener-Hopf equation 142 , p. 408) , the optiimin

V estimating filter must satisfy

E (a2 ) 
=]

h(T_t) E (z ( t )  z(t )} dr , (7 .2 .5 )

and therefore

a 2 a2 
]~h(T_ r ) dr + N0 h(T—t ) 1t c (0 ,T]. (7 .2 .6 )

The only filter function h(T-r ) that solves this equation is a

constant , i.e.,

2
h (T—r) = a 

2 (7 . 2 . 7)
N0+a T
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After ocinbining equation (7 .2 .7 )  with equation (7 .2 . 4)  the optimum

estimate for “a” is the weighted integral of the measurements, i.e.,

T 2
a 

f 

-~~~~~ z ( r )  th . (7 .2 .8 )
O a T + N 0

The variance of the error in estimat ing “a” is found as follows:

E (( a-a)2 ) E a - a 
~~~z(t )  dt 

2

~ a T+N~

2 1 2 1 2 1  I
= 

2 
— 2 2 ° (o2T) + ( 

~~~ 
I (a~T~+N TI

a T+NQ ~a ~+ N /  ~ ° /

V o2T+N0 a2T+N0
2

V _V~~~_
° (7 .2 .9 )

Using the properties of Gaussian randam variables the entropy of the

est imation error must be

2
~ 

a N
H(a—a) = LOG 2 ~ 2we . (7 .2.10)

a T+N0

This , taken together with the entropy of “a”

H( a) = ~
. LOG (~2 2we) , (7.2.11 )

proves that the change in the entropy of “a ,” because an estimation

is made is

- - _ _ _ _  _ _ _ _ _ _ _
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IN +a2T~
H(a) — H(a—a) = 4. LOG I 0 I (7.2.12)

‘lbs s~~~ r esult may be obtained fran a direct application of the

Estimation Theories, 3.5 (applied to continuous time systems ar id

uairtg the ~~rk of Hyang [33 ,p.59]).

According to Hyang,

I.~.(s(t)+n(t);s(t)) = I.~,(a+n (t ) ;a) = LOG (l+A k), (7.2.13) V

~**ri~ the subscri pt T denotes that the time interval over which the

processes are defined is E0 ,T). The AK found fran the projection of

the signal onto an eigenfunct ion space spanned by the set of functions

FK ( r ) , i.e.,

E ( F K, ~~ 2 } A K , (7.2 . 14) 
- 

-

where the inner product is defined as V 

V

s> ~~~~~ S(t )  FK(t) dt . (7.2.15)

The eigenf~xicticns FK satisfy the integral equation

AK~~~
E (n(t1) n(t2)) FK(t2) th2 =JE (a

2) FK(t2
) 
~~~

(7.2.16)

~~~~~~~ 

the siirçle D.C. process in white noise the only eigenfunction, F,

is a constant , and
2

- a Tl -
~~r (7.2.17 )

V 

A K 0 K = 2, 3 , ...
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Then by equations (7.2.13) and (7.2.17)

IT(a+n(t);a) = LOG + (7.2.18)

which, of course , campletely agrees with the informational quantity

of equation (7.2.12) , which was calculated direct ly fran mean square

error analysis.

7 .3 Conclusions

There is no doubt that the above inforinat ion theoretic procedure

may be applied to n~re ccznplex t ime-continuous processes , but only

if all, the signals are Gaussian and their covariance functions have

Karhunen-L~eve expansions. Fortunately one can expect that the

Gaussian restriction will be rie~~ved with further research, so the

only real problem to consider is whether equat ion (7.1.2) , (repeated

here)

— H(x(t)) I(y(t);z(t)) (7.2.19)

has any meaning , and not whether the informat ion , I(y(t) ;z(t)), can
V be calculated. In this context , I(y (t);z(t)) still retains its inter-

pretation as a Channel Tran~nittance so that even in the continuous

V case it is the Sensor Channel Transmittance that governs the ability

of the system to improve the entropy uncertainty of the signal .

Equation (7.2.19) is effective for canparing the performances of

different sensors used in optimum configurations. Unlike the equations

for discrete time, the continuous entropy bounding equations can not

be rewritten as variance bound ing equations. This is because there

_ _ _ _  _ _ _ _  V V V V ~ 
.~~~ V • • ~~V VV V V V V V 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~
••~~~~~•~~ ~~~~~~~~~~~~~~~~~~~~~ 

- -

- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -~~~~---—-- ~~~~~~~~- - . - -~~---_ ~~~~

V 

is no re~ tionehi~ bs~men indivi~~l s~~ al entreW (which is

often undefined] and variance (which imist be defined in the context

V 
of a continuous time randan variable]. V
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CHAPFER EIGHT

ENTROPY ANALYSIS OF ADAPTIVE CONTROL

8.1 Introduction

Underlying the whole theory of adapt ive control is the idea

that the output of the vaguely described system can be examined in

orler to obtain a better descri pt ion of the system and ultimately to

use this information to improve the control of the system . Implied

in this procedure is the concept that the system output contains

information about the system par ameters which might be profitably

- 
used to estimat e those parameters . If the experience gained in

this dissertation for signal estimat ion is any indication, it

should follow that entropy is a 1ogic~1 tool for describi ng para-

meter estimat ion . In the example presented below, a very simple

situat ion is examined . The system output is a linear funct ion of

the system parameters which are to be estimated . This is not the

typical type of problem encountered in adapt ive control , however

V this nr~del &)es represent a system with unknown initial conditions

and could still be vctluable. A solution is obtained by imbedding
V this probl em into the estimation problem and applying the estimat ion

Theor em 3. 4. Even though severe restrictions are encountered in

the useful application of entropy to the adaptive control problem ,

it is not overly opt imistic to expect that they will soc~i be relaxed .

In any case , the important conclusion is that the anrunt of improve-

L ment in the entropy uncertainty of a system parameter is limited by
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the propertie s of the sensor measuring the output and the properties 
V

of the output function that is maasured. V

8.2 A Parameter Estimation Problem 
V

Consider the following problem : The scaler output of a discrete

V time system at time t~ (jth instant ) is

1=]., . . . , K

where is a column vector , n1 is additive noise independent of a , V

and a is a column vector of size K of parameters upon which the output

depends linearly . It is desired to estimate a. This problem m ine-

diately falls into the context of the estimat ion problem , Section 3• 14 ,

especially when the following corresponds at the Kth instant are

noted :
V 

a

B (M ,M . . . M ~)T

C =  I

~~~~~~~~

It then follows that the improvement in the entropy uncertainty of

the system parameters is limited direct ly by the Channel Transmittance

property of the sensor. This is a new approach t~ adaptive control

analysis. - 
V



V -V  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

Mcording to the result s of the estimation theorem, the entropy

of the error in the est imati on of a is bounded by

H (X) > H(c*) + H (N) — H(Ba+N)

where a and N are zero mean Gaussian randan vectors with covariance

matrices

E (a aT) :R

E {N NT} : R ~.

The entropy equation becanes

H(X) LOG {(2 )K DE~ [R]}

+ LOG {(2 )K DET [R~]}

V 

— ~~~ {( 2 )K DET [BR BT+R~)} ,

V or, when using optimum estimates

K DET ( R ] D E T (R~J
H(X) ~~~ WG {(2ic ) a 

T

L 
— DET (BR R +R~]

V 
This same result may be obt~tined in the following manner frcm a point

of view based only on mean square error analysis. If the estimation

of a takes the form

I
according to the principal of orthogonality, (42, p.2l8],

E (( -j ) zT 
~ 0

V 

• 

- 

V~ 
• ~ 

• ~~
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or Ab must satisfy

RaR
T : Ab(BRGB

T+Rh).

L~ing the value of as

V 

At) (RB T] (BRBT+~~]
l

it is found directly that

VAR 
~2&  = E

R -A BRa o  a

R - (R BT)(BR BT+R.J~~ BR
- a a a n a

V 
= R [l_BT(BR B

T+R Vi~~~ BR ]a a n a

V = R B T R B T+R~Yl ~~aB
T+1~~ B

_T_BR~]

= R B T ( B R B T+~~)_l 
R~B~

.T

It follows from the constraint that DET[B] DET[BT] = DET1B~
T] ~

that

~ 1 1 K DET(R] DETLRh]~H (a—a ) = ,~ LOG ç ( 2it ) /
V — —  £ DET[BRB+R ] Ia

This example dei~nstrates a possible potential on the part of entropy

to be a useful analysis tool for adaptive control problems. However
V in this very siirç le example there is a significant limitation that

requires further research to overcame. The significant limitation

V 
is the form of the constrant on the operation B , i.e.,

r dBcY) 1
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This restriction on the Jacobian of the transformation B(Y) implies

t~~ conditions:

1. B is K valued function of K variables .

2. B preserves information.

Condition 3. insist s that exactly K measruenents be made if K para-

meters are to be estimated. This is not a camon condition since most

often redundant measurements are taken. Constraining B(Y) in this

manner was necessary for the proof of Theorem 3.4. However , this is

rot a requirement for the proof of Theorem 8.3 below, which allows

both redundant measurements and nonlinear plant outputs.

8.3 &~tropy Solution of the Identification Problem

Theorem 8.3
V 

The entropy of the error , in identifying an m dimensional

parameter set , ~~~~, satisfies

H(~~) > H ( ~~) — I(& ;
~~

) +

where the identification system has the form shown in Figure 8.1.

In general, the output signal of the plant to be identified is a

nonlinear function of the parameters ~~~ . This nonlinear operation

has been included in the sensor model , so that I (~~ ; ~~ 
is recognized

to be the Channel Transmittance of the sensor. Obviously the improve-

ment of the pareneter entropy fran H(Q to H(~~) can never exceed

the Sensor Channel Transmittance.

________ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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Figure 8.1. An Identification System
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Proof:

~x,z %~‘~K~ 
= P $, z (

~~
+F(Z.

~
) ,~~<

)

V 

or 

H(~~,~~) =

I(~~~Z~
) H(~~ ) + H(~ <

) —

= H(~~ ) — H(~~ ) +

= H(~~ ) I (~~ ,~~) — I(~~ ;~~) V

which proves the theorem. 
V

8.4 Conclusions

1~~ really significant result ~~u1d be to “close” the identi-

fication system thro~~h the use of a control scheme and show that

the adaptive system performance is bounded by the Sensor Channel

~~smittance The difficulty lies in the fact that the only important

adaptive systems are those havir~ output s that are nonlinear functions

of the unknown parameters. Unfortunately the entropy solut ion of a

feedback system with that much generality is yet to be determined .

I
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CHAPTER NINE

SUtIARY OF RESULTS AND AREAS FOR EIJ’llJRE SEARCH

9.1 Stnnary of Results

The application of the entropy concepts to the analysis of

sampled data feed-for ward, and sampled data feedback systems has led

to sane interesting and useful results. Through the use of the entropy

as a performance measure, an information quantity - - the Sensor

Channel Transmittance - - may be defined, which forms the basis of

a far reaching analysis technique. For example , in the estimation

problem with either real time or non-real time and with no constraints

on any of the system element s or signals (other than the assumedr existence of the signal entropy ), it is the Sensor Channel Trans-

mittance, or a close relative of it, which bounds the estimating

system perforisarice. Moreover, the form of the sensor need not be V

specified and the channel property may even be calculated experi-

mentally if necessary. Under certain conditions, the estimation

filter may be chosen in such a way that an optimum system is achieved.

The performance improvement of the optimum system is then equal to

the Sensor Channel Transmittance. This result is important for
V t~~ reasons ; first it justifies the use of entropy analysis for

investigating systems , and second , entropy optimization performance

limits are known independent of whether or not the necessary optimizing

filter is determined in advance.

As a by product of the study leading to the major results of this

dissertation , several philosophically pleasing observat3ons ware made.



*7•~~- -_ -,-,-_ — - — -~

The most interesting observat ion was derived fran a study of the

equation

H(X) ~ H(D(Y)/Z).

This expression is a direct ana log to

VAR (X~ ‘ VAR (D (Y) /Z )

and contributes to the belief that entropy and variance are each

special cases of a more general criterion function, uncertainty.

The advantages of using an uncertainty function other than variance

has already been der~nstrated by this dissertation. For example , a

V ncnotonic decrease of error variance with time can not easily be shown ,

V but with entropy the decrease is easily proven. At a more practical

level, the form of the results are always such that they reduce to

V wall known equations for Gaussian variables and to acceptable

variance inequalities for non-Gaussian randan variables . Therefore,

if for no other reason, entropy analysis is justified because it

always leads , very quickly, to mean square err or bounds .

It is not possible to make such broad state ments about feedback
V control systems. The most critical assumption made for the solution

of this problem is that the sensor must have a linear prefilter and

additive noise. Nonetheless the sane conclusions regarding the

importance of Sensor Channel Transmittance as a performance bound ,

V the significance of entropy as one type of uncertainty , and the

reduction in the special case to accepted Gaussian results , may still

be made. The real powar of the feedback entropy bounds is that not

only are they independent of the feedback filter but they depend only

4
148

V - - 
V V V~~~~ 

~~~~~~~~~~~~~



V V V V ~ V~~~_ V
~ V~ — -w.r~~~~ 

- V ~~__VV  
~~~~~~~~~~~~ V ~~~~~~~~~~~~~~~~ V V V

on the ~~~ 1~~~~ behavior of the sensor. If a filter to achieve

optixm.mt performance exists , then the opt imim performance achieves

the entropy bound and that bound may be determined fran the Sensor

Channel Transmittance without first having to calculate the cptiimin

feedback function to close the loop.

Less conclusive but just as satisfying are the results derived

for adaptive control systems and continuous time systems. In both

cases , results are obtained that justify the potential of entropy

analysis. Theoretically, the contin uous time problem has been

solved arid the solutions are identical to thos e obtaine d for sampled

data systems , i.e •,  the improvement in system performance because of

a feed-forward (or feedback) path is limited by the continuous

Sensor Channel Transmittance of that path . The difficulty is in

defining continuous time entropy and not in making use of it.

Similarly, ~~~n the unknown parameters of an object are to be deter-

mined for use by a controller in an adaptive system , the ability

to determine those parameters is limited by the Channel Trensnittance

of the sensor being used.

9.2 Areas for Future Research

There are three critical problems restricting the app lication of

entropy analysis:

1. The assumption of a feedback sensor having a linear prefilter.

2. The assumption of the existence of a continuous time entropy

function.
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3. £I~~ fact that entropy maasurement is not a sophisticated

art .

I~elaxation of the constraints on the feedback sensor are desirable

because several, important feedback control sensors can not be

modelled exactly in the form that was used for the feedback theorem.

1~~ human operator is an example of a sensor that has no such model.

It ~~uld be a great advantage if a theorem could be derived for

bounding the performance of feedback systems ~.thich depends only on

the channel property of the sensor. If such a generalization is not

possible , it ~ uld be convenient to at least allow for nonlinear

sensor prefiltering. This result in a vector context , together’ with

Chapter Eight , ~~uld ininediately solve the problem of determining

the performance of a “closed loop” adaptive controller. It is

expected that it is possible to make a stateme nt of the form :

“The reduction in the output entropy of a plant which is

controlled by an adaptive system is bounded by the Channel

Transmittance of the sensor used to adaptively control the

plant . ”

If the conclusions of this dissertation are accepted as being

iimportant , then there is no question that a continuous time entropy

measure is required. That such a measure ~~uld be put to Inunediate

use was demonstrated in Chapter Seven . But , until a suitable

F entropy function is defined , these results can not be interpreted or

used effectively.
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1~here remains only cns other fundaimental problem with entropy

analysis and that is the newness of the concept . Systems, at present ,

are not usually described in terms of information quantities so a

whole new set of system pro perties must be defined and measured.

This will involve designing instr~jmerits and algorithms to aid in

the determination of mutual information and entropy. This is an

area of interest that is virtuall y uninvestigated. Certainly if
V entropy anal ysis is to achieve prcininence, entropy measurements

must not be neglected.
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