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FOREWORD
4

This technical report was written by Capt Kevin E. Yelmgren of the

J Thermomechanics Branch, Aeromechanics Divis ion, Air Force FlIght Dynamics
Laboratory, Wright-Patterson Air Force Base, Ohio 45433. The work was
accomplished under Work Unit Number 24040401, “Active Cooling Concepts.”

This report covers the period from October 1974 to June 1978. It
was submitted for review In September 1978.
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NOMENCLATURE
a Nose base radius (In)
aSL, a02 Speed of sound, (ft /sac), sea level and stagnation value

ad dT/dhG
a Constant defined by Equation 50b

A
~ 

Constant defined by Equation 53a

Constant defined by Equation 88d

A0, A1, A2 Constants defined by Equations 73a, b, c

a1, a2, a3 Constants defined by Equations 105c, d, e

AB Base area (ft2)

b Minor axis of ellipse , Sketch 1 intercept of straight
line for shock stand—off (In)

B~ Constant defined as (20/9) Rsh Equation 5’o

~2’ 
B4 Equations 54a and 54b

• b1, b2 Constants, E~uat1ons 84c and 84d

B Blowing parameter, th/Peue St0
9$ Constant used in Equation 47

c Semi focal length 0f ellipse (in)

• C0, C1, C2 Constants defined by Equations 44b, 44c, and 46d

CD Drag coefficient

C1, C2, C4, C6, C7, C8 Constants defined by Equations 56a thru 56f

• C3 Constant defined by Equation 60

C~ Specific heat of air at constant pressure (0.23991 BTU/lbm°R)

Cf Skin friction coefficient

C~ Rubesin Coefficient, p*M*/peMe
d Di ameter (In)

d1, d2 Constants, Equations 57a and 57b
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NOMENCLATURE (CONTINUED)

Op Pressure drag (lbf)

I 0sf Skin frinction drag (lbf)

DB Base drag (lbf)

Total drag, 10P + Dsf + D8 (lb f)

DC Diffusion corrections , Equation 100
e1, e2 Constants defi ned by Equations 39a, 39b

• F(s) Heat transfer function , Equation 95b

- • g Gravitational acceleration (ft/sec2)

32.174 (ft-lbm/sec2-lbf)

h Local enthalpy (BTU/lbm)

h
9 Geopotential altitude (ft)

hG Geometric alti tude, from earth ’s surface (ft)

h
~ 

Absolute altitude from earth’s center (ft)

hb Base alti tude for atmospheric calculations (ft)
• H Total enthalpy (BTU/lbm)

• h1 Enthalpy constant in density calculation (BTU/lbm )

hD Enthalpy of dissociation (BTU/lbm )

• : t
~
Hc Total enthalpy rise of coolant. For water assumed to

• be 1150 BTU/lbm .

IT Constant for iii calculation , Equation 105f

J 778.161 (ft—lbf)/BTU

Pressure gradient at sonic point; (d~/de) Equation 62a

Velocity gradient , Equation 87b

k5 Constant defined by Equation 50a

k Density ratio across shock ,
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NOMENCLATURE (CONTINUED)

Constant defined by Equation 54c

K Constant defined by Equation 62bp 4

K1 Constant defined by F~ iation 79c

L Length of cone (in)

M Mach number

mSA Slope of straight line, Equation 46c

Mf Mangler factor in skin fricti on equation , Equation 97c
• th Coolant mass flux (lbm/ft2-sec)

m Mass of vehicle (slugs)
k 

11 Coolant flow rate (lbm/sec)

Ti constant defined by Equation SOc

• Nu Nussel t number

P, Pa Pressure (lbf/ ft2); atm respectively)

p Nondimensiona l pressure , P/P02

• P Stagnation pressure on body (lbf/ ft2 )
02

p1, p2, p3 Constants defined by Equations 55b - 55d

p Nondimensional pressure , Equation 79b

Pr Pran dtl number

Heat flux (BTU/ft2-sec)

,Dynamic pressure (lbf/ ft2 )

r Axial distances, Sketch 2 (in)

Radi us of corner for flat face nose and spherical arc
nose, Sketches 3 and 4 (in)

rf Recovery factor

R Gas Constant , 53.35 ft/°R •
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NOMENCLATURE (CONTINUED )

Radi us of nose for spherical arc (in)

R8 Vehicle base radius, Sketch 6 (in)

Rer Radius of earth ; 20,855,531 .5 ft

R5 Shock radius of curvature at sLagnation point (in)
0

~ •1 Nondimensional shock radi us of curvature (R5 Ia)
0 0

Re5 Reynolds number based on arc length

Re0 Reynolds number based on momentum thickness

s Arc length measured from stagnation point (in)

s0 Shock stand-off distance (in)

S1 Arc length over which veloci ty varies linearly (in)

• St Stanton number •

S Surface area, ft2

T Tempera ture, °R

T1 Temperature for atmospheric calculation °R
t Time (sec)

Time step for trajectory calculations (sec)

u Velocity (ft/sec)

u1 Velocity val ue at end of linear region (ft/sec)

V Velocity of re-entry vehicle (ft/sec)

w Speci fic heat ratio for water vapor to air. Assumed
to be 1 .86

wt Weight of reentry vehicle (lbs)

• xi
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NOMENCLATURE (CONTINUED)

x Axial coordinate, Sketch 1 (in)

Nondimensional axial coordinate, Equation 79a

Axial distance from nose tip to cone junction (in)

XK Axial distance measured from shoulder point (in)

X ISH Axial distance from nose tip to shoul der, Sketch 1 (in)

X Trajectory range point of reentry (ft)

xl Axial distance measured from Sketch 1 (in)

X~ Constant defined by Equation 89b

y Radial distance from centerline , Sketch 1 (in)

z Axial distance , Sketch 2 (in)

Z (a/RN)~
ZA Constant defined by Equation l26b or c

Zk Constant defined by Equation 126d

Zm Constant defined by Equation l26e

• Constant defined by Equation 124

Constant defined by Equation l26a

Trajectory constant, WT/CDAB (lb/ft
2)

y Ratio of specifi c heats

Reentry angle (degrees)

Rate of change of reentry angle (degree/sec)

Spherical arc-sharp corner axial distance to shoulder (in)

61 Base pressure ra tio (P 1 1P 51 ) for atmospheric calculation

Va l ue of ~ for sonic point on corner (in)

Defined by Equation 44d
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NOMENCLATURE (CONCLUDED)

Match point location, defined by Equation 45

Momentum thickness

Constant in skin friction equation, defined by Equation 97b

Ti Ellipti c coordinate, Sketch 2

0 Angle between X axis and tangent to body, Sketch 1 (degrees)
K Constant defined by Equation 6b

K5 Constant defined by Equation 88c

Constant defined by Equation 54d

Viscosity (slug/ft—sec)

Elliptic coordinate, Sketch 2

Ellipti c coordinate for body

Defined by Equation 55a

3.1415962

p, p1 Density (slugs/ft 3)

Freestream density (slugs/ft 3)

Density behind shock (slugs/ft 3)

a1 Base density ratio — for atmospheri c calculations
~SL

Skin friction (lbf/ft 2)

Angle between axis and perpendicular to body, Sketch 3 (degrees)

Time rate of change of reentry angl e from earth ’s center
(degrees/sec)

• w Constant defined by Equation 6b
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SUBSCRIPTS
B Body; base of vehicle

c Cone aft body

e Boundary layer edge value ; oblate ellipsoid value
r

E Initial reentry condition

-! 
•~ f Flat face-sharp corner value

h Hemispherical value

I Intersection of nose wi th corner, Sketch 3

1511 Shoulder point of nose , Sketch 1

J Junction of nose with aft body, Sketch 1

MIN Minimum value from Krasnov ’s un iversa l curve

NB No blowing value

PM Prandtl -Meyer val ue

r Recovery value

SA Spherical arc-sharp corner value

SL Sea level value

w Wal l value

• 
V 

Location of corner, Sketch 3; no blowing value ; stagnation value

0.5 Oblate ellipsoid value , b/a=O.5

- Freestream condition

• 
• 

SUPERSCRIPTS
* Sonic point value ; reference enthalpy value
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• SECTION 1

INTRODUCTIO N

The active cooling of re-entry nose tips may be the only practical
method of maintaining a shape stable nose in a severe weather environment.
The cool ant provides protection from the thermal and particl e environ-
men ts, and the degree of protection depends on how effectively the

• available coolant is used. The transpiration-cooled nose tip (TCNT) is
j one means of actively cooling the nose tip. By minimizing the coolant

necessary for thermal protection , more coolant is available for particle
protection . One of the options available for reducing the amount of
coolant for thermal protection is to optimize the external shape of the
nose tip. The objective of this investi gation is to determine the
external shape of a TCNT that requires the minimum amount of coolant over
a re-entry trajectory.

The general problem of minimizing the aerodynamic heating to a
hypersonic vehicle has been considered by various authors (References 1 ,
2, 3, and 4). All of these studies used the calculus of variations
method and assumed a modi fied Newtonian pressure distribution , either
completely l aminar or completely turbulent flow, and constant freestream
conditions . The specifi c case of the TCNT was considered by Baker and
Kramer (Reference 5). They also assumed a modified Newtonian pressure
distri bution , and either completely laminar or completely turbulent flow.
Instead of constant freestream conditions, however, their trajectory
parameter beta, WT/CDAB, was assumed to be a constant. All but one of
these studies concluded that the flat face - sharp corner shape minimi zed
the total heat load to the vehicl e , and that for a given fineness ratio
there was an optimum flat face height. Furey’s (Reference 3) results
differed in that the flat face had a small “bubble” at the stagnation
point. Hull (Reference 6) has pointed out the mathematical restrictions
that resul t from using the above assumptions wi th the calculus of
variations method. These restrictions make the results in the literature
mathemati cally questionable. Baker and Kramer did take Hull ’s results into

1

- ‘ • • • • • •
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consideration in their i nvestigation but they assumed that the flat face
nose was the optimum shape without ever proving it.

The results in the literature may also be questioned from a practical
viewpoint. The modified Newtonian pressure distributi on is of course
accurate for the hemisphere but not for the blunter shapes such as the
flat face. The boundary layer flow over the vehicl e Is usually a 

V

combination of both lami nar and turbulent and , as turbulent flow is
associated wi th much higher heating, the effect of the nose shape on
transition is an important factor. The freestream conditions , as well
as beta , vary throughout the trajectory. Assuming that either of these

V is a constant removes the effect of the nose shape on the trajectory time
which is another factor effecting the total coolant required . In view of
the above, it was decided to reconsider the optimum TCNT problem and use
the variation of parameters method rather than the calculus of variations
method . The variation of parameters method requires the calculation of
the total coolant needed by a given nose shape during reentry. The

• optimum shape is the shape requiring the least amount of coolant. This
• method allows the optimum shape to be more realistically determined as

the assumptions mentioned above do not have to be made .

As the optimum shape is determined by comparing the amount of
coolant required by one shape wi th that required by another shape , only
relative accuracy is required In the calculations . The simpler empi rical
methods available in the literature were used to calculate the aerodynamic

• heating and drag. Some of these methods are valid only for hypersonic
speeds , hence this investigation is restricted to impact Mach numbers
greater than four. Three di fferent families of nose shapes were con-
sidered - the oblate ellipsoid , the flat face - round shoulder1 and the
spherical arc - round shoulder. These families are bounded by the flat
face - sharp corner at one extreme and the hemisphere at the other
extreme. A ten-degree half-angle cone was used as the aft body for all
three shapes . The transpi rant , water, was assumed to cool only the nose
as the aft body heating is usually handled by an ablative material .
The wall temperature of the nose was assumed to be 2000°R. At each 

• 
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altitude the coolant flow and total drag on the vehicle were calculated .
The trajectory equations were used to calculate the next alti tude ,
velocity , reentry angle and range for a given time step. A time step was
chosen such that the drag coefficient was nearly constant. The coolant
used over the enti re trajectory was determi ned by numerically integrating
the amount of coolant used at each time step.

The geometric considerations are presented in Section II. The
inviscid analysis is covered in Section III. This includes the shock
stand - off distance as wel l as the properties behind the shock and at
the body stagnation point. The viscous calculations are discussed in
Section IV and the trajectory in Section V. The val idation of the

• computer results is presented in Section VI. In this section , the
computer program results are compared to data in the literature or values
obtained from hand calculation . In Section VII the results of this
investigation are discussed , and in Section VIII , the concl usions are
presented.

I
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SECTION II
VEHICLE GEOMETRY

The equations used for calculating the various geometries are
sununarized in this section . The independent variable for the nose is y,
while the arc length , s, is used as the independent variable on the aft
body.

g 1. OBLATE ELLIPSOID j

/

J

~~~~Ix~~~

Sketch 1. Oblate Ellipsoid

The equation for an ellipse in the coordinate system shown above is

(y  — b )~ + 4 = 1 (1)
b a

V 
The intersection of the nose with the cone aft body occurs when B = 0c~The coordinates of this junction are 

V

2 tan oc (2a)a 
1 + k~~tan

2 Oc

H
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V

F
- - y = 

a (2b )
b2 21 + tan 0c

The shoulder point location , ISH , is given by

XISH b 
V (3a )

~
‘ j  i 

V

• 
= yJ + (b - xj) tan (3b)

V The arc length along an ellipse can be conveniently expressed in terms
of the elliptic coordinates ~~~~~~~~~

irO r
(4)

~~~~~~~~~~~~~ ~1~ 
r2/c2 = (1 + ~2) (1 — n2) (5a)

z/c = ~n 
(5b)

_ _ _ _ _ _  

.-b -~ _ _ _ _ _ _ _ _  ~B 
b/c (Sc)

I

Sketch 2. Elliptic Coordinates

then

Ti .,. ~ 2 
d~ (6a)

If T~ 
— cos w, and 4 = (1 - K 2 

~ 
, (6b)

K
then

- f  ,/
~

- K2 sin2 (7)

V •i 

This is an elliptic integral of the 

:~~
0
~~ 

kind.
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Using y as the independent variable , values of x, 8, n, are given by

X b { l _  ~
f 1_ y2/a2 

] (8a) 
I

0- tan~ ~~ -l 
} 

(8b)

_ (b/a) tane 
= £ /~— - 1 (8c) ~

V 

-

j 1 + (-v.)
’ tan1O 

a 
~ y

2

H 
_ _ _ _ _ _ _ _

~~

- =  f  a~l - K 2 sin2 w dw (8d)
cos w

For values of y between Yj and y1511 
V

x = + (y - y~)/tan 0~ (9a)-. V

S = S
~ 

+ (y — y~)/sin BC (9b)

e = (9c)

2. FLAT FACE - ROUND SHOULDER

Y ISH

(X0 , y0) I a

I I

x
Sketch 3. Flat Face - Round Shoulder Coordinates

6
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- The intersection point between the shoulder and flat face Is

(lOa) 
V

- 
~

- y1 .s 1~~~e - r ~ (lob)

J The intersection of the corner and aft body is

r tan O
~ 

V
Xj = rc - 

2 
(lla)

~y
1l + tan 0c

-
- y =y  + — 

r
~ (lib)J I 

*~
f
~~ + tan2 9c

0J =~~ - 0~ (l lc) V

= + r~ ~~ 
(lld)

J The shoulder point (ISH) is

x 1511 = r
~ 

(12a )

V 
~ FISH = yj  + (rc - xj) tan (l2b)

V~~~~ J 
S ISH 5~ + E(y 1511 - y,~)/sin e

~
] (12c )

The center of the shoulder (x~~ 
y0) is

x0 = r
~ 

(13a)

y0
= a _ r ~ (l3b)

4 The equations for x~ 0, and s on the flat face are
x = O  (14a ) 

V

• 0 = w /2 (l4b)

s = y  (l4c)

-L 

V ~~~~~~ 
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On the corner

x r c
_

k,fr~ 
- ( y - y 0)2 (l5a)

1 y - y  1
sin ~ r ° (15b)

C

• 
6 - (l 5c)

S = S 1 + r~ $ (15d)

On the flank , y > yj , the equations are the same as those for the I
V ellipsoid, I.e., Equations 9a, 9b, and 9c.

3. SPHERICAL ARC - ROUND CORNER

y

Sketch 4. Spherical Arc - Round Corner Coordinates 
V

Center of corner (y~, y0)

y0 = a _ r ~ (l6a)

= RN - I/RN
2 

- y0
2 (16b)

8 

i i
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Intersection of arcs (x 1~ y1)

i y
= sin ~ R r (17a)

F 
N C

= RN (RN - r
~
) (17b) V

x1 = RN (1 — COS •I~ 
(l7c)

S 1 
= RN I (17d) V

Intersection of corner wi th flank (Xj’ Yj)

~J 2  ~ °c 
(18a )

= y0 + r
~ 

cos (18b)

xj x0 - r
~~

Stn O
~ 

(18c )

V 

S j  = S 1 + rc ~ J - (18d )

Shoulder location (X ISH’ .~‘1s11~
XISH = x0 (19a) 

V

~~~~ ~ 
= y1 + (x0 - Xj) tan BC (l9b)

SISH = S j  + ~ ISH (19c)

The equations for the dependent variables over the different regions are :
On spherical arc (y < y1)

• • s1n~ (y/R~) (20a )

x _ R N
_
~,/R~~_ y 2 (20b)

[, 

. -

~~~~~~~~~~~~~~~
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0 
~~~~~

- • (20c)

s = R N~~ 
(2od )

- On corner (y1 < y < yj )
- -1 

-l y - y 0- - • = s i n  ~ ( ,, ) (21a)
C

x — - r
~ 

cos • (21b)

(21c)

V s = s 1 + r
~~

(
~~

-
~~1) (2ld~

On shoulder (y1 < y .~~. ~ISH~
V ( y - y j )

x = x3 + tan o~ 
(22a)

V ( y - y j )

1 5 = + sin O
~ 

(22b)

0 0~ (22c)

• ‘ It is also noteworthy to consider the case of the sharp corner. For
O,~ greater than 10° , a discontinuity will exist at the corner.

V yj  = = a (23a )

I Xj = X IS H RN - - a2 (23b)

For 0~ less than 100, the nose will flare smoothly into the aft body.

10
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Sketch 5. Spherical Arc - Round Shoulder , 0~ < 10°

• I ~J =
~~~~~

0c (24a)

Y,
~ = RN sin (24b)

X j  = RN (1 - cos •~
) (24c)

= RN •~ 
(24d)

and ,

XISH = RN (25a)

FISH = Yj + (X ISH 
- Xj) tan (25b)

SISH = Sj + E(Y ISH — Y~)/sin e
~
] (25c)

4. AFT BODY OF CONE

For the aft body, s is the independent variable and

x = XISH + (s - S ISH) cos 0~ (26a)

= YISH + - 

~ISH~ 
sin 0~ (26b)

(26c)

11
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The end of the cone Is gi ven as

X
8

= L  (27a )

= RB y1511 + (X B - X1511) tan O~ (27b)

y

L

Sketch 6. Aft Body Coordinate System

-

~~~ I

~
1

12

~~~~~~~~ :~~ J. ~~~~~~~~~~~~~~~~~~~~~~~~



—V-V- -V-V

V.—-.- - ~~~ V V , - V ~ S V V . - V~~V V  V V — ~~~~~~~~ 
— - -V—I’

AFFDL-TR-78-147

SECTION III

INVISCID CALCULATIONS

In this section the methods used to calculate the inviscid local
flow properties are presented . Empirical methods available in the liter- V

ature were used . Real gas effects were accounted for by determining an
effecti ve specific heat ratio.

V I

1. FREESTREAM CONDITIONS

The freestream conditions at a given altitude were determined from
equations gi ven by Dommasch, Sherb,y and Connolly (Reference 7). The sea
level values are as follows :

~si 
= 2116.217 lbf/ ft 2

~SL = 0.002377 slugs/ft 2

= 518.688 °R

aSL = 1116.444 ft/sec
- g51 = 32.174 ft/sec2

Rer = 20,855,531.0 ft

The distance above the earth ’s surface is the geometric alti tude ,
hG. The distance from the earth ’s center is the absolute altitude , ha•
The geopotentlal alti tude, h9 Is given by

h9 
= h6; hG < 60,000 ft (28a )

R h
h9 

= 
er S 

~ hG > 60,000 ft (28b)

In the geopotential layers where g is essentially constant, the pressure ,
V density and temperature are gi ven as follows:

Isothermal region (T = constant):

• 
6 =

~~~~~ 
ec (29a )

a = 0 1 et (29b) V

13
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Gradient Region (dT/dhG is constant): V

T = T1 + •d (hg - hb) Ti + adhg (30a) .-. 
-

-

6 = 61 (TIT1) -l/adr (30b) V

V a = a1 ~~

T1T
~~~~ 

-[l/adR + 1] (30 )

where
V
I hb

_ h
g

£ RI ad~~ dh

and hb$ 6l~ a-1 , T1 and y are given in Tabl e 1. 
V

l/adR

The freestream stagnation properties are calculated from the
relationships using the static values of P,,, 1,,,, and p~ and the free-

- 

V stream val ues of M~ and y. P
• T0 = T~, { 1 + X~lN~ } , (°R) (3la)

P = p [1 + ~~~ } ~~~~r , (3lb) t
p0 = 

~ [1 + X~J~M 2J Q’r 
SlugS (3lc)

The stagnation enthalpy was determined as follows
- V

h0 = C~~T,~ + ~~~~~~~

— (32) 

1~~

2. SHOCK DENSITY RATIO

If h0 is less than 864.0 BTU/lbm , the isentropic gas equations can - ‘

be used to determine the shock density ratio. For h0 greater than 864.0

BTU/lbm, real—gas effects must be considered and an iteration procedure

is required.

H 14
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Ideal Gas (h0 < 864 BTU/lbm )

~2 y + l  (33a )
~~0 (y-l) 

~~~~1

12 [2y$I~ - (y-l)][(y-l)M~ + 2)
2 2  (33b )

1 (y+l ) M~,

(33c )

(y - l ) jq~~+ 2  V
H M2 = — (33d )

2 yN~ - (y-1)

Real Gas (h0 > 864 BTU/lbm)

The computati onal procedure for the real-gas case is as follows :

(1) Guess p2 (isentropic relationships )

V a(2) u2 = p0, u~,/p2

• 
(3) P2 = P,~ + p ’.~ u~~— p 2 14

V 1 2  2
~~

-(5) 
~2 

= p2 (h2, P2); Bade (Refe rence 19)

The iteration is continued until the percent change in the density is
less than 1 x io 6.

Knowing the density, pressure and enthalpy behind the shock, a
temperature is calculated from the perfect gas equations . If the
temperature is less than 2500°R, the following equations were used.

16
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V 

= 
0.4 (34a )

1 + 0.4 (~~ 2) e(55OO~
’T)

r 
II = 

U2 (34b)
2 
4yRT2

If T2 is greater than 2500°R, then the temperature behind the shock is
calculated from Hansen (Reference 8). Because of its compl exity, this
method is not presented here.

The stagnation conditions behind the shock are calculated as fol lows:

V 

= u2/V YRT2

Li ~ +P02 
= P2 + ~~

- p
2 14 [1 + (34c)

p = P (H , P ); Bade (Reference 19) (34d)02 °2 0 02
V 

~~ 
T~~ 

= T0 (P0 , h~, . P0 ) ; Hansen (Reference 8) (34.)
2 2 2 2 2

eff = £n (P2/P0 )/Ln (p2/p0 ) (34f)

— = U2/,/ ~‘eff R T 2 
(34g )

The iteration is continued unti l the change in M2 is less than 0.001.

V 

- 

V 3. SHOCK WAVE CALCULATIONS

The shock stand-off distance , radius of curvature and profile were
calculated from Krasnov (Reference 9), and James and Terry (Reference 10).
The shock stand-off distance and radius of curvature for the three
di fferent nose shapes are as follows.

17
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V a. Sphere

H 

~~~~~~~~~~~~~

Sketch 7. Hemisphere Shock Stand-off

Shock stand-off:

V = = 0.78125 ~ 
~ (35a)p2

Radius of curvature :

a = 5h 
= 0.78125 [1.0 + 

~~~~ 
} (35b)

j - 
b. Flat-Face Sharp Corner

= Sf 
= 1.03~/ E (36a)

= (~.!~) = 

l . O 3 [1 +j~~~~~~~~~~
] (36b ) 

- •

V 

a 
~ [1.0 + Q.78l25~]4~ (1.0 -

c. Fla t Face-Round Corner

R

S(

~~~~~~~~~~

Sketch 8. Flat Face - Round Shoulder Shock Stand-off
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(37a)-

: 1

~ • _ f ‘
~ (37b)

H i  ~o R +IR _ R l r c V5h L
5
~ 

5
~J~~

- d. Oblate Ellipsoid
-
, The shock stand-off distance for the oblate ellipsoid was

adjusted to fit the trends given by Felderman et al (Reference 11).

I 5e = S.~ e 
[ e ( b/a) + e2(b/a)

2] (38)

The constants e ,  and e2 are calculated from and S05 . A simultaneous
solution gives

- 

e1 = 49~.n {O.025 + l.18l4~~ } - 2.n

- 3 £n (•~
•
f) (39a) 

V

- e2 = 2 £n 
~~~ 

+ 2 £n (if)

- 4 £n (0.025 + 1 .181 4 ~
) (39b) V

= 0 025 + 1 1814 ~ (39c)

-
‘ V 

The radius of curvature of the shock can be determined as follows
s

V ~ a -
~~

- — a - ---°-— (40a)
0 R -

V so so

therefore,
-
~ V

-
~~~~~~~~~~~ R~~~~~

• (40b)
a ~

V 0 V

then,
S 

____ 
, and (1.0 + 0.78125 ~) (40c)

+ p V

19
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Assume that S0 varies linearly with (b/a), then

- - b1~ ) (41a)

and

= 

~e”~e 5e”~~f 
- 

~ f - 5h~~~
’a
~ 

(41b)

where 
~e 

is given by Equation 38.

e. Spherical Arc - Sharp Corner

The shock stand—off distance and shock radius of curvature for
the spheri cal arc nose shapes are given in this section . Results

— - presented in Krasnov (Reference 9) show that the shock stand-off varies
linearly with (s/a). - 

V

(
~~
)SA 

(S)~~~~ [G~~~)~~ 

2(So)] e (42 )

~
- where

= 
~~~~

- 

~~ 
- ~~~~ 

~~~~ 
2] (43)

V Equation 42 is assumed to be valid for when the sonic point is on the
corner , I.e. 0 < (a/a ) <

~~~~. The sonic point is assumed to be at the
corner for > 45°. Therefore Z,~ = 0.41421, for a nose body radius (a)
of one Inch .

For (~/a) larger than ~~~~~~
, the shock stand—off distance must

decrease monotonically to the value for the hemisphere. This is accom-
V plished by matching a second order polynomial to a straight line thr’~ugh

(s/a)h.

(SO/a)h C0 + C1 ~~ + C
2 

~~2 - 

(44a )

where
- • 

C0 =~~f -~~ - [
~f _ 2

~~h)~~c (44b )

- 4 1 20 
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C1 = - 
~~~~~ [S~ - 2 5h~ 

(44c)

and ,
(44d )

The match point of the polynomial and straight line is assumed to be
-2.0 ( C  

~~ (45 )

j therefore

C
C = . (46a)

H1 ~ MP 2
~~h3

~~MP H

where

t ~~h 
= 1.0 - 

•

~~

•

~~ 
(46b)

also ,

C~ + 2.0 [C + c1~ - ~~~ ]
— o h h IA~~~~mSA — a-

V LMP ~~~~hJ

H and, 
—

b = Sh - mSA ~h 
(46d)

The polynomial expression is used from~~ <
~~~ < ~~~ + 

~~~~~~~~~ 

The linear
express ion ~ = b + m~ is used from (

~* + t~~~~~,)  to 1.0.

An expression for the shock radius of curvature is given by Krosnov as

(R5\ i~ B~
- 

‘—i-~i 
(47)

I B5+ 
—

~~~~ {R5 - BS]I V

1 - where B is given as the value of ~ at ~ 0.45 and is approximatelyL 5 so 20equal to 1.8 to 2 tIme s Rs . For this investigation B~ is taken as —
~~~• h0

• Rs h ,  whIch is somewhat larger, and the above equation is used over the
V full range of X.

21 
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f. Spherical Arc - Round Corner
For the rounded corner spherical arc , the shock stand-off and

V shock radius of curvature are assumed to vary as follows:

~SA - 5SA 
- Sh](rC/a) (48a} t

(
~~

) _
)

R — 

s SA 5 h 
— (48b)

~ C R) — [(R ) — (R ) ](r Ia)S SA c

g. Shock Wave Profile

The shock wave profile can be determined from James and Terry
(Reference 10).

V 

~~~

Sketch 9. Shock Wave Profile

- - -  k~ + a~ (
~
)
~

fl 
(49)

-• where
- :  1.35 —0.0687

k = 
1 

+ 0.057 CD M (50a )
N

22
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0.75 —0.071 0.75 2 )O.274l + 1.l5[CD (I1~
_ l )]a5 = 0.56 

~
CD (rç-1)~ L N (50b )

1 0.75
0.646 exp(.O.237 C

n = 
IC0.5 M~

1 0.034 (50c)

V 
[D N °~

j
where C is the drag coefficient for the different nose shapes.

- 
- 

DN

4. PRESSURE DISTRIBUTION

V The inviscid pressure distri bution over the reentry body was con-
sidered in three parts : the nose , after body and base. There are
many methods available for calculating the pressure distribution
over the nose of a hypersonic vehicle. These methods however are
compl i cated and time consuming. For the purposes of this investi gation ,
a simpl i fied method was desired that would give relatively accurate
results between shapes as well as short computer times .

a. Oblate Ellipsoi d

V ino kur ’s method (References 12, 13 , and 14) Is used for
calculating the pressure distribution over the oblate ellipsoids .
This method gives good results for the flat faced shape but is some-
what less accurate for the hemisphere. The method is developed In
detail in Reference 15, and is sunrarized here for completeness.

The nondimensional pressure (P/P0 
) is given by

2

I 2\2 r i
= 1.0 - ~~~ 

— B
~n j l 1 ~~~

0_n
2

2 
I (51 )P02 

(2. 0 - k )  
[~~

B~~~~~~~~~~j

j 23
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where k = P,,/P2, and 
~B’ 

r~ are elliptic coordinates gi ven by

b/c (52a)

= 
(b/i) tan e (52b)

~~ (
b/a)2 tan2 0

The terms A & B are constants gi ven by

2B 16B K2~~
3(~

2 +l )
A = 2 + 2 + 

B B (53a )
V 

~~~~~~ 
(
~~~

+l)(5
~B

+l) 
~~~~~~

and
80B4 K2~~~(~

2 +l)
8 = 2 2 

- 
B (53b)

V (
~a

+l)(5
~B

+l ) 
~~~~~~

V 
where

0.5 - 0 .43K - C  K2
— 

v 2 v

‘V

-O.lO~~ K - C~ K
2

B4 = 
v v (54b)

= [
1-k
] [::~°I ~~~ + 1 

(54c)

= - (P1Kv + p2) +~~

-V

~ 1Kv+P2)
2 

- (P3K~~ .2o) (54d)

24
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(use sign which gi ves ~ <

(55a ) 

V

(~
2 + 1 )

= 
~o 

(55b)

C8p2 = - p
1 r- — 0.40 

ç 
(55c)

I C l  V

P
3

= 2 ( ~~~~~~+ l)
[C7

_ C

6
~~~~~~~

j 

(55d)

The constants C1, C2, C4, C6, C7, and C8 are

J 
_ _ _C1 = + tan ~~ 

- d, (56a)5 i

S

C
2 

= 10 (56b)

C = 15 - 

2 
+ (5~~ + 1) [3 tan~~ - d ] (56c)

~ 
(~~~~~~+ l )

5

~2~~~2 
-

C6 = ~~~~ — (56d)
10(1 + 5

~B~

C7 = 2 (56e)
5(5 

~B + 1)

l 6+ 5O t~ +30~~ 
V

C8 = 10 ~ (3 tan ~ -d2)~ 
S S (56f)S S (~~ +1)

~

---:

~ 

25 

- 

V T V IVV 
±._ _ 

_ _

~—.-—~~~~~~~~ -~~~~-— ~~~~~~~~~~~~~~~~~~~ 
j_~~~~ 

-V.-- --V 

~~~~ ~~~~~~~~~~~~~~~~



~ -

AFFDL-TR-78-147

The constants d1 and d2 are

1
= 2 + tan ’ 

~B 
(57a)

(
~B

+1)

l5~~~ ~~~~ 1
d2 

= 2 2 2 + 3 tan~ ~B 
(57b)

+ 1) (1 + 
~~~~~ 

+ 1)

b. Flat Face — Round Shoulder

The pressure distribution on the flat face - round shoulder V
nose was determined by assuming a vel ocity distribution from the
stagnation point to the sonic point. A modified Newtonian type equation
was used from the sonic point to the Prandtl-Meyer match point.

The velocity distri bution was assumed to be linear from the
stagnation point to SL, i.e., U = (du/ds)5~s~ where

SL 
= 0.70 (1.0 - rc/a)s (58)

Beyond s1, the velocity is assumed to vary parabolically to the sonic
point 5*, i.e.,

u = u1 + (
~
) 

~~~~ 
+ C3 ~~~~~ 

(59)

where

- UL - (du/ds)5 (~* -V C3 = 
p 

(60)
— SL)

The corresponding pressure Is determined from the isentropic relationships .

A modified Newtonian type equation is used aft of the sonic point
on the rounded corner.

= (
~—~ 

— K~ sin
2 (~* - 0) - 4(0*_ e) (61)

02 \021

26
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where , V

= ; slope at the sonic point (62a )

K~ = 

(~* - J~~0* 
~~~ = ~~~~~ (62b)

sin 0* 02

The value for was determined as follows :

~~~ *
= 

~~~~~~~~~~~*~~~~~
i
* (63dO du* ds* do

where 
d *

= -r~ (64a)

V = (
~
.) + 2 C3 (~* 

- 

~~~~ 

(64b)

d
~
*/du* is determined from the isentropic relationships and P4 = 1.0 ,

— — 2 11
~~ = g~2~* ~iL = ~~~ s .i±i\ (65)
du* ~ 2 du* 2a02

therefore

—1

V 

= 

a (S*_ S L ) 
(

~~~~ l 

[2u*_uL 
_ (
~~)S~~

*_5
L ] 

(66)

This method is used from the sonic point to the Prandtl -Meyer match

- 

- 

point.

c. Spherical Arc

The spherical arc pressure distri bution was calculated in a
V 

manner similar to that for the flat face because a modi fied Newtonian

27
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V pressure distribution fails to give the proper stagnation point veloci ty
gradient and sonic point location . The linear velocity region is given by

~~= [ l . o-j c ] [ l.o .j ._) [o.7o - I~ g ( * -~) 
S
f 

(67)

This gives the same results for the flat face and hemisphere as

the equation for the flat - round case. The term

10 70 0.10 Ia
L 0.70 

~
R
N

is required in order to prevent an inflection point occurring in the

velocity distribut ion . The equations for the velocity distri bution in

the subsonic region are the same as for the flat face - round shoulder

case. The method for calculating the pressure distri bution aft of the

sonic point is also the same . This method gives results which are

i dentical to the flat face - round corner nose for both the hemi s phere
and the flat face nose shapes .

The methods for calculating the pressure distri buti ons over the

various nose shapes are used up to the point where a match is obtained
wi th the Prandtl-Meyer pressure. This occurs when the pressure and

pressure gradients are equal to those given by the Prandtl-Meyer theory.

(
~i~0) 

= 

(
~iri0) 

(68a)

d P/P

( dO 
0

2) 

~~~ 

(
~

) (68b )

where ;~

d ~~ - 

~~~~~~~~~~~~~~~~~~ 
[(
~;;) 

l/y - 

(~‘~)]
dO (P 

‘

~ 

- (69)
\ 02, ~ 2 IP 1 - 

20 
- 1 0

~(y-l.O) [ 0~J y l.O
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For the oblate ellipsoid nose

~~~~~~~~~~~~~~~~~~~~~~~~~ (70a)
- 

- where

~~

- 

2 2’ 2 ( lob)
V 

~~~~ 
1 - T I

- 2r~k 
(A~ - BvT%

2) Ii -

dO - (2- f l  (~~~+ n~~~ V l +~~

X (28 (1 - + ~2 ) + (A v - Bvn
2)(

~~ 
+ l)} (70c)

For the flat face - round shoulder and spherical arc noses , the
pressure gradient is

-~~~~ ~~~~~ 

= K~~sin 2 (O* _ O )+J~ (71)

The match point location is determined using an iteration procedure.
Knowing the match point angle, 0mp ’ and Mach number, Mmp i the Prandtl-
Meyer relationship is used to determine the Mach number distribution
over the nose. The isentropic relationship is then used to calculate
the associated pressure.

The effects of mass addition on the inviscld pressure over the
nose was neglected (Reference 16).

d. Aft Body Pressure Distribution

The pressure distribution on the aft body can be determined from V

a method given by Krasnov (Reference 9) which takes -Into account the nose
V bl untness effects on the aft body distribution . This method is good for

for X ~ X ISH + 2a. For the region between XJ and XSH + 2a, an exponential
relati onship was used to insure that no infl ection points occurred between
X and X +2a .

29
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- 

~MIN = A0 exp [A1 (x ’/a) + A2 (x ia) 2 ) (72)

where x ’ is measured from XJ. and Is from Krasnov.

The constants A0, A1, and A2 are determined from the following
boundary conditions :

1. X = a~, X ’ = 0: & (d~/do)~ 
are known from nose

2. x ’ = X ’MIN : (d~/d~) a 0

These boundary condi tions gi ve

A0 = - 

~MIN (73a)

(d
~~/d~~)3 

a
A
1 

= 
A (73b) 

V

0

-A1
A = ‘ .

_
i — _____2 2.OX ’MIN 

, a MIN - a ~ c

In order to determine A1, (d~/dx)J must be known. This can be determined V

V from (d~/dO)~ 
V

(
~
)
~ 

a (
~

)
~
(
~
)
~ 

(74)

Thetefore , (dO /dx)~ must be known for each of the di fferent types of
nose shapes.
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ld. Oblate Ellipsoid

y

V 

I
/ I

b 

a

Sketch 10. Oblate Ellipsoid Nose Notation

fdo\ - F sin e cos o- - 
- x)(~ 2 

(75)

V C

~~~~~~~ 

‘-p 
j

where XJ~ Yj~ 
and O,~ are given by equations 2 and 8b, respectively

2d. Rounded Corners (Flat Face or Spheri cal Arc)

D
J

K

~~~~~~~~~~~~~~~~~~

(x 0
,y
0) x

V 

Sketch 11 . Round Corner Notation
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_ _ _ _ _ _  

I :
= 

- (76 )
~ ~~~ 

r~ cos 0~

where O~ is given by Equation llc or Equation 2lc

This equation is also applicable to the spheri cal arc - sharp corner

case. The term rc Is replaced by RN, i.e.,

- ~- 
(de\ - 

-1 77- RN COS O~
V 

3d. Flat Face - Sharp Corner

y

H
- _ _ _ _ _

V Sketch 12. Flat Face - Sharp Shoulder Notation

on the flank x = (S — Sf) cos 
~~~~ 

and dr/dO = 0.

— 
- For this case use (d~/ds)~

(~\ = 
(~\ (~ \ ds 

= 
1 (78)\d~/3 \ds /3 \dx J3 

‘ dx cos

The constants A0 and A1 can now be calculated. The constant A2, as well
as the pressure aft of x = XSH + 2a, requires information from the
universa l cu rve.

Krasnov ’ s universal curve method utilizes ~ as the independent
variable and P as the dependent variable, where

K~~
5 IX K \

= (— J (79a)

~~~~~~~ 
\2a/
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K ~ 2 C
V 1 

~~ 8 
(79b)

- 
(tan Oc) 

- -

- and
1 - - 

‘ K1 
= M~ tan e~ 

(79c)

j  
C~~ = (P - P~,,)/-~- p~ u~ (79d)

H I
V - 1 where Xk 15 measured from XSH.

V This curve (Reference 9, Page 606) was digi tized as follows:

x P

.05 1.475

.10 1.240

.12 
& 

1.200
- I 

V~

- .14 1.200

/ .15 1.230
V 

.20 1.350

.25 1.480

.30 1.550

.35 1.600

- 
.40 1.650

— .50 1.680
- 

V 
.60 

- 

1.740

H - .70 1.770 V

.80 1.780
1 .90 1.790

1.00 1.800

The minimum was estimated to occur at - 0.13, with a 1 .20 .

- 

Using Equation 79a, 2

V _ i 
X KMIN 

- 2a 
~ MIN ~~~~~~~~~~ 

~~~~~~~~~~~ 
(80)

Kl

-

~ 
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J

V J  I—--I(x ,y )

I I

~~
r X

K 
V

X3 1  IX SH XMIN
- _ _ _ _ _ _ _  _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _

Sketch 13. Shoulder Region Notation

XMIN = XSH + Xk (8la)
MIN

XAIN = (XSH~~XJ
) + Xk (81b)

MIN

XMIN = XNIN/a - (81c)

and A2 a — A1 a/ (2.0 X ’MIN )

V The method used in computer program is to use the expotential relation-
ship, Equation 72 , between x~ and ~,~IN’ and then for x > XMIN’ the

V universal curve is used. Linear interpolation is used for values of ~
that fall between the tabulated values . The pressure distribution
obtained in this manner was considered to be adequate for the purposes
of thi s Investi gation , i.e., no corrections were made for curved shock
effects or boundary layer effects on the aft body. ,

V 
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Knowing the universal pressure distribution over the body, the
value for veloci ty, temperature, and density can be obtained from

- 
the isentropic relationships : V

[i + x~! M~] = (P/P02) 

-

V = M2 (~ + ~~~ M~) (82b)

~ 
+~1jJ- M2] (82c)

02 V

= [-
~ 

+ x~~! M2] 

-l 

(82d)

- where y is obtained from Equation 34f, and a0 = 4J1 R T~2 ~ 2

The enthalpy is obtained from
2

U eh = H  - -
~~

——--
~~ 

(82e)0

V 

- 

5. SONIC POINT LOCATION AND STAGNATION POINT VELOCITY GRADIENT

In order to calculate the pressure distri bution on the flat face -

V 

round shoulder noses and the spheri cal arc noses, the stagnation point
velocity gradient and sonic point location must be known .

V a. Flat Face — Round Shoul der

The sonic point location for the flat face - round shoulder nose
shapes was assumed to vary linearl y wi th respect to Crc/a) as follows :

— 

- s* = s~ - rs* - 1 1r a 83 Vf lat L flat hem1~ ‘ C

1 _ _ 
_ _  

_  _  _ _ _  

1
—V—- V V ~~~~~~~~~~~ — __

~
__

~
V- V~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ V V V V~V4~~ ~~~~~ . r - ----.~ -.--
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• b. Spherical Arc - Sharp Shoulder V

For the spherical arc - sharp corner nose shape , the sonic point

was assumed to be fixed at the corner for 0corner > 45° . For 9corner < ~~~~~~~~~ I
the sonic point was assumed to vary as follows : -

S* = 5*hemi + b
1 

(z - Zhemi ) + b2 (Z — Zh~~i
) (84a)

where

Z = (a/R~)~ ; Zhemi = 1.0 (84b)

b
1 

= a sin~ ~~ : (84c) V

b = 

S~~ 45o - 

~ emi - b1 (Z0 450 - Zh i )  
(84d)

2 

~ 
I

V 

- 
‘ 0=45° 

- hemi ’

• The above expression for s~ was based on a modified Newtonian

type variation for s~, I.e.,

V 
S = [a sin~

’ - ;*} ] ~~~~~~~~~ 

(85) V

Newtonian 
-

c. Spherical Arc - Round Shoulder

For the rounded shoulder case, the sonic point was assumed to -

vary with respect to (rc/a). 

* *

* 

S* = S - - shemi )(r /a) (86)

where SSC is the value for the sharp corner.
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The stagnation point velocity gradients were determined from results
-
~ given by Boison and Curtiss (Reference 7). The stagnation point velocity

V gradient for the different noses was assumed to vary wi th respect to
(X*/y*) as follows:

I V

3 

(

~i&) 

~
p 

= 

[

~~ S (2~) SP] I[s (~
)
~] - 

[~
s (

~
)
~] Ihemi hemi flat

~~~~~~ 
~~~~ m1

flat hemi

where

V 35 
- 

1.0 (87b)
y* 

~1~~2 
(l i)

and 
2

~ (h) ]  and ~ (s) ]
flat hem-I

are determined from Vinokur ’s method.

-H
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_ _

—•

~~~~

-

~

- - - ----- --

~~ 

--- -_

L - :~~~~~~~~~~~~~~- - T~~~~~~ ~~~~~~~~ ~VV~~~~~~~V V- V -V



- -  -

AFFDL-TR-78-147

SECTION IV
V 

VISCOUS CALCULATIONS
- 

V Thi s secti on descri bes the methods used to obtain quanti tative V
- Information concerning the viscous flow effects. The viscous calculations

V are more di fficult than the inviscid calculations . The two calculations
‘ are of course coupled and under certain circumstances this interaction

cannot be ignored. In addition there are the added compl ications of
I mass addition , transition and real gas effects. A solution to the

enti re viscous problem is not required here and use is made of the many

approximations that exist In the literature .

V 1 . VISCOSITY

The viscosity is determined from an empi ri cal correlation to
Sutherland’s formula developed by Hansen and Helms (Reference 18).

-~~~ 
p p T< 6000°RS (88a)

T > 6000°R

where Sutherland ’s law provides

H p5 = 0.227 x 1O~ T 
T

6 ~~~~ 
(88b)

where T is in °R

and ,

V 

K - 

1.0 + O.023 T 
{~~

o + tan h[1800 (i.0 - O .125A) ~6.5]}

S 
- /__J~_ - 14.5 - 1.5 A \ ~ (88c)

V 

1.0 + exp ~l8O0 U
\ 0.9 + 0.10 A

U

where

log10 ~~~ ~a 
is in atm (88d)

and K
~ 

> 0.04

H 38
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2. DENSITY

The density is determined from a method given by Bade (Reference 19).

-
~ 1k’ [-~-iI ~ (89a)

where
• 

= 0.70 + 0.04 10910 (P/ri1) (89b)

h1 = 31.9 RI0 = 1080 BTU/lbm (89c )

P1 = 1 atm = 2116.22 l b-f/ft2 (89d)

-
- 

p
1 

= 0.124 
~SL = 0.00949 i bm/ft3 (89e)

I range 31 .9 < 
~~~~~~~~ 

< 480 ; 0.1 atm < P < 100 atm

The above equation is valid to wi thin 5% at pressures considerably
greater than 100 atm over the enthalpy range indicated .

For the range 3.8 < h/RT
0 

< 31.9, 0.1 < P(atm) < lO0~ x0 = 0.94

V 

(In this region p/P is nearly independent of pressure.)

3. LOCAL HEAT TRANSFER AND SKIN FRICTION 
V

There are many methods available for estimating the heat transfer
and skin friction on a flat plate in a uni form flow. These methods can

V 

also be used for a sharp cone through the use of a simple correctior
factor, if it is assumed that the local body radius is much greater
than the boundary-layer thickness. The essential characteristic of these
methods is a zero pressure gradient. However, most shapes of interest
have a nonzero pressure gradient at the boundary layer edge, which corn-

— V 
plicates the solution. For regions where the pressure gradient is not
too strong, the advantages of the simpler zero pressure gradient methods
outweigh the Increase In accuracy of the nonzero pressure gradient methods.

39
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For this investigation , where only a relative accuracy is necessary,
Eckert’s (Reference 20) “reference enthalpy” method was used to predict V

the heat transfer and skin friction downstream of the stagnation point.
This method is not only easy to apply but is appl i cabl e to both laminar
and turbulent flows. Introducing properties evaluated at the reference
enthalpy causes the effect of compressibility on the friction factor

V to vanish , thus validating the use of the incompressible solutions for
both l aminar and turbulent flows.

As determined empirically by Eckert

h* = 0.5 (h
~ 

+ h )  + 0.22 (hr - h )  (90) V

where h
~ 

is the wall enthalpy , he is the boundary layer edge enthal py,
and hr is the recovery enthalpy , given by

,2  \
h - h + ~ 

Ue I BTU 
‘91 ’r e r.f \ 2 3 g /  ~
. )

where the recovery factor, rf~ is ~
l/2 -for l aminar -Fl ow and ~ l/3 for

turbul ent flow.

The wall temperature of the nose was assumed to be constant (2000°R),
thus h

~ 
can be determined from

= Cp T~,.j (92 )

where C~~was assumed a constant.

The heat transfer at the stagnation point was calculated from the Fay-
Ri ddell equation

?ow ng
°763 ~,,-2/3 

~ o2~~02)~~~2 2  ~%c (
~
) 

~~~ 

(h
0
_ h

~~
) (93)

V where Pr was assumed to have a value of 0.71 . A slight improvement can
be obtained by using expression given by Fox & Libby (Reference 21),

Pr = 0.525 T°°7

40
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V For l aminar heati ng downstream of the stagnation point , Lees V

(Reference 52) equations were used In conjunction wi th the reference

- 
enthalpy method .

no blowing 
~~~~~~~~~~~ 

(94)

where -

V /�- 1p~~ii~~1 ruel
2 t.~

)021~02j i~~ 
y

F*(s) = — 
S p* 1~l* ue 2 

(95a)

y ds]

and

F*(o) = 
2 p~ p* (ci.u\ 

(95b)
U~, p0~~

j
0 \dS/ s~

The laminar skin friction was calculated from

V Cf = 0.664 #è*/Re l (96a)

where

c~ p*U*/peue (96b)

V 

and Re~~ is the edge Reynolds number

V p u s
Re~ = 

e e
- 

-
~

41
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V The turbulent skin friction was calculated from an expression given
by Langanelli et al., (Reference 23).

C 1/5
—

~~~~~ 

0.0296 Hf CT R~ (91a )

where

and 

C
T (

~~~

)

4/5 

(

~~~

)

l/5 
(97b)

Hf — 1.176 (97c)

V The turbulent Stanton number car be calculated using Reynolds
Analogy

I Cf —2/3
St
0 

a ....~! PrT (98)

V The turbulent Prandtl number (PtT) WIS assumed to have a value of one .

The turbulent heat transfer was calculated as follows :

(4) a p u (hr
_hw ) St0 (99)

blowing e e

The above expression for heat transfer and skin friction were corrected
V for diffusion as follows :

V 

DCLam = [1 + (Le - 1) (hr
_h
w)] 

(b Oa)

V 

DCTurb = + 0.4 Ut~r~~w )] 
(10Db)

-
- Where Le is the Lewis number, and was assumed to be constant t
H (Le = 1.45). A value of 0.53 was assumed for B corresponding to 

V 
-~

-
~~ equilibrium flow.
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• The enthalpy of dissociation h0 is given by Krasnov (Reference 9).

h0 - hr - C~ T (F) (lOla)

T
~ 

= 27 3°K

• a 0.1; T > l000°K (lOlb)

V The above equations were corrected for mass addition by utilizing
expression given in Tininer, Arne , et al. (Re ference 24).

For laminar flow:

= ~~ -~~-- = 1.0 - 0.68 W0 4 B + 0.08 W04B2 (102a )
o

- - While for turbulent flow:

C 0.8 Vf St W B V

00 1 1 + -lL 4

The speci fic heat ratio, W, was assumed to have a cons tant va lue of
1.86 . This is for water vapor to air and was given in Gold (Re ference 25).

V The blowing parameter , B, Is defined as

B = Ifl/PeueSto (103)

The mass addition is assumed to be the minimum, i.e., 
V

= 
~i/~H~ (104)

where z
~
Hc is the total enthal py rise of the coolant. For the case of

V water, a constant value of 1150 BTU/lbm was assumed.
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The blowing parameter can then be expressed as fol lows :

(a + iT) _~~~a2 _ 4 a +2a ii+ii2 ’ ) -

2a2

(4 +ii \1/4 
.
~

BTurb = 
— ) -1~ (105b)

3 H

where

a1 
= 0.68 W°4 (105c) 

V

a2 = 0.08 (lo5d)

a3 = (lOSe )

H = AHc/(hr
_h
w) (bO5f)

V The coolant distribution is then given by

in (hr
_h
w] 

q0 (106)

where is the no blowing heat transfer to the surface of the nose tip.

• The cooling extended only to the end of the nose region . On the aft
cone, no cooli ng ca lcula tions were performed. V

V 

4. TRANSITION FROM LAMINAR TO TURBULENT

Any number of methods for estimating the transition point appear
In the literature. For simplicity sake, transition was assumed to occur V

when the Reynolds number, based on the blowing momentum thickness,
V equaled three hundred , i.e.,

V Re a 300 (107)

_ _ _ _  

_ _ _ _ _ _ _ _ _  

_ _ _ _ _ _ _  

Vt

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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- • 
- 

This value Is in line wi th that given by Van Driest (Reference 26) as
well as Cresci , MacKenzie, and Libby (Reference 27).

The Reynolds number based on the blowing momentum thickness If
gi ven by

p u  6**
Re c c  (108)

- - V e

The value for the laminar momentum thickness wi th blowing was
determined from Timer, Arne , et al . (Reference 24) as

S** 
C
f

= r- + B (109)
V 

V
O

where

= 0.4696 S (110)

5. TRANSVERSE CURVATURE AND VISCOUS INTERACTION

The effect of transvers e curvature is to decrease the boundary—
V 

layer thickness and correspondingly increase the skin friction and heat
transfer. This effect is small for turbulent boundary layers and hence
is omitted in these calculati ons. The effect of boundary layer thickness
on the inviscid pressure distribution is also neglected.
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SECTION V

TRAJECTORY CALCULATIONS

1. GOVERNING EQUATIONS

The reentry trajectory of a non-lifting vehicle can be calculated
for a non-rotating earth from the following equations :

1/2 p~ V~, CD AB — -m V~, + mg sin y (lila)

— mg cos y (ilib) 4

‘I 

ti c ~~~~~~~~~~~~~~~~~~~~~~~ POOVCOCDA B

Sketch 14. Trajectory V

- 
- The centri fugal force term, in V~,, i, can be expressed as

-
V 

— 

V,,,cos y (112) V

- (Rer + tic)

where Rer is the radius of the earth (2.09 x lO
47ft), and hG Is the

alti tude of the vehicle. The reentry equations may be written as

dh .
= hG 

= - V,,, sin y (ll3a )

a k — - V , v~s y (ll3b)

- 

6 

-i

- --- ---- --- _
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then,
V dV C A Y 2

D B a oV ~~~~~— = g sin y — 1/2 ~~ — (113c) V

and
r v 1

— - 

~R + ~ ~ 
j cos y (ll3d)

‘ er G’

V The independent variable is the time , t, and the unknowns are V0 , y, hG,
- and X. The Runge-Kutta method Is used to solve for the above unknowns

for a given time step.

V A time step of two seconds was found to be satisfactory for altitudes -

above 60,000 feet. Below this alti tude a one second time step was used
-

- 
and when impact was imminent, the time step was calculated from

j a 0.9 hG/V~ 
sin 

~ 
(114)

j  

Impact was considered to occur when the alti tude was less than 10 feet.
The Runge-Kutta method requires initial starting conditions which for this
Investigation were assumed to be:

V Altitude = 300,000 -ft

Veloci ty = 25,000 ft/sec
Angl e = 20 deg
Weight — 800 lb-i

2. PRESSURE DRAG

The drag of the vehicle must be calculated at each point in time

V 

- in order to solve for the unknowns at the next time point. The total 
V

V drag of the vehicle Is the sum of the pressure, skin friction and base
V - drag. The skin friction and pressure drag are determined by Integrating

— 
the local values over the surface area of the vehi cle. The pressure drag V

was calculated from

~
- D~ 1J’ (Pe - P,,,) s in e dA (11 5a)

A l A
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3. SKIN FRICTION DRAG

V The skin friction was determined from

Dsf = f  cos a dA (ll5b)

For a conical body the element area can be expressed as

V 

dA = 2-iry ds — 2-ny (
~
) dy (116)

where the term (ds/dy) for the di fferent nose shapes is gi ven as follows:

V Oblate e l l i p s o i d :  ________________ 
V

ds c~~[~~ c) 2 ;(y~a) 2 
(117)

Flat nose - round shoulder:
a) Flat region : ds/dy = 1.0 (ll8a )

b) Corner region: = 
~
r
~
2 2 

(ll8b )

i ~~~ 
- (y-y0)

Spherical arc - round shoulder:

V 

a) Large arc: = 

~ R~ y2 
(llga ) V

b) Corner region : 
4:2 (y y0)

2 (11gb)

Aft cone : a 
si~ ec 

(120)

The integration can be carried out using any numerical integration
method. The Romberg method, which is explained in detail by Carnahan,
et al. (Reference 29) was used for this investi gation.
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4. BASE DRAG

V The base drag of a conical vehicle was determined from an empi ri cal
equation given by Hoerner (Reference 28).

YOD 
V

CD 
= (121)

5. TOTAL COOLANT

Knowing the altitude and velocity for a given time the coolant was
calculated using the method discussed in the preceding sections. The
total coolant required over the trajectory Is of course the summation
of the coolant used at each time step. The trapezoidal integration
method was used to obtain this val ue because the time intervals over
the trajectory were not equal and the number of points on each trajectory
varied . The expression used to determine the total coolant was

-
V Total coolant = Total coolant 

(1—1) 
+ 1/2 EM1 + M1 1 ][t1

-t1 1 ) (122)

H V

N

Vt — — — — — — — — — -

(1—1 ) 1 (1+1) t(sec)

‘V

Sketch 15. Total Coolant

_ 
- ~~~V V VT  _  
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SECTION VI

COMPUTER PROGRAM VALIDATION

The system of equations presented in the previous sections were
V progranr’ed for use on the CDC 6600 computer, and this section discusses

the validation of that program. Values generated by the computer program V

are compared either wi th theory or wi th data available in the literature . V

V 

1. STAGNATION POINT VELOCITY GRADIENT V
A comparison of the stagnation point velocity gradients with the

literature gives an indication of the validity of not only the method for
determining the velocity gradient but also the method for calculating the
sonic point location . The stagnation point velocity gradients for the
three di fferent nose shapes are plotted in Figure 1. The open symbols
are from the computer program. The closed symbols represent data from
the literature (References 17 and 34). As can be seen the trends pre-
dicted by the computer program agrees qualitatively with results in the

V literature . The computer results are somewhat lower as the flat face -

sharp corner shape Is approached because the computer value i ncludes real
gas effects and because Vi nokur’s hemispherical value is higher than the
value predicted by the modifi ed Newtonian pressure distribution .

2. PRESSURE DISTRIBUTION

The pressure distri butions over the flat faced nose and the hemi s-
pherical nose are shown In Fi gures 2 and 3, respectIvely. The pressures
using Vinokur ’s method , the method developed in this report, and the
modifi ed Newtonian method are shown for comparison. These figures show
that the method developed in this report compares reasonably well wi th
V inokur ’s results .

An overall indication of the pressure calculation method for the
nose can be seen from a plot of CD versus the geometric parameters

NE

50
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(du/ds ) r 
V

V 

- 
(du/d5) tiemi ‘ ‘ c

0 Oblate Ellipsoid
• -V X Flat face - Rd Shoulder

- ~ Spherical arc - Sharp Corner
- £ Spherical arc - Sharp Corner

* Flat - Round } Reference 34

• Reference 17
V 

1.0 — V

£

— £4~ 
~ 300 ,000 ft

£ . 25,000 ft/sec

4 * . Xd.~
V

- :
. 2 -

hemi
-

- flat
0 I I I I

- 

- 
0 .2 .4 .6 .8 1.0

b/a , re/a, a/RN

V Fi gure 1. Stagnation Point Velocity Gradients V
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P/P VS s/a
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0
2
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-~ Figure 2. Comparison of Pressure Distribution Over a Flat Face V
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b/a, re/a, and a/RN given In Figure 4. Al so shown in this figure are 
V

the perfect gas range and a real gas value for the hemisphere . As can
be seen, the computer program gives reasonable results.

The aft cone pressure distribution for a hemispherical nose tip is
plotted In Figure , along with data from the literature (References 9
and 31). As expected, the values given by the computer program agree
wi th those from Krasnov, (Reference 9) but are somewhat below those of
Roberts, Lewis, and Reed (Reference 31). The minimum pressure value and
location agree fairly well , but the data of Roberts , et al , Is higher
beyond this point. The computer program value for pressure on the aft
cone does however , agree wi th the modi fied Newtonian value .

3. NUSSELT NUMBER - NO BLOWING

The no—blowing values of the Nusselt number are pl otted versus the
Reynolds number in Figure 6. The theoretical values are also plotted for
comparison . Figure 6 shows that the computer program gives satisfactory
results for both laminar and turbulent flow. The slight difference
between the computer values and theory is due to the diffusion correction
in the computer method .

4. SKIN FRICTION NO BLOWING

The no-blowing val ues of the skin friction are plotted in Fi gure 7
along wi th the corresponding theory . The computer program gives slightly
different values because of the diffusion correction term in the computer
program and the assumption that C* = 1.0 (p *U*Ip e~e ) in the theoretical
calculations .

The no-blowing values of the Reynolds number based on momentum thick-
ness are shown in Fi gure 8. This plot shows good agreement with theory
for both the l aminar and turbulent cases.

5. COOLANT DISTRIBUTION

The computer program -Is seen to give satisfactorily values for the
non blowing Nusselt number , skin friction and momentum thickness.
For the blowing case, an overall indication of the results of the methods
used can be seen by a comparison of the values from the computer program

54
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C~~~ VS b/a , re/a . a/RN
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\~~~~~~ N
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1.4 — ~~~~~~~~~~~~~~~~~~~~~~~~ 

gas range

30
flat hemi 0

.8 
I I I I I

0 .2 .4 .6 .8 1.0

b/a, re/a, a/RN

Figure 4. Nose Drag Coefficient Versus Axis Ratio
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wi th those of Schuster, Glickman & Hender (Reference 32). For turbulent

flow, Schuster, et al., give the following emperial equation for the mass V

V flow distribution . i V

‘
~ (i~~~sec) 

= 

5.O x~~O
4 p~

08
u~~~

29 

~[l.o + 3.03 x lO 8u~j~l.O~Z1 (123)

where the units are p(lbm/ft3)-, u (ft/sec)-, and RN(ft).

The value for the Prandtl number is 0.71 , and ZT is given by

0.6 0.8 e2

T - 

r 21 0.70
[1.0 - 0.168 e J

where 0 is the angle wi th respect to the axi s of syn~netry of the nose tip.

The mass flow is plotted versus the nondimensional arc length in

Figure 9. The computer program gives reasonably good results wi th

slightly higher values for the subsonic region and slightly lower

values for the supersonic region .

6. TRAJECTORY

The validation of the trajectory section of the computer program is
V 

shown in Figure 10, where velocity is plotted versus altitude . The

1 solid line is an approximation given by Adler (Reference 33):

V = V~~e~~~ 
(125)

where p g  C S
a = 2 Zk W SIn YE 

126a

ZA = -
~~
- ln 

~ SL1~~’ 
h > 75 ,000 ft (126b )

ZA 
= Zk 

- ZM (75,000—h); ii < 75,000 ft (126c)

Zk = 41.5 x lO 6 ft~ (l26d)

Z~1 
= [13.416 x io 6 ft

_ l
i

2 (l26e)
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VELOCITY VS ALTITUDE
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- Figure 10. Vehicle Velocity Versus Altitude
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The units of p are (lb-sec 2/ft4), g (ft/sec2), S (ft2), and UT (lb).
The equations assume that a and ZA are constant, where the computer

- 
- ~

- program all ows for quasi variable C0 and y. Figure 10 shows that the
• computer program gives reasonable results for the trajectory.
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SECTION VII

• RESULTS

The results obtained from the investigation are presented in this =

section . For all of the computer runs the initial reentry conditions
• were as foll ows :

c~I Altitude = 300,000 ft
Veloci ty = 25,000 ft/sec
Trajectory Angle = -20 deg

The three di fferent nose shapes were first run with the following
vehicle conditions :

Nose base radius (a) 1.0 inch
Length = 72.0 inch
Cone half angle 10 deg . 

-

V

Wei ght = 800 lb

— 1. NOSE SHAPE EFFECT ON COOLANT

The nose bl untness of the di fferent noses was varied by changing
the minor axis value (b) for the oblate nose, the shoulder radius (r

~
) for

the flat face nose, and the nose radius (RN) for the spherical arc nose.
The results obtained are plotted In Figure 11 , which shows the coolant V

V 

- required for the trajectory versus the nose bl untness parameters, b/a,
r
~
/a or a/RN. The spherical arc family Is seen to be the best of the

families considered and the flat face - sharp corner is the best shape ,
requiring only about 40% of the amount of coolant of the hemisphere . The

- -
~ flat face requi res less coolant because of both the smaller area andV lower overall heat loading of the flat face as compared to the hemisphere .

- The flat face surface area is one half of the surface area of a hemis-

• phere. The heat flux at the maximum heating conditions for the flat face
and hemisphere Is plotted -In Figure 12. This fi gure shows that the flat

= face has a lower stagnation point heating, that transition occurs later
for the flat face, and that the maximum heating is smaller for the flat
face. Thus the intensity of the heating for the flat face is not only
lower but also occurs over a smaller area .
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Figure 11. Coolant Amount Versus Nose Axis Ratio
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HEAT FLUX VS ARC LENGTH
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As mentioned , Figure 11 shows that the spherical arc - sharp corner
nose shapes require less coolant -for bluntness parameters less than 0.70.
This is also due to the smaller area and heat loading of the spherical
arc nose shape as compared to the flat face - round shoulder or oblate
ellipsoid shapes . The surface area for the three different nose shapes V
are plotted in Figure 13 , where the spheri cal arc shape is seen to have V

the least area for a given axi s ratio. The flat face - round shoulder

- - 

- 

has the most area for a given axis ratio. This corresponds to the
coolant requirements shown in Figure 11. The heat flux at the maximum
heating conditions for an axis ratio of 0.70 is plotted -in Figure 14.
Even though the spheri cal arc nose has a slightly higher stagnation
point heating , the overall heating intensity is lower and occurs over a

V smaller area .

For values of a/RN greater than 0.70, Figure 11 shows the coolant
required for the spherical arc noses to be the same as the other two
noses. The “jump” at a/RN = 0.70 is due to the “jump” in the sonic point
location . For a/RN < 0.7 (e~ > 45°), the sonic point is assumed to be at
the corner. For a/RN > 0.70 (e~ < 45°), the sonic roint location moves
toward the hemispherical value . As turbulent, subsoni c flow has
associated wi th it higher heating rates, the nose shape that has the
sonic point further downstream will require less cooling.

V 

2. NOSE SHAPE EFFECT ON TRAJECTORY

The time to Impact for the data plotted in Figure 11 varied from
37.5 to 38.8 seconds. Practically speaking then , the time to impact is
the same for all of the nose shapes because the nose drag was small
compared to the total drag of the vehIcle , 7% for the hemisphere and 11%
for the flat face. In order to determine the effect of the nose shape
on the trajectory as well as the coolant required , the program was rerun
for the oblate ellipsoid family wi th larger nose base radii. The vehicle
parameters were as follows :

a = 20” 30”
V L = 72 0” 72.0”

= 9.23° 8.45°

R8 = 13.7” 13.7”
WI = 1200 lb 1200 lb
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HEAT FLUX VS ARC LENGTH
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For the two inch nose, the nose contributed about 37% of the drag while
the three inch nose contributed about 50% of the total drag. ihe
coolant required is plotted versus (b /a) in Fi gure 15 along wi th the one
inch data . The time to impact varied from 38.0 seconds to 36.1 seconds j
for the two inch nose and from 41.0 to 36.6 seconds for the three i nch V

nose. Fi gure 15 shows that the flat face nose (b/a = 0) still requires
the least amount of coolant for both the two and three i nch nose radii.
This indicates that for hypersonic i mpact the much smaller coolant flux
of the flat face more than offsets the longer trajectory times .

3. OPTIMUt -1 FLAT FACE HEIGHT

The optimum nose shape determined from the variation of parameters
method is in agreement wi th results reported in the literature (References
1 , 2, and 5). The literature also shows that , for a gi ven ratio, there
is a flat face height which minimizes the total heating to the vehicle.
These results were obtained by assuming ei ther a constant beta or constant
freestream conditions . In reality the freestream conditions and beta
will change as the flat face height is changed for a gi ven fineness ratio.

V To investigate the possibility of an optimum flat face hei jht wi thout the
assumptions mentioned above the computer program was run wi th the following
parameters:

IT = 72.0 Inch
Base radi us = 13.6 inch
Cone weight = 12 ,000 lb
Tw 2,000 °R

The vehicl e wei ght was large In order to Insure that the high drag
vehicles impacted hypersonically . The flat -face hei ght was varied so
that the ratio a/RB varied from 0.1 to 0.9. The heat loading on the
nose, aft body and the combined total were calculated for the entire
trajectory and are plotted in Figure 16. The beta of the vehicle at
maximum heating alti tude (&

~H
) Is also plotted . Figure 16 shows that as

the face height increases the total heating to the nose Increases while
the aft heating and total heating decrease. The beta at maximum heating
al ti tude is seen to decrease signifi cantly. An optimum face height is
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not observed . As the flat face height increases , the drag of the vehicle
V Increases causing the velocity and hence heating intensity to decrease. -

The decrease In heating intensity over the vehicle more than offsets the

Increase to the nose because of a larger nose area . The total coolant

required for the varying face heights is shown in Figure 17. As can be

seen, the coolant required increases drastically as the flat face hei ghts
is increased. V
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COOLANT VS a/ RB:: I
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- 

SECTION VIII
CONCLUSIONS

The results of this investIgation can be suimnarized as follows..
For reentry vehicles impacting hypersonically the flat face - sharp

corner nose is the optimum TCNT shape. This was found to be true for
nose sizes that contributed up to 50% of the total drag of the vehicle.
Using a flat face nose shape reduces the amount of water needed , and -
hence vo l ume, about 60%. This is about one pound savings in weight for I

V a one inch nose radius and 5.5 pound saving for the two Inch nose radius . 
- 

V

No flat face height was found that minimi zed the total heating to the
entire reentry vehicle for any of the nose radi i considered . If the 

V

fineness ratio and wei ght of the vehicle are fixed , the overall heating -

decreases as the flat face height increases due to the resul ting large V
decrease in the velocity of the vehicle.

The effect of the nose shape on the trajectory depends on the size
of the nose. For low drag noses, 7 - 10% of total drag, the nose shape 

-

has very little effect on trajectory times. As the nose drag increases
to 50% of the total drag, the flat face trajectory time Is about 12%
greater than that for a hemisphere.

Practically speaking it may not be possible to provide enough
coolant at the corner of the flat face. A rounding of the corner will
then be necessary. If the corner can be adequately cooled for round
shoulders wi th rc less than or equal to O.2a, the flat face - round

shoulder shape is the optimum shape. If rc is greater than O.2a, then
the oblate ellipsoid shape is the better shape.

I

I
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