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Method of moments has been used frequently and effectively in our

previous research for developing theories and methods of estimating the

operating characteristics of the item response categories and ability

distributions. It has been discovered that the method is quite useful,

for fitting some curves to the set of observations, like maximum likelihood

estimates , to the unobserved , conditional density function of which only

tht t i rst  few moments are estimated , and to the resultant, estimated

density function of ability. It has also been discovered that polynomials

are useful as functions to fit in applying the method of moments, with their

unrestricted nature , regardless of the fact that there always is a possibi-

lity that they produce negative values for the estimated density. In the

present paper , it is pointed out that a polynomial fitted by the method of

moments is the same polynomial produced by the least squares principle.

Using some examples , the two processes, i.e., the method of moments and

L the least squares solution , are compared . It is pointed out that , in

general , the method of moments provides us with a simpler process and a

more accurate result , than the least squares method , when the computer

work is involved. The importance of using the appropriate interval in

applying the method of moments , and the least squares method , is emphasized.
In some examp l e s , the results are compared with those by the polynomials

obtained by Taylor ’s series.
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I

1’ft~THOD OF MOMENTS AS THE LEAST SQUARES SOLUTION FOR FITTING

A POLYNOMIAL

ABSTRACT
•1

Method of moments has been used frequently and effectively in our

: revious research for developing theories and methods of estimating the

operating characteristics of the item response categories and ability

distributions . It has been discovered that the method is quite useful,

I for fitting some curves to the set of observations , like maximum likelihood

estimates, to the unobserved , conditional density function of which only

J the first few moments are estimated , and to the resultant , estimated

density function of ability. It has also been discovered that polynomials

I are useful as functions to fit in applying the method of moments, with their

unrestricted nature , regardless of the fact that there always is a possibi—

I lity that they produce negative values for the estimated density. In the

present paper , it is pointed out that a polynomial fitted by the method of

J moments is the same polynomial produced by the least squares principle.

Using some examples , the two processes, i.e., the method of moments and

the least squares solution , are compared . It is pointed out that , in

I general , the method of moments provides us with a simpler process and a

more accurate result , than the least squares method , when the computer

work is involved. The importance of using the appropriate interval in

applying the method of moments , and the least squares method , is emphasized.

J In some examples , the results are compared with those by the polynomials

obtained by Taylor ’s series.

I 
___________________________________________________________________________________

I The research was conducted at the principal investigator ’s laboratory ,
409 Austin Peay Hall , Department of Psychology, University of Tennessee,
Knoxville , Tennessee. Those who worked in the laboratory and helped the

I authors in various ways for this research include Paul S. Changas, tin
Wen Kuei—Chiu , and Robert L. Treatman .
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I Introduction

Estimation of the operating characteristics of item response

categories has been pursued and investigated by developing various

methods and approaches (Samejima, 1977a, 1977b , 1978a, 1978b, 1978c,

1978d, l978e, 1978f). Throughout these studies , the following two

features are common.

(1) No prior mathematical formulae are assumed for the operating

characteristics.

(2) A relatively small number of subjects are used to provide us

with the set of data , on which the whole process of estimation

• is based.

Of these two features, the first one may be of more theoretical

V 
importance, since this will allow us to approach the genuine nature

of the specific operating characteristic without preassuming it.

Another important feature of the studies of the operating

characteristic estimation is that we have used the method of moments

(Elderton and Johnson, 1969; Johnson and Kota , 1970a, 1970b) for various

purposes. To give several examples, we have used the method of

moments for fitting a Pearson Type density function or a polynomial

to the set of five hundred maximum likelihood estimates of ability ,

for fitting a Pearson Type density function to each conditional density

- 
of ability, given its maximum likelihood estimate, for fitting a poly—

- nomial for the set of calibrated ability scores 0 for each binary

- - item score group , and so on.

a.

¶

L.

-5- -- ~--. .- - - -~~--- ~~~~~~~~~~~~~~~~~~~ 
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It is worth noting how well the method of moments fits into

the whole process of estimation , and how important a role it has

played. Above all, the method of moments for fitting a polynomial

seems to be especially promising, since the polynomial is less restric—

tive in its shape even with a relatively low degree like degree 3 or

.
~~ :ompared with other functions which require the same number of

moments. One disadvantage of the polynomial is, however, that it is

not a density function , and it may produce negative values for the

estimated density function , or frequency function . Regardless of

this possibility, we have used polynomials fitted by the method of

moments for the estimated density functions frequently, and they have turned

out to be quite successful.

In the present paper , the reason for this success is to be

clarified. Also we are to expand the usefulness of the method of

moments for fitting a polynomial beyond the scope of estimating a

density function or a frequency function . Thus the method of moments

is no longer just a method for fitting a curve to a frequency distri-

bution , or to a set of observations, but it has become a useful way

of providing us with a polynomial which approximates any observed and

often non—mathematical function .

Some practical considerations are given in later sections of

this paper , through several examples which are presented for the

V purpose of illustration .

I
-- - -  

— 
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I
II Relationship between the Method of Moments for Fittin~ a PolynomialI and the Least Squares Principle

Let h(t) be any function of the variable t which is defined

in a closed interval, [t, E], and is integrable in the Lebesgue sense

-; ., and has the first m moments. This function h(t) can be some

specified mathematical function, or an empirically obtained function.

Let (i 0, 1, ..., in) be the i—th coefficient of the polynomial

which can be written in the form

(2.1) E cz1 t
i

V -- i—0

and is to be fitted to the function h(t) following the least squares

- 
principle. We define Q such that

ft  1 2
— (2.2) 2Q — 

~ 
[h(t)  — t ] dt

i—0

Differentiating Q with respect to and setting the result equal to

-. zero, we obtain

(t in
(2.3) 

~~~~~~

— J [h(t) — 

~~ ~
1Jf_

~~ ) dt — 0
r j t  i—o

and then 
—

3 
~ 

(2.4) ~r h(t) dt — ~r ct t~ dt)
~ i—0

for r — 0 , l, 2, ..., nt.

Thus it is obvious f rom ( 2 . 3 )  that the least squares principl e
.1

requires the resultant polynomial of degree m to have the same 0-tb

thro iigh rn-tb moments as h ( t )  , which is nothing but the principle
V 

upon which the method of moments is based . Prom this result , it is

~ 
j obvious that both methods provide us with the same polynomial.

H ~

L T  ~~~~~~~~~~~~~~~~~~ . VV .~~~~_ — ~~~.~~~~
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It is clear, therefore, that the method of moments can be used as a

substitute for the least squares method when we fit a polynomial of

any degree to a f unction, which may or may not assume negative values

as well.

When the function h(t) is observed only at N points of the

v.~ .-.ble t , as is often the case for an empirically observe! function ,

we can replace (2.2) by

N in

(2.5) = E {[h(t
k
) — E a1 tk ] w(t

k
)}2

k—i i—C

where w(tk
) is some appropria’-ely chosen weight for tk Differ-

entiating (2.5) and setting the result equal to zero, we obtain

(2.6) E tk
r 
h(t

k
) w(t

k
) — ~ tk

r w(t
k) ~~ 

tk
i

k—l k—i 1—0

If the function h(t) is continuous and we divide t~’te interval. (t , t~

into N subintervals , by the middle value theorem thE- re exists, ~t least,

one value, 
~kr 

, in each subinterval (tk, tk
) which satisfies

(2.7) ~
r 
h(t) dt 

~~r 
h(
~~r

)(t
k 

- Q
where

(2.8) tk 
—

for k — 1, 2, ..., (N—i), and

(t — t
(2.9) 4

I tN 
—

When the width of each subintervai is small enough , these (m+l) values ,

(r 0 , 1, 2 , ..., in) , can be approximated by a single value , say ,

L ~~~~~ - - . V V . _ _ V  -::i.~ --~. ~
_•~~~~~
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the midpoint of the subinterval. Using such a value as tk 
and the

eubinterval width as w(tk), we can approximate (2.2) by (2.6). If

all the sub interval widths are equa l , (2.6) is simplified to provide

N N a

4 
(2.10) ~ t

k 
h(t

k
) = ~ t

k 
E a1 tkk—i k—i i— C

5- 
— -~~~~~~~~~~~~~~~~~~~~~~~ -- -5- —~~~~~~~~~~~~~~

-
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III Least Squares Solution

We can rewrite (2.4) in the form

in-I-i
(3.1) = 

~ a 
—1 [j+s—l]~~ [t

i+5
~~ —

i—i 
j —

where s — r + 1 = 1, 2, ... , m+l , j  = i + 1 = 1, 2, ..., in+l, and

is the (s—l)—th moment of t about the origin , defined by

(3.2) p ’ = f t~~
1 
h(t) dt

Let a be a column vector of order (m+l), whose j— th element Is ct.
1

and ~i ’ be a column vector of the same order whose s—th element is li ’

Thus we can rewrite (3.1) in the matrix notation to obtain

(3.3) p’ = A a

where A is a symmetric matrix of order (rn-Fl) whose sj—element is

given by

(3.4) [j+s—l]
1 

[~
i+s_l 

— 
j+s—1

1

The least squares solution for cx is obtained , therefore, by

(3.5) & = A~~
j ’

For the purpose of illustration , the matr ix A for  a = 2 is shown

below as an example .

(~ — t )  (~~ 2 _ t 2)/2 ( t3 — t 3)/3

~3.6) A (t2 — t2)/2 (t 3
~ t 3 ) / 3  (t~~— tM)/4

(~~~3 _ t 3)/ 3 (
~
‘ t~)/4 (~~ S_ t 5)/5

in practice , we usually use a greater value for in , and obtaining the

inverse matrix of A will be the most intricate process of computation

~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~ 
•
~~~~~~~

--  
- - 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~JT~~~~~~~~ .~~~~
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and the availability of a package program for inversing a symmetric

matrix will be of necessity .

T
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IV Solution ~~ the Method of Moments

Let R(t) be a half of the interval width for which the function

h(t) is defined , and M(t) be the midpoint of the interval, such that

(4.1) R(t) = (
~~ 

—

(4.2) M(t) (~~ 
+ t)/2

For conven ience , we define a new variable t* by changing the origin

of t to the midpoint of the interval [t , t], i.e.,

(4 .3)  t~” 
= t — M ( t )  -

Thus the polynomial of degree m in t can be rewritten as a polynom ial

of the same degree in t~ , or

in m
(4.4) ~ ct.~ t — ~ a1 t~

1—0 i—C

wi th the rela tionship between the two sets of coefficients such that

( — a for M(t) — 0(4.5) a.? in
r — ~ (1)

i_r 
a • (1) [ M ( ~~fl

h_ r otherwise ,
1 r  r 0,1,... ,m

To give an example , when in = 7, we can rewrite (4.5) as follows.

-, 3 4
— a = a — a M( t) + a [M(t)] — a [M(t)] + a [14(t))

— a
5

[M ( t ) )  + a6[M (t)J 
— d7[M(t)]

-) 3 4
— a

1 
— 2a 2M( t) + 3a

1
( M ( t ) )  — 4a

4LM(t)] + 5a5[M(t)]

— 6a6[M(t))
5 + 7a 7[M(t)]

6

3 4
a2 — 82 

— 3a3M(t) + 6a4[M ( t) )  — lOa
5[M(t)) 

+ lSa
6[M(t))

(4. 6) — 2la7[M(t)]
5

-) 3 4J a
3 

— a 3 — 4a4M(t) + 1Oa~ [M (t~~)~ — 20a
6

[M ( t) ]  + 35a
7[M(t))

— V ~~V_ S .  •~~~~~~_  5-
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04 
— a4 

— 5a514(t) + 15a
6
[M(t)]

2 
— 35a7[M(t)]

3

a5 — a5 
— 6a611(t) + 21a7[M(t))

2

a6 — a6 
— 7a 7M ( t)

V c t a
~ 7 7

The following relationships hold be tween the moments about the midpoint

t~(t) and the coefficients a (r = 1, 2, .,. ,

(4.7) 
~~g 

= 2 
lm/2) 

a2k [2(g+k)+1]~~ [R(t)]
2
~~~~~~

1

k 0  g 0,1,2,... ,[m/2]

(rn—i) 2 1 2( k+1)+1
V 

(4.8) 
~4g+l 

2 
~ 

a
2k÷l 

[2(g+k+i)+1J L R ( t ) 1
g 0,1,2,... ,[(m—l)/2]

In the above two equa t ions , [ ) indicates the integer part of the number,

and IJ~g 
ana indicate even and odd moments about the midpcint

14(t) respectively .

Let p — g + 1 and q — k + 1 , We define the following two

symmetric matrices, B(0) 
and 

~(i) 
whose orders are both (m+i)/2

when a is odd , and (m/2)+1 and (m/2) when a is even, respectively .

(4.9) B(0) f [R( t ) J 2 +q)—3 
[2(p+q)—3]

1 
I

(4.10) B (1) — { [~~(~ )J
2(P+~

)_l 
[2(p+q)—l)

1 
I

Let 1i~~0) 
and be column vectors of the corresponding orders,

such that

(4.11) 
~~0) 

— 
~ 

~~ (p—l) 
~~
‘ p — 1,2,... , ( i n I 2]+ l

and

(4.12) 
~~~~ ) ~ 

~2p— 1 ~~
‘ p — 1,2,... ,[(in+1)/2]

* For further details , cf. Elder ton and Johnson , 1969 , or Appendix I.

-4

- -- --‘V . ~~~~~~~~~~~~~~~~~~~~~~ —~
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Let a(0) 
and 8(1) denote the coefficient vectors of the corresponding

orders, which can be written as

(4.13) a(Q) 
- { a

2(q .1) I , q - 1,2,... ,[m/21+l ,

(
~~. _ • )  a(1) 

{ a~~_1 }‘ • q 1,2,.. .,[(m+1)/21

Thus we can rewrite (4.7) and (4.8) in the matrix notation such that

V 

(4.15) 
~~0) 

2 B(0) 5(e)

and

(4.16) 
~~l) 

- 2 8
(1) 

a(l)

The coefficient matrices a
(0) and a(1) are obtained , therefore , by

V 

(4.17) 8
(0) 

= (1/2) B
(0~ ~~~

and

(4.18) 8
(1) 

= (1/2) B
(1~ ~~

In practice , the computation is facilitated if we define two matrices ,

C(0) and C
(1) , 

of orders [m12]+l and [(m4-i)/2), respectively, such that

(4.19) C(0) 
— { [2(p+q)—31~~ }

and

(4.20) C(1) 
— { [2(p+q)—1J~~ I

which do not depend on a specific set of data but depend only upon the

degree of the polynomial. From these two matrices , we can obtain the

— - - V5 - 5 - ~~~~~~~~~~~~ S.’. 
~~~~~~~~~~VZ~~7~~~~V 

—
~~ ~~
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two matrices , (1/2) C(~~ and (1/2) C
(~~ 

and it is easily seen

that (1f2) B (Ø~ and (1/2) are obtained by dividing the element

in the p—tb row and q—t h column of the corresponding matrices by

and (R( t ) ]2 ) 1  
, respectively , for every co.bination

of p and q . For the purpose of  i l lustrat ion , the process of obtaining

(1/ 2) C
(0~ 

and ( 1/2) C(~~ 
is shown for in - 6 and in — ~ in Appendix

V II. The resultant sets of equations for obtaining the coefficients a~

are listed below for the polynomials of degrees 3, 4, 5, 6 and 7

(i) Polynomial of ~~~~ee 3

— tl.l25~~/R) 
— (1.815~~ /R 3 1

a
1 

— [9.375p~ /R 3J — , f l3 l25jj~IR 5J

(4.21) 8
2 

— [—l.875p ~ / R J  + [5.625p~ /R 51

a3 
— [ — l3 . l 25 p ~~ /R 5]  + [21.675u3*/R

?]

(ii) Polynomial of Degree 4

a
0 

— f 1.7578125IA~ /R) — [8.2o3125ii~/l~~) + [7.3828125~~/B~)

a1 [9.375~~ /R 3] — [l3.125u~ /R s]

(4.22) 
a2 

— [—8.203125ii~fR
3] + [68.90625ji /R5) — [73.828l25p~ /I~

7)

a3 
— [—l ~ .l25IJ~ /R 5 J + I2l.875U~IR

7)

a4 [7.3828125p~ /R 5] — (73.828l25~j~~ /R 7)  + 186.1328125pt/R ’]

(iii) Folynomial of De&ree S

a
0 

— [l.7S78l25p ~ /R) — I 8.2 O 3 l 2 5~~~~/R
3 ) + (7.3828l25u~ /R 5)

a
1 

— [28.7109375ii~ IR
3) — (l03.35937511/R5 1 + (81.2109375u~ /R ’J

82 — [—8.203l25ij~ /R 3] + [ 68.9O625ii~ /R 5] — [73.828l25~~/R’J

F 

(4.23) 
a3 1_103.359375ut/R 5) + (442.968751i~*IR ’) — (378.984375~~/R’]

a4 
— [7.3828l25p~ /R 5]  — (73 .828l25~~ /R ’1 + L86.l328 125u~ /R’)

a., — [8l.2109375~~/R
’) = (378.984375ii~/K’) + (341.0859375u /R”J

1
5-- ~~~~~~~~~~~~~~~ 

~~~- 
-
: 
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(iv) Polynomial of Degree 6

~ 
(2.3925781Ii~/R] — (2l,S33203l1i~ /R 3] + [47,3730469ii~/R

5
J

— [29.326 17l9~~ /R ’J

a1 [28.7 109375u ~ /R ’J — L1O3.3S9375p~~/K~~ + (8 1.2 109375U~ /R ’)

a2 (—2 1.533203 1p~ /R 3 ) + 1 348. 8378906

— [9 13 .6230469~JZ/R 7] + [61S ,8496094ii~ /R ’J

( < 
a3 

— (_103.359375lJt/R S J + [442 .96875~~ /R ’J — [378.984375p /R ’J
V a4 E47.3730469~~ /R s) - [9l3.6230469~i~ /R 7]

+ [260S.517578lp~ /R’] — [1847,548828l~~ /R ’’)
a
s 

— [81.2l09375p */R 7) [378.984375~
j
~ /R’) + [341.0859375~1~ /R ’1

8
6 

= [— 29 .326 1719 ~~ /R 7 } + [615 .8496094~~ /R 9)

— (1847.5488281~~ /R ’1 ] + [l3S4.8691406~~/R
13 )

(v) Polynomial of Degree 7

a
0 ~ [2 .3925781U~ /RJ — [21.5332o31~~/R ’J + [47 ,373o469p~ fg

S
J

— [29.326l719i~i~/R
1j

a
1 

[64.5996094~4/R
’] — [426.35742l9~~ /R 5 J

+ [791.80664061/K 7] — [439 .8925781~J~ /R~ ]

a2 
— [—21 .533203l~~/R-’] + [348.8378906

— (913 .6230469~~ /R ’] + t61S .8496094~~ / R~~1

83 ~ [_426.3574219ut/R
s) + [3349.9 5l17 19

~1/R
1
)

— r6774.3457031
~1/R

9] + [39 59.O332031~~ /R~
1
~

~4 .25 )
a4 ~~ [47~373o469~~/g S j - [913.6230469~~/R’]

+ [260 S.5 i75781 u ~ /R ’J — (l847.S48828l~~/R ’’~
a 5 

.
~‘ [791.8066406 i ~~/R ’) — [6774.34570311/R

e
]

+ [144l0.8808594p~/R ’’ 1 — [87O9.8730469~~~fR
1 ’

1

86 
a (—29.326l719ut/R ’] + (6l5.8496094u~ /R’J

— 11847.5488281ii~ /R ’’ ] + [1354 869140 i~/R
1 ’
~

~ [_439.8925781P!/R
9) + [3959.03320311/K ’’ ]

— [8709.87304691/R ’
~
) + (539l.8261719~i~~/R

l S
]

(For simplicity, in the above equations , K is used instead of R(t).)

4 I

- V V ~~~~~~ _  - - ~~
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-: 
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A computer program specially written for this purpose can handle

the above Bets of equation s for obtaining the coefficients a~ and

then (4 .5) for obtaining the revised coefficients cz.~ , for i — 0, 1,

• . .,  a , with the (rn-fl) moments about the midpoint , ~~~~ , 
the mid point

of the interval , 14(t) , and a half of the interval width, R( t) , as

~he input data. As a substitute for  the least squares solution , this

wil l  be much easier since it does not include an inversion process for

the matrix A defined in the preceding section .

I
I
1
1
1

- --—- - V~~ - ~~~~~a.- - -

L_VVVV.._ ~~~~~~~~~~~~~~~~~~~~~~
—.
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V Comparison of a Polynomial with e Pearson~~p~ Density Function
As an Estimated Density Function

It was observed in Section 2 that the polynomial obtained by

the method of moments is the one which fits best to any function

among all the polynomials of the same degree , from the standpoint of

the le~’st squares principle. This is true whether the function is

...npirically obtained , or mathematically defined , since h(t) in

Section 2 does not require any such restrictions. Considering the

less restrictive nature of polynomials in comparison with density

functions of fixed types, the above characteristic of the polynomial

obtained by the method of moments makes us e~xpect the one to

provide us with a better fitting curve in most situations. For this

reason , it will be meaningful to compare some of the results we have

already produced using the method of moments.

The data used here are the set of five hundred maximum likelihood

estimates used in the studies of the estimation of the operating charac-

teristics of item response categories (Samejima , 1977a, l977b, l978a,

l978b, l978c, l978d , 1978e, l978f). They are simulated data , based

on five hundred hypothetical examinees, whose ability levels are located

at one hundred equally distanced points between —2 .475 and 2.475 inclu—

sive on the ability scale , with the interval length of 0.05 and five

subjects at each point .  Their maximum likelihood estimates are obtained

on their response patterns, which were calibrated by Monte Carlo Method ,

on the set of th i r ty- f ive  graded response items , which is called Old

Test, and whose test information function is approximately equal to

21.63 for the range of ability e , —3.0 through 3.0 . The funda— 

~~~~~~~ V i ~~~~~
V
~~ 

V~~ -
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I
mental concepts and formulae in these processes are given in Appendix

III , where the maximum likelihood estimate § is replaced by the more

general estimate , A - The moments were computed for this set of five

hundred observations.

The first moment about the origin , or the mean of the set of

observations , turned out tO be —0.00577 , which is very close to zero.

The second through fifth moments about the mean are 2.14824 , —0.014 65

8.65145 and —0.25790 - Figure 5—1 presents the polynomial of degree

4 obtained by the method of moments, together with the theoretical

density function and the histogram of the frequency distribution of

the five hundred observations categorized , for convenience , into twenty—

five subintervals of the width of 0.25 . (Actually , in this graph

and in those others shown la ter  in the present section , the ordinate is

the frequency instead of the density. Thus frequency 40, for example,

corresponds to density 0.32 , 30 to 0.24. and so forth.) We can see

that the polynomial of degree 4 thus obtained shows a good fit to both

the theoretical density and the empirical data.

In obtain ing the above polynomial of degree 4, the first four

moments of 0 are used. This same set of moments enables us to obtain

Pearson ’s criterion K (Elderton and Johnson , 1969, Johnson and Kotz , l970a,

l970b) for  the selection of the su i t ab le  Pearson Type distribution for

our data. The formula for pearson s criterion is such that

(5.1) K 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

V where 81 and 82 are defined in terms of the second through fourth

. - moments about the mean, which are denoted by ~~~, , and 1~4

- - —~~~~~~~ V- - - -  ~-— ~ —~~~~~~~~~ -—- - - - -
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respectively, by

(5. 2) 81 —

and

.3) 82 
-

The selection is made in such a way that, if, for instance , K turned

out to be finite and negative , then the distribution will be of Type I;

if it turned out to be positive and less than unity, then the distribution

will be of Type IV; and so on.

With our data , using the second , third and fourth moments about

the mean, which were given earlier , the value of Pearson ’s criterion

K is —0.00000762 - This value is very close -to zero , and Pearson ’s

Type II distribution should be selected. This distribution is a special

case of Beta distribution , or Pearson ’s Type I distribution , whose

density function is given by

(5.4)

where B(p,q) is the Beta function with parameters, p and q , and

for the Type II distribution we have

( 5.5) q p

The three parameters , a , h and p , of the Type II density function

can be estimated

I
(5.6) p — 3(6 2— 1) 12 ( 3 ~ L?-.,) 1 1

I 

----—V -—-- -  - -

~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~ V - -
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(5.7) a = —

and

(5.8) b = + (2i~i4 ~~) 
2(3_82)~~~

2

~espective1y , where is the mean of the max imum likelihood estimate

and is its variance . The estimated parameters thus obtained turned

out to be 1.16581, —2.68111 and 2.66947, respectively . Figure 5—2

presents the resultant Pearson ’s Type II density function , together with

the theore tical dens ity and the histogram , which were also presen ted

in Figure 5—1.

It should be noted that the theoretical density of 0 , which

is drawn in Figures 5—1 and 5—2 , is symmetric . This was obtained by

setting f(O) = (8_O) 1 
with U = — 2 . 5  and 0 = 2.5 for the marginal

density of 0 and n(0,0.215) for ~4i(ë~ 0) , the conditional density of 0

given 0 (cf. Appendix III). The resultant theoretical density is

given by

1 2 ((2.5—6)/0.215 2(5.9) g(ë) = 0 . 2 ( 2 - r T )  
/ I exp [—t /2] dt

1 (—2 .5—6) 10.2 15

We must say , therefore , that the selection of the Type II distribution

out of all the Pearson Type distributions was a good one , providing

us with a uni—modal curve for the estimated density function , as we

can see in Figure 5—2. Regardless of this fact , however , we note that 
V

the fit of the polynomial of degree 4, which is drawn in Figure 5—1 , to

the theoretical density is still better than that of the Pearson ’s

Type II density function . This result can be considered as evidence

I__ V~~~~~~~~ZL~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~
——--—
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-
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to support the usefulness of polynomials fitted by the method of moments,

as well as to confirm that the least squares principle is working well.

Another interesting comparison between the polynomial of degree

4 and the Pearson ’s Type II density function is with respect to the

range of 6 for which the estimated density function fails to provide

~sLtive densities. The interval of 6 used in applying the method

of moments is [—3-0555 , 2.8718], i.e., b’tween the least and the greatest

values of the observed maximum likelihood estimates , inclusive , for both

the polynomial of degree 4 and the Pearson Type II density function.

It turned out that the polynomial of degree 4 , whose coefficients

are listed in Table 5—1 , assumes zero at 6 —2.940 and 6 2.891 -

This fact indicates that the only subinterval for which it gives negative

densities is between the lower endpoint of the interval , i.e., — 3.0555

and —2.940 - On the other hand , the Pearson ’sType 11 density function

provides den~ ity zero for the two subintervals of 6 , i.e. , between

—3.0555 and —2.6811 and between 2.6695 and 2.8718 - Thus the range

of 6 for which the estimated density function fails to assume positive

values is much less for the polynomial of degree 4 than for the Pearson’s

Type Ii density function , the result that supports the polynomial in

preference to the Pearson ’s Type II density function .

Figure 5—3 presents the polynomials of degree 3 and S obtained

in a similar manner as the polynomial of degree 4, using the first

three and five moments , respectively. Again for the polynomial of

degree 5 the negative densities are observed only for a small range of

6 , and for the polynomial of degree 3 there exists no such range,

although the fit of the polynomial to the theoretical function is not

- - - - -- -
~~~~~~~~~

- - - - — -V
~~~~~~~~~ - - -~~~~~~~~~~ -

-—
~~~~~~~~~~~ -- - - - — — --
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TABLE 5-1

Coefficients ci ’s of the Resultant
1

Polynomials of Degrees 3, 4, and 5

j  DGR . 3 DGR . 4 DCR . S

0 0.22416 0.19620 0.19539

1 —0.00351 0.00238 —0 .00638

2 —0.01873 0.01319 0.01449

3 0.00095 —0.00062 0.00405

4 —0.00427 —0 .00449

- 

5 —0.00048

I

1
I
I
I
I
I 
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FIGURE 5-3

Frequency Distribution of the Maximum Likelihood Estimate (Histogram),
Its Approximated Polynomial (Solid Curve) and the Theoretical Density
of the Maximun Likelihood Estimate (Dotted Curve) . The Degree of the
Polynomial Is Three in the Upper Graph, and Five in the Lower Graph.
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I
i so good as in the case of the polynomial of degree 4 or 5 -

We notice that the polynomials of degrees 4and 5 are very close

I to each other , and yet there is a slight tendency that the one with

degree 5 is slightly more departing from the theoretical curve , than

I the one with degree 4. This i s  understandable considering the fact

that the polynomial of degree S uses an additional moment , i.e., the

fifth moment , and that the sampling fluctuations of moments of higher

I degrees are greater than those of lower degrees. This implies the

warning that . we should balan~ i- the sample size and the degree of the

— polynomial to be adopted in the method of moments , in order to make

a right selection of the degree . Figures 5—4 and 5—5 are the repro—

duc tion of the results (Samejima , l977b) obtained by fitting a polynomial

to each subset of the five hundred observations , using the polynomials

of degrees 3 and 4. In the results shown as Figure 5—4 , each subset

contains 250 observed maximum likelihood estimates , and in those shown

as Fi gure 5—5 each has only 100 observa tions . We can see that , especial-

ly in the latter case , ev en t h e  polynom ials of degr ee 3 are in f l uenced by

the moments of this particul ar sample , and fail to provide a set of curves

close to the the theoret ical density function .

The coefficients of the polynomials fitted for the two subsets

and those for the five subsets are presented as Tables 5—2 and 5—3,

respectively.

I
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FIGURE 5—4

Two Polynomials Approximating the Two Subsets of Five Hundred Maximum
Likelihood Estimates , Respectively (Solid Curve), the Frequency
Distribution of the Maximum Likelihood Estimate (Histogram) and

the Theoretical Density of the Maximum Likelihood Estimate
(Dotted Cu rve) . The t~eg rees of the Two Pol ynomials Are
Three in the Upper Graph, and Four in the Lower Graph.
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TABLE 5—2

Coefficients 
~~~~~~~~~~ 

of the Resultant Polynomials

of Degrees 3 and 4 , When They Are Fitted for the

Two Subsets of Observed Maximum Likelihood

Estimates , Separately

DGR . 3 DCR. 4
i Subset 1 Subset 2 Subset 1 Subset 2

0 0.20878 0.21750 0.20953 0.24402

1 0.03405 —0.11653 0.03869 —0.31223

2 0.05388 0.13965 0.06056 0.45212

3 0.02235 —0.04411 0.02572 —0.21494

4 0.00055 0.02991

- ~~~~~~~~~~~~~~~~~~ 
- 

~~~~~~~~ 

j
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TABLE 5-3

V 

Coefficients ~1~ ’s of the Resultant Polynomials

of Degrees 3 and 4 , When They Are Fitted for the

Five Subsets of Observed Maximum Likelihood

Estimates, Separately

j  Subset 1 Subset 2 Subset 3 Subset 4 Subset 5

O —1 .17587 0.56491 0.19239 2.6774Q 2.00465
D

1 G — 1.91141 0.91174 0.05255 ~‘7Ø7Ø —2 .16327
R

2 • —0.82751 0.74415 0.07557 8.59277 0.88624
3

3 -0.10701 0.2009! —0.25630 -2.81832 —0.13030

0 15.22161 7.81272 0.18580 8.70223 25.44446

1 D 28.35231 32.93790 0.06613 —35.55154 —46.44038
G

2 R 19.74585 51.74863 0.34740 52.73598 31.81450

3 4 6.00195 34 .99721 —0 .38289 -33.19569 — 9.60191

4 0.66909 8.61039 — 1 .2 8 13 3  7 .53819 L07356

V J .

I

— - V -
~- . -
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Vi Approximation to the Standard Normal Density Function

We are to observe, in this section , how the method of moments

and the least squares principle work in providing a polynomial to fit

a relatively simple, symmetric function. For this purpose , we selected

the standard normal density function , given by

~6A) [2~ J~~
’2 exp [—t

2
/2]

where t denotes the random variable, for the function to be approximated.

For the purpose of comparison , we are to consider another polynomial,

which is known as Taylor’s series. Let h(t) be any function of the

variable t which is n times differentiable. We can write for the

Taylor ’s series

(6 2) h( t) - h(b) + (t - b ) h ’(b )  + [(t  - b) 2/2 }h ”(b) +

+ ((t - b)~~~ /(n - l):]h~
’
~~~~(b) + R ( t )

where the remainder R (t) is given by

(~~~3) 
R (t) [(t - b)

m
/n] h~~~ (~)

and r, is a value between t and the constant b . When the function

h (t) is infinitely differentiable and the remainder R (t) uniformly

converges to zero for some interval of t , the function h(t) can be

written as the power series such that

(6.4) h(t) — h(b) + (t — b)h’(b) + ((t — b)
2
/2!]h”(b) + 

I t  is well known that any normal density function , which can be

written as

—- V _~ V V ~~~~~ — -  - 
- -  

~~~~~~~
- - —  -
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I
(6.5) [2i~)~~~

/2 ex p l — ( t — p ) 2 / ( 2 o 2 ) ]

has zero for all the odd moments about the mean , such that

(6 .6)  112r+ l 
— 0 r 0, 1, 2 

and for the even moments we can wr i t e

(6.7) 
~2r 

- [02r/2r][(2)I/~~ )

( e . g . ,  Kendall & Stuart , 1963 , page 60). Calculating the even moments

for  n (0 ,l) with r 0, 1, 2, 3, 4 and 5 , we ob tain — 
~~~

— ~ ~6 
15, !i~~ 

= 105 and 
~l0 

=

-

V 

Using Hermite polynomials (e.g., Kendall & Stuart , 1963 , page 155)

and setting b — 0 in (6.4), we obtain for the Taylor ’s series for the

standard normal density function

(6.8) n(O,1) .‘ 0.398942 — 0 . l9 94 7 lt ~ + O.049 8677 t ” — 0 00831129t’

+ 0 .OOlO389l t B 
— 0.000l0389lt ’° + 

It should be no ted in .o.8) that all the exponentials to raise the variable

t are even integers. In this polynomial , therefore , truncations at

the degrees 3, 5, 7, etc. , are the same as those at the degrees 2, 4, 6,

etc.

Fi gure 6—1 presents the polynom ials obtained by the method of

moments using the interval of t , [—3.0, 3.0], with three different

degrees , 3, 5 and 7, and those given by the Taylor ’s series truncated

at the same degrees , respectively , together with the theoretical standard

norma l density function , which is given by (6.1).

I
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V1

It should be noted that , since the theoretical momen ts are used

here, there is no possibility for the sampling fluctuations Of the sample

moments to affect the resultant polynomials obtained by the method of

moments. Thus we can expect to obtain better fitting polynomials, as

their orders increase. Comparison of the three curves in Figure 6—1

V-onfirms this fact , and we can see the curve closest to the theoretical

density function in the polynomial of degree 7. As was also expected ,

the Taylor ’s series polynomials approximate the theoretical curve very

accurately around t = 0 , and then depart from it for the values of

t further from zero . The intervals of t for which the approximation

is very high are , approximately ,  (— 0.5 , 0.5), (—0.8, 0.8) and (—1.2, 1.2)

for the three Tay lor ’s ser ies polynom ials , respectively, and (—1.5, 1.5)

and (—1.7, 1.7) for the polynomials of degrees 9 and 11, although the

last two are not shown here .

For the sake of comparison of the proc esses and r e s u l t s , we have

also followed the process of the least square solution , wh ich is ou t lined

in section 3, to obtain the polynomials. Table 6—1 presents the

c o e f f i c i e n ts of these polyn omials of vari ous degrees , together with

those obta~ined by the method of moments. As is expected , these two

sets of coeffients are practically identical , in all the cases. The

curves for the polynomials by the method of moments in Figure 6—1 and the

other figures presented later in this section , therefore , also represent

those obtained through the process of the least squares solution .

Figure 6—2 presents the resultant polynomials of degrees 3, S

and 7 obta ined by the method of moments , using the in tervals , [—4.0 , 4.0],

[—6.0, b . O J ,  1—8.0 , 8.0] and [—10.0, 1.0], respectively. We can see

I 
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I
that , in all cases, the fit of the polynomial grows better as the degree

of the polynomial increases.

Since the standard normal density function provides us with posi-

tive densities for the entire range of t such that

(6 .9 )  —~~~ < ~

it is a matter of convenience where to truncate the interval of t -

We notice in Figures 6—1 and 6—2 , however , that the interval used for

the method of moments , or the least squa res solution , affects the resultant

polynomial to a great  e x t e n t .  To observe it more closely, Figure 6—3

shows the comparison of the four curves obtained by using the intervals ,

[—4.0 , 4.0], [—6•0 , 6.01, [—8.0, 8.0] and [—10.0, 10.0], respec t ive ly ,

for each of the degrees , 3, 5 and 7. (The result from the Interval ,

[—3.0 , 3.0], is excluded in each case , since it is close to that from

[—4.0 , 4.0].)

We can see in Fi gure 6—3 that , in each case , the polynomial obtained

V 
~- by using the interval 1—4.0 , 4.0] provides the best fit to the theoretical

curve , and it grows worse as the interval becomes larger. in fact , the

polynomials of degree 3 obtained from [—8.0 , 8•0] and [—10.0, l0•0),

for example, are so flat that they are by no means close to the standard

normal density function •

The above result may look strange considering the fact that w1

used the same set of theoretical moments in the method of moments to

produce each set of curves. And yet  it is f u l l y  unders tandable if we

consider the fact that these polynomials are produced upon the least

squares principle. To be more specific , i f a polynom ial is ob tained

I
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from the interval, say , [—10.0 , 10.0] , then i t  will be the curve which

is as close as possible to the concave part of the theoretical curve ,

as well as to the parts of the theoretical curve which alric~st overlap

the abscissa , In the sense of the least squares solution , within the

interval , [—10.0 , 10.0]. The polynomial of degree 3 from t h i s  in terval ,

V 
V erefore , must be very f l a t , and t ha t  of degree 7 mus t snake around the

V 
abscissa , as we can see In the first and third graphs of Figure 6—3.

The above observation gives us the warning that we should be

extremel y careful in selecting an opt imal  i n t e r v a l  in us ing t~ie method

of moments , or the least squares solutici,. It wil l  be advis ble to

ignore “tails 4 ’ in certain occasions , or to divide the total set of

data  into several subsets and f i t  polynomials  fo r  each subset of data ,

V if  the sample size of each subset is s t i l l  rea sonabl y large .

We have seen the glimpse of warning in the preceding section that

the use of sample momen ts of hig her orders in the method of moments is

- likely to subject the resultant curve to large sampling fluctuations,

especially when the sample size is small . The problem with moments

- 
of hi gher orders can be observcd from a ‘~- Im1-5-hat different angle.

..ble 6—2 presen ts five sets of t IIs~ t i r s t  through tenth moments computed

for the standard normal distribution , using two different intervals ,

[—4.0 , 4.0) and [—6.0, 6.0]. in t~~-s&- computations , Simpson ’s Method
4

V 

was used for integration , with a few dif t cr cnt step widths . They

V 
are the moments about the mean , as we l l  as t h e  moments about the origin ,

since the mean of the standard normal dist~~ihution is zero.

We can see in Table 6—2 that , when w~ used the interval [—4.~ , 40]

for the computation of these moments , t h e’ n-suiting even mom -nts ar~

1 
- V_V~~~~~~~-V V ~~~~~~~ V~ -5 .V._ ~~~_~~~~VJ _
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TABLE 6-2

First through Tenth MomentsAbout the Mean of the
Standard Normal Density Functi on Using Two

Differen t Intervals and Different
Step W i d t h s .

Order Interval
Step of — - ____

V Width Moments  (— 4 . 0 , 4 .0 )  ( — 6 . 0 , 6 .0)

1 0.00000 0.00000
2 0.9989 3 1.00000
3 0.00001 0.00002
4 2.97958 3.00006

0 5 
5 0M0003 0.00031

0 ~ 6 14.62273 15.00058
7 0.00026 0.00412
8 97.95878 104.99695
9 0.00235 0.05211
10 811.27230 944.57312

1 0.00000 0.00000
2 0.99890 1.00000
3 0.00000 0.00000
4 2.97909 2.99999

025 
0.00001 0.00001

6 14 .61505 14 99966
7 0.00008 0.00008
8 97 .83744 104.98701
9 0.00053 0.00053

10 809 34313 944.51155

1 0.00000
2 1.00000
3 0.00000
4 2 .99996

0 050 
0.00001

6 14.99890
7 0.00010
8 104.96610
9 0.00077
10 943.93550
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not so close to the true values , which are 1, 3, 15, 105 and 945,

respectively. In particular , the two tenth moments are approximately

135 less than the true value , 945. The result may be , at a first glance,

puzzling, considering the negligibl y small value of probability assigned

to the whole range of t outside the interval [—4 .0, 4.0], which is

~roximate1y 0.000065 - We must note , however , that the tenth power

of 4.0, or —4.0, is as large as 1,048,576 , and those large absolute

values outside the interval , [—4 .0, 4.0), should cer tainl y a f f e c t the

result for a moment whose order is as large as ten . We can see in the

same table that the values of the eighth moment , and even those of the

sixth , are substantially less than the true values, when the interval

V [—4.0, 4.0] is used. When we use the other interval , [—6.0 , 6.0],

however , the values of the moments of higher orders are much closer

to the true values , regardless of the step width used in Simpson ’s

Method. Among the three sets of results using this other interval ,

there is a tendency that the accuracy of the computation of the even

momen ts increases wi th the decrease in step width . This tendency dV ~~I

not appear for the odd moments , however , and , in total , the result

of the interval [-l~.0 , 6.0) with the step width of 0.025 provides

use with the best accuracy of computation .

The above observation about the accuracy of computation gives us

an idea of how the truncation of the variable range can affec t the

values of moments of higher orders. Although it was observed in ~

d i f f e r e n t  c o n t e x t , t h e  same logic can be applied for the influente

of the samp ling flurtuations on the sample moments of higher orders,
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i.e., possibilities of obtaining values which are so different from

- - the population parameters because of the lack of , or the existence of ,

a few largely deviated observations. 
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1

VII Comparison of the Actual Processes of the Method of Momen ts and
the Least Squares Solution

We have seen in the preceding sections that the two processes

of the method of moments and of the least square solution provide

us with identical polynomials , except for the rounding errors , as

they should since they are the same polynomial in theory , with respect

~o the standard normal density function . Because of the practical

restriction involved in computer work , however , the same is not always

t rue  in other occasions . I t  has been observed in the authors ’

experience tha t  the least squares solution tends to give us more

trouble , since it includes the inversion of the transformation matrix

A , as is described in Sec t ion  3. In f ac t , as long as we use poly—

V 
nomials of degree 7 or less, we have not come across any troubles with

the method of moments , and once the appropriate program has been written

for the method , the process is very simple.

This f ac t  has a great  deal of b e n e f i t  to researchers , since

the method of moments for fitting a polynomial is no longer res t r ic ted

to a me thod  of e s t i m a t i n g  a d e n s i t y  f u n c t i o n  or a f r equency  func t ion ,

but can be used as the least squares solution fo r  any function.

As an example  of f i t t i n g  a curve to a f u n c t i o n  which is not

a densit y function , we shall use the staz~dard normal distribution

function given b~-

, (t 2
(7 . 1 )  (2n Y ~~ )_

~ 
exp ( — u /2 )  du

and treat it as if it  were an empirically obtianed function . Also, as

we have done with the standard normal density function , we shall compare

the result of the method of moments , or the least squares solution,

with the polynomial obtained by Taylor ’s series. We set b 0 in

I
‘V

____________ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~—- —  -—-- -V
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the result of the method of moments , or the least squares solution ,

with the polynomial obtained by Taylor ’s series. Thus from (6.2),

(6.6) and (6.7), using Rermite polynomials (Kendall and Stuart , 1963,

pages 155—156), we can write

‘ .2 )  N ( 0 ,l) 0.500000 + 0.39891.2t — 0 0664903t 3 + 0 .00997355 t 5

V 
— O.001l8732t7 + 0.0001l5434t9 

—

— 0.00000944465t ’1 +

Figure 7—1 presents the polynomials of degrees 3, 4, 5, 6 and 7

obtained by the method of momen ts, and those obtained by the least

squares solut ion , following the separate procedures described in

Sections 4 and 3, respectively. In the same figure , also presented

are th e polynomials obtained from the Taylor ’s series , wh ich are  truncated

to provide us with the polynomials of degrees 3, 4, 5, 6 and 7 , respec-

tively. The interval of the variable t , which Is used both in the

method of moments and in the least squares solution , is [—3.0 , 3 .0 ] ,

for which the standard normal distribution function strictly increases ,

approxi mate ly, from zero to unity.

We can see that , in this example , for  each degr ee , the polynomials

obtained by the two methods , which are plotted h~- a dot ted line and a

shorter dashed line , respect ively , are almost ind istinguishable from

each other. We can also see that the fit of these two curves to the

theoretical normal distribution function , which is drawn by a solid

line , is as good as that of the polynomial obtained from Taylor ’s

ser ies for  values of t close to zero, if the degree of the

polynomial is f ive or grea ter , and outside of this subinterval the

-
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fit is substantially better than that of the Tay lor ’s series poly-

nomials. The coefficients of the two polynomials are shown in Table

V 7—1 , as well as those obtained by using four other intervals of t

[—4.0 , 4.0], [—6.0, 6.0], [—8.0, 8.0] and [—10 .0 , 10.0]. These

~~efficients are obtained by adjusting the moments in such a way that

t~~-~ 0-th moment , i.e. , the area under the curve , equals unity. If

we wish to change the coefficients to provide us with the real curve

approximating the standard normal distribution function , we can simply

multiply those values by one half of the interval length , by vir tue of

the fact that the midpoint of each interva l is zero and the normal

distribution function is point—symmetric with (0, 0.5) as the point

of symmetry.

Table 7—1 also indicates that , in some cases , there exist discre-

pancies between the two sets of coefficients. We notice that these

discrepancies tend to be greater as the interval of t becomes greater ,

and also as the degree of polynomial increases. To pursue the effect

of these discrepancies in the coefficients , these polynomials for the

other four intervals of t are plotted and presented in Figures 7—2

throug h 7—5 , in the same mann e r as Fi gure 7-1.

It is rather astonishing to see large discrepancies between

the two curves obtained by the method of moments procedure and the

leas t squares solu tion pr oced ure , respectively, especially for the

intervals , [—6.0 , 6.0] or above, and for the polynomials of degrees 6

and 7 . This is explained by the fact that small discrepancies in

the values of coefficients for hi gher powers may affect the resulting

curves drastically. It is interesting to note that the curves obtained by

I. - —, — -
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the method of moments procedure demonstrate the least squares principle ,

while those obta ined b y the least squares so lu tion  do n o t .

The moments used in the two procedures  are those o b t a i n e d  by

Simpson i s Me thod , with the s t e p  width of 0.025 , as we expect to

~:se whenever we wish to apply the method of moments , or the h-a-st

~~u)res solut ion , to fit a polynomial to any empirically obtained

function . Since our choice of function is the standard norma l density

function , however , th~ st’ moments C-an be obtained mathematically also.

The rationale for t h e  r— th moment (r = 0,1 ,2,...) of any distribution

function can he described as— follows. For convenience , we define

these moments by adjusting the 0—tb moment to unity .

Let c - ( t )  be any deiis itv function , and ~(t) be the corresponding

distribution function . ~~~e 
( i ll)  W FL t e

(L 3) ~ (t )  = f ~(u) du -

Since ‘i(— ~ ) = 0 and C ( )  = 1 , we must Set a finit e interva l to make

the integra l of ~(t) a fin iri - number. As before , we use t ( ‘  —a’)

and t V -“) for the lower and upper end point s of the in terval

r &-spec t  f~ ’ i- 1v .  W1’ can w ri t i

~~
(7.4) C (t) dt ( r )  - - t ~

( t )  d t

—
- (t

= t - (t) — t~~ (t) — 
~ 

t~ - (t) dt

If we define a new t u n c t i o n , -~ (t) - such that

—— 1

(7.5) ~ (t) ( (t) dt  ~~( t )

- :_. ~~~~~~~~~ __~ ~~~~~~~~~~ - _V~~~_4. -V - -  — -  — .
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this function can be a density function also , with the distr ii-ution

function , ~~t) , such that

I t  It
(7.6) V) ( t )  q~(u) du = ~(u) du

,-
~~~

and

( ~~~~~~~~~~~ 
= ~~~ 

= 0
(7.7)

= ~~- ( t )  = 1 -

It is ohv~ -.-us that the new density function , ~~( t )  , is stri~~tly

increasing in t 1 - r  the interval , (t, t) -

We shall consider the r- th moment of t about any arbitrary,

finite number i , when the distribution function is 4 ( t )  - We define

a function , F ( t ,t ;a) , such that

(7.8) F(t ,t;a) = f (t-a)~ ~(t) dt

= (r÷l) (t_a) r~~ ~(t) 
- f (r+l) (t-a)~~~~~(t) dt

(r+l) [(~ _a)r+ 1
+(~~) - ( t )  1 ( t )  

- (t-a)~~~~~(t) dt l

fo r r = 0,1,2,3 ,... It is obvious that F
0
(t ,t;a) equals the term

given by (7.4). Thus we can write for the r— t h moment about any

arbitrary finite number a , which is denoted by p*(t.t;a)

(7.9) ~;*(t ,t ;a) = F(t ,t ;aflF0
(t,t;a))

1 
-

In a special case where i ( t )  = 0 and i(t ) 1 , w have

(7.10) F
0
(t,t ;a) t — E(t;P)

-- . - 
~~~~~~ - - - 

—
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where E(t;~~) indicates the expectation of t when the den~ 1ty function

is ~ ( t ) - If , in addi tion , (~ _a)
r
~~~ (~ ) ~ 0 and (t_a)

r4
~~~(t) ~

(~
.
~~~)

r+l 
, then we can write

(7 .11) ~*(t ,t;a) = (r+l) 
l
[(t_a)

r
~~ - E~ ( t _ a ) t

~~~;~~) ]

- E(t;~~~]
1 

-

Table 7—2 presents the two sets of moments , one of which was

obtained by the Simpson ’s Method , and the other through (7.9), na m ing ,

or convenience , the former “Emp i rical” and the latter “Theoretical. ”

In the u i - I c r  half of the table , some values are marked by *, ** or

indicating that the empirical moment is different from the corresponding

theore io u moment in absolute value by greater than 1 percent and less

than or equal to 2 perc ent , greater than 2 percent and less than or

equal to I l-t- rce nt , or greater than 3 percent and less than or equal

to 4 percent. Non ..- of them have the discrepancies greater than 4

~‘L t  cent. This re~-ul~ shows t ii ; u t t h.. discrepancies are small for the

moments  of l owe r degrees , and gre ots- r for h i gh e r  degrees. There also

i s  a t e n d i ’ncv hat .  the discre ; ni - i e s ire less f o r  l a rge r  i n t e r v a l s  of

t h a n  f o r  sm a l l e r  ones , such ~~~~ 1—2. 0, 2.0] and 1— 3 . 0 , 3 .0]

Since we used the same ~~ - t  o f  empi r io~ i 1 moments for both the

m e t h o d  o t  moments and least squares solution p r o ce d u re s , it is unlikely

t h i t  t u e  r o u n d i n g  e r r o r s  of the emp irical moments affect the results

ot t h e  least squares solution procedure , to ti.” extent that the result—

an t  curves hardly justify the least squares princi ple. This is also

s ) h V P V l t e d  by the fact that the discrepancies are less f~ r the larg er

intervals of t , the tendency which is oppos i t e  to t h a t  shown in

-~~
_ --~~~~~~ T~~~~~~~ _ V.
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the discrepancies between the two sets of resulting coefficients , as

is clear in Table 7—1. And yet there is a slight possibility that

the rounding errors affect the results of the least squares solution

procedure more strongly than those of the method of moments procedure ,

because of the difference in the mathematical and computational processes

jev olved it~ these two procedures.

Another possibility to accoun t for the failure of the leas t

squares so lu t ion  procedure in p r o d u c i n g  right curves in cert ain cases

is that we used a s ingle p rec i s ion  p r o g r a m  to produce the matrix A

although after that step every program was written in double precisio n .

This is hardl y considered as a major reason for the failure , but it

is worth investi gating.

Finall y, the third conceivable reason i s  that we used F—field

to punch out the resultant inverse matrix A 
1 

~ It is very possible

that this affected the  resultant coe fficients for hi gher powers , and

these sligh t discrepancies in the coeffici ents b r  higher p~ w..-rs

amp lified the discrepancy of the curve by the least squares solution

procedure for t h e  values of t further apart ron zero .

To Inve stigate these poss ibi lities , we have set the following

t w o  cases , in addition to Case 1, and t r i ed  them on t he  I . . - i - t  squa re

solution procedur e . For Case 3, the theoretical moments, which ar ..

shown in Table 7—2 • are also used.

- —l
Case 1: Matrix A , single precision ; A , F—f i . .  Id

(:a~ .- 2 : Matrix A , doubl e prec is ion ; A ’, F—fieI~
Case 3: Matr ix A , doubl e precision ; A

1
, B-f it - h

§For ob ta in ing  , the s u b p r o g r a m , L1NV2F of IMS IV was use... - 

- ~~~~~~~~~~~~ - -  ~~~~~~~~~~~~~~~ - _ _ _ _ _ _ _ _
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The two intervals , [—6.0 , 6 .0]  and [— 8 . 0 , 8•0 ) ,  were chosen fo r  the

investigation . Table 7—3 presents the coefficients of the polynomials

obtained for degrees 3, 4, 5, 6 and 7, in each of the three cases using

the emp ir ical  moments , as well  as the results of Case 2 based on the

theoretical moments. We can see that for the degrees , 3 through 5 ,

the resultan t coefficients of Cases 1, 2 and 3 are almost identical

with those obtained by the method of moments procedure , with the

exception of slight discrepancies in Case 1. For the degrees , 6 and

7, the discrepancies are greater , and in Cases 1 and 2 they are

substantial. It is obvious from these results that the rt sultant

coeffic ients of Case 3 are the closest to those of the method of

moments p r ocedure , and , in fact , they are practicall y identical.

It  is also In t e r est i n g  to n ot e  tha t , in sp i te  of the  discrepancies

of the coeffic ients based on the empirical moments from those

based on t h e  theoretical moments in the polynomials of lower degrees ,

such as degrees 3, 4 and 5 , for the polynom ials of higher degrees

the results of Cases 1 and 2 on the emp irical moments are close

to those of Cas€- 2 based on the theoretical moments , as in well

exemp l ified by —0.00019 for -

~~~ 
-

These findings from the resultant Coefficients in the various

cast- n indicate tha t  the f a i l u r e  fo r  the least squares s o l u t i o n

procedure to produce right curves was due to the handling of the

m a t r i x  A ’ by the F—field , and the use of D—field . wh ich was

adopted in Case 3 , t u rned  out to be the solution , as long as

we use the interval , f—~~•0, 6.0]. We have learned that small

roundin~- e rrors caused in the process of the inversion of the

____ ~~~~~~~~~~~~~



- V ~~~~~~~~~~~~~~~~~~~~~~ - —-— V  - _______- -

—7 ’-,—

L TABLE 7 — 3

Coeff ici en t. ci ’s of the Res ultant  polynomials of Deg rees 3~ 4. 5 5
V and 7 Fitted to the St~~nd~~rd N~~x-ma1 D j iutr jb u t Ion Fun ction by the )~ethod

of Hoaenc. (n It ) ang the Least Squsrea Solution (L S.). U.lng the
Interv al , 1•-t~

(. iO I.  There Arc Four Dif ferent Sets of Re su lts
for the Least Squares So lut i o n .

- 

N M .  L . S .  1~~S. L - S .  L .S.
‘\ Emp irical Emp iric al Fcnp ti-Scal Thecret ical l Em~~rica1

Case I Case Ca b e 2 
4__

~ a,e 3

O •0 8 3 7 5 5  0 .083755 0 .0 837 55  0 u 8 ’~~’° 0 . 0 8 3 7 5 5

C 0.035859 O . 0 I 5 4 ~S~ 0.035859 0.035657 0 .035859

02 -0.000035 —0.000035 ~O . 0 013035 0.000000 - Oc%S015

3 — 0 . 0 0 0 7 2 5  —0.000725 —0.0007 2 5  — 0.0007 13  — 0.000725

, ,  0 . 5’ 3- 72 0~ 7( ’34 7: — 
- n814~~2 C- 5’ ‘ 133  0.083472

0.0358~
Q O . 0 I ~5’5Y 0 . O 3 ’5 ’S~ ~~~~~~~~ .~~~ c S9

8 o 0 000044 0 .0000 C .577 .4 0.000000 0 000044

0
3 

— 0 .0 0 0 7 2 5  —0 . 000 7 2 5  - - 0 .00072 5  — 0 . 0 0 0 - 1 3  -(i .CS~77~~S

i —0.00000 1 -0 .0u ( ) o ( ) .’ -0.000003 C.000000 -0.000003

0~~ 5’ )-. . 0 . -~~’ ) -. 2 0 . 5 ’ ’- s 7 -~~ n~ 1~S~~ 3 0 .0834 72

o c~~ 0 . 0 4 7 3 4 3  0 .04734 4  0 0 4 7 3 1 3  5 j-C -- 7 Q  0~~ C-~~ .
- ‘-. 3

C °2 ~~~~~~~~~ - .1 0 000043 0 . 000044 0 500000 05 - 744
R
- 

0
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— 0 77 2 2 1  — 0 . 0 7 2 2 1 4  — 0 0 0 2 2 13  —o 0o:23 ’u — 0 . 2 - 2 1

S ci , -0 .0 00003 —0 .000002 —0 .000003 0.000000 -U (- 3003

C - (1(17(437 3.000037 0 0( 17037 (1 . 0770 38 C 5 3 7

0 V 75 7 1 (  0 .0 84010 0 04 ’40 12 0 .0833~~5 0.084010

0 . 0 4 7 3 4 3  0 . 0 4 7 3 4 6  o. c-4 7~ 4 I4 0J’ -. ’~ 2~ 0 0 1 7 3 4 3

0 i -0 .00027 1 — 0 . 0 0 0 2 7 3  -0 00027 1 —0.00000 1 -O~ c 5 2 7 0

-0 .00 22 13 — Q f l ~~2 2 1 .  -O . 0 O 2 2 l ~ -0 30 2 2 1  -C ’ . 2 f l3

• 0
4 

0 0 0 0024 0. 0 1 0 ) 2 4  0.000020 — 0 . 000003 0 .220 0 24
6 0.000037 0.000037 0.0(10037 O. O0003~ O. C- 0037

-s - 0~ oso -o~ 0.000001 (1 no1n~~7 . -0~ ’~’~ ‘oo

0
0 
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matrix A can make the resultant polynomial far from the right

one which follows the least squares principle, a warning which

researchers should keep in mind when they use the least squares

solution . On the other hand , the method of moments procedure

is so straight—forwa rd and uncomp licated , t ha t  we need l i t t l e

recaution in u s i n g  i t .

The r e s u l t s  of the corre spond ing investiga t ion for  the

interval , [—8 ,0, 8.01 are presented in Table 7—4 , It is clear

from this table that the use of the  theore t i ca l  moments , instead

of the emp ir ical  momen ts, does not improve the result , nor does

the use of the double precision progran for producing the matrix

A , but the use of the D — f l e l d , instead of the F—f ie ld , works ,

as was the case wi th  the i n t e r v a l , [—6 .0, 6.0). We notice ,

however , that the coefficients of the  pol ynomial  of degree 7 are

substantially diff erent between the result of the method of moments

proced ure based on the empirical moments and tha t of Case 3 based

on the empirical moments , in sp ite of the fac t that they are identi-

cal for all the other degrees. The resultant polynomials of Case

3 ar e plotted in Figure 7—4 , and , while for the other degrees two

curves are not distinguishable , for degree 7 they are clearly two

d ifferent curves. Note , however , that the polynomial obtained

by Case 3 also demonstrates the least squares principle, unl ike

the one obtained by Case 1 . To pursue this problem further , for

the interval , [—8 .0 , 8.0). two additional processes were taken to

obtain the coefficients of the polynomial s of degrees 3, 4, 5, 6

and 7 , i.e., the method of mom ents procedure based on the theo—

_ _- _
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TABL! 7—4

Coefficiente c1 1:. of the Resultant Polynomials of Degrees 3, 4, 5, 6 and 7 PItted

to the Standard Normal Distribution Function by the Method of Momenta (M It) and the

teaet Squares Solution (L.S.), Using the Interval . (—8.0 . 8.0). There Presented Are

Five Differen t Sets of Results for the Least Squa res Solution , and Two Different Sets
of Results f . the Method of Mo uie ntb .

N  

~~~ M M .  L S . T L S 1  L . S .  L .S .
Emp iri~~a1 Exipirical trheoretic.li JEmp irica l Theoretical

Theoretical Empirical Case I Case 2 Case Case 3 Case 3

o 00 0.062500 0.062740 0 7~ 27-.0 0.062710 0. 5’~~ o0 0.062740 o . ot :~ 0

0 0.020866 0.020946 0.020-;46 0.020941 0.020866 0.020946 0.020866

ti~ 0.0 —0.000011 —0.000011 -0.000011 —0.000000 —0.000011 0.0

3 —0.000243 —0.000246 —0.000?1~ -0.000246 —0 u072 ’.3 —0.000246 -0.000243

00 
0.062500 0.062590 0.0625’,- n c.6’~~~i 0 0t- 500 0.062590 0.062500

O 0.020866 0 (2(946 0. ’?0’~-.-~ 0.020946 0.020866 0.020946 0.020866

a °2 
—0.000000 -0 . 1 50012 0.00001? 0.000012 —0.000000 0.000012 —0.000000

- 0
3 

—0.000243 —0.700246 —0.000246 —0.000266 -0 . 00.5. -4 3 —0.000246 —0.000243

0.0 -0.000000 —0.507050 -0.000000 0.000000 —0.000000 0.0

00 
0.062500 0.062590 0 . 1 ) I 1~~1 7.0625~~. 0.062500 0.062590 0.062500

0 ~~ 
0.028822 0.028771 0.028772 (1.02871”) (1 .028827 0.028771 0.02.,822 —

C 0 7 —0.000000 0.000012 0.000012 0.000012 -0.000000 0.000012 —0.000000

03 
—0.000823 —0.000816 — 0 . 0 0 5 16 — (1.000818 —0.077825 —0.000816 —0.000823

5 04 
0.0 —0.000000 —0 .000300 —0.000000 0.000000 —0.000000 0.0

0.000008 0.000008 0.000010 0.001)010 0.000010 0.000008 0.000008

00 
0.062501 0.062912 0.062909 0.062005 0.052493 0.062912 0.062500

0.028822 0.028771 0.0:5772 . 775 7 11 5 0 028820 0.028771 0.028822

0 —0.000000 —0 .000093 —0.000lOu -0.000109 —0.000016 —0.000093 —0.000000

0
3 

—0.000823 -0.000816 —0 00081’i -0.000818 —0.000825 -0.000816 —0.000823

• 0
4 0.0 0.077 )05 0.000003 0.000008 0.000001 0.000005 0.0

6 0.000008 0.000008 0.00301 ’ — 
0.00(3010 0.000010 0.000008 0.000008

0
6 

0.0 -O 0fl00~0 -0 077017 -(L000017 —0.000017 -0.000000 0.0
____ _____  —- ____ ____

(1
~ 

0. 062501 0. 0 6 2 1 1 2  0 . 0 6 2 1 6 ’  O .Ul 575 0 062493 0.062912 0.062500

0
1 

0.035278 0.035557 0 03565- . 0.025. 1-’. 0.028720 0.028760 0.028812

o 
0
2 

-0.000000 —0.000093 -0.00010(1 -(1.000109 -0.000016 —0.000093 -0.000000

C 0
3 

—0.001731 —0.001770 -0 .00176- (.000880 -0.000887 —0 000815 —0 000822

04 
0.0 0.000005 0.00)7)3 0.000008 0.000003 0.000005 0.0

7 0.000039 0.000041 0.00700(1 (1 0(3000] 0.000001 0.000008 0.000008

0
6 

0.0 —0.000000 -0.0030:7 -0.0011017 —0.000017 -o.0000oo 0.0

07 
—0.000000 -0.000000 -0.00004 . -- ~~ (100050 -0.000000 0.000000 0.0

- -~~~~~~~~~~~~~~~~~~~~~~~ - - --~~~--~~~~~-~~~~~~~~~~~~~ ,~~~~~ -- - - -. - - - -
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- retical moments, and Case 3 of the least squares solution proce-

dure based on the theoretical moments. The resultant coefficients

are shown in the first and last columLIs of Table 7—4 , and the

comparison of these two set’; of coefficients clarifies that the same

affec t is observed In the polynomials of degree 7 - Thus it is

-~ ear that the use of D—f ield does not solve the problem comp letely

for the least squares solution procedure.

I
I 

— 
_ — -  — -.——-- — -—--— ---—---- ----,~~~~. -- ___
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Il l More Ex~~ ples

In :he preced ing  two c h a p t e r s , t he  two f u n c t i o n s  we

to fit polynomials to are both of simple nature , i.e., unj:

synunetric function and a strictly increasing function . To

~~L’W the  method of moments w~ rks a s  a was- of fitting a

errI)irlc.il dat. ) , further , we sh a l l  observe ~~ ns-wh~~t d i f f 1  : -

examp les in this chapter. Since the  u~~~fu l t ; ss of the  m e r ; . ~

n ;eu . . f l t S  go es b ey o n d  t h e  oe~~l ;u  of psychometrics , we have sei~ -

our d a t a  t i o r o  p bs - ; ; ics , in which such a curve --i i t t  ing metbed

a s u b s t a n t i a l  a p p r e c i a t i o n . In so do ing ,  We have t r i e d  to

- . s e m i — a r t i f i c i a l  d a t a  which  p r v i d e  us w i t h  e m p i r i c a l  fu n c t . i

more  or less cot ; ;~1 i c at ed nature .

The M a x w e l l  speed d e n s i ty  f u n c t i o n  f o r  a p a r t i c l e  in

derived first h’, dames  Clarke M ax w e l l  in i t -o O .  I t  is s t a t -

without the p t  c ’cess of i t s  derivation , tor t u e  co~~d it io na i  d.

- J v j m , T) , ot  the  speed v of ~he p a r t i c le  in m e t e t : ~

g i v e n  the  mass of t he  m o l e c u le  in kilograms and t h e

T of the  ~; .is in the degrt -cs K~ lv in , :;u t h a t

(8.1)  . (v  m , T) = 4 (m f  v~ .-x p [-n v  / 2~~T }

wber e  k i_ s  Bo l t  zmann ‘ S constant , wh iCh is eXp e r i t n e l l ta l ly

to be

( 8 . 2 )  k = l.~~~~6(2 x io
_23

( e . g .  . } r ’ w ~; , 19 6 8 ) .  I f  we f i x  t h e  t o r . p a r a t u r c  T - I

densit s , ~ (v ,m ;T)  - of speed and mass is given by
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(8 .3)  l~(v , m ;T)  ~ (v~ m ,T) f ( in )

where f (m) is the density function of mass. From t h i s , we can

w r i t e  f o r  the margina l  d e n s i t y  f u n c t i o n , g ( v)  , of speed such tha t

( 8 . 4 )  g ( v )  = ~~(v ,m ; T )  dm
J o
I

= I y (v~ m ,T) f ( m )  dm
1 0

The conditional density function , c- (mlv;T) , of mass , given speed ,

is obtained , th erefore , by

(8 .5 )  ~ (m~ v ; T )  E~(v,m;T) [g(v) ] 
1 

-

For the purpose descr ibed  earlier , we “created ” our own m i x t u r e

of twenty—one gas particles , in order to obtain several different

pseudo—emp irical conditional density functions of mass , given speed.

Table 8—1 presents these twenty molecules and the two different

probabilit y functions we created. Thus the density function f (m) in

(8.3) is replaced by the probabilit y function p(m) , ( 8 . 4 )  is

rep laced by

it

(~~.6) g ( v )  = f , (v , m . ;T)
j — l

w;u- re n is the number o1 gasses which  have positive probabilities , and

~-(m Iv;T) 
becomes a probabilit y function.

In order to avoid large dispersions of these gasses , we shall

use the natural logarithm of the atomic mass , M , wh i ch is given by

J ( 8 .7 )  M m N A • (N
A 

6.022 x io
26

1

- - 1 — .~~~~~~~~~~~_ __ _._ — -  - V
~~~~~ ~~~~~~~~~~~~~~~~~ ——— ~~~~~~~~ _ - -—— - -  —- ~~~~~~~~~~~~~~~~~~~~~~~~~~
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TABLE 8-1

Two “Created” Probability Functions for the Twenty Molecules

Mass
Molecule (Kilograms) 

log N Mixture A Mixture C

H
2 

0.33476E—26 0.6981 0.200 0.300

He O.66473E—26 l .3’ ”~3 0.050 0.100

CH
4 

0.26640E—25 2.7751 0.020 0.050

Ne 0.33515E—25 3.0047 0.015 0.050

N
2 

0.465l9E—25 3 .3322 0.020 0.100

CO 0.46519E—25 3.3329 0.020 0.022

NO 0. 49828E — 2 5 3. 4015 0 .005 0 .020

02 0 . 53 136 E—25 3.4c57 0.010 0.020

F 7 0 .6 3 0 9 7 E — 2 5  3 .6376  0.020 0.020

A 0 . 6 6 3 3 7 E — 2 5  3.68~~6 0. 150 0.018

~2 0 0. 7 3 0 8 2 E — 2 5  3 .7842  0.130 0.010

CO 2 0 .73 0 88E—25 3 . 7 8 4 6  0.100 0.010

0. 7 6 3 9 6 E — 2 5  3 .8289 0 .030 0.0 10

0 3 0. 7 8 0 4 4 E — 7 5  3.850 1 0. 025 0.010

0 . 1 1 7 7 4 E — 2 4  4 .2 ’~13 0.0 10 0.010

hr  0 .13269E- 24  ~ . 38O9 0. 010 0.050

K r  0. 13916E-24 4 .4 8 - ~ 0. 015 0. 100

~~~~~ 0 . l/4 28 1E—24 4 . 4 5 4 3  0.020 0.050

Xc 0 .2 l 8 O 3 E — 2 4  4 .8775 0.050 0 .02 5

12 0 . 4 2 14 7 E — 2 4  5 .5~~h f-  0.100 0 .025

___ ____ ll_ ____-

E—s indicates the multip lic.iti on i-v 10

-~~ —---— . — ---- — — --- - - V --V
~~~~

V V - .~~V- — — — - - V —— ___________
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where N
A 

is Avogadro ’s number , i.e., ihe number of molecules in

a kilogram—molecule of any substance , as our random variable .

Since ~ (m~ v ; T )  is the conditional probability f unc tion of mass ,

g iven speed , it is easy for us to produce comp lica ted ones by adjusting

the marg inal  prob ability function of mass.

Figures 8—1 , 8—2 and 8— 3 p r e s e n t  the resultant pol ynomials of

degrees 3 , 4 , 5 , h and 7 obtained by the  method of moments , f o r  the

th ree  d i f f e r e n t  ~~m Iv;T)
’s , which are based on two different mixtures

( I t  gasses , A and C . In the same f i g u r e s , also presented are the

c o n d i t iona l p r o b a b i l i t y  f u n c t i o n s  (m~ v ; T )  , in the form of h i s t og ram

w i t h  the  s t ep  w i d t h  of 0 .5  . The f ixed speeds fo r  these three

examp les are 280 meters/second , 480 meters/second , and 1,280 meters/se-

co n d , r e s p e c t i v e ly .  The c o e f f i c i e n t s  of t he se  pol ynomials  shown in

Fi gures  8—1 t h r o u g h 8-3 are p r e s e n t e d  in Table 8 — 2 .  The moments about

the m Id point , 3 .11008 , on which t h e  method of moments were app lied ,

are shown In Table 8—3.

The results of these three examp les tell us that we need high

degree pol ynomials to  a t t a i n  a relativel y hig h level of fitness , if

the  emp i r i c a l  function is of coroi1icated nature. In other words ,

It  Is more  d i f f i c u l t  to appr oximate- b imodal functions like the one

in the third examp le , an~. t r i m o d a l  f u n c t i o ns  l ike those in the  f i r s t

and second examp les . than t o  apj r . x l m . 1 I L  uni rne ’dal functions like the

standard norma l density function , and ~‘; ‘I1l )tofle functions like the

standard norma l distributio n jur) 1~t )0T . It , :or instance , the two

small densities on the l e f t  hand  s i de  ~ F i g ur e  8—2 did not

e x i st , we should  expect  H - t i e r  l t n , - - . -  of t h e  po lynomia l s  of

h igher deg r ee s , as FIgure 8—1 indic~~t~ - This imp lies another warning

j
- - H

- ~~~~~~~~~~~~~~~~~~~~~~~~ 
- ---
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0.0 - 
___

—0.2 ,

0.0 1.0 2.0 3.0 40 5.0 6.0 7.0
log M

F I G UR E 8— 1

Polvn or ;ials Obtained by the ‘-‘1-t h od - i  Moments , w i t h  the In t e rva l

~O . H00 , 5. 86615 1,  A p p r o x i m a t i n g  the  Conditional Density of Mass ,
Given  Speed , f o r  M i x t u r e  A w i t h  28- Me t e r s / S e c o n d  As the Fixed

Speed . The P o l y n o m i a l  Is of  Degree 3.

- 
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log M

FIGURE 8-1 ( C o n t i n u e d ) :  The Pol ynomia l  Is of Degree 4 .
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FIGURE 8—1 (Continued): The Poi~ ’nc: ,; 1 is of Degree 5.

Li . _ :~~
-
~~~ ~~~~~ V



-- ————--——V--— ~___V_~ V ~~~~~ V 
__ 

~~~~~~~~~~~~~~~~~~~~~~~~ - - . “  - — — - - —

1.0

0.8 - 

— 

—

0.6 -
w
0

0.4

0.2 -

0.0 — r 
—

—0.2 I I I I _ Vt

0.0 1.0 2.0 3.0 4.0 5.0 6.0 7.0
Iog M

FIGURE 8—1 (Continued) : The Polynomial Is of Degree 6.
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FIGURE 8—1 (Continued): The Polynomial Is of Degree 7.
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1.2

1.0

0.8-
>-
F-
U’

z -

w
0 

~
0.2 u 2

4
b
0 ~ O 6 ~0

log M

FIGURE 8-2

Polynomials Obtained by the Method of Moments , with the Interval
[0 .35400 , 5 .866 15) ,  A p p r o x i m a t i n g  the Conditional Density of Mass ,
Given Speed , f o r  M i x t u r e  C w i t h  48ff Meters/Second As the Fixed

Speed . The Pol ynomia l  Is of Degree 3.
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1.0 -

0.8

U’ 06z -
uJ

-0.2 
1.0 2.0 30 4.0 5.0 6.0 70

Iog M

FIGURE 8— 2 ( C o n t i n u e d) :  Th e Pol ynomial Is of Degree 4.
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FIGI’EU 8-2 (Continued) . The Polynomial Is of Degree S.
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0.8 -

F-
U) 06

0.4

1
0 I I I I
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- Iog M

FIGURE 8-2 (Continued) : The Polynom ial Is of Degre e 6 .
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I FIGURE 8—2 (Continued): The Polynomial Is of Degree 7.
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FIGURE 8-3

Pol ynomials Obtained by the Method of Moments , with the Interval
• [0.3S4 00, 5.86615), Approximating the Conditional Density of Mass ,

Given Speed , for Mixture C w i t h  1 ,280 Meters/Second As the Fixed
Speed . The Polynomial Is of Degree 3.
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1.0 - 
—

0.8 -

I-

~~~~06z
LU
0

0.4

::~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~

— 0 2  I I I I I I

V. 
0.0 1.0 2.0 3.0 4.0 5.0 6.0 7.0

V 10g M

FiGURE 8—3 (Continued): The Polynomial Is of Degree 4.
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FIGURE 8—3 (Continued H The Polynomial Is of Degree 5.
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TABLE 8— 2

Coeffic ients of the Polyn omials of Degrees 3, 4, 5, 6 and
7 Fitted to the Three Different Conditional Densities of

Log M , Given Speed, by the Method of Moments

Mix ture A C C

Speed 280 480 1,280

o D 
0.067573 0.404565 0.142486

1 —0.149453 —0.787689 0.008412
2 0.072221 0.380381 0.038139
3 —0.005638 —0.044981 —0.008429

O D 0.211618 0.181325 0.971013
1 G —0.473124 —0.286065 —l .85a295
2 R 0.281124 0.056624 1.239719
3 - —0 .056076 0.033189 —0.298544
4 4 0.004054 —0.006284 0.023321

0 D 
—0.060276 —0.757964 0.233470

1 0.333036 2.498913 0.333511
2 —0.475481 —2.557161 —0.812664
3 0.244709 1.072286 0.517371
4 ---0.048925 —0.189307 —0.120392
5 0.003407 0.011770 0.009242

0 —1.547591 0.644076 —2.641408
1 D 5.806212 —2.660603 10.912960
2 G —7 .318827 3.894035 —14.040642
3 R 4.150070 —2.609286 8.066317
4 - — 1 .161832 0.859826 —2.271607
5 6 0.157547 —0.133538 0.307190
6 —0.008260 0.007787 —0.015967

0 3.648567 —0 .244°f--f~ —2.498739
1 D —17.005682 1.241760 10.287386
2 28 .585113 —2.247603 —13.056410
3 —23 .022640 2.038710 7.321534
4 9.835539 — 1.021298 —1.970194
5 ; —2 .277150 0.282921 0.240462
6 0.269464 —0.039718 —0.008355
7 —0.012757 0.002182 —0.000350

_ _ _ _ _ _  -___________________________________ —-V.— - --~~~-~— ~~~~~~~~~~~~~ -
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TABLE 8—3
~1

First through Seventh Moments about the Midpoint 3.11008,
for the Three Different Conditonal Densities

Degree Mixture A Mixture C Mixture C
of

Moments v 280 v 480 v = 1,280

1 1.54209 0.95039 —0.52156
2 3.08669 1.42096 1.38682
3 6.71688 1.84767 —2 .84250
4 15.58318 3.63667 6.56796
5 36.20143 4.94297 —14.93710
6 86.71791 12.93124 34.90775
7 205.26370 17.98392 —81.76854
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* 
to researchers, i.e., that they should use polynomials of high degrees

when the empirical function is r~u1ti—uioda1, or they should divide the

interval, for which the function is observed, into an appropriate

number of subintervals, and fit a polynomial for each segment of

the empirical function, as was done in two earlier ezamp1~~ in Chapter

;~ 
•1

~~~~~~~ 

.
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IX Discussion and Conclusion

In the present paper , the relationship between the method of

moments for fitting a polynomial to a given function and the least

squares princ iple has been observed , and it has been shown that such

a polynomial equals the one obtained by the least squares solution.

his fact has expanded the meaning of the method of moments, and it

i~ no longer just a method of fitting a specific function to a fre-

quency distribution , or to a set of observations, but a useful way

of fitting a polynomial to any empirically obtained function , which

is often given in a non—mathematical form. To give an example,

when we have succeeded in obtain ing the estimated operating charac-

teristics of the item response categories without assuming any

mathematical forms, the resultant operating characteristics have

no mathematical forms. To analyze them, or to use them for further

research , it may be necessary to approximate them by some general

mathematical functions. For such purposes, polynomials may be best

because of their simple and differentiable nature.

The comparison with the direc t least squares solution has

proved that the method of moments has an advantage of producing more

accurate results , since it does not include the inversion of a matrix ,

and so forth. Also more practical considerations with respect to

the selection of an optimal interval in app lying the method of moments,

as well as the direct least squares solution , have been made , and it

has been clarified that its influence can be devastating. This is

also the case in the computation of the moments themselves, especially
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1 of those of higher degrees. Some warnings have been made with

respect to the balancing of the sample size and the degree of the

polynomial to be searched.

-. The present findings directly lead us to the prospect of

using polynomials in the Conditional P.D.F. Approach and the Bi—

variate P.D.F. Approach as the estimated conditional density of

latent trait 8 , given 0 , instead of Pearson Type density

functions, in the estimation of the operating characteristics

of the item response categories. If this proves to be successful,

- .  then we will be able to establish another method, which is much

simpler than Pearson System Method, and yet likely to be more

accurate.

- 
~~~~~~~~~~~~~~~~~~~~~ ‘~j  ~~~~~~~~~~
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APPENDIX I

-. Relationship between the Moments about the Midpoint and the Coefficients

- - of the Polynomial Obtained by the Method of Moments

r

I *

4,
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(1) Transformation of the Variable t to the Variable t~

Let us transform the variable t into another variable t~

such that

(1.1) t~ — t — M(t)

~.he re M(t)  is the midpoint of t , and is given by

(1.2) M(t) (t + t) I 2

and t and t are the greatest lover bound and the least upper

bounds of the interval of t . It is obvious that we can write

(1.3) M(t*) — 0

(1.4) — — R(t)

and

(1.5) R(t)

where R(t) is one—half of the length of the interval of t . We

notice that the m—th moment of t about the midpoint M(t) equals

the m—th moment of t~ about the origin. For simplicity, hereafter ,

we shall use R for R(t)

(2) Relationship between the Moments of t about the Midpoint and
the Coefficients of the Polynomial

It is obvious that any polynomial of t with degree i can

be expressed as a polynomial of t~ with the same degree. Thus we

can write

4

______________________ - -
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m
(2.1) Z — E a

1
t

— 1—0 i—0

a Let ~J~ g 
be an even moment about the midpoint of t , for

(2.2) g — 1, 2 [m/2]

where [ ] denotes the integer part of the number. We can write

for this even moment

ft m
(2.3) — Ct — M(t))2~ E u~t

1 
dt

- -  g

-

‘ :: —R ~~~ 

~~~ 

a
1
t*~~-~~~ dt*

a ç ~~2~+i dt*
i0

- .  Since we have

:: (2.4) 
J-R 

~~2~+i dt* - (2g+i+I)
_

t*
2
~~

i
~~

— (2g+i+l)~~ ~ 
~ 2g+l+l 

— (—R) 2
~~

141
)

F- ~ ~~ 
— 0 if i is odd

j — 2(2 g+i+l)~~ R
28+i+l if i is even

we obtain

(2.5) 2~~~ a2k (2g+2k+1)~~ R
2
~~

2k
~~ .

For an odd moment , replacing 2g in (2.3) and (2. 4) by

1 2g+l and switch “odd” and “even” in the last expression of (2.5),

we can write

L ~ _ _ _ _ _  

_
L~~~~~ r ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - . - ~~~~~~~~~~~~~~~~~~~~~~~~ 

— ~~~T J - -~~~~ - --- —~~~ - —
-
~~~~~~~~~~ -
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(2.6) 
~lg+l 

2 E a 2k+l (2g+2k+3)~~ ~
2g+2k+3

k-O

(3) Some Examples of the Relationship between the Set of Moments
of t about the Midpoint and the Coefficients a

1
’s Observed

for Polynomials of Different De&rees

It is obvious from (2.4) and (2.5) that the relationship

between the set of moments of t about the midpoint and the

coefficients a
r
’s depends upon m . The fc llowing are some

examples for the polynomials of degrees 3 through 7 , which are

frequently used in practice.

Degree 3:

= 2tRa 0 + (R~ /3) a2}
3 (3.1) ~ 2 -f (R ~ J3)a0 

+ (R5 15)a2
)

Degrees 3 and 4:

( ~ * = 2C(R~ /3) a + (R 5 / 5)a I
(3.2) ,

~~ 1 1 3

I ~~ = 2((R 5 /5)a
1 + (R7/7) a }

Degrees 4 and 5:

( ~~ 2 {Ra~ + (R 3 /3)a 2 + (R 5 /5) a
4
}

(3.3) = 2((R 3 /3 )a0 + (R 5 /5)a 2 + (R 7 /7)a 4
)

2t (R5/5)a
0 + (R7/ 7)a

2 
+ (R 9 /9 )a 4

)

Degrees 5 and 6:

( U~ 2t(R3/3)a1 + (R5 /5) a
3 + (R7/ 7)a

5
)

(3.4) — 2~ (R
5/5) a

1 + (R 7/7) a
3 + (R’/9)a5)

— 2-[ (R 7 /7 )a
1 + (R 9 /9 )a

3 + (1~~/ l l)a~)
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1)egree 6 and 7:

-

~ 

-. 
— 2{Ra

0 
+ (R3/3)a2 

+ (R5/5)a4 + (R
7/7)a

6
)

— 2{ (R3/3)8 + (R 5/ 5 )a 2 
+ (R’/7)a4 + (R’/9)a6

)

(3.5) /
— 2C(R5/5)a0 

+ (R 7 /7 )a
2 

+ (R 9/9 )a
4 + (~~

1/l1)a6
I

p
~ 

2 {(R 7 / 7)a 0 + (R 9/ 9 ) a
2 + (I~h / ll)a 4 + (~~

3 / 13)a6
)

Degree 7:

- ( 11~ — 2 {(R 3 / 3)a 1 + (R 5 /5)a 3 + (R 7 / 7 )a 5 + (R 9 /9)a 7
)

— 2[(R5/5)a + (R7/7) a + (R 9 f 9)a + (~~‘/ 1l)a I
(3.6) ~ 1 3 5 7

1 ~‘1 
— 2~ (R 7 / 7)a 1 + (R

9/9)a3 
+ (R ’/ l l )a5 + (i~~/l3)a7

}

2{(R9/9)a1 + 
(I~’/ 1l) a3 + (i~~/ 13) 

~ 
+ (I~

5 / l5)a~ I

I

~~~~~~~ 
‘ z : .~ ~~~~~~~~ 

-- 

~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~
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APPENDIX II

The Process of Obtained the Matrices (1/2) C(0~ 
and (1/2) C (1~ for

the Polynomials of Degrees 6 and 7 Approximating 
Any Given Function in

the Method of Moments
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Relationships between Latent Trait 0 and Its Estimate A

When A Satisfies Certain Conditions
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I Fundamental Concepts and Formulae

9 : latent trait —~~~ -
~ a

A estimate of 6

TI error of estimation

f(8) density function of 0

ip ( A ~ 0) conditional density of A , given 6

bivariate density of A and B

g(A) : density function of A

~(0~ X) conditional density of 0 , given A

(1.1) A — 0 + t ~

( 1.2) ~(A ,O) ip(A~0)f(0) = 4 ( 8~~A ) g ( A )

(1.3) g (A )  = 
~(A ,0) do

-~~

II The Relationship between the Conditional Moments of 0 and the
Conditional Moments of ~ , Given A

(1) Moments about the Ori&in

(2.1.1) E(0~ A) = A - E(TIIA )

(2.1.2) E(8 2 1 A) A 2 — 2A E(
~ IA ) + E(n2IX )

(2.1.3) E(e3IA ) — A 3 
— 3X 2E(T1 I A )  + 3XE(r i 2 I X )  — E(n3fX )

(2.1.4) E(0~ lA ) — A 4 
- 4A 3E(n~ A) + 6A 2E(n 2 J A )

— 4A E(
~

3 IA) + E(n~~ A )

~ 

~~~_ 1 ~~~~ ~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ . — - — - - — --
~~~~
- -



-119-

(2) Moments about the Mean

(2 .2 .1 )  ~~(e Ix ) ( f l U i~ (n I A )

n—th conditional moment about the mean

In par t icular:

-

• (2.2.2) u2
(01A ) = ii2(nj

A)

(2.2.3) u 3(0~ A) = -~3( T I I A )

-

• (2.2.4) U4 ( O I A )  =

111 Derivatives of log g(A)

(3.1) - log g( A )  g ’/g

d 2 —1 d 2
(3.2) 

~~~ 
log g(A) — [g ”(A)] [g(A)J — [~~

-
~

- log g( A ) )

~1
— Eg ”/g J — tg ’1g1

d3 —l
(3.3) —

~~~
-
~~

- log g (A) (g 111(X ) ] [g (A ) ]

a
• — 3[~~

-
~-2- log g ( A ) ] [ ~~-~- log g (A ) ]

— [ -
~
4
~

- log g ( A ) ] 3

= (g ”/g] - 3(g ” / g }  I g ’/g ]  + 2 [ g ’/ g ]
3

• - d L
~ i(3.4) ~~~~~~~~ log g( A )  = [g”(A)} [ g ( A ) }

• 
d3 d

— ‘e [ - ~p- log g~~)] [~~- log g(Xfl

d2 2
— 3[-~-~7 log g(A)]

d2 d 2

-- — 6
~-a~

- log g (A ) ]~~~- log g(A)]

i — log g (X f l 4

~

• • - - •- • -

~

—.-- - - - -  ~~~~~-- - -‘ ~~~~~~~~~~ -~~~~~~~ -~~~~- —  — -~~  :- -
• • - 

-
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[g” /gl — 4 1g ”/g ] E g ’/g ]

- 3[g ” ~2 + 12[g”/g] [g ’/ g ]2 - 6[g ’/g] 4

IV When 4 i(n~ 0) Is n ( O , a)

( 1) Conditional  Moments of TI about the Or ig in

(4.1.1) E ( T I I A )  = ~~
2

i g A I [g x ] ~~

(4.1.2) E(ri2 I X )  = a~I~~-7 g(A)][g(A)Y~ +

(4 .1.3) E(n3 IA ) = 302 E (nIA) - ~
6

i~~~ g(X)][g(X)]~~

(4. 1.4) E (n ~~I A )  = 60 2 
~ (fl 2 I A )  + ~~~~~~ g(A)][g(X)}~~ - 3~ 4

(2) Con~~~t iona 1 1~oments of 0 about the Origin

(4 .2 .1) E ( 0 1 A )  = ~ + 
2[

d g(A)][g(A)1~~

(4 .2 . 2 )  E( 6 2 1 A )  = A 2 
+ ~

2 
+ 2Ac ~

2 [~~ - g ( X ) ] [ g ( A ) ] ~~
4 d~ — l+ o ~~~ 

g(A)][g(\)~

(4.2.3) E(03 1X ) = A 3 
+ 3Ao 2 

+ 3~2 ( A 2
+o

2) E~~- g (A ) ] [ g (X ) ]~~
4 d~ 1+ 3)& [

~~
-
~-z g(A )J [g(A )]

6 d 3 1
+ 0 [~-5-3- g(A)][g(A)1

(4.2.4) E(0~~IA ) = A 4 
+ 6A 2o2 + 3~

4

+ 4Aa 2( A 2+3o2)[-~— g ( A ) ] [ g ( A ) ] 4

+ 6o4( A 2±o2)I~~-y g ( A ) ] [g ( A ) ]~~

+ 4A o 
~~~~~~~~~ 

g(A )]Ig(A)1

8 d~+ o E-a-5:-t
~
- g ( A ) J [ g ( A ) 1

~~~~~~~~~~~~~~~~~ - —



- - •

—121—

(3) Conditional Momenta of 0 about the Mean

• 2 2 d 2
(4 .3.1) p 2 (0 I A)  — a [1 + a 

~~ 
log g(X))3

2 2 ,, 2 , 2
— a [o (g fg-) — a (g /g)  + 11

6 a 3
(4 .3.2) 1j

3
(O IA ) a I

~p log g(A ) ]

= c6[(g ”/g) - 3(g ”/g) (g ’/g) + 2(g ’/g)
3

)

4 2 d 2
(4.3.3) ~4 ( 0 I A )  a [3 + 6a { ~~~~ log g (A ) }

4 ~~ 2
+ 30 

~~ 
log g(A) }

4 d 4
+ a (~~

-
~

-
~

- log g(A) ) )

— a4[o4(g ”” fg ) — 40
4
(gUI/g)(gS/g)

+ 6a
4
(g”/g)(g’/g)

2

+ 6o2(g ”/g) - 3~
4 (g ’/g)

4

— 6o
2
(g ’/ g) 2 + 3]

V General Relationships between the Moments about ~~y Parameter
and Those about the Orig 1p~

n — t h  moment about the origin

n—th moment about any parameter a

(5.1) u* E (_l)
n_r 

(n) 
n—r

r 0

In pa r t i cu l a r:

- -S

(5 .2)  — — a

(5.3) ~~ 
— 2asij + a

2

( 5 .4)  ~~~ 
— — 3a~i~ + 3a2

~~~ — a 3

- I  

- - - -_ _
-

— --- -..- - - ~~~~~ _______________ 
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(5.5) p~ — — 4a~~ + 6a
2
i4 

— 4a3~~ + a4

(5.6) i~~ 
— — 5a~~ + l0a 2

~i~ — l0a
3
~~ + 5a

4
~~~ 

— a
5

In particular , let denote the n—th moment about the mean .

(5 .7)  
~l 

— 0

(5.8) 
~2 

— —

(5.9)  P 3 
= P~~ 3 3J~~~IJ~~ + 2~~~

3

(5.10) P 4 
— P

4 
— 4 P~ 

p~ + ~~~~~~~~ 3~~~
4

(5.11) p = p~ - 
~~~~~ + 10u pj

2 
- + 4~~

5

~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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