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METHOD OF MOMENTS AS THE LEAST SQUARES SOLUTION FOR FITTING
A POLYNOMIAL

ABSTRACT

Method of moments has been used frequently and effectively in our
‘revious research for developing theories and methods of estimating the
operating characteristics of the item response categories and ability
distributions. 1t has been discovered that the method is quite useful,
for fitting some curves to the set of observations, like maximum likelihood
estimates, to the unobserved, conditional density function of which only
the first few moments are estimated, and to the resultant, estimated
density function of ability. It has also been discovered that polynomials
are useful as functions to fit in applying the method of moments, with their
unrestricted nature, regardless of the fact that there always is a possibi-
lity that they produce negative values for the estimated density. In the
present paper, it is pointed out that a polynomial fitted by the method of
moments is the same polynomial produced by the least squares principle.
Using some examples, the two processes, i.e., the method of moments and
the least squares solution, are compared. It is pointed out that, in
general, the method of moments provides us with a simpler process and a
more accurate result, than the least squares method, when the computer
work is involved. The importance of using the appropriate interval in
applying the method of moments, and the least squares method, is emphasized.
In some examples, the results are compared with those by the polynomials

obtained by Taylor's series.

The research was conducted at the principal investigator's laboratory,
409 Austin Peay Hall, Department of Psychology, University of Tennessee,
Knoxville, Tennessee. Those who worked in the laboratory and helped the
authors in various ways for this research include Paul S. Changas, Lin
Wen Kuei-Chiu, and Robert L. Trestman.
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I Introduction

Estimation of the operating characteristics of item response
categories has been pursued and investigated by developing various
methods and approaches (Samejima, 1977a, 1977b, 1978a, 1978b, 1978c,
1978d, 1978e, 1978f). Throughout these studies, the following two

features are common.

(1) No prior mathematical formulae are assumed for the operating

characteristics.

(2) A relatively small number of subjects are used to provide us
with the set of data, on which the whole process of estimation

is based.

0f these two features, the first one may be of more theoretical

importance, since this will allow us to approach the genuine nature

of the specific operating characteristic without preassuming it.
Another important feature of the studies of the operating

characteristic estimation is that we have used the method of moments

(Elderton and Johnson, 1969; Johnson and Kotz, 1970a, 1970b) for various

purposes. To give several examples, we have used the method of

moments for fitting a Pearson Type density function or a polynomial

to the set of five hundred maximum likelihood estimates of ability,

for fitting a Pearson Type density function to each conditional density

of ability, given its maximum likelihood estimate, for fitting a poly-

nomial for the set of calibrated ability scores © for each binary

item score group, and so on.




It is worth noting how well the method of moments fits into
the whole process of estimation, and how important a role it has
played. Above all, the method of moments for fitting a polynomial
seems to be especially promising, since the polynomial is less restric-
tive in its shape even with a relatively low degree like degree 3 or
4, compared with other functions which require the same number of

H; moments. One disadvantage of the polynomial is, however, that it is

not a density function, and it may produce negative values for the

estimated density function, or frequency function. Regardless of

this possibility, we have used polynomials fitted by the method of

moments for the estimated density functions frequently, and they have turned
out to be quite successful. 1
B In the present paper, the reason for this success is to be
clarified. Also we are to expand the usefulness of the method of

1 moments for fitting a polynomial beyond the scope of estimating a
density function or a frequency function. Thus the method of moments
is no longer just a method for fitting a curve to a frequency distri-

bution, or to a set of observations, but it has become a useful way

of providing us with a polynomial which approximates any observed and

often non-mathematical function.

—

Some practical considerations are given in later sections of

this paper, through several examples which are presented for the

: purpose of illustration.
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II Relationship between the Method of Moments for Fitting a Polynomial
and the Least Squares Principle

Let h(t) be any function of the variable t , which is defined
in a closed interval, [t, t], and is integrable in the Lebesgue sense
and has the first m moments. This function h(t) can be some
specified mathematical function, or an empirically obtained function.
Let ai (1i=0,1, ..., m) be the i-th coefficient of the polynomial

which can be written in the form

- i
(2.1) ) a t 4
i=0

and is to be fitted to the function h(t) following the least squares

principle. We define Q such that

t m
(2.2) 2q = j [h(t) - I a
t 1=0

tilz de .

Differentiating Q with respect to ar and setting the result equal to

zero, we obtain

3 t m
2.3 3%-] (h(e) = & o t')[-t) de = 0
Al £ 1=0
and then
t > t m
(2.4) t h(t) dt = t* £ o t!a,
t t  4=0 1

for = O, 1; 2; veay B &

Thus it is obvious from (2.3) that the least squares principle
requires the resultant polynomial of degree m to have the same O-th
through m-th moments as h(t) , which is nothing but the principle
upon which the method of moments is based. From this result, it is

obvious that both methods provide us with the same polynomial.
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It is clear, therefore, that the method of moments can be used as a
substitute for the least squares method when we fit a polynomial of
any degree to a function, which may or may not assume negative values
as well.
When the function h(t) 1is observed only at N points of the
var «hle t , as is often the case for an empirically observed function,

we can replace (2.2) by

- 2 1 2
(2.5) Q= I {[n(t) - I a5t Tw()}",
k=1 i=0
where w(tk) is some appropriately chosen weight for t, - Differ-

entiating (2.5) and setting the result equal to zero, we obtain

N . N P m i
(2.6) ot h(e ) wle)y= 2 & wlE ) E o € ¢
ke k k k k=1 k k =0 ik

If the function h(t) 1is continuous and we divide the interval (t, €]
into N subintervals, by the middle value theorem there exists, at least,
one value, Ckr , in each subinterval (Ek’ Ek) which satisfies

k

(2.7) K tF h(e) ae = c;r BE ICE, ~ &)
x

where

19 % " Len1

for k=1, 2, ..., (N-1), and

tN't

(2.9)

When the width of each subinterval is small enough, these (m+l) values,

Crr (r=0,1, 2, ..., m) , can be approximated by a single value, say,




o —

the midpoint of the subinterval. Using such a value as tk and the
: subinterval width as w(tk), we can approximate (2.2) by (2.6), If

all the subinterval widths are equal, (2.6) is simplified to provide

] (2.10) b ¥

i . T £t )" L = I at
1 k k k

! k=1 k=1 oy - > - ®

i




IIT1 Least Squares Solution

We can rewrite (2.4) in the form

m+1
(3.1 B ke, el T L
j=1 s = ]

where s=r+1=1,2, ..., M, j=1i+1=1,2, ..., m¢l, and

is the (s-1)-th moment of t about the origin, defined by

t s-1
(3.2) u' o= t h(t) dt
" t
% Let o be a column vector of order (mt+l), whose j-th element is aj-l ’

and Y' be a column vector of the same order whose s-th element is u; ‘

Thus we can rewrite (3.1) in the matrix notation to obtain
(3.3) u'=A0 ,

where A 1is a symmetric matrix of order (mt+l) whose sj-element is

given by

(3.4) [j+S—l]—1 [Ej+S—1 i Ej+S—1]

The least squares solution for o 1is obtained, therefore, by
(3.5) a@=A"u

For the purpose of illustration, the matrix A for m = 2 is shown
below as an example.
(t - v) (t?- tH/2 (3~ tH)/3
(3.6) A= (2= tD)/2 (E%- t)/3 (t*- t) /4
(T3- t3)/3 (€'~ /6 (T5- £9)/5
in practice, we usually use a greater value for m , and obtaining the

inverse matrix of A will be the most intricate process of computation




—

|
I

o 1

and the availability of a package program for inversing a symmetric

matrix will be of necessity.
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IV Solution by the Method of Moments

Let R(t) be a half of the interval width for which the function

h(t) 1s defined, and M(t) be the midpoint of the interval, such that

(4.1) R(t) = (t - £)/2

n

(4.2) M(t) = (t + t)/2

For convenience, we define a new variable t* by changing the origin

of t to the midpoint of the interval [t, E], fo€l s
(4.3) t* = t ~ M(t)

Thus the polynomial of degree m in t can be rewritten as a polynomial

of the same degree in t* |, or
m m

(4.4) z oy ti = I a, t*i 3
i=0 i=0

with the relationship between the two sets of coefficients such that

= ar for M(t) =0
(4.5) a m
r ¥ <pr a, (i) [M(¢)]i"T | otherwise,

T = Qksuustl o

To give an example, when m = 7, we can rewrite (4.5) as follows.

-
R
]
0
|

aM(t) + a, ()17 = a, (D)) + a, (D))"
5 : 7
- agM(e)]” + agM(t) ] - &, [M(t)]

o]
]

W
|

17 A T 2N+ 3y 017 - da, MO 1 + Sagiuo)
- 6a [M(t)])” + 7a,[M(t)]

3a3M(t) + 6aA[M(t)]2 - 10a5[M(t)]3 + 1586[M(t)]4

‘.6 < - 21a,[M(e) 1
ha, M(t) + Ian[M(L)]Z - 20a6[M(c)]3 + 3537[M(t)]a

R
L}

]
1




SN ar o B B

y

o, = a, - SagM(t) + 1sa6[n(;)]2 - 35, [M(1)]°
ag = ag - ba M(t) + 21&7IM(t)]2
Qg = 8¢ - 7a7M(t)

\37‘87'

The following relationships hold between the moments about the midpoint
¥(t) and the coefficients a_ fr = 3 2, ey MRSE

[m/2]

.7 =2 5 ey, (20041170 [R(e))ZERH
g k=0 g =0,1,2,...,[m/2]
(m-1) /2] =1, 2 (g+k+1)+1
(4.8) “3g+1 = 2 k§0 a4l [2(g+k+1)+1] ~ [R(t)] "

g=10,1,2,...,[(m1)/2]

In the above two equations, [ ] indicates the integer part of the number,
and u;g and u;g+l indicate even and odd moments about the midpcint
M(t) respectively.

Let p=g+1 and q=k+ 1, We define the following two
symmetric matrices, B(O) and B(l) , whose orders are both (m+l)/2

when m 1is odd, and (m/2)+1 and (m/2) when m 1s even, respectively.

(4.9) By = { (RCIIZPY-3 rprg)-3171 ).

(0)

(4.10) B,.. = { [Ree)12PHL oenigy-177t 3,

(1

Let uzo) and uzl) be column vectors of the corresponding orders,

such that

(4.11) Moy = | Mooy p=1,2,...,[m/2]%1
and

(4.12) Wy = { Wy 7 p=1,2,...,[(m1)/2]

* For further details, cf. Elderton and Johnson, 1969, or Appendix I.
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Let a(o) and a(l) denote the coefficient vectors of the corresponding

orders, which can be written as

(4.13) 3y ” { aZ(q-l) 5 qQ=1,2,...,[m/2]+1
and
(4.14) agyy * { 8)q-1 5. q=1,2,...,[(=tl) /2] .

Thus we can rewrite (4.7) and (4.8) in the matrix notation such that

(4,23) 8oy = 2 By 2(0)

and

$%1%) Wiy = 2 Baay %y

The coefficient matrices a(o) and a(l) are obtained, therefore, by

-1
{(4.17) a(O) (1/2) B(O) U?O)
and

-1
(4.18) a(l) (1/2) B(l) p?l)

In practice, the computation is facilitated if we define two matrices,

C(O) and C(l) , of orders [m/2]+1 and [(m+l)/2], respectively, such that
-1
(4.19) oy = { [2(p+q)-3] " }
and
-1
(4.20) Cpy = L 2G+)-117" 1,

which do not depend on a specific set of data but depend only upon the

degree of the polynomial. From these two matrices, we can obtain the




-1
two matrices, (1/2) C(O) and (1/2) C(l)

(4.21)

(

; L 6.22) 4

—_——
-

(4.23)

- e e e ey

of p and q .

~11-

-1 , and it is easily seen

3 that (1/2) B(8§ and (1/2) B(1§ are obtained by diyiding the element

in the p-th row and q-th column of the corresponding matrices by

[R(t)]z(p+q)-3 and [R(t)]2(p+q)—1 , respectively, for every combination

For the purpose of illustration, the process of obtaining

-

(1/2) C(S} and (1/2) ¢ 1 s shown for m=6 and m= 7 in Appendix

1)

L' II. The resultant sets of equations for obtaining the coefficients a

are listed below for the polynomials of degrees 3, 4, 5, 6 and 7 ,

(1) Polynomial of Degng‘Q

[1.125u5/R] " [1.87su5/R’]
[9.375u%/R%] - [13.125u%/R%]
[-1.875u5/R’] + [5.625u5/35]

[-13.1250%/R%] + [21.875u§/R’]

(41) Polynomial of Degree &4

[1.7578125u8/R] - [8.203125u5/n’] + [7.3828125un/n’]
[9.375u/R%] - [13.125u8/R®]

[-8.203125u8/R*] + [68.90625u3/R*] - [73.828125uf/R" )
[-13.125u%/R%) + [21.875u%/R’)

[7.3828125u5/R5] - [73.828125u5/n’] + [86.132812Sun/R’]

(111) EFolynomial of Degree 5

[1.7578125u8/R] - [8.2031zsu5/n’] + [7.3sza1zsug/n’]
(za.7109375u;/R’1 - [103.35937su5/a51 4 (81.2109375ug/k’]
(-8.203125u5/a’1 + { 68.90625u5/n51 - [73.sza1zsuz/n’1
[-103.359375uf/351 + [a42.9687su§/n’1 - (378.98437su§/n’1
(7.3828125u8/R®) - [73.828125u4/R7] + [86.1328125u3/R"]

[s1.2109375u;/k’1 - (378.934375u5/x’1 + (341.oas9a7sug/n‘ﬁ

B eu—— e
—— - ~ Tk St & atal  TIE PRI RPESy———
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(iv) Polynomial of Degree 6

[ % 4 [2.39257818/R] - [21.5332031u5/n’1 + [67.3730469uz/R5]
- [29.3261719p3/n’]

[28.7109375u;/k’] - [103.359375u5/Rs] + l81.2109375u;/k7]

(-z1.5332031u5/x3) + [348.8378906 5/3’]
- l913.6230469uzlk7] + [615.3496094ug/n’)

[-103.359375uI/R5] + [442.96875u5/k7] - [378.984375u§/k’]

4.: ﬂ -

o
'S

[47.3730ae9u5/a5] - [913.6230469u5/a7]
+ [2605.5175781uz/R’] - [1847.5488281ug/k“]

[81.2109375u3/R7) - [378.984375%/R®) + [341.08593750%/R"Y

\ a, = [-29.3261719u3/n’] + (615.3496094u5/3’1
- (1847.5&88281uz/R“] + [1354.8691406ug/R"]

(v) Polynomial of Degree 7

( 8, * (2.3925781u6/R] - (21.5332031u5/n’1 + (47.3730469uz/a’1
L - l29.3261719ua/R’]
a, = [6&.5996094u;/a’1 - [aze.357az19u§/n51

+ [791.8066406u§ln’] - [439.8925781u3/a°1

o
'y

2 [-21.5332031u5/n’] + [348.8378906 5/3’1
§ -~ l913.6230469uz/R’] . [615.8496094uzlx°]

= [-426.3574219u;/k‘] B [33«9.9511719u§/n’]
1 - [6774.3657031u§/k°] + [3959.0332031u;/R“]

: (4.25) {

(a7.373oae9u5/R51 - (913.6230469u5/n’)
+ (2605.5175781uzlk’] - (18&7.5688281u€/k"]

, a, = [791.8066406u;/k’] - [6774.3457031u§/n’1
- + 11a41o.8808594ug/n“1 - [3709.8730469u3/k’?:

6 © 1-29.32617191%/R7] + [615.8496094u3/R" )
- [1847.5488281u3/R" ') + [1354.869140614/R" "]

* a, & [-439.8925781u#/R"] + [3959.0332031u8/R" ')
\ - [8709.8730ae9uglk"] + [5391.8261719u9/n‘51

(For simplicity, in the above equations, R is used instead of R(t).)




il
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A computer program specially written for this purpose can handle
the above sets of equations for obtaining the coefficients a, and
then (4.5) for obtaining the revised coefficients oy for 1i=0, 1,
ve., m , with the (m+l) moments about the midpoint, u{ , the midpoint
of the interval, M(t) , and a half of the interval width, R(t) , as
the input data. As a substitute for the least squares solution, this
will be much easier since it does not include an inversion process for

the matrix A defined in the preceding section.
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V Comparison of a Polynomial with a PearsonType Density Function
As an Estimated Density Function

It was observed in Section 2 that the polynomial obtained by
the method of moments is the one which fits best to any function
among all the polynomials of the same degree, from the standpoint of
the lezst squares principle. This is true whether the function is
capirically obtained, or mathematically defined, since h(t) in
Section 2 does not require any such restrictions. Considering the
less restrictive nature of polynomials in comparison with density
functions of fixed types, the above characteristic of the polynomial
obtained by the method of moments makes us expect the one to
provide us with a better fitting curve in most situations. For this
reason, it will be meaningful to compare some of the results we have
already produced using the method of moments.

The data used here are the set of five hundred maximum likelihood
estimates used in the studies of the estimation of the operating charac-
teristics of item response categories (Samejima, 1977a, 1977b, 1978a,
1978b, 1978c, 1978d, 1978e, 1978f). They are simulated data, based
on five hundred hypothetical examinees, whose ability levels are located
at one hundred equally distanced points between -2.475 and 2.475 inclu-
sive on the ability scale, with the interval length of 0.05 and five
subjects at each point. Their maximum likelihood estimates are obtained
on their response patterns, which were calibrated by Monte Carlo Method,
on the set of thirty-five graded response items, which is called Old
Test, and whose test information function is approximately equal to

21.63 for the range of ability 6 , =3.0 through 3.0 . The funda-




!
I
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|

—

mental concepts and formulae in these processes are given in Appendix
111, where the maximum likelihood estimate 6 is replaced by the more

general estimate, A . The moments were computed for this set of five

hundred observations.

The first moment about the origin, or the mean of the set of
observations, turned out to be -0.00577 , which is very close to zero.
The second through fifth moments about the mean are 2.14824 , -0.01465 ,
8.65145 and -0.25790 . Figure 5-1 presents the polynomial of degree
4 obtained by the method of moments, together with the theoretical
density function and the histogram of the frequency distribution of
the five hundred observations categorized, for convenience, into twenty-
five subintervals of the width of 0.25 . (Actually, in this graph
and in those others shown later in the present section, the ordinate is
the frequency instead of the density. Thus frequency 40, for example,
corresponds to density 0.32, 30 to 0.24, and so forth.) We can see
that the polynomial of degree 4 thus obtained shows a good fit to both
the theoretical density and the empirical data.

In obtaining the above polynomial of degree 4, the first four
moments of 0 are used. This same set of moments enables us to obtain
Pearson's criterion x (Elderton and Johnson, 1969, Johnson and Kotz, 1970a,
1970b) for the selection of the suitable Pearson Type distributien for

our data. The formula for Pearson'scriterion is such that
2 -1
K = - - -
(5.1) 31(32+3) [4(262 381 6)(462 361)] ’

where 31 and 32 are defined in terms of the second through fourth

moments about the mean, which are denoted bv My v Mg and Mg
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respectively, by

2 -3
(5.2) B1 My My
and
(5.3) B, = u, w2
2 4 Y2

The selection is made in such a way that, if, for instance, K turned
out to be finite and negative, then the distribution will be of Type I;

if it turned out to be positive and less than unity, then the distribution
will be of Type IV; and so on.

With our data, using the second, third and fourth moments about

the mean, which were given earlier, the value of Pearson's criterion

k 1is -0.00000762 . This value is very close to zero, and Pearson's
Type 1II distribution should be selected. This distribution is a special
case of Beta distribution, or Pearson's Type I distribution, whose

density function is given by
(5.4) (B(p,q) 1" 1 (B-8)""L(b-8) T (b-a) " (PHI-1)

where B(p,q) is the Beta function with parameters, p and q , and

for the Type II distribution we have

(5.5) q=0p

The three parameters, a , b and p , of the Type II density function

can be estimated

(5.6) P = 3B, [203-8)17

e




b
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R -1.1/2 -1}2
(5.7) a=yu - (2u4u2 ) (3-82)
and

o -1.1/2 ~if2
(5.8) b = My + (2u4u2 ) (3-82) »

~espectively, where ui is the mean of the maximum likelihood estimate
and uz is its variance. The estimated parameters thus obtained turned
out to be 1.16581, -2.68111 and 2.66947, respectively. Figure 5-2
presents the resultant Pearson's Type II density function, together with
the theoretical density and the histogram, which were also presented
in Figure 5-1.

It should be noted that the theoretical density of 6 , Wwhich
is drawn in Figures 5-1 and 5-2, is symmetric. This was obtained by

setting f£(8) = (8-6) : with 0 = -2.5 and § = 2.5 for the marginal

density of 6 and n(6,0.215) for w(é]e) , the conditional density of 3 ’

given 06 (cf. Appendix III). The resultant theoretical density is
given by

1/2 (2.5-8)/0.215

(5.9) g(8) = 0.2(2m)" exp[-t2/2] dt

(-2.5-6)/0.215

We must say, therefore, that the selection of the Type II distribution
out of all the Pearson Type distributions was a good one, providing

us with a uni-modal curve for the estimated density function, as we

can see in Figure 5-2. Regardless of this fact, however, we note that
the fit of the polynomial of degree 4, which is drawn in Figure 5-1, to
the theoretical density is still better than that of the Pearson's

Type II density function. This result can be considered as evidence
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to support the usefulness of polynomials fitted by the method of moments,
as well as to confirm that the least squares principle is working well.
Another interesting comparison between the polynomial of degree
4 and the Pearson's Type II density function is with respect to the
range of § for which the estimated density function fails to provide
positive densities. The interval of 8 wused in applying the method
of moments is [-3.0555, 2.8718], i.e., between the least and the greatest
values of the observed maximum likelihood estimates, inclusive, for both
the polynomial of degree 4 and the Pearson Type II density functionm.
It turned out that the polynomial of degree 4 , whose coefficients
are listed in Table 5-1, assumes zero at 6 = -2.940 and 6§ = 2.891 .
This fact indicates that the only subinterval for which it gives negative
densities is between the lower endpoint of the interval, i.e., -3.0555 ,
and -2.940 . On the other hand, the Pearson'sType II density function
provides density zero for the two subintervals of ) , i.e., between
-3.0555 and -2.6811 and between 2.6695 and 2.8718 . Thus the range
of 8 for which the estimated density function fails to assume positive
values is much less for the polynomial of degree 4 than for the Pearson's
Type I1 density function, the result that supports the polynomial in
preference to the Pearson's Type II density function.
Figure 5-3 presents the polynomials of degree 3 and 5 obtained

in a similar manner as the polynomial of degree 4, using the first

three and five moments, respectively. Again for the polynomial of
degree 5 the negative densities are observed only for a small range of

6 , and for the polynomial of degree 3 there exists no such range,

although the fit of the polynomial to the theoretical function is not




Coefficients

2%

TABLE 5-1

Q.
i

s of the Resultant

Polynomials of Degrees 3, 4, and 5

DGR. 3 DGR. 4 DGR. 5

0.22416 0.19620 0.19539

-0.00351 0.00238 -0.00638
-0.01873 0.01319 0.01449
0.00095 -0.00062 0.00405
-0.00427 -0.00449
-0.00048

R SRy A

Ll




-

.

FREQUENCY

30 |-

20

aor
30
P
O
<
w
2 20
C
w
o
w
10 |-
0 4/— | 1 1 1 1 \
-20 10 00 10 20 =~
6
FIGURE 5-3
Frequency Distribution of the Maximum Likelihood Estimate (Histogram),
Its Approximated Polvnomial (Solid Curve) and the Theoretical Density
of the Maximum Likelihood Estimate (Dotted Curve). The Degree of the
Polynomial Is Three in the Upper Graph, and Five in the Lower Graph.
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so good as in the case of the polynomial of degree 4 or 5 .

We notice that the polynomials of degrees 4 and 5 are very close
to each other, and yet there is a slight tendency that the one with
degree 5 is slightly more departing from the theoretical curve, than
the one with degree 4. This is understandable considering the fact
that the polynomial of degree 5 uses an additional moment, i.e., the
fifth moment, and that the sampling fluctuations of moments of higher
degrees are greater than those of lower degrees. This implies the
warning that we should balance the sample size and the degree of the
polynomial to be adopted in the method of moments, in order to make
a right selection of the degree. Figures 5-4 and 5-5 are the.repro-
duction of the results (Samejima, 1977b) obtained by fitting a polynomial
to each subset of the five hundred observations, using the polynomials
of degrees 3 and 4. In the results shown as Figure 5-4, each subset
contains 250 observed maximum likelihood estimates, and in those shown
as Figure 5-5 each has only 100 observations. We can see that, especial-~
ly in the latter case, even the polynomials of degree 3 are influenced by
the moments of this particular sample, and fail to provide a set of curves

close to the the theoretical density function.

The coefficients of the polynomials fitted for the two subsets

and those for the five subsets are presented as Tables 5-2 and 5-3,

respectively.
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FIGURE 5-4

Two Polynomials Approximating the Two Subsets of Five Hundred Maximum
Likelihood Estimates, Respectively (Solid Curve), the Frequency
Distribution of the Maximum Likelihood Estimate (Histogram) and

the Theoretical Density of the Maximum Likelihood Estimate
(Dotted Curve). The Degrees of the Two Polynomials Are
Three in the Upper Graph, and Four in the Lower Graph.
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Five Polynomials Approximating the Five Subsets of Five Hundred Maximum
Likelihood Estimates, Respectivelv (Dashed Curve), the Frequency
Distribution of the Maximum Likelihood Estimate (Histogram) and

the Theoretical Density of the Maximum Likelihood Estimate
(Dotted Curve). The Degrees of the Two Polynomials Are
Turee in the Upper Graph, and Four in the Lower Graph.




TABLE 5-2

Coefficients ui's of the Resultant Polynomials
of Degrees 3 and 4 , When They Are Fitted for the
Two Subsets of Observed Maximum Likelihood

Estimates, Separately

DGR. 3 DGR. 4

i Subset 1 Subset 2 Subset 1 Subset 2

0 0.20878  0.21750 0.20953  0.24402

1 0.03405 -0.11653 0.03869 -0.31223

2 0.05388  0.13965 0.06056  0.45212

3 0.02235 =0.04411 0.02572 -0.21494

f 4 0.00055  0.02991
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TABLE 5-3

i

Coefficients @ 's of the Resultant Polynomials
of Degrees 3 and 4 , When They Are Fitted for the
Five Subsets of Observed Maximum Likelihood

Estimates, Separately

~-1.28133

e TP YRR T,
i~

e —

i Subset 1 Subset 2 Subset 3 Subset 4 Subset 5

0 -1.17587  0.56491 0.19259 2.67749  2.00465

1 2 -1.91141  0.91174  0.05255 -8.27070 =-2.16327

2 ? -0.82751  0.74415 0.07557 8.59277 0.88624

3 ’ -0.10701  0.20091 -0.25630 -2.81832 =-0.13030

r 0 15.22161  7.81272 0.18580 8.70223 25.44446

1 g 28.35231 32.93790 0.06613 -35.55154 -46.44038

2 R |19,74585 51.74863 0.34740 52.73598 31.81450

y 34| 6.00195 34.,99721 -0.38289 -33.19569 -9.60191
4 0.66909  8.61039

7.53819  1.07356
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V1l Approximation to the Standard Normal Density Function

We are to observe, in this section, how the method of moments
and the least squares principle work in providing a polynomial to fit
a relatively simple, symmetric function. For this purpose, we selected

the standard normal density function, given by

2

(6.1) (21172 expi-t2/2] ,

where t denotes the random variable, for the function to be approximated.

For the purpose of comparison, we are to consider another polynomial,
which is known as Taylor's series. Let h(t) be any function of the
variable t which is n times differentiable. We can write for the

Taylor's series

6.2) h(t) = h(b) + (t - b)h'(B) + [(t - B)2/2!I0" (D) + ...

+1e- " @ -0 mPe) v r @,
where the remainder Rn(t) is given by
(6.3) R (0 = [(c - »)"/n1 n™ @)

and 7 1is a value between t and the constant b . When the function
h(t) 1is infinitely differentiable and the remainder Rn(t) uniformly
converges to zero for some interval of t , the function h(t) can be

written as the power series such that
(6.4) h(t) = h(b) + (£ - BR'®) + [(t - BZ/2I0"(®) + ......

It is well known that any normal density function, which can be

written as




-4

~20.

(6.5) (272 expl-(t-w 2/ (20))

has zero for all the odd moments about the mean, such that
(6.6) Morg1 = 0 A N T S e

and for the even moments we can write

(6.7) b, = [625/25)1(20) t/r!)

(e.g., Kendall & Stuart, 1963, page 60). Calculating the even moments
for n(0,1) with r =20, 1, 2, 3, 4 and 5, we obtain Hg = My = i,
lg * 3 u6 = 15, uB = 105 and UlO = 945 .

Using Hermite polynomials (e.g., Kendall & Stuart, 1963, page 155)

and setting b = 0 in (6.4), we obtain for the Taylor's series for the

standard normal density function

(6.8) n(0,1) = 0.398942 - 0.199471t" + 0.0498677t" - 0.00831129¢°
+ 0.00103891t° - 0.000103891t'° + ......

It should be noted in (0.8) that all the exponentials to raise the variable
t are even integers. In this polynomial, therefore, truncations at

the degrees 3, 5, 7, etc., are the same as those at the degrees 2, 4, 6,

etc.

Figu