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PREFACE

In order to synthesize and effectively treat and control Air

Force air-to-air and air-to-ground flight vehicle systems, it is

absolutely necessary to have the groundwork contributed to in large

part by the rather important results in this report whose develop-

ment was motivated by these important Air Force flight dynamic vehicle

issues.
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SECTION I

INTRODUCTION

1. HISTORY OF DIFFERENTIA L GAMES

Differential games came into existence in 1 954 with the publi-

cation of several RAND Corporation reports written by Rufus

Isaaca 
1 .~~~~ This work , and a great deal more , was incorporated into

his book Differential Games 5 published in 1 965 .

The original impetus for his investigations was the problem

of pursuit and evasion of hostile aircraft . Following his original work ,

the field of differential games became almost entirely the province of

mathematicians who made no attempt to give any physical meaning to
6-8 . .their resu lts. At the same time that American mathematician s

were delving into the field , Soviet mathematicians also were exploring

it (see the bibliography of Reference 9).

Differential games became better known to engineers in the

10middle 19 60s with publication of Differential Games and its review ,

and a small flurry of papers in engineering journals.T M ’ 5  Following

these came another small flurry of papers involving stochastic differ-

ential games .1
~’~~

8 Today the subject represents a rich field of

investigation to those interested in control theory and the quantifiable

aspects of conflict.

~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ _ _
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.1

This exceedingly short summary is by no means exhaustive of

the work that has been done .

2 THE THEORY OF GAMES

As the name differential games implies , it is a derivative of

the mathematical theory of game s first deve loped by von Neumann

and Morgenstern . 19 Many good books on game theory (far easier to

read and understand than is Theory of Games and Economic Behavior)
2 0 - 2 3are available.

Games can have many forms depending on the number of

players and the way in which winnings and losses are computed. The

work herein involves only two players where , essentially, the loser

pays the winner a specified amount after the play of a given game.

Since the algebraic sum of the winner ’ s game (positive) and loser ’s

loss (negative) is zero , this type of game is known as a two-p layer ,

zero sum game .

Games may be presented either in extensive form — a set of

rules and a success ion of choices for eac h player , or in normal

form — a matrix or function which relates the amount due to the

winner to the choicee made by the two players . The amount , as a

function of the choices , is known as the payoff of the game .

The choices may involve only a limited number of individual

elements — matrix games — or they may involve an infinite number of

elements — infinite or continuous games . Each player wishes to

find a strategy that alL ws him to make his choices (choose his con-

trol) so as to optimize the payoff . In general, these strategies are

functions of the payoff. These strategies may be: 1) pure — given a

a
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fully spec ified payof f function, there is a single value of the control

w hich should be chosen; or 2) randomized (mixed) — given a fully

speci fied payof f function, there is a probability density function which

should be chosen with the actual control found by a chance device

having an output governed by the optimal probability density.

It can be shown that every matrix game, and some types of

continuous games , admits of a pair of strategies , pure or mixed,

suc h that, if the minimizing player uses his optimal strategy, the

payo ff to the maximizing player will be no greater than a certain

amount. Conversely, if the maximizing player uses his optimal

strategy, he is assured of receiving at least the same amount . This

amount is known as the Value of the game. The condition that

expresses the inequalities of the payoff is known as the saddle point

condition. Control strateg ies that satisfy the saddle point condition

are such that both players can compute them, or , equivalently, tha t

both players may announce their strategies and still be assured that

the payoff will be no worse , from eac h point of view , than the Value .

An important concept in game theory is information. In games

of perfect information, each player know s the exact value of the pay -

off and all that has occurred in the past. Such games as chess and

checkers are examples of games of perfect information. It can be

shown that such games have saddle points for pure strateg ies for both

sides. Games of impe rfect information have some elements that are

unknown or given by a probability distribution; bridge is such a game.

Games of imperfect information may or may not have pure strategies

that satisfy the saddle point condition,

3 
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3 . D I F F E R E N T I A L GAME S

Differential games invo1v..~ a payoff which is in some way

related to a dynamical sy~~ ~m. The two players attempt to optimize

this payoff by choosing game optima l control strateg ies. The evolu-

tion of the state , as a function of the players ’ con~.rol variables , is

described by different ial equations (continuous time) or difference

equations (discrete time); thus the name.

Because of the interaction among the state of the sys tem , the

dynamical relationshi p betwee n the s ta te  and the controls , and the

payoff , it is necessary  that the game optimal control strateg ies be

feedback s t rategies , ones tha t use information on the current s tate.

Thus the central problem for the eng ineer is to find these feedback

strateg ies . (Mathematicians must still deal with the many unsolved

problems concerning the existence , uniqueness , and optimality of

solutions.)

In general, there is no reason to assume that a given differ-

ential game has a Value or that its Value , when it exists , is obtained

by using pure strateg ies. There are problems arising from the fact

that the payoff is generauy a continuous functional of the cont rols and,

as noted in Section II, kiot all continuous payoffs admit of a Value , o r ,

if they do , a Value resulting from pure strateg ies. Happily, there

are cases where the structure of the payoff and the dynamical equa-

tions do result in a Value obtained by using pure strategies.  ~~

Differential games can be divided into c lasses:  those where

observations of the state are perfect , and those where they are not.

The latter are re fer red to as stochastic games. Up to the present ,

4
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they have involved linear observations of the state corrupted by addi-

t ive noise. The addition of such noise means that a deterministic

payoff function is no longer meaningful ; instead , it is replaced with

an expected va lue which is then optimized.

It must be noted tha t the descri ptions of the theory of games

and of differential games are inc luded mainly for orientation purposes;

they are neither rigorous nor comp lete. Full expositions are to be

found among the re fere nces already cited .

5
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SECTION II

MULTISTAGE DIFFERENTIAL GAMES WITh PERFECT

INFORMATION

1. INTRODUCTION

Many papers published in the last 15 years have dea lt with

differential games involving perfect information . Almost without

exception , they have dealt with problems leading to pure strateg ies.

Some of the exceptions are note d in References 25 through 27; in

addition, Chapter 12 of Reference 5 discusses the subject.

In a sense, this is a very surprising turn of events since the

whole theory of differential games is based on the theory of games —

a discipline which is more concerned with randomized strategies than

with pure ones . Further , until quite recently, the limited work done

in the field of differential games had been performed by mathemati-

cians (as opposed to eng ineers) who might have been thought to be

more interested iii questions of randomized strateg ies .

While engineers involved in doing research are quick to use

some of the better known mathematical results in differential games

28 .involving pure strategies , there seems to be no such inclination

with regard to the theory of sequentiall y compounded two-person

games. 21 ’ 23 Thus the available work in stochastic and recursive

games has not received its due attention.

The work in this chapter is directed toward the comp lete

solution of a multistage linear differential game with a quadratic6



payoff function . For convenience, only the scalar case is considered ,

but , at the cost of more wor k, the results go over identically when

the dynamics are given in terms of matrix equations .

The solution is c omplete iii that both deterministic and ran-

domized control strategies , as required by the relative value cf sys-

tern parameters , are derived . To solve this problem, it is assumed

that both players know the system parameters and are able to observe

the true state of the system at all times.

.. DERIVATION OF PURE CONTROL STRATEGIES WH EN
CONTROL MAGNITUDES ARE UNBOUNDED

The evolution of the state of the system is determined by a

linear difference equation

k. z. 4 a u .  + by .  ( 1)
i — I  i i  i i  i i

where

z~ state at the 1th stage (2 )

u minimizing p l ayer ’s control  at the 1th stage (3 )

maximizing player s cont rol at the i stage (4)

Both u~ and v~ can he functions of any or all of the past and present

va lues of the state . (In game theory, the maximizing playe r is

generally re ferred to as player I and the minimizing player as

player II; these desi gnat ions also are occasionally used here ,)

The subscri pt indicates the stage number . Equation ( 11 is

written in terms of time (stages )- to-go rather than the usual time

measured from the initiation of the differential game. Thi s is done

because the stage number represents the number of times each

player must c hoos e a ontrol — the actual value for u1 or v~. Thus an

7
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I
N stage game, which begins in state Z

N 
and terminates in state z ,

requires N choices of each player ’ s control.

The object of the differential game is to optimize , in a game

sense , a quadratic payoff function

N
2 2 2I (u,v) = ) c.z. , + d.u. -

N ~~~~~ ,, i i— ~ i 1 i i

That is , the minimizing player w ishes to choose UN~ ~~~~~ u1 so as to

minimize ‘N’ while the maximizing player wishes to pic k vN, •
~~ 

,

so as to maximize it. Because there is only a single payoff functional,

the problem falls within the general purview of zero sum game theory .

The Value of the game is given by

Nval val
= U, V J

N
(u,v) = U, V c.z

1 
+ d.u

2 
- e.v2 (6)

where U and V represent the set of ZN controls UN, ~~~~~~~~~ ~~~ VN~ ~~~~~~~

vi . The parameters of the system , a., b., c., d., e., and k., are all

assumed to be real; a. , b., d., e., and c, are assumed to be positive;
1 i 1 i A

c
~
(i � 1) is assumed to be nonnegative; and k

~ 
can be positive, negative ,

or zero . These restriction s are required to produce meaningful

results . If a. or b. is zero, the associated c ontrol can have no

effect on the state at the next stage. Similarly, if d1 or e
~ 

is zero ,

there is no penalty associated with the use of a c ontrol, and, if othe r-

wise ca lled for , infinite control magnitudes could be used , If c 1 were

zero , the effect would be to terminate the game a stage early since

neither player would wish to incur a penalty in the p~ yoff by us ing his

control when there was no attendant change due to a change in state.

8



On the other hand, if c 1 0(i � 1)~ the game 18 still well defined as to

the number of stages , and the control at that s tag e is not , in general ,

zero for either player. (This is the analog to terminal control problems

in optimal control.) The controls u1 and v1 are also assumed to be

real with no restrictions on their sign or magnitude .

The princip le of optima lity of the theory of dynamic prog ram-

ming , 29 along with simple variational principles1 is used to find the

desired cont rol strateg ies. 30 (Control strategies are defined to be

rules that tell each player the value he should choose for his control

at each stage based on the information available to him. The control

is defined to be the va lue actually c hosen. )

As is usual in dynami c programming , the s ingle-stage game is

f i rs t  solve d. To do this, assume that pure strateg ies exist for both

players , strateg ies that permit each player to use the actua l value of

the state.  Denoting these game optimal strategie s by overbars , it

follows that the Value of the sing le - stage game, J1, is achieved when

u
1 

=ii
1

(z
1
) (7 )

v
1 

=~~~~1
(z

1
) ( 8 )

T he saddle point condition sta tes that , if one player uses his

game optimal strategy and the other does not , then the payoff is as

good or better than that which would have been achieved if both players

had used their game optimal strategies. In terms of the payoff func-

tional, (5),

11(u 1, v 1 ) 1141i1, ~~ = ‘1t~i1, v 1 )

where and are any real functions of z 1. Putting it another way,

9 
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— Ii (~ i i~~i )� 0 (10)

— Il (
~ 1~~~l ) �  0 (1 1 )

U

= + c6 (z~~) (12)

where c is a small number and 6(z i) is any real function of z 1 ,  t hen
(1) , (5), (10), and (12) lead to

~ ~~~~ - 
~~
, v1 ) c

1 (k
1
z
1 + a 1~~1 + a 1 e6 + b1 1 )2

+ £6)2 -

- c 1 (k 1 z 1 +a 1~~1 +b 1 1 )2

—2 —2
- d1u1 + e v

= 2 [ai c1 k1 z1 +(a~~c1 +d 1)~~1

+ a1b1 c1~ 1]c6 + (a~~c 1 + d 1)€
26 2�o

(13)

where the argument of 6 has been droppe d for brevity . Standa rd

var iational arguments lead to the follow ing necessary conditions for

(13) to hold

a
1 c1

k
1
z
1 
+ (a~~c1 +d 1 ) ~~ 

+ a 1b 1 c 1~~1 = 0 ( 1 4 )

a~~c 1 + d 1 �Ø  (15)

10



A similar approach leads to

+ cA)  - I 1 (~~1 1 V 1 ) 2[ b 1 c 1 k 1 z 1 +a 1 b1 c 1~~1

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

(16)
so that necessary conditions for (16)  to hold are

b1 c 1 k 1 z 1 + a1
b

1
c

1~~1 ~ (e 1 ~
b~~cj) V1 

= 0 ( 17)

e 1 - b
1
Z c

1 
0 (1 8 )

The simultaneous solution of (1 4) and (17) results in the game

optima l control strateg ies for the sin gle-stage game

a , c e k
— 1 1 1 

— ( 1 9 )
1 2 2 2 2

~ 
C

j 
+ d 3 ) (e 1 - b 1 + a 1 b 1 c 1

— 
b

1
c

1
d

1
k

1
v a (20)
~ 1 2  z \ 2 2 2

~a 1 c
1 

+ d
1 /~

e
1 

— b
1 ~ t / + a

1 
b 1 e 1

Substitution of (1), (1 9), and (20) into (6) yields

2c d ,e,k, 2
J 

1 I 1 I a (21)
1 / 2  2~~~ 2 2 2 1

~
a c~ + d

1j~~
e

1 
-b 1 

c 11 + a 1 b 1 c 1

s ince  and are precisel y the pure c ontro l strateg ies which 4

optimize , in a game theory sense, the payoff functional , (5) .

Rewriting the denominator of (21) as

(a~~c 1 +ci 1) (e 1 ~ b~~c 1) + a~~b~~c~ c 1 (a~~e 1 ~b~~d 1) + d 1 e 1

(22)

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  --~~~ . -~~~~~~~



—7
indicates that the a sufficient condition for pure strategies to ex ist is

a~ e 1 - b~ d1 
� 0 (2 3)

(It should be clear that (21) will always be nonnegative since the maxi-

mizing player can always choose his control to be zero if it becomes

apparent that other values would lead to a negative payoff. ) When the

equality in (23) ho lds , it is easy to show , using (19), (20), and (I),

that

z = k z  (24)
0 1 1

so that the change of state is not affected when both players use their

game optimal strateg ies. This might be called a case of equal

efficiency.

Having found the game optimal pure strateg ies for a single-

stage game , it is now possible to solve the two-stage game, A pplying

the principle of optimality yields

val 2 2
= u2, v2 ~c 2 z 1 + d

2
u
2 

- e2 v2 + J1~ 
(25 )

Substituting (21) into (25) leads to

val 2 2 2
J2 = u2, v2 ~2 Z 1 + d

2
u
2 

- e2v2 (2 6 )

where

2
c 1e 1d1k1c = c  + (27)

2 2 / 2  2~~~ 2 2 2
~a1 c 1 + d11 ~e1 -b 1 c 1/+ a1 b1 c 1

12 
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The use of (27) has changed the two-stage problem into a single-stage

problem so that all that has gone before applies now with the subscript

2 rep lacing I and ?2 instead of c 1
, Thus

a c e k2U
2 

= - 

(a 
~~ ~ dz) ~~~~~~

:z ) + a~ b ~~ 
Z2 (28)

— 
b2~~2 d2 k2V

2
= 

(

2_ S  ) (  Z . ) Z 2 Z  2 
(29)

c d e k
a 

(a~~~~2 + d
2) (e2

_ b
~~~ 2 ) + a b~~~ 2

2 Z~ (3 0)

with sufficient conditions being

a c 2 + d 2 >O (31)

e2 - b~~~ 2
>0 (32)

(The other necessar y conditions invoh’ing the first variation are

inherent in (28) and (29),) 
H

The general solution for any number of stages is quite clear.

For i 1, . .. , N

J. = A. z~ ( 33)

2c 1 d1 e~~k1A. ‘ 2  —. ~ 
I 

- 

2 2 2 ‘-.2 (34)
(a. c. + d. 1 Ic .  - b. c. 1 + a. b c .1 L I \ 1  1 1/  L 1 i

13
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= c . + A. ; A 0 (35)I I i-i

a. a. ~~J.
‘~i d. k A. z

j
=

~~~~~z f k  
i__ i. (3 6)

i i  1 1  1

b. b. ~~J.
= —i— A. z. = - -L - 1 (37)

t e. k. i i 2 e. k. ~ a.
i i  1 1  1

(The fact that the game optimal controls are specifically related to the

Va lue of the game is no coincidence; the same behavior is exhibited in

optimal control problems invo lving linear dynamics and quadratic

cost functionals . ~ 1

These results are, of course, not new. A s lightly different

approac h was used in Reference 32. In the case of continuous, instead

of discrete,dynamics , the analogous result was obtained in Reference 12

using straightforward variational arguments, and, in Reference 33 ,

functional analysis tec hniques were used,

3 . RANDOMiZED CONTROL STRATEGIES

Prior to this section and in the following chapters, only the

pure strategy aspects of game theory are used to derive control

strategies. In this section, a wider (but still very limited) appeal is

made to other aspects. In particular, the following derivation is based
20, 34on the theory of infinite convex games.

Roughly speaking, an infinite convex game is one where each

player is free to choose his control from a region of an appropriately

(finite) dimens ioned, Euclidean space. The game is called infinite

because of the infinite number of possible choices of a control within

14
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the region (as opposed to a finite number of possible choices in a

matrix game). The game is called convex if the scalar payoff function

is convex in the minimizing playe r ’s control variable.

It has been shown that, w hen the payoff is both convex in the

minimizing control variable and continuous in both control variables,

the game has a Value. Further, if the minimizing control must take

its value from a compact and convex reg ion of the control space, then

the minimizing player has a pure strategy, Finally, if the minimizing

player must choose his control from an arbitrary n dimensional

region, then the optimal control strategy of the maximizing playe r will

require randomization over , at most, n+l points.

The theory of infinite convex games al8o describe s how to find

solutions (control strateg ies) for eac h player. The application of this

theory to the scala r case is carried out in the following work as an

illustration. The pertinent theorems, suitably paraphrased in terms of

notation, are taken from Chapter 12 of Reference 20 and given, without

proof, in the A ppendix.

Both payoff, (5) , and the dynarn.ics of the system, (1), remain

unchanged, In this section, however , it is assume d that both u. and

v . are limited, in absolute value, to be less than or equal to one. That

is , both u. and V . belong to sets U and V such that

U u. 1u 11 � l~ (38)

V = ‘v. : l v .I  � I (39)

(Pr evious ly, it was assumed that u~ and v . could take on any value ,)

L _ .~~~~: 



- --

As before, the principle of optimality is used to derive the
control strategies for all N stages . Before, at eac h stage, the Value
was found from the (implicit) fact that

v a I mm max max mmJ. = ~~~~~~~ = u., v . I.(u., v .) = u1 v. I.(u., v.) = v. u. I.(u., vi)

(40)
In general, tha t is, when pure strategies do not exist for both players,
this is not true . It is true, however , that for the game under consid..
era ti on,

m m  max
J . = U . V . I .(u ., v .) 

(41)i 1 i j
~~~~ i

as given in the theorem in the Appendix, Note that the order of the
min-rriax operations is strictly a result of the conv exity of the payoff
in u1 which implies a pure strategy for player II . Hav ing found
is found from the solution of

max
J. = v . 11(u., v .) (42)

Equations (41) and (42) provide the tools needed to solve the problem
at hand.

A s usual, the s ingle-stage game is solved first. Since

_ _ _ _  2
= 2(a i c 1 + d1) (43)

~ U
1

16



~
2
~~l 2—a -2(e 1 - b1 ~1) (44).

~ v i

A pure strategy u. for player 1.1 e x i s t s  whenever

c
1 

+ d 1 ~ 0 (45)

Player I’s strategy then calls for randon-uzation over, at most, two

points (randomization over a sing le point is the same thing as a pure

strategy). Comp letel y analogous results are obtained for a payoff that

is concav e in the maximizing player ’s control variable, i . e., when

e 1 - b~~ c
1 ~~

O (46)

A pure strategy ex ii~ts f t r  player 1, and player Ii’s optimal strategy

requires randorni ;’ation ~ er , at most, two points .

The rest  of tbis chapter is concerned with the case where the

payoff is strictl y convex in u~ and where it may or may not be concav e

in v . ( The last sect ion dealt with a payoff which was convex in u. — a

pure strategy for play er H — and which was concave in v . — a pure

strategy for playe r I.)

Making u~e of (I) and (6), it follows that

11 (u1, v i) = c
1 (k

1 z 3 + a 1u1 4 b 1
v

3
)2 + d 1 u~ - e 1 v~ (47)

A 4 B~’ Cv ’

B 2 B2

- - -— - --—~———~~~~~~~~~~~~~~~~~~~~~~~~~~~ .-— - — -  - ~.i.__ 
--~~ -- --~~~~~ ~ —- —~~ —- ~~~~~~~~~~~~



whe r e

A c
1
(k

1
z
1 + a1

u
1
)2 + d

1
u~ (48)

B 2b
1
c
1

(k
1
z
1 ~ a1

u~) (49)

C = c
1
b~~ - e 1 (5 0)

The payoff, as a functi on of v1, can take on either the shape

of a straight line (c = 0) or a parabola (c i 0); if c > 0, then the

parabola opens upward; if c < 0, it opens downward. If it opens down-

ward, then the payoff is concave in v ., and so a pure strategy exists
for player I.

The parabola is symmetric about the line

B b
1
c
1
(k

1
z
1 + a

1
u
1 )V

1
- .2--- - — (51 )

b 1 c
1 

- e 1

and, of course, the m axim um (c < 0) or minimum ( c >  0) value of

1
1
(u1, v 1) occurs at the same value of v 1. It is important to know where

the maximum or minimum value occurs as a function of and z1.

4. DERIVATION OF PURE CONTROL STRATEGIES WHERE
CONTROL MAGNITUDES ARE BOUNDED

It is instructive to see what happens to pure strateg ies when

the magnitudes of u. and v 1 are constrained to belong to U and V ,

respectively, instead of taking on any value. The major result is ,
naturally, to comp licate the form of the solution since the control

strategies are no longer linear functions of the state . The theorems

given in the Appendix are used to find the soluti on.

18
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It has alread y been  not~~cl t ha t  pure s t ra teg ies exist  for both

players whenever (45) and (4t~) hold (for this section the same assump ..

tion holds ’s . However , because of the constraints on the magnitude of

u 1 and v 1, it is not poss ible to simp ly apply the techniques of Sect ion LI

to this problem. Instead~ the optima l strategies for the sing le-st~~

game are found b y :

max
I) Finding v 1(u 1

) suc h that 1
1 (u1, v 1

(u
1

) )  = v
~ 

11 (u 1, v

n’iin

~) Finding u1 such that u1 11 (u 1, v
1 (u 1

) )  =

(The technique is the sam-ne whether the control s t ra teg ies are pure or

randomized, ) Both u 1 and v 
~~
, the optima l strategies, are functions

of t he state

From (51 )  it fo l lows that ~ 1 is equal to minus one whenever

b
1
c

1
(k

1
z

1 
+ a

1
u

1
)

- 2 - 1
b 1 

c
1 

-

or whenever

2b1 
c

1 - 
e

1 k
1 z 1u ~I a 1 1 c 1 a

1

Also  V
1 

is equal to plus one whenever

b 1c (lc 1 z 4 a u
- 

1 1  1 1  (54)
b 1 c 1 

-

19



which occurs when

2b c ~~e k z1 1  1 1 1
u � -  - (55)
1 a

1
b 1c a

When neither (53)  nor (55) hold, v 1 
is given by (51) directly. T hus

v 1(u
1) is given by

/ 2b
1 

c 1 - e
1 

k
1
z
1- l ; - 1 � u  � -

1 a b c  a

2 2b1c 1(k 1z 1 +a 1u1) b1 c 1 - e 1 k 1z 1 b1 c 1 - e 1 k
1z 1v ( u ) =  - ; - < u <_  -~~~~~~~~1 1  a b c  a 1 a b c  a

b 1 c 1 — e 1 1 1 1  1 i i i  1

2b
1 

c
1 - e 1 

k
1
z

1
+1 ; - - � u � 1 (56)a 1b1c 1 a 1 1

It may happen that some of the sets of inequalities are incompatible in

(56). For instance, it could be that

2
b 1 c 1 - e 1 k 1 z 1£ 

- 
J. �- 1 (57) -;a

1
b
1
c
1 

a1

As an example, this could occur for k 1z 1 sufficiently large and posit ive .

The meaning of such an incompatibility is merely that such a value

for v
1(u1

) is never an optimal choice, since either u 1, from the middle

inequality of (5 6) , or + 1 would be chosen . From a (somewhat) practical

point of view, rep lace any expression in the inequalities of (56)  whose

absolute magnitud e is greater than one by one time s the alge braic

20 
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si gn of the expression. Disregard any values of v 1(u 1) where the right

side of an expression minus the left side (where no expression is

larger than one in absolute magnitude) is zero .

Defining

2b c - c  k z
— l . 1 1  1 ~~~~~~~~

a1b1c 1 a1

D = 

b~~ c 1
-e

1 
- 

k1z 1 - l 
b~~c 1 -e 1 

- 1 (58)
a1b 1

c
1 

a1 a1b1
c
1 a1

+1 ; 
b~~c 1 

- e
1 

- 

k1
z

1
a1b1c 1 a

1

-1 - 

b~~c 1 -e 1 
~~~~~~~~a 1b1c 1 a1

b
~~

c 1 - e 1 k1z1 b~~c 1 
- e 1 k 1z 1E = - __________ - — ; - I < - _________ - — ~

- - 1 (5 9 )a 1b1c 1 a 1 a 1b1c 1 a 1

2

+1 1 - 

b~ c 1 
- e 1 

- 

k1z 1
a1
b

1
c 1 a1

The Value of the sing le-stage game is given by

miii
= min ~_ l~~U1~~Dc l(k lz l+a lul-b l) + d lul -e l

miii c e (k z +a u ) 2 
z miii 2

D(u
1
<E - 

1 1 
2
1 1 1 1 

+ d1 u1 ~E<I 
c 1(k 1z 1+a 1u1+b1)

2+d 1u1 -e 1
b 1 c 1 e 1

(60)

2 1



Equation (60) is precisely the implementation of (41). For any value of

the state , it is a st-aightforward task to find the value of u1 which

minimizes any of the pertinent expressions in (60). The least of the

three is then the Value of the game. The optim al control for v 1 is

found from (56). Thus the single-stage game is completely solved.

The solution to the two-stage game is still given by (25).

Unfortunately, in the general case , it is no longer possible to express

the control strateg ies and the Value by simple expressions simila r to

(28), (29), and (30). This comes as no particula r surprise since it is

a result of the nonlinearity of the control strateg ies and is not specif-

ically related to differential games. The same behavio r is exhibited

when dynamic programming is used to solve optimal control problems

involving constraints on the controls.

The same sort of a statement can be made concerning the

solution to the N stage game. The problems encounte red are those

inherent in dynamic programming ; no more theory is required.

Accordingly, nothing more will be said about the case where the pay-

off is concave in the maximizing control variable.

• S. DERIVATION OF RANDOMIZED CONTRO L STRATEGIES

Thi 5 section deals with a case where the payoff function is not

strictly concave , that is , it is assumed that

b~ c1 
- e 1 ~ 0 (61)

(This is actually equivalent to saying that the payoff is convex in the

maximizing control since every quadratic expression is either a con-

cave or a conv ex function.



It follows immediately from the second line of (47) that the

maximum of I1(u1, v 1) is achieved for

v
1 sgn [B] = .sgn [b 1 

c
1
(k

1
z

1 + a1u 1)] (62)

where

sgntxj = 

~~~~~~~ 

; x ~ 0 (() 
~

)

and is to be defined for x -: 0.

Consider first what happens when

k z1 1 > ~ (t4)a 1

When (64) holds, it is impossible for any choice of u1 to change the

si gn of B ; it must remain positiv e, which, by (62), means that the

Value is given by

= 
ri-un c(k

1
7

1 
a 1u 1 + b 1

)2 + d
1 
u

1
’
~ - e 1 ( )

The optimal value for u 1 is

— I a 1c 1 (k 1 z 1 b 1)
u 1 max -1 , - 

2[ a 1 c 1 4 d 1

W hen

k
1
z

1
_______- — I (f~7)a 1
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then the same reasoning leads to the conclusion that

J 1 = u
1 c 1 (k 1 z1 + a 1 u 1 - b1 )2 

+ d 1 u~ - e (68)

where

— 
a1 c 1

(k 1 z1 
- b1 )u1 

= mm 1 , - (b9)
a1 c 1 + d

1

In both (66) and (69), ~ does not take on a value on the bound-

ary of U only if the weighting on the square of the control , d1 , is

sufficiently large. Combining the two expressions shows that is an

interior point of U only if

d
1 
> a 1 c 1 k1 z 1 b1 ) - a~ c 1 

> 0 (70)

Even though the minimizing control may be forced to assume an

interior value of U (not reducing the state component of the cost as

much as possible), the maximizing player need never w o r ry  about a

simila r condition . This follows from the fact that the increase in the

payoff due to a change in the state is greater than the cost incurred

due to the use of the maximizing control — this is the r e a l  meaning o f

the payoff not being strictl y ‘oncave in v1 . The concrete result is

that playe r I always uses the largest magnitude of the control available

to him for these two cases .

Finally, there is the case where

k
1
z
1 1 (71)a1

which is the most interesting of all , since it can lead to randomized

control strateg ies. In this case , sgn [k1z1 + aju1J may be equal to

24 
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plus or m~~us one or sgn{0], 
depending on u1 . Because is well

defined when k1 z1 
+ a1 u1 

is not equal to zero, it is possible to write

miii
k z 2 2

= m m  - 
~ ~~ <

1 1  c 1 (k 1z 1 - a 1u1 - b 1 ) +d 1u1 -

1 a 1

k1
z1 

max k1
z~~

u1 
= - — v1 

c 1 (b 1 
v1

) + d
1( a~~~) 

- e 1 ;

miii
- < i  c 1 (k 1z 1 + a1u1 + b1 )2 +d 1u~ - e 1~ (72 )

a 1 1

Consider the middle term first . Since b~~c 1 - e1 
is non -

negative .

max 2 
k z k1

z
1 
2

v
1 

(b 1 c 1 - e 1 ) v 1 + d
1( 

1 1

) 
b1 

c
1 -e 1 ~ d1( a1 

) (73)

so that the maxiniurn of v 1 (within V , of course) is achieved for V
1

equal to plus or minus one . Since these are precisely the values used

for v 1 in the first and third terms of (72), the two half open intervals

for u1 can be rep laced by closed intervals , and the second term can

be discarded so that
mm

mm 
- 1 u  ~ - ~~ 

c 1 (k 1 z 1 + a 1U1 - b 1)2 f d 1u~ - e 1 ;
1 a1

mm
k z  2 2 -

- J..J~ u c i  
c 1(k 1z 1 +a 1u1 1-b 1) +d 1u1 - e 1 ( 4 )

a 1 1
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The result of (73) is effectively to define

~sgn[O]~ = 1 (75)

although saying nothing about how an algebraic sign is to be attached.

The first term in (74) has a minimum, as a function of
k z

that need not lie between minus one and - 
1 

, Using ordinary
I

calculus, the minimizing u1 is found to be

a1 c1
(k1 z1 -b 1 )

U
1

=~~~~ 2 (76)
a1 c1 + d 1

which means that the absolute minimu m of the term lies within the
k1
z1\half-open interval -1 , - -i--— J when
I f

a1
c
1
(k

1
z
1 

- b
1 ) k

1 z1- l � -  <-— — — .- .  (77)
2 a1a
1 c1 + d

1

The left-hand inequality always holds since it can be rewritten as

d1 k1 z1 b 1
- 1 -  

~~~

- --
~
-— + -_ (78)2 a aa1 c 1 1 1

where the first term on the right of (78) is always equal to or greater

than minus one and the second term on the right is always positive ,

while the second term on the left is always negative .

Simple algebra shows that the right-hand inequality holds when-

ever k1 z1 is positive and

a b c 1d1 < k z  (79)
1 1
a1

26
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Since d1 is assumed to be positive , (79) can neve r hold if k1z 1 
> 0

and, for this case , the absolute minimum occurs for a value of u1k1z 1greater  than - a If k
1 
1
1 

is negative and

a b
1
c

1d 1
> 

k z  (80)
1 1

then the absolute minimum occurs for a value of u less than or1k
1
z
1equal to - ——— .

Investigation of the second term of (74) shows that the absolute

minimum is achieved for values of u1 less than one and falls within
j k

1
z
1 1

the interval - a , 1 ] whenever  k
1 
z
1 is positive and

a~b c
d > 1 1 

‘81)1 k
1
z
1

a 1

The absolute minimum occurs for

a1 c 1
(k

1
z
1 + b 1 )

U
1 

= - 

a 2 c + d 
(82)

so that (76), (82), (80), and (81) can be summed up by saying t at if

a b c
d > 1 1 1 

(8 3)l

~~~~~j-~!a 1

then

a 1 c 1 (k 1 z 1 + b1 sgnrk 1
z
1 ])

2 (84 )
a c 1 + d

27



If (83) holds ,then v
1 is given by

~~~~~~~~ ~ (85)

The game optimal minimizing control resulting from (84 ) means that
k1 z1 + a1~~1 has the same sign as k

1 z1 .

The Value of the game is then given by

2( 1k 1 z 1 1 + b1)c
1
d

1 2 - e 1 (86)
a 1 c

1 + d 1 t
If (83 ) does not hold , then the absolute minimum of each

expression falls outside t he half open intervals previously defined .
The minimum is then achieved for

— 
k

1
z

1u - -——

~~~~ (87)I a

with a corresponding Value of

2
b~~e 1 d~ (

~~~~
h

1) - e 1 (88)

Equation (7~~) alread y established that will take on the values

plus or minus one; having this knowledge , Theorem 2 of the A ppendix

can be used to find the optima l mixed s t ra te gy  for  the maximizing

player . Using Theorem 2 , it is seen that the optimal mixed strategy

involv es randomizing over the two points

— 1 
= - (8Q)

(p0) H

28 
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-~~~~~~ 

with probabi lities a and (1 -a.), respectively, w here a. and I -a. are

nonnegative . The optimal strategy is then given by a probability

d i s t r i bu t ion :

= + (1 -a.) H(~~~ ) ( 9 1 )

where H(x) means the step function with the jump occurring at x~ An

expression for t is found from the requirement that

oi l ~~
+ (1 _ a . )

~ .t
-_ = 0 (Q2)

I — — ì  — — 2u I , v 1 u1
,v

1

and

J. 
~ o (9~~)0-u

(_ ) ( 0 4 )

•~ t
l 

2.i
1
e

1
(k

1
i

1 
+ a

1 u1 + b1 v 1 ) + 2d
1
u

1 (~l~~)

il l
= - 2 a b c - Z d  I 1I 1 1 I 

~ 
a1 ,

ti I . \ )

= 2 a b c - 2 d (~t~i\ ( Q 7 )On 1 I I I I a 1 ,

L _ _ _ _ _ _ _ _ _
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It follows that (96) must be nonpositive and (97) nonnegati’~e. But

those are precisely the requirement imposed by (83). Accordingly, a.

can be found from the solution of

- a 
[a i~~~

c 1 + d
l(

u
1)] + (1-a) {al b i c l -d 1 ( kI z

i)]  = 0

(98)

so that

a b c  - d l  I1 1 1  l \ a  fa 1 
(99)2a

1
b

1
c

1

and the game optimal maximizing strategy, ( 91), is

~ 
k1 za b c  - d  I—1 1 1 l~~ a1-1 with probability

2 a 1 b1 c 1
= ( 1 0 0 )

/k 1 za b c  + d  1—1 1 1  1 \  a
11 with probability

2a
1 b1 c 1

T he game optimal c ontrol strategies and the Value for the

single-stage game , as a function of the state and the various system

parameters , are summarized in Table 1.

Tab le I illustrates the nonlinear nature of the strateg ies as

functions of both the state and the relative values of the system

parameters . And , for the first time , a situation exists where a

randomized strategy is optimal.

30



TABLE 1

STRATEGIES AND PAYOFF FOR

SINGLE-STAGE GAJ4ES
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Notice that e 1 does not appear except in the Value. This is to

be expected since f~’~ I always is equal to one. Accordingly, the

penalty incurred through the use of v1 is always the same

As noted in the last section , the nonlinear nature of the game
optimal c ontrol strateg ies makes it impos s ible to solve the multi-

stage differential game explic itly in a few statements . The general
solution is still given by functional equations of the form of (25) using
the techniques outlined in this chapter .

6. EXAMPLE

This section illustrates the s olution to a multistage differential

game having randomized strateg ies . To do this , it is assumed that: 4
1) The system parameters a , b, c , d , e , and k are constant

2) The system parameters a , b, and e are positive
kzN3) The initial state , z , is such that < 1N a

4) The control magnitudes are such that a � b

5) The weighting on the use of u1 is small enough so that

aba’ -d < , where c is to be defined

Table 1 supplies the solutions to the s ingle-stage game .

Substituting J 1 into (25) and replacing ‘val” by ‘mm max ’ yield

= 

mm ~~~ 

~~ ~ du - ev~ + b
2 c 2 

+ d (

~~~~

)

2 

- 

e]

( 1 0 1 )
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Letting

dk
2

c = c (102 )
a

and substituting (1) and (102) into (lOfl leads to

mm max z z 1
= u, v , [~ (kz, + au 2 + by2) + du2 -ev 2 + hc - ej (103)

which has the same form , except for a constant term , as (47) .  In

other words , the same techniques used to solve the single-stage game

will suff ice to solve stage 2 of a two-s tage game .

Since the constant term affects only the magnitude of the Value

(and not the control st rateg ies), it fo llows immediately that

kz
2

H u = - — (104)
2 a

ab’a’ - (1 (—
~

--

/ 
_ _ _ _ _ _ _

2 abc
~~ 

- I with probability

V (1 O ~ )
2 / k z 2( ab~~ - d I - - - - —

I with probability
Zabc

and that the Va lue for the two-stage game is given by

2

J 2 2 b
2
c - 2e d 

(~~~~~~~ )~~ 

+ d (_
~

) ( lOb )

Repeated application of (25)  leads to 
•

= d (
~

) + N (cb
2 

- e) ( N- I )  d(~~~) (1 0 7 )



r 
- -•_ __ __ __ _ _  _ _

r

with the game optimal control strateg ies being given by

U
N 

(108)

(kz~abc - d —

- 1 with probability 
~ ab’a’ 

a

kz 

(109)

ab~ + d
(___

~-)a

I w ith probability 2 ab~

The Value of the game is a function only of the initial state,

zN~ 
and the number of stages, as it should be. It is not a random

variable . The same is not true for the t rajectory . It describes a

stochastic process tak ing on the value s plus or minus b at eac h

stage. Thus there are 2N possible paths for the system to follow. It

should be clear now why assumpt ion 4 is required: without it the state

at stage N - 1 would be such that the randomized control strategy

would no longer be necessary. (This is the case , with d and e equal

to zero , covered in Chapter Ill of Reference 35 .)

VII. CONCLUDING COMMENTS

This chapter has dealt with the solution to multistage scalar -•

games with linear dynamics and quadratic payoff functions. This was

done for convenience rather than out of necessity , particularly in the

case of randomized strategies. As Reference 34 indicates, the solu-

tion of convex games is , in theory, identical for finite dimensional

34
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sys tems;  pract ical l y speaking, the added nota t  1~~ma I comp lex it V would

onl y obscure an already diffuse solution .

Results , comp letely analogous to thus (~ obtaine d in this

chapter , are obtained under the assuniptiot i  t hat the payoff is s t r ic t l y

concave in the Inaxinhizing control variable



SECTION I I I

MU LTISTAGE STOC HASTIC DIFFERENTIAL GAMES

• 1. INTRODUCTION

This chapter deals with the multistage , discrete time stochas-

tic differential game. The dynamics are described by a linear differ-

ence equation having time vary ing deterministic coefficients , with the

possible exception of a noisy forcing function . Both players wis h to

c hoose controls so as to either maximize (p layer I) or minimize

(p layer LI) the expected va lue of a quadratic cost  functional . Neithe r

player can observe the actual state of the system; instead, each player

has an observation of the state which is corrupted by additive noise.

The purpose of this chapter is to derive game optimal strat-

egies so as to allow the determination of the appropriate c ontrols at

each stage. It is assumed that pure strateg ies exist; necessary and

sufficient c onditions are derived for this to be true .

2 . NOTATION

An N stage game is defined as one requiring that each player

c hoose a value for his control at N instants of time. Time-to-go ,

rather than the usual forward flowing time , is treated as the inde-

pendent variable. A subscri pt i indicates that the subscripted va r-

iable is at the ~
th stage. Thus Z

N 
represents the state at the Nth

36
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( initial stage — N stages to go) stage , while 
~~ 

represents the state

of the system at termination.

A superscri pt is used to indicate the set of present and all

past valuer of the variable under discussion. Thus z’ is the set of

the present state , z1 (the state when there is one stage-to-go), as

well as all past values z2, z3, • , ZN, i.e., z
1 

(1 1, z2, ~~
,

Naturally, z = Z
N
.

A simila r convention is used to indicate integration over a set

of va riables. Thus dr.
1 
dz

2 dz
N is written dz

’. Furthe r , when

• several different variables of integration are used , only a sing le

integ ral sign is used; the number of integ rations is indicated by the

diffe rential. Thus

f . . . .f P(Z X •
~~~~

X
N IY l, •.. .y~~)dz 1

th( ... dx

is written as

f
~~(z i~ 

x 1 
~y

1
) d(z1, x

1)

When no limits of integration are specified , the integ ration is con-

s ide red  to be from minus infinity to plus infinity.

Quadratic forms are given by

T 2
x Ax = I~x I~ A

37
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so that a Gaussian probability density is given by

p(x) 
(2fl)~~

2 
exp ~-4 i ix - 

~~~~ i I~~~~~~~~~ ~

where x is a vector with n components, ~ is the mean of x, and a2

is the n Xii covariarice vecto r of x. For simplicity, only twice the

negative of the exponent is used when computations are requi red. Thus

the probability density given above is denoted

— 2p(x) x - x 
-2

a

The Gaussian (normal) probability density is also denoted as

x: N(~~, ~~

where ~ and a
2 a r e , respectively, the mean and covariance of the

random variable x , i. e.,

~~ = E [ x )

2 —

a = E~~(x - x)(x - x)

where E is the expected value operator.

Various other subscripts are used to identify variables 
as

required. Thus indicates the covariance matrix of the random

variable Ti at stage 2,when two stages-to-go remain .

38
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3 • DERIVATION OF PURE CONTROL ST R A T E G IES

The evolution of the state is described by a linear vector dif-

ference equation

= k.+jz.+i +a .+luI+l + b.+jv~+j + X~~ 1, i = 0, ~ N - 1

(fl

where

= n component vecto r representing the state at stage i

= ni component vector representing the minimizing

player ’s control at stage i

= m ’ component vector  representing the maximizing

player ’s control at stage i

k. = ~i component vecto r representing the realization of an

independent noise sequence at s tag e i

k.,a ,b1 deterministic matrices of the appropriate dimensions

Bot h players make observations of linear combinations of the

elements of the state vector , but each observation is cor rupted by an

additive , independent noise sequence so that

x. = G.z. + fl (2 )

y = H . z +~~~. (3)
1 i i  I

where

= q component vector representing the minimizing player ’ s

observation at stag e i

39
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y1 q’ component vector representing the maximizing

player ’s observation at stage i

Ti. q component vector representing the realization of an

independent noise sequence

= q’ component vecto r representing the realization of an

independent noise sequence

I-I.,G. deterministic matrices of the appropriate dimensions

The Value of the multistage game , 
~N’ is given by

= UI, v
l
Et~~~~

I f z l It 2 + I I u. II
~~~~

((v.U
2

~~

mm max N

= ~
l I E~~~~~I Iz . iII 2 + i I u~II~ - (4)

(“Mm max ” could be rep laced by “ max mm ‘ since only pure strat-

eg ies are considered .) u~ and v1 can be any vectors  of real numbers;

• however ,

c 1, d., e. > 0, i 1 , 2, . 
, N (5)

where the inequality in (5) means that each criterion parameter is a

real positive definite matrix. Inequality signs a re used as needed

and should be read to mean positive definite (instead of greater than

zero), positive sernidefinite (instead of greater than or equal to

zero), etc.

40
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Only c1 need be pos itive; c m (i# 1) need only be nonnegative . LI

does equal zero , then the result is a te rminal control problem. The
remaining inequalities of (5) are required to make the game meaning-

ful. If any parameter were to be zero , then either there would be no

effect due to a control at that stage (a1 or b1 equal to zero) or there

would be no cost for using control at that stage (dm or e. equal to

zero).

For convenience , it is assumed that all the criteria parameters

in (5) are symmetric ,

Each of the various noises is assumed to have a Gaussian

(normal) probability density as follows:

X . :  N(O . a~~~) (6)

~~: N~ 0, a2 ) (7 )

~~.: N(0 .a~~~
) 

(8)

The initial state , ZN. also will be a Gaussian random variable:

ZN: N(m , a 2) (9)

It is assumed that both players know the information c ontained

in (1) through (9) . This does not mean that player I knows the actual
thvalue for x 1 — the observation of the state at the i stage made by

player LI — but that he does know the structure of the observation, as

given by (2), and the probability density of the additive noise, as

given by (7).

41
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To actually solve the multistage game .the princip le of opti-

mality of the theory of dynamic programming will be used . To do this,

game optimization is first carried out for the controls chosen with one

stage-to-go , u1 
and v1 . The technique used is similar, in terms of

the basic structure, to that used to solve multistage 
stochastic optimal

control problems . 
36 The Value for this one-stage game is

mm max
u~ v~ E 

~~
ko l I c + f lU

i~~~ l~~~~
1 

-

= 

min max 

f lz  
I i u i I l iHe~

X p(z , ‘
~~~ 

) d(i’ , u1 , v
1
) (10)

where p(z0
, u1 , v 1

) is the joint (Gaussian ) probability density function

of z , u , and v . Sin ce3

p(z ,  u1 , v1 ) = j P(zo~ z1 , u 1
, v1

) dz 1

fP(zol z1 , u 1
, v1

) p( z1 , u1
, v1

) dz 1 (1:)

Equation (10) can be rewritten as

.12
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minmax 2J. =E 1 
~~ 

II + u 1 v1 
f

~~i 
1k 1 z1 +a1u1+b 1 v 1 

~~~ 

u 1 ~ l ~ e1

X p( z 1 , u1 , v1 
) d(z 1 , u 1 , v1 ) ( l 2 ~,

Noting that

p (z 1 ,u 1 
,v 1 ) =f~

(z
i 
,x 1 

.y ’ ,u ’ ,v 1 ) d( x’ ,y 1 ,u
2, v

2
)

1 1 1 2 2  1 1 2 2

J p(u 1,v 1~~z 1 ,x .y ,u ,v ) p(z 1, x .y ,u ,v

1 1 2 2 I :
X d(x ,y , U , v  ) (13)

where the entire past history of each player ’s observations , x ’ and

y’, and controls , u2 and v
2
, has been introduced , (12)  can be

rewritten as

I mm rnax
J

1
=F ~lIx ~ ii~~} + u1 v

1 
J ~ k1

z
1

+a 1
u

1
+b

1
v

1 Il~ ~IIu 1 ll~ ~IIv i ‘ 1 e~

1 1 2 2X p(u 1, v~ z 1, x ,y ,u ,v ) d(u 1, v 1 )

1 1 2 2 1 1 2 2X p(z1 
,x ,y ,u ,v ) d(z 1 ,x .y ,u ,v ) 

~~4)

It is at this point that admissible strategies are introduced. Equation

(14) indicates that the probability density for u1 and v1 can be, if

desired , conditioned on the actual value of the state, z 1; all or pa rt of

43 
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player l’ s past observation s , y~
, and c ontrols , v2 ; and all or part of

player U’ s past history of observations and controls, x 1 and u2 ,

respectively.  Eac h choice of the characterization of information

available leads to a diffe rent problem with different results . Further ,

if desired , the allowable structure of t he controls may be specified.

(This will be delineated in Chapter .

A very reasonable set of controls may be found which uses

only information reasonably available to each player . That is , play

I may choose a c ontrol strategy with one stage- to-go using only his

own history of observations and controls (and , of course , his kj-~owl-

edge of the dynamics and payoff of the game as given by (1) through

(9 ) ) ,  while player II chooses his control strategy based on his own

history of observations and c ontrols .

Assuming that norirandon-tized (pure) control strateg ies exist

for both players , and denoting them by an overbar , the game optimal

control strateg ies are given by

— — 1 2
u1 = u 1 (x ,u ) 

(15)

= V
1 (y ,v ) (16)

Note that nothing has been said at this point about the strategies used

to determine u2 and v2 . In particular , note that no assumptions con-

cerning their optirnality have been made.

In view of ( 1 5 )  and (16) ,  let

I 1 1 2 2  — —p(u 1 , v1 z 1 , x , y ,u • v ) ~ (u1 -u1 ) 6 (v 1 -v 1 ) (17)

where 6 represents the Dirac delta (impulse) function. Substituting

(17) into ( 14)  and integrating ove r u1 and v1 y ield

44
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~l ~~~~~Ix 1 
II +J~IIk 1zl+a 1~~i+b1~~i ll c Il 1 II d IIV 1 Il e~~

1 1 2 2\ / 1 1 2 2\x p (z1.x ,y ,u ,v ; d~~z 1, x ,y ,u 1 v 1 (18)

where the miii max operation no longer need be performed since

and are precisely those control strategies which satisfy the

mm max = max miii requirement .

Variational arguments can be used to find the actual form of

the game optimal c ontrols based on the strategies allowed by (15) and

(1 6) . Define

‘1 ~~l ~~ )=E~~f l ~II +f~
lI k i

z
1 ÷a 1~~1 +b 1~~i li

z 
~~~ II~~~~ ~~~I i ~~~~~ li~~~

1 1 2 2~ 1 1 2 2 \x p ( 1 1, x ,y ,u ,v d (z 1, x 
~f J 

(19)

where and are any admissible strateg ies . It im m ediately

follows that

n u n max

“i ‘n i 
I i C~

ii • “
~~~ 

Ii (~ i ,~~i
) = (2’~)

Game optimal controls must satisfy the saddle point conditions which

are:

I l~~~l~~~l ) � � I 1 (u 1,~~~) ( 1 )

where is given by (18).
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Let

= ‘
~1 + c ô ( x

1 
, u

2
) (2 2)

where c is a small number and 6 (x ’ 
, u

2
) is any real vector function ,

of the appropriate dimension , of x ’ and u2 . Using (22), the left - hand

inequality of (2 1)  can be written as

e ó)  - � 0 (23)

where the arguments of ô have been omitted for brevity . Substituting

(18) and (19) into (2 3)  yields

I1 (~ i +e ô )~ Ji f ~ff k l
zl +a l

U
I +a l C6+b l

vl c l ~~~~~ d lHi 1l e

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

1 1 2 2  1 1 2 2
x p ( z 1

, x ,y ,u ,v ) d ( z 1 , x ,y ,u ,v

~f~2 [a~~c i
ki
zi + (a~ c 1 a 1 +d 1)~~1 + a~~c 1bj~~i] ~ ô

+ ôT(a~~ci aj
+d i ) 

~~~~ p (z1
,xl

.y l ,u
Z,vZ)

X d ( z 1. x 1 ,y l,uZ ,vZ) � 0 (:1)
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Using the chain rule of conditional probability densities and

app lying it to the probability density of (24) y ields

1 1 2 2~ 1 1 2 2\ 1 1 2 2p (z1.x .y ,u ,v ~~p(z 1 Ix ,y ,u , v p(x  ,y ,u .v

1 1 2 2~ 1 1 2 2\ 1 2 2= p ( z 1 I x  ,y ,u , v ; p(y lx  ,u , v / p(x ,u ,v

1 1 2 Z~ • 1 1 2 2~ 2 1 2
~~p(z 1 lx ,y ,u ,v / p (y x , u , v ; p (v  x ,u

X p(x 1 ,u2 ) (25)

The mean assoc iated  with the first three conditional probability densi-

t ies of (25 )  have the following meanings:

p(z 1 x ’ , y
1 
, u2 , v2

) = minimum mean square est imate (MMSE)

of the state , z1, givem all past and

present observations and past controls

for both players
1 1 2 2  •p(y x ,u , v ) = MMSE of all observations of player I, y

given player Ii’s past and present

observations and all of both players past

c ontro ls

2 1 2  2p(v x ,u ) = MMSE of all past controls of player I, v

given only p layer I’s past and present

observat ions and past controls

It is important to  note  again that (25 )  involves estimation only. No

assumptions concerning the game optimality of any of the past con-

trols of either player have been made .

-17
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Substituting (2~’) into (24) yields , afte r some slight

m anipulation ,

Ii 
(
~~ +c6 

~~~~~~ 
) -J 1 

. f ~ [
~~~~~~~c

i 
k 1 z 1 ~ (a~~~~1 a 1 ~

h i )  ~~

1 1 2 2~X p (~~1 ix ,y ,u , v j d-i~1

x p (v  1x
1 ,u2 ,v2

) dy
1 

p(v Ix ,u2) dv 2]€6 (x
l 

i i )

X p(x , i i)  (1(X ,

o T(X
l 1

) (1
T
~~~ ~

1 l ) 6(x
’ ,u 1

) 
2

I 1 1 2 / I 1 2x p~z1
, x •y , u ,v j d~z1 , x ,y ,u , v J �  0

In view of (~
) and , because c and 6 (x ’ , 0

2
) are real , it is

r that the st’t -ond integra l of ( Z o )  is positive seniidefinite . Invoking

the standard v. n ational a rguments of the calculus of variat ions , it

follows that the coef f i t  ient of € 6 (x 1 u2 ) in (Z~~) must be equal to zero .

It it were  not zero , then 5 (x 1 
, U

2
) could be chosen to have the opposite

si gn  as its coef f ic  lent . For ~ small enou gh, the first integ ral would

be larger in ma gn itucl e than the second and the inequality would no~

hold . Thus a necessary condition that a pure str .tegy exist fo:

player II is that

-Is

L . . . . . . . .
•••
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~1

f
~al
Tcl kl

z
l + (al

Tcl al +d l )~~l +a l
Tc

I
b

l~~l~~p(zl Ix
l
.y

1
.u
2
.v2)dz i

x ~~y
’ Ix ’,u

2,v2)dy’ p (v
2
1x

1
,u2) dv

2 
= 0 ( 2 7)

(It is assumed that p(x 1 ,u2 ) is nonzero for all values of its argument~~)

Looking now at the right-hand inequality of (21),  it is easy to
I

see that

~I ~~l 
~ l 

+€ ~~)-J 1 f 2 ~ ~~c 1 k1 
z

1 ~ b1
Tc 1 

a
1~~1 - (e 1 ~b1

T
c
1 
b1) V 1

I 1 2. 2 \x p(z 1 x ,y ,u ,v 1 dz 1

1 1 2 2 %  1 2 1 2\  21 1 2x p(x 
~
y ,u ,v  dx p(u I~ 

,v / d u

1 2  1 2X p(y ,v ) d ( y  ,v )

f

~~T (l 2) (e b
T
c b )~~(y

J
vZ)c

Z
~

1 1 2 2~ 1 1 2 2~x p(z 1, x •y  ,u ,v / d(z 1. x ,y ,u ,v ) c 0 (28)

where 
~

(y
1 
, v
2
) is any real vector function of the appropriate dimen-

sion of y1 anci v2
• It immediately follows that the necessary con-

dition for a pure strategy to exist for player I is that

— 49



-

~~~~~~~~~~~~~~

f ~ 
b1~~c 1 k 1 z 1 bj

T c 1 a 1~~1 - ( e 1 ~b 1
T c 1 b1) p(z1 I x

1
,y 1,u2,v2

)dz 1

1 1 2 2~ 1 2 1 21 2x p(x Iy~~ u , v ) d x  p(u Iy~~ v / d u  = 0  (29)

- b 1 c 1 b 1 ~ 0 (30)

Equations (22) and (2 4 )  can be solved s inaultaneously for and

To do this it is usefu l tc~ introduce a set of linear transformations

defined on suitable 1- lilbert spaces .  ~8 
In each of the fol lowing trans —

formations , a( .) is an element in the domain of the transformation

and 8 ( S )  is an clement in its range .

1 1 2 1 1 1 ‘ ‘y , u’ , v ) T 1 ~ (z 1 ) :j a(z~~) p(z 1 lx , y , u’~, v ”)  dz
1 (31)

where

T 1 ~~
. L, [

~
, 

~ ; p(z 1 x ’ . v 1 ,u~ 4 L2 [~~~~~~ (
1
I

l 2  
~2)] 

(32)

Both the domain and the range of the transformation are thus defined

to be Hilbert s i~a~~es , wit h the appropriate conditional pr obab i l i t y

densit y ta ken as a znc. is i i re’  on the space. By introducing such a

• measure , .~ number of functions , which would not ordinaril y be L2

when the limits ,~f integration are plus and minus infinity , can be

considered elements of a Ililbert space. In particular , the element

is now L2 .

It should also be noticed that the range of T1 is multi-

dimensional , since represents the N values of y 1 . This does not

50



add any conceptual difficulties although, as is seen later in an exam-

ple , the practical problems of evaluation are increased .

The remaining transformations are

~ (x
l
,u
2
,v2) = T 12 

~ (Y l
)_f~(Y

l
)P(Y

l
Ix

l
u2 v

2
)d y

1 
(33)

where

1 1 1 2 2~ 1 2 1 2 1

• 
T 12 : L2 [-

~
, 

~ ; p(y f x  , u , v 
~
J-4 Lz L_~~ ~ ; p(v (x , u )J (34)

~(x ’ ,u2) = T 1 ~ 
a(v2

) = fa(v
Z

) p(vZ 1x 1 
,u
2
) dv

2 (35)

where

T13 : L2 [-~~.~~; p(v
2
1x

1 ,u2)] ~ L2 [~~ ,~ ;p(x h
t y 1 ,u2 ,v2

)J (3~ )

~ (y ’ , u 2 ,v 2
) T 14 a(x 1 ) 

f
~~~~l ) p(x l

ly
l
,u
Z
, v
2) dx ’ (37)

where

T14: L2 [-~~ ; p(x ly ’ .u~~ v
2
)] ~ L2 [-~~; p(u2J y

1 
,v 2

)] 
(38)

~ (y 1
, v
2
) = T 15 a(u2 ) =fa(u

2 ) p(u2
Iy ’ ,v2 ) du2 (39)

w h e r e

T15 : L2 [-~~ ; p(u2Iy
l
,v
2
)] 9 L2 [-~~; p(y u lx l , u Z , v 2

)] (40)

SI 
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~(x
’,y

1
,u
2
,v
2
) = T

16 ~(z1 ) Ja(zl ) p(z1 lx ’,y ’,u2 ,v2) dz
1 (41)

whe re

T 16 : L2 [-~~ ; p(z llx l,y 1 ,u2 ,v2)]9L2 [_ ~~,~ ;p(x lIy
l,u2 , v2)]

(42)
T
16 and T11 differ only in the measure defined on the range space.

For all practical purposes , they are identical s ince, for the elements

of the domain of T
1 1 and T 1 6 encountered in this problem, an elementi i

in the range of one is also an element in the range of the other . This

is , of course, not an intrinsic property of linear transformations but
is a direct consequence of the simp le structure of the problem under

consideration .

Using (31)  through (42), it is possible to write (27) and (29)  as

linear operator equations as follows:

a1
T C 1 k1 T 13 T 12 T 11 Z

1 + (a~~c 1 a,+d 1) U 1 
+ a 1

T
c
1
b
1
T13T12~~1 =0

(43)

b1
T c 1 k1 T 1 5 T 1 4T 1 6z

1 + b~~ c 1a 1 T 1 5T 14~~1 - ( e 1 
_ b

1
T c 1b1 ) 

~~ 
=

• (44)

Solving (43) and (44) simultaneously for and 
~~ 

y ields

U
1~~~~~ ~1 ( a 1

T c 1a 1+d 1 
) a

1
c
1
b1(b 1

T
c

1
b
1 e I

’
b1

T C 1a1T 13 T IZ T 15 T I4 
~-l

x (a l
Tc

lal+d l ) a l
Tc T T ~~~~T + b (e b Tc b ) ~~bTc T T T l k z

L 

(45)
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x(e 1-b~~c 1b, ) b - ,T15T14~ T16
_ a 1(a~~c 1a 1fd 1 ) a~ c 1T13

T,2T, 1} k ,z 1

(46)

where I is an appropriately dimensioned unit matrix .

Since T16z1 
is an element of the range space containing T

11
z 1,

(45) and (46) can be (slightly) rewritten as

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 3T12
T15 T14

x (a~~c1
a

1+d 1~ 
a~ c 1

T
1 3T12 II+b l(e l~ b,

Tc
l
b

l~ 
b

1
Tc

1 T1 5T14~ T1 I 
k

1
z
1

( 4 7)

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

- . 
(48)

Equations (47) and (48) represent , in functional form , the

game op timal contro l  s t r a teg ies to be used by each player . But ,

unless a way to evaluate the inverses is f ound , the solutions are

formal and essentiall y meaningless . Happ ily, they can be evaluated ,

under certain c ircumstances , in an infinite ser ies .  This ser ies ,  a
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Neumann expansion , 38 converges (the inverse exists and has meaning)

whenever the norm of the second term of the inverse is less than one.

In other words ,

(I-RTY~ = I RT + (RT) 2 
+ (RT) 3 

+ . .•

whenever the norm of RT , denoted RTH , is less than one. For the

present case , the inverses exist whenever

II (a~~c ia i+d i ) ’a~~c ib1(b i
Tc ibi~~e,)

’b,
Tc ia iTi 3T,2T,~ T,4 il < 1

( 50)

lI ( b l
Tc,b l~~el )

’
b~ c,aI(a~ c ,a,+d ,)

’
aTc,blT,ST,4T,3T, , I I < l

(51)

where the norm of a transformation RT is given by 38

~~~ U R T a I I
I IR TI I  = a f la U 

f ’~~

and ~ is any nonzero element of the doma in of the t ransformat ion RT.

Naturally ,  t he norms of ~ and RTa are computed accord ing  to  the

weighting function defined on the appropriate Hu bert space.

Thus sufficient condit ions for the existence of game optimal

• controls are (43), (44), (~ 0). and (~ l ), and

a~
’c 1a 1 + d1 ~

> 0 Lc3 )

e 1 - b1
T c 1b, > 0 (54)

w here the strict inequality has rep laced the positive semidetiniteness

of (30).
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W hen and exist , it is a strai ghtforward (althoug h

extremely tedious) task to verify that the following assumption is

valid: each involves only the past and present observations and past

controls available to the appro priate player . The required admissible

game optimal control strateg iea thus have been found for the last stage

of an N stage game . There is still the matter of actually evaluating

the various conditional probability densities; this is discussed later .

Having found the game optim al controls for the last stage, it is

now possible to use t he principle of optimality of the theory of dynamic

programming to find the game optimal control strategies at stage 2 ,

3, ..., N .

In other words , the game optimal control strateg ies are chosen

to optimize the payoff resulting from the application of contro ls at

stages 1 and 2 . T hus controls are app lied at stage 2 which have an

ef fec t  on the payof f  and serve to change the state . Whatever  the s t a t e

resulting (and whatever the actual observations occurring at stage 1),

game optima l control strateg ies 
~~~~ 

and will be used . Sym b o l i ca l ly ,

this is written

nain max r ) )
= U

2 ‘2 [f~ 1 
~ 

Il~~~~~~~
+ l lu~ Il~ 

- I lv ~ II ~

X p(z 1 .02 . v ,) d (z
1

,u2, v2
) 

~ 
(551

Analogous to ( 11 )

p(z
1 ~:2, v2

) fP (z i 1z 2 ,u ,v 2 ) p(.~2 , u2 ,  v ,) dz , (561
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Substituting (56) into (55) and integrating over z
1 yield

min maxlf 2J2 =E~~I I x 2 IV~~ + U~ V2 Li ~IIktZ+a ZuZ+bZ vZ f I~ +I(uZ ll d I~J2 H
2
e~~

X p(z2,u2,v2
) d(z2, u2,v2) + 3

1] 
(57~

Consider J 1, as given by (18), where and ‘

~l are given by (47) and

(48). Since

p (zl
,x l

,y
1
,uZ,v2)=fp (z1, z2,x

l
,y l ,u

2,v2)dz (58)

and

1 1 2 2 ) 2 2 2 2 1p(z 1, z2 , x ,y ,u ,v J =  p (z1~
x1,y1 lz 2,x ,y ,u ,v

2 2 2 2)x p(z 2 1 x ,y ,u ,v (59)

where

2 2 2 2~ 2 2 2 2
p(z1,x1,y 1 I z2,x ,y ,u ,v p(x 1,y 1 z 1,z 2,x ,y ,u , v

2 2 2 2)x p(z1 Iz 2,x ,y ,u ,v

From the definition of the manner in which observations are made ,

(2) and (3), and the independence of and ~~~~, it must be that

2 2 2 2 1p(x 1,y 1 1z 1 ,z2 ix  ,y ,u ,v = p(x 1 Iz 1 ) p(y 1 1z 1 ) (61)

Also , from the definition of how the state evolves, (1), it follows that

2 2 2 2)
p (z1 1z2.x ,y ,u ,v ) =  p(z 1 Iz 2, u2, v2 ) (b2)

______________



Substituting (5 8) through (62 ) back into (1 8) yields

J 1 = E~~II k l I f 2~~~+fv (z x2 y
2
u2 v

2
) 

1

’

I 2 2 2 2) I 2 2 2 21x p~z2 1 x ,y ,u ,v dp~z2 , x 1y ,u ,v / (63)

w h e r e

y , (z2 
2 
,y
Z
,u
Z
,v
2 ) -f ~ I lk ~~ z1+a1~~1 +b

1~~1 II 2 + 11u1 Il~ -11v 1 I J~ ~

x p(x 1 1z 1 )dx 1 P ( y 1 1z 1 ) d y1

xp (z1 ~~~~~~~~ )dz 1 (64)

Noting that

P(ZZ~ uZ~ vZ)=fp(zZ~
x2.y

2
.u
2
,v2)d(x

2
,y
2
u3 v3) (65)

Equation (55) can be rewritten as

E ~ I1x 1 IP ~ +11 x 2 II~~ + 
min max~~~ 

ll~~+IIu~II~

2 i 2 2 2 2 2 2 2 2~- llV 2 Ile +~~1~z2, x ,
~ ,~~~ ,~~~ ) p(z 2, x ,y ,u ,v )

2 2 2 2~X d(z2,x ,y ,u ,v / (66)
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To find the game optimal control strategies at stage 2, the

same proce dure used to find the game opt imal c ontrols at stage I is

applied . That is , assume pure c ontrol strateg ies exist , as in (12).

Defining

tx 1 ll~ +1 1x 2 11 +f~lIk2 z2 +a2cf +b~~ lI
~~~~~

+ l f
~~2

lI
~~

- 1h72 tt e ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

2 2 3 3\x d(z 2, x ,y ,u ,v

analogous to (1 9), use  the saddle point condition in both directions

12(u 2 + e ô ( x2,u3) ~~
2 )

~~~ J2 
� 0 

(~ 8)

+ cA (y
2
~~v

3
)) - � 0 

~~9)

Linear transformations similar to those given in (31) through ( 4 1 )  are

used to generate a pair of simultaneous linear operator equations

which are then solved simultaneously to find u
2 

and

At this point , the procedure has become perfectly general .

The procedure at any stage is then given by

J. =E~~~~ II X jl I + v f ~tIk izi+a iui+bjv1 II ~~÷ I f u1 II ~

2 i i i 1) i i i i i- Il V i ll + Y i
1~~~

Z i , X ,y ,u ,v / Pk Z . ,~~ 
,y ,u ,v

I i i i ilx d~z. , x ,y ,u ,v ( ,C) )
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where 
I:

~~~~~~~~~~~~~~~~~ ~.
i
)=f~ IIk z +a~~~~~~~~+b~~~~ Il~~~ +l I~~~, Ii~

- ‘ t
~~i-l 

11 Z 
2(z 1.x , y , u 1 u

i— i  i— I  1 i i— i  i— i  i it\ p( z~~~1, x ,y  , u , v / d ~z . 1, x , y  ,u  ,v I

(~ l) - 
-

At each point the saddle point conditions

I— i i+ l  — I - •+ ~- 5 ( x  ,u ), v ) -  3 .  � 0
1 1 1 1

i~(u~. ~~
. + €‘.A(y’,v~~~) ) 

— ~ 
(73 )

are employed to generat e the necessary conditions for game optimal

strategies.

While the outline of the optimization problem is straig ht-

forward , the actual evaluation of the strategies , even for the easiest

case of Gaussian random variables, is extremely tedious.

IV . GENERATION OF THE REQUIRED PROBABILITY DENSITY
FUNCTIONS

Some of the required probability density functions are quit e

• easy  to e x p r e s s .
37 

For example. from (2) and (3), using the notation

discussed in Section 1.1,

p ( x l z . )  = IIx~
_G uz

~II~~
_ z 

- - - . — ..
.

- - - . .~• - - - ~- P - , — -
~

‘••
~ ~~~ 

• - - — - . -- ... 
•

—~



— -~~~~~~
-
~~~~~—~~- —~ — — -

-

~~~~~~~~~~~~~~~

2
p(y. z.) ,y. - H1

z~ ~ -2 (75)

Also , f rom ( 1) ,

I I 2= iz~ -k~~1 z.+i~
a.+i u.+i~

b.
+i 

v~~1 ~~~~~~~ (76)

i+1

The remaining conditional probabilities can be found recursively by

using the chz in rule for conditional densities in combination with

Bayes s rule .
37

An auxiliary conditional density function is first found

i i j +~ i-~-l I i i i+l i+1
p(z.,x ,y ~u ,v =JP (zi

~
zi +l $ x ,y tu ,v

I
— 

i+1 i+l •i+l i+1=j p(z. , x . ,y i lz . +ii x ,y ,u ,v

i+l i+1, i+l i+l I
X ~~~~~~~~ ,y ~u ,y ,dz. +1 (7~)

But

i+l i+l i+l i+1\ i+i i+1 i+l i+l
p(z 1ix 1iy . I z

1÷1~~x ,y  , u , v 1 = pyc .~ y. Z.
~

Z ,+i~~
X ,y ,u ,y

i+l i+l i+l i+l
x p(z1 lz .

÷1~~
x ,y ,u ,v

= p(x 11 z~) p(y 11 z~
)

x p(z .tz.+i i u~+i~ 
v.+1 ) (78)

where (74) through (76) are the justification for say ing that the con-

ditional densities of x. and y1 , given z., 
depend on nothing else and
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that the conditional density for z .,  given z~~ 1, u~~,1, and v~~ 1 is not

changed if more information is available .

Also , it is easy to see that

i+l i+l i+l i+l / i+l i+l i i+2 i+2 I,y u ,v ) =  ~~~~~~~ ,y l u ,v / (79)

since the value of a control chosen at the i+l st stage can yield no

information concerning either the state or an observation of the state.

• It must be reiterated that these conditional densities do not involve any

assumptions concerning the optimality of controls chosen in the past.

In particular , for purposes of estimation — which is what the con-

ditional densities actually represent — no assumptions concerning

stra’-egies are required. When the probability density of one or more

random variables is conditioned on one or more values of another

variable , these conditioning variables enter the density function only

as specific values. In this case , it means that one need only specify

a set , any set, of values for u~~ and ~~~ and then evaluate

i+l i+l i+l i+lI
p(z1~ ,,

x ,y I~i ,v / .  When this is done, it can be seen that

the values for u
1~ 1 and v ,~,1 do not appear in the conditional density

function .

Making use of (77) and (78) allows the rewriting of (77) as

i i i+l i+l \ I, y  lu ,v )=JP(x i Iz i
) P(Y iIz i)P(

z
iIzi+l~

u
i+l~~

vi+1)

i+l i+1 i+2 i+2x p~z.4 1 , x ,y u ,v ,dz . +1 (80)

I i i+l i+lwhich is the desired recursion relationship for p(z 11x ,y In ,v

Th start (80) off, note that
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I N N Nt l  N+ l~~,y Iii ,v 
/ p(zNP XN .Y N)

- p (xN .yN IZ N) P(ZN~

p (X
N “N~ ~~~~ 

“N y p(z
N) S I)

w here the t i rst tw o  condi t iona l  dens it Ic s ar e  given by ( 7 4 )  and (7 
~‘ 

) and

the List one i s  g i v e n  h~- (f l) .  ‘l’hus it is possible to compute

i 
x , ~‘ I u i I 2 . , N.

‘l’lw requ i red c ond it iona 1 probability den s it ic s are t lien:

1 1 i t !  i t !

~~ ~~~~ 
})(;~~. X . y f u  ,v

Ix , y ,tt , v 
- U’..)

/ p(z . ,  x~ , y
i 

u
1 

, ~~
it 1 ) dz.

I I 1 1 i t !  i t l \
/ Pt ’ - - ,  X , , V tli.

• - • 1• 
~~~t i if !  i t !)Ix  , U , v

I’ i i i t l  1 t 1~ i/ p(:.x ‘y Iti , v j d(: . , y

i i i t l  i f!)
- .1 p(;. . x , y u , V ,i dz .

j I 1 I t  I i t l )
p(x y , ii , v — • — _________ — 

(S . !)I i i i t l  i t ! )  II 1
~~

’ ~ V U , v J d(z. ,

l’he last  t w o  s e t s  of condi tional den~~itic~ — p(v ’ I x 1 
, ii ’ ) and

( it  i — I  , — must be handled s oiuewhat di fferent iv.



I i+i i it
• . phi. ,v.,,v x ,u

1 i - I  i~ i— l ip(v x ,u , = 
. (85)

I i+1 i i~ i
J p(x1 1 , v

~
,v x ,u 1dv

where

p(x. 1 ,v.,v
1+l 1x

i,ui )= p(xj 
i
,v i Ix i ,u~,v~~ 1) p(v

i+l 
tx

i
,ui) (86)

Looking first at the second conditional probabi l i ty  density of the

r i ght side of (~‘t~), it is clear that

p (~ 
1+1

1 x~, u~ ) p (
! 4 !  

Jx ’, u~~ 
1) (87)

since knowledge of the value of a later control , for either player , can

have no effect, can yield no information, on the estimate of the value

for an earl ier control unless there is some a priori known functional or

statist ical relationship.

The f i r s t  condi€ional probability density on the right side of (t~6)

can be written as

1 1 i+1I i i i \  I i i i+l\p (x. 1 ~~v .Ix , u ,v p (x 1
(x , u , v ) pkv i lx , u ,v ) (S8)

The first conditional density on the right side of (88) p resents no real

conceptual diI1~cult ies. it is generate d by

I i— 1 i— 1 i i I i — i
i i I 

.1 P(7.1_ 1’ X , y lu , I d (z . i i y

p (x. 1 1 x , u , v
1- 

( i - I  i-I I i- i
j p (z. 1 ,  x , y u , v dt z i, x1 1 ,  y

(59)

The second conditional densit y on the ri ght side of (88) is not as

strai ghtfoTward . In tact ,



- .  1 - .—- ---- .-. 
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i i i ti
pt  ‘ 1 x , u , v = p(v . )  (90)

To unde rstand what is meant b~ (~~O t , a c lear under standing of the

princi ple of optitn.i lit~ is required. Roug hly , it s t a t e s  t hat , no matter

w hat has o c c u r r e d  in the past , the best that can be done i s  t o 11(iOS e

t he c ont ro t s  in a u optima l las hion in the future . Wi t h regard  to the

present problem , it m e a n s  t ha t  a p layer  uieed not (a .  tua lly s hould not)

as sume t hat his opporie nt has used an op tima l st r a t  t gv or even tha t his

opponent has use (1 any non random st ra te  gv what s ccv or . Natu rail v , ea h

play e r  has a ourip lete  t o - c o r d  of his o~vn  obse rv~t t  IUO S at id pas t  con t ro ls ,

but , eve n \~ o r e  he to be g iven a comp lete l is t  of his o p p o u i e u i ts  cont ro l

va lues , v H I
, in the absence of any s t r a t e g y  which re la tes  the opponent ’s

ont ro l st rate gv to his (the opponent 1~~~) obse rva t i ons  or to an V other set

ci data , they can pro\ ide no hint as to  what v . w i ll be. The onl~-

info r ma ti on that the oppos i ng pla ye r can count on us dat a c once m i

ph v~ ~ca l bounds on the magnitude of the contro l  avai lable at the ~th

s tage .  A c c o r ding ly, the aj ~~~~ri probabil i ty dens itv for  v is ac tua l ly

a uniform d is tr ibut i on o ve r  the phy s i c a l lin-uits known to e x i s t .  It

s hould be s t r e s s e d  that this does not ruea,n tha t one p layer  b e l i e v es  that

his opponent should have or would hat’ e hos et i  his control  t roun a

uniform d is t r ibution ; rather , it ref lec ts  the v e r y  limited knowledge

available to a player about his opponent’ s rea l choice . It is merely  the

be st , re liable information prese nt .

Because this problem is ad d r e s s e d  to  Gauss ian  random van-

ables , it ma kes Se nS e to approxi  mate the uniform (list r ubut u on over a

bounded set of va lues  by a Gaus s ian d is t r ibut ion ov e r  an infini te set of
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values . A reasonable choice would be one with the same mean as the

uniform distribution i~nd with a variance such tha t the bounds of the

uniform distribution are equal to plus and minus one standard deviation

of the Gaussian distribution. Such a choice yields a relativel y constant

probabi l i t y densi ty function over the bounds of the uniform distribution.

(The choice of a Gaussian random variable, instead of the uniform, is

(lone only for the cony efl iefl (’e a ss o c i a t e d  with them, Theoret ical ly,

there us no reason wh y the uniform distribution should not be used. 1

If no information as to capabil it y is available , then the obvious

c hoice for (90) is a dens i t y  whose var iance is , in the limit , infinite .

Wor king wi th such v a r i a nc e s  leads to no diff icult ies.

Substituting (8 u~~, (87) , (88) and (90) back into (8~~) leads to the

re quire (I rt ’ ci i  rs  iv t o  r mu lat ion :

i- I 
p(v.)  p (x. 1 Ix

’, u~, 
i)  p(v ~ + 1 j x ’ u

1 1)  
(9 1)

p(v Ix , u )

1- i i i t  i-f l i i + l )  I

/ p(v ) p( x x , u , v 
~ 

p (v x , u ; dv

w h e r e  (5°)  is u s e d  t o  compute p (x I x1 , u i , ~1). To star t  (Q I  I, set

‘ I
N 4 i  N N t l t

p(v  ~~ 
, u p( \ - N+l kN, uN- t l  ) ° ( ‘ ~~~~l~ (92)

w here 
~ 

(v N i~ 
us t he l) u rae delta f u n c t i o n .
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S. E X A M P L E  1

The amount of work  presentl y involved in actually so lv ing  an N

stage stochastic game is tremendous. For this reason , examp le 1

inv olves onl y a tw o -  stage scalar game s i n c e  this s e r v e s  to i l lustrate

comp letel y how the N stage vec tor  game is so lved.

All random variable s are a~~suine d to be Gaussian . Both players

know the mean and variance of each random variable. Denoting each

dist ribution by N (
~~, • ‘ ) , ~ here u is the m e a n  and •~ 2 t he var ian cc , th e

required a priori pr obabilit y d e n s i t i e s  a re

Z
N 

: N H’ ~~ ) (93)

N (o~ ~~~ ) (94)

N (0~ 
~~ 

) (9 5)

: N (o . ‘
•

~~~~ 

) ( 9 6 )

‘2 : N ( v , ,  
~~ 

) (9’ t

u , : N 
(~
i
~Z, U~~ ) (98)

(v2 and t~ , here are merel y t he a pr ior i  means of the cont ro l  capa hu l it v

and , for ii ios  t pr-cubic ins , would be i.e ro . ) Both p Ia v ers knc w ( Q

• thr oug h (Qt l ) .

F’

~c6



• Using ( u~) 1, )  through (98) and the formulas de~ e loped in Sec t io n l\ ,

it is a straig htforward task to generate the required condition al

probability d e n s i t i e s .

System dvnaui i i  s and observat ions arc  g iven by ( 1), ( 2 ) , and

( 3 )  with

G. = H. = 1 (99)
1 1

To wri te out the condi t ional  deiis itic s requ i red  to eval nate the

transformations , a numbe r of auxiliar y van ia~ ~ are defin ed:

i ~ 
k

2A - -, f - - - - + ~~~~
- +2 2 2 ( 100)

~~ ‘2 Z k ~

D = —

~~

— 
(101)

~2

1E —i- (102)

F = — ~— ( 103) LI

k ,
G —

~~
— (104 )

I’

L _ _ _ _ _ _ _ _



a
2 (los)

M = —2 
(106)

N = E~
a 2 (107)z

~ 
k

2a
2

(108)

k
2b~P _ - _ 

(109)

a.,

(110)
2

b

(111)
2

=
a 2 (112)

• V~~

T = —
2 (113)

• • u2
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The first conditional density required is p(z 1 Ix
1, y 1, U 2, v2) ,

which is needed to eva lua te  T11 (or T 16 ) as give n in (31),

1 1 G
2
- A (L+D + M)

T11 :p~ z1
)x ,y ,u2, v 2 , - 

A

~ EGx 2 +FGy 2 +ALx 1 +AMy 1+(AQ-OG) u 2 + ( A R - G P )  v 2 +GN

G2 - A(L+D +M )  
—

(114)

or, making t~ie obvious substitutions ,

1 1 G
2
-A(L-tD+M)

• T11 :p(z 1 Ix , y u ,,v
2 = - 

A

2
\ 1x2 -o 2 y , -c 3 x 1-o 4y 4 -a 5u2 -1 

~‘2~~~7 (115)

The evaluation of T
1 ~ is simplified by cons idering it to be the

product of two other transformations , T and T 
~~

. Since

T1 2 :p (y
1 Ix ’, ~~~ ‘

~~ 
p(y 1 1x

1
, y2, U2, v2) p (y2 ix

’, u2, “i) 
(116)

it follows that

T - T 2 T12 — 12 12 (117)
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where

8(x ’. y2 ,  u2, v , ) = T~~2 o ( y 1) = f ( Y i ) 
~ (~ 1 1x 1, y2, ~~~ ‘2 ) dy 1 (121)

u2, v , ) = T~~2~~(y 2 ) = fa(yi)P(Y2 (x
1
, u2, v 2 )d y 2 (122)

T~ 2
:L
2 

~~~ 
~~;p(y 1 lx ’, y2, ~~~ ‘2 L2 ~~~~ ~ ;p (y2ix ’, u2, v i]  (123)

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
(124)

1 1 NI [G2
__

A(L-f D) 1
T 12 :p(y , ix , Y ,, u), v.i= _

,

G’~-A(L+D+M)

EGX 2 +FGV ) f A L X 1 4 ( A Q DG ) tI2+(A R_ G 1~~\~~~GN ~~
~ 

) y 1
u (125)

G2 - A(L4 D)

or

r )  -

T 1 , : p( v x 1
, v ,, u,, v ) =

G’- A(L+D+M)

(12~)

F [G~~~(F A ) ( L + D ) ~T1, :p(y , x uj= ,
G’ - A ( L + D )

E (L D) x , + L Gx 1 + [G Q - ( 1 .~~D) oJ u2 t [ G R - ( L + i P]v , 4 ( I ~4 J ) N t ~
I 

-- 
)

G~~~( F - A ) ( L 4 D )  
( 12 7)
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or

FLG - + ( F -A ) ( L + D )j
Tj2:p(y2!x

’,ti , =
G2-A(L+D)

(118)

2 1 s[G24 F ~ A L ~+ D 1 f b~~L G Z+ F~ A 1 ]
T 1 ~: p(v I~ 

, u, v, - (-  LEPx ,
• G ~( Y - A ) ( L+D ) .—

~b L[G
2 *( F ~ A ) j  x 1 ~a~b,L~G

2+(F~A)l u2

~s[G
2 + ( F A ) ( L + D ) ]  

~~~
,

-b , LGN )/(S [G
2 + ( F - A ) ( L + D ) ]  +b~~L LG 2 + ( F .A ) ]

(119)

or

s[G2 + F  A)(L+D)]+b~~L [G
2
+(F~ A) D]r 13 :p(v 2 lx ,~~ 2 ) = 2

G + ( F - A ) ( L + D )

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ (120)

Defir.ing T
4 and T~~. ana logously to ( 1  ~7)

L • .‘,. ~~~~~~~~••



.__a .,na’fl~~~’ 
T ’X  4V~-’~t • •

1 1 L[G
2

_ A(M+JJ)1
T 
14:p(x 1 I 

X )~ y , U ,, ‘
2 ) = 2

C -A ( L + D + M )

EGX 2+FG Y 2+AM Y +(AQ.. OG)U +(AR GP)U ~~ GN ~~~2 

—

2 (128)C - A ( N I - t D )

or

L LG 2 - A ( M + D ) ]
T 14 :p(x 1 Ix 2, y , u2, v 2 )

G2-A(L+D-tM)

X
~~

X
l lX 2~~~~y2 V U ~~~~~V B 1 

(129)

E [G
2÷(E A)(M+D)]

• T 14 :p(x~~Iv  , u2, 2
C -A ( M + D )

• _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _

( G t ( E - A ) (M -t D )

(1 30)

or

2 1 E [G
2
+(E A) (N1÷D)~

G - A ( M + D )

X ,~~~~~~ V 2 8 y 1 Q
U

2
V~~~~~~~~~~~~ (131)



and, finally,

T LG
2 +(E~ A )(M + D)~ ta~ M{G2 ÷ ( E _ A ) ]

T15:p(u2Iy ,~2 )= - — u
2 - (-MFoy2C +(E -A ) (M +D)

-a2M[G
2

-(E~A)] y1 -a 2b2M[G
2

+ (E.A)] v2+T[G
2
+(E..A)(M+D)] Zi~

~aZ MGN)/ (T G2 +(E A ) (M +D) 1  + a M  IG2+(E~A)] 
~ 

2

(132)

or

1 T [G
2 +(E .A)(M +D )] + a~~M G2 +(E~ A)]

T 15 :p(u2 Iy ,~~~~2
) _  

2 - - -
‘ I C +(E-A) (M+D)

X j X2~~ 12Y2-8 13 Y 1 -~~14
v2

_ B
15 1 (133)

It 4 s now possible to evaluate and 
~~l’ 

To illustrate how

this is done, consider as given by (47).

2b e
T 13 T 12 1+ ~~

1 T 15 T 14 T 11z 1 = e 5x2 +9 6x 1+8 7u2+e 8 (134)
e 1-b c 1

w here

~
5 ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ (135)

e 6 (
~3 +’y

4O io~~z~ 
y 4

ci
9

)~~~15 + ~ 6+~~4a 12 +(y 2+y 4o
9

)o ,7]o z o (136~
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r —--

~~~~~~~

-----_

~~~~~

..•  -

= ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ( 146)

= V 7 +\ 0 13
4 (y + 

~4 Q 1
~~ 18~~[~ ~

+~ 4a 12 (
~ 2 +\ 4a 9 ) a  17] a 22 (1473

2b e
- a ) + ~

_
~~L 

8
1 

(148)
e -b c

2b e
— 0

4 
+ 2 e 2 (149)
e -b c

2b e
= a~ 4 

2 
1 

(150)
e -b 1 c

)
7 = 0

7 + 9 4 (151)

= 
~~~~ 3~~2

+(a l+
~~3~~l

) 
~~~~~~~~~~~~~ 1~~~3~~1~ 

69]~~12 (152)

(15 3)

O 3 =a~~+a 3 B5 +(o l~ 3~~l~ 
$ l 0 +[o 5+o 3 $4+(a ,+a 3~~1) a  

] ~ 14 (154~

~ , i +[a s+a 3 84 +(a i +a 3 8 1 ) 8 9] ~ 15 (155)

74

p

________ • ~~~~~~ ‘ 
‘

~~~~~~-~~~~~~~ - ~~~ -- - —--



___________________________ ____________ - . .~~~~ -... . .  -• _____________________ -

The next concern is with the elements of the expansion appear-

ing in the Neumann ser ies.  Equation (134) indicates that the transfor-

mations operate on 9~ x2 +& ,~x 1+9.~u2 +0 8. Actually performing the

indicated transformations leads to

T 13T 12T 15 T 14 (8 5x 2 +8 6
x

1+9 7u2 +~~8
) = ( 8 5~~5 +8 6~~1+8 7~~9

)x 2

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 1
)u2+9 5~ 8+8 6cD4+9~~~12+O 8

(137)

where

1 ~ 10a 8 ~~ 10a 9
) a 14+[8 

~ 1
+8 10a 12 +(8

9+9 10o 9
)a 1 7] a 19 (138)

e 10a
9 

8~~~+8 ~~a 9
) 

15~ 
[e , i +8 10a 12 8 9+8 10a 9) 0 17]0 20 (139)

(140)

( 141)

( 142)

“10 8 3 +
~~1~~8+ 4 ’~~ 1~~9~ 

B 13 
(147)

~
‘ 11 S 5 ÷~~18 10÷ 4~~~~1 B9

) B 14 
(144)

ë 12 B6 + B 1B 11 + (~ 4~~B 1B9) B 15 ( 145)
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~ 
8 i ~ i t )  1’) ( l~~S)

~ l4~ ~ 1t (l~~~1

‘ 7 ~ l5 f 
~ 1u~~ 2 l  ( l~ 7)

8 17 ( l t S )

I ~~~ ~~~~ ~ ~ 8~ [B 2 
1 BQ B 

~~8 ~~~ ~ a 14 (1~~9)

(170)

1 ~ I li t [
~~ ~~~~ 1 2 ~~8 B~~~ 1 ~) (1~~~

] 
a (171)

~~~~~~ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ (] ‘)

8 17 ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~)a~~]o 15 ( 17 3)

i’ ) ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ (F.1)

l(u l() ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ (17~)

“ H ~ ;
l) 
Ii ’ ~~ 12 1 

~ I ~a Q ) 1 1 ~ [
~ 

14 1 B I 2~ 12
1 

~ 
~I1 ~ ) ,u  ( 1~~~)

1) 1 ,  B 1~~lB 1 u 1~ + ( B 1 2 + B ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ( i ~~~~~)

7
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Now define

1) = 8
5

(1)~~~5
+9

6
(i) 1~l + 9 (j )~~ 8~~(o) = 8 5 (156)

P
6(i-4- 1) e S (i)

~~6 +9 6 ( i )
~~�+e 7(j )

~ ; O~,(o) = (157)

• 8 7 (1+1) = 9
5

( i ) c p
7

+9
6

( i)c I )
3

+9
7

(j-)~~~~ 
1 

87(0) = 8 7 (158)

8 8 (i+1) = 85(i)~~8+8
6
(i)~~4

+e
7

(1)~~12 
~~~~ 

= 8 8 (159)

2 2 2a b c
WT ~ 

~ —T13T12T15T1 (160)
(a 1 c ,+d 1)(b 1 

c
1 -e 1)

with

(~~ 
WT (~~ 

i-.. 1 (161)

a r, d

2
- 

~~~ c 1+d 1 ~~~ 

~~ 8 5 (i) (162)

2

= - 
I j 

W 1 
8~ (i) (163)

a c + d  .1 1 1 i=o

2

V - ~ i ~ 1 
~~~ W~ 8 7 (i) (164)

a c +dI I I u = o
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2a C s—, -

- 1 1  \— - 

a 2c +d 4’ 8 ‘ (178)
1 1 1 1 = 0

4

The game optimal strategy for the n-uinin-iizing player is then

given by

= r1
1
x

2 +IT x +IT U +fl (179)

A similar evaluation of (48) leads to

V
i 

0
5y2

+0
6y 1

+11
7
v
2

+n
8 (180)

At this point, lt is seen that the game optimal strategie s, under

the assumptions given, are linear in the observations and past controls. H
Because of the comp lexity of the computations needed to achieve (179)

• and (180), there is little that can be seen in the way of structur e be yond

• linearity.

Substituting (179) and (180) into (64) leads to

y
1

(z2, x 2, y 2, u2, v 2) =U +c 1~~u1
Z

2+U2
X

2+u3
u

2
+(.j y2+u5v + Q

I gZ 1 2+d 1 1
u7
x
2+~ 8

z~+u9
u~-fu 10

v
2+u~~11 -e

11~~12y2+U13
z
2-f~

j
14u2+u v +~~ 6

(181)

whe r e

= (a~~c
1+d ~~

2
- (e

1
-b~~c

1
) ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

(183)
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z (k 1 +a ,n2 +b 1
r1

6 ) k2 (183)

U2 = a 1~~1 
( 184)

u
3 = a,fl 3 +a2 (k ,+a~~~~+ b n )  

(185)

U4 b 1~
i
5 

(186)

u
5 = b1

11
7+b2 (k +a rl + b f l )  

(187)

U
6 = a

1
rT~~-fb

1
rT

8 (188)

(189)

• U
8 

k
2

rT
2 ( 190)

U9 = ~3+a2~ 2 (191)

u10 b
2

ff
2 (192)

U11 (193)

U12 (194)

u ~~k r~13 2 6 
(195)



~ 14 = ~~~~~~~~~ (203)

LI 15 = n7+ b 2n6 (204)

= (205)

The Value of the game, with two s tages  to go, is given by (66).

max 

f
~e (k z +a +b )2÷d Z 2

+c I (u l
z
Z+uZ

x
2+u3u2+U4y2+LI5v2+U6)

x p(z,, x2, y2, u2, v2) d(z 2, x2, 
~~ 

u2, v2) (206)

The assumption of the existence of pure strategies

U
2 = U2 (X2 ) 

(207)

~2 = V 2 (y
2
) (208)

and the satisfaction of the saddlepoint condition, (68) and (69), lead

to the following sufficient conditions for game optimal st rategies:
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(a 2c 2k2+c 
1u 1U 3+d 1U8U~~e ~~ 13u 14 )T 22T21 z2+(a c

2+d24c 1L I + d 1U - e  1U14 )u
2

+(a Z b2 c Z+c lu3US+d lL I U Q e u U ) T ~~~~ +( c U U + d U L I )  x 1

+(c 1~t 3p4-e 1u 12U 14 )T 22 y2+c 1~~3~~6+d 1~~9~~1 1-e 1U 14)J 16 = 0 (196)

-e 1u 14u 15 )T 24~ 2 - (e2 -b~~c2- c 1U~~-d 1U ~0+e 1U 15)v 2

+c
1u5u6

-td
1~~10u 11~~e 1u 5~ = 0 (197)

a c
2+ d

2+ c 1U + d
1U~~~e1U~ 

> 0 (198)

• 2 2 2 2e2-b 2 
c2-c 1u 5~~d 1u 10+e 1U ,5 > 0 (199)

where

~1 

B(x 2, y2 ) = T 21~~(z 2 ) =f o (z2 ) p(z2~x2, y2) dz2 (200)

T
21 

:L2 [= , ~c;p (z2 Ix2, ~~2)]  
4 L2 [-~

, 
~ ;p (y2 1x 2 )]  (201)

-
~ B(x z ) = T zz a(y z )=fa (yz

) p(y 2 1x ,)d y2 (20 2)
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T 22 :L2 [-=‘, ~ ;P (Y 2 i x 2 ) ] 4  L2 ~~~~ ~~;p(xzIy 2)] (210)

~2
(y2) =T 7~~a(x2) =fa(xz) p(x2 1y 2) dx2 

(211)

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
(212)

Equations (2 02 ) and (203) are solved simultaneously to yield the

game optimal s t ra teg ies. This is not done here since the operator

algebra does not provide a n y  f resh insights.

An interesting point can be made by comparing (203), (204),

(53 ) , and (54).  Onl y system parameters at stage 1 entered into the

latte r, whereas system parameters at stages 1 and 2 appear in the

former. Also , it appears that the var iances of the observation noises

sh ow up in (203) and (204). In effect, this means that pure strateg ies

- ; can exist only where the dynamics allow the m and when the observation

noise var iances make the observations meaningful, The exact

dependence can be made clear only by ac tua ll y evaluating (203) and

(2 04).

6. EXAMPLE 2 F

Examp le 1 indicated that the game opt imal controls used all

information available to each playe r to determine the control strategy.

In effect, the information was used to bette r define the state at each

stage . While not obvious , the key piece of information is the assun-ied

a priori distribution representing physical limitations on the opposing

playe r ’ s available control magnitude . These assumptions allow a
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playe r to generate an a priori estimate of the state at each stage ,

which is then combined with the current observation to produce the

a_posteriori estimate of the state .

What happens if the two players have no knowledge of their

opponent’ s capabilities ’ In thi s case, the a priori control distribution

may be taken as one which, in the limit, has infinite variance. The

result is a particularly simp le separation solution : the game optimal

control st ra tegy  at each stage , exce pt the Nth 
whe r e  an a pr ior i

distribution of the state is assume d available, is  the de t e r minist ic

control strategy with current observat ion taking the place of the true

state. At the Nth stage , a more usua l stra tegy (involving noise

var iances) is used .

To show that such is actuall y the case, a different set of linear

trans formations is used to define the n e c e s s a ry  conditions. Instead of

(25) , consider the following :

/ 1 1 2  2 \  j I Ix , y , u , v = p~ v 1 
(z 1, x , y2, U2, v 2 ) p(z 1, x , y2, u2, v 2

1 ‘
~ 1 1= p(y 1 Iz 1~~p(y 2, v 2 Iz 1, x ,u2~~p(z 1 ix .u21p~x , u2

1 /_p (y
1 iz 1)p (y 2i z1.x .u2,v 2;p~v 2Iz 1.x ,u2)

~ p(z 1 Ix ’, U
2 ) p(x 1, u,) (209)

where the independence of the observat ion noise just i f i es the statement

that p(y 1 f z 1, x ’, y2, u2, v , ) =  p(y 1 iz ,) . Using this decomposition of

the joint density doe s not lead to any nice charac ter iza t ion  of the
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resulting c onditional densitie s although it is erpially valid. Its virtue ,

as is seen later , rests  in the conditioning of z , u pon x ’ and u2, the

information available to player II. In this case, the past is discarded

and, because of the decomposition, the actual evaluation of the func-

tiona l form of the control strateg ies becomes almost tr ivial.

Using (212),  the control strateg ies are

2 2 2 
- i

a c k  a b c
U

1 
= 2 1- 2 2 T14T13T12 T11T18T,7T,~T15 T14

a 1 c 1 +d 1 (a 1
c ,+d 1 )(b 1

c ,-e 1)

1 2
I b e

~ 
1 

2 T 13 T 12T 11 T 18 
z 1 ( 2 2 1 )

L 

e 1 -b 1
c

1

______  _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  

- 1
2 2 2b1 c k a 1 b c 11 -  2 2 T18T!.T1t T1STL4T13T12T1I T 15

e 1-b 1 c 1

2 1 —

x I - 
1 T 17 T 16 T 15 T 14 I Z

1 ( 2 2 2)
a 1 c 1+d 1 j

where

B(z 1, x 1
, ~~2,~~~2 ) T 11 o (y 2

) 
f

o ( Y 2 ) P(Y 2 iz i. x
1 , u2, v , )  dy

2

(223)

B(z l,x
l
,u2~~= T i2 0(v 2 ) = f n ( v2

) P(v 2 l1l.x l
Iu ) ) d v 2 

( 2 2 4 )
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8(z 1
) T 13 o(y 1) = fa(~i ) p(y1 1z 1)d y 1 

(213)

8(x ’1 ~2 ) T 14 a(z 1) fa(z~~) p(z 1
x ’.u2 )dz 1 

(214)

B(z~
, y

1
, u2,v2) = T15

o(x2) = 
f
~ (xz)P(

x
2 Iz i. y

’, u2,v 2)dx 2 
(215)

B(z i,y
1
.v 2 ) = T 16 a(uz ) =f a ( uz )P(u 2 Iz J~~Y . v z ) dUz (216)

8(z 1) T 17 a(x 1) = Jo(x i) p(x1 1z 1 ) 
dx 1 (217)

B(y
1
. ~ 2 ) = T18

a(z1) = fa(z i
) p(z 

~1 ~~ “2~ 
dz (218)

and all transformations hav e their domain and range in the appropriate

Hilbert space. It is clear that these are not the same transformations

defined in ( 3 1 )  through (42) , although the y are an equivalent set.

The required conditional densit ies a re :

2

1 F2 -AF Ex 2 +Gz 1 +N - 0u 2 -. PV , 
~T11.p(y 2~ z1, x ,u21 V 2) - 

A 
y 2~ F-A

(2 19 )

I b~~ [G
2 + (F -A )D ]

T12 :p(v2!z 1, x ,~~2 ) =  
G2 + ( F -A ) ( L + D )

~ 
a
2 EP ON

X Z
1
- çu 2 + 

b~~[G2 + ( F -A ) D] 
x2 + 

b 2 [G2 +( F-A) D] ~
(220)
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T13 :p(y1 Iz 1 )= M~ y~ -z 1 
(225)

T 14 :p(z 1 Ix
’, u2) = L~ z 1-x 1 

~2 
(226)

T15 :p(x2Iz 1, y
1
, u2, = - E2 -AE Fy 2 +Gz 1+N-~~ i2 -~~~2 (227)

1 a~~[G
2+(E~A)D] 1 b2

T 16 :p(u2 lz 1. y ,~~ 2 ) = 
G2 + (E-A )(M + D) 2 — ~~~ ~~~~~

2

FO GN 1
+ 

a~~{G 2+( E-A D] 
X

2
+ 
a2[G

2+(E~A)D]j
(228)

T 17 :p(x 1 1z 1)  = L ~X
1

- Z 11 (229)

T18:p(z1 Iy
1
.v2) M{z1~~y 1~ (230)

The conditional densities for the state , (Z2 6) and (230), involve

only the observation at stage I because the entire past has been lost,

as it were, by the assumption of infinite variance on the opposing

player ’ s control at stage 2. In concept , thi s is similar to the way in

which a Kalman filter is initialized.39 The practical result is to place

all weighting on the current observation. It is the best estimate of the

state at that point.
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Now conside r (213). Using (223) through (230), it follows that

2 1 2b c  i b c
T14 1+ 2 T

13
T12T11 T18 

zj = 1 1 +  2 x
1 (231.)

e 1 -b 1 e 1 L e 1-b 1 c

T
18T17

T16T15 T14
T13T12T11 z1 =x 1 (232)

so that

— 
a

1
c
1e 1k1= - 

(a~~c 1+d 1)(e 1-b~~c 1)+a ~~b~~c 1 
x 1 (233)

In the same manner , it is easy to show that

b c  d k
— 1 1 1 1
v y (234)

(a 1 
c 1+d 1)(e 1~ b 1 

c 1)+a 1 b 1 c 1

Note that (235) and (2 34) are precisel y the control strategies

(detailed in Chapter 2) for the deterministic case . The y could have

been obtained using (47) and (48), with S and T set to zero, but it

would have been difficult to obtain the results in closed form.

It is a straightforward task to use (64) to show that
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2 2 2 2 i 2 \~~~ Z Z Z Z j  2 ~~ 2
2 2 a 1 c 1 e 1 k1 ~a 1 c 1+d 1jo~~1~ b 1 C

1 
d 1 k 1 ~e 1-b 1 c 1 j~~~J = c a  + C C , +2 l \ ~ 2 \

2 r z  2 2 2 2 1 2
~ ~~ c 1 +d 1j~e 1 -b 1 c 1 ~~~~~ 

b 1 c 1 j

c d e k 2 
- (1 1 I 1 2 m m  max+ 

(a~~c 1+d 1) (e 1-b~~c 1)+a~~b~~c 1 ~Z U
2 

V
2 J c 2

c 1d 1e 1k~ z ‘ 2+ 

~~~~~~~~~~~~~~~~~~~~~~~~~~ 
(k2z2+a2u2+b2v2) +d2u2 -e2v2

x p(z 2, u2, ‘2~ 
d(z 2, UZ, V~~ ) 

(235)

The game optimal control strategies for (235) are easy to find and so

are not derived here .

VII. CONCLUDING COMMENTS

A major factor in the solution of the multistage stochasti c

differential game is the shared knowledge of the two players. Both

players know the value for all parameters of the dynamical equations

and the payoff. All densit y functions are fully known to both sides.

Given this type of structural knowledge , i t  should be clear that othe r

4 types of strategies involving other inforn-iation sets could as easil y be

used,

88



_ _ _ _

~~~~~~~~~

;- •

~~~~~~~~~~~~~~~~~~~~~~~~

-• • - ~~~~~~~~~~~~~~~~~~~~~~~ — • • • —~~~- -  T~rT:~~~~~~~
L--- - -

Admissible control strateg ies , other than those spocified by

(17), can be handled in a similar manner. The main difference ,

practicall y speaking, is in the form of the linear transformations that

arise from a consideration of the necessary conditions. Some

examples are considered in Chapter 4.
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SECTION IV

SINGLE-STAGE STOCHASTIC DIFFERENTIA L GAMES

I. INTRODUCTION

Chapter 3 derived all the theory required to solv e multistage

stochastic different ial  games having pure strategies . This chapter is

limited to examples of sing le-stage scalar games involving Gaussian

random variables. Consequently, the theory already in hand is used.

This chapter has two purposes: 1) to show tha t the solutions to

the single-stage game have a closed form solution (which may or may

not be true for the multistage case) ,  and Z) to exhibit the game

optima l control strategies that result  when different assumptions are

made concerning the informati on available to each player (different

admissible strateg ies).

All subscripts r e fe rr ing  to the stage numbe r are absent since

there can be no ambiguity. Furthe r , shorthand notation, which is

obvious in context, is introduced as required for convenience.

Finally, in each of the following examples the maximizing

player (p layer I) is assumed to hav e onl y noisy observations of the

state .

If the cc~~ term is neg lected , then

min max f a
J =  u v J ~c(kz+au+bv ) +du -ev ~ p(z , x ,y , u , v ) d ( z , x ,y, u , v)

(1)
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or~ since

p(z , x,y , u, v) p ( u v I z , x ,y )  p (z , x,y )  (2)

J = f c(kz+ a~ + b ) 2 
+ d~

2 
- e~~

2 p(z , ~ y) d(z , x, y) (3)

where ii and are  the game optima l admissible control  s trateg ies .

Def in ing

I (~, v)  ~~~~~~~~~~~~~~~~~~~~~~~~~ p(~ ,x ,y )  d(z ,x ,y)

(4)

the saddle poin t  condit ions are

- i(~i, ) = ackz +(a 2 c + d ) i +a b c~ ~ op (z , x, y) d(z , x, y)

+f a 2c+ d e 2 6 2 p(z , x, y) d(z , x, y) 0 
(5)

I(~i, ~ +~~ ) I ( ~i, ~ ) zJ ~ bckz+abc~~-(e- b2c)~~ c~~p(z , x, y) d(z , x, y)

~
f

~e~~b
2 c ~:

2
.~

2 p(z , x, y) d(z , x, y) ~ 0 (6)

In the fol lowing,  it  is assumed tha t

a 2 c + d > O  (7)

2 .c-b  c - 0  (8)

So tha t the game opt rnal control st ra tegies  a re  found f rom the aimul-

taneous solut ion of



J ackz  + (a 2 c+d)~~+ abc~~ ~c6 p(z , x, y) d(z , x, y) 0

f ~ 
bckz + abc~~ - (e - b2c)~~ ~c ~ p(z , x, y) d(z, x, ~) = (10)

About all that can be said at this point is that € is a small

number (not zero)  and that  ti is any real function of y. Until admissi-

ble s t r a t eg ies  are defined for player LI, it is impossible to say what 6

is a func t ion  of . al thoug h, in all cases, it is assumed to be a real

quant i ty .

As in Chapter  3, it is assumed that both players kn ow the

s t r u c t u r e  of the game, the class of admissibl e strategies , the values
of all sys tem parameters, and the mean and variances of all

d i s t r ibu t ions .

2. EXAMPLE 1. THE MLNIMIZING PLAYER HAS N OISY
OBSERVATIONS

Example 1 is the sing l e -st age  case which corresponds to the

der iva t ions  and examples of Chapter 3. In thie  case,

p(u , v i z , x , y) 6(u -~~( x ) ) 6 ( v  -~~(y))  (11)

so that  it is convenient  to decompose p(z , x , y) into

p(z, x , y )  p ( z l x , y ) p ( y l x ) p ( x )  (12)

and

p ( z . x , y) p ( z l x , y) p ( x l y ) p(y) (13)

Def in ing  th t ~ fo l lowin g  l i n ea r  t r ans formations
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B(x , y )  T 1~~(z) ~J~ z) P(z Ix .Y ) da (14)

B(x) T 2a(y) ~fa (Y) P (YI x ) dY (15)

B(y) = T 3~~x) = fa(x)P(x I Y) dx (16)

(with suitable domain and range , of course)  the necessary conditions

for game optimal control s t ra tegies  are , (9) and (10),

ackT 2T 1z + (a 2 c + d ) u +  abcT 2~~ 0 (17)

bckT 3T 1z + abc T 3~ - (e -b 2 c)~~ = 0 
(18)

so that

a 2:+d (a 2c+d)(b c-e)  
T ZT

3] 
T 2[1 + 

e-b2c 
T 3]T 1Z

(19)

2 2 2  2
= 

c-b 2c [i (a 2 c+d)(b 2c -e) 
T 3T

Z] 
T 3 [ a2c+d 

T 2]T i z

(20)

The requi red  conditional densities are

2

T 1: p ( z l x , y ) = 2 2 2 Z 2 2 2 2 2 2

(21)
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O + 0  0 x + O  rn
T 2 :p(y~ x) 

~ 2~~ 20 ~~~ ~~~~ 

- (22)
z ~ z fl ~ z ?~

2 2 2 2 2o +o~ 0
T 3:p(x j y) = 

~~~~ 
{x 

- 

O 2 + 2 (23)

Rewri t ing  (21) through (23) as

I

T 1:p(zlx , y )  = a 1~~z - e ix
~~

e z y
~~e

3 :  (24)

T 2 : p ( y lx )  = 

~~~ 
‘
~ 

- 84x - ~~~ (25)

T 3: p ( x ly )  0 3~ X - 85)’ - 87 I (26)

it follow s tha t

T 1z 8 1x + 8 2y + 8 3 (27)

where the 8. a re  not the  8. of Chapter  3.1 1

11+ b
~~~ T ] T Z = 8 1x+ e2 y+ e3+ b2c

L c-b c c-b c

elX + [(l~
4
;;ic

)e2 +
e _bk: 

8l 86IY +8 3+
e~b~c

( 0187+03)

(28) 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
_ _ _



TZ[l + b
4T 3]T1Z 2 81x + 0 8(04x + 05) + 09

= (01+8804)x +0805 +8

010x + ~~~ (29)

Where  the inverse is expan ded , term s involving powers of
T2 T 3 appear which operate on (29).

T 3x &6y + 67 (30)

T 2T 3 86(9 4x + 85) + 87

+ 860 5 + 87

+ 8 13 (31)

Thus , if

2 2 2
- a b c  

TT - 

(a Z c+d ) (b 2 c -e ) 2T 3 (32)

II WT II- 1 (33)

then
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1 1_ W T
2T3

) . 1T
2{

l+ b 2c T3]Tl z = 810x+8 11+W 10 10 (012x+813 ) +  811
)

c-b c

+ W 2 [010811(8 12x + 813) + 010013 + 011
)

+ W~~18~~ &~
2

~(812x + 8 13) + 8 10812 913 + 010 013 + 0 11 J

+ W 4 [81001~ (0 12x + 813) + e10e12e 13~ ~lO~ IZ~ 13~ ~1o~ 13 + 81 ~~

+ W 5 [81081~~(812x+ 813)+0 1081~~813 +0 10 O1~~013+9 10812813+81081 +0 
~~~~~~

= e10~ [i+ we12+w 2 e1~ ÷ w 3e1~ +w 4e1~ +w 5s1~ + ...]
+ 0~~[ 1 +  w +  w 2 + + + w 5 

+ . ..]

+ 810813[l + w + w 2 +w 3 + w 4 + .. .  + 012( 1 + w + w 2 + w 3 
+ . . .)

+ W 28~~2 ( 1 + w  + ~/12 + . ..)
~~~

8 10 
_____ 

w8 10813
1 _ W 8 12

x + 1 - W + ( 1 -W ) ( l -w 9 12 ) (34)

so that

— ack I 0 10 0 11 W8 10813 1u 
a~~c+d [1~~W 8 12

X + + ( 1 -W ) ( 1_ W 0j 2 )J
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-.-- .

~ 

where

r 2 ~2 ~O = I~ + b c  
— z 

- 
z 

(36)10 [ e-b 2c o 2+c~ J ~~~~~~

O - rn {~ 2 b 2c 0 ,20 Z~ 0,~0 Z~ 0 20~Z 1 (37)11 - 

~~~~ ‘~ e -b 2c + o~ j

0 12 = ( 2
°

~~~~~~~2~~~~~ (38)

0 l3~~~~~~~~
)

(;_~
fl
~
) ~~~~~~ 

(39)

(Note that

1w 8 12 1< 1 
(40)

so that  the in f in i t e  series involving W8 12 in (34) converge with the
sum being given b y a closed form solut ion . )

A similar exer c ise  leads to

— bck 1 8 14 8 15 W8 14617 1= 

c-b 2c ii -we16 
~ + ••

~~~ 
+ (I w)(1w0j~)j 

(41)
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- ~~~~~~~~~~~ -~~~~~~~~~~~~~~~~~~~~ —-~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

where

1 2 ~~2 1 ~~2
_ I a c  z I z
- - 

a2 c+d 0 2 +0 zj 2 +0 2
z ~ z

1 2
8 - ni I 2 a c  ~ z fl z ~

15 2 2 1 0 - 2 2 2
..‘ +0~~~ I a c+d 0 + 0

Z 
~~L z

0 16 ~~~~ . 
(44)

/_
o
~~~\ / m o ~~\ m~~~

= 

~ ÷ ) ~~+~) + 

~~~~~~~ 

(45)

A compar i son  of (35)  and (41) w i t h  the example of a sing le - H
s tage game , wi th  contro l  s t r a t e g ies spec i f ied  to be l inear  ( R e f e r e n ce

40), show s that  (except  fo r  a t y p o g r a p hical  e r r o r )  the  two solutions

are  iden t ical  if the  mean of the  a p r io r i  est imate of the s t a te  is zero

(in = 0).  However , t h i s  example proves , by cons t ruc t ion  of the  sol o-

tion , that  (under t he  a s s u m p t i o n s  of l inear dynamics,  quadra t ic

payoff func t i on , Gauss ian  random var iables , and noisy observa t ions

for both pl a y e r s )  t h e r e  is no nonlinear pure control s t ra tegy  tha t

can do b e t t e r . I?!
Conside r what happens when pl aye r  I is unable to a f f e c t  the

out c ome of the game (b 0). In t h i s  case , t he s ing l e - s t a ge  game

degenera tes  to a sin gle - s t age  min imiza t ion  problem with sol ution

g iven by
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~~1

17 2X + 0 2 m\
— ack ( z (46)

a’c+d ~t
‘ z

where the t e rms  within the parentheses comprise the minimum van-

ance e s t ima te  of the t rue  state — an example of the well-known separa-

tion proper ty  of this class of stochastic control problems. 36 Note

that this happy situation does not exist in (35) since system parameters

and both pi aye r s ’ observation noise variances are inextricably mixed

to get h er . in other words , even in this  simplest of stochastic differ-

ential games, a separation theorem does not exist.

Set t ing the observation noise variances to zero (perfect

observat ions)  leads d i rec t l y to the de te rminis t ic  solution found in

Chap te r  2.

If onl y one of the players , say player II, has perfect observa-

tions, then the control s t ra teg ies are stil l given by (35) and (41),

except that

- 0 (47)

In this  case , player IFs control s t ra tegy  is not identical  wi th the

de te rmin i s t i c  one of Chapter 2. Player II’ s game optimal s t ra tegy

still involves t e rms  re f lec t ing  the noisy nature  of player L ’ s observa-

ti~’ns. Again , ther .  is no separation theorem.
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3. EXAMPLE H. THE M I N I M I Z IN G  PLAYER HAS PERFECT
OBSERVATIONS AND KrJ WS THE MAXIMIZING PLAYER S
OBSERVATION

This  s ing le - s t a g e  game ~or r es ponds , in t e r m s  of in f o r m a t i o n

c o n t en t , to  t h e  wor k p r e s e n t e d  in R e f e r e n c e  41 . in t h i s  case ,

p(u, v I  z , x , y)  ~ (u  - U(z. y) )  ‘ (v  - v ( v ) )  
(48)

wh er e  x has been dropped f r o m  c o n s i d e r a t i on  s i n c e  x is i d e n t i c a l  to

z at all t i m e s  (p e r f e c t  i n f o rm a t i o n ) .  Ins t  cad of ( 13 ) ,  t he r e m a i n i ng

jo in t  d e n s i ty  can be w r i t t e n

p(z , v I p( z1 y)  p(y)  
(49)

80 that  onl y one l i n ea r  t r a n s f o rm a t i o n  is r e q u i r e d

~(y )  T~~(z )  
~
f

~~( z) P( z J ~~ ) d ~ (50)

which  r e s u l t s  in

ac kz + ( a c  d) u abc v - 0 (51)

bc kT z + abc T u - (e - b~ c) 0 (5~ )

Solving (
~ 1) and (~~

) s i m u l t a n e o u s l y leads to

— ack abc I bcdk 1U - 
2 ~ T I ~ 

— 

2 7 2 ) I Tz  (53)a c f d  a~~c + d  L(a~c d)(c -b c)+a b , S

~~~~J

— - bcdk
- 2 2 ~~~ 

T~. 1.
(a c + d ) (e -b c) a b c
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S i nc e  t h e  cond i t iona l  mean of z given y is p reci se l y t h e
Am1n1muj-~ variance e s t im a t e  of th e  s ta te , z , (54)  ind ic a tes  that , at

l a st , t h e r e  is a s epa ra tion  t heo rem fo r  the m a x i m i z i ng  pl a y e r .  If
t h e ’ e r r o r , i.,  be tween  th e  t r u e  s t a te , z , and the  best e s t i m a te  of the

A
s t a t e , I., iS  in t r oduced , t hen (53) can be r e wr i t t e n  as

— acdk abc bcdk— 
, ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 2(o~ c f d ) ( e  -b ’c) +a ’b c a c+d  L(a ~ 4d f le  -b c)-4 a~b c J

(55)

w h e.r ’

(56)

Eq u at i o n  ( 55) shows t h a t  pl ay e r  Ii’ s opt imal  c ontrol  s t r a t eg y

can be b r o k e n  i n t o  p a r t s :  one p a r t  w h i c h  is i d e n t i ca l  to  tha t  u sed in
t h ful l y d e t e r m i n i s t i c  ~asc , and a second par t  which is p r o p o r t i on a l

to t he e rr o r  in pla yer  l’ s e s t i ma te  of t he  t r u e  s t a t e ’ . As usua l , a

l i n e a r  c o n t r o l s t r a te g y  r e s u l t s .

Th i s  examp le cou ld be ex t en d e d  to  th e  m u lt i s t a g ’ case , if

desired , but the r e s ult s  woul d not  ma tch  those  obt .~ined  in R e fe r e n c e
41 . Even th o u g h both pl ay e r s  have ’ l i n ea r  con t ro l  s t r a t eg i e s  under

ei t h er  forrr i u lat  ion , t he im p e ) s i t  ion of t h e  r equ i rernen t  tha t  t h e  St  r a t e  —

g u s  be l i n e a r  ~ han g e s  t h e  e s s e n t i a l  c h a r a c t e r  of t h e  so lu t ion ; a g r ea t

deal  m or ’ i n f o r m a t i o n  i s  av ~e i l ab l e tu  b o t h  pl a y e rs  if t h ey know the
f o r m  ( i  he ’ s t  r u c t u r t . )  t the  st r a t e ’ gi es .  In e f f e c t , t he v a r i a n c e  of the
e s t i m a t e  of t he  opposing p l a y e r s pas t  c o n t r o l s is r educed  s ince
Inc  re ’ c a p a b i l i t y  rn t i s t  rio l e nj . u ’r be c o n s i d er e d  a lone . In s t ea d ,  the

estimate depends on the ab i l i t y  of each player to estimate his

opponent ’ s observation --- a s i tuat ion  which is much easier to handle.
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SECTION V

MULTISTAG E STOCHASTIC DIFF ERENTIAL GAMES WITh

SPECIFIED CONTROL STRATEGIES

I . INTRODUCTION

This  chap ter  invest i gates the case of a mult istage stochastic

d i f fe ren t ia l  game where in  bot h playe rs have onl y no i sy  obse rvations of

the t rue  s ta te.  U n l i k e  the work  p resen ted  in Chap t e r  3 , the f o r m  of

the control  s t rateg ies  fo r  both sides  is spec  i f i ed . In par t icular , the

s t ra teg ies are  speci f ied to be linear f u n c t l o n F  of the  present  and p~
obse rva t ions  ava i lab le  to each p la y er .

The a s sumpt ion  of the  f o r m  of the  c o n t r o l  st r a t e gy  has a ne~ j .-r

impac t on the method of so lu t ion  required . Previously, the problem

was one of func t iona l  op t imiza t ion  over the class  of al l  s trateg ies , and

t he methods of funct iona l anal ys i s  were  used;  now , the problem is

reduced to optimization ove r a set of para met er s , and the ordinary

ca lculus suf f ices .

The method is best presented by p e r f o r m i n g  a two-s tage

examp le. The extension to an N stage game is then obviou s .

II . DERIVATION OF THE GAME OPTIMA L LINEAR STRATEGIES

The problem is to choose a set of pa rameters  in the pure

control  s t ra tegies  which optimize (in a game sense)  a quadrat ic

payoff func t iona l
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= 
r n n m x  E c I d~~~

2 
- e~~~

2 
(1)

(The payoff function is writ ten in t e rms  of scalar states and control

variables for the convenience of doing ar: example problem, but

everything to be said goes over immediatel y to the  vector case. )

The tilde over the two control st rategies , u. and v . ,  is meant to

denote that the control  s t ra tegies  are r estr icted to those having a

cer tain form , which is l inear in thi s  example . The mm and max

operators a re  to be evaluated over the set of parameters  a1, a11,

~ lV a2, and a
22 and B~~, B 11, B~~~, l3.~ (denoted by a and 8, respec-

tivel y) s ince

2
= a + a. .x .  (2)i 1 

~~~ i j j
j = i

2

V i  

~~ ~~~~ (3)
j = i

Thus, solving the last stage game first ,
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ru i n  max 2 2J I = J c
1z + d

1
u

1 
— e 1v 1 P ( Z ~~1 u 1, v 1) d ( z , U 1, v 1 )

f ( b ) d

~ p(z~ , U 1, ~ 1 ) d ( z 1, ~r1, ~
‘
j ) c

1
C ~ 

mm rnaxfi c [k z

4 a
1(a 1 +a 11x 1 1 , x 7)+b 1(~~1 j 1 v 1+~~12 y2

)2] + d
1
~~lj+a 11x 1

~~~~~~~~~ t ’ 1 L L’ 1 +~~11 y 1 4~~ 12 y ] ~~~~p(, x ’ y ’ u v )

d(~~1
, ~~l , ~~~~ v 2 )  ( 4 )

wh er e ’ md ~ in (4)  a rc  th e ’  set  ~~~ a 11, a 12, ~ I P  and  
~

res pect i ~‘ el v

Sinc~’ (4) i s  a p r ob l em  in o r d i n a r y  ca l c u l u s , t h e  usual  suf —

f i c ,’ i e ’ f l t  conch i o n s  for  he  in  m u  n i  zat  ion and r n a x in t at  ion of a f u n c t i on

of sev e r a l  var’ i ihl  c’s a r e ’ app l i c a b l e , n an i e l  y

- (5)

0 (6)
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1

2
— J>o (7)

~
2
J

(8)

where  (5) and (6) are  vector  equations and (7) and (8) a re  mat r ix

equat ions .

Appl y ing (5) and (6) to (4) y ields a set of l inear  al gebra ic

equations in a and ~ the optimal values  for  a and ~

+ d 1[~~1+~~11x 1+~~12 x 2]~ ~~~ x ’, y 1
, ~2~~2)d(

zj ,x ’,y~ 
~~ 

0

~J 1 

(9)

= ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 1y i +~~j 2 y 2 )]

= 0

(10)

~



I = 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

(Fl)
(1J

~~~~ ~~Zf~ b j e 1 [k 1 z
1 +a 1

(~~1 ÷~~1 1 \ 1 +~~12 x2 ) + b 1 (~~1 +~~1 1 y 1 +~~12 y 2 )]

0

(12)

:3fl 2f
~bi

c
i Y i [k 1 z1 

fa
1 (~~1 +~~1 1 x 1 + 12 x 2 )+b 1 (~~1 +~~11 y 1 +~~12 y 2 )]

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

(13)

l
zf~b [ k

_ _ _ _ _ ]

- e iY 2 [~ 1 +~~1 1 Y 1 f~~12 Y2] I  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

(14)
Since

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

X p(z 2 , x , , y 2 , i12 , v
2 ) d z

2 (15)
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under the assumptions of inde penden t observat ion and process noise ,
(9)  through ( I S )  can be rewrit ten as

a l c l k l E(k z +a~~i + b ~~~~; + ( a Z
+ d ) I 

~ 1 +E( k2 z2 +a 2~j + b )~~

0 (16)

al
c

l k +E[(k z4a ti +b~~~ )Z]l +(
2

d )  ~
E(k

2z24a2~r2+b~~~ )&

+ (~~~~+O
Z
+E[(k z +a~~i + b ~~~ )2 J )_ { J i

+ 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

+ E [(k 2 z2 +a~~~~+b~~~~) 
~2J~~l 2  ~ 

0 
(17)

a
1 
c
1 
k

1 E[(k2z2+a~~i ‘b
2~ 2) x2]+( a~~c 1 +d

i)fr(x2)~

4 E [( kz zz +a z~~z +b~~~~) x J ~~~~ + E ( x Z
)~~~~ } b  ~E(x 2 )~~1

+E[(k2z2+a2Z~2+b
2~ 2)x] ~~ 

+ E(x
2y2) ~~~ 0 (18)

l~J7



- ( e 1
_ b

1 c 1 ) ,  1 +E(k 2 z2 +a 2 u2 +b 2 v2 )~~1 1 #E(y 2 ) ’~ 12~ = 0 (19)

b 1c 1k 1

+ (a
~ 

+ E [(k 2 z2 +a 2~f + b !~~)2 J )  ~ 1 1 +E [(k z2 +a 2 ci2 +b 2~~~) x ]~~~~~

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

+ E [(k 2 z2 +a 2~~2 +b2~~2 ) y 2]~~12 ~ = 0 (20)

b i c 1 k 1 E [(k 2 z2 +a if +b~~~~) y J +  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

+ E(x 2 y2 )E 1 ~~~-(e 1 -b~ c 1)~ E(y 2 )~~1 + E {(k2 z2 +a 2~i2 +b2~~2 ) y
2] ~ i i

+ E(y ) ~~~ = 0 
(21)

where

E( ) f(  ) p(z2,x2,y21~~2,~~2) d(z2,x2,y2,~~2,~~2) (22)

At t h i s  point , it  can be seen that  &l~ ~~ I ’  a12 , 
~ l ,P~~, and

can be found , in t e rms  of system parameters  and the expected
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values of quantities appearin g at stage 2 , fr om the simultaneou s solu-

tion of six linear equations, (16)  throu gh (21) ,  in six unknowns .

Because of the amount of algebra involved , no attempt has been mad e

to solve the equations explicit ly.

Having actually solved the equation s, the principle of opti-.

mality is used to find the game optimal values for a~~, a22 , 82, and B~~~.

min max 2 —~ —
~~= a B E 

1
c2 z 1 + d2u2 - e2 v2 +

min max l 2 2 2
= a B [f ~cz z i +d z~~z~~ez~~z ~p(z 1, ~~2 ,~~2 ) d(z 1, i ~2,~~2 ) + J 1

mm max 1 2
= c l~~X + a B 

LJ~

cz[kz
z
z+az

(a
z+azzxz)4bz(8

z+szzYz)]

+ d2 (c12 +a22x2 )2 _ e
2

(8
2+8 22y2)2 }  p ( z k y ) d ( z k y )

+ v l (a2~ a2Z~~92~~922 )] 
(23)

where

y
1 (a2,a22,

82,822 )= c1O~~ + 
J

~ ci[ki
z
i +a i (~ i +~ ii

x
i +~ iz

x
z)

+(~ +~ ly1+
•
~ zYz)J

2
+di(ai+~i 1x 1+~1 2x2)2 -e 1 ~~

+‘!~ 1y1+B~ 2q21 p(z~ x’, y
1,s~2,’~2) d(z ’~x’,y~~i2 

,
~~) (24)
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and

p(z 1, x1
, k1

,~~2, “2 ) 
p(x 1 I z 1 ) p(y 1 I a 1 )

~~p(z 1 I z 2 ,~~2 ,~~2 ) 6 ( ~f2
_ a

2
_ a

22 x2 )

x L. (’
~
;
2 - - ~22 y1) P ~~~I z 2 ) p (y 2 1z 2 ) p(z 2 )

(25)

Subs t i tu t ing  (24)  and (25) into (23) and then car ry ing out all the

indicated in tegra t ions  lead to a character izat ion of J 2 in terms of

a 2 ,  i~~~~, ~~, and ~~~~~ Again setting the f i rs t  pa rtial derivatives with

respect  to each of the four variables equal to zero , along with the

required p o s i t i v e  definiteness of the matrix of second pa rtials with

respect  to and a~~ and the negative defini teness of the matrix of

second p a r t i a l s  with respect to ‘
~~~~ and ~~~~~ leads to the optima l

values for a
2~ ~2Z’ ~~~~~

‘ 
and 

~~~~~~~~ 

in terms of system parameters and

the a priori variances and means of the various random variables.

3, CONCLUDING COMMENTS

The s p e c i f i c a t i o n  of a ce r t a in  f o rm  for  the control strategies

reduces  the  c o n c e p t u a l  d i f f i c u lt i e s  associated with solving multistage

s tochas t ic  d i f f e r e n t i a l  games ,  but it does little to reduce the di ff icul ty

of ac tual l y f i n d i n g  the correct  values for  the control s t rategy parame-

t e r s .  For i n s t a n c e ,  at stage i of an N stage game , there are

2 ( N - i + 2 )  con t ro l  s t ra tegy  pa ramete r s  to be found by solving a like

numbe r of s i m u l ta n e o u s  equation s (and , at th is  point , there  is no way

of telling whether the y
1 resulting from optimization at the 1th stage

leads to an equation which is quadrat ic ’  in a and ~ at the i + 
st stage).
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Havin g found ~ and ~ at the 1th stage, it is still  necessary  to investi-

gate the ei genvalues of two N - i + 2 by N - i + 2 matr ices  which may or

may not be functions of ~ and ~.
Never the less , a s t rai ghtfo rward method of actually solving a

mult is tage stochast ic  d i f fe rent ia l  game having pure s t rategies  has

been developed. It is at least possible , thoug h tedious , to solve suc h

a game anal ytical l y and thus de te rmine  the effects  of variou s values

in system pa ramete r s  and in the a p r io r i  d is t r ibut ions .

This work may  be compared to that presented in Reference  40

which , in part , solves the same problem. A major d i f ference

between the two is in the handl ing of the various conditional densities

that a r i se . In Re fe rence  40 , they are summarized  in terms of

Kalman f i l te r s , while here they are  introduced directl y.  It appears

that recurs ive  f i l t e r ing ,  while probably leading to the same answe r ,

add s a f a i r  measure  of both conceptual  and pract ical  d i f f icu lt ies .

Finally,  there  is the question of the r elationshi p between th e

multistage s tochast ic  d i f fe ren t ia l  games when the control strategies

are and are not specified as to form . Since nei ther  closed form

anal yt ical  nor numerical  results are  available , one can only specu-

late as to the d i f fe rences  in the payoff . L
The resul t ing l inear  c ontrol s t rategies (with and without a

l inear strategy being prescr ibed a p r i o r i )  are not identical . The

conclusion is that the c ontrol  s t r a t egy ,  which is optimal ove r the set

of all linear s t ra tegies , is not equivalent to the control strategy

(also l inear)  which is optimal ove r any control  strategies . This

seeming c ontradict ion can , however , be resolved .
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The reason for  the d i f f erence  between the two strateg ies is
prec ise ly the d i ff e r ence  of the information available .  In both cases ,
all available informat ion is used.  In this sense , the knowledge that
an opponent is l imited to usin g onl y one form of a solution is merel y
an additional piece of inform at ion . Thus, jus t  as changes in infor-
mation led to d i f f e r e n t  l inear  s trateg ies in the examples in Chapter 4 ,
so too do changes in information in multistage games lead to changes
in st ra tegies.

This is an example of the dif ference between stochastic
di f ferent ia l  games and stochastic optimal control.  Unlike stochastic
optimal control , there is no separation between estimation of the
state and control . And , as noted above , even for  the case of l inear ,
de te rmin i s t i c  d ynamics , quad ratic payoff functions , and Gaussian
random variables , the optimal strategy,  ove r all s trategies , is
linear but not equal to the optimal linear s t rategy.

By setting the appropriate quantities to zero , optimal c ontrol
problems may be cons idered to be special cases of differential games;
the same statement is not true in rever se.  Differentia l games ar e
not , in general , mere extensions of optimal control .
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SECTION VI

F U T U R E  WORK

The work presented in t h i s  d i s s e r t a t i o n  leads one inevitabl y to

consider future areas of r e sea rch .

For games of pe r fec t  i n fo rma t ion , the question of what combina-

tions o f payoff  func t ion  and dynamics  lead to pure s t ra teg ies  is a

natura l  one to ask .  It also would be useful  to know under  what condi-

t ions randomized strateg ies exist and how they are to be found .

The cor respond ing  quest ions for  cont inuous  t ime games a re

also worth asking. Does it, in fact, make any sense to talk about

randomized strateg ies when a new control must be chosen at every

in sta n t of t i m e?

Much  w o r k  r ema ins  to be done for  s tochast ic  games.  Simp le

ex tens ions  of the  work  done he re in  would include the closed fo rm solu-

t i o n , if one exists , for the multistage vector game of Chapter  .3.

Numerical solutions should be of interest in any event .

A l s o , t he  solu t io n to cont i nuo u s ti m e di f fe r en ti al games , of

t he type s tud ied  in Cha pter  3 , would be i n t e r e s t i n g . It is not

immed ia t e l y c l ea r t h a t  the  sa me use  o f con di t iona l probabi l i ty  de n si t ies

and s imp le l inea r ope ra to r s  would p roduce a n s w e r s .

Still , in the  realm of pu r e  st ra te g ies , it would be useful  to

extend the r e s u l t s  to non l inea r  p rob lems  and to payoff funct ions  tha t
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are  not q u a d r a t i c .  Wi th  r egard  to randomized s t r a t eg i e s , is it

possible  to app ly t h e s e  t echn iques  to s t ochas t i c  games or must  new

ones be deve loped?

A g rea t  deal of i n fo rma t ion  concern ing  the s t r u c t u r e  of the

problem is a s sumed  ava i lab le  to both p l a y e r s .  F u r t h e r  work  mi ght H

cons ide r  the e f f ec t  of less  info rmat ion  or in fo rma t ion  in the form of

p robab i l i ty  d e n s i t i e s .  In the same vein , it wou ld be in t e re s t i ng to

know if t h e r e  is a suitable coro l la ry  to adaptive control in the game

situ a t i o n .

Obvious ly, t he re  is a grea t  deal  of wo rk y et to be do n e.
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APPENDIX

The following two theorems are  taken almost direct ly from

Chapter 12 of R e f e r e n c e  20, with appropriate  changes in rotation.

Theorem 1( 1 2 . 2) : Let I.  be the payoff function of a continuous game,

and suppose tha t I. is continuous in both var iab le s and tha t 1.(u., v . )

is s t r ic t l y convex in u
~ 

for  e v e r y  v 1. Then there is a unique optimal

s t ra tegy for  the second playe r , which is a step function of f i r s t  order ;

i . e., there is a number ti . in the closed interval [- 1, 1] such that the

(unique) optimal strategy for the second player is the step function

H(
~~

). (H(iL ) is a probabil i ty densi ty function).  The Value J1 of the

game is g iven by the formula

mm max
- l�v . � 1 - l�u. � ~ 

I1(u
~, 

v . )

and the constant is the unique solution of the equation

max —I . (v . ,  u . )  J.— l�v. �l 1 1 1 1

The orem I provide s a means for  finding the minimizing

playe r ’s game optimal control  s t rategy  and the Value of the game. The

following theorem does the same f o r  the maximizing player.

Theorem II (12 . 5): Let I. be the payoff function of a continuous game ,

and suppose that I~ is continuous in both variables, that ~iI 1(u 1, v 1)/ ~ u1
exists for each u. and v 1 in J -  1, 1] x [- 1, 1], and that 11(u1, v . )  is a
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strictl y convex function of u1 for each v1. Let H(~ 1) be the uniq ue

optimal strategy for the second player , and let be the Value of the

game . If = - 1 or 1, then there is an optimal strategy H( 1) for the

f i rs t  player; the constant can be taken to be any number sat isf ying

the conditions

1

~~~~~ ~O = 
~i

~~I. �
~~~ if~L =  - i

~u . �0 i f u .  1
1 —  — 1

• ui, v i

If _ l < i
~~

< l ,  then the re  is an optimal strategy for the f i r s t  player ,

which has the form

+ ( 1 - a) H(~ 1
2

)

and the constants a, ~~ , and can be take n to be any number .

satisf y ing the conditions

0�a� 1

I
1
(i~1, ~~. l ) = J~ ‘ ~~~~~~~ 

_ 2
) =

~~I .

~ 
_

~~~~

� 0 

~1L-. —2 
~

u1, v1
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ax. ax.
+ ( 1 - a )  ~~~~~ = 0

— 1  au~~_ ~~U.,  V
1 

U
1
, V

1

Analogous theorems exist for payoff.  which are s tr ict ly

concave in v. .
1

121

~U.5.Qovs rnm.nt PvInt Ing Offi ce , 1*79 697.002 /569

-- — _a_— 
~~~~~~~~~~~~~~~~~~~ -•- -- -.- -- - • .


