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PREFACE

In order to synthesize and effectively treat and control Air
Force air-to-air and air-to-ground flight vehicle systems, it is
absolutely necessary to have the groundwork contributed to in large
part by the rather important results in this report whose develop-
ment was motivated by these important Air Force flight dynamic vehicle

issues.
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SECTION I

INTRODUCTION

1. HISTORY OF DIFFERENTIAL GAMES

Differential games came into existence in 1954 with the publi-
cation of several RAND Corporation reports written by Rufus
Isaacs.l-4 This work, and a great deal more, was incorporated into

his book Differential Games5 published in 1965,

The original impetus for his investigations was the problem
of pursuit and evasion of hostile aircraft. Following his original work,
the field of differential games became almost entirely the province of
mathematicians who made no attempt to give any physical meaning to

ol At the same time that American mathematicians

their results,
were delving into the field, Soviet mathematicians also were exploring
it (see the bibliography of Reference 9).

Differential games became better known to engineers in the
middle 1960s with publication of Differential Games and its review, e

and a smali tlurry of papers in engineering journals, e Following

these came another small flurry of papers involving stochastic differ-
ential games.‘b'18 Today the subject represents a rich field of
investigation to those interested in control theory and the quantifiable

aspects of conflict,




This exceedingly short summary is by no means exhaustive of

the work that has been done,

2. THE THEORY OF GAMES

As the name differential games implies, it is a derivative of
the mathematical theory of games first developed by von Neumann
and Morgenstern. b Many good books on game theory (far easier to
read and understand than is Theory of Games and Economic Behavior)

are available. 20-23

Games can have many forms depending on the number of
players and the way in which winnings and losses are computed. The
work herein involves only two players where, essentially, the loser
pays the winner a specified amount after the play of a given game.
Since the algebraic sum of the winner's game (positive) and loser's
loss (negative) is zero, this type of game is known as a two-player,
zero sum game.

Games may be presented either in extensive form — a set of
rules and a succession of choices for each player, or in normal
form — a matrix or function which relates the amount due to the
winner to the choices made by the two players. The amount, as a
function of the choices, is known as the payoff of the game,

The choices may involve only a limited number of individual
elements — matrix games — or they may involve an infinite number of
elements — infinite or continuous games., Each player wishes to
find a strategy that allows him to make his choices (choose his con-
trol) so as to optimize the payoff. In general, these strategies are

functions of the payoff. These strategies may be: 1) pure — given a




fully specified payoff function, there is a single value of the control

which should be chosen; or 2) randomized (mixed) — given a fully
specified payoff function, there is a probability density function which
should be chosen with the actual control found by a chance device
having an output governed by the optimal probability density.

It can be shown that every matrix game, and some types of
continuous games, admits of a pair of strategies, pure or mixed,
such that, if the minimizing player uses his optimal strategy, the
pavoff to the maximizing player will be no greater than a certain
amount. Conversely, if the maximizing player uses his optimal
strategy, he is assured of receiving at least the same amount, This
amount is known as the Value of the game. The condition that
expresses the inequalities of the payoff is known as the saddle point
condition. Control strategies that satisfy the saddle point condition
are such that both players can compute them, or, equivalently, that
both players may announce their strategies and still be assured that
the payoff will be no worse, from each point of view, than the Value.

An important concept in game theory is information. Ingames
of perfect information, each player knows the exact value of the pay-
off and all that has occurred in the past. Such games as chess and
checkers are examples of games of perfect information. It can be
shown that such games have saddle points for pure strategies for both
sides. Games of imperfect information have some elements that are
unknown or given by a probability distribution; bridge is such a game.

Games of imperfect information may or may not have pure strategies

that satisfy the saddle point condition.




L DIFFERENTIAL GAMES

Differential games involve a payoff which is in some way
related to a dynamical system. The two players attempt to optimize
this payoff by choosing game optimal control strategies. The evolu-
tion of the state, as a function of the players' conirol variables, is
described by differential equations (coatinuous time) or difference
equations (discrete time); thus the name.

Because of the interaction among the state of the system, the
dynamical relationship between the state and the controls, and the
payoff, it is necessary that the game optimal control strategies be
feedback strategies, ones that use information on the current state.
Thus the central problem for the engineer is to find these feedback
strategies.(Mathematicians must still deal with the many unsolved
problems concerning the existence, uniqueness, and optimality of
solutions.)

In general, there is no reason to assume that a given differ-
ential game has a Value or that its Value, when it exists, is obtained
by using pure strategies. There are problems arising from the fact
that the payoff is generally a continuous functional of the controls and,
as noted in Section II, not all continuous payoffs admit of a Value, or,
if they do, a Value resulting from pure strategies. Happily, there
are cases where the structure of the payoff and the dynamical equa-
tions do result in a Value obtained by using pure strategies. 24

Differential games can be divided into classes: those where
observations of the state are perfect, and those where they are not.

The latter are referred to as stochastic games. Up to the present,
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they have involved linear observations of the state corrupted by addi-
tive noise. The addition of such noise means that a deterministic
payoff function is no longer meaningful; instead, it is replaced with
an expected value which is then optimized.

It must be noted that the descriptions of the theory of games
and of differential games are included mainly for orientation purposes;
they are neither rigorous nor complete. Full expositions are to be

found among the references already cited.




SECTION II

MULTISTAGE DIFFERENTIAL GAMES WITH PERFECT

INFORMATION

1. INTRODUCTION

Many papers published in the last 15 years have dealt with
differential games involving perfect information. Almost without
exception, they have dealt with problems leading to pure strategies.
Some of the exceptions are noted in References 25 through 27; in
addition, Chapter 12 of Reference 5 discusses vthe subject.

In a sense, this is a very surprising turn of events since the
whole theory of differential games is based on the theory of games —
a discipline which is more concerned with randomized strategies than
with pure ones. Further, until quite recently, the limited work done
in the field of differential games had been performed by mathemati-
cians (as opposed to engineers) who might have been thought to be
more interested in questions of randomized strategies.

While engineers involved in doing research are quick to use
some of the better known mathematical results in differential games
involving pure strattegies,28 there seems to be no such inclination
with regard to the theory of sequentially compounded two-person
games.21 e Thus the available work in stochastic and recursive
games has not received its due attention.

The work in this chapter is directed toward the complete

solution of a multistage linear differential game with a quadratic
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payoff function. For convenience, only the scalar case is considered,
but, at the cost of more work, the results go over identically when
the dynamics are given in terms of matrix equations.

The solution is complete ih that both deterministic and ran-
domized control strategies, as required by the relative value cof sys-
tem parameters, are derived. To solve this problem, it is assumed
that both players know the system parameters and are able to observe
the true state of the system at all times.

2. DERIVATION OF PURE CONTROL STRATEGIES WHEN
CONTROL MAGNITUDES ARE UNBOUNDED
The evolution of the state of the system is determined by a

linear difference equation

2,1 " kizi + a.u, t biv.1 (1)
where
.th
z; = state at the 1 stage (2)
u, = minimizing player's control at the ith stage (3)
v. = maximizing player's control at the ith stage (4)

Both u, and v, can be functions of any or all of the past and present
values of the state. (In game theory, the maximizing player is
generally referred to as player I and the minimizing player as
player II; these designations also are occasionally used here.)

The subscript indicates the stage number. Equation (1) is
written in terms of time (stages)-to-go rather than the usual time
measured from the initiation of the differential game. This is done
because the stage number represents the number of times each

player must choose a control — the actual value for u, or v,. Thus an




N stage game, which begins in state ZN and terminates in state z
requires N choices of each player's control.

The object of the differential game is to optimize, in a game
sense, a quadratic payoff function

N
: 2 2 2
IN(u,v) = Z c;ziy t diui - e vy (5)
i=1

That is, the minimizing player wishes to choose Uy "ty soasto

minimize IN’ while the maximizing player wishes to pick VNt Y)

so as to maximize it. Because there is only a single payoff functional,
the problem falls within the general purview of zero sum game theory.

The Value of the game is given by

N
val val 2 > 2
JN = W, VJN(u,v) =U, V Z czi gt diui -8V, (6)

i=1
where U and V represent the set of 2N controls L SURMATIL I AN T

The parameters of the system, a, bi' <y di' e and ki' are all

Vl .
assumed to be real; a, bi’ di' e and c, are assumed to be positive;
ci(i# 1) is assumed to be nonnegative; and ki can be positive, negative,
or zero. These restrictions are required to produce meaningful
results, If a, or bi is zero, the associated control can have no
effect on the state at the next stage. Similarly, if di or e, is zero,
there is no penalty associated with the use of a control, and, if other-
wise called for, infinite control magnitudes could be used, If ¢, were
zero, the effect would be to terminate the game a stage early since

neither player would wish to incur a penalty in the payoff by using his

control when there was no attendant change due to a change in state,
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On the other hand, if c; = 0(i#1), the game is still well defined as to
the number of stages, and the control at that stage is not, in gene ral,
zero for either player.(This is the analog to terminal control problems
in optimal control.) The controls u, and v, are also assumed to be
real with no restrictions on their sign or magnitude.

The principle of optimality of the theory of dynamic program-
ming, 49 along with simple variational principles, is used to find the
desired control strategies. 30 (Control strategies are defined to be
rules that tell each player the value he should choose for his control
at each stage based on the information available to him. The control
is defined to be the value actually chosen.)

As is usual in dynamic programming, the single-stage game is
first solved. To do this, assume that pure strategies exist for both
players, strategies that permit each player to use the actual value of
the state. Denoting these game optimal strategies by overbars, it

follows that the Value of the single-stage game,J,, is achieved when

t—xl(zl) (7)

vy =vlz)) (8)
The saddle point condition states that, if one player uses his
game optimal strategy and the other does not, then the payoff is as
good or better than that which would have been achieved if both players
had used their game optimal strategies. In terms of the payoff func-

tional, (5),

Lu, v 2Tu, vy) = Jp 21w, v))

where El and 'Jl are any real functions of z. Putting it another way,

-
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xl(ﬁl.vl)-xl(ﬁl,vl)zo (10)

Il('Jl.vl)-ll(Gl,Vl)so (11)
If

t"l = Gl + €6(Zl) (12)

where € is a small number and 6(zl) is any real function of z). then

(1), (5), (10), and (12) lead to

- - - = - - 2
Il(ul + célvl) - Il(ul. vl) = Cl(klzl+‘l“l+ aled +blvl)

2 -2
«»dl(ti1 +€d)" - v

- - 2
- cl(klzl +alul +blvl)

2
1

-p =

'dl“l +°lv
= 2 k.z + 2 +d, ) u
i e e b Bl R T A

— 2 8 2
+ alblclvl]eb + (‘l < +dl)e 6“2 0

B e A RS b P e W B e A SRR AR NI AW

(13)
where the argument of § has been dropped for brevity. Standard
variational arguments lead to the following necessary conditions for

(13) to hold

2 - -
alclklzl + (al cl+dl)“l + "lblclvl =0 (14)

2
1

a cl+d120 (15)

10




A similar approach leads to

Il(ul.'\'il + €b) - Ilml'vl) = Z[blclklzl +‘lblc1“l

2 - 2 -
e (el -bl cl)vl]CA-(el~bl cl)ézA s0

(16)
so that necessary conditions for (16) to hold are
bckz+abcﬁ'-e-bzc Vv, =0 (17)
St (i S G 1 1 7k "1
2 -
) -bl cl?O (18)

The simultaneous solution of (14) and (17) results in the game

optimal control strategies for the single-stage game

a,c,e k
- 1717171 s

2.3 1

(19)
L azc +d e -bzc +a, b, ¢
e 1 1 ) S B g

b, ¢, d k
;l ; 1711 2, (20)
z 2 ¢, 2 2
(al | +dl)(el -bl cl) ta bl e,
Substitution of (1), (19), and (20) into (6) yields
2
c.d e k
y s zlz (21)
2 2 e, & 2
(a < +dl)(el -bl cl) ta; bl S
since Gl and 71 are precisely the pure control strategies which
optimize, in a game theory sense, the payoff functional, (5).
Rewriting the denominator of (21) as
2 2 2.2 _ 8 _ 2 2
(‘l <) +dl) (el 'bl cl) ta bl € =< (‘l € -bl dl) + dlel

(22)

P e T s
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indicates that the a sufficient condition for pure strategies to exist is

ale, - bl 20 23)
(It should be clear that (21) will always be nonnegative since the maxi-
mizing player can always choose his control to be zero if it becomes
apparent that other values would lead to a negative payoff.) When the
equality in (23) holds, it is easy to show, using (19), (20), and (1),
that
(24)

so that the change of state is not affected when both players use their
game optimal strategies. This might be called a case of equal
efficiency.

Having found the game optimal pure strategies for a single-

stage game, it is now possible to solve the two-stage game. Applying

the principle of optimality yields

Substituting (21) into (25) leads to

-val o % 2 vz
b o § e B S el B

i
L3
:
A
L
g

e b




The use of (27) has changed the two-stage problem into a single-stage

: problem so that all that has gone before applies now with the subscript

instead of ¢,. Thus

2 replacing 1 and <, 1

a, c, e, k
u, = o 184 < T3 % (28)
(az T, 4+ dz) (ez - b, cz) +ay bl
R by cady ky
¥ z (29)
2 nL +d e -bz? +azbz?:’z 2
% 2 2 2 "2 > sl S|
~ p
c,d, e, k
P o e B g3 (30}
2 aZ’E +d e -bz? -i»azbz'c\:'Z 2
(Z 2 2)(2 2 Z) 2 2 2
with sufficient conditions being
& rden 31
a, c, +d, (31)
€ «BET. 5D (32)
2 e 2

(The other necessary conditions involving the first variation are
inherent in (28) and (29).)
The general solution for any number of stages is quite clear,

Fori=l, ¢suvep N

Jl - Ai z (33)
?i di e kiz
A=y = = (34)
. (a.zc.+d)(e-;.rc.)+azbzc.z
i i i : S R

13




S re tA i A =0 (35)

3 a, a, 3 Ji

ST MYy TTY TS (36)
1 : M | i

o R b 3

b B i T B 3y W g (37)
1 1 b § 1 %

(The fact that the game optimal controls are specifically related to the
Value of the game is no coincidence; the same behavior is exhibited in

optimal control problems involving linear dynamics and quadratic
31

cost functionals,)
These resultes are, of course, not new, A slightly different
approach was used in Reference 32. In the case of continuous, instead
of discrete,dynamics, the analogous result was obtained in Reference 12
using straightforward variational arguments, and, in Reference 33,

functional analysis techniques were used,

3. RANDOMIZED CONTROL STRATEGIES I

Prior to this section and in the following chapters, only the

pure strategy aspects of game theory are used to derive control
strategies. In this section, a wider (but still very limited) appeal is

made to other aspects, In particular, the following derivation is based
20, 34

20"z AP

on the theory of infinite convex games,

Roughly speaking, an infinite convex game is one where each
player is free to choose his control from a region of an appropriately
(finite) dimensioned, Euclidean space, The game is called infinite

because of the infinite number of possible choices of a control within

14




the region (as opposed to a finite number of possible choices in a
matrix game). The game is called convex if the scalar payoff function

is convex in the minimizing player's control variable.

It has been shown that, when the payoff is both convex in the
minimizing control variable and continuous in both control variables,
the game has a Value. Further, if the minimizing control must take
its value from a compact and convex region of the control space, then
the minimizing player has a pure strategy. Finally, if the minimizing
player must choose his control from an arbitrary n dimensional
region, then the optimal control strategy of the maximizing player will
require randomization over, at most, n+l points,

The theory of infinite convex games also describes how to find
solutions (control strategies) for each player., The application of this
theory to the scalar case is carried out in the following work as an
illustration, The pertinent theorems, suitably paraphrased in terms of
notation, are taken from Chapter 12 of Reference 20 and given, without

proof, in the Appendix,

Both payoff, (5), and the dynamics of the system, (1), remain
unchanged. In this section, however, it is assumed that both u; and 3_"‘
v, are limited, in absolute value, to be less than or equal to one. That &

is, both u, and vi belong to sets U and V such that

U=:ui:|uil51: (38) f

|
o | i
V-'vi.lviISI‘ (39) !

(Previously, it was assumed that u, and vy could take on any value,)
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As before, the principle of optimality is used to derive the
control strategies for all N stages, Before, at each stage, the Value

was found from the (implicit) fact that

b val min max max min
. = Lu,v.)=u,v, L{u,,v.) = u. v, A8 . v)= v, o e
Jx 1(‘_11' 1) ux' i 1(u1’ 1) i i Ix(ux' v1) i Ix(ul' i)

(40)
In general, that is, when pure strategies do not exist for both players,

this is not true. It is true, however, that for the game under consid-

eration,

min max

Ji: u v, Ii(ui'vi) (41)

as given in the theorem in the Appendix. Note that the order of the
min-max operations is strictly a result of the convexity of the payoff

in u, which implies a pure strategy for player II, Having found Ji, Gi
is found from the solution of

max

Ji "% Ii(ui. vi) (42)

Equations (41) and (42) provide the tools needed to solve the problem

at hand,

As usual, the single-stage game is solved first, Since

o 19

— :z(af—c, +dl) (43)
aul 13
|
i |
|
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3 2
5 --Z(el - bl cl) (44)

A pure strategy u, for player II exists whenever

2

-

cl+dl>0 (45)

Player I's strategy then calls for randomization over, at most, two
points (randomization over a single point is the same thing as a pure
strategy). Completely analogous results are obtained for a payoff that

1s concave in the maximizing player's control variable, i.e., when
&, - b 6. >0 (46)

A pure strategy exists for player I, and player II's optimal strategy
requires randomization over, at most, two points,

The rest of this chapter is concerned with the case where the
payoff is strictly convex in u, and where it may or may not be concave
in vi.(The lastsection dealt with a payoff which was convex in u - a
pure strategy for player II — and which was concave in v, — a pure
strategy for player I,)

Making use of (1) and (5), it follows that
I,(u,yv,) = c,(k, 2, + a,u +bv)2+d uz-e vz 47)
b e LR 11 "} 171 171 ) ) 171

A + Bv +Cv2

BZ
:C(VI+EE) +A-R
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where
_ 2 2
A = cl(klzl +alul) +dlul (48)
B = Zblcl(klzl + alul) (49)
C=e bl 50
Tompny ot Sy (50)

The payoff, as a function of V]» can take on either the shape
of a straight line (c = 0) or a parabola (c # 0); if ¢ > 0, then the
parabola opens upward; if ¢ < 0, it opens downward, If it opens down-

ward, then the payoff is concave in Vi and so a pure strategy exists

for player I,

The parabola is symmetric about the line

__B _ BoikE; tagu,) #
viToEe = - 7 (51) |

and, of course, the maximum (¢ < 0) or minimum (c > 0) value of

Il(ul' vl) occurs at the same value of v It is important to know where

1

the maximum or minimum value occurs as a function of uy and zy.

4, DERIVATION OF PURE CONTROL STRATEGIES WHERE
CONTROL MAGNITUDES ARE BOUNDED

It is instructive to see what happens to pure strategies when
the magnitudes of u, and v, are constrained to belong to U and V,
respectively, instead of taking on any value., The major result is,
naturally, to complicate the form of the solution since the control
strategies are no longer linear functions of the state. The theorems

given in the Appendix are used to find the solution,

18




It has already been noted that pure strategies exist for both
players whenever (45) and (46) hold (for this section the same assump-
tion holds)., However, because of the constraints on the magnitude of

uy and v, it is not possible to simply apply the techniques of Section 1I

ll

to this problem, Instead, the optimal strategies for the single-sta,

game are found by:

max
1) Finding \'l(ul) such that I](ul, vl(ul)) ® W, Il(ul,vl)

B min
2) Finding U, such that u, Il(ul,vl(ul)) = Jl

(The technique is the same whether the control strategies are pure or

randomized, ) Bot}\_\—xl and v the optimal strategies, are functions

l’
of the state zl.

From (51) it follows that v, is equal to minus one whenever

1

blc](klzl + alul)

- ikt (52)
B G
R 1
or whenever
2
b < - e k Z
u1<lblc]"ll (53)
115 4
Also vl is equal to plus one whenever
blc](klz1 + au,
3 — z 1 (54)
bl € - ¢

19




which occurs when

o e 8 (55)

When neither (53) nor (55) hold, v, is given by (51) directly, Thus

vl(ul) is given by

[ 2
. blcl--e1 klzl
=1 ,-lSuls e
ot b ]
b,c.(k,z,+a,u,) bzc-e k,z bzc -e, k.z
v(u):__llllll_llI_ll<u<._lll_ll
1'71 bzc it albilcl a, 1 alblc1 a,
171 1
2
by C. =€ k,z
+1 T lblc 1- iISulS] (56)
g e 1

It may happen that some of the sets of inequalities are incompatible in

(56). For instance, it could be that

o e £ o ) (57)

As an example, this could occur for klz1 sufficiently large and positive,

The meaning of such an incompatibility is merely that such a value
-

for vl(ul) is never an optimal choice, since either uy, from the middle 'j

inequality of (56),or +1 would be chosen, From a (somewhat) practical

point of view, replace any expression in the inequalities of (56) whose

absolute magnitude is greater than one by one times the algebraic




sign of the expression. Disregard any values of vl(ul) where the right
side of an expression minus the left side (where no expression is

larger than one in absolute magnitude) is zero.

Defining
2
£ W % i < YO
o o 2
& 2
5 bl ¢ -e) klzl . <b1 ¢ -e klzl
D= a b C - y i a b c i) a =1 (58)
17171 1 | | 1
2
b c, -e k,z
+1 N
\ "1 5 1
2
. b Bt o Wt b P
) T W B €, & o
b b e | 1
& 2
b, "c, -e k,z Bycy =e, K
Dl sl 1 | G gl | 1
7
DR e B
i EBePolis s g
k il i | 1
The Value of the single-stage game is given by
min > >
J, = min I_]<u1<Dcl(klzl+alul-bl) tdyu e
min Clel(klzl+alul)2 2 min 2 2 l
D<u.<E - > + dl“l i E<] Cl(klzl+alul+bl) +dlul -e)
1 blcl “ey ‘

(60)

T —— T ——— RS e



Equation (60) is precisely the implementation of (41). For any value of
the state, z), it is a straightforward taskto find the value of uy which
minimizes any of the pertinent expressions in (60). The least of the

three is then the Value of the game. The optimal control for v, is

found from (56). Thus the single-stage game is completely solved.

The solution to the two-stage game is still given by (25).
Unfortunately, in the general case, it is no longer possible to express
the control strategies and the Value by simple expressions similar to
(28), (29), and (30). This comes as no particular surprise since it is

a result of the nonlinearity of the control strategies and is not specif-

ically related to differential games. The same behavior is exhibited

when dynamic programming is used to solve optimal control problems

involving constraints on the controls.

The same sort of a statement can be made concerning the
solution to the N stage game. The problems encountered are those
inherent in dynamic programming; no more theory is required.

Accordingly, nothing more will be said about the case where the pay-

off is concave in the maximizing control variable.

5. DERIVATION OF RANDOMIZED CONTROL STRATEGIES

This section deals with a case where the payoff function is not

strictly concave, that is, it is assumed that

1 (61)

(This is actually equivalent to saying that the payoff is convex in the

maximizing control since every quadratic expression is either a con-

cave or a convex function. )
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It follows immediately from the second line of (47) that the

maximum of Il(ul’ vl) is achieved for

Vl = sgn[B] = Sgn[bl cl(klzl + alul)] (62)
where

sgn(x] = l—::—-[ i x 70 (63)

and is to be defined for x = 0,

Consider first what happens when

> 1 (64)

When (64) holds, it is impossible for any choice of v, to change the
sign of B; it must remain positive, which, by (62), means that the

Value is given by

min

Jl = uy c(klz1 4 alul + bl) N d1 u1 - el
(65)
The optimal value for u is
. a c(k,z, +b)
u; = max -1, - o 5 i, (606)

a, cl+dl




then the same reasoning leads to the conclusion that

min

7. 2
Jl =y Cl(klzl + aju - bl) + dlu] - e (68)
where
_ a.c,(k,z, - b,)
ul=min | 11211 - (69)
al < + d]

In both (66) and (69), \:1_1 does not take on a value on the bound-
ary of U only if the weighting on the square of the control, d;, 1s
sufficiently large. Combining the two expressions shows that El is an

interior point of U only if

dl>alcl(|klzl|+bl)-a12cl>0 (70)
Even though the minimizing control may be forced to assume an

interior value of U (not reducing the state component of the cost as

much as possible), the maximizing player need never worry about a

similar condition. This follows from the fact that the increase in the

payoff due to a change in the state is greater than the cost incurred

due to the use of the maximizing control — this is the real meaning of

the payoff not being strictly concave in v, - The concrete result is

that player I always uses the largest magnitude of the control available

to him for these two cases,

Finally, there is the case where

k) 2

a

(71)
1

which is the most interesting of all, since it can lead to randomized

control strategies. In this case, sgnlkjz] +aju]] may be equal to

24
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plus or minus one or sgn[ 0], depending on u,. Because ;l is well

defined when klzl + a,u, is not equal to zero, it is possible to write

171
min
S k,z 2 2 .
Jl =ming- . <. ) B Cl(klzl'al“l’bl) +d1ul - ey
1 a1
k k,z 2
B b (e I _
g et it < (® v 1 o Rl
min
k, z 2 2
= ; l<ul<l Cl(klzl +a]ul +bl) +dlul - € (72)
1

Consider the middle term first, Since blzc1 - e is non-

negative,

2
max

2
v, (b,c -e)v2+d klzl :bzc -e, +d El—fl (73)
1 171 | It 1 a, ) B R | a,

so that the maximum of vy (within V, of course) is achieved for Vi

equal to plus or minus one. Since these are precisely the values used

]

for Vi in the first and third terms of (72), the two half open intervals

e

for u, can be replaced by closed intervals, and the second term can

be discarded so that

e S b A =

a, 1

min
Rt k,z A 2 ;
Jl = min -l*’ul<- 17} c\(klzl+alul-b1) +d‘ul - 3 E
i
l
. |
min l
k, z 2 2 {
-1 l<u 1 cl(klzl+alul+bl) *dlul - Wy (74) :'




The result of (73) is effectively to define
| sgnf0]] =1 (75)
although saying nothing about how an algebraic sign is to be attached.

The first term in (74) has a minimum, as a function of U,
k z
: . Using ordinary
%
calculus, the minimizing Uy is found to be

that need not lie between minus one and -

a (klzl - bl)

» (76)
g & Ty

u = -

lcl
a

which means that the absolute minimum of the term lies within the

*y %
half-open interval | -1, - = when

1

a;c.(k.z, =b,) k, z
-ls-llll 1<_ll (77)
- e

The left-hand inequality always holds since it can be rewritten as

d k,z
S b

2 a ¥ a. (78)
1“1

- L

a

where the first term on the right of (78) is always equal to or greater
than minus one and the second term on the right is always positive,
while the second term on the left is always negative.

Simple algebra shows that the right-hand inequality holds when-
ever klzl is positive and

d, < fl:—lzil <0 (79)

11
1

-
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Since dl is assumed to be positive, (79) can never hold if klzl >0

and, for this case, the absolute minimum occurs for a value of u,
k, z
171

greater than - e If klzl is negative and
1

'; PR s
1%1

1
b

(80)

then the absolute minimum occurs for a value of u, less than or
k, z

1k

a ’

Investigation of the second term of (74) shows that the absolute

equal to -

minimum is achieved for values of U less than one and falls within

&y %

3

the interval (- ¢ I ] whenever klzl is positive and

(81)

The absolute minimum occurs for

a,c,(kyz, +b,)
ul:_llll 1 (82)

al cl +dl

so that (76), (82), (80), and (81) can be summed up by saying i at if

a,b. c
d, > M 9 (83)
k, z
|
|
then
a ¢ (klzl + b, agn[klz1 ])
Uy = = (84)

2
a) e, +dl




If (83) holds,then ;l is given by
;l s lgn[klz)] (85)

The game optimal minimizing control resulting from (84) means that

klzl + al'ﬁl has the same sign as klzl .

The Value of the game is then given by

2
('klle +b )

14 .
% %

- e (86)
+ dl

If (83) does not hold, then the absolute minimum of each
expression falls outside the half open intervals previously defined.

The minimum is then achieved for

k.=
-__ %
W g (87)
1
with a corresponding Value of
3, =Bl d k'zlz 88
B B it £ b oo Sl e

Equation (75) already established that v, will take on the values

1
plus or minus one; having this knowledge, Theorem 2 of the Appendix
can be used to find the optimal mixed strategy for the maximizing

player., Using Theorem 2, it is seen that the optimal mixed strategy

invoives randomizing over the two points
v, ®«] (89)

=+ 1 (90)




with probabilities a and (1 -a), respectively, where @ and 1 -a are

nonnegative. The optimal strategy is then given by a probability

distribution:

- -1 -2
) :aH(vl)+(l -O.)H(vl) (91)
where H(x) means the step function with the jump occurring at x. An

expression for a is found from the requirement that

ol

1 1 .
a a“l + (1 ~o) a—u—l =0 (92)
- ] e
U vy ups vy
and
axl
ST’—l < O (93)
o A |
Uy vy
x‘ll
i -0 (94)
l — —_
Uy
Since
all
— 8 C 2 9°f
5, Z\‘al(klzl +a‘ul+b‘v‘)+2d‘ul (95)
51l klzl
— 2 - 2u . b.oe, ~2d (90)
aul | G () 1 a,
5.9
al k, z
i) » 171 &
a"[ -Zalblcl -Zdl( : ) (97) i
u,. Ve .
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It follows that (96) must be nonpositive and (97) nonnegative. But

those are precisely the requirement imposed by (83). Accordingly, a

can be found from the solution of

k)2, k; 2
- Q alblcl+dl a + (1 -a) alblcl-dl = =0

1

(98)
so that
k,z
171
o L B e ( 3 )
a - T (99)
o b
and the game optimal maximizing strategy, (91), is
k, z
( 11
b i a
-1 with probability
2a.b. c
= 111
v, = < (100)
k, 2z
171
alblcl + dl( 2 )
1 with probability
Zalblcl

The game optimal control strategies and the Value for the

single-stage game, as a function of the state and the various system

parameters, are summarized in Table 1,

Table | illustrates the nonlinear nature of the strategies as

functions of both the state and the relative values of the system

parameters. And, for the first time, a situation exists where a

randomized strategy is optimal,
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TABLE 1

STRATEGIES AND PAYOFF FOR

SINGLE-STAGE GAMES

k, =
g A
*)
k, = b k = b
>
0<d, salc ] P q4, ».fcl Ll 21> 0
1 1 1 1
= [k ‘l] .\c](kltl + bl "“‘kl‘l])
u - sgn - M
1 1 2
; Ry 6y )
= b ket TR i
vl sgn . \l RN .
1 1
2
o b1 “k‘tll + h|)
3, e ate R S | T J e gyd 5=
1 1) 4 a 1 1 1 11 2 v & 1
S
k, 2
et \
*5
p_ —_—— e —— - - — - ———
a < ab ¢
\ gt ux 4, > l L
1°) i
* by
P imiommaison= e SSIECEREE R 2 e e ———
3 kl'l i "I‘I(kltl ohl ngl\lkl.-l” ;
u Wi u > 13
1 a 1 e Y a |4
T M b
&
g,
a bt | hl‘l y
R L e k
-1 with probabaility T 14
a, b ¢ |
A T ¢ ki b
- SRe i . B
% ) L a 3
k = |
&b c. vd e I l
TR it 1 4 E
I with probability ————g—a———————
‘!‘Ibl‘l L
2 : |
(Y Ik, 2, |+ b 4
J-b‘c PRRCIN (f Bl J cd(ll ‘) -e
| ¥ = 1 a 1 \ (B} '.i‘, old |
T | \
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Notice that € does not appear except in the Value. This is to

be expected since ';ll always is equal to one. Accordingly, the

penalty incurred through the use of v is always the same.

As noted in the last section, the nonlinear nature of the game

optimal control strategies makes it impossible to solve the multi-

stage differential game explicitly in a few statements.

solution is still given by functional equations of the form of (25) using

the techniques outlined in this chapter.

6. EXAMPLE

This section illustrates the solution to a multistage differential

game having randomized strategies. To do this, it is assumed that:

1)
2)
3)
4)

5)

The system parameters a, b, c, d, e, and k are constant

The general

The system parameters a, b, and e are positive

kzN

, is such that

The initial state, ZN

<l

The control magnitudes are such thata 2 b

The weighting on the use of u, is small enough so that

d< _ak.l:_c_' where T is to be defined

‘;I\_I'

Table 1 supplies the solutions to the single-stage game.

Substituting J, into (25) and replacing ''val" by ""min max' yield

Ta!

= u

- [
min max
2 V2 é - evz2 + bzcZ + d(

kz

a

b e




Letting

% dk (102)

and substituting (1) and (102) into (101) leads to

min max [~ 2 2 2 2
JZ = uy Vv, [C (kz2 + au, + bvz) + du2 - ev, + bec - e] (103)
which has the same form, except for a constant term, as (47). In

other words, the same techniques used to solve the single-stage game

will suffice to solve stage 2 of a two-stage game.

Since the constant term affects only the magnitude of the Value

(and not the control strategies), it follows immediately that

kz
- _ 2
u2 = T (104)
kz
ab¥ - d ( 2)
a
- 1 with probability b
2 abc
Yy = (105)
g kzZ
abc - d ( )
a
I  with probability ”
2 abc
and that the Value for the two-stage game is given by
2
2 kz
S B kb ( 2)
JZ-Zbc-2e+d(a)+d g (100)
Repeated application of (25) leads to
2
kz 2
x N 2 kb
JN-d(a )+N(cb -e)+(N-l)d(a) (107)
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with the game optimal control strategies being given by

u -kzN (108)
( ab? - d(kzN)
- 1 with probability 2 ab<
Vi ® 4 (109)
ab?C + d(k:N)
1 with probability 2 abe

The Value of the game is a function only of the initial state,
Zn and the number of stages, as it should be. It is not a random
variable. The same is not true for the trajectory. It describes a
stochastic process taking on the values plus or minus b at each
stage. Thus there are ZN possible paths for the system to follow. It
should be clear now why assumption 4 is required: without it the state
at stage N -1 would be such that the randomized control strategy
would no longer be necessary. (This is thecase, with d and e equal

to zero, covered in Chapter III of Reference 35.)

VIiI. CONCLUDING COMMENTS

This chapter has dealt with the solution to multistage scalar
games with linear dynamics and quadratic payoff functions. This was
done for convenience rather than out of necessity, particularly in the
case of randomized strategies. As Reference 34 indicates, the solu-

tion of convex games is, in theory, identical for finite dimensional

34
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systems; practically speaking, the added notational complexity would
only obscure an already diffuse solution,

Results, completely analogous to those obtained in this
chapter, are obtained under the assumption that the payoff 1s strictly

concave in the maximizing control variable,
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SECTION III

MULTISTAGE STOCHASTIC DIFFERENTIA L GAMES

1. INTRODUCTION

This chapter deals with the multistage, discrete time stochas-
tic differential game. The dynamics are described by a linear differ-
ence equation having time varying deterministic coefficients, with the
possible exception of a noisy forcing function. Both players wish to
choose controls so as to either maximize (player I) or minimize
(player II) the expected value of a quadratic cost functional. Neither
player can observe the actual state of the system; instead, each player
has an observation of the state which is corrupted by additive noise.

The purpose of this chapter is to derive game optimal strat-
egies so as to allow the determination of the appropriate controls at
each stage. It is assumed that pure strategies exist; necessary and

sufficient conditions are derived for this to be true.

2. NOTATION

An N stage game is defined as one requiring that each player
choose a value for his control at N instants of time. Time-to-go,
rather than the usual forward flowing time, is treated as the inde-
pendent variable. A subscript i indicates that the subscripted var-

iable is at the ith stage. Thus z\ represents the state at the Nth
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(initial stage — N stages to go) stage, while z A represents the state

of the system at termination.

A superscript is used to indicate the set of present and all
past values of the variable under discussion. Thus z! is the set of
the present state, z) (the state when there is one stage-to-go), as

well as all past values z z

: ."'.z.i-e-.zl=(Z.Z."'.Z)-
2 3 N 1 2 N

N
Naturally, z = = zZN
A similar convention is used to indicate integration over a set
of variables. Thus d'z.l dz2 aisis dzN is written dzl. Further, when
several different variables of integration are used, only a single

integral sign is used; the number of integrations is indicated by the

differential. Thus

/““/p(zl'xl' .”'leyl' -”'yN)dzldxl”'de

18 written as

/p(zl,xl lyl)d(zl.xl)

When no limits of integration are specified, the integration is con-
sidered to be from minus infinity to plus infinity.

Quadratic forms are given by




so that a Gaussian probability density is given by

1 1 —112
P(x)='——;72—T—‘ exp -filx-x“ -2
o

(2m) o

and 02

where x is a vector with n components, X is the mean of x,

is the n Xn covariance vector of x. For simplicity, only twice the
negative of the exponent is used when computations are required. Thus

the probability density given above is denoted
—112
px) = [x - %7,
o
The Gaussian (normal) probability density is also denoted as

x: N(x, 02)

where x and 02 are, respectively, the mean and covariance of the

random variable x, i.e.,

X = E {x]}

9° o E }(x-')_c)(x-;)rrl

where E is the expected value operator.

Various other subscripts are used to identify variables as

required. Thus OT? indicates the covariance matrix of the random

variable n at stage 2,when two stages-to-go remain.
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3. DERIVATION OF PURE CONTROL STRATEGIES
The evolution of the state is described by a linear vector dif-

ference equation

5= KaBian Y20 % 0 F BiaVie A 120 1000 NS
(N
where
z, = n component vector representing the state at stage i
u, = m component vector representing the minimizing
player's control at stage i 3
vy = m' component vector representing the maximizing l
player's control at stage i r
)‘i = n component vector representing the realization of an .
independent noise sequence at stage i
ki,ai,bi = deterministic matrices of the appropriate dimensions ,
Both players make observations of linear combinations of the TJ
elements of the state vector, but each observation is corrupted by an ‘
!

additive, independent noise sequence so that

X; = Gizi + Wi

25
1

H oz + & (3)
159 i

where

)
i

qQ component vector representing the minimizing player's

observation at stage i

s e




: q' component vector representing the maximizing
player's observation at stage i
N, = q component vector representing the realization of an
independent noise sequence
gi = q' component vector representing the realization of an
independent noise sequence
Hi'Gi = deterministic matrices of the appropriate dimensions

The Value of the multistage game, JN' is given by

val N

ol w B z ‘lzi_lHi_"‘l“iH;' HviH:
i=l : : :

n

min max N
2 2
= v E Ilzi-lllci+|lui|ldi- Hvillii e

1=l

(""Min max'' could be replaced by '""max min"

since only pure strat-
egies are considered.) u, and v, can be any vectors of real numbers;

however,

cl,d.,e.>0, 1 = Ly dy F N (5)
» A |

where the inequality in (5) means that eachcriterionparameter is a
real positive definite matrix. Inequality signs are used as needed
and should be read to mean positive definite (instead of greater than
zero), positive semidefinite (instead of greater than or equal to

zero), etc.
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Only c) need be positive; ci(i# 1) need only be nonnegative, If
< does equal zero, then the result is a terminal control problem. The
remaining inequalities of (5) are required to make the game meaning-
ful. If any parameter were to be zero, then either there would be no
effect due to a control at that stage (a; or b.1 equal to zero) or there
would be no cost for using control at that stage (di or e, equal to
zero),

For convenience, it is assumed that all the criteria parameters
in (5) are symmetric,

Each of the various noises is assumed to have a Gaussian

(normal) probability density as follows:

2
A N(O, 0)‘1) (6)
3 2 (7)
ni. N(O, cni )
2
St N(0,0gi) (8)

The initial state, ZN also will be a Gaussian random variable:

ZN* N(m, c:)

It is assumed that both players know the information contained
in (1) through (9). This does not mean that player I knows the actual
value for X, - the observation of the state at the ith stage made by
player II — but that he does know the structure of the observation, as
given by (2), and the probability density of the additive noise, as

given by (7).
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To actually solve the multistage game,the principle of opti-

mality of the theory of dynamic programming will be used. To do this,

game optimization is first carried out for the controls chosen with one
stage-to-go, u, and R The technique used is similar, in terms of
the basic structure, to that used to solve multistage stochastic optimal

control problems. 2% The Value for this one-stage game is

min max ‘

=y vy EIHZOHC1+H“1“<21]'Hvl“il

min max
2 2 2
= ul Vl [zl‘zollcl+Ilullldl"llvl‘!el%

X p(zo, u vl) d(zo, Uy Vl) (10)

where p(zo, U Vl) is the joint (Gaussian) probability density function

-~

ofz , u,, and v, . Sinces‘
o 1 1 i
p(zo, U Vl) = /p(zo, zys 9y vl) dzl

3 /P(zolzl' ups vp) plz) vy vy ) dz (1) 5

Equation (10) can be rewritten as
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2 min max 2 2 2
.II:.E::”)\l“Cl +ul vl /{”klzl+alul+blvl”Cl+||ul“dl-“vl”el:

. 12
Xp(al.ul,vl)d(zl.ul,vl) (

Noting that

| T T | A,
p(zl,ul,vl):/p(zl,x oF 48 ¥ Jalx .y a0 v )

| RS L S | R S (R
p(u‘,vl Z WX,y ,u,v )p(zl,x o 40 3%

1 ) Sy -
X dix .y ;u ,v ) (13)

where the entire past history of each player's observations, xl and
2
yl, and controls, uZ and v , has been introduced, (12) can be

rewritten as
‘ 2 min max 2 2 2 I
JI'EI”)‘l”cl S “klzl+alul+blvlHc1+”ul”dl'||vl”el‘

X p(ul,vllzl,xl.yl.uz.vz) d(ul,vl)

F ¥ 2 -2 1 I 2 2
’(p(zl.x 'Y »u 1V)d(z]:x »Y U ,V) t14)
It is at this point that admissible strategies are introduced. Equation
(14) indicates that the probability density for U, and v, can be, if

desired, conditioned on the actual value of the state, z); all or part of
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player 1's past observations, y!, and controls, vZ; and all or part of

player Il's past history of observations and controls, xl and uz.
respectively. Each choice of the characterization of information
available leads to a different problem with different results. Further,
if desired, the allowable structure of the controls may be specified.
(This will be delineated in Chapter 5.)

A very reasonable set of controls may be found which uses
only information reasonably available to each player. That is, playe
I may choose a control strategy with one stage-to-go using only his
own history of observations and controls (and, of course, his knowl-
edge of the dynamics and payoff of the game as given by (1) through
(9)), while player II chooses his control strategy based on his own
history of observations and controls.

Assuming that nonrandomized (pure) control strategies exist
for both players, and denoting them by an overbar, the game optimal

control strategies are given by

u, = u (xl ua)
b 1 ’ (15)
- = a2
¥y = vl(y V) (16)
Note that nothing has been said at this point about the strategies used
to determine uz and vz. In particular, note that no assumptions con-
cerning their optimality have been made.

In view of (15) and (16), let
P 1 & 2 - - )
p(ul,vllzl.x wY X 4V ):5(ul-ul)5(vl-vl) a7

where & represents the Dirac delta (impulse) function, Substituting

(17) into (14) and integrating over uy and v) yield
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2 - - 112 - 112 -
Jl =E{”Xl Ilcl§+f llklzl+alul+blvl “Cl*”ul”dl-“vl“il

Xp(zl,xl,yl.uz,vz) d(zl'xl'yl'uz'vz) (18)

where the min max operation no longer need be performed since -‘;l
and ;l are precisely those control strategies which satisfy the
min max = max min requirement,

Variational arguments can be used to find the actual form of

the game optimal controls based on the strategies allowed by (15) and

(16). Define
~ ~ ~ ~ Z ~
xl(ul,vl)=E{IlA]ll§I}+ﬂllklzl+alul+blvl Ilil+|lul |Id1-llv, llil

X p(zl,xl,yl,uz.vz) d(zl.xl,yl,uz,vz)

(19)
where Til and Vl are any admissible strategies. It immediately
follows that

min max )
% ¥ 4G adite ) =3, (20)

Game optimal controls must satisfy the saddle point conditions which

are:
LE v 2T 21 (u,v) €2))

where Jl is given by (18).




Let

- - Y, 2
CAE +ed(x ,u’) (22)

where € is a small number and <S(xl ,uz) is any real vector function,
of the appropriate dimension, of xl and uz. Using (22), the left-hand

inequality of (21) can be written as

Il(;l+€6)-J120 (23)

where the arguments of & have been omitted for brevity. Substituting

(18) and (19) into (23) yields

Il(\;l+66)-Jl=f{Hklzl+alil+ale6+bl_\;l ||§l+ual+ea ugl-u;l ”21

= sis i — Y2 2
iy 2y v, oy I IS G Ul 1T

X p(zl,xl,yl,uz,vz) d(zl,xl,yl,uz,vz)

. T T = R
—ﬂz [al 2y ¥ (alclal+dl)“l taeb 1] &5
T({ T 2 1 1.2 2
+ 6 (a c1a1+d1)6e }p(zl,x | .v)

1

) (R BT S -
xd(zl,x WY oM,V ) 2 0 21

46

o,




33

Using the chain rule of conditional probability densities and

applying it to the probability density of (24) yields

oE 2 2)_ [ S S I
p(zl,x e -p(z1|x WY 28 ,v) p(x PN G )

ror 2 2 P - R 2 | S
:p(zllx WY 8 ;¥ )p(y Ix 5 )p(x SR V)
I 2 2 I 1 2 2 2 2
:p(z,l|xl,y s W ) p(y [x ,u%,v )p(v le,u)
b3 p(xl,uz) (25)

The mean associated with the first three conditional probability densi-

ties of (25) have the following meanings:

p(zl le ,yl ,uz,vz) = minimum mean square estimate (MMSE)
of the state, Z), given all past and
present observations and past controls
for both players
Ij.Y 2 2 : 1
ply [x",uc, v ) = MMSE of all observations of player I, Y
given player II's past and present
observations and all of both players past
controls
2y 1 2 2
p(v Ix",u ) = MMSE of all past controls of player I, v,

given only player I's past and present

observations and past controls

It is important to note again that (25) involves estimation only. No
assumptions concerning the game optimality of any of the past con-

trols of either player have been made.
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Substituting (25) into (24) yields, after some slight

manipulation,

Il (ul+€6 'V, )~-Jl

s o , T s L - |
./2 [ldl (lklzlf(al clal+dl) ulialclblv”

X p(zl|xl,yl,uz,v2) dzl
X p(yl |xl,uz,vz) dyl p(vzlxl,uz) dvz]eb(xl,uz)

X p(xl ,uz) d(xl ,\lz)

|

} léT(xl ,ul) (achlal +dl) é(xl .ul) ez}

i

Xp(zl.x ,y‘,uz.vz) d(zl,xl,yl,uz,vz)ko (26)

In view of (5) and, because ¢ and 6(xl,uz) are real, it is

clear that the second integral of (20) is positive semidefinite. Invoking

the standard variational arguments of the calculus of variations, it

follows that the coefficient of G:G(xl ,uz) in (26) must be equal to zero,

If it were not zero, then 6()(l ,uz) could be chosen to have the opposite

sign as its coefficient, For € small enough, the first integral would

be larger in magnitude than the second and the inequality would not

hold. Thus a necessary condition that a pure str.itegy exist for

player II is that

e saasoalls e

R

s

s i it s b e el i Y (




B i - T - 1.3 .22
/:al clklzl+(al clal+dl) u, ta, Clblvl p(zllx oF Y )dzl

X p(yl ‘xl,uz,vz> dyl p(vz‘xl,uz) f.'lv2 =0 (27)

(It is assumed that p(xl ,uz) is nonzero for all values of its arguments,)

Looking now at the right-hand inequality of (21), it is easy to

see that

= _ $. T T o = = |
Il(ul'vl+€A)'Jl—[Z [)"' cykyz tbe a u - fe) by e by )V

2

X p(zllx‘,y\,u ,vz)dz1

X p(xl Iyl,uz,vz) dxl p(u2|yl,vz) duz] eA(yl,vz)

e ] 2
X p(y ,v)d(y ,v)

./{AT(yl - vz) (el-b’fclbl) A(y] > VZ) 62{

Xp(zl.xl,yl,uz,vz) d(Zl,xl.yl,Uz.VZ) <0 (28)
where A(yl ,vz) 1s any real vector function of the appropriate dimen-
sion of y and v . It immediately follows that the necessary con-

dition for a pure strategy to exist for player I is that




/‘ch k. 5, bl Gy hy R -(el-bchlbl) 71: p(zl]xl,yl,u?'.vz)dzl

T
el - bl Clb] 20 (30) '

Equations (22) and (24) can be solved simultaneously for l_l-l and 71 .

To do this it i1s useful to introduce a set of linear transformations

defined on suitable Hilbert spaces. o In each of the following trans-

formations, a(-) is an element in the domain of the transformation

and 8(*) is an element in its range.

eyt v s T ae)) ‘f“‘zx’ p(z, Ix' oy wf v ) dz, 1)

where

TR T g

I 1 2 2 1)1 2 |
Tll: Lz {_mv LN p(zl IX Y U,V )] =¥ LZ[-“.""lp(Y lX *uzvv )] (32) !

Both the domain and the range of the transformation are thus defined !
to be Hilbert spaces, with the appropriate conditional probability

density taken as a measure on the space. By introducing such a

e

measure, a number of functions, which would not ordinarily be I‘Z

when the limits of integration are plus and minus infinity, can be
considered elements of a Hilbert space. In particular, the element
z, 1is now L’Z'

It should also be noticed that the range of T” is multi-

: : : 1 ;
dimensional, since y represents the N values of Y- This does not
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add any conceptual difficulties although, as is seen later in an exam-

ple, the practical problems of evaluation are increased.

The remaining transformations are

2 1 1

B(x ,u .vz) =T, aly ):/a(v )p(yl lxl,uz-vz) dvl (33)

where ¢
y z2 2 z 7.

Tyt Ly [ pfy It v H*Lz[“”'“‘ pv? 1'% (34) |
l

ﬁ(xl,uz) - Tl 3 G.(VZ) = /d.(vz) p(v?'lx1 ,uz) dv2 (35)
where
e S Iy 1 2 & 3 b
T13: L2 [-m'w; p(v Ix ,u )] - LZ [_m’m; p(x |y ,ut, v )] (36) |
;
5(Y1-UZ’VZ) = T14 a(xl) = /a(xl) p(xl Iyl,uz,vz) dx1 (37) :

where

Vi b 2.2 2, 1 2
e 0 1s [-‘”.“’; b (x S 2 )] o A l:-°°.°°; (u "V )]
14 2 ! !y 2 P ly (38)

Biy' V%) - T\ g a(u®) ;/a(uz) p®ly!, v%) au® (39)
where

1 2 .
T 5 Ly [-“.‘”; P(uzly .vz)] * L, [—‘”.“’: ply' |x',u .vz)] (40)
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and

pix’, v, uf, vo) = T, &(z)) :/a(zl) p(zllxl,yl,u v )dz (41)

where

Tyg by [mm pfey oy o2 ], [ pfed Iyt 2, 2

(42)
le and Tll differ only in the measure defined on the range space,

For all practical purposes, they are identical since, for the elements

of the domain of 'I‘11 and Tl 6 encountered in this problem, an element

in the range of one is also an element in the range of the other. This
is, of course, not an intrinsic property of linear transformations but

is a direct consequence of the simple structure of the problem under

consideration.

Using (31) through (42), it is possible to write (27) and (29) as

linear operator equations as follows:

T T =
ap el T 3T T 2y + (ayca +d)) & +ale b T T, v, =0

(43)

T s T e
bl ¢k Ty gT) 4T 2y +b ¢ a) Ty Ty G - (e -b; clbl) ¥ =0

(44)

Solving (43) and (44) simultaneously for -‘;l and ;l yields

= __| : R i -
ul_'ll—(al Clal+d ) a Clbl( ) b e, ) b € alTl3T12T Tl4'

T f Ik
x(a,fc a +d, ) w1 121 Ty 10y (610 ey ) BT 1 €17 6T 4T 6 1y

(45)
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> -1 o |
hag T T T T |
"1'31'("1 ¢\by-ey) by cja)(aycjaptd)) afe, by Ty T) 3T, |

T .yl T "
X(ey-bye by | by C1T15T143T16'31(31 cyaprdy)  aje T T T (k2
(46)
where I is an appropriately dimensioned unit matrix.
Since lezl is an element of the range space containing T”zl.

(45) and (46) can be (slightly) rewritten as

Al ‘ -1 '-]
u, '(aca+d)aclb(bcbel)bcaT R A
x(a,Tc,a +d \.laT T T ‘1+b( brie b\)-l L iz,
s B S b S o e g 1 1 o-by ey iyl By 141 o b
(47)
- (b e b )b Te a +d )_l T b T, T T,
b - 1 1°131(“1C1 1R e 124
R . -1 l

T T
clTlSTl4;1-al(alclal+dl) sy e f iR ke,
(48)

Equations (47) and (48) represent, in functional form, the
game optimal control strategies to be used by each player. But,
unless a way to evaluate the inverses is found, the solutions are
formal and essentially meaningless, Happily, they can be evaluated,

under certain circumstances, in an infinite series. This series, a
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: 38 ; " .
Neumann expansion, converges (the inverse exists and has meaning)
whenever the norm of the second term of the inverse is less than one.

In other words,

oy 2 - 6B |
(I-RT) =1+ RT + (RT)” + (RT) + (49)

whenever the norm of RT, denoted H RT” , 1s less than one. For the

present case, the inverses exist whenever 4
1] -1 | ]
45 T T T ,

Il (a) cyaytay) aey(ble by ey ) byejamy o1y ,m ol <

(50)

-1
T T T T
II(b)7c b -e ) bie 31(31‘131+d1) ay © b Ty gT) Ty 3Ty, ] <

(51)

where the norm of a transformation RT is given by 8

sup [[RTall

IRT|| = a e

and @ is any nonzero element of the domain of the transformation RT.
Naturally, the norms of @ and RTa are computed according to the

weighting function defined on the appropriate Hilbert space.

Thus sufficient conditions for the existence of game optimal

controls are (43), (44), (50), and (51), and

aTca +d, >0

S W )

e
A
2
—

'E
e - bl Clbl >0 (51

where the strict inequality has replaced the positive semidefiniteness

of (30).
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When GI and ‘_'l exist, it is a straightforward (although
extremely tedious) task to verify that the following assumption is
valid: each involves only the past and present observations and past
controls available to the appropriate player. The required admissible
game optimal control strategies thus have been found for the last stage
of an N stage game. There is still the matter of actually evaluating
the various conditional probability densities; this is discussed later,

Having found the game optimal controls for the last stage, it is
now possible to use the principle of optimality of the theory of dynamic
programming to find the game optimal control strategies at stage 2,
3,+++, N.

In other words, the game optimal control strategies are chosen
to optimize the payoff resulting from the application of controls at
stages 1 and 2. Thus controls are applied at stage 2 which have an

effect on the payoff and serve to change the state. Whatever the state

resulting (and whatever the actual observations occurring at stage 1),
game optimal control strategies El and '\;1 will be used. Symbolically,
this is written

min max

J u

, Sy v f{uzlui;uuzugz-uvznil{

xp(zl.uz.va)d(zl.uz.vz)0 Jl (55)

Analogous to (11)
p(zl,u&,vz) - /p(zl Izz.uz,vz) p(zz.uz.vz) dzZ (56)
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Substituting (56) into (55) and integrating over z, yield

min max

% 2 2
J2=E{“)\2“c2 tupy V2 [f}”kzzz+azu2+b2v2HC2+”u2||d2_ ”"2“2.32}

X p(zz,uz,vz) d(zz, uz,vz) + Jl] {(57)

Consider Jl , as given by (18), where Kl and 71 are given by (47) and

(48). Since

R ORI =/p(zl,zz,xl,yl,uz,vz)dzz )
and
pzr2p0xt v P v?) = b2y iy L2y Py 2P
X p(zz,xz,yz,uz,vz) (59)
where

2

p(zl,xl,yl | zz,xz,yz,u ,vz) = p(xl,yl | zl.zz,xz,yz,uz. vz)

e 2 2 2
X p(zllzz,x Y s,V ) (60)

From the definition of the manner in which observations are made,

(2) and (3), and the independence of uh and El , it must be that

& & ¢ &
p(xl.yllzl.zz.x »Y su ,V ): p(xllzl)p(yllz]) (61

Also, from the definition of how the state evolves, (1), it follows that

G o b
p(zl|z2.x yY 20,V )= p(zl|zz.u2.vz) (62)
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Substituting (58) through (62) back into (18) yields

2 2 & 2 2
leEph1HH;+/;lﬁFX.y.U.V)

X p(zz,xz,yz,uz,vz) d(zz,xz.yz,uz.vz)

(63)
where
R — - 112 2 2
Y](zzox Y »u ,v ):‘/‘;”kl zl+alul+blvl”cl+“ul “dl-”vlllel
Xplx)lz))dx; p(y, |z)) dy,
XP(zl Izz.uz.v2 )dz1 (64)
Noting that
Z 2 2 2 P
p(zz,uz,vz)zfp(zz,x I I )d(x 'Y ,u3,v3) (65)
Equation (55) can be rewritten as
2 2 min max 2 2
=B I Il L iy tagsy o0y 1+l 12
“ ”Z ( - - 2 2) & 2 2 Z)
- 1lv, ez+yl Zy)X L,y ,u,v p(zz,x 'Y U 5V
X d(zz,xz. yzpuznvz (66)
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To find the game optimal control strategies at stage 2, the
same procedure used to find the game optimal controls at stage 1 is

applied. That is, assume pure control strategies exist, as in (12),

Defining

TSR 2 2 o W 2
Iz‘“z"’z"EI”M”cl*”*z“cz + Ilk2z2+a2ﬁ2+b2v2Ilcz+lﬁzlld2

~

~ |12 2 2 3 < 3 2 2 3 3
'”V2H62+Y1(ZZ'X 1 Y :uz’u » Z:V )Sp(zz,x s Y 0,V )

X d(zz,xz,yz,u3,v3)

(673
analogous to (19), use the saddle point condition in both directions
= 2 3 =
Iz(u2+eé(x ! )VZ)-JZZO (68)
I(GV+eA(2v3) J, s 0 (69)
2\ 2 ¥ e |

Linear transformations similar to those given in (31) through (41) are
used to generate a pair of simultaneous linear operator equations
which are then solved simultaneously to find ;2 and 72.

At this point, the procedure has become perfectly general.

The procedure at any stage is then given by

- 2 min max 2 2 3
Y gl e, :||kizi+aiui+biviuci+||ui|| 4
j=1

- ”Villi. +Y5.4 (zi,xi, yi,ui,vi)}p(zi,xi, yi,ui, vi)
i
xd(zi,xi,yi,ui,vi) (70)
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where

i 4% & { - o W
Yialzxyhu ’V):[I”ki-lzi-l“i-l“i-l*bi-l"i-lllci_,+llui“ la,_

o 2 i-1 i-1-— i= i
- Hvi-l Hei-l+vi_2(zi_l,x Y ,ui_l,u ViV )‘
-t 3=} & 4 iel el o3 d
XP(zi_l,x Y ,u.v)d(zi_l,x ' ¥ ,u,v)
(71)
At each point the saddle point conditions
1.(3‘ + eb(xt,uitly, 7. )- I.20 L
i\ 1 i 1
(73)

A » S 1
Ii(“i' vi+€.A(y,v ))-Jis 0

are employed to generate the necessary conditions for game optimal
strategies,

While the outline of the optimization problem is straight-

forward, the actual evaluation of the strategies, even for the easiest
case of Gaussian random variables, is extremely tedious.
IV. GENERATION OF THE REQUIRED PROBABILITY DENSITY
FUNCTIONS
Some of the required probability density functions are quite
easy to express.37 For example, from (2) and (3), using the notation
discussed in Section II,

) 2
pix;lz)) = [bx;-Gz IS - (74)

i




2
ply, ) = lly; - Hizillog-z (75)
i

Also, from (1),

2
plzglz ougovig) = 2y -k 2 8wy b v “c):z (76)
i+l
The remaining conditional probabilities can be found recursively by
using the chzin rule for conditional densities in combination with

Bayes's rule, L

An auxiliary conditional density function is first found
i iy i+l i+l i _ip 4+l i+l
p(zi,x,ylu s ):[p(zi,zi+l,x.y|u ¢ )dzi+l
3 I i+l i+l i+l i+l)
= [plzpxpylzg oy ey
i+1 i+l i+l i+l
X p(zgyy Xy Ty Jdz O
But

i+l i+l @4l i#l
P("i’yi‘zi'zm"‘ Lty

PN Pl i vi+l)
P(i' T8 e = Eanlt A '

8 P(zi'zm D i i .vi+l)

p(x,lz,) ply; | 2,)
X plzglzg, s vy Vi) (78)

where (74) through (76) are the justification for saying that the con-

ditional densities of x; and y;, given z,, depend on nothing else and
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S ——

that the conditional density for z,, given z, 141 N4T and v, i1 is not
changed if more information is available.
Also, it is easy to see that
i+1 i+1| i+l i+l i+l i+1| i+2 i+2)
P(zj41% R B TCVTE i i (79)

since the value of a control chosen at the i+1 5% stage can yield no
information concerning either the state or an observation of the state.
It must be reiterated that these conditional densities do not involve any
assumptions concerning the optimality of controls chosen in the past.
In particular, for purposes of estimation — which is what the con-
ditional densities actually represent — no assumptions concerning
strategies are required. When the probability density of one or more
random variables is conditioned on one or more values of another
variable, these conditioning variables enter the density function only
as specific values. In this case, it means that one need only specify

a set, any set, of values for uw1 and v1+1 and then evaluate

i+l i+ll i+l i+l
Plagpy X oy WLV,

the values for Ui

When this is done, it can be seen that
and Virl do not appear in the conditional density
function,

Making use of (77) and (78) allows the rewriting of (77) as

P(lexYI i+l i'“) /p(xlz)p(ylz)p(le 1'u1+l’v1+1)

i+l _ibl) it2 _i42
X Pz oy 0T VT )z 80)

which is the desired recursion relationship for p( ,x )Y | yiis 1“)

To start (80) off, note that
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N NN NH)_ o \ F
pZN,. ' Y u » vV pan N,YN

P(an le il"N) p(zN;

Pl lzg) plyylzy) play) (81)

where the first two conditional densities are given by (74) and (75) and

the last one is given by (9). Thus it is possible to compute
p(zi.xl,yllulﬂ ,v”l) foxr tap il &, %, N,
The required conditional probability densities are then:

. 1 i' it Hl)
itl i-O]) » p("ivx 'Y |1 , V
v V -

p('z.ilxi.yi.ll ' T :

‘/'p(zi,xi,yilu“l ) vul) dzx

p(yilxi,u“l,v“l) B (88)

ifl)

/ p(zi,xi,yilu“l.v dzi

i) i i+l ifl)
p(x Iy e’ v : : ‘ (84)
/ S ST - 0 (S O 1
p(zi,x,ylu , V )d(zi.x )
e - 1 d-1 1
The last two sets of conditional densities — p(v Ix ,u ) and

p(ull y‘-l § vl) — must be handled somewhat differently.



p(xi_l ~ vi,vi+l lxi.ui)

/‘p(xi_l PV vi’\l lxi,ui ) dvi

Vi S
p(le su ) =

where
p(xi_1 ,vi,vi+l Ixi,ui ): p(xi-l ,vilxi,ui, viH) p(vi+l lxi,ui) (86)

Looking first at the second conditional probability density of the

right side of (56), it is clear that
p(\«'i+l’Xi, ui ): p(vi+l‘,xi, ui+l) (87)

since knowledge of the value of a later control, for either player, can

have no effect, can yield no information, on the estimate of the value
for an earlier control unless there is some a priori known functional or

statistical relationship.

The first conditional probability density on the right side of (&6)

can be written as

p(xi‘ P vi'xi, ui, le) = p(xi_ 1 lxi, ul, vl) p(vilxl, ul, vi+l) (88)
The first conditional density on the right side of (88) presents no real

conceptual difficulties. It is generated by

i-1

‘/-p(zi-l' ST Yi-llui"’i)d(zi-l' yi-l)

P(xi_]’xi,ui,vi) - ' : e :
-/p(zi-l' Lyt o) TR y' 1)

(89)
The second conditional density on the right side of (88) is not as

straightforward. In fact,

(85)




e vi+l )

e
_—
<
”
e

plv;) (90)

To understand what is meant by (90), a clear understanding of the
principle of optimality is required. Roughly, it states that, no matter
what has occurred in the past, the best that can be done is to choose
the controls in an optimal fashion in the future. With regard to the
present problem, it means that a player need not (actually should not)
assume that his opponent has used an optimal strategy or even that his
opponent has used any nonrandom strategy whatsoever., Naturally, each
player has a complete record of his own observations and past controls,
but, even were he to be given a complete list of his opponent's control
values, \'H l, in the absence of any strategy which relates the opponent's
control strategy to his (the opponent's) observations or to any other set
of data, they can provide no hint as to what vy will be. The only
information that the opposing player can count on is data concerning
physical bounds on the magnitude of the control available at the ith
stage. Accordingly, the a priori probability density for v, is actually
a uniform distribution over the physical limits known to exist. It
should be stressed that this does not mean that one player believes that
his opponent should have or would have chosen his ith control from a
uniform distribution; rather, it reflects the very limited knowledge
available to a player about his opponent's real choice. It is merely the
best, reliable information present.

Because this problem is addressed to Gaussian random vari-

ables, it makes sense to approximate the uniform distribution over a

bounded set of values by a Gaussian distribution over an infinite set of
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values. A reasonable choice would be one with the same mean as the

uniform distribution and with a variance such that the bounds of the
uniform distribution are equal to plus and minus one standard deviation

of the Gaussian distribution. Such a choice yields a relatively constant

probability density function over the bounds of the uniform distribution.
(The choice of a Gaussian random variable, instead of the uniform, is

done only for the convenience associated with them. Theoretically,

there is no reason why the uniform distribution should not be used.)

If no information as to capability is available, then the obvious
choice for (90) is a density whose variance is, in the limit, infinite.
Working with such variances leads to no difficulties.

Substituting (86), (87), (88) and (90) back into (85) leads to the

required recursive formulation:

i+l|xi ui+l)

p(\'i) p(.\'i_ 1 lxi, ui, vi ) p(v

_/.p(\'l) p(xi_ \ Ixi, ui, \v'i ) p(viHlxi, \\Hl ) dvi

(on

p(\‘ilxi-l, ui ) )

where (89) is used to compute p(x.l llxl, ul,v‘). To start (91), set

p(\'N+ I'NN uNH) R

p("Nn"‘N' “Nu) “(VNH) (92)

where MVN# l) is the Dirac delta function,

e o s ealading

ST

~r




5. EXAMPLE 1

The amount of work presently involved in actually solving an N

stage stochastic game is tremendous. For this reason, example I

involves only a two-stage scalar game since this serves to illustrate
completely how the N stage vector game is solved.
All random variables are aasumed to be Gaussian., Bothplayers
know the mean and variance of each random variable, Denoting each
: : : 2 : 2 .
distribution by N(u, 07), where u is the mean and o the variance, the

required a priori probability densities are

2
ZN :N(m, -"Z ) (93)
X 2
A :N(O, o)\i (94)
. ¢ N LO 22 9 l‘.’
i e (95) {
: :
"7
. :N(o.ﬂ;2 ) (46) i
:
s 2
vz : N(\é,t“v ) (97) 1
s |
u, N (UZ' nuz ) (98) ‘a“

(;é and (1'2 here are merely the a priori means of the control capability
and, for most problems, would be zero.) Both players know (93)

through (98). &

66




Using (93) through (98) and the formulas developed in SectionlV,
it is a straightforward task to generate the required conditional
probability densities.

System dynamics and observations are given by (1), (2), and

(3) with

G. = H. =1 (99)

To write out the conditional densities required to evaluate the

transformations, a number of auxiliary variat' 5 are defined:

2
A = : o : o - : P kz
ot gk s (100)
nz gz z ’\z
1
D = ;—{ (101)
A
1
E=— (102)
o‘h
2
- 1
B (103)
n,z
*2
"
G = (104)
O
\




(10s)

(106)

(107)

(108)

(109)

(110)

(111)

(112)

(113)




The first conditional density required is p(zl |xl, yl, u,, VZ)’

which is needed to evaluate Tll (or le) as given in (31).

GZ- A(L+D+M)

Tll:p(zl'xlnyl:uztvz>: - y

2
‘ EGx, +FGy,+ALx,+AMy,+(AQ-OG) u,+(AR-GP) v, +GN
XSE, *
l 1 G2- A(L+D+M)
(114)
or, making the obvious substitutions,
1 G%. A(L+D+M)
Tyyep{z I ymy v, )= - A k
r;
2
G i B e L e e L e e e (115)

The evaluation of TIZ is simplified by considering it to be the

product of two other transformations, Tll2 and T122' Since

ok 1 1
T]Z:p(y |x » Us, v ) i p(Yllx . Yar Uy VZ) p(yzlx '“Z'VZ) (116)
it follows that
3 2 1
T IR T R (117)
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where
1 3 1 o | 1
B(X P YU v, ) = T)yaly)) = aly) p(yl IX, ¥ Uy, v, )dyl (121)
1 2
B(x » Uy vy )= Typaly,) = /a(yz)p(yzlxl. uz,\'z)dyz (122)
el Len. lxl u,, v )]-’L #to lxI )1 123)
1230 [ =ip(y Iy, uy, v, 2 P @ip(y, B b J LAz

] uz)J (124)

lez’Lz [’m' ‘”;p(yz"‘l' b Vz” e ['“"“"‘p("z’x

1

3 M| G- a(L+D)
TIZ:P(YI 'x ’ YZ: uz: Vz)i

G%- A(L+D+M)

R
&

EGx,+FGy, +A Lx,+(AQ-DG) u,+(AR-GP)v,+GN 1

y;t (125)
% G2. A(L4D) |
or
> 3
M[G -A(L+D)|
Tllz :p(yl'xlo YZ. uzv Vz) - 2 -
G%- A(L+D+M) |
3
\‘y-n\(-ny-n s PR, NS I T &
s (R e A 2 ) | 90 (- y 7l ) Y (126)

F [G‘)W(F-A)(L*D):

GZ- A(L+D)

E(L+D) xZ+Lle+ [GQ-(LAD) O]“z* {GR-(L+D)P]\',4(I,+D)N)“‘

-
G"4+(F-A)(L+D
( ) ) (127)
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F[GZ+(F-A)(L+D)]

2 1
T, p(y,Ix,u, ) =
12°P(v, 2 G2- A(L+D)
x| Qg ;X sy o X = s B 2 oV =X 12 (118) :
1Y27% 14727 %15 17 %1627 %17V 27 %18 ‘3
s{G2+(F-A)L+D) |+b2L GZ+(F-A)]
2 1 L " et
Tl3: p(vz|x .uz) = 5 vz-(-LEsz
G +(F-A)(L+D)

-sz[Gz+(I-‘-A)} X, -azbZL,—GZHF-A)] u,
+s [GZ+(F-A)(L+D)] v,

lZ

-b, LGN V(s [6%+(F-a) D) )bl G2 (Foa)] ) ‘

(119)
or
: S[G2+(F-A)(L+D)]+bZZL[GZ+(F-A)D]
Tyyep(vplxtu,) - 2
G +(F-A)(L+D)
\‘v -0, AX X, =04 U,-=Q 12 (120)
i il T o i R § e e T4 “

Defining Tll4 and le, analogously to (117)
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L[GZ- A(M+D)

vy ) -
“ 2 (32- A(L+D+M)

[ EGx#FGy,tAMy +(AQ- OG)u,+(AR-GP)u +GN IZ
XX, *
1
[} G2.A(M+D) f %
or
] | 1 ) LLGZ-A(M+D)}
35 pix X5,Y ,u,,Vv =
1aP(x 1%, A L N
‘ 12
X1 *17B1%p-ByY - B3y -Byuy- BV -8y | (129)

b ; E |G%+(E-A)(M+D)]
TraP(ely v v, )=

G%- A(M+D)

] 2
F(M+D)y2+MGyl+[GQ-(M+D)o]uz+[GR-(M+D)p'vz+(M+D)N l
X lx = = =

G%+ (E-A)(M+D) f

(130)

or

E [G%4(E-A) (M+D)]

G%. A(M+D)

T124’P("2'V1' s Vo )=

f . 4 |2
%27 P7Y2"BgY " Bgup-Bygva-By (131)

~3
ro

" P e
PRI o
il it e - -




and, finally,

T G*+(E-A)(M+D) +a M[G%+(E-4))

u,-(-MFO
G +(E-A)(M+D) {2 ( 2

T)s:p(u,ly'iv,)=
-a,MG%-(E-A)] y -aZbZM[GZJr(E-A)] vZ+T[G2+(E-A)(M+D)] 5,

. 2
-aZMcN)/(T;_GZ+(E-A)(M+D)] +a22M !:G2+(E-A)J ) }

(132)
or
. T| G2+ (E- A)(M+D)]+a M, G +(E- A)]
Tysp(uply ,vy) = —— it
G2 +(E-A)(M+D)
P I R o 133
127 P12Y27P13Y17P14V2"P 5§ (133)

It is now possible to evaluate Tll and ;l' To illustrate how

this is done, consider G‘l as given by (47).

b c
1%
Ft Pt T st ad T 1k S iR R ety e
e.-bjc
I A
where
U5 = a tygrgtlatyyiglo 4t '.‘6”4“12*"‘2*"4°‘9)“17]“19 i
O = a3*Y48)otVat v agla gt "6”4“12*“2*"4"9"’17]”20 \136)

|
|




7 :OS+V4QIl+(‘2+\4u9)016+[Y6+Y4a12+(\Z+Y4a9)°li]QZI

fg = Y?*Y4“13*‘Y2*Y4°9)“18*[‘6**4“12‘*2**4“9’“17]“22

b cl
Y2 =a2'*e b 2 e
Bl Bk
b? |
A 8
Yy =gt . 2
b B B
bi (=
= + 1 e
T = Gg . Bt o 3
j G
WT = 07-+94

91=°z*°332”°1+°331)57*[“5*“334“a1+“351)89]812
92:Q4+“33§“°1*°351’38*[“5*“354+w1*°331)“9]913
e3206’““355*‘“1*”‘331)310*["5*“334”“1*“391’“9] 814

G4=a7+a386+(al+o3al) B“-r[a5+a384+(01+<1381) 69] BIS
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(1473

(148) |

(149)

(150)

(151) '

(152)
(153)
(154)

(155)
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: The next concern is with the elements of the expansi

on appear-

ing in the Neumann series. Equation (134) indicates that the transfor-

mations operate on 95x2+96x1+97u2+88. Actually performi

indicated transformations leads to
T 3T T 5T 4(85%, 48, % #87u,+8g) = (B50548,0,+8,04) X,

HO 508 (w8 o)X H(Bg0 4803480 Justl gt 0 #00,

where

®,= 81008+(69+910a9)a14+[9ll+910a12+(99+61009)a17]a19
®,= 8 loa9+(69+610a9)0 15+[6l 1+610a12+(99+910a9) 0'17]020
@3=510“11+(99+910a9)”16+[911*910012*‘99+910“9)a17]a21
54:81f610“1f49¢91009”18+k1fﬁlo“12”9¢610“9m17}“22
5q=8,t 8 84(5,48,8) B,

U107 B3*B1Bgt (By* B By) By3

6117 Bs*B1Pyo* (ByFByBy) By

ot et 3

0127 BgtB Byt (Byt B Bg) Byg
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(137)

(138)

(139)

(140)

(141)

(142)

(147)

(144)

(145)
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Vil
¥g

Vel
¥s

P4 BI%GH”BIJ’BI¥“0)“14*[Bbfﬁl%alzNerd'Blﬁ‘QhXIT]”lQ

D10 B3 otBate &“9)"1%‘[814*“1 e 12"812’513"‘0)“17]“30

8

* (88*5()‘41 ‘)ﬂg*[ﬁl'BQBIZ*(BH"BQBI_‘)GQJU 14

(BgtByB)3)a lo*[az’Busxz”aa*suels’“q]“ 15

(BgtBoBy3lay, '[93’89813'(38’5(151 3)“0]“ 16

B1otPgP) 4t (BgtBgB 3l 1:*[83*80312’(88* Bgf) ;"‘u]“ 17

B11tBoB st (BytBqB %"‘13’[93*3031:"33' BoB) s)%]“ 18

al%nll'(ﬁlzoﬁl%“0)”1(3[514'81*nll'(hlz’al#lqh'lT]“

p)
o

1

©127 815830 158 48 g gha g[8y 48 0 1:'(313*313%)“17]“2_2

(165)

(166)

(167)

(168)

(169)

(170)

(171)

(172)

(173)

(174)

(175)

(176)

177)
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Now define

esu+1)=95u)m5+96U)w1+97ﬁ)w9
96(i+l) = es(i)¢6+96(i)®2+97(i)®10

98(i+l) = es(i)cp8+66(i)m4+67(i)w12

b2 2
Lkl (alzc +d1)zb1§° -e )
with
[fwr [l <1
and

al Cl

H
®©

95(0) ‘

5
66(0) = 96
8(0) = 8,
98(0) = 98

T13T 12T 15T 4

(156)

(IS7)

(158)

(159)

(160)

(lel)

(162)

(163)

(164)
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2 ®
gy
~ 1 1 v i
Hedie w5 £ Wiighy (178)
U o
Ll i=o
The game optimal strategy for the minimizing player is then
given by
ul = TT1X2+H’2X1+"3UZ+‘IT4 (179)
A similar evaluation of (48) leads to
Vl = n5y2+ﬂ6yl+1r7v2+n8 (180)

At this point, it is seen that the game optimal strategies, under
the assumptions given, are linear in the observations and past controls,
Because of the complexity of the computations needed to achieve (179)
and (180), there is little that can be seen in the way of structure beyond
linearity.

Substituting (179) and (180) into (64) leads to

2
_ f
Y1(220 Xp0 Yo Ui Vo) SUHE U 204Xt gu, H Y, gy 4 |

2
| 2 . | |
oy HpatHgs g guytuy oV ikt g 1M 12Y2M 3% 4% 5% 6

(181)

where

2.2 2 2 2 2 2 _.212
2 )nl-(el-bl cl) e o_; l+[cl(kl+al"2+bl'6) +dln2'e116]"/\2
(183)

.2
Mo=(ajc +dpn
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I

1

(kl+aln2+bl"6) k2

alﬂ3+a2 (kl ta ‘"2+b1ﬂ6)

1

byMatby(k +a my4b m )
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(183)

(184)

(185)

(186)

(187)

(188)

(189)

(190)

(191)

(192)

(193)

(194)

(195)




Byg = %37y (203)
e S (204)
TR (205)

The Value of the game, with two stages to g0, is given by (66).

i 2 min max
JZ = clo)\

2 | Z 2 2
1+c20)\2+uo+ w ¥, /lcz(kzzz+a2u2+b2v2) +d2u2-e2v2
2
+c1(ulzz+u2x2+u3u2+u4y2+u5v2+u6)

2
) lgXptugzytlguytiy gvotiy )
2
“e (MYt 32ty gupti gVt )|
X p(zz, X5 ¥ou U, vZ) d(zz, X5, ¥oi Uy, vz) (206)
The assumption of the existence of pure strategies
(207)
VZ = vz(yz) (208)

and the satisfaction of the saddlepoint condition, (68) and (69), lead

to the following sufficient conditions for game optimal strategies:
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(2an2e 2 i
(@ycokpte uugtdiuguge u)qu) )T, ,T, 2 *(‘“ cptdateugtd ug-e i u,

2 S2td;
+(az +Clu luqulo'-e U14L1 S)TZ +(C1U3U2+dlu'7u9)x
Heughge oy )T, y,%¢ gt +d gl | =€ U4l = 0 (196) ‘

(bycakate yugrd g ey 3u 50T, Tp 12t @ by c ot ugugtd jugu o

L e

2 2 2 2 .-
€M U5 Togp-(ep-bycymcug-d uote o)V,

Hleuaugtd jugin) o) T %, He U ug=e 11 ou6) Y, t
teushgtd gy el gy = 0 (337) M
2 2 2 2 i
a, c2+d2+clu3+dlu9-elul4>0 (198) :
2 2 2 2
ez-b2 Cy-C U S-d u10+elul5 0 (199)
where

Blxp: ¥,) = T, alz,) :/"‘zz) P(z,1x, v,) dz,

(200)
L b [“"" ip (2, 1%, Yz)] * & ['“" ‘”?P("z"‘z)] (201)
B(xz)=T22a(y2)=/a(y2)p(yzlx2)dy2 (202)
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L ["’" ”‘P(Yzl"z)] * Lo [""' “;P("z”z)] (210)
32(Y2)2T24G(x2)=/ﬂ(xz)p(x2|y2)dx2 (211)
Tpailo [ winliplyo) [+ 1y [ minfi )] @2

Equations (202) and (203) are solved simultaneously to yield the
game optimal strategies. This is not done here since the operator
algebra does not provide any fresh insights.

An interesting point can be made by comparing (203), (204),
(53), and (54). Only system parameters at stage 1 entered into the
latter, whereas system parameters at stages 1 and 2 appear in the
former. Also, it appears that the variances of the observation noises
show up in (203) and (204). In effect, this means that pure strategies
can exist only where the dynamics allow them and when the observation
noise variances make the observations meaningful, The exact
dependence can be made clear only by actually evaluating (203) and

(204).

6. EXAMPLE 2

Example 1 indicated that the game optimal controls used all
information available to each player to determine the control strategy.
In effect, the information was used to better define the state at each
stage. While not obvious, the key piece of information is the assumed
a priori distribution representing physical limitations on the opposing

player's available control magnitude. These assumptions allow a

82

i i deiia acxtilnits

wde  Sheasalhars C ARk B LA 0




o

player to generate an a priori estimate of the state at each stage,
which is then combined with the current observation to produce the
a posteriori estimate of the state.

What happens if the two players have no knowledge of their
opponent's capabilities? In this case, the a priori control distribution
may be taken as one which, in the limit, has infinite variance. The
result is a particularly simple separation solution: the game optimal
control strategy at each stage, except the Nth where an a priori
distribution of the state is assumed available, is the deterministic
control strategy with current observation taking the place of the true
state. At the Nth stage, a more usual strategy (involving noise
variances) is used.

To show that such is actually the case, a different set of linear
transformations is used to define the necessary conditions. Instead of

(25), consider the following:

1 1
Yo g v ) B(2 X, vy up vy

= ply, [z}, x
Bl ) e v o< ol L o )

B p(”l""‘l) P(V?.! Zl"‘l'“?_"'z) P("z""‘l"‘l'“z)

X p(zllxl,uz)p(xl,uz) (209)

where the independence of the observation noise justifies the statement
that p(yl lzl, xl, Yoo Up vy ) = p(yl Izl) . Using this decomposition of

the joint density does not lead to any nice characterization of the




resulting conditional densities although it is equally valid. Its virtue,
as is seen later, rests in the conditioning of z, upon xl and u,, the
information available to player II. In this case, the past is discarded
and, because of the decomposition, the actual evaluation of the func-

tional form of the control strategies becomes almost trivial.

Using (212), the control strategies are

2.2 2
— o By By oy
G R S s )T14T13T12T11T18T17T10T15 e
g S S (""1 M Lt T T
bf“l
x |14 R e T e T e (221)
e.-b, c
it ol
fd
-1
i blclkl alzblch'
Sl 5= ( ST ) T ghiehisT1ah3Ti2Ti|  Tas
b Tk o Rt 1( 191°¢1
2
i
ol Sy em i 'y L U G TS Y (222)
al(l+dl 1
where j
= ] , B - 1 _ ' ‘
B(zl,x 'UZ'VZ)M T“n(yz) ~,/rx(yz)p(yzul,x ,uz,\z)dyz .
(223) r
1 1
B(zl,x ,uz) = len(vz) :[n(vz)p(vzlzl,x ,uz) dvz o
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B(z)) = T 3aly,) = /a(vl) p(y,lz,)dy, (213)

Blx’ u,) = Tj4alzy) = /“(21) plzy Ix'su, )az, (214)
B(zp ¥ sy vy) = Tys0lxy) - [“(xz) picplzy vl ug vy ) ax, KRS
Blzy ¥ sV, )= Tygalyy) = /a(uz)p(u2|zl,yl,v2)du2 (216)
Blz)) = T, alx)) = /a(xl) p(xllzl ) dx (217)
B(yl, vz) = T, galz)) = [a(zl) p(zllyl,vz) dz, (218)

and all transformations have their domain and range in the appropriate
Hilbert space. It is clear that these are not the same transformations
defined in (31) through (42), although they are an equivalent set.

The required conditional densities are:

e ( ’z xl e )_ _FZ-AF +Ex2+Gzl+N-OuZ—Pv2
¥ Gt U Ul Bl ¥ it M L F-A
(219)
b’ [G2+(F-A)D]
L3 ¥ plvylzxsuy ) &
G2 +(F-A)(L+D)
2
X ‘v i 4 f—Z--u 57 — Xt _
lz g F B e b;‘[GZHF-A)D] 2" b, [GP4+(F-A) D]
(220)




‘. S T T ’ R e A e A N

!

) §5 225
T 5:p(v, 12 =M}V1‘zls S ¥
¥
2 i3
: 1 = | \
TH.p(zllx ,uz)—L 2p-Xy (226)
1 EZ-AE Fy2+Gzl+N- Ouz-Pv2 2
Tls:p(lezl, Y uz,vz) S x,+ 1 227)
ey aZZ[G2+(E-A) D] e |
T, ipluslZq1, ¥ 2 Vs )= e e
16:P(u2 12 2l e 1 E e ¥ By
2
FO GN .
+ X, +
) 2 z a
a2[c?+E-2)D] % a,[c?+(E-A)D] k
(228)
12 B
Ty7:p(xy 7)) = L ;xl'zll (229)
1 IZ
T g:p(z, |y vz M{ZI'YH (230) 3

The conditional densities for the state, (226) and (230), involve
only the observation at stage 1 because the entire past has been lost,
as it were, by the assumption of infinite variance on the opposing I
player's control at stage 2. In concept, this is similar to the way in ‘
which a Kalman filter is initialized.39 The practical result is to place

all weighting on the current observation. It is the best estimate of the

state at that point.
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Now consider (213). Using (223) through (230),

bfcl bfcl
T 4|1+ — T TR TR 1+e -
b s 37
T18T17716 15 T14T13T 12T 11 21 =%
so that
= 8 0y0 58, &
5 73 5 il |
(aye*dy)(e-bye )+a1b1°1

In the same manner, it is easy to show that

v 1
by z_
1Y

<

it follows that

{231}

(232)

(233}

(234)

Note that (235) and (234) are precisely the control strategies

(detailed in Chapter 2) for the deterministic case.
been obtained using (47) and (48), with S and T set to zero, but it
would have been difficult to obtain the resulis in closed form.

It is a straightforward task to use (64) to show that
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2.2 2,22 2
ayererkl{arc td Joy -brcrd K

] b
2
I 2 [(alzcl+dl)(el-b12cl)+aZblzclz]

(kz+au+bv)z+d uz-e v2
2 22 272" 22 2°2 22
1

Xp(z5, uy, v5)d(z,, u,, v,5)
28 "2F 2 2E 22 (235)
The game optimal control strategies for (235) are easy to find and so

are not derived here,

VII. CONCLUDING COMMENTS

A major factor in the solution of the multistage stochastic
differential game is the shared knowledge of the two players. Both
players know the value for all parameters of the dynamical equations
and the payoff. All density functions are fully known to both sides,
Given this type of structural knowledge, it should be clear that other
types of strategies involving other information sets could as easily be

used,
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Admissible control strategies, other than those specified by
(17), can be handled in a similar manner. The main difference,
practically speaking, is in the form of the linear transformations that
arise from a consideration of the necessary conditions, Some

examples are considered in Chapter 4.

89

Ll e




.

==

AD=A072 383

UNCLASSIFIED

CALIFORNIA UNIV LOS ANGELES SCHOOL OF ENGINEERING A==ETC F/6 1/2

RANDOMIZED AND STOCHASTIC LINEAR: DISCRETE DIFFERENTIAL GAMES W==ETC(U)

JUL 78 K B BLEY, C T LEONDES F33615—77-c-3013
AFFOL=TR=-78-87

END

flvil

9-79




=i * 23
22

= 12

2

12 flLe e




SECTION IV

SINGLE-STAGE STOCHASTIC DIFFERENTIAL GAMES

I. INTRODUCTION

Chapter 3 derived all the theory required to solve multistage
stochastic differential games having pure strategies, This chapter is
limited to examples of single-stage scalar games involving Gaussian
random variables. Consequently, the theory already in hand is used.

This chapter has two purposes: 1) to show that the solutions to
the single-stage game have a closed form solution (which may or may
not be true for the multistage case), and 2) to exhibit the game
optimal control strategies that result when different assumptions are
made concerning the information available to each player (different
admissible strategies).

All subscripts referring to the stage number are absent since
there can be no ambiguity., Further, shorthand notation, which is
obvious in context, is introduced as required for convenience.

Finally, in each of the following examples the maximizing
player (player I) is assumed to have only noisy observations of the
state.

If the coz term is neglected, then

A

min max ‘ 2 2 2
J= u v lc(kz+au+bv) +du -ev :p(z,x,y,u,v)d(z,x,y,u,v)

1)
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p(z , %, y,u, V) = plu, v I z, X, y) plz, x, y) (2)

J :/:c(kz+ai+b7)2+ du’ - ev? ; P(z, x, y) d(z, x, y) (3

where u and v are the game optimal admissible control strategies,

Defining
e Sl g -
I = {u, v) = /: c(kz+au+bv) +dv:x'?'-evz : plz, x, y) d(z, x, y)
(4)
the saddle point conditions are
I(u+ed, v) -1(u, v) = Z/: ackz+(azc+d)-\—x+abc'\7 : coplz, x, y) d(z, x, y}
+ ‘a2c+d ' e26zp(z, X, y) d(z,x,y) « 0
| | (5)
I(-\-x, Vﬂ‘;s)-I(Tx, V) = 2/: bckz+abc'ﬁ-(e-b2c)7 :e.sp(z, x, y) d(z, x, y)
-[;e-bzc : eZAZp(z, x,y) d(z,x,y) s O (6)
In the following, it is assumed that
alc1+d>0 (7N
e-b%c>0 (8)

So that the game optimal control strategies are found from the simul-

taneous solution of




/; ackz + (a2c+d)5+ abcv :Cép(z, x,y)d(z, x,y) =0 (9)

/} bckz +abca-(e -bzc);:e 8p(z, x, y)d(z, x,y) = 0 (10)

About all that can be said at this point is that € is a small
number (not zero) and that A is any real function of y. Until admissi-
ble strategies are defined for player II, it is impossible to say what 6
1s a function of, although, in all cases, it is assumed to be a real
quantity,

As in Chapter 3, it is assumed that both players know the
structure of the game, the class of admissible strategies, the values

of all system parameters, and the mean and variances of all

distributions.

2. EXAMPLE I, THE MINIMIZING PLAYER HAS NOISY
OBSERVATIONS

Example 1 is the single-stage case which corresponds to the

derivations and examples of Chapter 3. In this case,

P(w, vz x, y) = 8(u -u(x) b(v - 5(y)) (11)

so that it is convenient to decompose p(z, x, y) into

p(z. %, y) = p(z]x, y) ply [%) p (x) (12)

and

Pz, x, y) = p(z]x, y) p(x|y) p(y) (13)

Defining the following linear transformations

02 |




B(x, y) = T, (z) =/“(=) p(z|x, y) dz (14)
B(x) = T,a(y) =/a(v) ply |x) dy (15)
B(y) = T 3%(x) =/°~(X)p(x|y)dx (16)

(with suitable domain and range, of course) the necessary conditions

for game optimal control strategies are, (9) and (10),

ackT le+(azc+d)a+ abeT.,v =

2 2

a7

bekT, Tz +abeT 1 - (e b s 0

371 (18)

so that

-1
2.2 2 2
- ack a b ¢ b“c
U= =« l - T T T l+ —z— T T z
azc*d[ (a2c+d)(b2c-e) ¢ 3] 2[ e 3] :

-1
&2 & 2
— _ bck abc a“c
v = [l- 5 > T3Tz] Ts[l-‘ Tz]le

c-bzc (a“ct+d)(b"c-e) 2c4d
(20)
The required conditional densities are
2
z+02 2+OZO,Z 0,202x+02 2y+020,zm
T'p(zlxy)— zﬂzﬂ;z_;z “z n
1 o ,2 2 -:,zoz+cﬁroz+ozo,z
n3is s 8 N=s N
(21)
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2 2 2 2
' I : Oz + ('.!1,1 Ozx+0 m
T,:p(y|x) y - Z5—0— (22)
2 0 25 +02 +0 %02 02402
s N L z N
2 .
| of+o§' zzy-l-O,Zm 2
T,ip(x|y) = . x - (23) ¢
3 2 & 2.8, & 2 Pyl £
g z+0n02+0n0g Oz+0§ i
:
%
Rewriting (21) through (23) as E
%
T'(zlx )=0-‘z-9x—9 -8 '2 :
1SR Y 1) e it Y (24)
T tptele) =0 by -t - 0. 15
2'PY 21 Y " 74 5§ (25)
| by - @08
Typ(xly) = aylx - 8,y -8, | (26)
it follows that

where the 9.1 are not the 8, of Chapter 3.

1

2

r 2 Z

b

L1+—-—°—T3]T z =0 x+0,y+0,+ = [ (8,y+6,)+8 y+93]
e-bc e-b

8 x+[(1+bz° )a s b% g g ]y+e 20 S (8,8,+0,)
i e-bzc Zebzclb .bz !

:elx+98y+99 (28)




b"c
TZ [l‘fe—.:z:TB]Tll = le§68(6‘x + 95) + 09

= (9l + 0804)" + 0865 + 69

= Olox + 0“ ! (29)
Where the inverse is expanded, terms involving powers of
'I‘ZT3 appear which operate on (29).
= 30
Tax = 96y + 67 (30)
T2T3 = 96(94)( + 95) + 97
= 9694" + 9695 + 07
i 31
= Glzx + 613 (31)
Thus, if
‘ZchZ
WT = TLT
(lzc+d)(bzc -e) . (32)
HwT|l<1 (33)
then
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2
-1 b"c iy
[I-WT2T3] Tz[1+;2:1*3]'rlz = °10"+°u*“’[°10‘°1z"*°13’*eu]

2
+W [emelz(elzx+ 913) + emen + 9“]

3 LR
+W [910912(812x+613)+e 8,,8,.+6 6 _+86

10712713 10713 llJ

4 3 2
+ W00 08508 ,x+8,5)+8,,858) 148,188,488, +6, ]

5 4 3 2
t W [910912‘912"*913’*910912913*910912913*910912913"910913*911}*° .-

e 2,2 353 4, 4 5,5
2 elox[uwel?_»fw 612+w °1z +W 612+w 612+ ]

- 3 4 5 S

+e“[1+w+w +W O+ Wi+ W4

N b T PR AT IS

2 3 4

swlawte v (1ewew?

+w3+...)

+ 610913[1 + W+W

+wzelzz(l+w+wz+-~)+---]

80 1 W8 1083

= x + + = 34
-ws, - w7 (T-w)(1-wB ) (34)

so that

= _ack [ .t Wt
2,4 |TWO W * (T-W)(1-w8 )

12 5

96




where
2 2
(o]
P =11 ch oz z (36)
L8 W s e o S o -
5 5 z n
2202 2y ¥ 3
8, w0l gk O ARREL A o) (37)
11 g " +0 n e-bzc 02+0.Z
i z >
02 0?2
e = Z Z (38)
12 oz+02 2+03
g N z >
Ozz mcn mO,Z
8. +—z’ (39)
13 OZ+0,Z 02+02 OZ+0,
S z N z 3
(Note that
|W°12|<’ (40)

so that the infinite series involving W8, in (34) converge with the
sum being given by a closed form solution, )

A similar exercise leads to

8 ] we, 6
- bck 14 15 14717
v = y + W' (T-WI(I-WB ] 41
e-b% [l ~W916 v o a-wya-w 16)]
97




where
e
8..= |1 - (423
14 azc+d 02+02 02+02
z N " it
AN . G
8 > m 0:’. 5 azc ogoz+oﬂoz+oﬂo§ (43)
15 02+0, azc+d 02+02
2 3 % n
02 \[ o2
0,0 = (49)
16 02+0—Z OZ+0-
z T z 5
0: mO,2 mJd,
6 = = + : (45)
17 02+JZ 02+o,2 024-02
%z N z S z

A comparison of (35) and (41) with the example of a single -
stage game, with control strategies specified to be lincar (Reference
40), shows that (except for a typographical error) the two solutions

are iden‘ical if the mean of the a priori estimate of the state is zero

(m = 0). However, this example proves, by construction of the solu-
tion, that (under the assumptions of linear dynamics, quadratic
payoff function, Gaussian random variables, and noisy observations
for both players) there is no nonlinear pure control strategy that
can do better,

Consider what happens when player I is unable to affcct the
outcome of the game (b = 0), In this casc, the single-stage game
degenerates to a single -stage minimization problem with solution

given by
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ewt o

e — (46)

where the terms within the parentheses comprise the minimum vari-
ance estimate of the true state —an example of the well -known separa-
tion property of this class of stochastic control problems. 36 Note

that this happy situation does not cxist in (35) since system parameters
and both piayers' observation noise variances are inextricably mixed
together. In other words, even in this simplest of stochastic differ -
ential games, a separation theorem does not exist.

Setting the observation noise variances to zero (perfect
observations) leads directly to the deterministic solution found in
Chapter 2.

If only one of the players, say player II, has perfect observa-
tions, then the control strategies are still given by (35) and (41),

cxcept that

2 .
W 7

In this case, player Il's control strategy is not identical with the
deterministic one of Chapter 2. Player II's game optimal strategy
still involves terms reflecting the noisy nature of player I's observa-

tions. Again, therc is no scparation theorem.
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3. EXAMPLE II. THE MINIMIZING PLAYER HAS PERFECT
OBSERVATIONS AND KN<'W$ THE MAXIMIZING PLAYER'S
OBSERVATION

This single-stage game corresponds, in terms of information

content, to the work presented in Reference 41. In this case,

p(u, v|z, x, y) = S(u-u(z, y) (v - v(y) (48)

where x has been dropped from consideration since x is identical to
z at all times (perfect information). Instead of (13), the remaining

loint density can be written

P(z, y) = p(zly) p(y) (49)

so that only one linear transformation is required

8(y) = Ta(z) Z/Q(z) p(z’y) dz (50)

which results in

> ol -
ackz + (a"c+d)u + abev = 0 (51)
e 2 3
bckTz + abcTu - (e - b“¢) = 0 (52)
Solving (51) and (52) simultaneously leads to
g ack " abc becdk T, :
sike - . 3
a‘ctd  a®ctd [(a®ctd)fe -bc)+athlel k8%

TE
(a2c+d)(e -bzc) + azl;zc2
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Since the conditional mean of z given y 18 precisely the
. . A - .
minimum variance estimate of the state, z, (54) indicates that, at
last, there is a separation theorem for the maximizing player. If

the error, z, between the true state, z, and the best estimate of the

A
state, z, 1s introduced, then (53) can be rewritten as

oA acdk 24 abce bcdk -
(a%ctd)(e-b%)+a®b%?  a%+d [(a%+d)(e -boc)talole?
(55)
where
® el (56)

Equation (55) shows that player II's optimal control strategy
can be broken into parts: one part which is identical to that used in
the fully deterministic case, and a second part which is proportional
to the error in player I's estimate of the true statc. As usual, a
linear control strategy results,

This example could be extended to the multistage case, if
desired, but the results would not match those obtained in Reference
41. Even though both players have lincar control stratcgies under
cither formulation, the imposition of the requirement that the strate -
gles be lincar changes the essential character of the solution; a great
deal more information is available to both players if they know the
form (the structure) of the strategies. In effect, the variance of the
cstimate of the opposing player's past controls i1s reduced since
mere capability must no longer be considered alone. Instcad, the
estimate depends on the ability of each player to estimate his

opponent's observation --- a situation which is much easier to handle.
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SECTION V
MULTISTAGE STOCHASTIC DIFFERENTIAL GAMES WITH

SPECIFIED CONTROL STRATEGIES

I. INTRODUCTION

This chapter investigates the case of a multistage stochastic
differential game wherein both players have only noisy observations of
the true state. Unlike the work presented in Chapter 3, the form of
the control strategies for both sides is specified. In particular, the
strategies are specified to be linear functions of the present and pasi
observations available to each player.

The assumption of the form of the control strategy has a mijor
impact on the method of solution required. Previously, the problem
was one of functional optimization over the class of all strategies, and
the methods of functional analysis were used; now, the problem is
reduced to optimization over a set of parameters, and the ordinary
calculus suffices,

The method is best presented by performing a two-stage

example. The extension to an N stage game is then obvious.

II. DERIVATION OF THE GAME OPTIMAL LINEAR STRATEGIES
The problem is to choose a set of parameters in the pure
control strategies which optimize (in a game sense) a quadratic

payoff functional
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2

_min max 2o a2 2
e fo v e e zcizi-l*di“i By (1)
i=1

(The payoff function is written in terms of scalar states and control
variables for the convenience of doing an example problem, but
everything to be said goes over immediately to the vector case.)
The tilde over the two control strategies, Ki and :i' is meant to
denote that the control strategies are restricted to those having a
certain form, which is linear in this example. The min and max
operators are to be evaluated over the set of parameters Cll, a“,
0-12, 0’2' and (122 and Bl' B“, BIZ’ BZ (denoted by a and B, respec-

tively) since

2
u, = a, + E Q.. x, ©3)
i 1 ij7j
j=
-
) = Q )
b el B oL (3)
j=i

Thus, solving the last stage game first,
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_ min max [ | 2 ~2 ~2 ) < Bns o
Jl— o 3 /,«lzoi-dlul-elvl ‘p(zo,ul,vl)d(zo,ul,vl)

et min max || ~ ~ 2 ~2 ~2]
e 3 TamaR! 3 /‘(‘l(klzl*alul*b}‘l) +dlul -clvl'

s oSy a2 ominmax f |
\p(zl.ul.vl)d(zl.ul,\l) ‘-Llc)‘l* & p /lcl[klzl

2
: 2 ’
. R e
bagp(a) ) Xt oxo)th (8,48 vy 43 ,y,) ] M L R T

- q 2) I R
12%; -olu 1+B“y14812y23 ‘p(zl,x VY Uy, VZ)

~

X d(z[,xl,yl, \12,32) 4)

where Q@ and B in (4) are the sct an. 0.“, al?_' Bl' F‘“, and HlZ'
respectively,
Since (4) is a problem in ordinary calculus, the usual suf-

ficient conditions for the minimization and maximation of a function

of scveral variables are applicable, namely

a.J

Q)

(6)

o St

PO ML A e ol T Al P

s

e

!
|
|




where (5) and (6) are vector equations and (7) and (8) are matrix
equations.
Applying (5) and (6) to (4) yields a set of linear algebraic

equations in a and F, the optimal values for @ and @

le

et IS T, 4T, x +3 ]
5, ° f;alcx[“lzx"al(“l*“l1"1*“12"2’*"1‘F1+511Y1+B— 2Y2)

+dl[al+allxl+alz z]l ploy X0y 5 % )a (x5, 5, -

(9)

37
) ‘ X -y Q 5 8
&y, [’alcl"l[klzl’“al(“l*“n"l*“xz"z’“’1“1*‘11"1*312"2)]

"
(=]

l1 1~ I
+dlxl[al+anxl+a :p(zl. e uz.vz)d(zl.x vy, uz.vz)

(10)
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6;1-I—-Z = Z/'alclxz [klzl*al“ln'l X +’112 z)+b ] +8”yl+‘lzy,]

+dlx2[31+allxl+alzxz]‘p(z‘.x 'y .uz.vz)d(zl.x vy .uz.vz)-o

(11)

c
C

3
1 .alie . = .
T‘Z/;bm ["1‘1*“1“1*“11"1"’12 xd+ by (348 v, + lzyz’]

e][ * llxl+§lzx2]‘p(z.l.x Yy .uz.vz)d(zl.x Y .uz.vz)- 0

(12)

°"':>
L.

‘ — -_ =
./lb o [klzl+al(°’l+°‘llx o VL b +§11"1“‘1?-"?-)]

e

- ; ol e ks wa
- ey, [§l+bllyl+§12y2]| P(z ., xy .uz,vz)d(zl.x Y U5, V,)=0

(13)

3J
kool = 3 +a 3
531[2/!*’1‘1& ["lzl*al‘“l*“ll’ﬁ” 3 e b +8ll"l"slzyt’-)]

- ey, [§l+-§l lyl+-§12y£]: p(z] ,xl .yl .Gz,'VZ)d(zl ,xl .yl,GZ.VZ):O

(14)

Since

) ) (e e
p(zl'x 'Y 'uz'vz) A‘/‘p(\llzl)p‘yllzl)p(zlIzZ’UZ'\Z)

xp(zz.xz,yz.ﬁz.'\izl dzZ (15)
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under the assumptions

of independent observation and pProcess noise,

(9) through (15) can be rewritten as

ajc k) E(k,z,+a uz+bzvz)+(al cl+dl)' o) +E(k,z, +a,0, +b,V, ) a,

= | | ~ ~ i
+E(xz)a.lz’+alblc”Fl+E(kZzz+aZu2+bzvz)U“+E(yZ)FlZ (=0

(16)
+1-:[(kz+.G+b7)2'+(."‘c+d)‘s(kz+a'ﬁ+b3)5
3 2727252772 2) [yt 3y €y td)) Bl 2, 4, T, +b,%,) &,

+ o"l+o\2+ E[‘kz'z* Zu24»bzvz) ])u“+£‘,[(kzzz+azuz+bzvz) xZ]g'lZ‘

-~

t a0y c)  Elgzyta T, +b,7,) 8 4 (°xZ*E["‘z‘z*‘z“z*bz"z’ ])Hl 1

~ ¥ .
+ E[(kzzznzﬁzmzvz) yZ]HlZ §* 0

(17)
a c k E[(k z,+a,u, b, V,) x, |+ azc +d ‘E(x )a
1917 = (kg za%a,u, 0,7, ) x, e )} b L
+E[(k U, +b, Vv &, +E(x2)T, (v ab E(x,)8
272139240, %,) %, |8 | +E(x,) )3, 1+ a) 163 J5(x3)8,
"E["‘z‘z*“z“z*bzvz”‘z] 11 Ex,y,) B, ; ’ (18)
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bl clkl E(kzzz+a2uz+bzvz)+ a, bl ) l’rl -l»E(kzzz+azuz+bzvz)a.l lM:‘.(xz)alZ '

2 /| 3 3 | .
- (ey=by ), 8 +E(ky 2, 42,8, +b,7,) ) | +E(y,) Bi(=0 (19)

2 ~ ~ 2 ~ ~ b g

blclkl ;°x2*E[‘kzzz*az“z*bz"z) ] +alblcl:E(kzzz-nzuzi-bzvz)u.l

+02+E(kz+aﬁ'+b7)z E+E(z+aﬁ+b?’)xa
A, 252481, +b, Y, 111 E (242,85 +b,%,)x, |17,

2 St L2 Sl
-(e1-pyey) { Elkguytayiy th, ¥, 18, + (°zl+°x2 *E[“‘z‘z"‘z“z"bz"z’z])gn

. [(kzzz*‘zaz*bzvz’yz]glz } -9 (20)

bl <) kl E[(k2 z2+azu2+b2 vy )y2]+ a, bl cl!I:‘.(yz)thEZ[(kzzz+a.zuz+b2v2)yz]<1l )

{ 2 o o
“P % Cl):E(Vz’Hl e [‘kzzz"‘z“z*bz o Vz] LT

+ El(xzyz)ml 2

2
B3] o
where

e /( VP2p0 %00y V,) dlzy.%,5.,y,5, 05, ;) (22)

At this point, it can be seen that L a2 Fl .F“. and

8 12 €an be found, in terms of system parameters and the expected
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values of quantities appearing at stage 2, from the simultaneous solu-

tion of six linear equations, (16) through (21), in six unknowns.
Because of the amount of algebra involved, no attempt has been made
to solve the equations explicitly.

Having actually solved the equations, the principle of opti-
mality is used to find the game optimal values for %5, Qyss Bz. and BZZ’

min max

f
2 a 8 'E ,czz

min max
e 6 /

min max
“eoy ¢ : 2,42, (0, +a.zzxz)+bz(82+822yz)]

2 ~2 a2 |
1 + dzu.z - e,v, +J”

o
"

z +d2 2°%V; ‘p(zl.uz.vz) d(zl.uz.vz) + Jl

2

2 2
tdy@yta,,x%,) - €;(8,+85,y,) ;P‘zz'kz”z’d(’z'kz'yz)

+ yl(az,a 8

where

VoL o
b e e b T /gcl[klzl‘“‘l(“l*“l1"1*’12"2’

2
+(8,+8) lyl+612yz)] +d, @48 8 %) e, (B,

RTALTPY %P(‘}"I'V %) AR5 %) e
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and

pla, KT, ¥, )= px, l2)) ply, | 2))
P2y 12,5, %,) 6@, -a, -a,, x,)

X 8(V, -8, - 8,5 ¥,)p(x, | 2,) ply, | 2,) p(z,)
(25)

Substituting (24) and (25) into (23) and then carrying out all the
indicated integrations lead to a characterization of J2 in terms of
@y, 2,5, 3,, and -‘322. Again setting the first partial derivatives with
respect to each of the four variables equal to zero, along with the
required positive definiteness of the matrix of second partials with
respect to a, and %y, and the negative definiteness of the matrix of
second partials with respect to RZ and 822. leads to the optimal
values for EZ‘ EZZ' 3'2, and '5'22 in terms of system parameters and

the a Eriori variances and means of the various random variables.

3. CONCLUDING COMMENTS

The specification of a certain form for the control strategies
reduces the conceptual difficulties associated with solving multistage
stochastic differential games, but it does little to reduce the difficulty
of actually finding the correct values for the control strategy parame-
ters. For instance, at stage i of an N stage game, there are
2 (N-i+2) control strategy parameters to be found by solving a like
number of simultaneous equations (and, at this point, there is no way

of telling whether the Y, resulting from optimization at the ith stage

leads to an equation which is quadratic in @ and 38 at the i + l't stage).
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Having found @ and ¥ at the ith stage, it is still necessary to investi-

gate the eigenvalues of two N-i+2 by N -i+2 matrices which may or
may not be functions of @ and T,

Nevertheless, a straightforward method of actually solving a
multistage stochastic differential game having pure strategies has
been developed. It is at least possible, though tedious, to solve such
a game analytically and thus determine the effects of various values
in system parameters and in the a priori distributions.

This work may be compared to that presented in Reference 40
which, in part, solves the same problem. A major difference
between the two is in the handling of the various conditional densities
that arise. In Reference 40, they are summarized in terms of
Kalman filters, while here they are introduced directly. It appears
that recursive filtering, while probably leading to the same answer,
adds a fair measure of both conceptual and practical difficulties.

Finally, there is the question of the relationship between the
multistage stochastic differential games when the control strategies
are and are not specified as to form. Since neither closed form
analytical nor numerical results are available, one can only specu-
late as to the differences in the payoff,

The resulting linear control strategies (with and without a
linear strategy being prescribed a priori) are not identical. The
conclusion is that the control strategy, which is optimal over the set
of all linear strategies, is not equivalent to the control strategy
(also linear) which is optimal over any control strategies. This

seeming contradiction can, however, be resolved.
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The reason for the difference between the two strategies is
precisely the difference of the information available. In both cases,
all available information is used. In this sense, the knowledge that
an opponent is limited to using only one form of a solution is merely
an additional piece of information. Thus, just as changes in infor-
mation led to different linear strategies in the examples in Chapter 4,
8o too do changes in information in multistage games lead to changes
in strategies.,

This is an example of the difference between stochastic
differential games and stochastic optimal control. Unlike stochastic
optimal control, there is no separation between estimation of the
state and control. And, as noted above, even for the case of linear,
deterministic dynamics, quadratic payoff functions, and Gaussian
random variables, the optimal strategy, over all strategies, is
linear but not equal to the optimal linear strategy.

By setting the appropriate quantities to zero, optimal control
problems may be considered to be special cases of differential games;
the same statement is not true in reverse. Differential games are

not, in general, mere extensions of optimal control,
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SECTION VI

FUTURE WORK

The work presented in this dissertation leads one inevitably to
consider future areas of research.

For games of perfect information, the question of what combina-
tions of payoff function and dynamics lead to pure strategies is a
natural one to ask. It also would be useful to know under what condi-
tions randomized strategies exist and how they are to be found.

The corresponding questions for continuous time games are

also worth asking. Does it, in fact, make any sense to talk about
randomized strategies when a new control must be chosen at every
instant of time?

Much work remains to be done for stochastic games. Simple
extensions of the work done herein would include the closed form solu-
tion, if one exists, for the multistage vector game of Chapter 3.
Numerical solutions should be of interest in any event.

Also, the solution to continuous time differential games, of
the type studied in Chapter 3, would be interesting. It is not
immediately clear that the same use of conditional probability densities
and simple linear operators would produce answers.

Still, in the realm of pure strategies, it would be useful to

extend the results to nonlinear problems and to payoff functions that




are not quadratic. With regard to randomized strategies, is it
possible to apply these techniques to stochastic games or must new
ones be developed?

A great deal of information concerning the structure of the
problem is assumed available to both players. Further work might
consider the effect of less information or information in the form of
probability densities. In the same vein, it would be interesting to
know if there is a suitable corollary to adaptive control in the game
situation.

Obviously, there is a great deal of work yet to be done.
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APPENDIX

The following two theorems are taken almost directly from

Chapter 12 of Reference 20, with appropriate changes in rotation,

Theorem I (12.2): Let Ii be the payoff function of a continuous game,

and suppose that Ii is continuous in both variables and that Ii(ui' vi)

is strictly convex in u, for every Vi Then there is a unique optimal
strategy for the second player, which is a step function of first order;
i.e., there is a number ,Txi in the closed interval [-1, 1] such that the
(unique) optimal strategy for the second player is the step function
H(Txi). (H(L_li) is a probability density function), The Value Ji of the
game is given by the formula

_ min max
4y # -1sv,sl -lsus] 1 (uy, vy)

and the constant Gi is the unique solution of the equation

max

-1sv 51 Litviw) = J;

1

Theorem I provides a means for finding the minimizing
player's game optimal control strategy and the Value of the game. The

following theorem does the same for the maximizing player.

Theorem II (12,.5): Let L be the payoff function of a continuous game,
and suppose that I, is continuous in both variables, that bli(ui, vi)/aui

exists for each u; and v, in [-1,1] x [-1,1], and that Ii(ui' vi) is a
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strictly convex function of u; for each v;. Let H('\-x'i) be the unique

optimal strategy for the second player, and let Ji be the Value of the
game. If \-x'i = -1 or 1, then there is an optimal strategy H(Vi) for the
first player; the constant Vi can be taken to be any number satisfying

the conditions

Osvisl .
Lita, vg) = J; |
dl. 20 ifu, = -1
—i _i
du, <0 if =
if— i
u., Vv

If -1 <'\Ii< 1, then there is an optimal strategy for the first player,

which has the form

aHE) + (1 - a) HEY)

20 LW

and the constants a, Vil , and Viz can be taken to be any numbers

R

satisfying the ccnditions

b
1 1 }
-lsv; <1, -lsTr'isl , 0<sas<l
L@, v.ly=J 1.6, ¥2) = I
o Vw3 s e vy i
2L, a1
< 0 # ——— 2 0
s 5 Milg 52
i Yy i vy
1
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o 1 ¥,
a + (1-a) s— =0
“ils 52 Milg 52
T | i’ i

Analogous theorems exist for payoffs which are strictly

concave in vy
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