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ABSTRACT

\

modeling is considered. A family of algorithms is given, any

The use of bivariate gamma distributions in simulation

member of which can be used to generate random bivariate

vectors having any gamma marginal distributions and any
theoretically possible correlation, both positive and negative.
Computational considerations are discussed, including the selection
of parameters to provide regression curves consistent with the
modeler's needs. A modification which is easier to implement

and provides most, but not all, correlations is also given.

Finally the use of these algorithms to generate first order

autoregressive time series is discussed.
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Many random phenomena may be modeled as gamma random variables
and many random phenomena are correlated. For example, time between
"events" in the analysis of nulcear power plant safety, population
characteristics such as income and age, and species' lifetimes are all
nonnegative random variables which may be modeled by the gamma distri-
bution in some cases. In addition, these variables are often subject
to the same exogenous variables, causing them to be either positively
or negatively correlated. For example, two power plants may be affected
by the same earthquake causing positive correlation, age and income may
be correlated, and a higher than average rainfall may be helpful to one
species and harmful to another species, causing negative correlation in
their lifetime.

While it would then appear that bivariate or multivariate gamma models
should appear frequently in the literature, this does not seem to be the
case. Instead, the multivariate normal distribution is commonly used
when correlated random variables are appropriate, since multivariate
normal properties are well known and random vectors can be generated
relatively easily (Scheuer and Stoller [34], Deik [9] and Schmeiser and
Ali [35]).

In the unidimensional case, the gamma distribution is a generaliza-
tion of the normal in that the normal distribution is a limiting distri-
bution of the gamma as the shape parameter goes to infinity. Thus in the
multidimensional case, a multivariate gamma model is more general than
the multivariate normal model, thereby allowing more general modeling
ability.

In this paper a bivariate gamma distribution is developed in the

form of a family of algorithms capable of generating random vectors
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possessing gamma marginal distributions and specified correlation
coefficient p. In particular the marginal distributions have den-

sity functions

ui-l
£,(x) = ((x/B)) ~ exp(-x/By) / (B; I'(a,))

for x > 0, ai >0, Bi >0, 1=173, 2

The correlation p does not depend upon the scaling parameters B1

and 82, SO we assume Bl = 82 = 1 in the rest of this paper. The
desired scaling can be achieved by multiplying the generated variates
by their respective scaling parameters, as is done in the algorithm
in the Appendix.

The results in this paper differ from previous work, discussed
in Section 1, in that the algorithms developed here do not require
integer shape parameters &y, mor equal shape parameters, and they
provide variates having any theoretically possible correlation p.

As seen in later Section 1, most existing methods allow only positive
correlations, and then not all possible positive correlations.

Thus the range of possible correlations for given shape parameters
oy and a, is of interest. For the bivariate normal p € [-1l, 1]. How-
ever for gamma marginal distributions, not all correlations are consistent
with particular shape parameter values. Figure 1 shows the obtainable
= 1 and 5. Correlations

correlations as a function of a,, given a

2’ 1
inconsistent with the specified shape parameters are shaded. Note that
only when al = 02 is it possible for p = 1. Likewise p = -1 is not

possible except in the limit as a, or a, tend to infinity. The dashed

lines are discussed in Section 1.




Figure 1 About Here

The maximum and minimum possible correlations, given in Moran

[31], occur when X2 Faz (Fal(xl)) and xz Faz(l Fal(xl))’ re

spectively, where Fa(x) and F;I(u) are the cumulative distribution
function (cdf) and inverse cdf, respectively, of the gamma distri-
bution with shape parameter a. These relationships are symmetric

and can alternatively be expressed by interchanging all subscripts.

In Figure 2, these relationships are illustrated for a specific

value Xl = xl, with X2 = x, being the corresponding value when

correlation is maximized and X2 = xi being the corresponding value

when the correlation is minimized.

Figure 2 About Here
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1. EXISTING METHODS FOR BIVARIATE GAMMA GENERATION

There are several existing methods for generating random bi-
variate gamma vectors, although each has a limitation which makes
it less general than the algorithms developed in Section 2.
Trivariate reduction, developed by Arnmold (2], -can be used
to generate variates having positive correlation with p < min (al,
a2)/ (alaz)]'/z. Letting "gamma (a, B)" denote the gamma distribution
with parameters a and B, the trivariate reduction algorithm proceeds g

as follows for given parameter values al, a,, and p.

2’
ALGORITHM GTVR

1. Generate Y, "V gama(al - p(alaz)l/z, 1)

1
1/2
2. Generate Y2 N gamma(a2 - p(alaz) , 1)

1/2
/’1

3. Generate Y3 ~ gamma (p(a )

1%)
e T +Y R,
M R

As noted earlier, Xl and X2 can be multiplied by Bl and 82, respectively,

to obtain any desired scaling. In algorithm GTVR, Y, is a common compo-
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nent of both xl and X2, thus inducing positive correlation. The dashed J
l

i

f
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lines in Figure 1 indicate the boundaries of correlation obtainable with

trivariate reduction. When a positive, but not extreme, correlation is
needed, trivariate reduction is an excellent algorithm. Fishman [11]
suggests this method for generating correlated gamma variates.

Ronning [33] generalized trivariate reduction, although no specific
algorithms are given. Rather a general framework is discussed, from which
it appears possible to create algorithms which would be able to obtain any

positive correlation p. In addition, he considered the n dimensional case.




Composition, or probabability mixing, provides a very genmeral
algorithm for generating random bivariate vectors, in that all possi-
ble parameter values may be obtained, including negative correlations.
The algorithm proceeds as follows:

ALGORITHM GCOMP

1. Generate U " U(0,1)
2, If U > p/C, go to step 5.

3. Generate X, gamma(al, 1)

1

4. Generate Xz v gamma(az, 1) and go to step 9.
5. Generate V "~ U(0,1) (or V « (U*C -p)/(C -p))
6. X« F (V)

o

&
7. 1Ifp<0,V+1l-V

8. X

-1
2 - Fa )

2
9. Deliver (xl, Xz)

Here C is the maximum or minimum possible correlation given oy and e

C is calculated using equation (3) in Section 2 with H =0, B, = a,
and Y = 0. The implementation of algorithm GCOMP could proceed in many
ways, with the given logic being an example. The underlying idea is to
generate an independent vector (xl, xz) with probability p/C and to
generate a vector (Xl, xz) having correlation C otherwise.

The most severe problem with the composition approach is the sta-
tistical properties of the generated variates. Figure 3 is a scatter
plot of 1000 random generated vectors with a = 10, a, = 10, and p ==5.

The marginal distributions and the correlation are as desired. However,

the points fall in a pattern that is inappropriate in most applicationms.
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The pattern is that of many independent variates superimposed over

2 a2 1

Examination of Figure 3 thus shows that in addition to obtaining the

many other variates lying on the curve X, = F-;‘(leFa (Xl)).

correct marginal distributions and correlation, some thought must be

given to the pattern of vectors obtained.

Figure 3 About Here

A third approach, advocated by Kottas and Lau [25], attacks the
pattern directly, by modeling the regression line E(XZle) and the
variance V(lexl) explicitly. Their work, done in a much more general
context, does not provide for specified marginal distributions or spe-
cified correlations. Thus, to a large extent, the method chosen depends
upon the data available to the modeler. When the structure of the
dependency between X. and X2 is understood, using this understanding

1

is an excellent approach. In related work, Hull [17] approximates the

desired correlation while considering the regression line.

Moran [31], Gunst and Webster [16], Johnson and Rotz [22] and Kibble [23]

discuss and reference several other multivariate gamma distributionms,
but all have restrictions such as o; = aj, Zai integer, or p > 0.
While none were developed for use in simulation, they could be useful
in some cases.

There are several papers which provide methods which could be used
to approximate a bivariate gamma distribution with specified correlation
p > 0. Lee [26] discusses a multivariate Weibull distribution. Takahasi
[39] and Durling, Owen, and Drane [10] discuss multivariate Burr é
distributions with p > 0. Mihram and Stacy [36] discuss a warning-time/

failure-time bivariate distribution with beta and generalized four-parameter

6 |




gamma marginal distributions. Johnson [21] considers translations of
bivariate normal vectors. Johnson and Ramberg [19], developed a bi-
variate uniform distribution.

For p < 0, few methods have been developed. Gargano and Tenenbein
[13] and Johnson and Tenenbein [20] have developed bivariate uniform
distributions which can be used tc generate variates having negative
correlations. Using rank correlation, bivariate gamma distributions
can be generated by transforming the bivariate uniform variates to gamma
variates via an inverse cdf transformation.

In the related area of autocorrelated sequences, two papers suggest
methods for p < 0: Polge, Holliday, and Bhagavan [3Z] suggest a "corre-
lation transfer" method, which provid:: approximate correlati:m and
marginal distributions; and Gaver, Lavenberg, and Price [14] propose
generating correlated variates with negative correlation via a Markov

chain model.




2. A FAMILY OF ALGORITHMS

Developed in this section is a family of algorithms, any member
of which can produce bivariate gamma vectors having any parameters

al, a2 and p.

Proposition 1. If Z, Wl, and Wz are independent gamma random variables

with shape parameters y, § and 62, respectively; and U is an independ-

l’
ent U(0,1) random variable; and either V= U or V = 1 - U; then

=1
Xl FHI(U) +.Z + Wl

and (1)

-1
X2 FH V) +Z+Ww

2 2

are each gamma random variables, with shape parameters al = Hl + Y+ 61

and oy = H2 + v+ 62, respectively.

Proof: The result follows immediately from the reproducibility property

of the gamma distribution and from noting that F-l(U) and F°1(1-U) are

each random variables having cdf F.

Proposition 2. Corr(xl, Xz) -[E(F;l(U)FI;l(V))—HIH2 + 'y]/(().lotz)l/2
1

2
Proof: The proof is straightforward algebra.
Propositions 1 and 2 say that equations (1) can be used to generate
(xl, xz) having the desired marginal distributions and correlation.
Given a. and az, any theoretically possible correlation p may

1
be obtained. Examination of some important limiting cases is helpful




to understand the robustness of the algorithms:

1. Let y = 61 = 62 = 0. Then the Corr(xl, Xz) is maximized if
V = U and minimized if V = 1 - U, as discussed earlier.
2. Let H1 = 0 or HZ =0, and vy = 0. Then X1 and X2 are
independent random variables.
Letting the parameters range :tetween these two extreme cases yields
all possible desired correlationms.
The remaining problem is to select values of the five parameters

H., H,, Y, 6, and §, to obtain the desired marginal distributions and
T esd 1 2

correlation. The following conditions must be satisfied:

H + v+ 61 =a

H2+y+62=a2 2)

-1 -1 1/2
[E(FHI(U)FHZ(V))'(Hlﬂz) b (alaz) =p

Hl’ Hz, Ys 61, 62 > 0.

Since we are using five variables to satisfy three equality conditionms,
finding a set of parameter values corresponds to finding a feasible
solution, rather than an optimal solution, to a nonlinear programming
problem. Here 61 and 62 are slack variables.

An efficient solution procedure for determining parameter values
is important, since substantial computation is required to determine
whether or not conditions (2) are satisfied for given parameter values.

Most of the computation is involved in calculating

/2

-1 -1 1
Corr(X,, X,) = [E(FHI(U) FHZ(V))-(Hlﬁz) + Y] /(°1“2) €3)

since the expected value must be calculated numerically using any one

of the following three integrals:




2

ol Y
F (u) F (u) du (4)

Jo By Hp :

i H
; F o (F () x lexp(-x) ax / T'(Hy) (5)
K <0 2 Hl

(1 -1 Hl

i T e e (6)

if p > 0. I1f p < 0, then replace Fﬁl(u) with F;l(l—u) in equation (4),
1l 2

replace FH (x) with l—FH (x) in equation (5), and replace F, (-ln y) with

1 1 By
l—FHI(-ln y) in equation (6). Davis and Rabinowitz [8] and other
numerical integration textbooks discuss various methods for evaluting
these integrals. We seemed to have best results, in term= of a sub-
jective trade off between speed and accuracy, using a 24 point Gaussian
method on integral (4). Integrals (5) and (6) have the advantage of
requiring only one inverse cdf evaluation, which is advantageous since

F—l(u) is iteratively calculated from F(x) in almost all published

methods. (See, e.g., Bést and Roberts [5]).

One way to select the parameter values is to choose the feasible
values satisfying conditions (2) and to optimize by making the curves
of regression E(Xllxz) and E(lexl) behave as desired. Proposition 3

gives these curves as a function of the parameters.

Proposition 3. If Xl and X2 are defined as in equations (1) and p > 0,

H. -1 o,-1

1
~1
E(lexl) = Io FHZ(FHl(x1 u)) u 1 (1=u) 1 /B(Hl,al) du + Yxl/u1 + 62

and E(Xllxz) is obtained symmetrically by interchanging all subscripts

"win non -
1" and "2". 1If p < 0, replace Fal(xlu) by 1 Fﬁl(xlu).

10
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Proof: The results follow directly given that the distribution of

F;l(U) given x is beta with parameters (Hl, al) over the range [0, x]
1

and the distribution of Z given x is beta with parameters (Y, al) over

the same range.

An important special case arises when Hl = H2 and p > 0, since then

E(Xllxz) = x,(H; + Y)/a, + 6,
and
E(X2|x1) = xl(Hz +Y) /oy + 6,

Note that these lines are not identical, nor are they even parallel,

although they may be made parallel by setting y = (0L10L2)1/2 - Hl'
The ability to obtain nonlinear lines of regression is an important
advantage of this general family of algorithms compared to the more

limited trivariate reduction algorithm, in which always H. = H, = Q.

1 2

The generation of the bivariate vector (X,, xz) can be performed
directly from Equations (1), with Z, Wl, and Wz Seing generated by any
gamma generator. Theoretically exact gamma generators are given in
Ahrens and Dieter [1], Atkinson [3], Atkinson and Pearce [4], Cheng [6],
Fishman [11, 12], Johnk [18], €reenwood [1l5},.Kinderman and Monahan [24],
Marsaglia [27], McGrath and Irving [28], Schmeiser and Lal [36], Tadi-
kamalla [37, 38], C. S. Wallace [40], N. D. Wallace [41], and Whittaker [42].
Speed is not a factor here since the evaluation of F-l(U) requires
orders of magnitude more time than the fastest of these algorithms.
Care need be taken only to not use an algorithm with time requirements
which are unbounded for some parameter values.

Considerable execution time can be saved by implementing the algorithm

less directly. Rather than performing two slow evaluations of F-l, the

following requires only one Fnl evaluation:

11
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Generate Xl ~ gama(}ll)
U« Fl-ll(xl)

Generate Z v gamma(y, 1)
Generate Wl N gama(dl, 1)
Generate W, " gama(ﬁz, 1)
Xl h Xl + Z + Wl

=1
X, « FHZ(U) +Z + Wz

12
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3. SELECTION OF A PARTICULAR ALGORITHM

Several criteria can be identified for selecting a particular
algorithm from the family developed in Section 2:
1. Set-up time required.
2. Marginal execution time for each vector (Xl, X2) generated.
3. Program bulk (related to lines of code and support routines
needed) .

and

4. Statistical properties of the generated variates.

This fourth criterion is probably the most important since the first
three criteria are very similar for all algorithms in the family. Thus
we chose one algorithm for implementation based on criterion 4, as mea-
sured subjectively by viewing scatter plots for many values of %y %y
and p. The algorithm given in detail in the appendix seemed to behave
as “expected". While none of the algorithms were "bad", some tended to
produce a rather sharp boundary on the generated values. The algorithm
selected tended to produce values which tapered off gradually, which to
the authors appeared to be subjectively better. Figure 4 is a scatter

plot produced by the selected algorithm.

Figure 4 About Here

The algorithm implemented in the Appendix corresponds to Y = 62 =0
and to assuming that &y 2_&2. The second assumption is without loss of

generality and is implemented in the algorithm, making it tramsparent

to the user.

13
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The particular algorithm chosen is then

-1
X FH U) +w

1

(7)
1
2
where now the subscripts can be dropped from Hl' Wl, and 61.

> SRS V)

2

Here H = 0 yields independent values and H = o yields random variates
having the minimum possible correlation if V = 1 - U and maximum cor-
relation if V = U.
The set-up step reduces to satisfying the conditions
0<H<a@

5 (8)

8

=ik =1 1
(B WF, (M) - o)/ (aye)) % = o

Determining the value of H satisfying conditions (8) is accomplished
by bounding H and then using the modified regula falsi root finding algo-
rithm. (See, for example, Conte and deBoor [7].) The bounds used were
good enough that never more than four iterations are needed to obtain p
within .0001. On the average two or three iterations are required. The
number of integral evaluations is two more than the number of iteratioms.

The bounds are given in the following propositions. Cmin and Cmax

are the minimum and maximum correlation theoretically possible, calcula-

ted from equation (3) with H, = Qs H2 =a,, and vy = 0.

1
Proposition 4. If p = Cmin’ then H = al.
2
Proposition 5. If Cmin < p < 0, then al(p/cmin) < H < Q.
Proposition 6. If p = 0, then H = 0.
1/2 2
Proposition 7. If 0 < p < (allaz) , then a,p” < H < Qaye

Proposition 8. If p = (az/al)llz, then H = q

2°

14
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1
Proposition 9. If (“2/“1) <p< cm, then a, < H < al(plcm) -

Proposition 10, If p = C-.x. then H = 0.

The proofs follow directly from Figure 5.




4. A RELATED METHOD

In this section a method is given which will generate negatively
correlated gamma variates with closed form deteminatioﬁ of the appro-
priate parameter values. It will not, however, provide all possible
negative correlations.

Similar to equations (1), consider

XI'Y1+Z+W1

(9)

X2 - Yz +2Z + Wz

where 2, wl. and wz have independent gamma distributions with shape
parameters Y, 61 and 62; and Yl and Yz are Erlang k distributions

obtained as

k
Y, - -1ln Y-rlui)
and Kk
¥, = =1ln i:l(l-vi))
where the Ui's are independent U(0,1) random variables. The correlation
of Y1 and Yz is -.64493 for all values of k. Thus Cort(xl. xz) =

(=.64493 k + Y) / (alaz)llz.

Given Qs %ys and the correlation of xl and xz, p, the appropriate

parameters can be determined as follows:

/

k « INT (p(ulaz)l 2/ (-.64493))

Y + =.64493 k + 0(0102)1/2
61 o a = k -y
62 - oy = k -y

If k > 1; and v, 61 and 62 are nonnegative; the desired corre...ion is

16




achieved via equations (9). Otherwise the methods of the previous two

sections can be used.

5. EXTENSION TO TIME SERIES MODELS

Consider the generation of a random time series xl, xz, ainite
where each xi has a gamma(a, B) distribution and Cort(xi, xi+1) =0,
An autoregressive time series having these properties can be

generated using the algorithm of Section 3 as follows:

ALGORITHM GTS

1. Genmerate Y, % gamma(a, 1). X; < B Y,.
2 Far i = 3, 35 cisn

Generate Wi ~ gamma (a-H, 1)

VvV« Fa(Yi-l)
If p<0, V«1l-V.

=1
Y, «Fy w) + LA

X v6Y;

where H is calculated to satisfy equation (8) with a =a, = 0.
The higher order correlations Corr(xi, xi+k) will tend to zero
as k becomes large, but the calculation of the specific values is

not closed form. Extension of the algorithms of Section 2 follows

in a similar manner.

17




APPENDIX

This appendix gives logic to determine parameter values and to
generate random bivariate vectors (xl, xz) using the algorithm developed
in Section 3. Parameters which are provided are Oy G 81, 62, p and
EPS. EPS is the error allowed in p when determining H. Corr(H, al’
®ys p) is the correlation of Xl and X2 given the specified parameter
values and is obtained by equation (3) which involves numerical inte-~
gration of (4), (5), or (6) in Section 2 with Hl = H, Hz =a,, and
Y = 0. Care should be taken to use an integration routine which will
evaluate (4), (5), or (6) with error less than EPS(alaz)llz.

ALGORITHM
Initialization (executed each time Q15 0y OF p changes value)

1. (If p is close enough to zero, go generate independent variates.)

If |p| < EPS, H« 0 and go to step 10.

2. (Ensure that oy Z.“z')

IND « 0, If a, <a IND « 1, T « “1’ al « “2’ “2 €T

1 27

3 €+ Corr(al, %y ays p)
1f |c| < |p|, then p is not theoretically consistent with @, and a,.

Return with an error code.

4, (Bound H between A and B with associated correlation errors F and G

in preparation for the modified regula falsi search in step 6.)

If p<0, A+ al(p/C)z, B+a,, G« p=-C, F+ p - Corr(a, Qs Gy p)

1

/2 2

If 0 <p< (azlal)l

F « p = Corr(A, a1) 02’ P)
/2

If (ay/a))’

<P, A+ 0y, Bea /0%, G« p - Corr(B, oy, a,, p)

F+p-= (onzlctl)l/2

18
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5. O+~ TF

6. (Use the modified regula falsi method to determine H in steps 6-9.)
H+ (G*A - F*B) / (G - F)
FN « p - Corr(H, Q15 Qo p)
PROD + FO*FN
FO « FN

If F*FN < 0, go to step 8. Otherwise go to step 7.
7. A+ H, F« FN. If PROD > 0, G+« G/2. Go to step 9.
8. B+ H, G+ FN. If PROD > 0, F « F/2.
9. If ABS(FN) > EPS, go to step 6. Otherwise H « (G*A - F*B) / (G - F).
Generation (executed each time a new vector is needed)

10, If H> 0 and H < oy 80 to step 1l.

Otherwise generate X,V gamma(a,), U+ F_ (X,).
2 2 oy 2

! Ifp<0,U«1-U. X +0. 1fu>o,x1«r;11(u). Go to step 12.
§ 11. Generate XIN gamma(H). U « Fﬂ(xl)' ¥ p <0, U*1=1,

§

£l -1

A‘ Xz _ Faz(U).

! 12, If H < 045 generate W v gamma(al-u) and xl « xl

If IND =1, T+ Xl, X1 * Xz, and Xz * I

+ W
*

X, By* Xy, Xy + By* X,

Deliver (xl, Xz).

A FORTRAN implementation is available upon request from the authors.
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APPENDIX II
Fortran implementation of the algorithm developed in Section 3,
fncluding a driver program and mumerical integration subroutine.

FLY u

R

s TAPEC=CUTPLT)
SgLTHERN METHODISY UNIVEFSITY
CGENERATORS

E=9CeselE=%541545508/

DO»®IIIZTI
N Y=TJ I ™

puc.3 ¥
F ¢ lpBZ’PPﬂ

B
;600000’ / 00.000000”§F1506)‘0000oooooooo')

N Ad

Z~s0 NN
® It T L

sRHC9oCCCIs XYy IER)
€ 1C

m
PEISLSL LSS

X) « TIME) # 1CCCe ¢ N

—
4% AN N ALCVS+L VS B THIIUNY

Y- ZE
UL S 3
we )€y
—_ B
e W€ X

W DY B
noméa

)
XsVYsCORPFsNo TIME, TER

Nl
m <1
>

FONTINI'E
RETIDN
()

31

. —————— e . o




-
-* L[]
> » -~
- * et
[ - * [
(2] r—ve » o
& -z * -
“w [ o] =] ° * -
> v e [+ -~ w
1 Fremr Z ® = :
W OS> - L 4 z - 3
-dad S~ Pagy b [ L [ [ )
- N @O L 3 =2 (&)
rra N A0 (=] » | o
VS ¢ ALDXI I L b o
> Dt D - a b 74 w 3
aZ Ir ww g - [ 3
(SN W NN -~ )
I &3O o * -~ (")
(o NN 471 T o2 @] - ° (™
w WO —zx w * o (=]
AQ Queuww ® - E
-~ QLwvi galX - L wd
QR L= (=] & w z 1
WhkIWROLXD x " -t "- 1
[TV T T e o« - . 4
alX <G <z ”“ 3
> AW [ - (7] e :
ad~L 3 Q& O o - " 7 E
> = ol ™ -3 i w o
anN aNZQ a2 < = < @ - wy - 3
Vi P BINaiQh . - L via (" ~
@ a Oa (&) [£ 3 -t -~ )
WU L8 A0wW ~N Q - - o o~ (&) ~N
aexl) YU W e = - L] w - o -2 [ -
SN s V) “w: ~a — - -
Ry ol o QK < L o~ x - (=] -
& VNitsiaan oy () - 0 (= - [T L ¢ n
O Wi LB v Oee W o, -~ Ll | o
NP wauax ~ W z ° —e~ - ] ]
aga & e o ™ ) bd ar - (&7 <] - )
A SR & - a [*] -« - - ° N - - -
~N o woarn N -« — (™™ ® 'K 4 (&% 3 o - Q
VAU MBEF- Q0 w2 (o (8] zW [ VIS - A~ Ne=
N ) w - - w N A QAm ey @ -« e Py 3
X QO o "W - a -« owvn - vi ® e ~ aud * 4
@ QTN XWIZVI O (=1 - I o ap~ ~ ~N Na ~a
a>q dPmaq X~ (™) % L] aw - WX o —dd ™ P 3
—HE- DDV Aan W (U] - 4 - [=]=] -« a <X «aN anN
QAN TAWZd e 0 - (o ~N e ~un * a e - e X
- AL Huwq [V LJ -«Qp- - |l @ B Y - _2=9 [ST )
Axcwe (79 Q ™M o - [&] -~ ald -~ - O X% S~ -
duwaZN wWLXOo o " ~ - ® Ned @ X e 20 »XxX O > or
CvidaUN™ILIZ aSV: 0 o - - Y |- Ll 4 AW VL AL o
Qe ~ g O W -<q W o~ - -~ o A T we xQ
WAMLE L8 e . > * +~>0 @ L~ =g o~ v -y
LAFZCU @Il ¢ L Cv W @axI * I e -
2JaelCrug vy Sw 3 o ¢ o - U o a e 1) _Cx 1) L
e JHL Qe W @ rONguUuertNefno C LI | =) = - C o (=]
Fvury- 332 <wlbaw 6 o aw «esU wae L - A VS o vEereCCn ONCL D
-~ Z2AULF-UIUDV.-L @ "e - - Osa > 0 ] eeidd) Cadedd I dead
CLULUBRI>LIVFr « e "e "o Ne X f€Ceed «w@t P CupE<ool Is<aoc lEman 4
LU wLauuzaw Le - (. - - "-v. - - e IS k.
e SwULALCGLoFr > ~—NJorf\ —iu U @ Qe & a6 HeNE ~aged wge :
~0C 3 u au u MVUO U el Jed T BUL LU @ uu cu (4
var- - o [ =1 = bviviQEar-<<a (L el ol JrtrrwtllLUlUrasaucUaucu
-~ * bed h-4
* - Q - C oy
- .~ - o~ o~
- - L 3
L - - 1
LLLLOLOLLLL (ST & & (& &Y & (81818 @




VAT g =T

Sl e Te)

F e« DUP « (EYY(EoAL29hHC) = R#pL2) /7 ¢
¢ N « F

BT TR HERL KL b L RREREE RN, oD e Fave

40 M = (C*A = F4P) / (G=F)
FN = RHO = (cXY(HsAL2sRHD) = H#ALZ) /4 S

pern = FNSEN
FN = F
TF (T#FN L,LT. 0.) €O 70 50

N
'88 efle Co) € = C/12,
0

D VO D>
aon
4~

TrOvnr

: eN
TE (PRNN (€T, Co) F = F/2,

F (ABS(FN) .CTe EFS)_ €C T &C
=, 85‘ r.ﬁ} IifélF)

-4

€0

b L ]

r .
CHIOSSCFNERATE THE RANDOM VECTOR (Xp¥) 0040000200800 294¢04¢880¢00000000¢0?
F T Z ' ! :

A
cate eventbE02ii50), remy

.'sun ol Te Do) L = le=V
= GINV (U,H)

-
n

180

Tenes O
~ =r~Na

(NsE $ 10

~~0-4

O -~

16C

%o H EB™iie

Z

~f

X
Ce

R

va
~4

NS OIDD
o %

R
.

E0. AL1) €C 10 200

L
VA< X>TXVE T 90T

z2c¢C

X
T
6
%
1
Y
]
v
]
[ 4

NOTE: RGAM generates_i gamma variate.
H

N
4000
-

GINV (U,H) = F _(U).




IO

FI'NCTYTNN FYY (ALs AR, IPS)

T CEOIIOY EVLATES SNIETER MR LERRE SANERLAY DURMDEHaver,

WITH REONTCITE FARAMETERS,

REAL ToO€

e:.‘q7‘°?609€9851068
-.?O;;Zg;;%sggzgi;g9'(FF(AOColLaAE’IPS)OFF(A-ColLoAP;IPS))
Y-Vz;glgzggézz3%24gg8’2*(FF(AOPollolE’IP<)#FF(A-CplL’ABQIPS))
c.?‘42?6;7:§g8§g€§g58€30'FF(A*C:AL:AE’IP‘)OFF(A-CoAL:AEolPS))
E:YI, 8832%2%2%33%2890*(FF(l4C;lllepIPS)+FF(A~C:AL9‘E)IPS))
V¥4 anRKa T4 ICEEACTEZN (FFUAACI AL AR, TPS)4FFLA=CoALS AR, TPS))
E:V;zgggggggggzsgg;geeu(Fnuc.u,n.xvsurru-c,u.n.rvn)
E:V;’g;:gsggésgzgggs G44* (FF(R4CoALIAB IPS)4FF(A=CsALsABSTFT))

g::;i‘;g;g§%§i§§ggg;e]7*(“(l*Cyll-lB;IPS)*FF(l-(:lLle;IPS)).
C..1=gg;’;ggi4egglg€EC]'(FF(!‘C:AL:AE.IPS)*FF(A-C»AL:&F;I’S))
Z::geggggzss;gég82§%696‘(‘F(l‘f;llolBoIPS’#FF(A-(’lLoAF:IPS))
V::gégsggz:zzgi724%;§49‘(FF(A4C:AL:AE: IPS)4FFLA=CrAL2 AR, TIPS))
§§¥v;NY¢.06396 29;6 237€CTEF(FF(R4CoALIABIPS)+FF(A=CyAL» 2Ry IFS))
END

FUNCTINN "(l sA2oRIC)

T e BT e ¢ eI etiey

END

34




UNCLASSIFIED

SECURITY CLASSIFICATION OF THIS PAGE (When Data Entered)

REPORT DOCUMENTATION PAGE

READ INSTRUCTIONS
BEFORE COMPLETING FORM

. REPORT NUMBER \/

OR 79009

2. GOVT ACCESSION NO.| 3. RECIPIENT'S CATALOG NUMBER

4. TITLE (end Subtitle)

COMPUTER GENERATION OF BIVARIATE
GAMMA RANDOM VECTORS

S. TYPE OF REPORT & PERIOD COVERED

Technical Report

6. PERFORMING ORG. REPORT NUMBER

7. AUTHOR(s)

Bruce W. Schmeiser and Ram Lal

8. CONTRACT OR GRANT NUMBER(a)

ONR N00014-77-C-0425

9. PERFORMING ORGANIZATION NAME AND ADDRESS

v/ Department of Operations Research
Southern Methodist University
Dallas, TX 75275

10. PROGRAM ELEMENT, PROJECT, TASK
AREA & WORK UNIT NUMBERS

NR 277-236

11. CONTROLLING OFFICE NAME AND ADDRESS
Naval Analysis Program, Code 431
Office of Naval Research

12. REPORT DATE

July 1979
13. NUMBER OF PAGES
Arlington, VA 22217 36
. MONITORING AGENCY NAME & ADDRESS(!! different from Controlling Olfice) 1S. SECURITY CLASS. (of thie report)
Unclassified

1Sa. DECL ASSIFICATION/ DOWNGRADING
SCHEDULE

— e e
16. DISTRIBUTION STATEMENT (of this Report)

Distribution of this document is unlimited.

17. DISTRIBUTION STATEMENT (of the abstract entered in Block 20, i{ different from Repert)

L}
i
|
|

18. SUPPLEMENTARY NOTES
hl

19. KEY WORDS (Continue on reverse side if neceseary and identify by block number)

is considered.

Monte Carlo Gamma Distribution ~
Distribution Sampling Bivariate Gamma
Simulation Multivarfate Gamma
20. The use of bivariate gamma distributions in simulation modeling

A family of algorithms is given, any member of which

can be used to generate random bivariate vectors having any gamma
marginal distributions and any theoretically pessible correlation
both positive and negative. Computational considerations are dis-
cussed, including the selection of parameters to provide regression
| curves consistent with the modeler's needs. A modification which is
’, easier to implement and provides most, but not all, correlatioms is
| also given. Finally the use of these algorithms to generate first

‘ order autoregressive time series is discussed.

EDITION OF 1 NOV 65 IS OBSOLETE

DD ,2i'n 1473

S/N 0102-014-6601

UNCLASSTIFIED

SECURITY CLASSIFICATION OF THIS PAGE (When Data Entered)

v i R .




T P =T e

f

ST

~=:RTY CLASSIFICATION OF THIS PAGE(When Deta Entered)

_

_—

SECURITY CLASSIFICATION OF THIS PAGE(When Data Zntered)




