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ABSTRACT

When independent sources use a common broadcast channel ,

interf erenc e between the sources can cause messages to be

lost. A common recovery procedure is to wait a random length

of time before attempting retransmission. Capetanakis has

devised a tree algorithm for determining when users should

retransmit. This algorithm has better throughput , delay and

stability characteristics than the random retransmission

procedure. Gall~ger and Humblet have modified it to have

higher throughput and the property that messages are trans-

mitted in the order of generation.

In this thesis , the general form of a first-come first-

served contention resolution algorithm is given. A sub-

class of FCFS algorithms , called single interval algorithms ,

are analyzed using Markovian decision theory. It is seen

that, if the horizon is infinite , Humble t’s algori thm has

the maximum throughput for this sub-class. However , ~.f the
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I. INTRODUCTION

In this thesis we present the most general form for a

contention resolution algorithm that is first-come first-

served. We model the algorithm as a Markov process with

state transition rewards and use Markovian decision theory

to analyze the maximum throughput, or capacity, for several

restricted forms of the general algorithm .

In this chapter , we present ‘the system model used.

Exis t ing algori thms are described and evaluated qualitative-

ly. The general f i r s t -come f i rs t -served algori thm is given ,

and the sub-class of FCFS algorithms which we will analyze is

described. We complete the chapter with an outline of the

thesis .

1.1 ~ escri~~tion cf the Problem

~ie are concerned wi th  a large number of bursty users

trying to communicate with a central faci1i~ y on a common

channel. The traditional methods of multi-accessir~g, time

division multi-acces~ in~ (~~-:.:A ) and frequency division

multi-accessing (F:~.:A ) are not suitable. Since the number

of users is assumed to be very large , FDMA is prohibitive

in hardware costs , and since the users are ‘bursty as well,

both F::.:A and ~~-A recu i re  t r a d e -o ff s  b etw een  delay and

bandwid th  th a t  r e su l t  in ei her ~na o-ocpt abl e  delays or

inefficient use of channel capacity . In this situation

schemes have been proposed in which the users access the

8
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channel randomly and , when interferenc e causes messages to be

lost, a contention resolution algorithm is applied to deter-

mine when the users should retransmit.

There are several criteria for judging such a scheme .

It should be stable; that is , the expected number of users

waiting -to transmit should remain small. It should allow .

messages to be transmitted with low average delay . And it

should have a high throughput (percentage of capacity used =
to transmit successfu l ly) .  Algorithms which meet  these three

requirements already exist and we will review some of them

below . 
-

1.2 Source and Channel Models

Before discussing the algorithms, we will describe

the source and channel models used. ‘.le consider a central

facili ty with an infinite number of users , also called

sources. The sources generate messages of fixed length ,

referred to as packets . Because the number of users is

infinite , each source is assumed to generate only one mes-

sage. A slot is the length of time required to transmit

a packet. A source may generate a packet at any t ime , but

may transmit only at the times specified by the algorithm

being used. The generation times are assumed independent

and form a Poisson point process with (global) arrival rate

‘
, measured in packets per slot. When two or more sc~roes

transmit so that their messaEes overlap it is assumed th a t

all the messages are lost and require retransmission. We

El
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further assum e that if only one source transmits , the message

is received perfectly. This assumption is realistic as lcng

as the probability of collision is much greater than the

- probability of message error, which will be true if the

signal-to-noise ratio is high or ~irwar d error co rrecti on

is used. Finally , we assume that all the users are able to

listen to the channel and determine instantaneously whether

0,1 or more than one message were jus t  sent . Alternat ively,

this in formation can be provided by a feedback channel.

We are concerned with maximizing the throughput of the

channel. We define the capacity , X~~, of -the confl ict  re-

solution algorithm to be the supremum over all arrival rates

- ~ - such that the expected number of messages genera ted  but

not  yet successfully t ransmit ted remains bounded.  if

is less than the capacity,  then the throughput  is and

the system is stable. If exceeds the capac i ty ,  then the

th rou ghput  is at most 2 * .

.3 Access  S tra t eg ies

In this sect ion , we di scu ss  a number  of schemes for

— accessing the broadcast channel: Aloha and its modi f ica t ions ,

F Capetanakis ’ tree algorithm , and a first-come first-served

algorithm proposed by Gallager and modif ied  by Humble t .

1.3.1 Alcha

Our mcdei  is a fa i r ly  aoour ~ te  repres~ ~t at i cn  cf the

-

~~~~~

- : Aloha system , a radio packet  computer communica t i on  network

developed at the ~Jniversity of Hawaii. In this syst em , when

10 



a conflict oc curs , contending sources wait a random length of

time before retransmitting . This scheme has been quoted as

having a maximum throughput of 1./2e under the (false) assump-

tion that -the total t ra f f ic  is Poisson (1). A modif ica t ion

to this scheme , called slotted Aloha , has been proposed in

which users are constrained to start transmission at discrete

times , at one slot intervals ( 2 ) .  This increases the “ through-

put” to 1/e . Both schemes , however , can be shown to be un-

stable when the number of sources is inf in i te  ( 3 ) ,  although

this has not been a problem in practice , due to the small

- - number of actual users .

Another scheme , known as reservation Aloha , has been

proposed in which two virtual channels are used ( 4 ) .  A

user requests  channel capacity over the reservat ion ch annel

and dynamic TD~A is used to divide the other channel among

those who have requested it. This is only useful when the

sources send messages that are much longer than the request

packets , and since the request channel is still accessed

randomly , it can suffer from poor stability and low through-

put .

Another Aloha scheme , carrier sense multiple access (5),

requir es users to “listen” to the channel before transmitting

to see if there is a transmission already in progress.  :‘t

is only u s e fu l  when the  sum of the pr oza~ at i o n  t ime be tween

users and the time necessary to detect that the channel is

idle is much smaller than a slot. This means that the users

11



must be relatively close tcgether. It also has stability

problems , since many users may at-tempt to -transmit sim-

L ~ 
ultaneously when a packet terminates.

1.3.2 The Tree Algorithm

In 1977, Capetanakis introduced a tree algorithm for

resolving conflicts (6). In this scheme the sources are

each assigned an address which specifies their location on

a binary tree. When a conflict occurs , the tree is divided

into two halves arid the sources in one half att em~ t retrans-

mission f i r s t .  The sources in the second half must  await

re t ransmission unti l  all confl ic ts  in the first half are

resolved. If fur ther  confl icts  occur upon division , the

procedure is repeated. The period of time between the slot

in which a conflict first occurs un t i l  i t  is f ina l ly  re-

solved is re fe r red  to as an epoch.  Any new messages ar r iv i r .g

durins  this  reso lu t ion  process mu st  wai t  unt i l  the end of

the epoch ‘before attempting transmission.

He hen genera l ized  his a lgor i thm to allow the root-

node cf the tree to be of degree grea ter  than :.-.-c , cho o sing

it to minimize the expected epoch length . In addition to

having good delay characterist ics, this scheme is stable

for X less than .430.

1..3. .~ ~alla~er ’s Algorithm

~allager ( 7 )  has s ince  modi fied tr.is algori:r:. to one

which is first-come first-served (FCFS), maintains stability

and good delay , and has a capacity of .48711, By first-come

12
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first-served , we mean that no message is ever successfully

transmitted bef ore another message with an earlier generation

time. In Gallager’s algorithm , each source in the syst em

maintains a record of the values of three variables: the

time at which the sourc e generates a packet to be transmitted,

and two system parameters , a lag, d , and an interval length ,

T . These parameters represent the s-tate o f th e system and

are constantly being updated. At the start of each new slot,

only those scurces will send which generated messages during

the -time interval of length t (measured in slots ) which

began d slots past. This interval will be referred to as the

transmission interval, arid if a conflict occurs in it, it is

called a conflict interval.

The operation of this scheme and -the updatin~ of’ d and

-r are most easily shown by an example. In figure 1, the

arrows along the t ime axes indicate times at which sources

have ger~erate .~ messaEes for ‘transmission. The heavy ver t ical

bars at the right of each time line show the location of the

present~ slct , and the number between the lines indicates

whether the channel sees no message , one message or a con-

flict. We assume in (1.1.) ‘that we begin with some known

values of and d,  and we observe how they are changed. Since

only one message was generated in the interval of length T ,

‘
1 

beg inn in g  d slota agc , the re  is no conflict in the tresent

slot. Henc e the lag parameter is updated accordina to:

dnew = dold + 1 - old ‘

13
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In this case , we know nothing of the statistics of the

message generation times in the remaining interval up to the

present time . We call such an interval the waiting interval ,

since all messages generated during that interval may ‘be

thought of as awaiting their first transmission. The set

of all messages waiting to transmit , whether in the waiting

interval or not , is called the queue. We assume , then ,

that there exists some optimal interval of length r~~,

which we should use.  (The value of t 0 will ‘be de ermined

l a te r . )  Henc e we set new = In (1.2a) we find that ‘the

transmission interval contains a conflict. The algorithm

states that in the next slot we should examine -the contents

• of the f i rs t  half of the interval. Henc e

dnew = do id  + 1

t t /2new old
In ( 1 . .2b)  we f ind that  -the f i rs t  half of the interval con-

-

. 

tam ed r.o messages arid so the confl ict  must  be in the second

half .  Sinc e there  is a known conflict in the secor.d half , we

use only the third quarter as our new transmission interval :

• dnew dold ~ 1 - 

~old
T = 1  /2.new old

In ( 1. 2 c)  we again find a conflict. As a consequence Cf this

we see that nothing is known about the statistics of the

arrival times in the  final cu’~rter , ~~~ 
-:~~~ no icm-~er regard

it as part of the present conflict interval . That is , we

return it to the waiting interval. We divide the interval

SI
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agair~. and let:

d = d  + 1 - Tnew old old
= -rnew old

In (1.2e) we f ind Orii~ one message sent and there are no S

further conflicts. The epoch is over and we begin again in

(1.3) with:

d = d  + 1 - tnew old old
t = r  .new o

- 
S Gallager shows that for the system to be stable , \ must

be less than or equal to .48711 and that satisfies

1.266.

At the beginning of a new epoch it is possible that the

waiting interval is smaller -than r~ . In this case we may

either transmit the arrivals in the  -.:aitin~ interval or wait

unt i l  we can take an interval of lensth o~~. The fir s t cho ice

will probably ~,‘ield a shorter  averaze -delay .

Gallager ’s algor i thm is m u c h  l ike  Capetanak is ’ :n that

it divides the remaining contending sources in half  a: the

star t  of each no’ : ~ic t .  :hore are ~~~~~~~~~~~~~~~~~~~~ differences , ho’.’—

ever , which improve capacity and possibly delay . sirs:, in

the case where the first half of a conflict interval con-

tains no mess ages , so that there is a known conflict in the

secon d half, the tree algorithm sends the messages generated

in  the . .hole second haif , ,;hile ~allager ’s scheme send cml ,-

the messages in the third quarter .  ~ext , when a conf l ic t

is found in the f i rs t  half of a conflict interval , Gallager ’s

16
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scheme returns the second half to the ~:aiting in terval , while

in an analogous situation, the Capetanakis algorithm still

considers the second half of the tree part of the conflict.

These dif ferences  are probably the major source of improve-

ment . Finally, Gallager ’s scheme begins a new epoch with an

interval whose length has ‘been optimally determined, whereas

the Capetanakis algorithm is constrained to choose an integer

for the degree of the new optimum tree ’s root node.

1.3.4 Humblet’ s Algorithm

Humblet ( 8 )  considered Gallager ’s algorithm and pro-

S posed the following modifications . First , the optimal div-

- 

ision of a conflict interval is not always in equal parts.

Instead it is a funct ion of the length of the confl ict  in-

terval. Second , consider an interval known to contain at

least one message , as in ‘che case when the first part of a

conflict interval is found to contain exactly one message .
H Humblet has shown that if the length of such an interval

exceeds a certain threshold , then it is be t te r  ‘to use some

f r ac tion  of that  interval , r a t he r  tnan tne whole , as the

new transmission interval. The values of these cp:imai

divisions for varying interval lengths were solved for ‘by

computer and the algorithm using these values was found to

have caDaci’tv .~~ ?7 5, only marginally £reater than b e f o r e .

The r eason for  th i s  is tha t  for  small in:erva l lengths  tne

optimal divisions are very nearly the same as in Gallag~ r ’s

algorithm. In addition , it was found that following this
- i - , f
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proce dure would never result in an interval containing at

least one message whose length exceeds the threshold mentioned

above . Hence , after the first division of a conflict in-

terval , the algorithms are almost identical. 
S

S 

1.4 The General First-Come First-Served Alzorithm

In this section we describe the general first-come first-

served algorithm. We then examine a specific form of it

which is an obvious extension of Gallager ’s arid Humblet’s

algorithms and which is amenable to analysis.

For an algorithm to ‘be FCFS , it must satisfy one of

two properties. It must never allow a message to be trans-

mit-ted when other messages wi th earlier generation times must S

S 

wait. Or , if it does , the ~robability of successful trans-

mission must ‘be zero .

Suppose -that we are using a ~CFS algorithm to resolve

conflicts and that all messages w i th  generation times prior

to some t have been successful ly t ransmit ted .  The algorithm

chooses some subset of the qu eu e to t ransmi t  in the next

slot. -.‘ie call this the transmission set. Then t he  most

general form of a transmission set which  sa t i s f i es  the f i r s t

condition will clearly ‘be the set of all messages generated

in an interval of the form t t , t~ ’r1 , where T is some posit ive

real number.

k 
uppose ~, 55 ha-ic a subset o± the c ;eue , s , -,‘,‘hich is

known to contain at least one message , but it is not known

whether it cor.tains more. Consider the transmission set

18
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which is the union of S~ and some subset of the queue , 
~2

(An example of such a -transmission set will be given later

in this sec tion, in fig. 2.2.) If the subset of S2 which . 
-

.

is d is jo in t  from S1 is not empty , then a confl ict  occurs

and the second condition holds . If the subset of S2 which

is disjoin:  from S1 is empty , then S1 must be the set of

messages generated in an interval of the form [t , t—:1 f or

the first condition to hold. Since we assume that the

algorithm never chooses a transmission set t h a t  is known to ¶
contaIn a conf lact , we cannot ~rio’i-’ Iri advance ~f the

subset o f - S 2 d i s jo in t  from S1 is non-empty.  Hence , S~ must

be the set of messages generated in an interval of the

form [:,t~ t] to insure that one of the two conditions hold.

The general f i r s t -come f i rs t -served a lgor i tnm mu st  use

transmission sets which are one of the t’.~.o types de~~or i b ed

above . iri this thesis we restrict cur attention to t:’ie case

where transmission sets consist cnly c-f the arrivals in

intervals of the form [t , t~ o J .  -This is dcne f o r  case of

analysis  and because it seems likely that there is no ad-
S vanta,~e in using the more general sets .  .-:e call th is  the

single interval algorithm (SIA).

S Let u--s consider the algorithm in more detail. SutDose

we begin w i t h  an interval of length s kno::n to c o n t a in  at least

Cur  ne:’:t transm~ ssj on  ~nt e r v I i  will  of ~er.~ th

~~~. For some values of we expect  the op t imal  ~ to be less

than or equal to s ( f ig .  2 . l a ) ,  but in some cases c~ is greater
S~

5 
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than s (2.1b). Since the case ~<s has already been discussed ,

we now consider ~>s , say -~~s+t. If there is exa~~~ly one

message in ‘the interval , we are ready to start a new epoch.

If ‘there is a conflict , and if we wish the algorithm to be

FCFS , we have two choices.  Our new transmission region can

be either the leftmost part of the interval of length s~ ’t ,

say of length E ,  or it can include the entire interval of

length s and other parts of the conf l ic t  and w a i t i n g  inter-

vals (2.2), as described above . Unfortunately, in the latter

case , if ‘the transmission region contains a conflict , the
S definition of the subsequent procedure becomes too complex
- 

- and its analysis is d i f f i c u l t .  Henc e we r es t r i c t  our new

transmission region to be an interval of length 3<s~ t,

with either ~<s (2.Ja) or ~~> S  (2.3b).

Let us consider the case ~<s first. ;hen we t r a n s m i t

.
5 

the messa g es  genera ted  in the in te rva l  of len~ :h ~
-

, t:~~r~

are trree possible outcomes: no message (2. —a) , one mes-

sage (2.Lrb ), and a conflict (2.~~c). f there is no messa~ e ,

then :.‘e hav e l e f t  an In te rval  of length s- ccn:ainin ~ a:

least one message and a combined inte rva l  of l ength  s—t -

containing a conflict. We process this interval in the  same

fashion that we did the original interval , except  that  a

d i f f e r e n t  is chosen.

In the case wner e  one mes:a~ e is f ;~ n i , we are

with an interval of length s-~-t- which ccn ’cains at least

one mes sage , with the statistics derived below .

21
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Throughout the rest of the thesis we use a shorthand nota t ion , S

where “k in s” is taken to mean “there are k messages in an

interval of length s.” Because the generation statistics are

Pois son , the numbers of messages in disjoint intervals are

independent. Therefore:

Pr( k in s~t-S~~ in 3, >1 in s, > 2  in s~ t)

= Pr(k in s+t-5, 1 in 3 , > 1 in s, >2 in s~ t)

Pr(1 in 3 , >1 in s, >2 in s~~’t)

= Pr(1 in $)Fr(k in s~~t-~~, >0 in s-3 , > 1 in s~- t - 3 ) .

Pr(I in 3)Pr( 0 in s — i , > 1 in s~~’t-3 )

Pr(k in s+t-3 , >1 in s-rt-3)

Pr( 1 in s-i-t-3)

= PrOc in s+t-~~H1 in s+t-~ ) .

This  result is crucial to the i mp l e m en t a t i o n  and analysis  cf

the algorithm , since it allows us to consider the processing

of only two tyres of intervals : one which  contains a: least

one message , and one whic h contains a conflict , and has at

least one message an its fars: par:. After we nave :c~ no

that the interval of length s—t-~ ccnta:n: a: ~eas: one mes-

sage , we process it in the appropriate manner , either dividing

it or augmenting it.

Finally, if there is a conflict in the interval of

length 3 , we t rea t  i t  as a ccn f l i c t  in :erva an d ret u rn t he

remainder ~ tne  wai : in~-

In the case where ~> s , there are ~~ 5 Q  ~o :sib l e ou t c o m e s :

one successful transmission (2..5a) or &, co n fl i ct  (2 .~~h ) .

22
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S If we find one message in the interval , then we are left

with an interval of length s~ t-S which contains at least

one message and we treat it as described earlier. When there

is a conflict , we have an interval of length s containing

at least one message and a combined interval of length 3

with a conflict. We return the remaining interval of

length s~ t-3 to the waiting interval , and divide the interval

of length 2 as described before.

1.3 Thesis  Outline

The thesis is organized into three chapters and an

appendix. Chapter 1 is this introduction. The analysis

is carried out in Chapters 2 and 3 and the computer pro-

grains used in the analysis are given in the appendix. Here

we consider the objectives and results of these chapters .

In Chapter 2, we model the single interval ccnten :icn

resolution algorithm as a ;:arkov ~rocess with a continuous

state space. .‘~e define fu n c t ion a  represen :~ng :ne e:-:pec:e-s

times req-sired to transmit all of t~ e messages ~eneratcd in

a particular interval of time. Three  s u c h  functions are

required , corresponding to the three classes of states of

the ~arkov system . We define cost functions for the process

- in terms of the drift , the difference between the lag at

the ‘t ime when the  system ne:~:’t enters 5~, , a r ene- -’al s ta te ,

and th~ lag a: the present ‘t i m e .  ~ e see tha t  the  ecu a t i c ns

for the expected cost per epoch are ident ical  to those

developed for minimizing the time required to process an
1-
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interval . A technique for solving these equations for

Humblet ’s algorithm is described , and it is explained why

this method is unsuitable for analysis of the single interval

algorithm .

In the third chapter , we describe some of the basic

results of ti arkovian decision theory : the value iteration

algorithm and the Odoni bound. We generalize these results

for continuous state spaces. We describe how the value

functions may be approximated by calculating the values for

a discrete subset of the state space. As a result of com-

puter analysis of these functions , we see that for all

practical purposes , Humblet’s algorithm is the best steady

state single interval algorithm in terms cf capacity. Errors

• 
. 

in the analysis due to the discretization of the state

space are discussed.  The insensit ivit ’ i  of the r esu l t s  ‘to

the rvumcer of points used to approxamate ‘the state space ,

leads us to conclude that such errors are ne~ 1i~ ible.

Su~~es:ions for further research follow.

:n the appendix , some notes on the oc-mLs:er programs

are given , as well as the program listings.

1’ J  S
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II. Analysis of the Algorithm by Expected Drift

S In this chapter we model the algorithm as a problem in

- Markovian decision theory with a cost structure based on

- the difference in the lag before and after state transi-

tions . We describe how this method is used to analyze

Hum’blet’s algorithm , and why it is unsuitable for the analy-

5 
sis of the single interval algorithm .

2.1 The Al~orithm as a yarkov ?rc-cess

In this section we model the single interval algorithm

as a :.:arkov process. The state of the system at any time is
- 

determined by the length and statistics of the previous trans-
- •mission interval . In section 1.4 we saw that there are

‘three types of intervals we will need to consider , ccrres-

S 
pond in~ to three classes of states for the system. The

- system is in state S0 if the last t ransmiss ion  ended an

epoch. The system is in state S1 (s) if , as a result of
- the last ‘transmission , we know only that an interval of

length s contains a: least one message . The system is in

- state ~2(s,’t) if we know that an interval of length s con-
S 

tains at least one message , and a lonser interval of length

s~-t contains a conflict. Note that the moments at which

the s yst e m  re turns  to s ta te  S0 are rene -ial p o i n t s .  ‘. h en

- - the s’ste-m ~s in sta te  ~~~~~~~, the al~ c-ri:hm choo ses  an inter-
• 5-

val of leng-th I as the next transmission interval. In

state S1 ( s)  a transmission interval of length a ( s )  is

25
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chosen. In state S2(s ,t) we choose an interval of length

~(s , t ) .  Figure 3 shows a state transition diagram for the

algorithm . The number -by an arrow connecting two states

indicates the number of messages that must be found in the

transmission interval for that state transition to occur .

While this ~arkov process has a continuous state space ,

and therefore an uncountably infinite number of states , it is

worth noting that all but a countably infinite number of these

states are transient. If the system is in some state other

than S~ at time t=O , then because we assume the algorithm is

stable , the system must eventually enter S~ . From S0, under

a stationary policy, there are only a countably infinite

S 

number of statss the system may enter. This can be seen by

observing that state transitions occur at discrete times , and

that : rom a given state ‘there are never more ‘than. a finite

number of transitions the -system may make. Hence, all states

that cannot be reached from are transient.

Having modeled our algorithm as a ::arko-~ tro-cess, we

would like to ~se this mode l to determine the -:al:es of o L - ) ,

~(s ,~- ) and 3(s,:,A ) that will maximize ‘thro ughput. ~:-~ere
we wri te T,~~~ and 3 as functions of X to emphasize their

dependence on x . )  One way of doing this would be to assign

a cost or reward structure to the state transitions and atply

the m Y h c d s  of :-:arkovian decisicn ~heory to determine the

optimal controls r , c~ and ~~
. In this chapter we will consider

a cost structure where we seek to minimize the difference
*1 - .
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in the lag between successive epochs. In Chapter 3, we con-

sider a reward structure.

2 . 2  Expected Times to Resolve Intervals

S In this section we develop a set of equations whose

solution gives the optimal values of t ( X ) ,  ct ( s , X )  and ~(s , t , X ) ,

and the capacity , X*~ Our approach is to minimize the expect-

ed time required to resolve conflicts while maintaining finite

delay . To aid in the discussion we introduce the following

terminology . We say that an interval has been processed

when all the messages generated in that interval have been

successfully transmitted. We say that an interval has been

resolved when the system next enters the state S0.

We begin by defining three functions . Let M 0 (x)  be the
S 

expected time to process an interval of length x/X containing

messages generated by a Poisson process. Let M1 (x ,y) be the

expected time to process an interval of length (x+y)/X , where

there is at least one message in the segment of length x/X

and the arrivals in the segment of length y/X are Poisson.

Let M2(x ,y,z) be the expected time to process an interval

of length (x+y+z)/X , where there is at least one message in

the segment of length x/A , at least two in the segment o~
length (x+y)/A , and the arrivals in the segment of length

are Poisson. The variables x ,y and z may be thought of

as -the lengths of the intervals in a normalized time frame
S 

where the Poisson arrival rate is 1 message per time unit.

It is important to note that though the arguments of these

28
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functions are given in normalize d time , -the values of the

functions are in real time. If T , A and B are the normal-

ized lengths of th e transmission intervals used when the

system is in the states S~ , S1 and S2 respectively , and if

T is fixed and A and B are chosen optimally for that T,

then from these definitions and from the discussion of

section 1.4 we have :

T(2.].a) (x) = 1 + P r ( > 2  in x)Z4
2 

(x,O ,O) + Pr(O or 1 in T)M
0

(O) x<T

1 + Pr(>2 in T)>t2
T (T, O ,x_T )+Pr(O or 1 in T)M0

T (x_T ) x>T

(2.lb) M
1
T
(x,y)=min 1-fPr(O in A 1> 1 in x)M

1
T (x_A ,y)+

Pro ,  in A~>1 in x)~.10
T(x+y_A)+

Pr( >2 in A~>i in x)i.l2
T (A,O,x+y_A) A C x

1+Pr(1 in A l > 1 in x):-1
0~

(x+y-A)+

Pr(>2 in A > 1  in x)M 2
T (x,A_ x ,x+y_ A) A>x

(2.lc) 1-rPr (O in B > 1  in x, >2 in x+y ) M 2
T(x_B ,y,z)+

Pr(1 in E~ >1 in x,-’2 in x+y):11 (x-4’y-B ,z)+

Pr( >2 in BI>], in x , >2 in x+y)r,!
2
T (B,O , x~y÷z_B ) B<x

1+Pr(1 in B~>1 in x,>2 in x+y)M 1
T (x+y_B ,z)+

Pr(>2 in B~>1 in x ,>2 in x+y)i1
2
T
(x,A_ x ,x+y+z_A)

x<3< x+y

~~~ we define three ne;z f u n c t i o n s , 
~~~~~~

, F, ans ?2 ,  in te rms

of M~ , 
~1 

and “2• These functions are also dependent on T ,

but we do not write the T for simplicity. Leti
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(2.2a) M
0
T
(x) F

0
(x)

(2.2b) M T
(x y) F

1
(x) + F

0
(y)

(2.2c) M
2
T
(x,y z) = F

2
(x,y) + F

3
(z)

Combining eqs. 2.1 and 2.2 we get:

(2.3a) F
0
(x) 1+F

0
(O)+Pr(>2 in x)F ,,(x, O) x<T S

1+F
0
(x-T)+Pr(>2 in T)F

2
(T,O) x>T

(2.3b ) F1(x)+F 0
(y)=min ].+Pr(O in A~>1 in x) (F

A 1

Pr(1 in A !>1 in x)F
0
(x+y-A)+

Pr (>2 in A !>1 in x) (F ,(A ,O)+F
0
(x+y-A) ) A< x

1+Pr (1 in A~ >1 in x)F
0
(x+ y—A) +

Pr(>2 in A 1> 1 in x) (F ‘x ,A—x)+F (x+ - .’— A ) )  A>x
— — 2 -

(2.3c)

min (1+Pr (O in sj > i  in x ,>2 in

Pr(], in B~>1 in x ,> 2 in x+’i) (F 1
(:~~ ’-3)+~’ ( zfl~

I Pr(>2 in 3~>1 in x ,>2 :n x ) (F 5, ;+F 2~x-~’~.-+:-E) B<x

S 1+Pr(]. in 
~~

1>1 in x.>2 in x+y) (5
1
(x+y-BH- F

0
(z))+

Pr (>2 in B~)]. in x ,>2 in x+y) (F
2
(x, B-x)-4’F

0
(x+y+z-B) )

x<B<x+y

Since , for x T , F0 ( X ) - F 0 (x - )= 1 — Pr(>2 in

a con s tan t , F - . ( x )  is asvmp ’t o : ica l l- -  linear in x. :-~ nce,

for large x , we may wri te  F3 ( x ) =kx / ~ b. Let k*~~~ /~

Then the system will be stable so long as k* is less than 
~./‘

.
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We may use this expres sion for F~ to rewrite eq,. ( 2 .3 a) :

k*x = 1 + k*(x_T) ÷ Pr(>2 in T)F2(T ,O ) or

(2.4) k* = 1 + Pr(~~2 in T ) F 8~ T , 0) i/X
T

We may also rewrite eq. (2.3b):

F
1
(x)+k*y+b=tnjn 1+b+Pr(O in A I> 1 in x) (F (x_A )+k*y)+ 

S

A 1

Pr(1 in A f> 1 in x) (k* y+k* (~ _A ))+

Pr(>2 in 
~ !>i in x) (F

2
(A 1 0)+k*y+k* (x_A ) ) A<x

1+b+Pr ( 1 in A~>1 in x) (k* y+k* (x_A))+

Pr( >2 in A J >1 in x) (F
2
(x ,A_x)+k*y+k*(x_A ) ) A>x

or

(2.5a) F
1
(x)=xnin (1+Pr(O in A t > 1 in x)F

1
(x-A)+~r (>2 in ~i>i in x)F2 (A ,O)+A l

4 (1-Pr(O in A~>1 in x))k* (:<_A)

~ 1+k* (x_A)+Pr( >2 in A~>1 in x ) F
2

(x , A-x)  A>x

Similarly, we may rewrite eq. (2.3c):

(2 .5b) F2 (x ,y)=miri  1-i ’Pr (O in B~~>1 in x, >2 in
B

Pr (1 in B~>1 in x ,>2 in x+y)F
1
(x’~’;-5)+

Pr(>2 in B~>1 in x ,>2 in x.~y) (F
2

(5 ,O)+k* (x+y_3) ) B<x

1+Pr (1 in B~>1 in x,>2 in x+y)F 1
(x-”y-B)+

Pr(>2 in B~>1 in x , > 2 in x+~-) (F~~(x ,B_ x )~.k* (x+y_B) )

x <B< x~~ .
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Hence we wish to find the smallest value of k* such that

when A ( x )  and B(x ,y )  are chosen to minimize F1(x )  and F2 (x , y ) ,

there exists some value of T for which eq. (2.4) is satis-

fied. Then the capacity will be X*=1/k*.

2.3 Minimizing ExDected Drifts

In addition to their definition in terms of expected

times -to resolve intervals , the funct ions F0(x), F1(x) and

F2(x ,y) may also be interpreted in terms of the expected

drift , which w~ de fine  below.

We define a randcm variable U ( S ) ,  called the  d r i f t .  If —

the system is in state S at time t, ‘then U (S) is ‘the differ-

ence between the lag at the time when the system next enters

the s-tate S0 and the lag at time t. Let U0(S0), U1(x)=

U(S 4 ( x/>~) )  and U2 (x ,y ) = U ( S 2 (x/~ , y / X ) ) .  U 0 is the drift in

lag between one epoch and the preceding epoch. 1±’ the

system is to ~-e sta:le , then. ~t is clear tna: ~(~~~)< -o ,

otherwise  the delay will  become inf in i te  as the nu m o er  of

epochs roes to infinity. The capaci ty of ‘the aT hc r i t h m

will be the largest  value of -\ for which a ;clio:: - xists

that has E ( U 0 ) less than zero .

Next we show that F1(x) ~ E (U 1 ( x ) )  + xA and

E(TJ2(x ,y ) )  (x~y)A . Therefore , minimizing and F2 for

a fi:-:ed ‘

~ is equivalent to minimizin g the drift . :~ see

thi s , cons id er F igure  !~~ • A t  :im~ t the sys tem is in s ta te

k S wi th  a t ransmiss ion  interval of length 1 and lag d. At

time t’ the system has returned to with lag d’ . The

32
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ler.gth of the processed interval is 1’. Then we have

J 
i (S)= d’-d = (-t ’ — ’t ) - l ’

and

E ( U ( S ) )  ÷ 1 = E ( t ’ - t )  ± E(1-l’)

= E(time to return to S0) +

E(time returned to the waiting interval) -

E(time taken from the waiting interval )

Examining cc. (2.5) we s~e that Fi and F2 may also be de-

fined as the expecte~ t ime to resolve an interval , p1-us ‘the

t im e returned to the wai t ing interval  and minus  the ‘time

taken from the waiting interval .

with this interpretation for F2(x ,y), it is easy to

see that :

1 Pr (>2 in :)F2(:, :)  - :/ ~,
:-~ence the condition ‘t:~at (iTc ) b-c 1 ess thari zero is equiva-

lent to ‘the conditicn of eq. (2.L.).

2.L~ :oi-;ing the  cua:ions  fo r  ,~~~~~~~~ F. (x ) and F2(x ,y)

In onis sect~ cn ‘.‘;e -dosou~ s metno~ s fcr solving eqs .

(2 .~-) and ( 2 . ~~) .  :n the i r  p re sen t  form the se ec-ua : ions  are

very difficult to -iiork with . -To simplify them , we define

two new funct ions :

g.(x)= Pr (>1 in x)F1
(x )

g2 (x ,y)= Pr(>~ in x , >2 in :‘:-ry)~~_ ( x ,y )

- I ubc ’tio~~tin~ tnese eouations in t o  et . (2. -i ), t he  staiili:-

condi t ion becomes :

(2.6) 1 ÷ g2( T ,0) - T/A = 0

1•’ 34
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From eq. (2.5) we get:

(2.7a) ~i(x)=.
_
min[(1_e~~) + e~~g1

(x-A) + g
2
(A,O) + ( l_e A) (x-A) A<x

1~(1-e ) (1- (A—x)) + g
2
(x,A-x) A>x

(2 .7b) g2
(xsy )~~ in((1_e ~~ (1+xe

_Y
)) ÷ e 5

g2
(x-B ,y) + g

2
(B,O) +

Be Bg
1
(x+y_B) + (1-(],+B)e 3

) (x+y-B) B<x

( 1_e *X (l+xe~~~) )  + xe
_B

g1
x+y_ B) + g2 (x , E-x) +

\•\ O 1_ e X_xe B ) (x+y-B) x<B<x+y

First we consider the problem of solving these  equaticns

for the case where we r e s t r i c t  A < x .  (Th i s  is the me thod

u sed ‘by Humblet  to anal-r ze h i s  a lgor i thm . ) Then the

second argument of g2 will always be C and ‘.~5e also ha~ e

B<x. Thus we see that  g1 ( x )  and g2(x ,0) are defined in

terms of g1 and g~ at smaller arguments. In addition , it

,, s  ea31~~r ver i f_ e d  ~~at  ( C ~~~O a~ : ~~~~~~~~~~~~~ 
-~~s

may cons t ruc t  the funct ions  g, and ~~ by s t a r t ing  w ith some

very small x and solving simultaneously for ~,(x) and
— g2 (x , 0 ) ,  l inearly interpolat ing betw een ~~(x) and a,(0),

and £~~(x ,~~) and g,., ” O . O ) , whe re needed .  ‘.!e ‘then trc ceed
-
S 

-
~~~ 

--
~~ 

- -

b-; ino~~ener , : in~- x and solv ing  at each b:’ intero -olating

between the previously calculated values. This will  lead

us in-to trouble , however , since it can be shown tha t for

35
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small values of x , g2(x ,0) is quadratic in x , not linear.

To circumvent this difficulty, we define a new function ,

The changes to eq. (2.7) are obvious

and we do not present them here.

The following argument shows that g1(x) is linear in

small x-and that g2(x ,0) is ~uadra’tic in small x. As x

goes to 0,

Pr(k in x i> i in x) if k=1

if k~1 . S

There fo re , the expected length of ‘t ime requi red  to proce ss

this interval is just one slot; that is , F1(0)=1 . So for

small x , g1 (x )~ 1-e~~~x.

Also , as x goes to 0 ,

Pr(k in x !>2 in x) =fi if k=2

\o if k~2

For small x , the optimal is apcroximately x/2. :hen ,

Pr(O in x/2~>2 in x)= Pr(>2 in x/ 2~ > 2  in x)= ~
and

in x/2~ > 2  in x) =

From eq. (2.5b) we get

F2(0,0) = 1 — *F2(0,0) + ~- F 1( 0 )

and therefore

F2 ( O , 0 ) =  3
o f o r  sna i l  x ,

S 

(3/2)x2.

Mumblet has wri t ten  a ccroDuter program to construc~ the
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funtions g1
(x )  and g2(x,0) by this technique. After -the

functions are calculated , the drift is found from g2 . Dif-

ferent values of X are used to determine -the highest value

that gives a non-positive drift, E( tJ0). The optimal initial

interval length , T, is found to be approximately 1.27 and

the throughput is approximately .488.

This method has several problems . One problem is that

S 
the program cannot solve for X* directly . It must be run

for many d i f fe ren t  values of ~ to find the greatest one .

Also , solving for more ‘than two decimal places of accuracy

in the optimal initial interval length requires an excessive
S amount of computation , especially in view of that fact that

the program will be run many -times to find the capacity.

Final ly ,  because  the pro~ram relies on findinz 
‘-~~~~ such

- 

‘ that the drift is zero , the resul’t is very sensitive ‘to

small errors in g1 and

Attempts were made to solve for the capacity by this

method  when A is not r e s t r ict ed  to be less than or ec ual to

~~~. ~~~~~~~~~~~~~~ because ~1 (x) and g2(x ,y) are defined in terms

of and g2 at both smaller and greater arguments , it was

not possible to construct the functions for successively

larger x and :~ by interpolating between previously cal-

cu l at ed  values .

~~ 
S’S

, ~
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III. Analysis of the Algorithms ‘by ~arkovian Decision Theory

with a Reward Structure

In this chapter we analyze the algorithms by use of a

reward structure , where a reward of one is given for every

successful transmission. ~Je want to maximize the expected

reward per state transition , which is called the gain.

Clearly the gain is equal to the throughput and the maximum

• gain is the capacity.- Before proceeding wi th this analysis ,

we review some basic resu 1~s of :~:arkovian decision theory

which were derived for i.Iarkov processes wi th  f i n i t e  state

spaces , and show how they can be generalized to the continu-

ous state space model .

3.1 ::arkovian Decision Thecr:j and Continuous Ita te Thaces

In this sectaon we introauce ‘c-~-o tas~ c netncas of

~arkovian decision theory , the value iteration algcritn~,

and the Odoni bound , and generalize then. for continuo us

state spaces.

~~~~~~~~~~ The 7a1’ue Iteration A1~ c r i t hm
S The object of yarkovian decision theory is to f ind

optimal policies for controlling a Markov process in order

to maximize the gain. One method of determining such a

polio : is ohrc -.~n use of the .‘e.. ,~e iteration ec uations (p).

The follo--:ing model is used .  ce ha ve a f i n i t e  st a t e  s:aoe ,

wi th states ~=1 ,. . . , N , and for each s tate i , a f i n i t e

choice of controls k=1,. . . ,n~,. We have a set of state

38
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transition probabilities , ~~~~ which are detendent on the

control k used , and a set of s-tate transition rewards , rij
k,

which may or may not be dependent on the control. The

following quantities are defined:

(3 .1 )  q~k= 

~~ 

~1~
k

(3 . 2 )  v1
k +1)(n÷l) q 1 • k + p1~

Equation (3.1) gives the expected reward on the next

transition if the system is in state i and control k is

applied. Equation (3.2) defines the value functions , where
S 

V1
k(n+1 ) (fl~ l)  is the total expected re .-:ard over the next n+~

transit ions , if the system ‘begins in state i and the control

k(n) is applied when there n t ransit ion remaining . The

values of v~ (O) are assumed to be given and are called

terminal rewards.

If the values of k 1 are chosen  at each n s u c h  th a t

N k
( 3 . 3)  v.(n-rl) max q. • k + : 

~~~~~
- v . ( n )1 k =1

then the sequence of vectors k(n) represents an optimal
S 

t im e -d ep en d er . t  P S SI I O, .  This is the opt imali t :, - p r i nc i zle .

If t~ ‘.~ai~~es ~~ :~ are held constant ;or ali n , •ve say t nat

the policy is stationary. chweitzer (10) has shcwn that ,

for any set of initial values v1(O), if all stationary

39
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policies result in single—chain aperiodic i~arkov processes ,

then as n~~ , v~(n).~ng+v~ , where g is the gain and the

satisfy :
N

(3. 4) v.~~ max q)C - g + ~ 
p1. v.

1 k 1 
~~~ ~

In addition , any vector k which satisfies this equation

defines a policy with the maximum gain.

Schweitzer also introduces a notation for considering

a con’tinuous state space with finite volume . Careful

examination of hi~ proof of the above indicates that a

similar theorem for continuous spaces could be snown in an

analogous manner using the general notation, and adding

some simple assumptions about continuity . ‘:Je make the

fol lowing conj ec tu re .

- ~e consider a system with a state space 5 , whi ch is

the u n i o n  of a finite nu:.’,ber of sets with finite vOlume .

That is,
n .

S. where S
~
eR ~ and dx <~~~

i=: -

The staie of the system is represented by a vector x s S~ ,

1<i< N. t,No’te that if the sets S~ are disjoint , the sub-

script of x may be omitted.) For each state there is a

set of controls K (x1). From each state x.cT ;, for  each c-o r.-

trol -uh~ :-:.), for each j=i , .  . . ,~~~~~~ , there  e :-:ists at most

one point y.cS~ which the system may enter. The control k
kwhich is chosen determines a set of probabilities (x),

-

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
~ ç~~ y rIMiusu~ TO ~~ C

t~: ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
- —  —JJ---
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F

where P1~
k(x) is the probability t ha t  the system will go

from state xcS~ to state ycS~ if the control k is applied.

The reward functions , r1~
k(x) are defined in the obvious

manner. With this notation , we rewrite eqs. (3.1), (3.3)

and (3.4).

It 
N 1 It( 3 . 5)  q. (x) = ~ p . .~ (~c) r . - (x)

1 .,,
~~ 

13 13

(3 . 6)  v~ (x~n+i) = s-up q~~~~~(x~ + :F 1~~~~~~ ( x )  v~~(~~~~n )

( 3 . 7 )  v. (x) = sup q.k (x )  : ?. .k (x) v~~~(y - )
1 It 1 

j~~ ~~
-
‘~ ~

The sup in eqs. (3.6) and ( 3 .  ~ car. be replaced by max

if we assume either that the control sets are finite , or if 
S

they are compact and the right hand sides of the equations

are continuous in k for all points in the state space.

~e conjecture that , for any initial set of values  
S

~~~~~~ v1(:-:, ’ ) ,  if all staticr.ary pclici o result in single cram

a~ericdi c ~arkcv processes , then us n-~~, v.(x ,n)— r~ —v~ (:’:),

where is the gain ar1J the v~ sa:is:’:~ eq. ( 3 . 7) .

~hile we do not attempt to pr ove  this conjecture here ,

it wil l  be seen later that when we :alculate approximations
-

- t o ‘the v1(x ,n) f-c r our troblem , th: value functions do

i rde~ d oonverze .

~~ 1 41
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3.1.2 The Odor.i Bcund

Odoni (11) has provided upper and lower bounds for the

gain that can be calculated at each iteration of the value

iteration algorithm. ~1e can use these bounds to give an

• estimate of the gain and upper bound the error of our

estimate. These bounds generalize easily to the continuous

state space. For the continuous state space model described

in the previous section , we give the following theorem.

Theooem . Let q1
k(x) and v

~
(x ,n) ‘be defined as in eqs.

( 3 . 5)  and (3.6). Let v1(x ,O) and r1~ (x) be bounded for all

1~ i <~~~~~, x~ cS~~. Then ,

i) L’’(n)S sup (v1(x ,n+1)—v1(x ,n)) is monotone decreasing in n.
i ,x

i i)  L ’( n ) ~ inf (v 1(x , n~- 1)-v 1(x , r j)  is monotone increasing in n.

ii i ) L’(r5)<lim inf v.(x,n ’)  < lim sup v’:(x,n ’) <L’’(n) 
S

n 1 
r r_ ~~~~ 

, 

— S

for all n.

Proof. The proof of i) and i i)  is comple te l y analogou s  to

the proof  g iven by Odoni , and we do mc:  retea: it ~~~~~~~~~ :o

prove iii) observe that for fixed ri , for any n ’>n ,

v
1

(x~n ’ ) = ( v
1

(x~n’)—v~~(x~n ’—1 ))+ .

v :(x ,n )
1 1

<s~ p (v.(:-:,n ’ )—v~ (::,n’ —: ) )— . .

I ‘ 

= L’ ‘ (n ’— 1 ) ~ . . . +L ’ ‘ (n )~”i.(x ,n )
I~. - 

(n ’-n)L’’(r.) + sup v1(x ,n)

42
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where the last inequality holds ‘because L’’(n) is monotor.e

decreasing in n. Therefore,

v.(x,n’) < ( 1— n ) L’’(n) + sup v.(x,n)
n ’ 

— n ’

Now ~up v1(x ,n)<sup v~ (x~O ) + n sup rij
k(x) is bounded.

Taking the limit as n’.~ we have :

u r n  sup v.(x,n ’) < L ’ ’ ( n )  . S

1

By a similar argument , we have :

L’ (n)-< u r n  inf v. (x,n’)
1

and we are done . 
S

This theorem gives upper and lower bounds on the maxi-

mum gain, even when the i terated value fu n c t i o n s  do nct 
S

converge . ~Iie use this theorem in the computer  pro~ rams

o bound the capacity of Gallager ’s and Humble-c ’s algorithms ,

and the single interval algcrithm .

3.2 ~~~~~~~~~~~~ the State Stao-o to ~.uurcximate the Val -e

with the notation developed in section 3.1~ we are

S ready to write value functions for our model of the single

interval contention resolution algorithm . Our state space

S is the union of three sets , S~ =’1 }~ i~ =~ x x > i} and

~~~
2

_ t ( ~~~~~~~ j )  lx>c , — >O } . :he control sets for and s . are 
S

the same : K= {T~ T>O } and the control set for the state

S2(x ,y) is {T~0<T <x+y}. The 

:
~~

te space that we use in

-
- -5-5-5 -5~~~~-5-5~~~~~~~~~~~ 5 5 •5~~~~-5-5~~~~~-5 
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this chapter d i f fe rs  from that used in Chapter 2, in that

the variab~ s x and y here represent the normalized lengths

of intervals, that is , the units in which x are measured

are chosen such that the arrival rate of the messages is 1.

The controls T , A and B are normalized lengths also.
S The reward , which is independent of the cont ro l , is

1 for a successful  transmission and 0 otherwise. Hence the

expected reward on the next transition is just the probabili-

ty of f ind ing  one message in the t r an smi s s ion  interval.

From eqs. ( 3 .5 )  and ( 3 . 6)  we have :

(3.8a) V
S 

(n+1) max Te_T+(1+ )e Tv3 ~ri~0 T>0 C
+(1-(j.-rT)e~~~)v~ ~~

( 3 . i bS ) v . (n-,-1)= max (e~~_e _X v~. . ( m ) - ~~~~~ (~~~-v-, ( n ) )
-x - 

~1
(1 tt ) - :-:

1-(1~ A ) e~~ ~ (~~ 
~)(n) A<x

S 

l_e L

~ xc (1—v~-. (n)

1_e _ X

+ 1~ e~~~ xe~~ V
S 2 ( ;, ,~~~_ x )

( f l )  A~ x

(3 .~~o )  ~~ (x • (r.~ 1)= man ~e
_
~~_ e _ X _ ( x_ C~~~~~~~~~~~~~~~~~~~

1:. 
~~~~~

_ 
~~~~ 

( n )
2 ‘

~~~~~~
‘ C<~~~<y

—~~~ 
_ (

~~~~ — -
~

-
~~( ~BLe -e  - - ‘ ( :— v -  - - ( n )

5- - - --~~~~~~~~~~~~~~5 -— —~~~~~~
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+ 
_ _ _ _ _ _ _ _ _  

B<x

\ x(e
_B_ e _ +

)(1~ vS (x~y B)( n ) )

+ i_ e
_ X _ xe _ B 

v5 (x-x - ( x— y ) 2 ‘
~~~~e xe

‘ie use initial values vS (O )=JS (X)(O)=v S (X Y)
(O)_O

for all x>0, y> 0. With th is  ohcice  o± terminal :ewa:~~s ,

we may write closed form extressicri s for v . (1) and

vS (X)O.)l bu t  not for v3 (X ~~~) L )  and nc-c for any of the

value functions when n>1. Th ere fore  we have wr i t t en  a

computer program to solve for the value functions . 
S

The program can calculate the value fu nc t i on s  cnly for

a finite n-umber of points. Hence .-e appr-o -:ina:e t he  s ta te

space with  a discrete grid.  Since we km So ,— . chat at eaor.

i t e r a tion  there is some finite c t t im a i  ir. i t ia l  interval

length , T ( n ) , we may limit the ccn:rol set f-or 5 to the

set I O<T<T’<~c}, where 2’ is chosen suoh (n)< ’ for all n. S

:t should be clear that for the sc -ac e . . ( x )  we will  never  S

want to choose a transmission interval longer  than ‘ , and

we may also limit the control set for S~ . yoting that the

control set for 52(x ,y) is alread:.- b~~~r :ed , -r e see that the

sets of non-transient sta es are boun ded , since the sy st e m

ne-.’er ras to consider an inter-j-al longer than . Hence

r - our discrete approximation to the State stace tao a fono te

number of points.

1- :  
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T
~Then w r i t i ng  the compute r  ~rcgram , it was necessary  to

guess in advance approximately where the bo unds cm the set

of non-transient states lie. Since we can only store a

small number of points , and since we would like the gr id to

- be as fine as possible for accuracy, it is important to

choose the bounds on the grid well. he choice of t he se

bounds is discussed in the Appendix.

Since we can only calculate the funo :icms at a finite

number of points , and sir.ce this c a l cu l a tio n  -.‘ili o f t e n

require values of the functions from the previc~~s iter-

ation at points -.-:hioh are nct stored in the e n d , i t  is

necessary to approximate -the values at these points. The

Dro~-ram does this b-v linearly intertciatin~ bet.-.een t :te

values of the two points on the grid .-:nicn are closes: cc
- 

the pci-n: whose value ---‘c are estimatine . :his me thcd intro-

duces some error into the calculation of the value f~n~tlons .

It is difficult to analyze this error , but the res~ lcs cf

the ccmru t e r  proeram indica te  tha t  is quite o:.all for -even

very coarse grids. .~e discuss this in more detail in zecti:n

3.5.

This method of estimating the values of toints not on

the  ~nid creates a probi-en ;ren cal-o ~~lat ~ the val :e

fu n c t i o n s  at d , ( -:c ) or S _ ( - x , - - ) , -:here I :-: the s:-.alles:

x on ore m i d .  - alc~~lat i ng  v~ ( n — : )  ano -:-. - ( r — ~~- - 
~~ . ( — x )  ~~~ ;-: , y )

S
p 4

botr. require -:ncwle-dee of v~ ~ 
\(n) and v 

~~~~
. ~\ (n) for

- 5- 
values of x<~x. But there are no points on the gr id  below
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V
S ~ ~(n )  and v-. - , - -  Cn) to use in the interpolation.
1~~~~Xj  2 ’ -’~ S

Hence , we define VS 0~ (n)= u r n  VS ~ -~(ri) and VS 0 -

1’ / x-~0 l~~ 1 2’ ‘~~~~‘

lim v5 ~ )(n) for y~0. :!e let v5 10 .(0)=v~ (3 )(O)=0.x-~O 2 X ,J 1’ / 

~ 2 ‘~~~
t

From eqs. (3.8b) and (3.8c) we get:

( 3 . 8 d )  V
S ( 0 \ ( n ~ 1)= max e~~~(1+v~ ~n ) )  + (l_e

_A
)v5 (Q1’ / A>0 ~O 2’ ‘

( 3 . 8 e)  
~~ (a )(n+i)= max e~~-e~~ (1~

v_ ( _ ) (n))
“

~ B>O l-e~~
-B1—e v_ . ,- ,-~
—

1-e ~
Definir~ 

-;
~~. 

~~ 0
-jn) presents a problem , since the value
/

f u n c t i o n  is d i s c o n t i n u o u s  at t h i s  po in t .  That is ,

~~~~
‘ ‘5 (;t 0)~~~ ~ 

lim v
~~(O V)(n)

i— a

As x coes cc 0, th e s t a te  2 (x , O)  r epre sen t s  the kn o w ledge

chat a very ::-.al ~nterval contains two messages. As seen

in sec tion 2.— , it will recuire an. average of 3 slots to
S 

process these me ssage s .  u c  as :~ eces to ~~~ , cre state

= , y )  reor-eserts the ~m-o .- i ledme ch at  two ve ry small i n t e r—

vais each con t a in  one message , requi r ing  only  2 slots to

process. Hence , the discontinuity of the value functions

aris~ c. :~ overcome trio problem , the tro eran is written

~ to inoertolace bet— -ieen the values liro v- ~~~~. ~)(n) andx~2 2’~~’~v~ - 
( r )  .-;rerever a -;-~l e  for :- - , - (r .  needed

S -i;rere O<x< x. Similarly , the crotram incerool at es between

u r n  VS (0~~~) ( n )  an t  v32 (0~~~~) (n )  wren ever  a value for
2 47



v (n) is needed , where O<y<~y and - ‘ .- is the smallestS2(0 ,y) 
-

~~

y or. the grid. These limits are given by:

( 3 . 8f )  lirn VS (x 0) (~~ 1
~~ ~

(1. + VS ( 0 ) (n )  + u r n  VS (x 
-

S

x~O 2 ‘ 1 x~0 2 ‘
~~~

(3.8g) u n  v5 c~ ~~~~~~~~~~~~~~~ 
1. VS (o)’~ 

-

y~O 2 ‘ -‘ 1

In addition to discretizing the state s~ ace , we nus:

also discretize the control sets in order to find the

maxima in eqs.  (3 .~~(a—e)). Since the con t ro l  sets rave

already been shown. to ‘cc bounded , di scr et i z ins i n sur e s

that they have a finite numb-er of elements.

~~~~~The ~esults of the Cont--uter Prcmrans

In trzs sect ion we give crc results of tre computer

programs -used to analyze  the  value functions and b ou nd  the

throuerput of the continuous interval algorithm . he first

d iscuss the optimal t ime-dep endent  policy for  f i n i t e  h on i z c n

and then t:~e opt imal  sta:ionar;.-’ ~clicy. listines of c::c S

troerams and some descn i~~:ive nc-ceo are ri-- en in the

Appendix.

3.3.1 The Optimal Time Derendent Policy

The proeram results sho’— : tha f o r  a f i n i t e  h o r i z o n ,

for the s t a t e  5 , (:-~) , the c-ttimal control A i: mreaten char

XTN) ~~~~~~~~ ::~ ~~~~~~~~~~~~~~~~~~~~ :~
°°

~~~\
For x less than xT (n ) , A i s  increasing in. x and decreasing
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in n . The threshold is also decreasing in n.  :his is

il lustrated in Figure 5,  which shows plots of A ( x )  for

n=3 , 4 and 5. It was not possible to plot A(x) for n

greater than 5,  since XT ( n )  for  larger n is less than the

smallest posi t ive  value of x for which 
~S1 Cx) 

C m )  is

calculated. However , for all successive n ,  the pr-omram

shows A (0)>0, wi-tn A(0) convere~ng ~o .05(.

~ie conjecture that for all finite n , there c:-:ists

some p o s i t i v e  x such that  fo r  :: ‘ less than :: ,

This need not  be true as n goes to i n f i n i ty ,  e~~er thouch

A (0)>0 for all n , Sinc e the control function is disccntir.uous.
S 

The discontinuity of’ A(x) se c~s from the fact that the

f un c t i on  v ~~~~~ ( r )  , when considered as a n t o m  of A

for fixed n and n , has t-:o local naaima. ( S e e  F i m ~ r a  
~~

. )

For examp le , v5 ( 0~~) (3) has local ma:-:i:a of . 7-~55 at

A= .06 and 1.?!~92 a: A= .3, and hence the optinol control is

grea te r  then  x .  The th resho ld  for  n~-3 o c c u r s  a~ -
~~~ 37 ,

- . ‘ e r e  t he  local  ra::ima nr c b o t h  . --2 E at A= . - 7  and A~~. j .

For x- -u3E - , crc m a x i m a  are l.?-~C2 at A= .~~2 and 1 .7 3 O d  at

A= .)~ . nerce we see a dlsccnc~nui m; ir tre oorot r c L : n c t :cm

at x= .0 7 , but not in. the value f~nccicr~.

For the states d~ (x ) , -there is a second threshold ,

such that fo r  ~~~ 2 <~~~~~~
5 :~~~2 , ,  ( u ) ~~:-: , b~ t for ~> x— , ,

For lamge m , x — , = ~~~~~~ for bo th Humblet’s al~ oni th: . an~ tre

SIA . The slope of A(x) is dioccntir- -o~us at tnis ~cin:.

It was this fac t  that originally led us to suspect tha t

f~
.

5- - 
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we mi ght want A(x)>x for x<.78. he expected -that letting

A exceed x for x<.78 would remove this discontinuity in A(x).

The controls for the states S2(x ,0) are also the same

as for Humblet’s algorithm. In addition , it was found

that B(x,y,n) was always less than or equal to x. for y<.96.

3.3.2 The Optimal Stationary Policy

The program written to calculate the value functions

was designed to stop when the difference between the upper

and lower bounds for the gain becam e less than 1O~~~. :his

occurred after ~e iterations . he assume that the policy

• at this point is the optimal stationary policy. This policy

for the single interval algorithm is indistinguishable

from the policy for Humblet’ s alecrithn . :t is nc-c clear ,

however , that the algorithms are identical . As mentioned

in the precedir.e section , for n>5, x~ (r) is too small for

the program to calculate .  :his t h r e s h o ld  decreases so

rapidly , that we conjecture that x~~( m ) -~O a: n—~~. ven if

th i s  is rot true , the value X-~ to - - hi oh n_ (r.) converge:

is so :‘—all , ~~a: t~ e p r o z a o~ l~~t ~‘-a~~~~
- e s~ s e  ~u

ever enter a state S~ (x), where x<x . is mean -.- zero . Thus ,

for all practical turposes , .~iumcle:’s a~eoritrn is crc

optimal s te acy  s tate s~ nele inte rval algor~ :rm .

S As mentioned earlier , sine H o - b l e c ’ : a le :r i th m ,

-, 
S 

the s-:3ten ~cili never encounter a state S (x) wher

-
-5 Therefore , A~x f o r  all r~ou- tr an :i ent  s ates  S~~( x ) .  This

fac t, and a table of values for B ( x )  completely specify .
-
~~~ I
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the algorithm . A table of B ( x )  is included on the next

page.

3.4 Error in the Value Functions due to Linear Antroximations

In this section , we explain why we believe that the

errors introduced into the value functions by linear inter-

polation are negligible

If the funct ion being approximated is very nearly linear

over the region between the points where it is being inter-

polated , then the error in the interpolation will be small.

Even at the first iteration , the functions v~ - ~( l )  and

VS ( ~~~~
( t )  are very nearly linear. After the program

/

conv erges to a stationary policy,  VS ~~~~~~~~~~ 
is even closer o

1
being linear and V

S (x - )(n )  is nearly linear in both x and
2 ‘~~~

y. S

If the f~nccion is monotonic between

the points  where it is be ine imter~olated , ~he error will

be no greater than the difference between the values of

the  func tion a: those :~-‘c points. :his difference may be

made as small as desired by choosing the en: fine enough

with respect to the slope of the function. Since the slope

of the functions is low , we can use a relatively coarse

grid and still keep errors small.

A towerf ~i argument for ne~ leotirg rcssible inter—

t o l a ti or  er ror :  is that or:mram re:~ lcs ar-c almost oorrletei -~
-
~ i~ dependent  of the s ize of the grid u sed .  in pa r t i cu l a r ,

a program was written to amalyze G-allager~s algorithm
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X B X B X B

0.01. 0.005 0.44 0.214 0.87 0.410
0.02 0.010 0.45 0.218 0.88 0.415
0.03 0.015 0.46 0.223 0.89 0.419
0 .0 4 0.020 0.47 0.228 0.90 0.423
0.05 0.025 0.4-8 0.232 0.91 0.428
0.0 6 0.030 0.49 0.237 0,92 0.432
0.07 0.035 0.50 0 .2 42 0.93 0.437
0.0 8 0.040 0.5 1 0.246 0.94 0.441
0.09 3 .0 45 0.52 0.25 1 0 .95  0. 445
0. 10 0.050 0.53 0 .2 56 0 .96  0.450
0.11 0.055 0 .54 0 .260  3 .97  0 .454
0. 12 0 .060 0 .55  0.265 0.98 0.4-58
0.13 0 .064  0.56 0 .270  0 .9 9  0.463
0.14 0.069 0.57 0.274 1.00 0.467
O~ 15 0.074 O.5E 0.279 1.01 0.471
0.16 0.079 0.59 0.264 1.02 0.476
0.17 0.054- 0.60 0.25B 1.03 0.480
0.18 0.089 0.61 0.293 1.04 0.484
0.19 0.094 0.62 0.297 1.05 0.489
0.20 0.099 0.63 0.302 1.06 0.493
0.21 0.104 0.64 0.307 1.07 0.497
0.22 0.108 0.65 0.311 1.08 0.501
0.23 0.113 3.66 0.316 1.0~ 0.506
0.24 0.115 0.67 0.320 1.1 3 0.510
0.25 0.123 3 .68 0 . 3 2 5  1. 1_ I 0.514

• 0.26 -3.128 0.69 0.329 .12 0.519
0.27 0.133 0.70 0.334 1.~~ 0.523
0.26 0.137 0.71 0.338 1.1— 0.527
0 . 29  0. 142 0 .72  0.343 1.~~~ 0.53 1
0.30 0.147 0.73 1.16 0.536
0.31 0.152 -3.7d 0 . 3 5 2  1.17 0.540
0.32 -0.157 0 . 75 -3. 35 7 1 . I E  0 .54 4

0.33 3.161 3.76 0.361 1.19 0.548
0.34 o.i66 3~ T7 0 .3 65 1 . 2 2  0.552
0. 3 5  3.171 3,~~5 0.370 1 . 2 2  0 .5 57
0.36 C.I7d 2.79 3~~3 7L.. 1.22 0.561
0.37 0.151 0.50 0.379 1 . 23  0. 5 65
0.35 0. 185 0.81 0.363 1.24 0.569
0.39 0.190 0.52 0.388 1.25 0.573
0.4-0 0.195 0.53 0.392 1.26 0.575
0.41 0.199 0.54 Q.~ 97 1.27 0.562
0.42 0.204 0.85 3.401 1. 28  0.526
0.43 C.2C9 0.86 -o.~~o6 1.29 3.590

-
‘ Values of E as a function of’ x for :~~:cbiet ’s Al gorithm
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approximating v5 ( .~) ( n )  at 100 points between 0 and 1.0 ,
1

and VS ,. 0.1 (n) at 150 points between 0 and 1.5. After
2~~x~ /

18 iterations the capacity is bounded below by .48711 and

above by .48712 , and the optimal ini t ial  interval length

is 1.266/X . These are exactly the values found by Gallager

using other methods. Another program was written approx-

imating Vs ( X ) (n )  and VS ~~~~~~~ 
by only two points

each : v~ ,0~, (n) and VS ~ 6 ~~~~~~~~~~~~~~ vCS. 
~~~~~ 0-~(n) and

‘ / 1’. ~~~ 2t  ~ I

~~ ~ 0~~(n). After 18 iterations , this pro-gram bounded
2

the capacity by .48662 below and .45463 above , and found

an optimal initial interval of lert~~Lh 1.271/ . These

results represent errors of less than one-tenth and four-

tenths of one percent , respectively .

A program analyzing Humblet ’ s a1~ or ith m using the

~~rst grid described above gave a capacity between .48775

and .48776 with an optimal initial interval of 1.275/x .

The program which analyzed the single interval algorithm

with a large coarse grid (described in the Appendix)

converges to an equivalent s tat ionary pol icy which has

the same capacity and initial interval length , even though

the grid uses only 1/6 as many poin ts .

This insensit ivity of the method to grid size and

density , and the good agreement wi th  results obtained by

other methods indicates that our approx imat ions  to the

value functions are quite accurate.
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3 .5 Su~~~estioms for Further Research

Many fundamental questions about the capacity of

contention resolution algorithms remain unanswered. Is

the be3t single interval algorithm the best first-come

first-served? Is the best first-come first-served the

best possible algorithm? How may these algori thms be

modified for -the case where not all users know the out-

come of each trial? How may they be modified when the
S 

users are trying to access more than one f a c i l i t y ?
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A. APPENDIX

Program Notes

In this appendix we include listings of the two Fortran

prograxus that were used -to calculate the value func t ion  and

to bound the capacity.

The first program calculates aDprox ima :ion :  to V
5 (x )

ari d v~ ~ ~(n) using a large , coarse gr id .  The grid size

was determined from the results of Hum blet ’s proeraro , de-

scribed in sect ion 2 . 14W . For his a lgo rit hm it  -.-a: fo und

that , in the  S1(x) state , for values of x up to .7 8 , the

optimal  pol icy chooses  A=x.  For larger x , A wi l l  be less

than x. For this reason , we thoueht it unlikely that  the

sinzle interval algorithm wo uld choose A> x fc- r x~’.76. 
S

For safety , however , we chose  the  £ r id  to allot --- A > x  for

x ut to .96.  ~ e expected ( in co r r ec t l -r ) tha t  for  small x ,

A wou ld  b e mu ch larger than x , and as x at or c a c r ed  .78- , A

would decrease to :-: . Thus we chose to calculate v_ 
~~
.

a n y  for x and v such that x~-y~ .94 , y > - . ~~nce H-~mblet’:

algorithm found an optimal ini tial interval lengtr -. lareer

than Gallager ’ s , i t  seemed likely that the SIA ~-• ou l d  ~se

an even larger T. Henc e , we calculate v 
~~ 0)

(n) for x

up to 1.47.

:he p ro g r am was in it i a l ly  -:nitten f o r  1 :-: ( t h e  distance 
S

~e~~-~een g r S  po in t :)  ~~~l to  . o-6 . A : eaor it-oration the

program woulo calculate value Iuncticn: for aptrox:macely
S
t--

200 states. Changing a single card in the program ( l ine  4)
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S

woul d change ~x from .06 to .01. This was never done , since

it would increase the number of states from 200 to 5000, and

the program would have been too costly to run. The progra~i S

results , however , indicated that the bounds of the initial

grid were much larger than required. The program was re-

- written with a small ,fine grid using approximately t:~~~ same

number of states as the first grid.

The second program uses ~x= .01. Since the f i r s t  pro-

gram showed tha t  for x > .12 , A<x , we restricted the grid

to allow A>x for x u~ to .15. This extra margin was included

in case the threshold for A might change due to the finer

discretization. Values for v~ 
~ )

(n) were calculated only
l x

for x< .79, since it had been shown that  s ta tes  5 1 ( x )  for

larger x were transient . Since the firs: program showed

that the la’~gest A>x ever used is .3 when ;-:= .C-6 , ;---e chose

,~~~ ~~(n )  for  C s z.x< .15 and C- <v< .3. Since
— — — —

the largest T ever used  is 1.29 , we calculated v- , - (n )

for :-: up to 1.29.

The second program also e l imina ted  two co~ t1y ro~~t ires

that were found unne:essary . :he ccnt r c l  f sr  t:~-~~ state

52 (x , y )  was found always less than or equal  to x , so the

second proeram searched a much smaller interval for E. For

~~~~~~ .) (n i . B is tositive oni:, for very lance :: , ocrr es~ c n—d —

to transient ::-a t os , so we ~e: the  s c o o n d  p r ogra m ch o o s e

B(0,y)=0 , without doing a search.

The ir~~rement  for the controls I , A and B, was chosen

58
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to be Ix/lO. Hence , -the finer c-rid gives more accuracy not

only by calculating the functions at more points , but also by

allowing more precise determination of the optimal controls.

Even for the coarse grid, however, it is not practical

to test all the possible controls for each state. Hence

the search for the optimal control is carried out in two

parts. First, the control set is searched over a coarse

grid , with increments equal to 1x. Then a fine search is

made , using increments of .ix/1o , over an interval of width

2Lx , centered at the o~~t imal  control found from t he  coarse

search. 0aximizing a funct ion  in this way can lead to S

trouble if -the function has two peaks and the true maximum

lies between the points tested in the coarse search. How-

ever , the difference bet--:een the value functions at a control

and at ~~Lx is small eno~gh that any error of this t:.~ e is

neclicib le.

4
59

S i~
- -

- -- —

~

-5-

~

-S— . — -5 - - - - - - -5—



----S - — - - 5 - - ---~ --5- -

Q n to
p-. —

-
~

~~ ~~~ ~~ 3 z.  — -~~ < • .
~~ ~~~ < — ~~ 

. ,  
~~

— .  —- —‘ - - -  -
~~ 

c—. — - -~~ -~~ ~ _ H ~~~ -~~ 
. -  r’- ~~_ — — ~— - -:

H ii .-c - ~ . ~~~ .~~ -~~ — . ~— c— - 
~
- : --

— 
~~~ :— -~~ ~-c .- . , . -~~ — —i ~.. -~~ 

— .-- !-_ — .— —~ — ~~
— - - -

.~~ ~~ . ~~. j  :- -~~ - ~~~ ~~ .—. ~ — - ~ • I, • — -~~ —

~~~~
- - •

~~~
-- .~~ 

.~~~~~~~~~ -:J ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ S. S-.~~~~
- - : I t . ~~~~~~~~~~ ~~~~~ - - ~~~t t -

ii ~~.- c— — — — —

>~ : + d (t 
~.C ~~~ __ _a IT -~~ I — • — — II  (~ ~

—. — ~ r-
• ~

-S’. ~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~ ~~~~~. r ..... — ~~ ~~~~~~ I C r ~~—~ *~~~~~ :P~~~ S
. — I -- — r —, -s. II • ~~. 

-: • -~~ ~~~ -: r- -.
— -~~ 

-~~ ~~~ — ~~~ I —. — — • - i  ~
- - -) — -.5.

—~~ 
— 

~-‘~ — C- ~~ * • --., — c- ii c — - ~~ —
—. -~ 

- .  S ~- ~ 
— - -) S 

~ 5•~) — — ~~~ 
—

>( ‘ . ~~~ 
-

~ ft . - -~ ~.. a —
ft .-.3 — . .. -

• -__~~~~ - -,  — —C ‘

* -~
. 

~~• -~~
I ç--

— — -5 — - ’
-

- j  ~ -~~ — L T  —

C) -
~ 

S

• • -~~~~~ --

— r’~ v,

— - —_J _..-~ 
.
~~

• S —
— ~ _~~~_ —.
—3 z~~ —~

—S~~~~~ -<

•
5— — ‘

ii S

7 60

_____ - 5 - - - -- - - - - -~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -- --- - --



---- --5-- --—

p-J -• —
-~

p—4

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ —

H ~~ - H Z < II - C ‘~~ —~ ~~ ii ~- — • C) - ‘-~ 1 C ‘‘I .r
H II -~ ‘—~ ‘—. I? II ~— c~~ ‘I ~I -. — .~~ —~ -~~ ‘—i — Il — — I~ 

-.
~ 

.< ,_
~ ~~1

.-.-~~--4 II —~~ -~~~~~~u C ) + >~~. ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
- - — - r .  ‘ - ~~~~~.... ;_— ..- .

~~~ C— — II - it -~ • ~‘ I ~~ .
~~ II II ~~ ~~ - - a —‘ H C —~ L~ .~~ — C)

~~~ * •  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~ i I~~~-~~~~ -., r-- ---~ ~~~~~~~~
I ~.‘ —~ — = ~~ .~~j -. —. — • I — —C ~~ ~ ~~

P—4 • >- -i — + — -* II  —~ C~ C. — - -  - • C- ‘~~ • II O~
.< + C) ~~ I C- I -~ < I C) — C- C- —~ -* ~~~ I ~~~ — .

~~~ -~~-. ~~~ C-
— ft -5- C) —. ~~ c-~ C) ~~~ • — ~~ — I ~-. — C •

* -5- I C) C- ‘ — — -< 
~~~ C) — I —3 ‘-3 ~~ — ~~

— — C.. —C ~~ C.. ~t ~~ 
- • — 

~-C Z
5- * C) _-4 4. 

~~~ 
. ,-

~3 ~~.

• c ‘-~ ~c ‘-5 c~ •—i •

~5- ‘~~~ ~~~~ + ‘~ * ~~~~C) ....
~~~~~ -*~~~ -3

+ < - 3 ”

-c ~~~~~~~ *
-5- W > ~~. ~~~ —I ‘-.j

— )~~ ~ r’ .
0 II -.. ~~• - c u  a

1-4 Z . -3 .~~
— -C)

— C..
*

C) V +

0 -
~~

C-.)

+

II
a —

— I.-,
C.d
•
H *

—-3

V

S + p-I

5- -~~
+

* -C

p.)

-S

‘-4 C.4
—a H

— ‘-3

+ I.

5-

*
‘-3

H

61

S 

-

~~~

‘~ ~D— —



~~~~~~~ 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

n r~ r~
—. 5-

S C’ “1 U, fl f lj o
S H

C-
C- -

~~ (
~) ( )  H H H ~~ H > 1.4 C- — C) >. ,-4 -i ~~ k—’ ~ ) .—. .—j )< < -_

~ ~~ p-, —
C ~ i Z ~~ C) ~~ = ~~ -~i ii C ~~ ~~ I’ C — -r~ II -~~ -~ - ~ —.‘ —

— I — ‘-— ii II C- I II .— .~~.
— ‘-3 — - ~ ~1 “, C) ~~ - ~~ — C) ~

—. — :_~ >c - --i -
~~ I— •--~ — ~~ C)

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ , . r —  iI C-~~~ -c .-- ’ —
II ~~ ~~- .~ fl- c It ~~ >c ‘. -, • -c * ~~ — ~- C) • — —. -~~ — C) I

a • • • — ~~~ — ‘~~~ C- — C~
4 = . • — -

~ 
— C- • -C 0. r-. 

~~ 
. - C-

~~~~~~~~C~~~0 . C~~~Cl 5- . . 
~~ ~

r
~~

_. .-3 I II :~— 0 . = —.... * II (tC )~~~.—5 —5 — r- s n~~
-
~~C - C )

~~ C - C - ’ — 3~~~~~~
. + C )  I C - I  • I C . — Ci~~-- 5 ~~

•
~~~~

53 
~~~~~~~

‘ . C) — ‘--4 — .e -C) t-’- ’ ~)  — • C ~~ - . - C) C- II C) - - ~ *
- - C - C —~~~-—~~D I~~~ ~~~~~~ t-•~~~~~

!;-- c C )~~~— ’ c .~ ~~~~~~:~~~~~~~~~~~~~ - C - C 5 -~~~_ . - C

~~ — — + ~~ —• ~.o ~~ • —J C ~~ - I— I C.~ II —
C) ~ ~~~~~~~~~~~~~ — ~~ ‘ ~~~~~~~~~~~~~~~ 

5~~~~~~~~

1—9 D C-  • >~~>~~C~’ ~~~~~~~~~~~~~~~~~ >< >~~~<~~~~~~ —

* 
— 5- C) — ~~~ — —

II ‘-3 V • -~ C., Cl H II -~
—~ ~~-. -

~~ C -
~~ ~~~~~~~ > Zd C ’  C-

C- ~~ ~
)  .

~~ ~~ I—
4. • . a  ,

~~ ~~ + ~~ - )-C 5 --.1 Z C)
C’ — II II C- —3 + ft ft

i~ II —a — H —. . >c — o — —
• . fl

= C) C) C 
~~ C)  N.) • —

C) 
~~~~C) C  *I I I I ~~~ c DC)

—

* — 5—-

-C_ - C  --C * *- c — - c  S -C -C- . -.

— • a -S C a

• a’ •
—a + 5-
• -C’ 5

C- C
— ~~. ‘ 1-I 5-

*‘
C ) —

‘~~ *~~ ,-

‘~1~
—

__ —

C) ’.-

C - .
‘< C)

C-

L 

62

- -
S~~~~~~~~~~ ~~~~-5~~~~~~~~~~~~~~~~~~~~-5S --- -

- 
~~~~~~~~- -- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ —- - —~~~~~~~~~~~~~~~~~~~~~~~— -S—— - --- -~ -~~

--
~
- -~~ —



____ 5—-- — •_ - —- -5-- -5r 
~~ _~~~~ __  —Wa a.—.. - - —

p.)
~-—~ —

H 0)
C) C-

-‘ C- C)
H 0 . —  ~~ 1-4 -‘ H —4 Cl .~~ C) > ‘S-’ ~~ ~~ + ‘~~ Cl C)  C t-~ >~ C) i—, — -c -~~

C) >4 )< • II H >4 H II —~ 1 — .1  II a —1-4 II II ‘~~ C) —. 4— II ‘-I LI C) ~~~ . ... — ~~ >4 I’ - —
~~~~~~~~~~~~~~~~~~~~ ~- ‘C - - - -.  1 ~~~~~~~~~~~~~~~~~~ II Li C- I
= ~ s I .~~ * I II s >4 • >, ~~, t~ ~~~ — • • >4 I -~~ -C) >4 — • • —4 5-

~~~ >~ I I-.~ a I — —~ C) C)  0. — C- ..~ • • 0. I C- 5- Cl • C- C 0) Cl - —
C) 

~~ 
5 -— ’  >, T~~ T~- : ..-.. I ~~ 

0) 0) i ... ~~~~~ ~ (~ ‘C) .—. * II —a .—3 —3 —a U
>4 5— • >4 + > C I C- • C) Ii ~~~ >~. ~~~ C- - — . I * II = C I C • • C

“. C ) f t  ~~~~~~ - ? 4 ~~~~ C - a 0 ) . —- - • > 4 •  ~- c C -~ - j > 4 > 4 > 4  I~~~~1-4 C) ~~ * -.-a I ~~ — C- ’  < — C) — — ~~ C- ’  ~~ C
C- 4- — 5- .a Z C) C- ‘ C .O ~~ H -a >4

H C- .~~ 
-~~ * C)  0) + ~a)  ~~~ ~~. J C ft C C) -~~~> H

.5- — — ~~~ i—. C C- • >c >< > ~~~ -4 ‘ — C..

* 5- — — Ii II C) —
~~~ 

C.~ ‘—3 * ,-c * — & a -~— >4 >4
0 C) -C 

~~ * rI Cl --a > ~~— p--f C- ~~ .~~ t’ > ~- a ~~~ —
*>  P.3 C- > > I >4.- >4 C-.)  >c H * * C- — II II
C — II a -C >4 • H >4

*

— 1-I 0

> 4 .
-
5- — C-

*C -  C-
—

-4 _4
— a

—
.5- 4. +

V
< -a  a 

*C — . I C-

H *
— C) I

*
C- C)

— . 4  — -+
* -C

__a * --C C)
C

C., —

— -_ —
H -.. C-
-~~~ •

C-

+ I
C-

0 -+
-S a

+

S.- .

63

L 
_ _ _ _  

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  

_ _ _ _ _ _ _ _ _ _ _ _

_ _ _  5— ~~.55_~~~~~~~~~ 5--5~~



- 
- - -r -. -5--— -—-~~~ - - —-  - - 

-
~~

C- C-

— C) ‘~~ I! I < II ~~ H — C ~~‘ ii C C- IL a - ~~1 C ~~~ -‘~ >4
~~~ - I ?  ~~

- ..< LI — II ii — I II C ~~— -C .-. -C 1 C) - 
-

II ~~ a >4 C) I I C Cl ~— — —~ -~ — — < ‘— - -~ —. — ~~ C- ~— — — :-~ II
t J t~~~~~~~~~ C I L . 

~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~ tI > 4 > 4 — .~~ C C~~~~~~~~ ’~4
>4 • C- C CJ ~~ — I . • >4 _a I I • • —, a • —4 Cl Ii - ~-1 ~~ —

0. Cl ~4 .) I~~ * -
~~~ t—’ Cl 0. t-i ~~ — -4 C- — — C ~~ ‘ C- >-(

a—. P1 C- C- a * LI .—5 ~~ — * IL C H -3 —, —‘ C .—1 : Cl LI ~~ 0) -0- -~I ‘ — a ‘-4 I ~~ - . • I C) — . . . — — • • — C .~~
. “ ~~ i—~ ~~-~~ ~~~ >4 ‘4 C- -C >4 t-~ >4 ~~~ H .a II  - >4 >4 I ~~ -4 • • .~ —~ --a C)

C- ~~ t.3 t-. C- - — ~~ ~~~- ---. s  = -
~~ C -~~ C C • • -D

— — — ~~~ ~~4 I -C C) H .a >4 Z ~~ + C) —a I0) — —.3 >4 C C ) _~~~N 4 C)
0 C) — — — C a ~-. a >4 _ ft >4

5- II II C.4 S a C)
b-S — ~~ )-ç ~-< C., - >4 >4 Cl 0 4—i
O C ~~ ~~ — C ‘-13

— Cl )-. ‘--4 i s  S.—4 C) >4 C.,
P-I C- C)  )< — >4 ~~ I ~~ C)

C-.) .-‘ — Ii It II 1 C- >4 ).( H

~4 >4 >4 — + >4 >4 >4 II  II -ii •
C)  -C
+ ‘4 a C) —

-a — C.. C)
— • C)

>4 I
J V C-

— 0 + >4
5- I
• >4
C) *0 C-
5--
—
‘S 

—

*
• a
C) C
0 -C

-S
C..

C-

H

H
5-

*

>4
C)
I_ I

C-

~

6L~ 

- -



--

n n
C- U, fl N.

C
C)

I—’ H 4-4 C) H ) —, I.- H C 4— H-I — C) C) ~~ C) ‘- C) -C t — - Cl
II C~~~~~~’-~~~~~~~r- C )  1 

~~~ t- • II ’—: — *-~~~ C ) C )~~~’ C

II &4 4- 4 C- 1~ C) a 4 L.J ~ >4 a a ~c —4 1 4 -~~ >4 ~~ ~~~ I a C) -r a I ‘4 - ‘ -: C-
~-4 II C) .a It C) C) C) — C < Ic II C- I .)~ it ft C C) —C ~) — 

- -, ~I It iL C
—4 C I I  . 7 4 I 4 —  ~~~H C -  ~~~~~~~~~~~~ I~~~3 I ~~~~~~* I I~~~~~H

• ~� .— -~~ ~~ C)  Cl — ~~ = • • c; 4- ‘-~ I C- - —
~ 

I H -I- ~~ -5- —
C- a >4 - -

~ I II 0) 0) C) Cl - ft II C C- 0. — C- C- a >4
* I ft I Cl I • C) - C- ~~— C- I 1 — ~~ = ~~ — C- • ‘4 > 4  I I ~ ~~ I
.-‘ —‘ ~) 4-’ —‘ C)  >4 — C >4 • C- C) C- — • C I ~~ t—’ -a C) 4—’

C) ‘ C- a C- C C >~ — Cl 74 ~3 ~~ C~ * - I C)
~~~ 5- ~~~ Cl 0 4 . >4 4- 1 ~~

C) — C) ~~~~~~~~~~~~~~~~~~ C)
0 ~~ >4 >4 • C) — I—’

C- * -.. C) 5- 
* C)  — C-

-5-
C) C) C-

C-

4- S_ a—
Ll Il C

C C )  5- C’
— H C

— • >4a
4-4
C) C)5- ’
>4 •
‘4
— 5-- C) H
— 

* P~4
4

—
-5-
•
C)
o

£ -C’ C-
P1 < Hf
>4
I

H — —< .—-.

*
C-

S —
4

S
-C
a 4-I 5-

ft
—
-
4-4
C)  — C)

S H 1-I
C-
-a

+



_ _ _  _ _ _ _ _  _ _ _  ____ - -

L~ U
— (•1 C) ..— c-S

C-
C

C) I-i a -.~~ C 4-’ = H ~~. H = H C- C) C C - H  C) CL S.-’ H > 4 C C  C) — -~ — C
a ft >4 >4 = t~ C -‘~~ C) = LI -~ II >4 1 C- i L ‘13 ‘~~ >4 C C I t  C ~~‘ ~~~ ~~~

~~ 
.. II H C ) C ) 4 )4 !I 4-4~~~4 t I >4 LI CZ~~ a I I 4 I C  ... C I~~~~~~ —.~~~~~ C) • I I

I a C) C- — LI I—. 4- I’ II C- ~~ L C)  4- >4 CD I C- -C) —3 C a a -C ~-‘ ~- - - -3 — — C) >4
C C~ -~ C- C- C- It C C- C Ii • C- C- -- Cl a >4 >4 C’  ‘ -~‘ — C)

pi z I I ~ --a II C >4 * L I ~~ >4 ‘S~ >4 C C) ft >4 ~>4 24 24 >4 Z C) I —
C- S a-- C- I >- II ~~

-. >4 I — = C) C- -C) C- — Cl C’ • • -I- C) • • CI 74
C- 0) — H a * — — S >4 C- — C- C- a Cl LI NJ NJ 0)  Cl — Cl • 0) >4 C)

C- • >4 5- + C) I - I I I aa--’ H H C- C- C- I I
• C) * • —a C) ‘ —a C) 4-4 5- C) >4 ~ >4 • It C • >c

0~~~~~C .  D I C) — U, -..J >4 >. —’~~~~~~~~ C ~~ >4
~~~ -p —a C)’ -a I C- C) + a — — Ii z ~~~ ‘-6

C) • ft C) >4 Cl C) • ~~ ‘—I I -- ~~- ~~~ 
— -

>4 — C) >4 >4 —~ b- C) 3-4 C) -C >4 >4 >4 — ft
— ft C) I C) C- ~~I C) C “S 5-

~~~
5- 

* a
C- + C) I-~ C) a — ..

C ) C) <-  ‘ 0 C) H>-~~C~, 5- C C C.
05-  -a ft .-~ — • ~~ C C)

ft — P13 >4 > 1-I 74 C > > C)
b~ I C_, >4 >4 C) >4 >4 ~~, +
0 <‘ 5- • II II C- I II II S

-C ‘-4 -
~~ >4 >4 — r-1 C C) 24

>4 >4 > 4  >4 C) — —
V I

‘ • >4 C) ’
-1 *.-. ‘.0 ft > 4 4 -

C’ C-
>4’  • >4

‘4
5- H C) C) 5-
f t C - H  - 4 - 4 *
C ) .’

+ 4 -
< C-
< f t

C) C_I _a
—

—
S • 4  H P-’

> 4 >4
+ 5 -.-.
— C) ’ —~~~
•

*5-

C C)
4 - C )
C- I—I

1-I — 5 - 1 3
C- a —

* +
C)
>4
C)
p-I
C-

+

66

5ff

-— — ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - S S ~~ S - S~ t~~ ~~~~ -- - 
- -

-
- —S~~~~~~-



~~~~~~: 

-

~~~~~~~~~~

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ C - C - t I t-~~C)
1, 11 ,—I .---1 - i C ) , — i f I . 4 , -M 4 - — ’ H 4 - ’ H~~~~~- - ’ ,_ , 3 - C

C a~~~~~~~~~ O~~~~~~~~~> 4 -  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~ —
- 5- 1 C) I I -.) H P4 H —3 H • ~4 C- II

,~~~~~~~~~ C) .... LI Cl 2 4 2 4  -. C—  24 74a — -. a C- 0) C l —  — C
C- a C - C ’  LI c—~~ ’ C ’ - c ’ c C ’. .- C ’a J ’,-s C ’ C) ’- : -.3 Cl II

S S ~ -C II I I’  e — s a s S  — ¾ ’  ¾ 5 % — —  •
-a -ft ..a .-. 74 5- a -5- ~~ — — —a -a -i — —a — — t., L~ >4 >4 I ~~

0 0  C) CD 4-4 5 CD C) - C) ‘C Q C) -:) ç
~ C) C) C) - -.- CD C) ~~ 

C ~
.

NJ -a t~j — ‘C ‘C NJ U NJ -a NJ NJ NJ a S  NJ 5- — — 3 4- NJ 3-4__ 
5- 5- 74 -.4 —4 5 - 5-  * 5- — C- .‘4 C) a ‘S

NJ — 5 -~~ C’ >4 — C-,
C’ 1 C) a aa — C C) S —a

-C C- Cl C) NJ C) C) C) —a C) C) H >4 Cl
C) 4-4 5- C) — I—I C) a —4 — >4 — 1-3 C) C) — C)
~~ 4-4 a C) 4—I — — H — ~—4 — >4 ~~ H C)

4- a C) -_I — C- ~~ — C- ~X H >4 C) I
s __ a 24 ~~. >4 O-~ #-4 C II II a

• C- r-’ —i C- C- C- — C) C- H  ~s4

C- 5 5- >4 ‘ 5- Cl 5- C- Lii ’ In -
IS S __ — — — — II • • C’ • C)

Cl C- C- Cl a Cl C- • -C) C) C.)
— II II C’ C II - II II LI >4 ~ - ft

a 5- 1 — ‘C — 5 >4 >4
C- — LI i—I S -.4 ¾ — C- 5-

— — ‘.0 5- 
‘ ‘C • ‘C ‘0 C) *

—4 5- 24 -.4 C’ —4 —4 C-— C- S — — _ — Vi H
II C’ C- C” •

5-- 5- 5- 4:
— — >4
24 Cl —a II C-
* —a C)
C’ — •
— 24

5-

S

67 

—- — — -~~~~~~~~~5-



——~ -—- - - -~ S~~~~~~~~~~~~~ -- -~~~~~~~~ - - - - - - -~~~~~ - - -~~~— — - ---S - —

NJ

P13 ‘J~~C H><~~~ ~ ~~C) H C- C ~ 1 --1 ‘T C C-
C) 0 C) I—’ H •. p..’ —4 P—I —

‘V --3 a C- H ‘~~ ‘--3 H H H
4—P >4 ~~! .13 :~~ p.’ Cl

= 4--I ;s a a

• > 4,  * S S S S
t ’  I _a

H ~~ - )  
~~~ 0 0 0

•
• H 5- 5 - 5 - 5 -5 -5-

0Z
0 _. a ao C ) C  <
0 C) N.; C ) N J
-a -S a — a5- C- i—i C- P-I

5- 5 5- _

C) ‘ C l
0 C - 5-  Cl

1 I I’
H ~..J C- - ‘C l
0 U-I f ’  C L I I

S LI S

NJ LfI U, L I C )

5-
~ -.rt U
a

p
_

S

68

1
- --



C C - C
— CC

C C H C)
4-4 C)
C) Cl C
C- C) C H

C
0 C/i C- C- .--- - 1 C Cl :: ~~ C- II LI C -C ~ C) C- NJ C — C- CL. -a > r-i “~ H a—. C)

C- IL II >4 — ;- 
~~~ > _, —

a >. a a  -4 — II C) ~~ >4 >4 4 + I ~-a 4-Li C) — NJ C) N. •—. — 5- — 13 II - ~- C- Cl
a C C ~~ -~~ ~~. >. -~~~ CI 5- IL C- S — • 5- — — C II • 1—4 H

C~~~~~~~~~ H - L ) C I H  ~~- t I C )  I ~~~ C) 4 - H~~~~~~~~ fr4 .-. H 4--4 ,-- It I — ’ C I •  C.~~~i L ) C 0
C- = • • C~ + — Cl C • • —C a I II I’ ~~~

‘ II — — LI 5- II C) C) — 0 — 4- ~~~ 4-
~~~

0 ) >4 C - ’ V  + II C~~~~~~~~~~_>~~~~~~~~— a - a  —5- Il — II II 1I .. • I~ C 0 C) 9 3 a — ~~C~C- “ + a a = C C) ‘S. ~~~ - 5- - C> - C) — - C) * C) C) I C) -‘ c~) ~~C) • a I ~ C) NJ NJ II • __ • - -  — • -C - a_rna C) C-
a C)  ~~~~~~~~~ H C N . C- C )  N . U ,C ) C ’ C _ . .C) I ‘ . j C ) C )  • H C )
‘C C) C) • — 

~‘ ‘-C .3 ~~ -* — CD -~~ C) C) C C- C) ~~ C
H C) C- C) NJ * C) 5- 3 a — C- C-
• >4 >4 C) H NJ Cl * NJ * ~~5 - 5 -  + H • 5- C C/) 05- CL

1—3 • C- 5 - S  C-
< ‘-3 5- Cl 0 — C .....

C-
C a - - IC )

C)
1 1 1 1 > 4
<-~ -3 * H
C) C ~? O  I

C) 4-4 -a- 5- 
~

.p —
Cl S 5 - H

C.. C- ‘V - C  —
5- U,
+ S 4—I _—-.- ~~
-C C)
NJ C
-S
C__I L. L. <
S P.D O C-Li
H 5- 5- a
4-3 —— >4
— < C —
*

5-
• C’’ C
C S —a ~~C) L I C ’  H
I a’ C)

-S Cl
-a• - 5-

• C0
+ C)
p.3 >~— Cl
* C-
H —
i_Il
>4 C-

H
C)
C-

C)
C)
4-1
C

69 

- 

-

_



C C (1
C- U-I Ci Cl —
4-4 3
C) Cl
C- C) (I

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
—

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ l~~ -3 ’ t 1 C-a I.--4 C ~~~~ -—l~~~~ t .1 Il 5
II 1-P 4- II 3-4 1 C- -‘ II Il — ~~ > H C H a — II II ‘ - I >4 H

C- C- C- —‘ II ‘j — C) - — >4 — a Cl .~a ~JI >4 - -4 >4 -~ —, a • —4 4— - ‘— C- ~ ‘- I I II C)
-.‘ II C) 

~~ C’ ~~ LI C Cj -.’ I ‘ ~~ II - II .1 — ;-— -C -
~~ ‘-~ LI C) ‘-3 C)

* II ~~ > ‘—. .—. >~ C)- ~~ C) * >4 a C) 3--C >4 i—s >4 I t  _ a ~—3 + II . 6 Ti >4
5- -~~ C C- — C- C) a ~~ Cl • -C 5- — C . I C- a C) C) >4 I

5-~~~~ >4 ~~~ .-.~~--3 p j ~ ~~~~ L Z. . . a _...a * l L C C ) . a  I C ) Q C ) .—~~ ’-- • >4 P C )
• • C) S Cl I • C) — -

~i >4 -r 
~

-‘
~ • C) 5- = c.. — C ~~ t1~ C- a + C) I C- a 0

C C) P-I — - 
* C) — • . C) ~

. p~ • CA C) >4 • • — H I -

~~ I > — — Cl .-aC) -C C 05-  Cl LI C- — a C C I H
+ ~~. + ‘C ~~ 3 .3  C.. C) C) • H — 0
< C  ~~ ~~~~~~~~ C) 

~~- > p C )  C) +
Cl 4- 0 * • >4 C) C) >4 >4 H ..) 4- Cl
a C- C a ~~. C 5- 5- + ..~ *C.. ~~~ C.. • *-3  C

0 C- -~~ ~~ — C ~-3 H C-
— C- ~~~ C) pi1 * C-
• --a ~~ ~~ + 0 ~~ ~~~‘ >4 H C-

0’ )4 > 4 - . .  5- >4 > 4  t~i
• fI .. a H

• -C II . < I I  *
C C ) H0 Cl C)
I I

C- C_i C..
5-

5— 5- +

* * -S
C -C C
-C C NJ
a a
C.. C..
• S —
-5- —- — ‘.3
b-I C- —

5- 
*

+ P.3
-5- C)

— H
- *  C-

C) +
H
C- NJ

a
C..
S

4-4
‘-3
4-
-a
*4-3
C
4-4
C-

70



C). C C C
C-a) -

C- a Cl .-3 Ci C’4-, -C
C - C l

C’ ~1,

+ C ~-.4 C_. > 1-’ ~~ C- -.‘ C ~ — s—i s—i -C C- ~~ C-i~ p-’- ~< C) — —‘ >4 C ~~ 
—P s~~ -~~ ‘——

<~~~~~~~~ > 4 H C - I t C)~~~~~~~~ C - C -~~~~~~.’ I I C C- C ) , 4 Il~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~C II >4 C C >4 -a. I’ -~~ C- It II >4 .~~ U — ~~‘ C — a CIa >4 II 4- 4- 1 IL ... ~ —~ CLi~~~ > 4. — a >4 + ‘-Li LI —4 C - C l  ~~~~~~~~~~~~ — 4 -  — H ~~~~~~~~ ----. .---.
C.4 ~ 4-i C- C- — — r-~ — - -~~ CI LI C C -

~ C- a — C- II ~
— I 

~ I-C ... - 5- 
~—i -~~ ~~~ ‘—‘

C- ~ . a II C) • ;.c C —‘ ~~~ C) - - ;-‘- Cl LI >4 —a • • H .a it -
It  ~~~~>4 I ~~~C - - C l - - -• • ~~~~~~~~~~ a ) 5 - C l H C’ r~~ ~~~~~-‘ C ) •  • -

* + -a -C) >,  a —
~ I -~ C. I .. C a * LI = — ‘—4 ~ — I i  — C)

H ..... I 3-4 5- I • C) Pt ) >4 r-~ C” — I a II C. I C) NJ ~-i — • — .C 
~— r-’i r~ ‘—3 F~a C) I ~~ .. ‘ 3-C C- — -3 — - — - — >4 -

~ — >4 >4 >4 5 >4 • a -
CD 4- C 5- 5 -  Cl — C) -C • 5- C- — Cl —a — C) C C C -

+ C) I ~~ C- + a C) C) C) C) LI 0 0’ -~~ ~~ — —~~~ C)
a 0 >4 C- C) C- ‘C > ~ - —~ t—~ C. C) Cl I-C C) ~~

. 
~~5- + >4 C) ~~ • >4 >4 * C- C) C) 5- 5- C.. >4 >4 <

*<  C * S
C) H ‘-3 ~~ 0 ~I) >4 >C — II IL

C- OC-
Cl C ) C ) C . .  0~~~~~~~4-

4-4 5- NJ C- ~ -. ~~ 
5- C- H  >4 C) ~~ ‘ ~~ + +

C- -~~ >4 5- II II >4 Ha a
5- + II — 4- >4 * >4 4--C II II —‘ —a II C) C •

C) a 2: A C) C C)• • 0C)
C C C - A  I I
0 0
I -4

C_i C_i C’
b-C * *

I Ca
>4 >4 C - - a
* * 5

C- C
s Cd

5- 5—

* * ~
-j • -C

a —C
C C V
C 5- 4-

C-, >4 *‘C_s a
— C- C 5-
Cl

C-
4--I ~~•

5- C)
4-4 4-4
— C-
* a

>4
C
P-I
C-a

71



_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  I

C C
C’ C’ 0’ NJ NJ

a -~~

C - C l

~~ 
.—

~~~>. -C ~~ ~~. ~ , — C 4 - >  ~ j-, >. Cr —C C ~~ ~~ ~~. ~
. 

~~ 
a <~~~~ C —

C- C- II ~~ - C IC 1 5- > Ci >. C- II = It >4 II -~~ L I  Cl ‘-‘ -
~~: II 5- ~ ~~~ s-

___ I t  ~ . • ~~ II t~-t — II I ii — - > > — C)
• C- ~~~- — I ,~ ~~~ a — a I t—t r 2~ ~~ - II a + >4 -3 I Cl C - -

~~ - a a — Cl H a —
5- C C) * C ~~ - C  ~~ - ~ C- ~ a — II -~~ ~~ II • ‘C r~’ I a 

~~
- >4 I-C — S 5- I—i C

II C) SE -
~ ~ j C) I >. I + II C- >4 ~.. ~~ • ~

- C C) C- >4 — - • i—’ Cl it C) C)
• C l > 4 ? C l •  —. $ P . ’ a C) 3~~ a)~~~~~C l C) .3~~~~~~~~~~~ C - C d P -~~~C . ) C - S  >. C ) •C) C- * LI C- C) Cl • >4 C- a c—i C- C- . * II = — ‘.3 .—3 C- LI -a C

C- C- C- • >4 C I C- I • I C a C- - • 5- -C i C- C-
• —5- C) — C) 4-4 >4 >4 t~ -.J 1-4 ~-4 4-4 i ~~ I-; • a

• < C) I> . .  5- 5 -  Cl
C ~~~~

,a C’ > > . a > 4
> . >  0 >. >. -C C) C) C- > 14  CI — “~> 4 .  4- 4.-C — — H C) 0 C) 5- 

~-.
C 5- 

* a C- C- C — 5- 5-

C) C - C . .  H V)
a C ) > . ’  .3

C) II C.. 0 1-4 C) ~~ ~-4 .3 C)
5- *> .  0’ C- >< Z I

>4 5- H NJ 5- II II C- > 4 > 4
II + .3 -C 5- >4 ~ >4 >4 3-4 II It

L i *  5- C>
C) 5- C’ .-~~~ C)

•
C — ~—t

0 1 - I C-  C) — .
I > 4 -

— C •
a *~~~. 4-.
•
C C ) C  C)
0 4—4 0
+ C- s--P
>4 - > .  H
5- 4 - H
* C +  C-

C- NJ~~~a C-
4-C a—
5- C d *  A
* >4

-C 4—I C) •
NJ
-S P C -
Cd
• 5 -—

Cl * 4-
5-

P-4 C-
C - >
5- *

a
C-,
a
+
C
0
a
C-I

+

72

- -~~~~~~----~~~~~——---



C C) C
LI C’
a C - ’-C_ C) C C )

Cl Cl Cl
(I C) C)

C) Ci C) L I ~~~ 4 ’ I-- ‘-4 II C- ‘I C C- C- C- PL C 0 Cl C- H ~~~ < — “~ C- It —
5-4 4- I >4 II ~~ ~~ II C 1 II ...-. ~~ C ;-. C — — C
M C-  ~~‘ It C .—. + >4 -~~~ I C)’ Cl L.1 a C ~~ ~~~~~~~~~~~~ C 4 - ” NJ ~~~~.a C
a ~ — II • ‘C C- I 

~~~ ~~ t’ I -3 C- >4 S ‘~3 C- >4 - ~ >4 >4 _-
SI > 3-4 ‘a >4 • C- C) >4 >4 —a >4 - • — — • • ,— a • - ‘—I C-
a ‘C C C- — C) Cl * -C) 5- Cl C C- ‘t 5- ~~ C -- Cl Cl C C C l ’  5- C C C l ’  —

>4 C- a - C- ‘~~ a * tI H C It ,— —5 — L I C -3 ‘.3 — II -a -C i—3 •-3 C- LI
U I Cl I • C I ‘C ~ a . I a 5- NJ — . C 5- 5-
C) P-I >4 ‘-4 t — ~~~ NJ 1< 

~~~~~ >4 >4 >4 Cl it S - .  >4 >4 a C I -3 1-4 ~~ I ~~I t-’ .

~ 

~— 
~~ ..~~~j s 

~~~~~
5- —. .-. S

C- -
~~
‘ C ~~ 5~.a • — ~~ a j p— C C)  > —‘ a >4

C C) C- Ci 5- >< C) C Ci — 1< C) 5 C 14 C) “a,
I—I 0 II II C ~~ ‘ 5- 5- -~~ — a - 5- 5- C.. a
C- C a 4- s C_s ~4-3 C - C -  C ) > 4> 4 L C  < > - 4 > L — . . ’ >4 > c r_ •0 a Cl C) C) C) — v ~~ 

5- —a C) C) — C)
C- I—P 5- _. C) ~~~ i—.4 —a S i—i C)

LI I C- >4 C) s C_s • s — 1-4 C) I
NJ a a St SI C- ’  SI it -a 5- II It C-

— >4 1-4 >4 5- Cl 1-C ~
- + 1-4 >c 4—C

5 5- C 5-

— C -

S C_I
S

4-4 a
V —
0 +
• a

U
-3

NJ

0

~5~4

1- .

73

- — 



- ~~~~~~~~~ - - ~~~~~~~~~~ - - -
- --  - -~~~ 

-
~~~~~~~~ 

C
LI LI LI

-a C. LI NJ
4-,
C-C)

4 - C )~~~~~H > t- C) C - C - > 4 ’ C  ‘C~~-i l--~ >4~~-, L--a C C L...~~ — 4 ’ C  C ~~~~‘C 1 - 4a3  <~~~ 4 ’ — 4---
C- C C C) C) II II ~~ L~ - Cl LI C- >< C C) C- “~ I! ~~ C 1 -

~~ ~ C) C) ‘C
> 4 II ’. 1 I-~~~ II > ? I C . - I I C tI ’C > C  II ~j I I  ~~ • a I I > c > 4 I I
ft P-I C- C- ~~ II C) 4- >4 C) I 

~~ C- ~~ C ~~~ - a > 4—  — I >4 ~~ I — ~~. C- t i  C H
C ) s - t 1~~~~~~~~ C - U L L • C i C- C l C. ) C- a> 4 4 . c C - C l S  - C C C )  1 C C iC C~~~~~~~~~ 1 I I C)
+ L I 4-- >4 N ---i L i -C C) >4 -~~ - a >4 ~~~~ _

. • >4 Cl Cl a Cl .. I I ~~. I >4 +
4— P a .a 0 C) ‘V Cl C-) Cl Cl C :-

~ • • 4-1 C- C- ’  — • C- Cl LI Cl — r-~ I 4- +
C- >4 ~‘ 4 a C-  C - a C~~~ L I C  CC C - ’  P~~~~~~ C l t I C C C- > 4 L I ’ iC — . > 4 c -~~~’C C l

C I C- I I I -~~ ~~~ 
.-~ ~c - • rt C- I c-i • >4

C. )-I C- 1-4 —~ —.3 >4 — • . — — II • • C- • Ci I I—4
I ~~ 

5 - 5-’ >4 1-4 Cl 5- 5- -C C >4 C .J * —
C- — C) :-c C) — C) C) C) —C C) + 1<
U LI 4-- ,—s I ~~ C ~~~ 

5- —~ I
0 >4 C) C t—~ 1-4 >4 1-1 * >4 • ‘C

C- > 5- <.—~ --.N — 5 -  -. *~~~C) a >4 H — — ;-~ 4.) *C) >4 4.C C.a ’ — C C )  •
:~ It >4 a C) It C) 0 C

C- ~-4 >4 — Ci ~ >4 -3 * a C
a >4 C I.  C) LI C) >4 + H — a —
>6 II It C- — C I LI C Q -C C-. *— > 4 >4 — >4 C C- -C I,.- ’

— 4-4 >4 >4 __ C
C - H I  C_s

>4 — S  1--C — S 4--C a
V > 4 *  Cl
• C- 5-

-a C - > 4 —
U, +
• 5- C- Ci >4

— C l- -I S
• I—4 ’-’] Cl
C)
C) — - C  *

a

• a % C-
C)
O
+
>4
5- 4 - 4 - C..

*
C- 5-

4-I
5-

* C C )’
-C 4- p-I ---
NJ
a a Cl
4.4 —- 5-

5 4- *
>4 Ci
5- C

P-I
C-

+

7L~.

_ _  ~~ ,—~~ -Th - -
_

- - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -~~~~
- -  - I



- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
--~~~~

--
~~~~~~~~~~~~~~~~~~~~~~~~~~ 

-

C)
a —i -j

~ -~~
C) ~. ‘__) C~~- -~NJ — =

H
C)

~~ ~~ . ~~ L ~~ ~~ C C- C- C- H 4- 1-C -C C) C) a — ‘C C
C- ~~ ‘ —c- — C) — ‘-j — Cl -~ y Cl Cl Cl —

~ C) C C- ‘
~~ U “ — C~ .L C- - *

• .,— I I
~~~~~~~~~~~~~~~~~~~~~ 3 ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ I~~~~~~C :- ~~~~.
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

5- C ) C L~~~~~~:-i
—i H ‘—3 ,—

~ • • t—i Cl II C I I
-S s—_ aa a .._ a Cl C Cl 5- C) f ‘-1

C’ C’ C’ C- C’ C’ C’ -C’ C’ C’ C’- C’ C’ ~~ C’ C’ ~ C’ a C’ a C’ a C’ C) —
~ H Cl I I  C- C —

5 ~ ~ ~ ~ s , 5 5 5 5  s 5 — _  — s  • -~~~• 5- _

—a a - — ~
_ — - -a - -a —e — — it Lfl >4 >4 I LC • 0 4-

O 0 C. C) C) C) C) C.) 3 - 
~)  U C. 3 C-) C. C) ) ~

) C) - ) — C. C) —~ C C C~ . —  Ci
N J N J N J~~~~~~~~~ N J N J N J N J - aNJ~~~~~~ . ._ s R~~~~~~~~~~ 5- C ) . - H N J > 4  ~~~ + 5-~~~~~

-

~

5- 5 - H  C- >4~~ C . — , ’--, • -+

>4 -~~ C) 
_ C.. a >4 5- C) > ~41 % a a — a —‘ < 5 C) — 5- 

* ~~ I
~~~~~ ~~~~~~~~ . - C C  )~~~C C )  . - C t~ -.~~ O

C- ~. — C) — Ci s-. — C- -a C) C’ - 1-4 H C) — Ci C) C) C 5-

4-I a 4- — H a — 4—I — 4-I a 5-I >4 Ci ~~ — -3 0 — —~ ~
4-4 C) Cl H H C) C- — C) Cl — C) -a — C- C) *—, >4 Z I * Cl

— 5- — — 5-
’ — 

5- — 5- — >-c x. r-
~ ii .-—. .-i C_s >4

Cl C- — C- ~— ~ C- Cl C- C- — Cl C- • Z C- >4 > — 0 C s
5- Cl H 5- f-’ — 5- r- — —, u-’ — - ~-. ~~~

L I ~ - ii . — t t s — U C’ ‘ >4 • C -~~ __ ‘C a
Cl Cl Cl C- Cl Cl —.. Cl C- Cl • C) C) — C-, >< C
It SI -~~ II SI ~~~ IS SI — Ii It — II II 1.-I 4--C 4-- 4- 5-

C’ C’ ~~~ -~~ S LI — -a a — a - — 4< H ~-i * —PJt -JC C’ 3 -~~ LI LI i.j —4 .4 C’- 5 5- C- 5- Ci C)
5 4-~ * ‘ -3 ‘ NJ 5 — 5- -a — C * 

5- IC)
5- C’ C’ 5- 

~~~ -~~ 
5- LI LI C’ C’ • * 4-4 4-

C) C.) -~~ (3 NJ 4,) 5- Lii 4--C ‘C C- C)
5- 5- — 5- __. _ 5- 5- 5 5- 0 + 4—C

-~~
1-4
S .a _.., ‘C
C- 4 - C _ s C)

‘—I
•
U,
—

S + 4 - , )
4--I -e~~~
C i5 -
+ *‘

— “ C C)
* P -I 1-4

C- 4-

P—I — --.

— Ci
C)
‘-4
-ii
-a

+

7.5



- - —• • ~~~~-- —- - — — — - — — — ~ —~ ——-——-•---•._—,•I~ _•-•,____,____-____ - ‘---—.-— - ——— -— -- ———- — - ~~
-‘--- - -

a — ‘-C-
C)
CC- a.

~~ ~~~ 
- 

~
- .

~~ ~- .. 
~~ ~~ ~

- 
~~ ~~~ ~~

— C- ~C ~
— 

~~
Cl Cl Cl C- Cl Cl Cl ‘C ‘C ‘C ‘ Cl Cl - - — Cl ~

—‘ C) (‘ C) Cl

4-—’ ‘- ‘  .— P—4 4—u —4 ‘ 4--i ‘—‘ ‘—‘ a ~~.‘ — a —~ 
-~ ‘- l— — ~-‘ ~ H 7’ - - 4  P — 4- 4-

‘- aa a a a  aa .a. .~ a a >4 a a

5 5 5 5  s 5 — — 5 S S S S — S — — 5 5 s 5 5 — — 5 5 — * - a S S  S
.. ..e a -a .a ..a ._s ~a ~a .a -_ _a -a — — a — — a a a — — — — —
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ O s  C ) - )
NJ 4--i NJ —. NJ 4-Si NJ —a NJ NJ NJ NJ NJ NJ — NJ NJ NJ — NJ NJ NJ — LI NJ — LI — NJ — NJ

-0
a a a a a S ‘V

Ci C ‘V C) -~~ ‘J Ci C ‘V C) C ~~ C ‘V -C ‘,) C) ‘V NJ ‘C ‘V
C- NJ C) NJ C) C) NJ C)’ C- NJ “ ~~ I’) ‘C C) NJ — P—I C- S 4—4 C)
a — a -4 — — H a a a 4-4 — _ .—~ C) h~. — C) P—I —Cl P-I C) -4 CI Cl P-I C) Cl H CI Cl 4- CI Cl 4--I C) --. C) C’ z Cl

5- — — a a a 5- a .— 5-

— C- C- • r C- ‘ C- Cl s Cl C- Cl C- • C- — 5- Cl — — Cl -
Cl 5- 5- Cl Cl 5- ‘ — — 5- Cl 5- 5- — 5- >4 Cl
II S ~ II — — II - — II — ~ II — ~ II — — a S — _— S

‘ C C - C -  C ’ C l C -  -0 C lC l  L I C l  - a C - C -  — ‘ C - C l  -‘C C- C- -‘C — C’
IS II Lit II LI ‘-C’ II LI I_.i II II —.J II IS S 53 It ~~ SI C. C II
C C” ?~‘ • -0 -0 5 Ca. LI S ~a _.a — ~a . a
— a Cit C’ .0 LI LI LI -4 ‘-4 C’ — S Cl S LI 4--I • ‘CCl S 0 5 0 — . * 4~

_) S 5 5- a 5- 5 C)
5- 5- 3 C) — C’ Cl 5- -0 ~~ 

5- LI LI C’ C’ Cl — Cl C’ 5-

C’ C’ 4.) 0 .0 ~0 ‘C C) NJ NJ 5- 5- 5- — —
5- 5- 5- 5- 5- 5- 5- 5- 5- 5 -  a

Cl 5-

II S
a C-
S II
-a -a
C’

C’

76

- —- -,‘. - -~~~~~~~~~~ -~ -—  ~~
-
~~~~~~~~~~~ -~~~~~

- ——-
~~~~~~~ -•- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

-



v-ri ~~ C) 4— >-c ~~ ~~
- 

~C ~ : ~: ~~ ~~ ~-:
- : C) CD C) —4 a H ‘— 4—4 ‘—4 a —- — ~~~ — .-

~~

C) P-I a a
C- .4- C’ C C’- C’- C’ C’ C’ C C’ C’ C’ C’
S < S  S s S  S~~~~ S — S S  S —
t~’ I ~~ — — — a

C. .D -3 ~~ -.) C) 0 3 -~~~ C C) 3
• ;~ 

(—4 t—__; t ’~ -a T-’~? t’-_~ T’~_) —a i—..; NJ ~
— —

• 5—I 5 -5-5 -5 - 5-5 -’’ 5 - 5 -’ 5-

O CI
O a
C) ‘C -C ‘V C) ‘V C
O Ci NJ ‘C ‘C ~~ C- ~-j C-
~~~ -S a — a a r~~-S— Cl 4- Cl ~-I C) Cl H CI

5- S a ‘-~~~5 a 5-~~~ a
C) - C - C l  S C l r4 S C - C -
0 C- ~~~~~~~~~~

5-

I I ’  S iI~~~ — I l’  —
H — C - C -  C l C -
O 4-__~ II II ~~4 LI It -.J II IL

sO —~ a LI -a — S -~~ 3
4-4 5 NJ ,“~

) — a __s ,4
~~ ~~ ~3 — LI a —
LI ~ t-.~) S f’) _.

o -a ‘C? —& 5- a
— LI LI 5- NJ NJ NJ NJ

4~~~L) 5 -5 -

__________  - - - - __________________



C-~~~~~~~C-~~’ ~~~~-

1. ~~ranson , . , Pac1-:e~ .-± tchin~ -.- -‘ ith a~~ l1i e3 ,
:.a-tio-a1 0o -n~~ er ~-~~erence, i-~1. 

C~~2 , 197- .

2. ~oberts , La;-.-renc e - , Aloha Fac::~ t -ste:~ .-;ith and
with out 3lo~~ and Ca~:~;re , A~ d , :o t e  -~~, -Thne 26 , 1972.

* 3. ::etcal ,.~o’:ert . , Fa c :e c Con ica c ion , :-~~:.: ,

TR- 1114 , :ece:~~er 1973 .

2,~• Ro ’c-erts , L. ~~~~~~~, 3 ,-nanic Allocat ion of at-~ll it e Caca c it ~;thrcu~ h ~ac::et ~eserva c~ on , 197~- at .  Con~ut. Oonf.  ,

Conf , Y ro c . ,  vol. ~—~-2.

5. Kleinrock , . and :o:a~-i , f’ . ,  Carr~er— zense -u i t i t l e
Access  for :— ac :-~~

-
~ - -.-~i~~ched ~ad ic  Thannel~~, Thoc.  Tht .

Con±’ Ooncr~~ icacions , - i~~ ca~cii: , iinn , Jun e 197~~.

6. Capetan~~-:i~~, J , The - i t i p l c  :~cc e~~ c ad c 3 ot  Thar-~-iel:
Protocol  a CaDac i~~: Consi racions , ~~~~~~~~~~~ ~~~~~~~~~ - ..i ~~~~~~~~,

1977.

7. Gallas~er , R .  C . - A ~ew ~lotte a :-~an oon ~ccess C hannel
Contro l Stratezy , u~~~~cliohed r a re r .  

-

0. ;:un’clet , P., c~riva:e c ilcation .

~~‘. :-~~-.-2 r-~~, R , rnarric Prc:r~~~nin; and ar~:ov i’rocessc-s ,
Carbrid~ e , :.A , ::.:.:. ~-res s , 1960.

10. Sc-.-.-ei t:or, P. J~~, Perturbatior. Theory and :,:arko-~ian
Decision Proc esses , :~IT 0pera~ ions Rese ar ch Ce~oter
Technical Ret o r t  ~o. 15, June 1965.

11. Odc-ni , A. R.  , On Finding the :-:axinal Gain for -ar~ ovDecision Processes , Cpera~ ions Rese ar ch , vol .  17, Nc.  5,
Sep t— Oct , 1969.

78

~~~~~~~~~~ . .._. 4- —‘ - ---- -- -- - ------- — ---—-—- —----‘--- ----- ----4--- —.--- -- -- - - ‘ - -  -.—--- ~~~~~~-•~4~~~



-

~~~

Distribution List

Defense Documentation Center 12 Copies
Cameron Station
Alexandria , Virg inia 22314

Assistant Chief for Technology 1 Copy
Office of Naval Research , Code 200
Arlington, Virginia 22217

Office of Naval Research 2 Copies
Infor mation Systems Prog r am
Code 437
Arlington , Virginia 22217

Office of Nava l Research 1 Copy
Br anch Office , Boston
495 Suzr~ner Street
Boston , Massachuse tts 022 10

Office of Naval Research 1 Copy
Branch Office , Chicago
536 South Clark Street
Chicago , Illinois 60605

Office of Naval Research 1 Copy

- - 
Branch Office , Pasadena
1030 East Greet Street
Pasadena , California 91106

New York Area Office (ONR) 1 Copy
715 Broadwa y — 5th Floor
New York, New York 10003

Naval Research Laboratory 6 Copies
Technical Information Division , Code 2627
Washington , D.C. 20375

Dr . A. L. Slafkosky 3. Copy
Scientific Advisor

- Conuiiandant of the Marine Corps (Code RD-i)
Washington , D.C . 20380

3

I

—

~

_ 0

~

-- ~:~~~ i-_ - J - i  - -



~--- ---- —--‘~~~~~~~-- -~ —--——,.- - - -—-.- ---— ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

Office of Naval Research 1 Copy
Code 455

-t Arlington, Virginia 22217

Office of Naval Research 1 Copy
Code 458
Arlington, Virginia 22217

Naval Electronics Laboratory Center 1 Copy
Advanced Software Technology Division
Code 5200
San Diego , California 92152

Mr. E. H. Gleissner 1 Copy
Naval Ship Research & Development Center
Computation and Mathematics Departhient
Bethesda , Maryland 20084

Captain Grace M. Hopper 1 Copy
NAICOM/MIS Planning Branch (OP-916D)
Office of Chief of Naval Operations
Washington , D.C. 20350

Mr. l(in B. Thompson 1 Copy
Technical Director
Inf or mation Systems Division (OP- 91~’)
Office of Chief of Naval Operations
Washington , D.C. 20350

Advanced Research Projects Agency 1 Copy
Information Processing Techniques -

1400 Wilson Boulevard -

Arlington, Virg inia 22209

Dr. Stuart L. Brodsky 1 Copy
C Office of Naval Research

Code 432
Arlington , Virginia 22217

Captain Richard L. Martin , USN 1 Copy
Commanding Officer
USS Francis Marion (LPA-249)
FPO New York 09501 -


