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FOR MULTIPLE ACCESS CHANNELS
by

Jeannine Mcsely

Submitted to the Department of Electrical Engineering
and Computer Science on May 25, 1979 in partial fulfiliment

of the requirements for the degree of Master of Science.
ABSTRACT

When independent sources use a common broadcast channel,
interference between the sources can cause messages to be
lost. A common recovery procedure is to wait a random length
of time before attempting retransmission. Capetanakis has
devised a tree algorithm for determining when users should
retransmit. This algorithm has better throughput, delay and
stability characteristics than the random retransmission
procedure. Gallager and Humblet have modified it to have
higher throughput and the property that messages are trans-
mitted in the order of generation.

In this thesis, the genefal form of a first-come first-
served contention resolution algorithm is given. A sub-
class of FCFS algorithms, called single interval algorithms,
are analyzed using Markovian decision theory. It is seen
that, if the horizon is infinite, Humblet's algorithm has

the maximum throughput for this sub-class, However, if the
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then an extended version of nis algorithm is optimal.
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I. INTRODUCTION

In this thesis we present the most general form for a
contention resolution algorithm that is first-come first-

. served. We model the algorithm as a Markov process with
state transition rewards and use Markovian decision theory
to analyze the maximum throughput, or capacity, for several
restricted forms of the general algorithm.

In this chapter, we present the system mocdel used.

(=

Existing algorithms are described and evaluated qualitative-
ly. The general first-come first-served algorithm is given,
and the sub-class cf FCFS algorithms which we will analyze is

. described. We complete the chapter with an ocutline of the

thesi
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escription of the Prpblem

Wle are concerned with a large number of bursty users
trying to communicate with a central facility on a common
channel. The traditional methods of multi-accessing, time
division multi-accessing (IDiA) and frequency division
multi-accessing (FDVA) are not suitable. Since the number
of users is assumed to te very large, FDIA is prohibitive
in hardware costs, and since the users are tursty as well,
both FILA and TLI'A require trade-offs bvetween delay ani

tandwidth tha+* resul
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inefficient use of channel capacity. In this situation
schemes have been proposed in which the users access the
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channel randeomly and, when interference causes messages to be
lost, a contention resolution algorithm is applied to deter-
mine when the users should retransmit.

There are several criteria for judging such a scheme.
It should be stable; that is, the expected numter of users
waiting to transmit should remain small. It should allow .
messages to be transmitted with low average delay. And it

should have a high throughput (percentage of capacity usad

o

to transmit successfully). Algorithms which meet these thre
requirements already exist and we will review some of then
below.

1.2 Source and Channel Models

Before discussing the algorithms, we will describe
the source and channel models used. Ve consider a central
facility with an infinite number of users, also called
sources. The sources generate messages of fixed leng=h,
referred to as packets. Because the number of users is
infinite, each source is assumed to generate only one mes-
sage. A slot is the length of time required to transmicz
a packet. A source may generate a packet at any time, tut
may transmit only at the times specified bty the algorithm
being used. The generation times are assumed independent
and form a Poisson point process with (globtal) arrival raze
A\, measured in packets per slot. When two or mors socurces
transmit so that their messages overlap it is assumed that

all the messages are lost and require retransmission. We

9
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further assume that if only one source transmits, the message
is received perfectly. This assumption is realistic as long
as the probability of collision is much greater than the
probability of message error, which will be true if the
signal-to-noise ratio is high or forward error correction

is used. Finally, we assume that all the users are able to
listen to the channel and determine instantaneously whether
0,1 or more than one message were just sent. Alternatively,
this information can be provided bty a feedtack channel.

We are concerned with maximizing the throuzghput of the
channel. We define the capacity, **, of the conflict re-
solution algorithm to be the supremum over all arrival rates
A such that the expected number of messages generated but
not yet successfully transmitted remains tounded. If
is less than the capacity, then the throughput is * and

-

the system is statle. If ~ exceeds the capacity, then the

.

<.

- A T - - 3
~~ (— ~ e T ~ (=4
3 X =S ® wraLaelesS

In this section, we discuss a number of schemes for
accessing the broadcast channel: Alcha and its modifications,
Capetanakis' tree algorithm, and a first-come first-served
algorithm proposed by Gallager and modified ty Humblet.

1.3.1 Alcha

Fh

Our model is a fairly accurate representvation of the
Aloha system, a radio packeil computer communication netlwork

developed at the University of Hawaii. 1In this system, when

10
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a conflict occurs, contending sources wait a random length of
time before retransmitting. This scheme has been quoted as
having a maximum throughput of 1/2e under the (false) assump-
tion that the total traffic is Poisson (1). A modification
to this scheme, called slotted Aloha, has been proposed in
which users are constrained to start transmission at discrete
times, at one slot intervals (2). This increases the "through-

put" to 1/e. Both schemes, however, can be shown to be un-

stable when the number of sources is infinite (3), although

this has not been a problem in practice, dus to the small
number of actual users.

Another scheme, known as reservation Alocha, has bteen
proposed in which two virtual channels are used (4). A

user requests channel capacity cver the reservation chann

he o

()

1

and dynamic TDVA is used to divide the other channel among

(D

those who have requested it. This is only useful when th
sources send messages that are much longer <than the request
packets, and since the request channel is still accessed

W

randomly, it can suffer from poor statility and low through

Put.

Another Aloha scheme, carrier sense multiple access (35),
requires users to "listen" to the channel tefore transmitting
to see if there is a transmissicn alrsady ir prosress.

3 ey v £..9 4 v Fal " —~ - 2 P .
is only useful when the sum of the propzsgazion time between

users and the time necessary to detect that the channel is

idle is much smaller than a slot. This means that the users

11
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must be relatively close tcgether. It also has stability
problems, since many users may attempt to transmit sim-
ultaneously when a packet terminates.

1.3.2 The Tree Algorithm

In 1977, Capetanakis introduced a tree algorithm for

resolving conflicts (6). In this scheme the sources are

each assigned an address which specifies their location on

a binary tree. When a conflict occurs, the tree is divided
into two halves and the sources in one half attempt retrans-
mission first. The sources in the second half must await 1
retransmission until all conflicts in the first half are
resolved. If further conflicts occur upon division, the

procedure 1is repeated. The period of time tetween the slot

in which a cenflict first ocecurs until it is finslly re-

durinz this resolution process must wait until the end of

I3
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He then generalized his algorithm %o allow the root-
node of the tree to be of degree grea<ter *than two, choosing
it to minimize the expected epoch length. 1In addition to
having good delay characteristics, *his scheme is statle
for ) less than .430.

1.3:.3 CGallacer's Alcorithn

o " S v s o I e Cor
Gallager (7) has since modified this algorithnm %c cre

which is first-come first-served (FCFS), maintains stabtility

and good delay, and has a capacity of .48711. By first-come
12 |




: first-served, we mean that no message is ever successfully
transmitted before another message with an earlier generation
time. 1In Gallager's algorithm, each source in the system
maintains a record of the values of three variables: the

time at which the source generates a packet to be transmitted,
and two system parameters, a lag, d, and an interval length,

T. These parameters represent the state of the system and

are constantly being updated. At the start of each new slot,
only those socurces will send which generated messages during
the time interval of length 1 (measured in slots) which

began d slots past. This interval will be referred to as the

transmission interval, and if a conflict cccurs in it, it is
called a conflict interval.

The operation of this scheme and the updating of d and
1 are most easily shcown by an example. In figure 1, the
arrows along the time axes indicate times at which sources
have generateu messages for transmission. The heavy vertical
bars at the right of each time line show the location c¢f the
present-slet, and the number between the lines indicates

whether the channel sees no message, cne message or a con-

flict. We assume in (1.1) that we begin with some %nown
values of v and d, and we observe how they are changed. Since
only one message was generated in the interval of length T,

teginning 4 slots ago, there is no conflict in the

A A -
resSellv

‘

slot. Hence the lag parameter is updated according to:

dnew 5 dold e - Told .

13
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In this case, we know nothing of the statistics of the
message generation times in the remaining interval up to the
present time. We call such an interval the waiting interval,
since all messages generated during that interval may be
thought of as awaiting their first transmission. The set

of all messages waiting to transmit, whether in the waiting
interval or not, is called the queue. We assume, then,

that there exists some optimal interval of length 1

(o]

which we should use. (The value of = will be determined

later.) Hence we set e A In (1.2a) we find that the

transmission interval contains a conflict. The algorithm
states that in the next slot we should examine the contents
of the first half of the interval. Hence
dhew = %614
T o
old/2 e

In (1.2b) we find that the first half of the interval con-

* 3

tained no messages and so the conflict must be in the second

half. Since there is a known conflict in the second half, we

re

use only the third quarter as our new transmission interval:

d =d + 1 -7

new old
t =T 2
old/
In (1.2c) we again find a conflict. As a consequernce c¢f this
we see that nothing is known abtout the statistics of the

arrival times in the final quarter, and we no longer regard

it as part of the present conflict interval. That is, we

return it to the waiting interval. We divide the interval

15




again and let:

d =d

new oia * 37

Told

T T .
new old
In (1.2e) we find only one message sent and there are no

further conflicts. The epoch is over and we begin again in

(1.3) with:
dnew = do1a ¥ 1 - To1d e
“new =~ "o °
Gallager shows that for the system to bte stable, * must

be less than or equal to .48711 and *tha*t 7T _ satisfies
A = 4

s 1.266.
At the beginning of a new epoch it 1s possible that the

waiting interval is smaller than t.. In this case we may

o}
either transmit the arriwvals in the wa

-5

)2

ting interval cr wait ‘

pae

ce

until we can take an interval of lenzth t.. The firs:t cho
will protably yield a shorter average delay.
Gallager's algorithm is much like Capetanakis' in zthat

it divides the remaining contending sources in half at <he

start of each =» lot, There o o

o

o
b

o0

grsnces
ever{ which improve capacity and pcssibly delay. ~First, in
the case where the first half of a conflict interval con-

tains no messages, so that there is a kXnown conflict in the

second half, the tree algorithm sends *he messages zener d

m
m
ot
(12

in the whole second half, while Gallager's sch

wY ap
LY

O

~
oo

M

me s

(D

the messages in the third quarter. Next, when a conflict
is found in the first half of a conflict interval, Gallager's

16
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scheme returns the second half to the waitinz interval, while
in an analogous situation, the Capetanzkis algorithm still
considers the second half of the tree part of the conflict.
These differences are probably the major source of improve-
ment. Finally, Gallager's scheme begins a new epoch with an
interval whose length has been optimally determined, whereas
the Capetanakis algorithm is constrained to choose an integer
for the degree of the new optimum tree's root node.

1.3.4 Humblet's Alzorithm

Humblet (8) considered Gallazer's algorithm and pro-

(13}

posed the following modifications. First, the optimal div-
ision of a conflict interval is not always in equal parts.
Instead it is a function of the lenzgth of the conflict in-
terval. Second, consider an interval known to contain at
least one message, as in the case wnen the first part of a
conflict interval is found to contain exactly one message.
Humblet has shown that if the length cof such an interval

exceeds a certain threshocld, then it is tetter to

2]

[
¢

e Some

“h e

a
| 7]

i ~
=Ty a

B o B Sl A = Sy gy s L
fraccion of Ethat interval, racher chan =hHe b

O

new transmission interval. The values of these cptimal
divisions for varying interval lengths were solved for bty

computer and the algorithm using these values was found to
have capacity .43775, only marginally greater than tefcre.
The reason for this is that for small interval lsng<hs the
optimal divisions are verj nearly the same as in Gallager's

algorithm. 1In addition, it was found that following this

17




procedure would never result in an interval containing at
least one message whose length exceeds the threshold mentioned
above. Hence, after the first division of a conflict in-
terval, the algorithms are almest identical.

1.4 The General First-Come First-Served Alsorithm

In this section we describe the general first-come first-
served algorithm. We then examine a specific form of it
which is an obvious extension cof Gallager's and Humblet's
algorithms and which is amenabtle to analysis.

» 1t must satisfy one of

9]

For an algorithm to be FCF
two properties. It must never allow a message to be trans-
- mitted when other messages with earlier generation times must
wait. Or, if it does, the probability of successful trans-
mission must be zeroc.

Suppose that we are using

W

FCFS algorithm to resolve
conflicts and that all messagzes with generation times prior
to some t have been successfully transmitted. The alzorithm
chooses some subset of the queue to transmit in the next
slot. We call this the transmission set. Then the most

general form of a transmission set which satisfies the first

condition will clearly be the set of all messages generated

4 in an interval of the form [%,t+7t], where t is some positive
y # real number.
Suppose we have a subset of the queue, 3,, which is

known to contain a2t least one message, tut it is not known
whether it contains more. Consider the transmission set

18




i A anns

§ S

which is the union of S

and some subset ¢f the queue, £,.
4 2

(An example of such a transmission set will be given later
in this section, in fig. 2.2.) If the subset of S, which
is disja2int from S1 is not empty, then a conflict occurs
and the second condition holds. If the subset of S, which

is disjoint from S, is empty, then S, must be the set of

1
messages generated in an interval of the form [t,t+t] for
the first condition to hold. Since we assume that the
algorithm never chooses a transmission set that is known to
contain a conflict, we cannot know in advance if th

subset of'S2 disjcint from S1 i
be the set of messages generated in an interval of the

non-empty. Hence, S, must

0]

form [£,++1t] to insure that one of the two conditions hold.
The general first-come first-served alsorithm nust use
transmission sets which are one of the two types descrited
above. In this thesis we restrict ocur atiention tc the case
vhere transmission sets consist only of the arrivals in
intervals of the feorm [%,t+7]. This is done for ease of

analysis and ©

( l)

cause it seems likely *that there is no ad-
vantzge in using the more general sets. Ve call this the
ingle interval algorithm (SIA).

Let us consider the algorithm in more detail. Suppose

n, For some values of s we expect the optimal 3z to be less
than or equal tc s (fig. 2.1a), but in some cases o is greater
19
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The numbers above the intervals indicate the number of

messages a segment is known to contain. A dash
indicates that nothing is known about the statistics
of that segment.
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than s (2.19). Since the case a<s has already been discussed,

we now consider a>s, say a=s+t. If there is exa~*ly one

message in the interval, we are ready to start a new epoch.

If there is a conflict, and if we wish the algorithm to be

FCFS, we have two choices. Our new transmission region can g
be either the leftmost part of the interval of length s+t,

say of length 3, or it can include the entire interval of

length s and other parts of the conflict and waiting inter-

vals (2.2), as described akove. Unfortunately, in the latter

ot

+ha
y vii T

case, if the transmission region contains a conflic
definition of the subsequent procedure becomes too complex

and its analysis is difficult. Hence we resirict cur new

transmission region to be an interval of length 2<s+t, .

with

()

ither 248 (2.3a) or #>s (2.38).
Let us consider the case 2<s first. When we transmit
the messages generated in the interval of length 23, there

are three possible outcomes: no messzze (2.4a), one mes-

sage (2.4%v), and a conflict (2.4c). f there is no message,
then we have left an interval of length s-: containing za<

least one message and a combined interval of length s+t-

(%]

containing a conflict. We process this interval in the same
fashion that we did the original interval, except that a

different 3 is chosen.
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with an interval of length s+t-: which contains at least

one message, with the statistics derived below.
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Throughout the rest of the thesis we use a shorthand notation,
where "k in s" is taken to mean "there are k messazes in an
interval of length s." Because the generation statistics are
Pcisson, the numbers of messages in disjoint intervals are
iﬁdependent. Therefore:

Pr(k in s+t-8|! in g, >1 in s, >2 in s+t)

= Pr(k in s+t-g8, 1 in 8, >1 in s, >2 in s+t)

Pr(i in B, >1 in 8, 22 in s+t)

= Pr(1 in B)Pr(k in s+t-8, >0 in s-8, >1 in s+t-B8).

Pr(i in 8)Pr( 0 in s-2, »1 in s+t-28)

= Pr(k in s+t-8, >1 in s+t-3)

Pr({ 1 in s+t-8)
= Pr(k in s+t-2|>1 in s+t-8).
This result is crucial to the implementation and anal
the algorithm, since it allows us to consider the processing

of only two types of intervals: one which contains at least

ct
)

one message, and one which contains a conflict

least one message in its first part. After we have found
that the interval of length s+t-£ contairns at least one nmes-

ot

sage, we process it in the appropriate manner, either dividing
it or augmenting it.

Finally, if there is a conflict in the interval of

D

)
v

3
w

. - - 2 -+ H & - < 3 -~ s >
len , we treat 1t as a conflict interval and return <the

m
e
(

P - - P’ ’ 3 <3
ren riaer ©o The walwvlin

In the case wheres 3 W sible outcomes:

one successful transmission (2.5a) or a conflict (2.5b).

Y




If we find one message in the interval, then we are left

with an interval of length s+t-5 which contains at least

one message and we treat it as described earlier. When there
is a conflict, we have an interval of length s containing

at least one message and a combined interval of length 8

with a conflict. We return the remaining interval of

lenzgth s+t-8 to the waiting interval, and divide the interval

of length 2 as described before.

The thesis is organized into three chapters and an
appendix. Chapter 1 is this introduction. The analysis
is carried out in Chapters 2 and 3 and the computer pro-
grams used in the analysis are given in the appendix. Here y
we consider the objectives and resul<ts of these chapters.

In Chapter 2, we model the sinzle interval contention
resclution algorithm as a llarkov rrocess with a continuous
state spzce. iie define functions representinz <he expeczed
times required to transmit a2ll of iihe messages genera
4 particular interval of time, Tnres stich functions ars
required, corresponding to the thrses classes of states ¢of
the Markov system. We define cos< functions for the process

in terms of the drift, the difference btetween the lag at

the time when the system next en=z=r»r

9]

SO' a renewal state,
and the lag at the present time. /= see that the equaticns
for the expected cost per epoch zrs identical tc those

developed for minimizing the time regquired tc process an

23
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interval., A technique for solving these equations for

Humblet's algorithm is described, and it is explained why ;
this method is unsuitable for analysis of the single interval |
algoritam.
In the third chapter, we describe some of the basic
results of Markovian decision theory: thg value iteration
algorithm and the Cdoni bound. We generalize these results
for continuous state spaces. e descrite how the wvalue
functions may be approximated by calculating the values for
a discrete subset of the state space. As a result of com-
puter analysis of these functions, we see that for all
practical purposes, Humblet's alzorithm is the best steady
state single interval algorithm in terms of capacity. Errors

in the analysis due to the discretization of the state

cF
O

space are discussed. The 1nsen51“v¢ty of the result
the numter of poin used To approximate the state space,
leads us to conclude that such errors are negligible.
Suggestions for further research follow.

In the appendix, some notes on the conputer prosrans

are given, as well as the program listings.
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II. Analysis of the Algerithm by Expected Drift

In this chapter we model the algorithm as a problem in

Markovian decision theory with a cost structure based on

the difference in the lag before and after state transi-
tions. We describe how this method is used to analyze k
Humblet's algorithm, and why it is unsuitable for the analy-

sis of the single interval algorithm.

2.1 Thne Alzorithm as a Markov Proces

[0}

In this section we model the single interval algcorithm
as a larkov process. The state of the system at any time is
determined by the length and statistics of the previous trans- ;

mission interval. 1In section 1.4 we saw that there are

.

three types of intervals we will need to consider, ccrres-

ponding to three classes of states for the system. The |
systemn is in state Sy if the last transmission ended an
epoch. The system is in state S,(s) if, as a result of |

the last transmi

0

sion, we know only that an interval of

o
o
3

(10}
ct
b=
w
O
O
3
ct
W
'.J
oy
[)]

at least one message. The syssem is in

state S,(s,t) if we know that an interval of lensth s con-
2 -

tains at least one message, and a lonzer interval of length

s+t contains a conflict. Note that the moments at whic

1 the system returns to state SO are renewal peints., When

: the system is in state Sgr the algorithn chooses an inter-

A val of length T as the next transmission interval. 1In !
1/ , state Sl(s) a transmission interval of length a(s) is

25
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chosen. 1In state Sz(s,t) we choose an interval of length
gB(s,t). Figure 3 shows a state transition diagram for the
algorithm. The number by an arrow connecting two s*tates
indicatss the number of messages that must be found in the
transmission interval for that state transition to occur.
While this Markov process has a continuous state space,
and therefore an uncountably infinite number of states, it is
worth noting that all but a countably infinite number of these
states are trancsient. If the system is in some state other

o~

than S, at time t=0, then btecause we assunme the algorithm is

0
stable, the system must eventually enter SO. From SO' under
a stationary policy, there are only a countably infinite
number of states the system may enter. This can te seen by
observing that state transitions occur at discrete times, and
that from a given state there are never more than a finite
numter of transitions the system may make. Hence, all states

that cannot be reached from S, are transient.

0
Having modeled our algorithm as a liarkov process, we
would like to use this mcdel to determire the wvalues of T(1),

a(s,*) and B(s,t,\) that will maximize throughput (Here

we write 1,0 and g as functions of ) tc emphasize their
dependence on \.) One way of doing this would te to assign

a cost or reward siructure to the state transitions and apply
the m:z"heods of llarkovian decisicn theory to determine the

optimal controls t,q and 3. In this chapter we will consider

a cost structure where we seek to minimize the difference
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in the lag between successive epochs. In Chapter 3, we con-

sider a reward structure.

2.2 Expected Times to Resolve Intervals

In this section we develop a set of equations whose
solution gives the optimal values of T(A), a(s.X) and B8(s,t,7),
and the capacity, A*. Our approach is to minimize the expect-
ed time required to resolve conflicts while maintaining finite
delay. To aid in the discussion we introduce the following
terminology. We say that an interval has teen processed
when all the messages generated in that interval have been
successfully transmitted. We say that an interval has been
resolved when the system next enters the state SO.

We begin by defining three functions. Let Mo(x) be the
expected time to process an interval of length x/\ containing
messages generated by a Poisson process. Let Ml(x,y) be the
expected time to process an interval of length (x+y)/A, where
there is at least one message in the segment of length x/)\
and the arrivals in the segment of length y/\A are Poisson.
Let Mz(x,y,z) be the expected time to process an interval
of length (x+y+z)/\, where there is at least one message in
the segment of length x/A, at least two in the segment of
length (x+y)/\, and the arrivals in the segment of length
z/\ are Poisson. The variables x,y and z may be thought of
as the lengths of the intervals in a normalized time frame
where the Poisson arrival rate is 1 message per time unit.

It is important to note that though the arguments of these

28
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functions are given in normalized time, the values of the
functions are in real time. If T, A and B are the normal-
ized lengths of the transmission intervals used when the
system is in the states SO' S1 and 82 respectively, and if
T is fixed and A and B are chosen optimally for that T,

; then from these definitions and from the discussion of

section 1.4 we have:

(2.12) MT(0) = 1+ (2 in 04,7 (x,0,0) + Pr(oor 1 in Iy T(0)  x<r

1 + Pr(>2 in T)M_T(T,0,%-T)+Pr (0 or 1 in TIM.T(x-T) x>T

(2.1b) MlT(x.y)=min 1+Pr (0 in A[>1 in x)MlT(x-A,y)+
A
t Pr(l in A!Zl in x)Z-IOT(x.‘,y_A)+

Pr( >2 in a/>1 in x)MzT(A,O,x+y-A) A<x
m
I+Pr(1 in A[>1 in %), (x+y-a)+

Pr(>2 in A[>1 in x)i," (x,A-x,x+y-A) A>x

(2.1} MZT(x,y,z)=min[ 1+Pr (0 in E‘f_>_l in x,22 in x+y);\12T(x-B,y,z)+
B
Pr(l in B{>l in x,>2 in x+y)an(x+y-a,z)+
/\ Pr(>2 in Bfil Gt x,32 in x+y):~!2T(B,O,x+y+z-B) B<x

1+Pr(l in Bi_>_1 in x,>2 in x+y)MlT(x+y-B,z)+

\ Pr(>2 in szl in %,>2 in x+y):-12T(x,A-x,x+y+z—A)

x<B< x+y
Now we define three new functions, FO' F1 and ?2, in terms
of MO' Ml and MZ. These functions are also dependent on T,
but we do not write the T fer simplicity. LetT:
29
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T
(2.2a) Mo (x) = Fo(x)

T
(2.2b) Ml (x,y) = Fl(x) + Fo(y)

T
(2.2¢c) M2 (x,v,2) = Fz(x,y) * Fo(z)
Combining eqs. 2.1 and 2.2 we get:

(2.3a) Fo(x)= 1+F0(0)+Pr(22 in x)Fz(x,O) x<T

1+Fo(x-T)+Pr(22 in T)F,(T,0) x>T

(2.3b) F,(x)+F (y)=min [1+Px (0 in A{>1 in x) (F, (x=A)+F_ (y))+
2 - 1 0
Pr(l in A[>1 in x)F (x+y-A)+

Pr(>2 in A{>1 in x) (F, (A,0)+F  (x+y-A)) Ax
14Pr(l in A|>1 in X)F (x+y=a) +

Pr(>2 in Al>1 in x) (F, (x,A-x)+F_ (x+y-3)) A>x

(2.3¢) Fz(x,y)+Fo(z)=

min / 1+Pr (0 in Blz; in x%,>2 in x+y)(?2(x-5,y)+?,(z))+
B

Pr(l in B|>1 in x,>2 in x+v) (F, {x+v=38)+7 _(z))+
= - . J

1
Pr(>2 in B{>1 in x,>2 in x+y) (F,(3,0)+7,(x+y+2-3) Bx
L+4Pr(l in Bi>1 in x,22 in x+y) (F) (x+y-B)+F (2))+
Pr(>2 in Blz} in x,>2 in x+y)(Fz(x,B-x)+Fo(x+y+z-B))
X<B<X+Y
Since, for x T, Fo(x)-Fo(x-T)=1 = Pri32 in TP
a constant, Fo(x) is asymptotically linear in x Eesrnice,

4 et eaTas -

for large x, we may write Fo(x)=kx/1 + b. Let k*=k/A.
Then the system will be stable so long as k* is less than 1/.
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We may use this expression for F, %o rewrite eq. (2.32):

k*x = 1 + k*(x-T) + Pr(22 in T)FZ(T,O) or

(2.4) k* = 1 + Pr(22 in T)FQLT,O) 1/} .
T

We may also rewrite eq. (2.3b):

Fl(x)+k*y+b=m§n 1+b+Pr (0 in AIZ} in x)(Fl(x-A)+k*y)+
Pr(l in A[>1 in x) (k*y+k* (x-2))+
Pr(>2 in A[>1 in x) (F,(a,0) +k*y+k* (x-a)) A<x
1+b+Pr( 1 in A{>1 in x) (k*y+k* (x-3))+
Pr(>2 in Alz; in x)(Pz(x,A-x)+k*y+k*(x-A)) A>x
or
(2.5a) Fl(x)=min 1+4Pr (0 in A[>1 in x)F) (x-2)+Pr(>2 in al>1 in x)F,(A,00+
(1-Pr(0 in A{>1 in x))k*(x-A) A<x

1+k* (x=A)+Pr (>2 in A[>1 in x)F,(x,a-x) A>x :

Similarly, we may rewrite eq. (2.3c):

(2.5b) Fz(x.y)=min 1+Pr (0 in B{il it x,>2 in X+7)7, (x=B,y) +
1 B -
|
Pr(l in B!>1 in x,>2 in X4y)E) (x+y-B)+

Pr(>2 in B|>1 in x,>2 in x+y) (F,(3,0) +k* (x+y-B)) B<x

: 1+Pr (1 in B[>1 in x,22 in x+y)F (x4y-B)+

Pr(>2 in B!‘il in x,>2 in x+y) (F, (x,B=x) +k* (x+y=-B))

X<B< x+y.
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Hence we wish to find the smallest value of k* such that

when A(x) and B(x,y) are chosen %to minimize Fl(X) and Fz(x,y),
there exists some value of T for which eq. (2.4) is satis-
fied. Then the capacity will be A#*=1/k*,

2.3 Minimizing Expected Drifts

In addition to their definition in terms of expected
times to resolve intervals, the functions Fo(x), Fl(X) and
Fz(x,y) may also be interpreted in terms of the expected
drift, which we cdefine btelow,

We define a randcm variatle U(S), called the drift. 1If
the system is in state S at time t, then U(S) is the differ-
ence between the lag at the time when the system next enters
the state S, and the lag at time t. Let UO(SO). Ul(x)=
U(Sl(x/l)) and Uz(x,y)=U(52(x/*A Y/A)). Uy is the drift in
lag between one epoch and the precedinzg epoch. If the
system is to te statle, then it is clear that E(U.)<C,
otherwise the delay will tecome infinite as the numbter of
epochs goes to infinity. The capacity of the algorithm

will be th

[19]

larzest value of A for which a polizy =xists
that has E(UO) less than zero.

Next we show that Fl(x)=E(U1(x)) + x/A and Fo(x,y)=

E(Uz(x,y)) + (x+y)/A . Therefore, minimizing F, and F, for
a fixed ) is equivalent to minimizing the drift. To see
this, consider Figure 4. At time ¢ the system is in state

time t' the system has returned to S, with lag d'. The
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length of the processed interval is 1'. Then we have

p(sS)= 4'-d4 = (t'-t)-1°*
and
E(U(S)) + 1 = E(t'-t) + E(1-1')
= E(time to return to S,) +
E(time returned to the waiting interval) -
E(time taken from the waiting interval) .
Examnining eq. (2.5) we see that Fl and F, may also be de-
fined as the expected time to resolve an interval, plus the
time returned to the waiting interval and minus the time
taken from the waiting interval.
With this interpretation for Fz(x,y). it is easy to

see that:

E(Uy) = 1 = Pr(22 in T)F,(7,0) - T/} .
)

lent to the condition of eq. (2.%).

2.4 Solvinz the Equations for U., F.(x) and F.(x,v)

In this section we discuss methods for solving eqs.

) Y T - * ~a -] b -~ e B e 5
(2.%) Y. In their present form these =guations are

na (2.

n

L

very difficult to work with. To simplify them, we define
two new functions:

g:(x)= Pr(>1 in x)Fl(x)

gz(x,y)= P>l in x, 22 In 247)P.(%,7) ‘
Substititing these equations into eq. (2.4), the statility

condition becomes:

(2.6) 1+ gy(T7,0) - T/A =0 .




From eq. (2.5) we get:

(2.7a) g, G)=min [(1-e™) + &g (x-B) + g,(A,00 + (1-e™H) (x-A)  ax |

A
(l1-e 7) (1-(A-x)) + gz(x,A-x) A>x
Ax
; -X -y -B
(2.7b) gz(x,y)=m1n (1-e " (1l+xe ")) + e gz(x-B,y) + 92(3,0)
B
Be Pg, (x+y-B) + (1-(1+B)e>) (x+y-3) B<x

- |
-X -y -B_
(1-e " (1+xe °)) + xe gl(x+y-B) + gz(x,B-x) +
-x _-B
(l-e “-xe ) (x+y-B) X<B<X+Y «
A%
First we consider the problem cof solving these equaticns ’
for the case where we restrict A<x. (This is the method
used by Humblet to analyze his algorithm.) Then the

e

10}
(@]

ond argument of 25 will always be O and we also have

B<x. Thus we see that g,(x) and gz(x,o) are defined in
terms of 2, and g, at smaller arguments. 1In addition, it
is easily verified that z,(C)=0 and gz(?,:) J. Thus we

&

may construct the functions g, and g5 by starting with scme

very small x and solving simultaneously for g

gz(x,o), linearly interpolating tetween gl(x) and g

and £,(x,0) and g,(0,0), where nseded. ile then proceed

3

: : o : 5 e e
v IrArvarmar+ >~ 1+ o= g = T o e
by incrementing x and solving at each step Ty interpclatin

between the previously calculated values, This will lead

us into trouble, however, since it can be shown that for
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small values of x, gz(x,o) is quadratic in x, not linear.
To circumvent this difficulty, we define a new function,
gz'(x.y)=g2(x,y)/x. The changes to eq. (2.7) are otvious
and we do not present them here.

The following argument shows that gl(x) is linear in
small x.and that gz(x,o) is gquzadratic in smalt x. As x
goes to O,

Pr(k in x[>1 in x) =[1 3 f o

~

9 EEEAL s

(o}

Therefore, the expected length of time required to process

this interval is just one slot; that is, F,(0)=1. So for

] 1
-X
small x, gl(x)= 1-e “=x,
Also, as x goes to O,
Pel(k in x|>2 in x) =1 if k=2
O iF k2
Por small x, the optimal B is approximately x/2. Then,

Pr(0 in x/2|>2 in x)= Pr(>2 in x/2[32 in x)=

W

and

Nl

Pr{l in x/2|s2 in %) =

eq. (2.5b) we

‘1)
2]
O
=]

g
F2(O,O) =1 + £F
and therefore

F,(0,0)= 3

S0 for small x, go(x,O)z3(1-(1—x)e'x)=3(1-(1~x)(L—x-x?fz}

(3/2)x°.

~—
n

Humblet has written a computer program to construct the
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funtions gl(x) and gz(x.O) by this technique. After the

3 functions are calculated, the drift is found from goe Dif-
ferent values of X are used to determine the highest value
that gives a non-positive drift, E(UO). The optimal initial
interval length, T, is found to be approximately 1.27 and
the throughput is approximately .488.

; This method has several problems. One protlem is that

the program cannot solve for A% dirzsctly. It must be run

for many different values of A to find the greatest one.
Also, solvirng for more than two decimal places of accuracy

in the optimal initial interval length requires an excessive

T

e

amount of computation, especially in view of that fact that

the program will be run many times to find the capacity.
Finally, because the program relies on finding x* such
that the drift is zero, the result is very sensitive to
and ..
e

ttempts were made to solve for the capacity by this

method when A 1s not restricted fto be le than or egqual <o

[0}
[0}

(0]
Q
(]
kh
b
-
D
£
b
=
ct
1)
s
3
mn

Lowever, oecaus

(1)

l(x) and gz(x.y) ar

Yy

PaSEY

o'

o

of g, and g5 at both smaller and greater arguments, it was
not possible to construct the functions for successively
larger x and y by interpolating between previously cal-

cula<sd values.
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III. Analysis of the Algorithms by Markovian Decision Theory

with a Reward Structure

In this chapter we analyze the algorithms by use of a
reward structure, where a reward of one is given for every
successful transmission. We want to maximize the expected
reward per state transition, which 1is called the gain.
Clearly the gain is equal to the throughput and the maximum
gain is the capacity. Before proceeding with this analysis,
we review some basic resul's of lMarkovian decision theory
which were derived for llarkov processes with finite state
spaces, and show how they can be generalized to the continu-
ous stafe space model.

i 17

(=

Markovian Decision Thesry and Continuous State Spaces

In this section we introduce two basic methods of
Markovian decision theory, the value iteration algcerithn

and the 0doni bound, and generalize them for continucus

il Sax

The object of llarkovian decision theory is to find
optimal policies for controlling a Markov process in order

to maximize the gain. OCne method of determining such a

o3

e .e 3 -
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The following model is used. We have a finite 5%

o

- A

n
m
O
o

with satates i=1,. . .,N, and for each state i, a finite
choice of controls k=1,. . . 0y We have a set of state
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transition protabilities, pijk. which are dependent on

control k used, and a set of state transition rewards, res
which may or may not be dependent on the control. The

following quantities are defined:

N
k k k
{3.1) 9. E ¥ P
17 4o Fid 33
N :
(3'2) vik(n+1)(n+1)= qijk + leijk(n-rl) vjk(n)(n) i
j=

Equation (3.1) gives *the expected reward on the next
transition if the system is in state 1 and control k is
applied. Equation (3.2) defines the value functions, where

z(n+1 : " . ]
vy ( )(n+1) is the total expected reward cover the next n+l

et
'.ll

|4-

tran ions, if the system tegins in state 1 and the conzrol
k(n) is applied when there n transition remaining. The

values of vi(o) are assumed to te given and are called

(3.3) Fyinsel) = miy Q5 ¥

then the sequence of vectors x(n) represents an optimal

-2 ~ - 2 - m -+~ -~ 3 B .
time-dependent policy. This is the optimality princirzle.

£ &= £ 3 q . = D 7 e
If The values of k are held constant for all n, we say that

the policy is staticnary. Schweitzer (10) has shewn that,
for any set of initial values vi(o), if all stationary
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policies result in single-chain aperiodic Markov processes, J
then as n-w, vi(n)+ng+vi, where g is the gain and the Vs

satisfy :

(3.4) v.= max q.%F - g+ ? p. .5 v,
g i Pt

In addition, any vector k which satisfies this equation

it b il auih debe ol il ae et

defines a policy with the maximum gain.

| Schweitzer also introduces a notation for considering

a continuous state space with finite volume. Careful

: examination of his prcof of the atove indicates that a

-

similar theorem for continuous spaces could be shown in an
analogous manner using the general notaticn, and adding

; some simple assumptions atout continuity. We make the

following conjecture.

v

—~

We considsr a system with a state space S, which is |

(8]

the urnion of a finite number of sets with finite volume.

That 1s,

The s<zze of the system is represented ty z vec*or X:€S.,

1<i<N. (Note that if the sets Si are disjoint, the sub-

sceripT o7 x may be omitted.) For each state there is a

- < - ¥ h 7 - ™ b - - o Q £
set o controls K(x;). From each state x.cS,, for each con-
- -
“~ Lo 2R e o ’ b a7 + Avia+~ ~ e
trol “°”‘hi)' Ior gach j=ls¢ « « 3, “there sxists 2%t most

o one polnt yjssj which the system may snter. The control X

% which is chosen determines a set of preobabilities P

i 4o
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where Pijk(x) is the probability that the system will go
from state xESi to state yESj if the control k is applied.
The reward functions, rijk(x) are defined in the obvious
manner., With this notation, we rewrite egs. (3.1), (3.3)

and (3.4).

G5l oy k)

N
" RN o4 PORIEN eI ;- 1 P .
(3.6) vi(x,n+t) = s;p a3 (x) + jélrij (%) Vj(Jj.n)

(3.7 vylx) = sup agfx) + =2y vy

The sup in eqs. (3.6) and (3.7) can be replaced by max
if we assume either that the contrcl sets are finite, or if
they are compact and the right hani sides of the eguaticns

are continuous in k for all points I the state space.

We conjecture that, for any -Z:isial set of values
vi{x,C}, if all stationary policics result in sinzle chain

i
arericdic larxov processes, then zs s, v,.(x,n)= ns=v,(x},
where £ is the gain and the vy satlsly eq. (3:7)

While we do not attempt to pr:ove this conjecture here,
it will te seen later that when we :zlculate approximations

o}

(9

to the v, (x,n) for our protlem, ti: value functions

U
‘b
(@)

ct
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3.1.2 The Odorni RBound

Odoni (11) has provided upper and lower bounds for the
gain that can be calculated at each iteration of the value
iteration algorithm. We can use these bounds to give an
estimate of the gain and upper tound the error of our
estimate. These bounds generalize easily to the continuous
state space. For the continucus state space model descrited
in the previous section, we give the following theoren.
Theorem. Let qik(x) and vi(x,n) be defined as in egs.

(3.5) and (3.5). Let vy (x,0) and ¥y (x) te bounded for all
1<i <N, xiasi. Then,

1} L'*(n)E sup (vi(x,n+1)—vi(x,n)) is monotone decreasing in n.
Sl

1) L' (n): ing (vi(x,n+1)—vi(x,n)) is monotone increzsing in n.
%

o3

iii) L' (n)elinm inf vy (%) < lim sup w(x,

n'»>w

l) iL"(n)

v '
29! n

for aili f,

Procf. The proof of i) and ii) is comrletely analogous to

the proof given by Odoni, and we do rot repeat 1< here. To

prove iii) observe that for fixed n, for any n'sn,
vi(x,n')=(vi(x,n')-vi(x,n‘—1))+ PRRR ?
+(vi(x,n+1)-vi(x.n)) - vi(X.n)

S (l (X0 )-vi(x,n'-l))— S

fsup(vi(x,:vl)—vi(:.n)\~Ti(x.:)
= L'"'(n'=1)+ . ., « #L''(n)+v,.(x,n)
< (n'-n)L''(n) + sup vi(x.n) '
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where the last inequality holds tecause L''(n) is monotone

decreasing in n. Therefore,

vi(x,n') < (1-n ) L'"(n) + sup vi(x,n) :
R i

nl
k :
Now sup vi(x.n)<sup vi(x,o) + n sup T3 (x) is bounded.
Taking the limit as n'sx we have:
lim sup v,(x,n') < L''(n) .
i
By a similar argument, we have:

L'(n)< 1im inf vi(x,n')
s aan

and we are done.

This theorem gives upper and lower bounds on the maxi-
mum gain, even when the iterated value functions do nct
converge. We use this theorem in the computer progranms
to bound the capacity of Gallazer's and Humblet's algorithms
and the single interwval algcrithm.

3.2 Discretizins the State Space to Arpreximate the Value

’xj

unctions
With the notation developed in section 3.1, we are
ready to write value functions for our model of the single
interval contention resolution algorithm. Our state space
S i1s <he union cof three sets, 3

S,={(x,y)

~

P !

- - p & 3 < ~ ~ - y < P
x>0, y>0r: 7The control sets for 5., and S, are

- C 3

the same: K={T|T>0} and the control set for the state

Sz(x.y) is {T|0<T<x+y}. The state space that we use in

b3
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this chapter differs from that used in Chapter 2, in that
the variablss x and y here represent the normalized lenzths
of intervals, that is, the units in which x are measured
are chosen such that the arrival rate of the messages is 1.
The controls T, A and B are normalized lengths also.

The reward, which is independent of the contrel, is
1 for a successful transmission and O otherwise. Hence the
expected reward on the nex®t transition is just the probabili-
ty of findingz one messaze in the transmission interval.

From eqs. (3.5) and (3.4) we have:

(3.82a) & (n+1)= max Te'T+(1+T)e'TvS (n)
0 T>0 s
+(1-(14T)e )V52(T,O)(n)

81 3 n<+ = ma3 -A— =X < v ) - ';:.-A 1 =t )
(3.80) ¥ (x)(ne1) Kﬁg/e &% V5 (gea) (R) el (tevg (n))




r———————

o OSSO B 2 v 22D e e .

-B
= \
b+ 1-(1+3)e Vq

B,O)(n) B<x

- — (
1_e"'{_xe-(a‘.../} 2
x(e'B-e'(x+y))(1+v
1-e ¥ xe~ (X77)

)(n))

-tr-R
Si(x.y B

+ 1- % xeB Vs (x p_x)(n)
)

1-e % xe™ (X7V)

X<B<xTy

We use initial values vso(o)=vS )(O)=V5 )(O)=O

for all x>0, y> 0. With this choice of terminal rewards,
we may write closed form expressiocns for v. (1) and
~
0]

U f 3 A AT ~ ey £ -n
Vsl(x)(l). but not for v )(1) and not for any of the

52(X,y
value functions when n>1. Therefore we have written a
computer program to solve for the wvalue functions.

The program can calculate the value functions cnly for
a finite number of points. Hence we approximate the state
space with a discrete grid. Since we know that at each
iteration there is some finite optimal initial interval
length, T(n), we may limit the control set for SQ to the
set { T|0<T<T'<x}, where T' is chosen such T(n)<I' for all n.
It should be clear that for the siate S.(x) we will never
want to choose a transmission interwval longer than 7', and

we may also limit the control set for S,. Noting that the

1
control set for Sz(x.y) is already bounded, we see that the
sets of non-transient states are bounded, since the systenm
never nas to consider an interval lonzger than T'. Hence

our discrete approximation to the state space has a finite

number of points.
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When writing t:e computer program, it was necessary to
guess in advance approxinately where the bounds on the set
of non-transient states lie. Since we can only store a
small aumber of points, and since we would like the grid to
be as fine as possible for accuracy, it is important to
choose the bounds on the grid well. The choice of these
bounds is discussed in the Arpendix.

Since we can only calculate the functions at a finite
number of points, and since this calculation will often

require values of the functions from th

1
C

3

ol
O
2
102}
”

<
,

ation at points which are not stored in the grid, it is
. necessary to approximate the values at these points. The

prosram does this by linearly interpoclating between the

values of the two pocints on the grid which are closest o

| the pcint whose value we are estimating. This method intro-
duces some error into the calculation of the value functions.
It is difficult to analyze this errcr, but the results of

& the computer program indicate that is quite smz2ll for even

| very coarse grids. We discuss this in more detail in section 1

r

E .

: This method of estimating the values of points not on

: the grid creatss a problem when we calculase *he value
funetions at S, (4x) or 52(-;.33, here 4 x is the smallest
X orn the grid. Calculating Vs‘(;x)(ﬁ‘l) and ?SZQ g,y;/w-l\
both require inowledge of v. (n) and v. (n) for

: ; 5, (x) S,(%,y)

values of x<4x. But there are no points on the grid below

L6




3 (n) to use in the interpolation.
%, v)

ey

Vs o y(n) and v
SlﬁAX) 52(

Hence, we define vsl(o)(n)— iig vS (x)(n) and VSZ(O,y)(n)=

lim v

(n) £ #0, We let {0)= (0)=0.
. yin) for y e le Vsl(o) VSZ(O,y)

Sy(x,y

Froem egs. (3.8b) and (3.8c) we get:

(3.84) Vsl(o)(n+1)= max e’3(1+vso(n)) - (1—e-A)VSZ(O,A)(n)

A>0
(3.8e) Vs, (0 ")(n+1)= max e'B-e v (1+v ( _;)(n)) +
2 (P B>O 1 =%
pa— —e
-B
l-8 = Vo in =y(n) .
1-e7 Y DZ\O’H)

Defining vs.(0 O)(n) presents a problem, since the value
2 ’
function is discontinuous at this point. That is,

iig VSZ(X,O)(q f ;10 VSZ(O.y)(n) 5

As x goes to 0, the state Sz(x,O) represents the knowledge

process. Hence, the discontinuity of the value functions

arises. To overcome this protlem, the program is written

to interpolate between the values lim v. {x a)(n) and
e RN
Vs (.o g){n) whenever a value for vo ., .,(n) is needed
Ly ey,

L%, Similarly, the program interpolates between

ll% VS (0, y)(n) and V”Z(O.Ly)(n) whenever a value for
47




VSZ(O y)(n) is needed, where O<y<ay and .y is the smallest

y on the grid. These limits are given by:

(3.8f£) lim VSZ(X.O)(n+1)= (1 + VS1(°)(n) + lim VSZ(X,O)(n))

| x-0 x50
(3.8g) 1lim vg (0 v)(n+1)= 1+ vg (O)(n) :
yeg T2y 1
In addition to discretizing the state space, we must
also discretize the control sets in order to find the
maxima in eqs. (3.8(a-e)). Since the conirol sets have
: already been shown to be bounded, discretizing insures
% that they have a finite numbter of elements.
| 3.3 The Results of the Ccmputer Prozgrarns
In this section we give the results of the computer
prograns used to analyze the value functi:né and bound the
i throuzhput of the continuous interval alzerithm. We first
discuss the optimal time-dependent policy for finite horizen
and then the optimal stationary policy. Listings of the
programs and some descriptive notes are ziven in the
Appendix.
3.3.1 The Optimal Time Devendent Polic:
Tne program resulvs show that for = Zinite horizon,
for the s*tate S,(x), the optimal control & i3 zreater than
j_? X for x less than a2 threshoid dspendent ci =, which we call
::3 xT(n). The control function A(x,n) is discontinuous as 7T(h).

For x less than xT(n), A is increasing in x and decreasing

|
| 48
i
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in n. The threshold is also decreasing in n. This is
illustrated in rigure 5, which shows plots of A(x) for
n=3,4 and 5. It was not possible to plot A(x) for n
greater than 5, since XT(n) for larger n is less than the
smallest positive value of x for which ‘S (x)(p) is
calculated. However, for all successive n, the program
shows A(0)>0, with A(Q) converging to .057.

We conjecture that for all finite n, there exists
some positive x such that fer x' less than x, A(x',n)>x'.
This need not be true as n goes tTo infinity, even though
A(0)>0 for all n, since the contrel function is discontinuous.

The discontinuity of A(x) stems from the fact that the
al

(¢)]
\Y)
4
O
ot
o
O
3
(@]
b
>

n), when considered as

byt

for fixed x and n, has two loczl maxima. (3See

For example, VS1(.O ) {3) has local maxima of 1.7455 at

A=,0% and 1.7#95 at A=.3, and hence the optimesl control is
: greater than x. The threshold for n=3 occurs at ¥=.07,

where the loczl maxima are btoth 1.742%8 at 4=,07 and a=.3.

-~

For x=.08, the maxima are 1.7402 at A=.08 and 1.7366 at
A=,32, Hence we see a discontinuity in the conirol function
at x=.07, but not in the wvalue funetion.

For the states S, (x), vhere is a second threshold, Ko

guch that £or X <X%%..: Al{x)=x, But for 2> %., , &lx)<x,
- B 5 - 4
¥ Por large n, Xm;= .72 for both Humblet's algorithm and th
-
SIA. The slope of A(x) is discontinuous at this point.

It was this fact that originally led us to suspect that
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we might want A(x)>x for x<.78. We expected that letting

A exceed x for x<.78 would remove this discontinuity in A(x).
The controls for the states Sz(x,o) are also the same

as for Humblet's algorithm. In addition, it was found

that B(x,y,n) was always less than or equal to x, for y<.96.

3.3.2 The Optimal Stationary Policy

The program written to calculate the value functions
was designed to stop when the difference between the upper
and lower bounds for the gain vecame less than 10 7. This
occurred after 18 iterations. We assume that the policy
at this point is the optimal stationsry policy. This policy

for the single interval algorithm is indistinguishable

from the policy for Humtletl's algorithm. It is not elear,
however, that the algorithms are identical. As mentioned

o o T -~ ’ - - € o ~
ly, that we conjecture that x,(n)+0 as n*». Zven if
T
- - -~ - 3 s - ~ -
this is not true, the value Xgp to which x-(n) converges

is so small, that the protability that the system will

ever enter a state S,(x), where x<#. is nearly zero. Thus,
b

for all practical purposes, Humblet's algorithm is the
optimal steady state single interval algorithm.

As mentioned earlier, using Humblet's algoritha,
the system will never encounter a state S, (x) where x2.78.
Therefore, A=x for all non-transient states 3,(x). This

fact, and a table of values for 2(x) completely specify.
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the algorithm. A table of B(x) is included on the next
page.

3.

-

Error in the Value Functions due to Linear Arproximations

In this section, we explain why we believe that the
errors introduced into the value functions by linear inter-

polation are negligible

If the function being approximated is very nearly linear

over the region between the points where it is being inter-
polated, then the error in the interpolation will be small.

Even at the first ifteration, the function

0]

Jsl(x)(l) and
VSZ(X,O)(I) are very nearly linear. After the program
converges to a stationary policy, vsl(x)(n) is even closer %o
being linear and VSZ(x,y)(n) is nearly linear in both x and
Yo

If the function is monotonic between
the points where it is beinz interpolated, the error will
be no greater than the difference tetween the values of
the function at those two pecints.
made as small as desired ©ty chcosing the zrid fine enouzh
with respect to the slope of the function. Since the slope
of the functions is low, we can use a relatively coarse
grid and still kzep errors small.

A powerful argument for neglectin;

o
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a program was writien to analyze Gallager's algorithm

53




O WVONMO N =1 WNO T M —\0 OF OO O OVONC- N0 O 00 (N O« NON MDD NNNO ©
A A NN OO F NNV S0 M NONO O v v v+t (8N NN X VYN0 NONO B-0-00 00 O
o o el i S S S S S S St S St St~ i S s R VA SVARVARVARVAR AR AR AR TAL AR AR AL AR AL AL AL AL AL AL AL A LA

-------------------------------------------

O NO AN MYV D OO 1 N OO VN0 00 OV oA NI UNO -0 ONO ot 3O VN0 -0 Oy
QOO NN OO NOOOODOODO0OOO0OO0OOD edtrivictotlelrlrtcd et AN NNN N NN

-------------------------------------------

[olololoNololoNolNeNeNe N e N e R e s i e IR B B B B B B B e B B B B B B I B I R I I I I

00 MO AN AN A0 OO 2 OV (0 NI D1 NO O NON T W) OO - U= w1 VN o ONONAO N D <0 0
AHANN OO T INUVNONO -~ O ONONO O w1 w!t NN I ONOF ) VNI NONO (-0 -0 0 ONONO O
ANNNNNNNNNNNNNNCGNNNNOOMOOOE OO OO O OO YN )

ooooooooooooooooooooooooooooooooooooooooooo

VN0 N0 ONO 1IN UNO -0 ONO v+ N WVNO N0 ONO w4 (N M WVYNO S0 ONO A AN 0N VO
I S S S S s R VAR TR RVARVARVARVAR VR RVAR VAR ¥E INe AVe Ve Ve AN AN AVE ANS RV ANG I O S o S GN ol S SN G O ¢S R e o e o RE o R RUA NS D)
...........................................

QOO0 00O00DOO0OCDODODOVOOO0OOO00DOLDOOOO0ODODOONOOUODDOODOODO

MO WVNO NO VWO VWO WNO F ONaF OvaF OV OV 00 OO 0N V-V - (U - « 100 v 130 A N O NN O
O NNMOT NV O0O I~ ODOONO O v I NN OOZF X NYWNONO O (-000 NONONO O
eRelololeleclolololelololeloRbRoRe Re R e e R I B R R R R e I I R R R e I s ROV

-------------------------------------------

A QNN WO OS0 ONO NN Y
pateaientont ea i enion Y oa ) o - gl go= g,

29
30

s Algorithm

-1
v

X foy Humblet

)
Od

Values of B as a function




approximating Vg (X)(n) at 100 points between 0 and 1.0,
1

and Vg ( (n) at 150 points between 0 and 1.5. After

2 x,0)
18 iterations the capacity is bounded below by .48711 and
above by .48712, and the optimal initial interval length
is 1.266/A. These are exactly the values found by Gallager
using other methods. Another program was written approx-
imating vsl(x)(n) and VSZ(x,O)(n) by only two points

each: vsl(o)(n) and vsl(.65)(n), VSZ(O,O)(n) and

VSZ(1.3,O)(n)' After 18 iterations, this program bounded
the capacity by .48662 below and .48663 above, and found
an optimal initial interval of length 1.271/). These
results represent errors of less than one-tenth and four-
tenths of one percent, respectively.

A program analyzing Humblet's algorithm using the
“*rst grid described above gave a capacity between .48775
and .48776 with an optimal initial interval of 1.275/).
The program which analyzed the single interval algorithm
with a large coarse grid (described in the Appendix)
converges to an equivalent stationary policy which has
the same capacity and initial interval length, even though
the grid uses only 1/6 as many points.

This insensitivity of the‘method to grid size and
density, and the good agreement with results obtained by
other methods indicates that our approximations to the

value functions are quite accurate.
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3.5 Sugzestions for Further Research

Many fundamental questions about the capacity of
contention resolution algorithms remain unanswered. Is
the best single interval algorithm the best first-come
first-served? Is the best first-come first-served the
best possible algorithm? How may these algorithms be
modified for the case where not all users know the out-
come of each trial? How may they be modified when the

users are trying to access more than one facility?
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A. APPENDIX

Program Notes

In this appendix we include listings of the two Fortran
prograns that were used to calculate the value function and

to bound the capacity.

(]

The first program calculates approximations to Vg

1 (x

and vg £x . (n) using a large, coarse grid. The grid size
2 X,¥)

was determined from the results of Humblet's program, de-

scribed in section 2.4. For his algorithm it was found

that, in the Sl(x) state, for values of x up to .78, the

optimal policy chooses A=x. For larger x, A will bte less

¥

than x. For this reason, we thought it unlikely that the

single interval algorithm would choccse A>x for x>.78.

m
(M)

For safety, however, we chozs the grid +to allow A>x for

x up to .96. We expected (incorrectly) that for small x,
A would be much larger than x, and as X approached .78, A
would decrease to x. Thus we chose %o calculate v
only for x and y such that x+y<.96, y»0. Zince Hum
algorithm found an optimal initial interval lenzth larger
than Gallager's, it seemed likely that the SIA would use

an even larger T. Hence, we calculate v

2
- 1
up to 1.47,
m pre - o e -« =
The program was initially written for 1x (the distance
- ] ~ - & - N A A <~ - - ~ =
between grid peints) equal to .056. At each iteration the

program would calculate value functicns for approximately
200 states. Changing a single card in the program (line 4)

57
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would change ax from .0€ to .01. This was never dcne, since
it would increase the number of states from 200 to 5000, and
the program would have been too costly to run. The program
results, however, indicated tha®t the bounds of the initial
grid were much larger than required. The program was re-
-written with a small,fine grid using approximately the same
nunter of states as the first grid.

The second program uses 2x=.01. Since the first pro-
gram showed that for x >.12, A<x, we restricted the grid

to allow A>x for x up to .15. This extra margin was included

n

in case the threshold for A might changes due to the finer

discretization. Values for v.

n) were calculat 3
°1(x)( ) e ated only
for x<.79, since it had tesen shown that states S, (x) for

larger x were transient. Since the first prozranm showed

that the largest A>x ever used is .3 when x=.05, we chose

ct

-~ ~e
- -

T e .
Dde o AT ok = (,_ _,\( -
<

KoL X up tol 1295

The second program also eliminated two costly routines
that were found unne:zessary. The control E for the state

S

(x,y) was found always less than or equal *c x, so the

~
zZ
<

second program searched a much smaller interval for B, For

v (n), B is posi<ive crly for very larss --, ascrrastend
= (a «+) Vil p B IS RPOSLviVe Chly I0r Very large 5y correspenid=-
SA\U, ]

z

. . P oy o ~ raAC

iNg 0 vransisne scates, SC We Jlewv e sec@niad LT s RROUSE

B(0,y)=0, without doing a search.

The ircrement for the contrcls T, A and B, was chcsen
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to be 4x/10. Hence, the finer grid gives nore accuracy not

only ty calculating the functions at more pocints, but also by

allowing more precise determination of the optimal controls.
Even for the coarse grid, however, it is not practical

to test all the possible controls for each state. Hence

the search for the optimal control is carried out in two

arts. First, the control set is searched over a coarse

o}

grid, with increments equal to 4x. Then a fine search is
made, using increments of 2x/10, over an interval of width
2.x, centered at the optimal control found from the coarse
search. [Maximizing a function in this way can lead to
trouble if the function has two peaks and the true maximum
lies between the points tested in the coarse search. How-

ever, the difference tetween <the wvalue functions at a control

+4X is smal

and at
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C PECGIAM TO CALCILATE VO,V1(X) W5InG M
IFEPLLCLIT LEALSH (A=6i,(-5)

BIMERSIOW VO (L), VI (2,97),V2(2,51) , ¥V (2,49",97)
DIMINSLION AX(47) , iR (51), 10 1IN (97),08(97)

AND V2 (<,Y) LAV GE Cubi 5% GRID.

M2=i11e

DEL=,01D0)

DLLI=DEL*M

PELP=,0211L) 4
UELV I=DELP%M)

¢ HIITERLIZE CUNTIRTS OF NATPICES. .
Vi(1,1)==1,09 \\
VYV (V,08,97)=0.D0 &
VV (2,94%,97)=0,D) \«%o
[=2 %mww
Ve (L) =)ant st &
i e P S
DE T d=1s 9 S 3
7 V2 (T,)=0.D0 %»q% &
B8 =191 B i 0
o A Tt S ARY)
PETN ()= (J=1) #DEL &y
V1(I,Jd)=¢. ) &
pe B %=1,97
4 YV (L,d,K) =0.0"
. £ T L
1=2= (N=(N/2) «2)

NEREY B

N/2) 2

m
.

C CALCHULATLI V) AND
VIEA{=0.D0 :
TXAXT=,99L0

C Cr AKkSiL SudAaClH TO Te
DC 1Y L=1,47
=TNAX T+ LCDEL
THRY=NEN (=)
Eizsder
VE=TRTLX® (ToDOHT) *PEX VO (J) ¢ V2(JLIT)* (Ve DI= (V. L0#7) 71 X)
IF7 (VN.GEVMAX) TaAX=T

i Vi
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10 I¥ (VN.GE.VMAX) VMAX=VN
C FINE SFARCH FOR T,
Do 11 L=1,19
1 T=TMAX=,01D0+L*DLLF
TEX=JEXDP (-T)
AIX=T/DEL
I =AUl
TDIF=AUX=TT
IDIF1=1,D2-TDIF
IT=1T-906
VH=T «TEX+(1.DO+T) *7TeX* VO (J)+ (V2 (J,IT)*TDIF14V2(J,1T+ 1) *TDIF)
5 (1.00=-(1.D0¢T)XTEX)
IF (VN.GE.,VMAX) TMAX1=T
1 IF (VN.GE.VMAX) VMAX=VN
VO (1) =VHAKX
T=THAX 1
L=V (1)=V0(J)
XMIN=X
YMAK =X
C CALCULATE VV(Q,Y) AND B(O0,Y), B> COR =0.
DO 29 L=M2,97,41
LY%=93-
Y=(1.-1) ¥DEL
LY=DLXP (=Y)
VN=1,D0+V1(J,L)
p=S.D)
28 VEIX=VN
B=B+¢DELF1
FR=DEXP (-B)
AUX=B/DSL1
TB=aAUX
BDIF=AUX-IDB
BOIF1=1.D0-BDIF
[RY=L=- (1B41) «M1
IB=IB%xY1+1
VN=(EB=-EY)*(1.DC+V1(J,IBY) *BDIF+V1(J,IBY+MV)*BDIF1)+




;o
'S
C CALCULATE V1(0) AND A (D).
VAKX =0.DO

5(1.D0-EB)¥VV (J,1, [B+¥1)*BDIF

IF (IB.EQ. 1) VHN=(VN+ (1.DO-EB)*(1.D0¢V1(X,1))*BDIF1)/ (1.DO-EY)
1F (1B.GT.Y) VN=(VN+(1.DO-EB)*VV (J,1,IB)*3DIF1)/(1.D0-EY)

TF (VN.GT.VMAX) GO TO 24

VV(1,98,L3)=B=DELF?

VV(L,1,L)=VMAX

X=VV (I,1,L)=-VV(J,1,L)

IF (¥.LT.XMIN) XMIN=X

IF (X.GT.XMAX) XMAX=X

C CCARSE SEARCH FOR A,

15

bu 15 L=1,97,41

A=(L-1) DL

EA=DRXD (=A)
VN=E1*¥(1,D0+VO(J))+(1.DO=-EA) *VV(J,1,L)
IFP (VN.GE.VMAX) AMAXi=A

IF (YN.GE,VHAX) VMAX=VN

AMAY=AMAX]

C FINE SEARCH FOL A.

16

pDC 16 L=1,19
A=AMAX1=DULY+L*¥DELF1

1F (\.LT.0) GO TO 16

EA=DEXP (=1)

AT X=)/DEL1

TA=AIX

ADIF=AUX=TA

ADIF 1=1.D)=ADIF

LASTA ¥4 143

VN="A8 (1,D04V0 (J)) + (1.D)=ER) *VV (J, 1, TA+N1) *ADIP
1F (1AeL).1) VN=YN¢(1,00~EA) *(1,D0+V1(I,1)) *ADIF1
LF (IA,GT.,1) VN=VN+(1,D0=-ER)*VV(J,1,1A)*ADIP
1P (Vil.GE.VMAX) AMAX=A

IF (VN.GE.VMAX) VMNAX=VH

CONTINUE

AA (1) =AMAX
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V1(1,1)=VMAX
X=VALL V) =V (T, 1)
IF (X«LT.XMIN) XMIN=X
IFF (X.GT.XMAX) XMAX=X
C CALCULATE V1(X) AND A(X).
D, 20 L=M2,97,M1
X=(L-1)*DEL
EX=DEXP (-X)
VMAX=0,D0
C CCARSE SaANECH FOR A.
po 21 LA=N2,97,M1
A= (LA-1)*DEL
EA=DEXP (=R)
B G R o X) <znah>|mxv*<dA;.h|ﬁ>+d.+>*m>*aa.604<oAhvv
m+AA.COIAd.c04>v*m>v*<<ﬁusr>udv
IY (A.GE.X) VN=X*EA¥ (1,D04V0 (J)) +(1.DO-EX~X*EA) *VV (J,L,LA-L+1)
17 (VNJ.GE.VMAX) AMAX1=A
2. TF (VN.GE.VMAX) VMAX=VN
AMAX=AMAK]
¢ EINE SENECH CECR A,
DC 24 LA=1,19
A=APMAXI-DELT+LA*DELFY
EA=DEXP (=A)
e fAeG5wX) 60 TO 22
AUX=A/DIELN
IA=AUX
ADPTF=AUX-TA
ADIF1=1.D0=-ADIF
IAX=L= (IA+ 1) *M1
IA=1A*114+1
<:uaw>nnxvlg<dAQsH>xv*>UHM¢<dAL.H>x+=4vi>cdev+>§ma§Ad.co4<o~vi+
mgd.colaa.cuvav*mvv§ﬁ<<~Q~H>~JV}>UHw4+<<n;-H>+zd~dvi»Uva
GO T0 23
22 AUX=(A-X)/DELY
LAX=AUX
AXDIF=AUX-IAX ¥
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AXDIF1=1,D0-AXDIF
IAY=TAXK*M1+1
w VU=X8TA% (1,D0+V0 (J)) ¢ (1.DO-EX=X*EA) * (VV (J,L,IAX) *AXDIF?
GHVV (T,L,IAK+M 1) *AX DI F)
23 IF (VN.GE,VMAX) AMAX=A
24 1F (VH.GE.VMAX) VHMAX=VN
AN (L) =AMAX
V1(1,L)=VH¥AX/ (1.DO-EX)
X=V1(I,L)-V1(J,L)
I7 (X.LT.XMLN) XMIN=X
20 TF (X.GT.XHAX) XMAX=X
C CALCULATE VV(0,0).
VU (L, 1, 1) =(VV(J, 1, 1) +V1(J, ) +1.D0) /2.D0
X=VV ([,1,1)=VV(J,1,1)
1F (X LT.XMIN) XMIN=X
1® {X.5T.XMAX) KMAX=X
C CALCUTA™H VV(X,Y) AND B(X,Y), X>0.
DU 3) K=N2,97,H1
K1=99-K
K13=99-K
X= (K= 1) *DLL
EX=DEKP (~X)
IF (£.1Q.M2) B=DELF1
LF (K.GT.N2) B=VV(I,KB+M1,97)
DO 3D L=1,K1,M1
LB=9y-L
Y=(L-1) *DEL
LY=DEXDP (-Y)
FAY=OX*EY
B= 5= 3FLF 1
TN=C.D5
31 MAX=YN
B=DB+DLLF Y
1F (B.GE.X) GO TO 32
EB=DLEXP (=8)
AUX=B/DEL?
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I8=AUX
BDLF=AUX-1B
rnl*»1=1,pD0-BD1F
1DB=13%M1+1
y IRAY=K+L-IB-H11
TAX=K~I1B=M1+1
VN=(TB-EX~ (X-B) *EXY) *(VV (J,IDBX,L) *BDIF+VV(J,IDX+M1,L) *RDIF1) +
HEB* (RU=EXY)* (1,DO+VY(J,IBXY)*BDIF+VY (J,IBXY+M1) *BDIF1)+
G (1.DC=(1.DO+B) *£B) * (VV(J,IB, 1) *BDIF1+4VV (J,IB+N1,1) *BDIF)
1 (VN.GL.VMAX) GC TO 3%
B=B=-DELF1
oG TO 33
32 KL=K+1L-M2
BMAX =X
C COARSL SEARCH FOPR DBs
DO 35 M=K,KL,41
= (-1) *DEL
EB=DEXP (-8)
IBL=-K+ 1
1EXY=K4L-Y
VN=X*(CR-EXY) * (1 DO¢VY(J,IBLY))+ (1. DO-EX~X®EEB)*VV (J,K,IBX)
TP (VNL.GE,VMAX) BMAX=B
35 1P (VNJGEJVHMAX) VMAX=VN
BMAX 1=BMAX
C FINE SZARCH FOR B.
DO 36 4=1,19
B=DMAX1-DECL1+1*DELFA1
IF (B.LT.X) GO TC 36
LE3=DEXP (-B)
AUX=B/DELY
T B=AUX
BDIF=AUX-1D
bBULE1=1.D0~BDIF
IB=IB*M1¢1
IBAY=K+L-IB-&1
1BX=IB~-K+1
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VN=X®(ED=-CXY)*(1.D0+V1(J,IBXY)*BDIP+V1(J,IBXY+M1)*BDIF1)+
G(1.00-EX=X*EB) *(VV (J,K,IBX)*BDIF14VYV (J,K,IBX¢M1) *BDIF)
IF (VN.GE.,VMAX) BMAX=D3
IF (VN.GE.VMAZX) VHMAX=VN
36 CCNTINUE
B=R¥AX
33 VV (l,KDB,LB)=8
VV(L,K,L)=VMAX/(1.D0-EX-X*EXY)
X¥=VV(T,K,L)=-VV(J,K,L)
IF (XX.LT.XMIN) XMIN=XX
39 IF (XX.GT.X4AX) YMAX=XX
B=VV (1,2,97)
C CALCULATE V2 (X) AND B(X), X>,96,.
Dec 49 L=1,51
X=DEL* (L-1) +,97D0
EX=DEXD (=X)
B=B-DLLF
vi=0, DD
41 VMAX=VN
D=UB+DELF
EB=DLXP (=B)
AUIX=B/DELY
IP=41]X
BRIF=AUX-IB
BDIF1=1.D0~-BDIF
I3=10%«M141
AUX= (K-0) /DEL1
1BX=AUX
NXDLF=AUX-1BX
BXDIF1=1.DG-DXDIF
19X=IBA*MT 4+
VN=(ER=(1.D0+X=B) ¥EX) *(VV (J,TBX, 1) *BYXDIF1+VV (J,TBX+M1,1) ¥BXDIF) +
SR*(FER=-EX) *(1,D0+V1(J, THX) SBXDIF1+¢V1(J,I0X+M1)*BXDIF) ¢
5(1.D0=(1.D0«B) *EDB) * (VV (J, IB, 1) *BDIP1¢VV(J,I1B3+M41,1) *4DIF)
I¢& (VN.GE.VMAX) GO TO 41
B=D-DELF
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140

BE (L) =1
V2(I,L)=VMAX/ (1,D0~- (1.DD+X)*EX)
X=V2(1,L)-V2(J,L)

TF (X LT.XMLN) XMIN=X

IF (X.GT.XHMAK) XMAX=X

C PRINT CONTENTS OF MATEICES.

50
101

102

99
103

110

10¢

WhIn® (6,5C) N,T,XMIN,XMAX
FURMAT (*1Y,14,4X,F8.5,4X,F8.5,4X,F8.5)
WRITE (6,101)

FCFUAT (' *)

WilTE (6,102) VO (I)

FORMAT (* ', 4X,17(1X,F6.3))

WFITE (6,101)

WiITE (o,102) (PKIN(L),L=1,97,6)

WRITE (6,102) (Vi(I,L),L=1,97,6)

WPITE (G,102) (AA(L),L=1,97,6)

WiITE (6,101)

UKITE (6,102) (PRIN(L),L=1,97,6)

B0 99 K=1,97,6

K1=98-K

WELIT? (6,103) PRIN(K),(VV(I,K,L),L=1,K1,6)
CONTINUE

FORMAT (' ',F4.2,17(1X,F6.3))

WEITE (6,101)

WEITE (6,102) (PRIN(L),L=1,97,6)

e 100 K=1,97,6

K1=93-K

K2299-K

DC 110 L=K,97,6

LL=93-1

PB(LL) =VV (I,K2,L)

Wi ITE (6,103) PRIN(K), (PB (L) (L=1,K1,6)
CONTINUE

WLRITE (h,101)

WEITE (64102) (V2(IeL).L=1,17)

WRITE (6,102) (BB(L),L=1,17)
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WRITE
hEITE
WHITE
WELTE
WEITEH
HEITE

XDIF=XMAX-XMIN

(6,101)
(6,102)
(6,102)
(6,101)
(6,102)
(6,102)

(v2(I1I,L) ,L=18, 34)
(8B (L) ,L=18,34)

(V2 (1,L),L=35,51)
(3B (L) ,L=35,51)

i1F (XPIF.LT..00091) GC TO 2
CONTINUE

sTop
END

€8




C PFCGEAM TO CALCULATE VO, V1(X) AND V2(X,Y) USING A SMALL, FINE GRID.
IMPLICIT REAL*8 (A-H,0-%)
DIMENSION VO(2),V1(2,80),V2(2,130),VVv(2,16,31)
DTUFNSION AA(Z2C) ,BB(139),PRIN(139),VB(16,31)
PEL=.C1D)
PELF=,001D0
C INLYIALVZE CONTENTS OF MATRICES.
Vi(1,1)==-1.D0
BB(1)=92.D)
V2 (2)=0.D"
ro 6 1=1,80
6 V1(2,1)=0.D0
pe 7 1=1,130
PLIN(I)=([-1)*DEL
7 v2(2,1)=0.D0
DG 8 J=1,31
VB (1,J) =0.DC
DC 8 I=1,16
8 Vv (2,1,3)=C0.D0
e 1 N=1,25
1=2- (N=(N/2) *2)
J=14N-(N/2) *2
C CALCULATE V) AND T,
VALRX=0.DC
TUAK1=,99%D0)
C CCARSL SEARCH FOR T.
Du ) L=1,29
T=TMAL1+L*DEL
TEL=DELP (=T)
11=109+41L
V=T &TUX+ (1. DG+T) *TEX®VDI (J) ¢V2(J,IT)* (Y. DC- (1. DO+T) *T EX)
1F (VI.GD.VMAX) TMAX=T
10 1F (VN.GL.VMAX) VMAX=VN
C FINE SEAKCH FOR T, .
DO VY L=1,19




1M

T=TMAX-.0VDO+L*DELF
TEX=DEXP (-T)
AUX=T/DLL

IT=AUX

TDIF=AUX-1T
TUlF1=1,D0~TDILF
IT=1¢4

VHST*TEL+ (1.DV+T) *TEX*®VO (J) ¢ (V2(J, IT) *TDI?1+V2 (J,IT+1) *TDIF)

5% (1,D)-(1.D0+T) *TEX)

IF (VN.GE.VMAX) TMAX1=T
1F (VN.GE.VMAX) VMAX=VN
VO (1) =VMAX

T=TMAX 1

X=VO(I)=V0 (J)

XMIN=X

KMAX=X

C CALCULATZ V1(J) AND A(0).

vViAX=9.DJ

C COARSE SEARCH FOR A.

15

Do 15 L=1,30

A= (L-1) #DEL

LA=D LD (-A)

<="_L.>* RA—QQOQ<.U ﬁ'uv w + Aa OQO‘M>V f<< A'HQ .—Qﬂ.v
JF (VN.GE.VMAX) AMAX1=A

IF (VH.GE,VAAX) VMAX=VN

ANAX=AMAX 1

C FINE SEARCH FCR A,

N0 16 L=1,19

A=AMAX1-DEL+L¥DELF

1¥ (A.LT.9) GO TO 16

EA=DEXP(=A)

AUX=A/DL

1A=AUX

ADIF=AUX=-IA

ADIF1=1.DC~-ADIF
VN=ER#(3.DO+VQ(J))+(1.DO-EA)*VV (J,1,IA+1) *ADIF
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T

TF (IN.EQ.1) VN=VN#(1.DC-EA) *(1.DO¢V1(X, 1)) *ADIF1
TF (IA.GT.1) VN=VN+(1.DO-EA)*VV(J,1,IA)*ADIF1
1F (VN.GE.VMAX) AMAX=A
TF (VN.GE.VYAX) VMAX=VN
16  CONTINUL
BA (1) =AUAK
VY (L,1) =VMAX
X=V1(I,1)-V1(J,1)
1F (X.LT.XMIN) XMIN=X
I¥ (X.GT.XYAX) XMAX=X
C CALCULATEL V1(X) AND A(X),0<X<.16,
C THESE AY THT VALUES OF X WHERE A MAY BD > X. ‘
pCc 20 L=2,16
X= (L=1) #DVL
EX=LEXD (=X)
VAAX=D. DO
C COARSE SLARCH FCR As
DO 21 LA=1,30
A=X+ (LA-1) *DZL
EA=DEXP (=1)
VN= (e A% (1,D74V0 (J)) + (1 DO=EX=X*EA) *VV (J, L, LA)
IF (VN.GE,VMAX) AMAX1=A
21 IF (VN.GE.VMAX) VHMAX=VN
AMAX =AHAX T
C FPINE SEARCH FOP A,
DO 24 LA=1,19
A=AMAX1-DEL+LA*DELY
IF (A.LT.X) GC TO 24
EA=DEXD (-\)
AK= (A-K)/DEL
LAY =AUX
AXDIF=AUX-TAX
AXDIF*'=1.DC-AXDIF
TAX=IAX+1
VN=X*iA* (1.D0+VC0 (J)) + (1. DO-EX=X*EA) * (VV(J,L,IAX) *AXDIF1
E4+VV(J,L,1AX+1)%AXDIF)




24

20

IF (VN.GE.VHAX) AUAX=A
IF (VN.GE.VMAX) VMAX=VN
CONTINUE

AA (L) =AUAX
V1(T,L)=VYAK/(1.D0-EX)
X=V1(I,L)=-V1(J,L)

L (X LT.XMIN) XMIN=X
1F (X.GT.XMAX) XMAX=X

C CALCULATE V1(X) AND A(X), X>.15.
C THESE AL E THE VALUES CF X WHERE A MUST BE <X.

61

62

63

A=.15DQ

o ) L=17,80
X=(L-1) ¥DE

EX=DEXP (=X)

A=A-DEL

VN=0.D0

VYAX=VN

A=A+DELPF

IF (A,GE,X) GO TOQ 62
EA=DEX D (=A)
AUX=A/NDEL

TA=AUX

ADI¥=AUX-IA
ADIF1=1,D0-ADIF
IA=IA#

TAX=L=-1A

VE=(TA=LX) * (V1 (J,TAX) *ADIF+YV 1(J, TAX+ 1) ¥ADIF 1) +A*XEA* (1,D04VO (J) ) +
S(1.00=(1,D0¢A) *KA) % (V2 (J,IA) ¥ADIF1+V2 (J,IA+1) *ADIF)
IFT (YN.GE.,VMAX) GC TO 61

A=A-DILF

GO TO 63

Vil=X®3IX* (1,D0+VO{Jd) )+ (1.D0=(1.DO+X) *EX) *V2 (J,L)
A=A=DLLF

1F (VN.GLE.,VMAX) A=X

IF (VN.GE.VMAX) VMAX=VN

AA (L} =A

B T — i ek S s s et s
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60

V1(L,L)=VMAX/(1.DO-EX)
X=V1(I,L)=-V1(J,L)

IF (X.LT.XMIN) XMIN=X
1P (K GT.XMAX) XMAX=X

C CALCOLATH VV (?,0)

VV (L, 1,1)=(VV (J,1,1)+V1(J,1) +1.D0) /2

V2(r,1)=vv(1,1,1)

X=VV (L, 1,1)=-VV (J,1,1)
TF (X.LT.XKIN) XMIN=X
1% (X.GT.XMAX) XMAX=X

C CALCULATE VV(:3,Y), Y>0.

29

e 29 L=2, 31
VV(l,1,1)=1.DC+V1(J,L)
LYV (3, VL) =0V (0, 1,8}
IF (X.LT.CH41N) XMIN=X
IF (XK.57T.XMAX) XMAX=X

C CALCULATE VV(X,Y) AND B(X,Y), X>0.

31

6o 30 K=2, 16

X= (r.-1)%DEL

EX=nkXp (=X)

I¥ (X.LQ.2) D=DLELF
1F (K.GT.2) B=VB(K-1,1)
pc 39 L=1,1
f=(1L=1)%*p&

LY=DLXD (-Y)

FXY=EX®Y

B=03-DLLF

vN=),D0

VHAX=VN

D=3+)ELF

IV (B.o%.X) GO 70 32
EB=DSXP (=3)
AUX=08,DEL

IDB=AUX

PDIF=AUX-IB
BOIF1=1.D)0-BDIF

-D)
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IB=IB+1
IBXY=K+L-1IB8-1
IBX=K-18B
VN= (c8=-EX= (X=B)*FEXY) *(VV (J,IBX,L) *BD1F¢VV (J,IBX+1,L) *BDIF1) +
SRE(EB-LEXY) * (1.D0+V1(J, IRXY)*BDIF¢V1(J,IBXY+ 1) «BDIF1) +
G(1.00=-(1,DI+B) *1B) * (V2 (J,1IB) *BDIF1+V2(J,I3+1)*BDIF)
I® (ViH.GE.VMAX) GO TO 31
B=DB-DELF"
GO ‘T 33
32 VN=X* (LX=EXY)* (1, D0O+VI(J,L)) ¢+ (1.00~ (1.D0+X) *EX) ¥V2(J,K)
B=3-DLLF
TF (YN.GE,VMAX) B=X
IF (VN.GE.VMAX) VMAX=VN
33 VB (K,L)=8
VV(T,K,L)=VMAX/(1.DO~EX=X*EXY)
IP (L.EQ.1) V2(I,K)=VV(I,K,L)
I® (L.EQ.1) BB(K)=VB(K,L)
XX=VV(I,K,L)-VV(J,K,L)
1F {(XX.LT.XMIN) XMIN=XX
30 I (AX.GT.XNMAX) XMAX=XX
B=VL (16,1)
C CALCULATE VV(X,0) AND B(X), X>.15.
D> 49 L=17,130
X=DLL* (L-1)
EL=DLXP (=X)
B=p-DELF
vN=0.D0
41 VHAX=VN
B=3+DOLF
LE=DECP (-B)
AU'X=U/DEL
iD=AUX
BDIF=AUX-IB
CLIF1=1.D3-BDI1IP
I8=I103+1
I1BX=L-1IB
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VN= (8= (1. DN#+X=B) #EX) * (V2 (J, IBX) *BDTF+V2 (J, IBX+1) *BDIF1) +
EB% (RB=EX)* (1,D0+V1 (J,18X) *BDIF+V1 (J,1DX+1) *BDIF1) +
5 (1.D2- (1.D0+D) *EB) * (V2 (J, IB) *BDIF1+V2 (J,IB+1) *BDIF)
IF (VN.G®,VHMAX) GO TO u1
B=3~DELF
RO (L) =B
V2(J7,L)=VMAX/ (1.D0=(1.D0+X) *EX)
XaV2 (L,L)~V¥2(J,L)
IF (X.LT.XMIN) XMIN=X
43 IF (X.GT.XMAX) XMAX=X
C PHINT CCNTENTS CF MATRICES,
WELTE (6,5C) N,T,XMIN,X1AX
59  FOFMAT ("1',T4,4X,FB8.5,4X,F8.5,4X,F8.5)
WETTE (6,1C1)
191 FCORMAT (' ")
URITE (6,102) VO (I)
102 FCOTMAT (' ',4X,16(1X,F6,3))
KEITE (6,101)
WRITE (6,192) (PRIN(L),L=1,16)
WEITE (6,1°2) (VI1(I,L),1.=1,16)
KULTE (6,102) (AA(L),L=1,16)
WEITE (6,101)
SPITE (6,102) (PRIN(L),L=17,32)
WRTTE (6,102) (V1i(I,L),L=17,32)
WEITE (6,102) (AA(L),L=17,32)
HE1ITE (6,101)
WPITS (6,102) (PRIN(L),L=33, 48)
WIITE (6,192) (V1 (I,L),L=33,48)
WRITE (6,102) (AA(L),1=33,4n) :
APITE (6,101)
WEITL (6,102) (PRIN(L),L=49,04)
WEITC (6,102) (V1(1,L),L=49,64)
WEITE (6,102) (AA(L),L=49,64)
WEITE (6,101)
WEITE (6,102) (PRIN(L),L=65,89)
WhITE (6,102) {(V1i{I,L),L=65,80)
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WIPITE (6,1C2) (AA(L),L=65,80)
WEITE (b,101)
WRTTLE (6,102) (PRIN(L),.L=1,16)
3 e 99 K=1, 31
WiIT% (6,103) PLIN(K),(VV(I,L,K),L=1,16)
99 CCHTINUS
103 POEMAT (& % BlU2,16 (1X,F6,3))
WEITE (6,101)
WPITE (5,102) (PRIN(L) ,L=1,16)
oG 100 K=1,31
WPITH (6,103) PRIN(K), (VB(L, K),L=1,16)
100 CORTINUR
WELITS (6,121)
WLITE (6,102) (PEIN(L),L=1,16)
WEITE (6,102) (V2(I,L),L=1,16)
WITTEH (6,102) (MB(L),L=1,16)
WEITE (6,101)
WLAITES (6,102) (PRIN(L),L=17,32)
WRITES (6,102) (V2(1,L),L=17,32)
WIIiT= (6,102) (3B(L),L=17,32)
WEITE (6,101)
! ZWielTE (H,102) (PEIN(L) ,1=33, 4R)
A WRITE (6,102) (v2(1,L),L=33,u8)
WRITE (0,192) (DB (L),1=33,4%)
KEITE (6,101)
WNhIlH (6,102) (PRIN(L),L=49, 6U4)
WRITH (6,102) (V2(I,L),L.=49,64)
WLITE (A,102) (BB({L),L=49,64)
ALITE (6,101)
NFITE (b,102) (PRIN(L),L=65,80)
WKTTE (b,102) (V2(I,L),L=6%,80)
WxITE (6,102) (BB(L),L=65,80)
WLLITT (6,161)
. WPITE (6,102) (PRIN(L),L=31,96)
b WEITE (6,192) (V2 (1,L).,L=81,96)
3 WRITE (6,102) (BB(L),L=81,906)
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ARITE
WRITE
WLITE
WRITE
WLELTE
Wik B
WRTTE
¥ EITB
WRITE
WEILTE
WRILE
WERILTE

XDIF=X"MAX=-XAIN

(6,107)
(G 102)
(6,102)
(6,192)
(b,101)
(6,102)
(b,102)
(6, 102)
{(6,101)
(6,102)
(6, 192)
(6,102)

(PEIN(L) ,L=97,112)
(v2(1,L) ,L=97, 112)
(BB(L),L=97,112)

(PRIN (L) ,L=113,128)
(V2 (1,L),L=113,128)
(DB (L) L=113,128)

(PRIN(L) ,L=129, 139)
(Vv2(1,L),L=129,139)
(BB(L) ,L=129,130)

1F (XDIP.LT..00001) GO TO 2
CONTINUE

STOP
END

RGP W
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