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Introduction

The problem of constructing a subinvariant measure on a
collection of semi-group homeomorphisms from the unit inter-
val to itself arises in Mathematical Economics in the area
of utility orderings over time (Koopmans (1], Koopmans,
Diamond, and Williamson [2], and Koopmans and Williamson [3].)
The existence of such a measure is indicative of what

Koopmans et al. term weak time perspective, and signifies a

certain kind of impatience with respect to the time available
date of desirable consumption commodities.

As an illustration of the method of proof by nonstandard
analysis as applied to Mathematical Economics, we provide an
alternative characterization of such measures below. The
construction is based on the work o; Hausner (5] and Parikh
(6].

To motivate an appreciation of the construction, we
provide an exposition of the framework developed by Koopmans

‘1] and subsequently modified and elaborated upon by Koopmans

et al. [2] and Koopmans [4].
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I. The Koopmans Framework

Consider a space, X, consisting of infinite segquences,
(x(l) v Xigyr e x(n) ; ««.), the elements of which, X gy
are each members of a finitely dimensioned Euclidean space,
The members of X are termed programmes, and X is termed
the programme space. Notationally, X0 for teN, will mean
the entries of a programme from time t onwards. That is,
will mean the truncation of

x=(x(t),x see) and x

t (e+1) t
a programme to t time periods, that is, X, = (x(l) b el x(t)).
The following set of postulates is given in Xoopmans,
Diamond and Williamson (2] to characterize that the authors
term a quasi-cardinal utility representation on X. A weak-

~ ened version of these postulates can be found in Koopmans [4].

Postulate I: On the assumption that the elements of X are

each from a compact subset of Ri,

Q, there exists a utility
function U(lx) defined for all 1% € X such that U(lx) is
continuous in the following sense: If U is a value of U(lx)
on X, and if U' and U" are such that U' <0 < 0", then there
exists a positive real, §, such that T' UG x") < 0" for all
1X' € X such that d(;x',;x) cé. The utility function U(:) is

ordinal in character.

Postulage II: There exist Xq and x]'_ and 2X such that

u(xlrzx) > U(xirzx) .

s 3




Postulate III: For any Xy xi, 2Xr %',

U(xl,ZX) ;U(Xilzx) => U(xl’zx') 2U(x "]

1,2*
U(xl’zx) ;U(xl'zx') => U(x]'_'zx) ;U(xi’zx')

Postulate IV: For some Xy and all 2% 2x',

U(xl'zx) ;U(xl'zx') if and only if U(,x) 2U(,x")

Postulate V: For some 1X and lE’

U(,x) ;U(lx.) ;U(li) for any ;x ¢ X.

The metric used to induce the topology in which U(-) 1is
presumed to be continuous by Postulate I is the sup norm:

a(,x',x) = sréplx;:—x for

el
Postulates I through IV have been shown to imply that
there exist auxiliary functions u(+) and V(u,U) such that
for 1¥¢€ X
(1)  uGx) = V(u(xl) ,U(zx))
and

(i) Vp(qupsU) = V(uy,V uy,V(ay, oo, Vg, 0))

where jun = (u;,u,, ..., u;) and uy = [x(3)) for 3=, .... T,
where each uj is continuous in the sense of Postulate I, and
V’!.' is the Tth iteration of the operator V.

The demonstration of the above relations can be found
in Roopmans (1], pp. 292-295.

For a truncation of 1 ¥ to xn, the 1.1j for =1, ey T

represent the immediate utility levels of the successive




entries of 1X0 X(qyr ceer Xopyy while the value of U(tx) is
the prospective utility evaluation of 1% from time period t
onwards. The aggregator function, V(u,U), serves to indicate
that temporal evaluation of members of X can be decomposed
into immediate and remote utilities with respect to a fixed
time period. As a generalzation of (i), one has

(1ii) U(;x) = VT[luT,U(T+lx))
with the further interpretation that the postponement of a
programme of utility U by T time periods is precisely compen-
sated for by the interpolation, in the T periods in between,
of commodity vectors X(1)r oo ¥(q) with utility levels
b Seals D LERARAR. Ll A%

By Postulate V, the range of the functions U(-) and
u(+) can be assumed to be the closed interval, (0,1], so
that one has:

(iv) 0 = U(;x) £ U(;x) £ U(;X) =1 for programmes ,x

(v) 0 = u(g(j)) s u(x(j)) < u(i(j)) = 1 for vectors

x(3)

Then one has as a consequence, for the auxiliary func-
tion V(u,U):

(vi) V(u(x,),0(,x)) = 0 and V(u(%,),U(,%)) =1
The range of V(u,U) is then the unit square, (0,1]2.

It is further demonstrated that for a fixed specifica-
tion of vectors, dependent on T, 1%p = (x(l), ...,x(T)).
such that, given the associated utility pattern,

LOp = (ug (x40 ...,uT(x(T))) of immediate evaluations per




each time period, there is a unigque value

(vii) U = WT(luT)

such that (iii) is satisfied, where WT(luT) is a continuous
function of the uj, j=1, ..., T ([1], pp. 297-300).
The concept of temporal perspective is defined in terms

of the auxiliary function, V(u,U), as applied to the range

. —— ) T ———p—————r

of the utility scale, which by Postulate V is the unit
interval, (0,1] ((2], p. 88). The following is a statement

of this property.

(yP) For two values, U',Ue (J0,1], if U' >U and

VT(luT’U) = U" and VT(luT,U') = U™ for T > 1, then

i weak and strong temporal perspectives are
(WpP) Df: U™ -U" g U'-U
(SpP) Df: U™ =-U" < U'-U
As the comparisons are those of utility differences,

Koopmans, Diamond and Williamson have used the term gquasi-

cardinal when referring to the above property ([(2], p. 88).
Alternatively, one might consider points U' on the scale
of utility as being imbedded in closed non-empty intervals.
For example, a typical interval is of the form:
T= (U0 =(v:0 g0 g T}
Following convention, we denote the unit interval as:
I = (0,1]
In the context of interval representations, the following can

also be defined in terms of set theoretic inclusion:

4




(viii) E'> @08 U 2 U* « T 2O

From the continuity of the auxiliary functions V(u,U)
in U, and from the monotonicity implied by the relation in
(1ii), one has the following, when V(u,+) is applied to an
interval:

(ix) V(u,W) = (V(u,U),V(u,0)]

Then by the recursive character of V(u,U) given in (iii)
also, one can apply V(u,U) in iteration for a finite
sequence of values 1Y9p = (ul, ...,uT) on programmes whose
utility values lie in a fixed interval to obtain the fol-
lowing:

(x) o' = VIDE: VT(luT,tI) = L' for a time period

T 2 1 and a sequence of immediate utility eval-
A uations 1Yp = (ul, ...,uT)

It is then permissible to interpret V as an operator

E acting on the closed subsets of I, from the implications of
Postulate V. Let [V] denote the class of zuxiliary functions 1

V(+,*). It is desirable that members of [V] satisfy the

O —

follcwing properties:

(a) [V] is a semi-group. For V Yy e (V] then

3

(Vl on) e [V].
(b) Members of [V] transform I onto subintervals, and
are pointwise continuous on X. For Ve [V], VIic I.
(¢) If U' and U" are interior values of I, then for i

some Ve [V], VO' = U",




.

(d) [V] is a subinvariant class with respect to I. No
member of (V] takes an interval U into an interval
' that contains . For any Ve [V] if VI= W',
then ' H .
The last condition, (d), is necessary for temporal perspec-
tive to be exhibited. If (d) were false, and for some
Ve [V] and some interval W, CVW, then there can be no scale
in which VU is less than W, and (SyP) of (»P) would not hold.
Condition (a) can be derived from the expression in (x)
and the fact that the future is temporally asymmetric —it has

a beginning but no end. Then for some V 'VZ e [V1, if

1l
o' = vlur and I" = VztI' for some interwval W, then

I" = V2 (VltI) . From the definition given in (x), it follows

1 2
that for some T .Ty 2 1 and lu,rl,lu.rz,

1 2
IluT Im)

(xi) @" = v, ( 2 -
i 2

U Yy (otie ;L)) = ¥ (,a
o LTy T, LTy T +T, 1T




II. The Nonstandard Construction

In this section, we will require that M* be an Nl-
saturated enlargement of a set theoretical structure M,
sufficiently rich for the real number system, as found in
Reference 8 or 9. The specific features of M* we will make
use of in the construction that follows are those of concur-
rence and transfer, which for the sake  of convenience we

state as lemmas.

Definition II.l: A relation o is said to be concurrent in M

if p eM and if whenever Xys oeer X, are elements of 2D (p) there

n
is an element b in R(p) such that <xi,b> ep for T &@l, ..., N

where n is a standard natural number, i.e., neN.

)Lemma II.2: (Concurrence Theorem) Let o be a concurrent
relation in M. Then there exists an element b € M* such that

<x*,b>ecp* for all xe 2D(p).
Proof: Davis [8], Theorem 8.1 of Ch. I.

P remma II.3: (Principle of Transfer) Denote by L, and L,
the first-order languages of the standard and nonstandard
universes corresponding to M and M*, respectively, and let I
be a sentence of Ly-

Then *| I* if and only if |k c.




Proof: Davis (8], Theorem 7.3 of Ch. 1, and Theorems 8.2,
8.3 and 8.5 of Ch. I as well.

We shall consider the unit interval endowed with its
natural topology, the open sets being open suointervals.
Notationally, Ox will denote an open neighborhood of some
xeI, and {Ox} will denote the collection of open neighbor-
hoods of x. 1In this context, the collection, [V], is to be
considered as a semi-group of homeomorphisms on B(I), the
Borel sets of I. We will make use of the following non-

standard topological concepts.

Definition II.4: For a given point xe¢ I, define the monad
of x, symbolized u(x), to be the following:
a(x) =n{w*: We {Ox}}
If for some gqeI*, if q¢ u(x), then we symbolize that

(x=q) M.+ where M; = {reR*: |r| <1l/w, weX*-N}. M, is
1

Mod
the set of infinitesimals in R*.

p>Lemma II.5: Let xeI. Then there is an internal set

Ge {0} such that Ggu(x).

Proof: (Robinson [9], Theorem 4.1.2.)
Let o = {<z2,y>:2z¢ (o lrye {Ox}...y_c_._z}. We show that
p is concurrent. It is obvious that iD(p) = {Ox}. Let

@Lyr eeer LIn € {Ox}; then in the natural topology.
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n
M) U[j}e {Ox}, and thus <UIj,Q> ep! for all =1, ...,n for
j=1
n
neN and Q = [ﬂ U[j] , indicating the concurrency of ».
i=1

By Lemma II.2, there is a G € M* such that for all
UIs{Ox}, <I*,G>ecp*. Since it is true that o*g{o;}x{o;},
by Lemma II.3,

* |k (Vz* ¢ {OX}) (Vy* € (OX}) (<z*,y*> e * => y* < z*)
and we are permitted to infer that G¢ I* and consequently

that G N{w* : T e {0 }} = a(x).

»Lemma II.6: A set QcI is open if and only if for all

XxeQ, d(x) cQ*.

Proof: (Robinson [9], Theorem 4.1.4)

Let Q be open and x Q. Then since Q ¢ {Ox} and
a(x) =A{w*: @ e {0, }}, ulx) cQ*.

On the other hand, let x e¢Q such that a(x) <Q*. By
Lemma II.5, there is some internal G ¢ {O;} such that
Gcu(x) <Q*. Then by Lemma II.3, one can obtain by virtue
of *| (3G ¢ {0x}) (G Q*), that for some We (O .}, < Q.
Then if G(x) <Q*, for xe¢I, for some LC I, We {0,}, which

we fix as I_. Then Q = (U W&_.
x
xeQ

Q.E.D.




’Lemma II.7: Let the function £, map I into R. Then f is

continuous at X ¢ I if and only if for all x* ¢ I*,

(x* = &*) implies that (£*(x*) = £*(x*))

Mod Ml Mod Ml'

Proof: (Robinson (9], Theorem 3.4.5)

If £ is continuous at Xxe¢ I, then for e>0, 6 >0 in R,
one has

IE (¥xeI)(|x=-%]| <6=>|£(x) -£(x)]| <e)

Then by Lemma II.3, if x* ¢ I* and (x* =%*) certainly

Mod My’
|x* = %*| <§ ¢ R and for arbitrary e = R [f* (x*) - £*(%*) | < e,

then (£*(x*) = £*(x*)) by the arbitrariness of e.

Mod M1

Now, if (x* = &*) implies (£*(x*) = £*(k*))

Mod M; Mod M, '’
then choose § eM{-—{O} for a fixed ec R, e >0, and standard,
then i v
fle (36 € RY) (V% e T%) ([ %% = k% | < 6 = | £% (x%) - £% (&%) | <e]
By Lemma II.3, once more, f is continuous at k.
Q.E.B.
We turn now to the demonstration of the principal
result, and remark that the construction utilizes methods

employed by Hausner (5] and Parikh (6] to construct Haar

measures on the real line.

Definition II.8: Let X be interior to I, thenIIis{Oﬁ} is
said to separate B from B under (V], for A,BeB(I) if for

any Ve [V] it is the case that either AN VUI}.C= ¢ or

anvmi=¢.
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A and B are separated in I under [V] if for some X eI

there exists some uri that separates them.

Definition II.9: Let ¢ be a set valued mapping on B(I),
taking values in R, then v is said to be admissible if it
satisfies the following:

(1) v@®) > 0 for any AcB(I)

(2) ®CB implies y(A) < w(B) for any B,Be B(I)

(3) v@®UB) g v@) +y(B) for any ®,BeB(I)

Definition II.10: Let ¢ be as in Definition II.9, then y is

weakly additive if it satisfies
(4) y@) +y(B) = y@®UB) for any B,Be B(I)
whenever A and B are separated.
We give now a statement of the main theorem, the proof

of which shall proceed by a series of lemmata.

»Theorem II.11: Let [V] be a semi-group of homeomorphisms

on the Borel sets of I (0,1], B(I), such that

(a) Por any Ve [V] and W e B(I), VI ? .

(b) For any L ¢ B(I) and X ¢ I, there is some V ¢ [V]
such that % ¢ VU.

Then there exists a nonnegative, weakly additive, real

valued set function, A, on the Fa sets of B(I) such that

A(U) > A (VW) for Ve (V] and any W« B(I).
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Proof: We proceed by a series of lemmata.

P Lemma II.1l.l: For a fixed xeI, let We({O;}, then for

any Ve [V], VT is an open set.

Proof: Let VU e VW for Ue W. Since U[e{Oi}, by Lemma II.6,
u(0) cWw*. To show that VUL is open, one needs to show that

4 (VU) c V*W*. However, since each Ve (V] is a homeomorphism

E on I, this follows from Lemma II.7.

Q.E.D.
Consider next some R eB(I) and for a fixed X, some

Ee {O’-‘}. Since I is locally compact, AcF for some F ch.

By the above lemma, thl:i is an open set for each Ve [V].

Then’ by Condition (b) of the premises, - VtJ:’.;c = I, and
Ve [V]
thus (V. : Ve (V]} is an open covering of FcI. Since F is

an Fc, F is compact on I and therefore for some finite col-

lection {Vl, e Vn}, where n is a standard natural number:
n

since acF, ac U vjuri, and denote by (B : W) the least
J=1

value in N for which this is true. Let 'Ao be fixed and non-

degenerate in B(I). Define the set valued function ¢ on
B(I) as follows:
®: U:i)

for any A e B(I).




)Lemma IT.11.2: The set function °U[~ is admissible and
X

weakly additive on those sets separated by UI}.( under (V].

Proof: (1) QUI: ®) > 0 is innnediate for any A ¢ B(I).

n
(2) If ‘ACB then if BC UV UI:~,*AC UV, tI_.
j=1 3 j=1 3

Therefore (B : mi) < B s Uti) implying therefore

that OULGB) ,<_¢u[i(3).
nl
{(3) Ifwmc L_)VUI and BCUVUI then
“n=1 J j=1 J

nl
MmuB) c U V.&E. [ & ur-] and therefore
RTINS AR

MUB) < Omx @m) + ¢

.fact that (nuszuri) < (a:uri) + (B:L]I:i).

°mi . (B) follows from the

For the second assertion, let Ut- separate A from B

n*
under (V] and assume that (RUB) < UVJUL. By Definition
j=1
II.8, for any VJ either VJLI NA = ¢ or VJUI-."\ B = ¢. Then
n
for some K, AC V.@ . and BS U V, @, and therefore
j=1 3 j=K+1 -
(nUB:tIi) = m:m:i) + (B:LI,.‘) from whence Qmi @MUB) =
o ®) +¢ (B) .
Tz s
Q.E.D.

P Lemma II.11.3: There exists an admissible, weakly additive

extension of °II + ¥, that is defined on B(I) with range in
X

*
R+.
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Proof: From Lemma II.l1l.2 and II.3, from the fact that
® : B(I) x {0z} +R_ we have that ¢* :B*(I*) x {Of.} -R}. By
Lemma II.5, there is an internal set Gz {O;.'(,} such that
Gcu(x). Let yMm) = @&(‘h) for AcB(I). Using Lemmas
II.11.2 and II.3 once more, y = ¢§ is admissible since G is
internal in {O;.';,,}.

Let A and B be separated in I under [V], then
|l (VD e {0;}) = [D W, = ¢ ,MUB) = ¢, (@) + @D(B)]. Then by
Lemma II.3

*|E (vn*s{o;.;,})[o*_c_m* => 5, M UB) = oX (B) + of (s)]

However, one knows that G<u(x) C.UI:x*, and since G is
internal, Ge {03'.", . Therefore,

Oa(ﬁu B) = 0&(&) + @&(B)

. which of course is simply

Y@®UB) = y@) + y(B).

P Lemma II.1l.4: For all B eB(I), v(A) eM;

M; = {r sR: :r<n for n standard and reall.

, wWhere

Proof: Any member of B(I) is such that ACF for some F eF .

By condition (b) of the premises acFc (_J VR ,. Since F is
“ve (V]

compact on I, ACF< UV A, for some standard natural number

370
neN and {Vl, ey V }c [Vl. From the admissibility of vy,

y(@B) < Z p(VA.). And by construction of ¢. , since
= =1 jvo @,
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m,) =1, w(‘a) = 1. Then

n n
v(A) £ T wva) < J vm,) = n.
Q.E.D.

Remark: Implicit in the proof of Lemma II.ll.4 is the fact
that for any Ve [V], (WM :W;) < (A:W,) which follows from
the fact that if {Vlai' ws e Vnui} is a covering of A e¢B(I),
then {WllIi, vy antr’.‘} is a covering of "A.

Denote by st(:) the order preserving homomorphism from
M; with Kernel Ml' taking unique values in R, as defined by
Robinson (9], p. 57, termed the standard part. Then from the
order preserving properties of st(+-) along with Lemma II.1l.3
note that st(y) is admissible and weakly additive on B(I)
with values in R_. That st(¥(A)) 2st(v(VA)) for Ve [V] and
A ¢ B(I) follows from the remark made follcwing Lemma II.l1l.4.
Since st(¢) is real valued and nonnegative, defined on B(I),
allow A = st(y) to obtain the desideratum of the theorem.

Q.E.D.
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