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1.

Introduction

In Part III of the series, the subject of interest was

to obtain a non-atomic representation of *Finjte noncoopera-

tive games in normal form. In the present paper we shall be

concerned with features of the *~j flj~~ construction that

allow a slight generalization of the solution concept

employed, namely, that of an equilibrium point .

The present approach dispenses with the S-concavity

requirement of the payoff functions by weakening that condi-

tion to require that the payoff functions be integrable over

the product space of individual strategy sets . Each agent

wj l]. be assumed to have a *pj~j~~ set of pure strategies ,

which is to say , that the cardinality of the set of pure

strategies for each participant is always an integer Ic £

In this instance, it can be shown that the condition that

the payoff functions be integrable follows from the conti-

nuity of the payoff functions in the Q—discrete topology of
S4

pointwise convergence on the space T fl ((S . , 2 J ) ] ,  where
jcF* ~

is the *Fjnite set of pure strategies available to the

~th participant. This comprises Theorem 11.3. Given the

intsgrability of the payoff functions, the results of

Anderson (1], Lo.b (3 1 and Brown (6] are then combined with

an analog of the Schauder-Tychonoff Fixed Point Theorem to

obtain the principal result, Theorem 1.5.
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Our notion of quasi-finitely determined appears

explicitly in Peleg (5] and covertly in Wesley (4], Theorem

4.8. However, the origin of integrals generated by strate-

gies appears to be in the work of Dubins and Savage (7],

Ch. 1.6, and the notion of quasi-finitely determined payoff

functions in the context of integration seems to be attrib—

utable in origin to the work of Ka].már (8]. The suggestion

that Kalm~r ’s result can be given a topological characteri-

zation Dubins and Savage attribute to John Myhill, ~~~~~ . cit.,

Theorem 1 of Cli. 1.7 and Theorem 5 of Cli. 1.8. The non-

standard characterization is, of course , ours .

It should be remarked that the framework we employ is

strictly weaker than that of Peleg t s in the following sense .

Peleg ’s use of the Axiom of Choice in the strong version of

Tychonoff’s theorem on product spaces of nondenumerable

cardinality is at odds with the principal desideratum of his

result. For if we select a measure space as the set of

players , of nondenuinerable cardinality , the characterization

of an equilibrium point as a property satisfied for all

players , and not just on sets that differ by a null set of

measure , as is well—known, is in contradiction to the Axiom

of Choice. Peleg’s original result must be interpreted then,

for the case of a denumerably infinite set of players only.

On the other hand, our construction utilizes a weaker

assumption, embodied in the construction of p1-saturated

enlargements, namely , the Boolean Prime Ideal Theorem, which

L _ _-- -- ~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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is , in fact , independent of the Axiom of Choice. In addi-

tion, because of the formal properties of *Fjnjte sets,

namely , that any internal *Fjnjte set of the form (O ,~~1,  for
N0

c N~ - N has external cardinality of at least 2 , the non-

standard measure theoretic formulation achieves Peleg ’s

original goal under weaker assumptions.

~~~~~~~~~~~~~~ F 0,~~—-- - -

‘4
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I The *Fjfljte Framework and Existence Proofs

Let M* be an N1-saturated enlargement and consider the

internal *pjnjte set, F* = ( O , w ] ,  for w £ Nt - N, which we will

assume is the set of players for the game. For each j L F * ,
let there then be associated a tFjnite set T~ ~ (O,n], for

n c N * _ N , such that T~ is internal . We will assume the

to be the pure strategy sets of the participants, and for

the sake of simplicity , we will also assume that all agents

have the same number of strategies available to them , so

that HT~ J I =n for a fixed n~~N*_ N for every j cFt .
By a mixed strategy for the ~th player we will mean an

internal assignment m . : T. R , such that . m . (~~1)
s~ tT .  ~The set of all mixed strategies for each ~

player j c F ,  will be denoted as E~ . Then, obviously, it

F is permissible to consider as an internal tFinjte simplex

of dimension n for each j  c F*. The product space fl 1(Z
~~~~

) ]

- 
jcFt

will be denoted as t .

Let A (T~) be the algebra of internal subsets of T~ .

Then each c induces a probability on A (T~) as follows.

P~ (S) — (f o m~) CS) for S c A (Tj)~ where Cf o in~) (S) has the

form ~ m4(s~). It is then permissible to denote as
sacS .‘ 1

(T~ 1A(T~)) the internal tFjnjte measure space, normalized in

probabili ty , on the internal subsets of A (T~). Let (T,3)

denote the produc t measure iT (T4,A (T4)1 and note that the
jctt ~‘ -J

internality of (T,3) follows from the internality of the

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _  
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component spaces (T~~A (T~~) and the internality of the set

of players F*.

— 
Definition 1.1: Let X be an internal tFinite set and A(X)

the collection of internal subsets of X. Then (x , A ( x )  , u~ )

for ux (S) I I X / 1 S I I  
~~ ScA (X), is an internal tFinite

measure space.

A function f X -
~~ 
Rt is finite if

(i) f is u
~
-measu.rable

(ii) for some standard ii e N , I f ( x )  I <ri for any x e X

(iii) st(u,~(~x : f ( x)  +0})} <~~~

Definition 1.2: A function f : X .R* is said to be S—inte—

grable if -

(i) f is ui-measurable

(ii) st(f
~ tf Idux) < a

(iii) ScA (X) and (ux(S) °) d N1
’ then

( J ~ fldux a0)Mcd N1
(iv) S eA(X ) and ( f ( s )  a 0 ) d N1’ then

(J ~ f
~

dux — 0)Mod M1
For each player j  t F~ , let there be defined a function

Cf o ~) -.~R such that is finite for th e f o on the

product measure space (T03). The domain of H~ for each

j e F~ are vectors of the form ut — Cf o in1, ..., f o i n)  for

some m e t .

_ _
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Then the *Finite game in normal form, as considered in

this context, is given as:

= <{T } F* (H }j jcF~ ’ ‘ j j~F~
Let j  £ F*, = (f o z~) for c and t~t = ~~ o in) for

In c  E , and define ñ ~~~~~~~~~~~ for ñ (f on) for a e ~ to be

for Jc+ j and ~~~~

Definition 1.3: A vector r~i° £ Z is an equilibrium point of

the game ~~~ if for the set of players, F*,

(Vm
s 

c ~~) (1 B~~(th ° )dii° � f,~
H j ü~

° I zü j ) d
~° IIu j Ij

for a.e. j c F~.
By a.e. in F* is meant that the set of players for

which the property is false is negligible, i.e., SeA(Ft)
I ll sflsuch that I -I.IIF*Il Mod

Definition 1.4: A function 
~ 
: E +R* is said to be finitely

determined on ~ if there is an internal standard finite set

AC F*, such that for m1,m2 e ~~~, m1~ =m 2~ for j  cA , implies

that *(m1) =4~ (in2
) .

A function ~~~~~ is quasi—finitely determined if for

every standard epsilon, e > 0, there exists a finitely

determined function, 
~~~~~~~~~~~~~ 

such that I* ( )  (in) - * (m)( < c for

any in c L Alternatively, ~ is quasi—finitely determined if

it is the uniform F—limit of a sequence of finitely deter-

mined functions on 
~~

— - -



- - 
__ _ _ _

7

~~Theorem 1.5: If the payoff functions are quasi-finitely

determined , then the game 1~I~~
’
I,~ has an equilibrium point.

Proof: By the assumption, each H~ for j  £ F* is such that

there exists a sequence, {Hjfl}f l N~ 
of finitely determined

functions converging uniformly on ~ to H~. For any in

— the sequence, and mc ~~~, the S-bounded character of ~~~ and

the Q-compactness of ~~~, by virtue of each Z~ being Q-compact,

yields that is finite in the sense of Definition 1.1.

The integral of ~~~ on T for fft £ Cf o ~~~ ) is given as

f,~H~~~~)dñt and is S-continuous in the weak S-topology , which

by virtue of the internality of F*, coincides with the

product S—topology on iT ( C f  o Eu )]. We will employ the
jeF*

following result.

~~ Lexnma 1.5.1: Let f : T+R* be UT-measurable. Then f is

S—integrable if and only if there exists a sequence of

finite functions 
~~~~~~ 

such that 
~~~~~ 

I~ 
- a 3.

Proof: Anderson (1], Theorem 4.

Since any th £ Cf o ~) induces an internal tFinite measure

on T, for each j eF* , H~ CI~) is T-measurable with respect to

the measure on T induced by th. Further , since each ~~~ for

c F~ , is quasi—finitely determined , by Lemma 1.5.1, given

any iTt £ (f o ~) ,  each H~ is S—integrable. Since the sequence

— —— ~~~~~~~~~~ -—~~~~,- - -— -- -— -— L-~
_
~ - -— - ~~~~~~~
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of integrals 
~
1T Hjfl(th)dlTt}f l N  is comprised of S-continuous

members and converges uniformly to 1T H~ (th) dxTt~ 1T H~ (th) dñt is

S-continuous on (f o 
~~) .

Let the function p (z~,ñ) be defined on (f o ~~~ ) x (f o ~) to

be p (ii,ñ) 
~ [IT 

a.(
~

ln .)d
~
Tt In. 1 . For a fixed th~c C f of ),

jcF* 3 3 3 
-

consider the mapping r ( in)  a £ Cf o 1) : p (~~~t ,~~~~ ) max p (z~,ti) }ñc ( f o E )
where the max is with respect to the inequality “ � “ .

By the results of Loeb (2 ] ,  Theorem 5.1, and Loeb ( 3 ] ,

the range of ‘T R~ ( th ) d~ is S—convex for any th £ (f o Z ) ,  where

‘T R~ (1i)d~ can be regarded as an infinitesimal vector measure :1
on T, v(T).

~~~Lennna 1.5.2: r(fof) is S—convex .

Proof: We follow Brown (6], Theorem 6, in analog.

Suppose -
~~ and ~ are ~distinct in Cf o ~~). Then for some

£ (f o ~) ,  p ~~~~ and p (th,~~) define measures v0 (A)

~ [I A H . ( ~~I~~.) d ~~I~~.] and ~
0 (A) = 

~ [I A H . ( i ~ f~~.)di I~? .)~ for
jcp* jeF* 3 3 3

A e~3. Let us now form the vector measure v (A )  = < v O (A) ,~~~(A) >

Ac 3. Then, by the principal result of Loeb (31, for any

A e (0 ,1), there is some S in 3, such that

[v S) a A ( V C T ) ) ) M d M1
Then ,

[v(T_S) a (l-A) (v(T))}MOd M
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I v0 (A) for
v ’ (A) = 

—

~° (A) f or A c~ T - S

Then, v ’ (T) = v0(S) +~~°(T-S). However,

A ( v (T ) ) a < A ( v ° ( T) ) , A ( ~~° ( T) ) >

and

(1— A )  (v T) ) = < (1 — A )  (v ° T )  , ( 1 — A )  (~° (‘r))>
Then it follows that

((v0 S +~~
0 (T -S)) = A (v°(T)) + (1- A )~~

0 (T)}
Mod M1

Then,

v ’(T) 
~ [ i E . ( t h~~~.) d iI~~.)

jcF* ‘I’ 3 3 3

for

je S

1 2~ j e T - S

Therefore, for some ~ £ (f a t), it follows that

[ (f a . ( ~~I i .)d i t I~~.) }  = x (v°(T ) +
jcF*T ~ Mod N1

and therefore from the fact that

X (V0(T))+(1_A)~~(T) A [ I H . ( ~~I~~. ) d i I z .~ + ( 1 - X ) [  I
jeF* T ~ jcFt T ~ Mc

the lemma follows easily. -

Q.E.D.

From the internality of Ft , and since each integral is

S—continuous in th, q (th , ñ) is seen to be S—continuous in ñ.

Since the Q—topology refines the S-topology, p (th,ñ) is

—~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ --  ----—-~~~~~~ -- -~~ - - —-i -~~~~~~~~~~~~ - -~~~~~ -~~ -~~~~~~~ - .
- — -
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a fortiori Q—continuous in ft. The upper Q-semicontinuity of

~ on (f o ~) is then easily verified . Then the auxiliary

mapping ~ (i i ) = c (f o ~) : c Q—conr (iTt) } has a fixed point

along the lines of the appropriate analog of the Schauder-

Tychonoff Fixed Point Theorem. Then there is some vector

~ (f a ~) such that ~
O 

£ Q—con (r (~~ ) ) .  Then by Le~~na 1,

p. 6 of Brown (6), there is some iTt* £ Cf a E) such that

(ff
~
* jTtO)M d  M1 

We claim that iTt
t is an equilibrium point in

the sense of Definition 1.3. For, if iTt* is not, then for

some e Cf o p (tht ,~~) >> p (th*,th*). However , the Q—continuity

of p (fft,fl) on (fo~~) and the fact that (th* =th~) , wouldMod M1
then imply that p (fft*,~~) >~~

p (th0 ,iTt0), which is clearly false.

Then for any ~ c (f a Z), p (iTtt ,i*) ~ 
p (~~t* ,~~~~). That th* is

S—maximal a.e. in F* is seen to follow from the fact that

(p (xfl*,rn*) M
1

Q.E.D.

_ _
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II. Sufficient Conditions for Quasi-Finitely Determined
Payoff Functions

Let (T,~3) be endowed with the Q-topology of convergence

on tFinite sets denoted as Q
~
DT. The closed sets of Q

~
D
T 
are

pointwise closed in the product algebra .3= fl~ (A(TJ]. The
jeF* 3

standard reference for such a topology is Kelly ’s General

Topology, Ch. 7; the formal properties there are identical

to those of the Q-topological context in M*.

Consider next the quotient topology on

Q
~
DT (Mod Ntfl N1), where 

Nt r~ N1 are the finite members of 
Nt .

Points of (T02) under Q
~
DT(Mod N*r~M1) are actually equiva-

lence classes mod some fixed standard natural number.

Definition 11.1: Le~ us denote as .3*(S) the space of S-

bounded Rt-valued functions in Nt defined in internal sets

with norm given as I f  I = suplf(s)j. A set A j~~.3*($) is
SeS

said to distinguish points of S if for s ,t c S , such that

s+t, then there is some fcA such that f(s) +f(t).

Clearly, then, the internal algebra of all S—bounded

finitely determined functions on (T,~B) distinguishes points

of T in the topology Q_DT(Mod 
NttI M1). A fortiori, the

internal algebra of S-bounded finitely determined functions

renders ~ distinguishable as well. Let us denote as

the space of all S—bounded finitely determined functions on

~~ . The following result is Stone’s well—known generaliza-

tion of Weirstrass’s theorem, which we adapt to the Q—

context in Nt . 

_ _
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~~Leinxna 11.2: Let S be a Q—compact Eausdorff space and let

C(S) denote the internal algebra of all Rt—valued continuous

functions on S. Let Ut be a closed sub—algebra of C(S) con-

taining the identity mapping. Then UE=C(S) if and only if tI

distinguishes points on S.

We give next a theorem which serves to sharply charac—

terize those payoff functions that are quasi—finitely deter-

mined. It would seem to be a useful result for characteriz-

ing tFinite games in other contexts as well, especially in

the area of those games derived from Nonstandard Exchange

Economies.

~~Theorem 11.3: For the game N~~ = <{Tj
}jcf*,F*,CHj}jF*> ,

if each H~ is continuous on (T,.3) in the topology

Q - D,~(Mod NtI N1), then the payoff functions are quasi-

finitely determined. Conversely, if is quasi-finitely

determined, then is continuous on (T ,.3) in the topology

Q _ D
T
(Mod Nt(~M )

Proof: Clearly, the topology Q
~~

DT(Mod t~
It(

~M1) is Ea.usdorff

as a~~lied to (T03) since each (T~~A T~~) is Hausdorff under

Q - Drr (Mod Ntfl M1). The internal sets of 3 (Mod N~~ M1) form

a base for this topology. Clearly, any cover of T by members

of .3 has a tFinite subcover. Then T, and therefore f , is Q—

compact and Hausdorff.
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Then in L~mina 1.7, allow s ~ and Ut 
a FD(~~) to obtain

FD(E) = C(~ ). It is plain to see that any ~ cC (E) taking

nonnegative values in is such that ‘~ £ ci (C CE) ). Then by

reasoning totally analogous to Kelly, ~~~~~~. cit., Section B,

p. 244, since the Q - DT topology has identical formal

features as its standard counterpart , for any f c C (~ ) and

mc ~, there is a ~ c cl (C (~~) )  such that iL. (m) — f (m) and for

any e > 0, c positive and standard , I f ( n )  - ~p (n) < c  for all

a £ ~~~. In particular, since F D ( E )  = C(~ ), this last statement

is true for H~ cFD (~ ) ,  which establishes the theorem.

Q.E.D.

t 

-~~~~~~~~~~~ _ _ _ _ _ _
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Appendix

We have thought it useful to include a few salient

aspects of the Theory of Nonstandard Integration as developed

by Loeb and Bernstein in “A Nonstandard Integration Theory

for Unbounded Functions , ” in The Victoria Symposium on

Nonstandard Analysis, A. Hurd and P. Loeb, editors, Springer

Verlag, 1974.

Let (X ,3,u) be a standard a— finite measure space with u

defined on3, the Borel sets of X. The principal aim of the

Loeb—Bernstein construction is to demonstrate that, within

the context of the enlargement, Nt , one can restrict inte-

gration to appropriately defined tFinite subsets y~~ Xt , and

obtain in. close approximation , the proper values of the

integrals of all the standard positive u—measurable functions.
( a  \

Let us assume that X has the form X = I U x for
n=1 fl j

CX 
~n N c x  such that u(X~) < -a and X~ C X ~~ 1. Let M~ . be the

nonnegative real valued functions on (X ,13) , and let L+ be the

u—integrable functions in MR+ where by convention , we denote

M
a
=MR

4_ L+. Let M~~ be a tFinite subset of M~ . such that if

L £ M~~. then L c M~+.

For a partition PePt , indexed by I~~Nt, and some set C

in the enlargement M*, let ICC) = (id :A~~cP. ...A~ CC} for

A1 such that u(A~) >0. Then 111(C) ~I will denote the number
of elements in ICC) with values in Nt. Specifically ,

II : ICC) —.Ft for Ft internal in Nt .
1—1

— --- -- -  —-- -- - -— -- ——- ---—‘——-- ~~-~- — - - -—— --~~~~-~~--— - ----~~~ ~ --~~-.-.-~-- - ,— .--- - - - -~~- —--~-- - -
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~~Theorem A.l :  For a given choice of e1 C M 1, and ~ £N* -N ,

there exists integers a and 3 in N~ - N  such that:

C i )  If Xn is :he set corresponding to a in the collec-

t~.on (X ~ } , then there is an internal set

with the property ut(Y) > u *(X ~ ) ~~e1
(ii) For any fcL ~ , ~~f*~~* > f fdu’— e2

(iii) For any g e N , gtd~~> w 0

(iv) For any ~~~~~~ sup h~,3y

Proof: Loeb and Bernstein , 2E.• cit., Theorem 1.
Q.E.D.

~ .Theorem A.2:  Given e1, w~~, n, 3 and Y as in Theorem A.1,

there is a partition P 0 e P~ such that Y is exactly the union

of sets from P 0 and for any partition P ~ P 0 in Pt , one has,

in terms of the index set I for P, and an arbitrary choice

of points X~~e A 1~ i e l ( Y ) ,

(i) ~f fdu — f t ( x )u t ( A ) I < 2e 2B icI (Y~~ Bt )
+for anyf cL and B e3

(ii) ~ g*(x.)u*(A~) >

iel(Y)

Proof: By Theorem A.1, each h c M ~, is bounded by3 on Y.

Therefore for some P0 c P~ , P0 is a partition 
such that

P0 ~ {Y,
X*_Y} and.for any set C c? 3 for which CCY , and

each h e M ~~ 1 one has sup h — infh<
C C

A



____ -
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Select any partition P ~ P~ with an index set I and

choose a point x1 £ A
~ 

for each i c I ( Y ) . Given any h ~
one then has

f hdut — ~ (h(x~) +~~.)u *(A .)
icl (Y)

for 1~s~ l < e1/u t (Y) for i cI(Y) . Then,

ç hdU
~ 

— ~ h(x j )u *(A j ) I  <
u*

C

(~~) ~ ut (A ~ ) a a1icl (Y) iel(Y)

If f c L’~, and B e 3, one can allow the function

h f t  in the above.

This is Theorem 2 of Loeb and Bernstein, ~~~~~~ . cit.

Q .E .D .

To explain the use of partitions in the above , let P be

the collection of all finite u-measurable partitions of X.
a

Then if P £ P, then P — (B1, 
~2’ 

. . . ,  B } for x a U B., andn i—i 1
for 1 ~~ i 

~~, 
j ~~, a, c 3, 

~1 
+ •, B~ rt B. a • jf j + j. One

symbolizes P3 ~ P for P ,P3 c P if any B in P is such that

B — C for C~. B. If P3 ~ P , then we say that P3 is aCe P3
refinement of P .  The relation ,~~~ is concurrent on members

of P, which is to say that for a finite chain,

def ined on ~ there is a “top,” ~~~ , that

bounds it. Then because Nt is an N1-saturated enlargement,

for some P0 in P’ P
~ ~ 

P~ for any P~ 
eP. Then one symbol-

izes Pc P~ if P~~P~ for each P eP.

The following two corollaries serve to indicate our

earlier use of the nonstandard integral in the section on

tFinite framework and existence proofs over the tFinite set T.

-

~ 
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Their interpretation in terms of the concepts employed in the

referenced section , namely , H~ c F D ( :)  and ñt c (f a ~) , should

be clear.

~~Corollary: If u is a non—atomic measure, one can choose

the partition ~ ~ 
P
~ 

with index set I ,  so that for any choice

if x~~eA~, i~~I(Y), and feL ~, g eM , and B c 3, one obtains:

(i) ~f fdu — 
ut(Y) 

• ft (x.) I 3e
B 111(Y)II jcl(Y i B*) 1 1

u t ( Y )
(11. ) ~~ gt(x~) > u~° —2e 1 

—111(Y) II icl(Y)

Proof: One recalls that 3 is an upper bound for the func-

tions in M~~ on Y. One can then find a partition P ~ P0
indexed by I such that for each i c I (Y)

i-,* fV ~~ 
C

* — ‘ ‘ 1 <
III(Y) IkB

Therefore, given ~~~~~~ and Be 3, one has

h (x.)ut (A.) — 
ut(Y) . Z

ie l(Y fl Bt) ~ 11 1(Y ) II i e l ( Y r l  Bt) 1

h (x~) u*(A~) — 
ut (Y)

icl(Y tl B*) 111 (Y) II
C1 h(x.) < e

lu 1cy ) kB jel(Y)fl 3*) 1 —

Q.E.D. 

~~~ - - - -~ -~~~~~~~~~~~ ~~~~~~~~~~~~~~~~ ~~

____________________________________



19

~~ Corollary : If u ( X )  — 1, then for any f c L ~~, g c M  and

If fdu f f*du*lBt 
~Mod M 1

where

f ft~thi
t ~ 1 Z f*(x )

(I I (Xt ) If icl (Bt) 1.

Then , in the terminology of the earlier referenced

section , let ut (T) -a — ~(T) = 1 for ~ £ (f a ~~). Then

for a payoff function, H~ c FD (~ ) ,  one has the following

representation for the integral of H~ on T:

f a r)di — .Z H.(m (s1))
T 3 I T I sI.cT ]

To see how one might generate *Fiflj te sets of pure

strategies from a standard metric space, taking as given a

*yjnite set of participants , consider the following.

If one starts by requiring that each j c Ft- has a

strategy space of the form of ,  say , the unit interval,

(0,1], one can form in Mt a covering of (0 ,1 1 * by the inf in-

Itesimal boxes — , i for K c Nt, ~ c N~ and K <~~~~~ . Slnce

Nt enlarges N, (0 ,l]~~~ (0 ,1] * and the “boxes ” cover (0,1] as

well. Let the equivalence relation, x .y , for x,ye (0,11,

be defined to hold if and only if lx * ...y*j ~~~~~ or alterna-

tively phrased, if and only if x and y are in the same

“box,” the length of any box being l/c~i. Then we may regard

the 
~~~~~~~ 

as equivalence classes of the form

(xl — {y* e (O,l]* : xt ‘~y
t} for x c (0,1]. It is plain that

_  
-~~~~~~~ - - ~~~

- - 
- -- - - - -~~~~~~~~-~~~-—— -- - - .- --

~~~~~
----- - - --C,-

--
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the number of boxes equals the number of equivalence classes

and that number is *Fjnjte , namely, ~~~~~C~~~~~
t -N.

If one began with a simplex (O,l3 ’~ for a c N , then the

appropriat, procedure would involve a tFinite number of

infinitesimal “cubes ,” ~~~~~~~~~~ 

~~~~~~~~~ -~~~~~ .- - - _ _  _ _ _ _ _ _



- - -
~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~ 

‘- - - - -—- - -
~~~~~~~~~~~~ 

________________-~~ -

20

References

(1] Robert N. Anderson, “A Nonstandard Representation for
Brownian Motion and Ito Integration ,” Israel Journal of
Mathematics, Vol. 25 , 1976.

(2 ]  Peter A. Loeb , “A Nonstandard Representation of Measur-
able Spaces L~ and La,” Contributions to NonstandardAnalysis, W.A.J. Luxemburg and A. Robinson , eds., North
Holland, 1972.

(3 1 Peter A. Loeb , “A Combinatorial Analogue of Lyaponov ’s
Theorem for Infinitesimally Generated Atomic Vector
Measures ,” Proc. AMS, Vol. 39, 1973.

(4] Eugene Wesley , “An Application of Nonstandard Analysis
to the Theory of Games , ” Journal of Symbolic Logic,
1971.

(5] Bezalel Peleg, “Equilibrium Points for Games with
Infinitely Many Players , ” Journal of the London Society
of Mathematics, 1969.

(6 ]  Donald J. Brown , “Convexity of the Vector Average , ”
Working Paper IP—197, University of California,
Berkeley, 1974.

(7] Lester Dubins and Leonard Savage, Inequalities for
Stochastic Processes,. McGraw-Hill, 1965.

(8] L. Kalmár, “Uber aritbmetische Funktionen von unendlich
vielen Variablen, weiche an jeder Stelle bloss von
einer endlichen Anzahl von Variablen abhängig sind ,”
Colloquium Mathematicum, 5, 1-5, 1957.

[9] Alain A. Lewis, “A Nonstandard Theory of Games, Part I:
On the Existence of the Quasi-Kernel and Related Solution
Concepts for *Finite Cooperative Games,” Discussion Paper,
Center on Decision and Conflict in Complex Organizations,
Harvard University, 1979.

[10] Alain A. Lewis, “A Nonstandard Theory of Games, Part II:
On Non-Atomic Representations of *Fjnite Games,” Discus-
sion Paper, Center on Decision and Conflict in Complex
Organizations, Harvard University, 1979.

(11] Alain A. Lewis, “A Nonstandard Theory of Games, Part III:
Noncooperative *Fj nj te Games , ” Discussion Paper , Center
on Decision and Conflict in Complex Organizations,
Harva rd University, 1979.

- 
--~~~~~ - ~~~~~~~~~~ --~~~~~ 

_ _ _ _



-- 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

- 
~~~~~~~~~~~~~~~

[12] Alain A. Lewis, “A Nonstandard Theory of Gaines, Part IV:
Equilibrium Points for *Fjnjte Games,” Discussion Paper ,
Center on Decision and Conflict in Complex Organizations ,
Harvard Univers ity, 1979.

-- -5-—  
_ ___

~~~~~~~~
ii—

~
___-~~~~-5-~~~~~ ~~~~~~~~~~~~~~~ - - -~~~--~~~~~~~~--~~~~~~~-



_____ - - -- -:-- 
~~~~~~~~~~~~~~~~~ 

_ _ _ ‘
~~~~~~~~~~~~~~~

‘
~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

Unclassified
S.~ t i f l t y  Clo - ‘. t f I ( a t i~~ fl

DOCUM EN T C0NT~0L DATA - R & D
(S,-c I . - i t y  rIa.ailicatior, ot title, body 1 .,h*i,.ct uod InJ~’.u.d ,nnotet iol, ‘.u.l b~ .nl., ~~d ohen lb. ,oer•lt l.po.l I. r t e - ..elI.d~

I. ORIGINA ( I N C .  A C  T I V I  ~~Y (Lo,po, ate auth or) ~.. R E P OR !  S E C L 1 R I  T Y  C L A S S I r I C A  TIO N

Center on Decision and Conflict in Unclassified

Comp lex Organizations ~~~~, GROUP

3- RCPOI4 T T I T L E

A Nonstandard Theory of Games , Part IV: Equilibrium Points for

*Fjnjte Games

4. D E S C R I P T I V E  N O T E S  (7’yp. ot ,•poft and Inclusive dat..)

Technical No. 9
5 AU T H O R IS I  (Paris name , middle lnhli .l, Seal IIen.C)

Alain A. Lewis *

S. REPOR T D A T E  7a. T O T A L  NO. OF P A G E S  7b. P40. OF REFI

June , 1979 21 12
IC. C O N T R A C T  OR G R A N T  NO. S.. o R I G I N A  TOR S R E P O R T  NUM8ERIS I

N00014—77- C—0533 Technical No. 9
b. PR OJ E C T  NO.

NR—277—240 
________________________________________

C Sb, O T H E R  R E P O R T  NO(S) (Any 0th., numb .rs thaI may b. a..Ign.d
this r port)

a.
ID D IS T R I b U T I O N  S T A T E M E N T

This document has been approved for public release and sale; its pub-
lication is unlimited. Reproduction in whole or in part is permitted
for any purpose of the United States Government.

I I. S U P PL E M E N T A R Y  NOTES IS .  S P O NS O R I N G  MIL l T A R Y  A C  TI V t  t y

Logistics and Mathematics Statistic
Branch , Department of the Navy,
Office of Naval Research , Wash. D.C

I S. A R S T U A C T

The results obtained in Theorem 1.1.15 of Part III of the series
on the existence of Nash—type equilibria for Non—cooperative *Finite
Games are considered under weaker assumptions. The assumption that
the payoff functions be S—concave is dropped in favor of the condition
that they be quasi—finitel y determined ~~~a condition attributable in
ori gin to the work of Ka1m~ r[8]. ~- I t1~s then show~~ making use of
the results of Anderson [1] and Loeb [2 ,3 J ,~~fl~~Ethe latter assumption
implies the integrability of the payoff functions in the product
measure space induced by the mixed strategies of the players.
Necessary and sufficient conditions for the payoff functions to be
quasi—finitely determined are given a topological character’ization.

*presently at The Rand Corporation , Info..rmation Sciences
Division , Santa Monica , California.

1~ l”t FORM 4 A ~~~ J ‘PAGE I~~~~~~~~ I NOV ,, U~~~~I~~~ Unclassified
~n. ~~~~ • .~~~. ..~ Securi ty CI~~.~f lc.Uo~ 3ND PP~~ I~ tJ2

—— ~~~~

. -— .—

~~

— -

~ 

— —

~~~~~ 

- 

~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~


