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~~~Introduction F

The Nyquist sampling theorem is used to derive the maximum
number of preformed beams required to adequately sample a signal
field with a given line array so that the angle of signal arrival can
be determined. Consider a single frequency plane wave incident upon

u~ 
a line array. After forming an infinite number of beams (or scanning )
a plot of beam output power versus steered angle is obtained. The
target bearing is the angle at which this plot is a maximum.

I By Nyquist sampling the plot of output power versus bearing, the
plot is reconstructed frcsn a finite number of beams. This number of
beams is minimum in the sense that fewer beams result in a signal error

o~ ~~ while more beams are redundant. The Ra~rleigh resolvability criteria
for multiple detections is investigated and caupared with the previous

I C..) result.1.

(\j Lii Finite Aperture Continuous Array

J Li-.. For a single frequency uniform plane sound wave incident upon a
continuous line array of aperture L (Fig. i)
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Array Normal Axis

Plane wave
normal

Fig. 1.

the array output is given by:

L/2
P = Al ~~~~~~~~~ - 

x sin 0) dx (1)
J C
-L/2

- Ic~L
8in\~~ sin 0,

AL sinwt (2)
BIn 02c

AL sinwt [ K(O))

where:

A constant depending cii wavelength of sound, X , medium of propaga-
•tion1 and array sensitivity ;

c velocity of sound ;

x NTPS ~iIte iscilsu
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and

0 = arrival angle .

K(Ø) is referred to as the directional characteristic or directivity
pattern function and expresses the angular variation of the array output.

To steer the major lobe of the array away frczn the norma]. position
(by an angle say Oj)  t ime delay is introduced and the general expression
for K(Ø) beccunes :

5jfl [i~t~L (sin 0 — sin O
i

)l

— J (3~)
~~~~~ (sinO— sin Oi)2c

where: - 
I

I - the 1th beam. Note that the waveforms of all the ic~(Ø) are identical
to the one of ic(Ø) but displaced by their respective sin value.

Following a square law detector-averager, the normalized output
signal frcsn the jth beam is expressed as:

2

— 
sin (sin 0 - sin &~.2 (~)

~~~(sinØ— sin $1 )

All the B values from expression (5) are interpreted as sampled
values of the l’unction:

r wL

~~ 
sin ~ (6)B a  

~~ sun ø
L 2c

in the ra.nge -l � sinØ� l .
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To find the minimum number of independent samples required to
reconstruct in this range, the Nyquist sampling rate is derived. Its
derivation is based on the following argument :

With sin 0 taken as the variable, relation (6) is rewritten as:
2I wL

B • B(y) = ~~ ~°I.. ~~~~ 
- (7)

2c

where:

y — sin 0

The range of interest of y is -l�y�l ; it is assumed for
convenience that B(y) is a Si2 (i- ) function with the range -So�y �o0 .
The convenience lies in the fact that t~e bandwidth of such a function
is limited and recognized to be 2 w L  (2 ’ s The Nyquist sampling
interva1~

3 is then given by: C

~t y=Asin Ø I = (8)
2wL/c

The maximum number, M, of independent samples of B in the range
-l � y = sin Ø � 1 is :

M =  2 = 8L
T

(i) Si(x) — 
sin x

(2) The bandwidth of Si ~ x is a and the bandwidth of ~~ is then2

(3) M. Schwartz; Information Transmission , Modulation , Noise : M.G.H.
1959.
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M represents the maximum number of directivity patterns or simply beams ,
to be formed in a multibeam sonar and they are formed such that the
sine of the angle between adjacent beams is equal to X

Finite Aperture Element Array

A similar procedure is followed for the Case of a half wavelength
spaced element array. The only difficult7 which arises is that no
simple expression exists for the bai14width; this is circumvented, by
assuming that the bandwidth extends up to tue harmonic at which the
Fourier coefficient is 110 db below the coefficient of the fundamental.

The directivity pattern function for an array of N equidistant
elements separated by a distance d is given by (11):

sin (N vd sinØ \
ic(Ø) = \ T 1 (10)

N s i n / v d 8 i n ~~

With beam steering used, the general expression for K(Ø) is:
sin IN or d (sin 0 - sin a

I T ii (II)
N sin i rd (sinJ- sin O~~)I x

(it) R. L. Pritchard ; Directivity of Acoustic Linear Point Arrays,
Tech. Memo. No. 21, Acoustic Research Lab., I~ rvard. Univ.
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Following a square law detector -avera ger , the normalized output
signal frce the jth claimel is:

rsin N a d  ( s i n Ø - e i n o ) 1
2

-..x-—. i (12)
~N sun i ’d(s in ~~~- sin 81 )
I x

which may also be inter preted here as sampled value s of the function

2
r ain M a d  sun Ø 1

B —  I •

~~~~~~~~~ I (13 )
I W~sin .z~ 

sin
I x

Using the substitution, y — •in 0,

B i B(y ) — ~~~ (#~‘ ~) 1
2 

(lit )
N eifl

(J~~ 

~JjAn argument similar to the preceeding case leads to no simplifica-
tion for finding the bandwidth. The procedure to be followed then
consist s of expandin g B(y) in a Fourier series and limiting the band-
width to the n~~ harmonic at which the magnitude of its Fourier
coefficient , C ,, is ItO db below that of the fundamental . The sampling
theorem then gives 2n as the number of independe nt samples. This
leads to the conclusion that the maximum number , M , of beams to be
formed In the multibeain sonar is equal to 2n end the form ation must be
such that the sine of the angle between the two adj acent beams be
equal to 1.

n

The following results have been obtained by computer solution
using en avail able Fast Fourier Transform (FP’T) subroutine with 512

6
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samples , and with d , distance between adjacent elements, equal to X.
2

N 2 12 22 32 42 52 62 72 82 92 102

M 2 22 38 51+ 68 82 91+ 108 120 132 111.2

where M beams are found for N array elements.

Ea~1eigh Resolvability Criterion

This criterion is used as an empirical criterion for resolvability
between two adj acent targets. In essence it specifies that for
re~q~.vabi1ity between two such targets, the axis of a beam pattern
Kj(~

) must coincide with the first zero value of the adjacent pattern
1(1+1(0), counted from the axis of Kj+j.(Ø). Application of this criterion
is made for both the continuous and element arrays.

Case a.: Continuous Array

Fran relation (3) , it can be seen that the first zero of the
beam pattern K(Ø) fran Its axis, occurs at sin 0 = ____ =

‘iL L
Therefore3 based on Rayleigh criterion, beams have to be formed such
that the sine of the angle between them equals X/L , this compared
to the value x found for the number of independent beams.

Case b: N Element Array

Prom relation (10), it is also seen that the first zero of the
beam pattern K(Ø) in thi s case occur s as sin 0 = ~~~~~~. The number of

beams to be found In the case d = Is equal to N. Thi s is to be

compared with the values of M shown in the preceding table.
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Conclusion

The niaximuin number of beams required for independent signals in
multibeam sonars have been derived for both the cases of continuous
and N-element arrays. In the latter case some approximation has to be

• made and no simple analytical expression is foun d for the maximum
number; a computer solution is required.

The number of beams required in multibeam sonars for a resolva-
bility between two adjacent targets based on the Rayleigh criterion,
is also derived and a comparison is made.
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