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ABSTRACT

New concepts and viewpoints are needed to develop control algorithms for large scale systems .
It is hypothesized that brain functions in human beings clearly demonstrate the existence of
superior techniques for controlling complex systems with multiple objectives. The theory
of compacta is investigated as a basis for learning, memory ,  and perception .

INTRODUCTION

In research areas like large scale systems and cybernetics , there is a grea t need f or new
concepts and viewpoints to handle effectively the complexity of the problems inherent in
these systems. Classical control algorithms and design techniques are inadequate for these
systems. The traditional and sound approach to developing a methodology for complex syStems
is to extend the tried and proven techniques which have been developed . The basic problem
is that the procedure of extension from small to large exposes the system analyst to encoun-
tering many new and different problems from those encountered previously. That is, the
system analyst can do a highly effective job on possibly an inadequately formulated problem.

An alternate approach to developing new control algorithms is to analyze hi ghly comp lex bio-
logical systems that have evolved over time and exhibit some of the properties envisioned as
needed for future generation large scale systems. In the field of cybernetics , the human
being is often given as an excellent example of a highly complex system . The typical human
being has a tremendous abil ity to learn , adapt , and perform and thereby reorder the environ-
ment in which he or she lives. This ability is derived from the capacity of the human brain
to learn , re cal l , and innovate ideas, events, developments, etc. The close tie between
brain functions and body muscular control is basic to the profound abilities of human beings .

A be tter under standing of brain func t ion , which we ca l l  b r a in  theory, would form the basis
for a new and possibly different generation of control algorithes. We do not mean to draw
an analogy between brain theory and digital computers. Yes, there are similarities between
compu ters and brain func t ion , bu t researchers  in cybernetics—control theory have long recog-
nized the inadequacy of this analogy. The idea that computers could be made to model brain
function only if computers are made sufficiently fast, large in function and small in size
has also been discredited. Of course future generation computer systems will execute tasks
comparable to brain functions , but their organization , input and output patterns will most
likely be totally different from any computer system now in existence or or. the drawing
boards. Some hard core problems need to be solved prior to formulating the architecture ,
language and programing of the needed computers. These hard core problem areas include
inpu t signal sampling techniques tha t are bo th spa t ia l  and temporal; informa t ion storage,
mod i f i c ation , and retrieval; decision making procedures that involve both computational and
logic tasks with variable algorithms to achieve non—unique solutions; colmsand Output signals
that are both spatial and temporal; etc.

In this paper we seek to describe brain function in such a way as to account for memory and
perception . Neurons in the human brain appear to function in large groups , called compact..
The neurons in such a group will reinforce each other’s firing from moment to moment , so
tha t  the compactum as a unit can exist in a firing ‘.tate ’ . The large number of e lements  in
these groups make them very dependable in mental  processes and suggests they may f u n c t i o n  as
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were the only kind of contacts to exist, this model would be worthless, for two reasons.
First, weak contacts are fixed , in strength and in number , but in order for memory to occur ,
there must be some kind of physiological change occurring in the brain.  Second, consider
the difficulty of igniting a compactuts by external stimuli (perceptions). A single neuron
of the compactum requires impulses from at least t contacts in order to fire , but the pro-
bability of a given external simulation sending more than one impulse to the same neuron is ,
essent ially, zero.

To circumvent these problema , Legendy proposed the existence of “latent contacts and “strong”
contacts. An impulse through a stong contact will cause a neuron to fire even if it receives
no other impulses . A latent contact can become strong by frequent firings. Strong contacts
are of two kinds. “Inpu t” neurons have strong contacts  on their dendritic end s , “output ”
neurons on their axonal ends.

The presence of strong contacts directly a f f e c t s  t~.a two problems mentioned above. The pro-
blem of ge t t ing  external st imuli  to f i r e  neurons is now solved , by assuming that external
impulses impinge on a strong contact on an neuron. Only one impulse is necessary to
assure firing. The presence of strong and latent contacts als~ gives a mechanism for memory .For these contacts  enable compacta to comb ine wi th  other comp acta to form “super ” comp acta ,
or “major ” coapacta. Thus , output neurons from several ignited “minor” compac ts can send
enough impulses to input neurons of other unignited cospacta to  cause a major  compactum to
fire. When contacts between two subcompacts are latent , and both subcompacta are firing, the
continuous firing can cause the latent contacts to become strong. In this way , over a period
of t ime , larger and larger cospacra can be formed , represent ing more complexity in memory,
or more “facts” in memory . By such a process of “facilitation ” fewer and fewer minor compac—
ta need be igni ted to ignite the major compactum of which they are a part. Thus, if  the
minor compacta igni te  in response to the perceptions of facets  of an object , then the major
compactum of which they are a part (whose ignition might correspond to the perception of
the object “in toto”) will occur with greater and greater frequency with the passing of
time . Or, it will ignite when fewer and fewer “facets” are presented. This is the essence
of recogni t ion and , hence , of memory.

An in terest ing sideline to this theory conce rns the presence of “images” in the bLain. Con—
aider that an external atmulus , such as a visual sensation , causes a major compac tum to fire.
This f i r i n g  is the 

~~~~ 
record of the visual perception; that is , a particular compactum

f i rin g  is associated with a corresponding visual Image , and this  firing is equated with the
original stimulus. Now whatever makes this compectum ignite , its ignition will be equated
again with the original visual stimulus. Another way of saying this ia that the only thing
ever “seen” is the ignition of certain compacts , so conversely whatever causes this ignition
also causes “sight”. This might suggest why memories are often so vivid as the realities
they represent .

An extension of the preceding discussion leads to a model of perception.

A TENTATIVE MODEL OF PERCEPT I ON

Having seen how percep tion. can cause compacts to fire, it is logical now to ask whether out-
side , rando. stimuli are th. only source of compacts firing. In particular , consider the
problem of internal stimulation of compacta. It is obvious that in any reasoning process,
there is ‘some thing” in the psyche that can bring d i f f e r e nt “images” in to play. If a person
tells someone to concentrate on an orange , he can through some means bring the image of an
orange to mind. An orange does not have to be present to make him “sea” the image . One
might object that the written or spoken word “orange” is necessary to bring the image to
mind . To obviate the handling this objection , think of the simp le case in which one is
hungry . Suddenly, the image “orange ” is perceived . There Is obviously some feedback from
the somatic state that inf luence,  the image which  comes to mind . Or , continuing with the
idea of compacta , there must be some process which depends on the somatic state that is
capable of igniting the compactta or compacta corresponding to an orange .

Thu. the re are at leas t two types of phenomena wh ich can ex ci te Compacts ; exterior input and
soma t ic , interior in p u t .  Now consider the more complex si tuat ion in which a combination of
interior and exterior states excites compact.. The most obvious example is that of a thirsty
man passing a water fountain in an unfamiliar environment. He sees the water fountain , and
In it  relief fro . t h i r s t .  The image come, to his mind of drinking f ro. the f ountain. The
presence of the water fountain alone is not s u f f i c i e n t  to make the image appear , for he may
p.ass unfamiliar water fountains many time s without noticing the.. Likewise , his own sosatic
state is not necessari l y responsible for th. image , for he might have ant ic ipated a d i f f er e n t
solution, such as going to a restaurant for a glass of water. Thus it must be the co.bina-
tton of states , interior somatic with exterior environmental , which causes the image .

Thi. can be related to the idea of compacts in the following way ; suppose the so.atic state
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the basic “building blocks” of memory and perception. When certain assumptions are made
about the physical nature of neurons , compacts can be studied statistically. In particular ,
their existence and lower limit to their sire can be established . A fairly simp le stability
problem can be solved using the mathematical formulae developed herein.

BACKI ROUND

— The science of mathematical neurophysiology has produced some very fine work in its short
hi story. Perhaps the f i rs t  study to suggest a workable scheme of the brain was the McCulloch—
Pitts model of neural activity, propounded in 1943 in an art icle enti t led “A Logical Calculus
of the Ideas limnanent in Nervous Activity” 111. This work described how the neurons of the
cortex could be considered as logic units in a computing system , thereby giving a solid ana-
lytical basis to neural behavior. As important as this work was, it has become apparent that
the brain differs greatly from the digital type of mechanism described there. The most ob—
bious ways in which the brz~in diverges from a digital mechanism are its redundancy, its
f l ex ib i l ity,  and it s “gestalt ” recognition properties. It became very important to postulate
a more “organic” approach to neural activity. In effect , having shown tha t a system such as
the brain could function like a computer , and do the things that computers are able to do ,
there was a need to determine how the brain actually does work. To this end the work of
(.. It. Legendy 121 , along wi th others , pointed Out very fruitful directions . He suggested
that the relevant “building blocks” of the brain are not the individual neurons , hut are
ra ther gr~~p~ of neurons acting in concert. These groups and their behavior can be studied
statistically in conjunction with some ideas of modern systems theory.

A DISCUSSION OF Cf*IPACTA

According to Legendy, neurons in the cor tex form groups , which he labelled “compac ta” which
have a “reverberatory” nature . This means that when each neuron of such a group is firing,
each member continues to fire because of contacts with the other members of the group . Thus,
the compactum will remain “ignited” until the neurons become “fatigued” or their thresholds
become too high. Since the time required to fatigue the neurons is much longer than the
duration of neuronal firing , these structures can be considered “stable .” As a result , the
firing or groups can be studied instead of the firing of individual neurons . The large
numbers of neurons composing such groups facilitate statistical and probabilistic analysis
which would be prohibitively difficul t if applied to individua l neurons.

Legendy suggested that these compacts could be ignited by perceptual impulses , and also tha t
compac ts could combine to form even larger groups , called “iajor compacta ”, by mean s of
“strong” and “latent ” contac ts between neurons of different individual (or “minor”) compac ta.
He then suggested how this model can account for several observed properties of memory, such
as (1) the “gestalt” proper ty of perception , whereby objec ts can be recognized even with some
facets missing, (2) thy very large memory capacity of the human brain , and (3) the observed
lack of impairment of local and mental functions when whole areas of the cortex are removed .

Some of the difficulties of the Legendy model will be discussed , and a device wh ich may
• extend the model from simp ly a memory scheme to an actual per cep tual mechanism w i l l  be

suggested . To facilitate this discussion it Is necessary to formulate a simplified model of
the neuron .

A MODEL OF THE NEURON

In order to proceed analytically, much of the fine structure of neurons must be ignored
because of the mathematical difficulties involved. In particular , it is necessary to assume
all neurons are similar , with the same number of dendrites and the same value of threshold
poten tial T.  In addition , individual dendr itic weights are all assumed to be unity, thus
ignoring inhibition . Axonal lengths are assumed to vary in accordance with a distribution
func tion to be discussed later.

The most drastic simplification is to discretize the time scale . All  neurons are expected to
act in synchronism with time increments dt .  Thus, if a neuron receives >T impulses at time
to , it will fire at time to + i~t and simultaneously the neurons to which it sends contacts
will receive these impulses. This assumption seems warranted  when dealing with the neurons
in a compactun because the compactum ’s f i r i n g ,  unlike that of an individual neuron , is a
steady state process and thus the actual numbers of input impulses can be replaced by the
average numbe r of inpu t impuls es , at least for a first approximation . Of course , the stead y
sta te approximation breaks down after the neurons in a compactum become fatigued , but at
this t ime the compactum simply stops firing as a result of increase of the Individua l thres—
hold potentials. Thus fatigue acts as a natural delimiter of compactum firing.

The contacts which have been described here are known as “weak” contacts in Legendy’a article.
Their presence guarantees the existence of compacts , as will be shown later. If weak contacts
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induces a certain number of input neurons to fire through some mechanism , such as the
Ret icular Activating System. Assume the exterior perceptions induce another number of input
neurons to fire . Now suppose that the levels of these firing can be adjusted by some fil-
tering mechanism , and that the resultant number of input neurons firing can be held more or
less constant. In this way, the number of ignited minor compacta , and hence the number of
igni ted major compac ts, can be held fairly constant , at such a level that the organism can
adequately deal with the information content. This should produce a sort of movie effect ,
with the environment and the organism ’s homeos tat ic mechanism in the rol e of the projec tor ,
and the space of compacta as the screen.

Such a scheme may also throw some light on the associative process. For It is logical to
assume tha t , as the exterior environment changes, some compacta may remain ignited as others
stop firing. Assuming, again , that ignited subcompacta correspond to elemental aspects of
observed phenomena , some continuity of mental imagery should be expected . This continuity
is central to association in mental functioning .

— Figure 1 gives an idea of how such a mechanism could work in conjunction with the organism ’s
homeostatic mechanism to give a crude picture of the behavioristic process. In a very real
sense , the process is the homeostatic mechanism. Notice that there is feedback from the
approach and avoidance impleme n ta t ion schemes to the internal somat ic states , meaning tha t
once the major somatic needs of the organism are met , the homeos ta tic mechanism turns to
needs of the nex t highest priority.

There is no need to assume that this simp le on—off preference scheme is the only way the
brain functions. If the theory of compacts is correct , probably the process is more like
the following: the Reticular Activating System sets up a pattern of somatic “need” with
internal stimuli feeding impulses into the cortex. As different external stimuli impinge
upon consciousness , the internal stimuli act to reinforce the firing of compacta which are
related to these needs. The brain, so to speak , ignites major compacta in the same way that
a direc tor screens actors for parts. Simuli from the internal and external states combine
to ignite compacta which are tested for their suitability in the roles avai lable.

The “play” in which all this takes place is the “need pa ttern ” of the organism . This “need
pat tern ” can be qui te  comp lex., and the more universal of these patterns become “myths”, or
archetypes. An example m ight be the need pattern , or arche type , associated wi th the concep t
of “Mother”. Conversely ,  these archetypes owe their potency to the fact that they elucidate
certain basic need states of the organism .

If the  foregoing concepts are correc t , it appears that the model proposed here may explain
certain very basic mental functions . Thus a quantitative analysis seems merited. The
beginning of such an analysis follows.

STEPS TOWARD A QUANTITATIVE MODEL

An important  goal of t h i s  investigation is to prove the existence of compacta.  Using m l —
• tially the model of Legendy , i t  is considered that  each neuron sends out n contacts , which

are distributed with equal probability throughout the cortex.

This assumption does not conform very closely with the actual situation , but Its similarity
allows a straightforward mathematical analysis which can be adapted to a more complicated
model later. There it w i l l  be shown that this simple model gives qu i t e  meaningfu l  resul ts .

Given a randomly chosen group of N neurons , consider the probability that this group com-
prises a compactum. For this to be true , each neuron in the group must receive contacts
from at least t other neurons in the group. The probability of a given neuron having a con-

tact from any other neuron is , where B is the total number of neurons in the brain. The

11-1 
N-i-rn

p r o b a b i l i t y  of having exac t ly  m contacts  f rom the N—i other neurons is a “~ ( i — i )
Since ‘ 1, it follows that for in << N—i , which is the case of in terest , a Poisson dis tri-

bution is described . The mean number of contacts will be (N—i) ~ so tha t A — and

p(m ,A ) — ~~~~ To have a compactum it is required that every neuron receive ~ or more

contac ts .  The p robab i l i t y  of one neuron receiving this number of contacts  is p ( i ,X )  +
p( t+l ,A ) +ID (T+2 , A )  + ... If  th is  cumulat ive  probabi l i ty  i~ represented as f ( T , A ) ,  the

probabil i ty of N random neurons being a compactum is f (r ,A ) M . But such a group can be



cho sen in 
(B—N)!N’ ways from the neurons. So the total expected number of compacta of size

N w i l l  be:

E(N) — If (T ,A )I
N 

(B—N)!N! (1)

Taking the natural logarithm and using the approximation loX ! ~ X 1nX—X gives the expression

lnE(N)  — N ln f ( t , A )  + B in B—(B—N)ln(B—N)—N In N (2)

For small N this expression is negative , representing essentially zero probability of the
existence of even a single compactum of size N. The smallest compactum expected to exist
will  correspond to an N which causes in E(N) to change from negative to positive .

Using A , B — lOu, fl — 10”, t — 100 , and a table of cumula t ive  Poisson terms gives

the following table :

N A f ( A O O ,A)  in E(N)
70 X lO~ 70 .00043037 —3.8 X lO~
73 X 106 - 73 .00155738 —3.9555 X i0~
74 X 106 74 .00234093 —1.2099 X lO~
75 x 10~ 75 .00335244 1.48177 X lO~
80 X 106 80 .017108 1.4098 X lO~

Table I

It follows from this development that compacta may indeed exist , wi th the smallest compacturn
being of the order N 75 X 106. Notice that  the expected number of comp,i ta of size N

is a ~~~~ large number; E(N
0
) — exp (1.48 X 10~~) .  Of fhand  th is  result might appear disas-

trous to the theory, for it would indicate that any mechanism that ignites compacts by
slowly raising the number of impulses to input neurons will have to be unreasonably sensitive
to igni t ion to preven t neuronal f i r i n g  from spreading throughout the cortex. A little
considerat ion , however , shows that the counting scheme used here counts two compacta as
d i f f e r e nt if even one neuron is d i f f e r e n t  between them. In o t h e r  words , the quantity E(N)
is much larger than the actual number of compacts present .

It is reasonable to ask how many of the 
(s—N)!N! groups enumerated can be counted as

“d i f f e r e n t” compacta. A tentative answer might be tha t  two compacts  are “ d i f f e r e n t ” if the

• ign ition of one does not app r e c i a b l y  enhance the chances of the ig n i t i o n  of the o the r .
This problem is too complex to deal with here , and it shall simply be remarked in passing
that its presence does not invalidate the approach outlir.od in the previous pages , since
there the inquiry regarded onl y the existence of compacts and not their “individuality ”.
More will be said concerning this later.

Having demonstrated the existence of compacts within the framework of Legendy ’s assumption
of spatial homogeneity of contacts , one can embark with more ~onfidence upon the beginnings
of a more physiologically accurate model of compacts.

THE NO—TOUCH ASSUMPTION AND THE POISSON DISTRIBUTION

It is crucial to get some information on the sizes , s hapes , densi ties and distributions of
compacts in order to understand how to l imi t  the number of then excited , since the homeo—
static mechanism would avoid the dangerous situation inherent in the simultaneous firing of
a h i g h percentage of the total neuronal population . For a given spatial configuration in
the cor t ica l  area , it is desirable to estimate the density of compa~ ta having that configu-
ration . In making this estimate assume that the density of contacts from i neuron is given
by (r), where r is the distance between the neurons. The work will be much easie r a f t e r
making  an add i t ional assump t ion , which can he called the No-Touch Assumption; namely, given

~~~ two neurons , the a p r io r i  p robab i l i t y  of a cunt5ct betwien them is much less than unity.
This would appear to be incorrect with regard to very close neurons , but si nc e  almost all
axons are noticeably longer th an the dendrites , neurons in the close vicinit y of each other
a re not apt to have contacts .

The advantage of the No—Touch Assumption is tha t  the Poisson distribution can be used when

L_L - - -  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -
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it applies . Consider the impulses being received through a particular neuron ’s dendrites
f rom a pa r t i cu la r  group of m neurons located at a fixed distance away from the first. Assume
a p r o b a b i l i t y  p of contacts between any one of the neurons and the one being considered.

Then the probability of r contacts in all from the m neurons is ~r (1_~~)m_r
(~~)~ In the case

p << I , r <~~ m , th is  is a Poisson d i s t r i bu t ion;

d(r , A )  — •
— ‘~~r 

(3)

where — mp is the mean.

The usefulness of the Poisson distribution is twofold. First , the single parameter A gives
all the information needed about the distribution and is simply the mean, an easily calcu la-
ble entity. Secondly, the distribu tion of the sums of Poisson variables is also a Poisson
distribution , wi th a A that Is simp ly the sum of the individual X’ s. This is most easily
s,-. ri by considering the N.C.r. (Moment Generating Function) of a Poisson distribution , the

t-~ (e — 1)
term e . If two Poisson d i s t r i b u t e d  variables are added , the r e s u l t i n g  d i s t r i b u t i o n

will have an M.C.F. equal to the product of their two M.C.F.’s, or e e A 2~~~~~~
) 

—

(~~1 + X - ~) (e — 1 )
So the resultant distribution is simp ly

+ A 2)  — 
e ( k 1 +A 2)

Thus In looking at the distribution of contacts being sent Iron, other neurons to a “ te st ”
neuron it is necessary only to find the mean number of contacts , and use that number as A
for a -~ sson distribution .

THE CALCULATION OF A

Aga in , consider a test neuron , Imbe dded w i t h  a Cartesian coordinate system , (X ,Y ,Z ) ,  at a
poin t (X ,v ,z) .  It is necessary to tind the mean number of contacts impinging on this neuron
from all neurons in a certain group. Assume that

(r) — o U ( x — x ’ )  + ( y — y ’ ) ’~ + (z_z~ )2fi) (4)

is the probab ility of cont o-ts from a neuron at (x,y, z) to (x ’ ,y ’,z ’ )  as a func t ion of
distance of separation . That is , if neuron A is separated from neuron B by a distance R,
the probahilit~ of A sending a contact to B (or f B sending a contact to A) is t (R). In
addi t ion , cons ider a group with spatial density c(x ,y,z); thus in one unit of volume at
point (x ,v ,z) ,  there are o ( x , v , z )  neurons in thig group . The expected number of contacts
to a neuron at point (x,v ,z) from all neurons in this group, which is designed by (x ,y,z),
is given by

(x ,y,z )  — f t  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

— (5)

whete it is understood that -~ (x ’,y ’,z’) — 0 if (x’,y ’,z’) is outside of the cortical area ,
and the symbol * indicates convolution . Thus, the obvious thing to do is take the Fourier
t ransform of both side s , g iv ing

— P(k 1 , k ,k3)’8(k1,k2,k4) (6)

where •, P , and 8 are the Fourier  t ransforms of •, p, and a respectively.

This  equat ion gives the required funct ion , in th eory at least , when the inverse Fourier
t r ans form is t aken .  A l t e r n at i v e l y ,  it is possible to work backwards , and inquire what
spatial distribution will render a specified probability distribution , by rewri t ing the
t.quat ion in the form

n (k k k ) — 
•(k1,k2,k3) (7)I’ 2’ 3 P(k 1, k~~,k 3)

This value of this formulation will become apparent shortly.
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Having found (x,y,z) it is possible , theoretically,  to calculate the number of compacta with
spatial  d i s t r i b u t i o n  o ( x ,y , z ) .  Using the no ta t ion  explained before for  the c u m u l a t i v e
Poisson distribution , and working with the natural logarithm of E(N) gives

ln E(N ,o) — fff (ln ftc , (x ,y , z ) I  o ( x ,y , z)dxdydz

+ N in a~ 
— ffJo(x ,y, z )  In o(x .y,z)dx d ydz (8)

with fffo (x,y , z)dxdydz — N understood.

N
The first term comes about from taking the logarithm of II f(~~, (x1,y 1

,z1
)) wherc the I

i — i
index runs over the positions of all the n eurons .  The second and third t’- rm s ~onct rn the
number of ways that a group of size N can be chosen from a dis tributi on ~~, where the symbo l

°o indicates the density of all neurons in the cortex. A n euron  in p o s i t  i i i  ( s ,v . 1)  can he

replaced by any of 
n o neurons and i i i  d i s t r i h u t  to r i w i l l  he unchanged. Titus , the on-

‘ ‘  N
gin,tl probability must be multipli ed by ~

-—- — . Taking tb, l ogarithm ~‘ t  th is
i—I ~~~~ i . ’I ’

number gives the second and third terms in equ,m t ion i N ) .  spresslon ru ’ln dxdvdi is

associated with th e  ‘ information ” (or rh i  ‘ i n c  ropv ”) o f t ime d i  s i t  h u t  i i i  
— .

This form of the equa t ion  is usually inc r n t -~ t l~- , g i ven  i i i -  5 - ~~.,n an i i  t t sp re s si
fo r  f(t ,A) . But at least one case can be Ii.iiidli- d ; l i i i  i s  • I t  1,. h - ~ , r , r i ,  h t h u  I - -

cons tan t  ove r the extent of the compacta . lii this ,., I t,, me..,, ,3u mi .sr of .,.i a. I ,. re. ,-j v , - d
per neuron is  constant  over the volume of t ire crimp ... i . i .  Tii. n I I  , t m u  , t i .  ~ amr i

every neuron.  Consider m spherical r omp .m. turn wit ! radius K u-I • pv, i t t .  I .  bi . Then

k ç~ r~~~ R0
6( r )  •

t o  r~~~ R

where r is measu red f rom t h e  c e n t e r  the s;rbti re . 1, t h e  I,’ , ,  t ,  I t i n i r a  I i~ del to .  1
as

~~ki ,k ,k1) = 
~~~ ~

i (klx+k ..y +k ~ (s ,v ,. ~J~~i~~j

then it can be shown that

- 4~tX~ (
sin I kIR o - ~ kIK 0~ (10)

• kI~

where k~ — (k 1
2 + k 2 2 + k 1 2 )~~.

Now If analytical expressions for p (x,y.z) -‘nd P(k1 , k ,k )  in hi- i oii~d , c.jiiatl o n ( 7 )  can be
used to get 0(k1, ic2 ,k3) and then 6(x,y,z) -m d  from this is calculated

N — !~f !  6(x,y,z)dxdydz — 0(0,0,0) ( I l )

In th is  way it is possible to determine the functional dependence of E(N) upon N , where it
is u~ der atood t h a t  this particular probability is used. It is expected that E(N) will be
larger for thi m distribution than moat others, because of the homogeneous distribution of
probabilities.

This section is closed with a short discussion of a possible form of p ( r ) .  It is desirable
to find a form which is both tractable mathematically and accurate physiologically . A
priori considera tions indicate that the p(r) dependence on r should roughly resemble Figure
2. This simp ly indicates that the probability of finding a contact between very close
neurons or very distant neurons is small , and that the distribution has a rather broad
maximum abou t the poin t ro, which shall be called loosely the “average” axonai length.

Af ter much trial and error , it is found that possibly the most reasonable simple analytical

expression for p (r) is p (r) — 8r2e~~~ . This can be adjusted to have a maximum at r — r0 by

- - - s . .~s r —  — n,~~~ - - —‘% ‘ ..~ .~~~~.... .ia . . - — 
-

___ - -
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man ipulating ci. B is adjusted so that / 4it r’p(r)dr — n where n is the total number of con—
0

tacts per neuron. These two conditions can be expressed formally in terms of the equations

I 2o n
a = —r and B —. The values of r0 and n can be determined experimentall y. A sketch

3~7

of this function with ct — i , 1 = 1  is shown in Figure 2b.

This is probably not the exact distribution function , of course . It is suggested because it
• is much more true—to—life than Legendy ’s model , and allows for axons which are very long

(wh ich , it is known , do exist) and also because of its simp le form . Another nice feature
of this function is the fact that its Fourier Transform can also be expressed analytically.

N2 
2

P (~kj) — B (~-)~~ e ~° [j ~ 7 —  - — 1  (12)

This fact can be used , as shown previous ly ,  for calculating -
~ and thus 6(x ,y,z).

STABILITY AND OTHER PROBLI24S

Perhaps the most important problem to emerge concerns the stability of compacts. Compacts
have been shown to exist , but there is no guarantee that they can be ignited independently
nor, indeed , that a few compacta may be ignited without producing time “snowball” effect of
ign i t ing  the bra in ’s neurons. In effect , the phenomena of compacta contains a wealth of
crucial problems for stability analysis. This point is amp l ified in the mechanism of
ign i t ion  itself. If compacts are ignited by impulses Imping ing on input neurons , ft is
necessary to ask whether only a few compacta can be ignited without igniting all , or a
significant portion , of the brain ’s neurons.

Suppose a compactum is composed of N neurons scattered at  random throughout the cortex. If

°o is the density of neurons in the cortex , t hen ,~~ is the density of compac tum neurons

~ Nnin the cortex. Then for everywhere except close to the cortical surface , 1= — n —  -j-- approxi-

mately, where A is again the mean numbe r i f  contacts to a test neuron in a compactum contri—
butad by other compactum neurons. Her,- tb, only assumption m about time c- (r) function
of the neuron is that the r-) is not tot) large . The larger the r0, of ci-urs,- , the more sub-
stantial the drtipoff of A toward the surface of the cortex. Suppose , fi,r a first approach ,
that k is uniform over the cortical area. A more exact treatment , i f course , would invoke
the equations used toward the end of t i l t  previous section .

• then o is constant over the cortic al • t r c . t , ,ind equation (8) yields

ln E(N ,o) — !fflnf (~~,~~~) odxd ydz + Nl n ’ p — .ffnlnidxd ydz

— N l n f ( r ,~~~) + N in °o — N in c

or lnE(N,o) — N l nI ( T ,~~~) + N ln B — N In N (13)

The reader should n o t i c e  the c t i i r i l a r i t y  between t h i s  and equation (2 ) ,  quite surprising in
light of the simplicity of thc earlier model , Indeed , they are so close tha t , for the
solu tion of the equatieo f~ r the smallest size of compactum expected , the so lu t ion  for (2)
may be subs tituted , giving again N0 — 75 X 106. The slight difference between the two
equations probably arises from the specification of the spatially homogeneous na tu re of
the present case .

For this special case some aspects of the stability problem may be discussed; in par ticular ,

the problem of extraneous ignition of coumpacta. Consider two compacta of size N0.

neurons, on the average , can be expected to be shared by the two coampacta. In addi t ion ,
some neurons in the second compactum and not in the first will be ignited by the firing of

the first. The probability of a given neuron being so excited is just f(t ,A ) — f(I00,!~!.2-)

since no spatial houmogenity is assumed. Thus N f(lO0, ~~~ + !!~_. neurons will be 

-~~ - .-- 
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“erroneously” excited. If N0 75 X 10 , Table I shows that this number is about 80 X l0~’.
This number is onl y about 11 of the compactum size , and so there is negligible chance of
one ignited compactum causing another to lire erroneously.

Admittedly, this case is oversimplified. Very seldom would only one or two compacta be
expected to be firing. But the discussion above makes stability of compacta more believe—
able , whereas a more sophisticated treatment is quite beyond the scope of this paper.

CONCLUSION

This is an introduction to , and cer tainly not an exhaustive treatment of , the theory of
compact a .  Indeed , only the basic concepts have been outlined , along with suggestions for
formulating them mathematically.
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