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CHAPTER I
INTRODUCTION
I. Purpose

Perhaps the most common configuration of vehicles
capable of supersonic flight is that of a supersonic nozzle
embedded in a blunt-based afterbody, as typified in Fig. 1.
The complex flow interactions occurring as the outer stream
and nozzle exhaust expand into the lower pressure of ﬁhe
base, mix with the base gas, and recompress to the down-
stream pressure are not well understood. However, if is
of importance to the designer to know the properties of the
mixture of the low-velocity gases recirculated info the
base region as they are at a pressure lower than the
ambient stream, and they contrigute significantly to the
drag of the vehicle. Thus, a detailed knowledge of how the
base pressure and temperature are affected by the boundary
layer buildup on the outer surface of the afterbody, by the
flare angle of the nozzle, by the constituents of the
nozzle gas, and by the injection of various gases into the
base is required in order to optimize a design. Those
interested in the structure of rocket plumes are concerned
with the effect base properties have cn the Mach disk
location and the destruction of the coherent inviscid

piume. And, of course, the engineer in planning a test
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configuration must have some indication of what to expect
from a given vehicle design at various simulated flight
conditions, 2 method of confirming anomalies in his data,
and the knowledge to interpret and extend the usefulness of
his data.

It is the purpose, then, of this investigatién to
present a new theoretical model capable of predicting the
base properties behind blunt-based bodies with supersonic
nozzles at supersonic speed taking into account the
boundary layer existing at separation, bése bleed, and
chemistry. This stﬁdy, however, must be considered a
progress report since, as is always the case, limitatiomns
of time and resources have left several avenues ok investi-
gation underdeveloped.

Although this work is new and comprehensive, it
makes use of well-established principles first presented by
H. H. Korst and his co-workers [l]l and extended by Bauer
and Fox [2]. Thus, it is perhaps appropriate to focus on
the primary departures from earlier concepts.

Cne of the primary obstacles to a comprehensive
base—flbw theory is the recompressiocn process. If the
classical planar, backward-facing step is considered, for
example, the recompression process serves to Compress the

high-speed gas in the mixing layer, from what is

lNumbers in brackets refer to similarly numbered
references in the Bibliography. '
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essentially the pressure existing within the base region,
to the free-stream pressure. If the flow were inviscid,
the pressure would be adjusted abruptly by an inviscid
shock. However, experiments show that viscous effects
stretch out the process significantly. The streamline
dividing that part of the mixing layer which experiences
recompression from that bart which turns back toward the
base must be identified in order for the theory to have
closure. It is identified by the pressure to which it
stagnates. As this pressure is unknown, earlier workers
made up empirically determined-recompression factors to
provide the required information. In the present work, a
hypothesis 1s put forward which serves to couple the
momentum of the 6ncoming, viscous layer to the observed
recompression profile of the pressure on the downstream
wall, This hypothesis is a fundamental refinement to the
geometrical recompression theory of Bauer and Fox [ 2].

When coﬁsidering‘base bleed or the general problem
of the mixing of disparate streams into the base region,
the distribution of the species through the mixing zome
presents difficulties for existing theories when the
initial boundary layer is taken inte account. The usual
procedure is to consider the species profile to be
identical to the velocity profile. To ﬁnderstand that this
is incorract, one needs only to consider that at the point
of separation the species profile is that of a step

function while the velocity profile is that of the initial
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boundary layer. Consequently, in the present theory, a new
profile for the species distribution is proposed which
serves to account appropriately for this distinction. This
profile nicely approaches the velocity profile in the limit
of fully developed flow.

When extending the theory to axially symmetric
flows, the mixing theory must be modified. An analysis is
nresented in this work which demonstrates that the Mangler
transformation serves to confirm the mixing theory of Bauer
and Fox [Z]. |

And finaily, since the mechanisﬁs were develaoped
with the overall theory, it was a relatively simple matter
to incorporate equilibrium chemistry into the analysis.
Thus the use of the so-called flame-sheet model is avoided.

Although .the present work considers only turhulent
flow, the extension to laminar flow is straightforward.

The principal change would be in the analysis of the

spreading parameter.
I1. Primary Analytical Models

Even with the advent of the new generation of
advanced computers, attacking such formidable problems as .
base flow with‘bleed and chemical effects by numerically
solving the Navier-Stokes equations coupled with gqui-
librium chemistry is befond present capabilities. Conse-
quently, the approach has been and will ceontinue to be that

analagous to the boundary-layer problem; that is, to .solve
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the viscid and inviscid areas by different methods and to
couple the solutions using the fhysical consﬁréints at the
interfaces.

There are two primary mixing thecries extant that
may be used in the base-flow preblem: the Crocco-Lees [3]
theory and the component model of Korst, et al. [1]. The
Crocco-Lees theory and the Korst theory are similar only.in
one aspect: they both account for the strong viscous inter-

actions that prevail in flows with mixing.

Crocco-Lees Model

The basic boundary-layer equations are integrated
across the mixing layer. There results a set of integro-
differential equatiﬁns which are ordinary in the axial
direction. The equations are linear with respect td the

\@erivatives at any axial station. Thus, with the edge con-
ditions known and the transverse profiles given, the mixing
layer is calculated in a marching fashien by solving the
inviscid field simultaneously to provide the edge
conditions. Thus, the axial pressure gradients are part of
the solution. In the flow of a single stream over a bluff-
based body, the elliptic nature of the base flow is
exhibited in an interesting fashion: if the guess of the
initial base pressure is incorrect, the determinant of the
derivatives goes to zero at some point in the reconnressicon
region. By properly adjusting the base pressure, the

marching of the solution 1is made to proceed smoothly
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through this point with the determinant\of the augmented
matrix going to zero simultanecusly with.that of the coef-
ficient matrix. The method is physically realistic and
includes the details of the actual flow.

The main drawbacks to this method which foreclose
its use in the present analysis are twofold. Of first con-
sideration is the complexity and difficulty of imple- '
mentation of the method in any but the simplest of problems;
it is not clear, for example, when there are.two supersonic
streams involving two converging mixing layers as well as a
bleed flow, just how the base pressure 1s determined. Two
separate singularities would have to be coupled and
resolved requiring, at least, a detailed analysis of the
reversed flow, such analysis making the Navier-Stokes
approach a delight by comparison, Secondly, and equally
important, is the finding by Peters and Phares [4] fhat the
" method breaks down when the speciés concentration equation
is coupled inté the system: anomalous singulé;ities occur.
(The problem apparently can be overceme by uncoupling the
species equation from the syste@ by appropriate modeling.)
These concerns make the Crocco-Lees approach unattractive

at this stage cof its development.

Korst Mixing and Base-Flow Models

The basic Korst theory is so uncomplicated that for
"simple, fully developed, two-dimensional base flows the

computations required can be performed on a desk calculator,
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The basic simplicity of the mixing theory along with the
good correlations that result from its use have made it one
of the most widely adopted approaches to turbulent mixing
problems [5]. A recent example of its use, essentially
unmodified, is afforded by the work of Yaros [6], who used
it to account for mixing between two coaxial streams. His
results agreed well with observaticn.

The elemental Korst base-flow theory is made up of

three distinct analyses:

1. TInviscid analysis to determine the overall flow
structure and pressure field, sometimes
referred to as the "corresponding™ inviscid
flow.

2. Global analysis of the assumed flow behavior in
the near wake leading to the primary system of
conservation equations for the base properties.

3, Viscous mixing and reccmpression analysis to
determine key streamlines in the mixing fegion.

The simplicity is achieved through the assumption

of isobaric mixing. This allows the mixing region to be
completely determined at any point along the inviscid
boundary as a function of the mixing pressure and the
distance from inception. Thus the mixing analysis is
uncoupled from the inviscid computaticns. The velocity
profile is determined by_simplificafion of the boundary-

layer momentum equation to & heat conduction form that has
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an error function solution. The only coupling to the
inviscid flow is achieved by positioning the laver with
respect to the inviscid boundary by a momentum balance,

For the simple, two-dimensional, base-pressure
problem (flow over a backward-facing step), the Korst

"theory assumes that the dividing streamline, which
discriminates between that part of the flow which goes
through recompressicon and that which recirculates in the
base region, isentropically stagnates to a pressure equal
to the recompressed pressure. This knowledge allows a
global mass conservation equation for the recirculating
flow to be evaluated. The pressure is adjusted until a
dividing streamline is determined that allows the global
mass balance equation to be satisfied. At first glance,
this appears to be an oversimplification of the problem;
however, it models the ﬁajor elements of the flow and corre-
lates well with experiment.

Further investigation led to the conclusion that
the remodeling of elements of the method would make it more
general and thus applicabie to the complex flows under con-
sideration. Therefore, the Korst mixing and base-pressure .
theory, as developed and extended in the following chapters,

is the method of choice.
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III. Other Approaches

Over the years, the Korst and Crocco-Lees theories
have stimulated similar approaches in an effort to find

better agreement with observation. Several are reviewed.

Chow's Method

Chow [7] developed a base-pressure theory which
uses the Korst constant-pressure mixing up to the point
where recompression begins; whereupon, the mixing layer is
split at the dividing streamline, the outer part exposed
to a pressure gradient. The high-speed layer goes through
recompression, while the low-speed layer is obverted and
assumed to recirculate. The shear force along the dividing
streamline must be equal at once to the gradient of the
momentums in each layer. By modeling the shear stress, the
gradients are kncwn, and an integration in the direction of
principal flow can be performed stepwise to the stagnation
point, where the velocity of the dividing streanline is set
to zero and the pressures assume particular values derived
from momentum considerations on the stagnation surface. By
assuming a base pressure and the distance from separation
at which the yecompression'begins, the integration is able
to proceed to stagnation where the dependent variables must
match the boundary conditions on the stagnation surface.

If they.do not, a new guess of pressure and length is made
and an iteration ensues until the integration predicts con-

ditions at stagnation.
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This analysis, while containing very realistic
assumptions, is fairly complex and gives only fair pre-
dictions for thin boundary layers and poor results for very

thick boundary layers.

Chow and Spring's Mcdification

This theory [8] is essentially a modification of
the preceding theory. The constant-pressure nixing up to
the onset of recompression is feplaced with a refinement
which includes a streamtube expansion of the initial
boundary layer at the corner separation peint. A linear
velocity profile is then assumed that has the slope of an
error -function profile at its half-velocity point, The
method of solution is quite similar to the previous theory.
The predictions of the theory are quite good for thicker
boundary layers; however, hers again the method is quite

cumbersome.

Tanner's Method

Tanner's [O] approach is mecre analcgous to the

Korst thecry than any other and is therefore atfractive in
its simplicity. His principal assumption is that the pro-
duction of entropy of the recompression shock in an
inviscid flow is identical to the entropy production when
the reattached shear layer displaces the shock. That is,
the lost entropy production of the displaced shock is made
up by the entropy production of the shear layer, Tanner

determines empirically the ratic of the distance from the

11
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displaced inviscid shock and the thickness of the recom-
pressing shear layer.' He also assumes the velocit% at the
stagnation surface after the flow has reaccelerated. Base .
pressures are guessed in an iterative fashion until the
condition of entropy equality is satisfied, Although
Tanner does not take into account the initial boundary
layer, his agreement with his own data is quite good; in
fact, the theory of this investigation agrees with that of
Tanner for a particular boundary-layer momentum thickness
(see Chapter IV, Section II). The principal objection,
however, is that it is not clear just how bleed flow could
be incorporated into the theory, as Tanner does not employ

any mass-rate accounting.

Extensions of the Basic Korst Model

Nash [10], Addy [11], and Fage, et al. [12] are
examples of the second generation of Korst theorists. They
a2ll resort to an empirically determined recompression
factor to make their solutions agree with various data.
Thus, as Peters and Phares [4] point out, '. . . these
models really are used to correlate experimental base-
pressure neasurements rafher than to predict them,'" as ﬂo

universal factor has been developed.

Refinements of the Crocco-Lees Approach

The works of Peters and Phares [4], Alber and
Lees [13], and Strahle and Mehta [14] present extensive

refinements to the basic Crocco-Lees approach. Although

12
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each differs in significant detail, such as the deterni-
naticn of the turbulence-transporf model and the treatment
of the inviscid stream, they all exhibit to varying degrees
the difficulties of the basic theory as peinted out in
Section II. They all, for the most part, give gocd results
for simple flows. The extensicn to two converging mixing

layers is not straightforward.
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CHAPTER 1I
THEQRY
I. Basic Considerations

When a turbulent stream separates at the hluff’
trailing edge of a body, the free tangential shearing sur-
face, being unstable, breaks into eddys which transpbrt
matter across the surface creating a mixing zone.. The
mixing zone is an identifiable region across which the
properties of the stream and base gases are distributed.
Time-averaged measurements show these distributions as
cocherent profiles of velocity, tempefature, and species
concentration. (See Hussain and Zedan [15] and Rhudy and
Magnan [16].)} After turning tcoward the lower pressure of
the base, the stream must recompress and return to its
original direction., Part of the mixing layer will have
insufficient energy to overcome the adverse pressure change,
and it will remain in the recirculating fluid of the base.
If a pure gas, say hydrogen, were bled into thg base, the
base gas'would be a mixture of hydrogen and the free-stream.
air. In steady flow, the base gas can be considered as a
separate, guiescent, homogeneous mixture, The mixing layer
would be a distribution, then, from pure base mixture to
pure free-stream air at the high-speed edge. At an inter-

mediate point within the layer, the local mixture would be,

14
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say, 40 percent base mixture and 60 percent free-stream air.
The base mixture, of course, would contain some free-stream
air.

Reynolds-averaged flow is assumed throughout the

following analytical development.
II. Key Streamlines

Two stfeamlines which are important torthe evalu-
ation of the global conservation eguations are the
stagnating streamline, Yg» and the dividing streamline, Yp-

The stagnating streamline is that streamline which
separates that part of the flow which continues through
recompression (the high-speed part) from that which turns
back into the base region {the low-speed part). It is
determined by the recompression theory of this chapter in
Section VIII,

The dividing streamline is defined simply for mass

accounting purposes. It is defined by the following

relation:
7y Yy
Jopgugdyl = S opudy]l . (1)
0 X=0 p x=£

That is, the dividing streamline is that streamline outside
of which the mass of the separating flow at the corner is

completely accounted for.

15
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IIT. Open Wake

The open wake was hypothesized by Korsf, et al. [1].
It sefvés to account for the fact that a net mass of fluid
is being pumped into and out of the base region by the
high-speed étreams. With reference to Fig. 2, if the
dividing streamline were found on the low-speed side of the
stagnating streamline, then part of the mass of the stream
before separation is counted as going into the base., The
converse situation would have part of the base flow
eventually being ushered downstream through recompression.
In the limiting case of symmetrical, two-dimensional flow

without base bleed, the dividing streamline and the

stagnating streamline coincide.
IV. Global Conservation

The global mass balance may now be formulated. In
other words, the mass rate of the base flow entrained into
the mixing layer must equal the mass rate of that which is
turned back into the base region, plus any bleed.

Consider the control velume, A-B-C-D, of Fig. 2
which encloses the base region. The mass flowing inside
the dividing streamlines accounts for all the mass of the
base regionp The mass crossing A-B and C-D is the

entrained base mass; so that

16
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Yp Yo,
m, o +m. o=/ pudy] * / pudy] = m, . (2)
Ak teen Ty L7y 1,7 ™ _

The mass entering B-C is accounted for as the total mass

flow turned back inside the stagnating streamlines, or

s s
mC_D = f pudy ] + [ pudv ] . (3)
YL 51 Y, 52

With bleed flow, the mass conservation equation becomes

Yo Yp Yg Yg
J opudy 1 + Jpudy ] =1hE+ [opudy ] + 5 pudy ] . (4)
YL sy, 52 YL, 51 YL 52

Similarly, the energy equation is

. - 7p Vs s
Hpl{/ cudy ] + F oudy ] }—m§%+ fouHdy 1 + f puHdy ] ,  (5)
YL sloyp 52 i, Sy 52

where the mass through the base region is assumed, as
mentioned, to be a homogeneous mixture of low-velocity gas.
As theAbase-region gas and the bleed are assumed to have
negligible velocities, there are sufficient conservation
‘relations for finding two thermodynamic properties of the
base such as pressure and enthalpy. However, at this
point, the limits of integration are unknewn, as are the

relationships between the integrands and the Varlables of

18
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integration. The appropriate relaticns will be developed

in the following.
V. Mixing Analysis

Here the mixing analysis of Korst is followed as
detailed by Chapman and Korst [17]. In particular, the
general case with initial boundary layer is considered.

Consider the equation cf motion of a two-

dimensicnal, constant pressure boundary-layer flow.

Ju gu P Ju
Zr oy gy 2= = T eiad . §]
Clla o] 3 = (EDB ()

In turbulent flow, u and v are the time-averaged velocity
components, and ¢ 1s interpreted as an apparent kinematic
viscosity. The equation of motion is reduced using order
of magnitude arguments and the assumptions that the
apparent viscosity is independent of y and the flow

incompressible; that is,

8x U gy2
By assuming
g = EDF{X) , (8]
Eq. (7) may be cast in the form
Z
du_34d (9)
3T gyl
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The sclution tc the heat conduction equation is well known

(see [18]). It is:

uiy,z) = zwlvrz_ie N OLER (10)
where fo(sj is the initial conditlon. Frbm Fig. 2, it js
apparent that the initlal profile is zerc from minus
infinity to zero. From zerc to the beundary-layer
thickness, §, it is the boundary-layer profile. From

§ to +=, the profile is that of the expanded free stream.

Applying this initlial profile,

, ¢ e
a0 s g et (U gy e Lo Wy e (L

/T 2

is obtained.
It is well known that when the mixing region 1is
fully developed, that is, when §/x is very small, that the’

velocity profile is well appreximated by

u =

|

[1+exf (2L, (12)

where ¢ is a constant usually referred to as the spreading
parameter, which is experimentally determined. Using this

fact, the velocity profile may be written as
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2
1.0 ¥
_ u i n_P. i - [n-np (E)] . y i
uew = g [iverf(nn)1e £ e u (54 (), (13)
where
n=%
X
and
- 06
.ﬂp _T . (14)

This implies that the kinematic viscosity, e, is a linear

function of x.
VI. Determination of Y

The limits of integration Yy and v, as used in

L
Eq. (1) are functions of distance from the inception of
mixing. The upper limit is taken as that point where the .
velocity ratioc, uw/U, is 0.99%98895, The lower limit is
taken where u/U is 0.00001105. Thus, the actual 'y value
changes as the mixing zone spreads intc the inviscid flow,
At a particular distance from the inception of mixing, if
the particular inviscid streamline at Yy were traced back
te the beginning, the momentum of the mixing 2one should
account for the momentum of the initial profile out to that
streamline. Because qf simplifications of the theory, how-

-ever, the momentums will not check. So as to balance the

mementum, the upper limits on the integrals are extended by

Yo which is not a coordinate, but an increment; so that
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Yy 2 0" n .
fogudyl = 40 aufdy ] . ©(15)
o x=0 ¥y . x=4 _

Korst and his ce-workers also consider the profile toc have
shifted by a like amcount so that the inviscid boundary no
longer is located at the half-veleocity point of the fully
developed profile, but at y = Y- As this shift causes the
profiles to align better with experimental profiles, this
localization with respect to the inviscid boundary is
adopted here. The transverse coordinate is always fixed at
the half-velocity point of the fully developed profile
wherever the profile may fall., Thus, Y is completely

determined by Eq. (15).
VII, Constitutive Equations

Mass Fractions of the Streams in the Base

To be able to determine the base mixture, the mass
fractions of the primary streams and the bleed gas in the
base must be determined. As the base mixture is determined
by the fact that distributed mixtures (the mixing layers)
are being turned back into the base, the functional form of
the species distribution must be determined béfore pPro-
ceeding.

If the assumption of nc initial boundary layer is
made, as in [19], then by assuming unity turbulent Prandtl
and Lewis numbers, the species and total-enthalpy-distri-

bution profiles can be taken as the same as the velocity
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profile. However, in the situaticn being investigated hers,
the initial species profile is a step functicn; whereas the
velocity protfile is that of the beoundary layer. By

assuming a species distribution function as

k =

| =

[1+erf(C m) ], (16)

with the shape parameter, C ., to be determined, the dis-
parity between the profiles 1s accommodated. The species
profile, which has larger gradients, is always approaching
the velocity profile as the mixing develops. (This is
borne out in the computations which calculate Cmf to be
always greater than unity except in the fully developed

limit where it is, of course, unity.)

The C,¢ Parameter is determined by a mass balance,
as
7y "0 :
S p.udy] =171 kpudy ] . (17)
$°5 _ -
o X=0 ¥y x=4

Thus, with Eq. (15) as

Yy 5 YU+Ym2 :
! psus“dy] =/ putdy ] . (18)
o X=0 ¥ x=R

. there are two equations for the two unknowns, C_. and y .
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Then the mass fraction of Stream 1 gas in the base

mixture is

’s ¥s Ys

S koudy ] + nf; /S (Q-Kpudy] + 5 (1-k) pudy ] }
YL S1 YL 51 Y1, 82
nf, = - : (193
) ¥s Ye
me + Spudy ] + 7 pudy |
yp 81 oy 52
or
Ys
S kpudy ]
¥ 51
nf, = L . (20)
. s Ys '
mg * S kpudy 1} =+ [ kpudy }
YL 51 Y, 52
Also for Stream 2,
73
5 kpudy ]
£ 'L 2
m = s 1
2 Vs Ve (21]
ﬁE-F £ kpudy ] + 1 kpudy ]
YL S1 g, S2

and for the bleed gas,

me =1 - mfl - mf2

Thus, having the mass fractions of the respective
stream in the base, sufficient information is availlable to

determine the base-gas mixture and its properties.
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Chemical Equilibrium Considerations

In any compressible flow analysis, a thermal
equation of state is required to close the system of

equations, such as
e = p(p,h) . (22)

A caloric equation of state is also required since
empirically determined properties are expressed as

functions of tempefature, so that

t = t(p,h} . ‘ (23)

The requirement of the equilibrium chemistry analysis, then,
is that it supply the required functional relations.
The mixture is assumed to be composed of thermally

perfect pases; sc that the thermal equation of state is

L Cywy
p=£¢[1—ﬁ—-1 : (24)

The caloric equation is of the form

h = 1 . , (25)

which assumes that each species behaves ideally. The zero
superscript denotes a known evaluation of the variable at

reference [(zero temperature) conditions. To evaluate these
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relations requires Cpi for each species present as a func-
tion of temperature and the mole fraction of each species
present.

Reference [20] provides a functional form for the

various properties of 210 substances to 6000°K. For

example, the specific heat at constant pressure is given as

C
Ps

—=— = a
R

tT o+ 35t . (26)

But to make the problem simpler, this reference alsoc pro-

vides, directly, hi = hi(tj as well as entropy and the

Gibbs function per mole., All that is further required,

then, are the mole fractions, C, of the species present.
In general, in a given mixture of m atoms and

n species, the following relations hold. For example, see

[21]. For a given mixture there are n-m equilibria
o - . _- _ 2
g Jinj < Binj i 1, n-m , (27)

with the corresponding mass-action relations as

i=1, n-m

- Fi5o45) j 13=1,n (28)
K. _1-_[ (pljj = CXp [ =4 ’
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and m atom conservation equations
»

JZaijkj < : , (29)
where Pk is the fictitious partial pressure of the kth
atom,

The Gibbs free energy per mole of individual
species is given by [20] in functional form as mentioned.
These n equations are sufficient to solve for the n partial
pressures of species present and, along with the known
pressure of the mixture, to determine the mole fractions of
the species. It is possible, then, for a given mixture of -
‘atoms to determine-any state variable reguired as a
function of pressure and enthalpy. Appendix A shows by

example the method of determining the mole fractions,

Flame Sheet

At this point, it is necessary to examine the
flame-sheet concept as implemented by Davis [19]. This
concept is attributed to Abramovich [221, and Libby [23].
The primary assumption of the ﬁodel is that combusticn
occurs along an infinitely thin layer within the mixing
region. At this point, the concentrations of fuel and
oxidizer are taken to be zero, but the amounts consumed in
the reaction are in stoichiometric proportion. The con-
centration of fuel on the lean side of the flame is zero as

is the oxidizer on the rich side. In Davis' case, he
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considers-only the hydrogen/oxygen reaction of his experi-
ment. By assuming a Crocco relation between the velgcity
profile and the atomic speciés distribution, he is abls to
determine the stoichiometric point in the mixing laver,
then distribute the products of combustion on either side
of the flame front using the Crocco relation and the con-
centration assumption on the fuel and oxidizer as stated
above. Although no motivation is given by Davis for this
approach, it is quite apparent that the need to solve the
mass-action equations and atom-conservation equations for
the equilibrium concentrations of each species has been
obviated. The principal cbjection, thoﬁgh, ta Davis' ap-
proach is that he disallows oxygen to be present in the
base mixture. This would bring into question Davis' analy-
sis of the cases with little hydregen bleed, whicﬁ have base
mixtures on the lean side of.the stoichiometric point.

In conclusion, it can be said that Davis' chemistry
model is a relatively good approximation for mixing layers
between streams of pure fuel and oxidizer. In the base-
flow problem, these conditions do not obtain because of
the recirculation into the base of significant portions cf

the oxidizer stream.

VIII. Recompression Analysis

General Considerations

Korst's original analysis did not contain a recom-

pression model as such; rather, he simply assumed that the
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stagnating or discriminating stream isentropically
stagnated at the static pressure downstream of the recom-
pression shock. Experiments showed this te be incorrect.
To account for this fact, others such as Nash [10], and
Addy [11) devised empirically determined recompression
factors. These were unsatisfactory as they could only
correlate existing data rather than predict.
| Rauer and Fox [2], however, devised an analytical
model which obviated the requirement for a recompression
factor. Their approach, however, overpredicted the base
pressure for thick boundary layers. This was because they
used essentially an inviscid analysis to determine the
extent of the recompression region,

In the present work, a novel approach is used for

modeling the recompression process,

Approach

Determination of the location of the stagnating
streamline, Yg, is tied.to the recompression process where
the two streams merge, turn, and recompress 1o the ambient
pressure. Figure 3 isolates one of the impinging streams.

The bése flow is assumed to turn back through an
area equal to the approaching area between yg and Y5 thus,
the beginning of recompression, Xl, is related to Yg
geometrically. Reference [2] showed the functiomn,

P Py 2 - X

: T
R = sin” [ 3 (iE—TXI)] , (30).
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Figure 3. Schematic of recompression region.
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to be a good fit of recompression data. The downstream
pressure, p_, is that resulting from the inviscid calcu-
lation of shock and slipline. The actual recompressiaon
process on the slipline is stretched out as indicated by
Eq. (307). The end of the recompression process, X,, 1is
approximately determined from simple momentum consider-
ations.

It is assumed that the force due to the pressure
rise on the slipline is equal to the transverse momentum
given up by the oncoming viscous layer, with all other

effects being of negligible importance. This leads to the

relation
XZ yU+ym
f pdX=siny f puldy 1 +p, (X, - X ), (31)
] , PBtUTL
1 Y1 X
where
Xp =X, * (yy-vp)/siny . (32}

For the backward-facing step'problem, Feters and
Phares [4] show that the total pressure on the dividing
streamline changes little up to stagnation, thus the stag-
nation process can be approximated as isentropic. The
stagnating streamline 1is determined by finding that
stagnation pressure in the oncoming mixing layer which is

equal to the static pressure of the recompression region at
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the stagnation point, XS. The recompression pressure at

stagnation, Pg» is

I}E—_i—?sinz[%c%—-%n : (33
also
he = He - ul/2
5 5 SEA
s = s (pgs bg) (34)
and '

s = s (pS, HS) ,

where Uug and Hg are functions of yo through the assumed
profiles, and Y and XS are related by the geometry

(Fig. 3). The above relations, then, are sufficient for
determining the stagnating streamline as a function of base

preésure.
IX. Spreading Paramcter for Turbulent Mixing

General

Perhaps one of the most important aspects of any
mixing analvsis is the determinaticn of the spreading or
mixing parameter, o. As Davis [19] points out, the experi-
mental data are exiguous for jet mixing with combustion.
For isoenergetic mixing, the most widely used relation 1is

that due to Keorst and Tripp [24],
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c =0, % 2.758 MU s (35)

where 9 is the incompressible spreading parameter.
Channapragada {[Z5] presented a relation using a mixing
length argument which attempts to account for density vari-

ation as

—— ) | ) (36)

where B is a correlation factor that has values of from 0.5
to 0.25 as Machk numbter iIncreases from zero to above 3.0,

Abramovich presented a relation that reduces to

-1
o = 20, (1+py/oy) (37)
for mixing with a quiescent base gas.

Prandtl's Mixing Length Model

The most satisfactory model for this analysis, how-
ever, is that of Bauer [26] who ties the Prandtl mixing-
length hypothesis directly to the integral approach of the
Korst theory.

Considering the fully developed profile of Fig. 4

‘and using a control volume approach, it is apparent that

2 D

fpds = S puldy ©(38)

v
0 Y1,

from a momentum balance. Any viable shear stress model
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could be used for Ty- However, in this approcach, the

Prandt]l mixing-length model is used as

A

- 2
Ty = Ppk (du/dy }q - (39)

It is assumed that the mixing length is proportional tc the

local mixing zone width:

T = 2 ke/0 (40)
orT

. 22 Z
1y = dngk” pp (du/dn)p . | (41)

Substituting inte Eq. (38) and performing the integration,

T]U 5

- P2 do

o gm et/ 16 (g (42)
L

is obtained. The constant, Ck is determined by [206] as
0.5085/00.

A comparison of the various theories is presented
in Fig. 5 with G, as 12.0. As is pointed out by Birch and
Eggers [27], the data fellow two distinct curves. The main
difference in the data is Reynolds number: the lower data
curve having, in general, the lower Reynolds number. The
best model for the present analysis 1s, as mentioned, the
lowest curve [26]. It changes the least with Mach number.

It seems that base flows in particular require the flat
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Figure 5. Comparison of the various spreading parameter
models,
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trajectory. It is as though the entrained flow from the
base retained a memory of its turbulent past, which serves
to increase mixing against the-opposite trend of the Mach
number effect for the mixing of flows which have not heen
recirculated.

It must also be pointed out that the reference
value of 12.0 is for developed.flows. Most base flows are
not fully developed. -Hussain'and Zedan [15] indicate that
the history of the initial boundary laver has a significant
effect on the developing Oy Their experiments show that,
for a boundary layer that has been tripped, the mixing
parameter takes between one and two nozzle radii to reach a
value of nine. Consequently, g, was taken as nine in all
flows except those involving bleed with burning where a
value of twelve was used because of convergence problems
with the value of nine.

Using a 4 of nine with the mixing-length theory
gives values of the.computed mixing parameter that range in
value from 9.0 to about 13.5 for the isoenergetic preblems,
This is consistent with the constant value of 12.0 which is
used by others such as Strahle and Mehta [14], and Chow and
Spring [8]. In fact, a constant value of 12.0 would work

quite well for the present work.
X. Correction for Axially Symmetric Effects

The theory as developed is for two-dimensional

flows. Extending the Korst analysis with initial boundary
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layer to axially symmetric flow is not obvious. In ﬁar-
ticular, the procedure for determining the profile shift is
not developed in the litérature. A suggested apprcach is
developed in Appendix E; but, at this point, it appears
cestly in computational time.

However, as: the two-dimensional theory is an
approximation and gives good results, it is reasonable to
attempt to approximate the axially symmetric effects. The
first approach attempted was that used in [Z].

Bauer [28] showed that for a zero initial boundary
layer, under circumstances that prevail in many of the
flows of interest, the two-dimensienal mixing analysis is a
good approximation for axially symmetric flows if

cRi

reese” 10 - (42)

This condition holds for the fleows under consideration in
this study. It is reasonable to assume that the inclusion
of the initial boundary layer would not alter this comn-
dition.

Reference [2] also used a new spreading rate
parameter which was adjusted to account for the difference
lin spreading between axially symmetric mixing and two-
dimensional mixing. This is derived in [2] as |

ZR.

=0 (=———) (44)

+ .
SRl
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where the bar serves to distinpuish the two-dimensional
variables for this discussion. Reference [2] goes further
and assumes that the variaticn in radius across the mixing
layer is small and can be removed from beneath the integral
sign. This has the effect of making the gleobal conser-
vation equations identical to those in two-dimensicnal flow
when no bleed is present. The theory is summarized in the
following.
1. The inviscid field is determined from the
axially symmetric methed of char;cteristics.
2. The mixing theory and the recompression
process are treated as two-dimensional eﬁcept
as modified by a new o,
3. The gloBal conservation equations are two-
dimensional except as modified by the new o.
While the assumption of essentially two-dimensional
mixing may be justified by the nature of the mixing and the
fact that it is removed from the centerline, it is not as
clear that the mixing layer may be considered thin as
regards the recompression process and the global conser-
vation.
Consequently, a second approximation was imple-
mented whereupon the global conservation relations and the
recompression relations were replaced by their axially

symmetric counterparts. Typically, for mass conservation,
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"D YD ’s s
2n J puRdy] +27 SpuRdy] =+ 2n fourdy ] = 2n fouRdy 1 , (45)
Vi 51 ¥y S2 vy 51 L S2

and for the recompression momentum halance,

X, | Y |
2n fpRdX=2n sin vy S pqudyHTpB (Ry+RD Xy - %) (46)
X L

A third approximation is considered which is based
on the familiar Mangler transformation. Consider first -
that the entire two-dimensional abproximation is based on a
solution of the simplified bounﬂary—layer equations. For
laminar flow, the well-known Mangler transformation (see
Tetervin [29]) transforms the axisymmetric boundary-layer
equations into the two-dimensional boundary-layer equations

exactly. For a free boundary, the transformation is

* R
X = f (Tl)_dx ,
~ Ry
= _]_.._y ’
¢ ulx) = pu(x) , (47)
pUU(X) _DUU(X) ]
and
R. - dR,.
_ i — oy oLy 71
v ——L—ED\J puRz i
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where Ri is the radius of the inviscid boundary and L is a
reference length. As the two-dimensional analysis gives
good results, the question is: weuld this simple trans-
formation give a good axisymmetric approximation?
Reference [29] points out that the standard
trans formation with a q of twe is not exact for turbulent
flow; but, for low turbulence levels and boundaries with
slight curvature, it is a good approximation.
The difficulty arises when transforming-the term
at/ay. Tetervin shows that if the exponent in the inte-
grand of the transformation on x is two, then

R.
L
L

. (48)

Alla

This corresponds to laminar flow or flows with lew turbu-

lence levels. As the turbulence increases without limit,

-1, (49)

Al |~

which corresponds to an exponent of unity on the integrand
"of the x transformation. In this instance, it is a simple
matter to determine the relationship between the spreading

parameters also.
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Consider the control veolume of Fig, 4, page 34,

Let
2
[ pu”Rdy
~ Y
Y 2
Jpu“dy
YL
then, .
i’ X - YO
2r fr Rdx = 2nR f puldy (51)
8] yL

Now, as t_ is independent of R for high turbulence levels,

n .
R +R 0
21y % a%dn . (32)

s o =
To 2 ). oPU Oa Ny

For a two-dimensional mixing layer

O
R (53)
7 onp Fu
or
T Zﬁ —_
o . °© 2 .1 (54)
T Rg + Ry Tp
0
Then
2R
o — .
o, = . (55)
A RS+-R0
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If Ro is taken at the inviscid boundary and Ri'is con-

sidered a good approximation to ﬁ, then
= 1 =
0y = ()0, (56}

which is exactly Eq. (44). The Mangler transformation for

this case gives

or
—) (5 (58)

for a conical boundary.

Thus, the modification to T given by Eq. (44) can
be interpreted as the Mangler transformation for highly
turbulent flow.

| For slightly turbulent flow and an exponent of two,
o 3R, R y :
n =2 5 (%) (59)

2
Ri + RiRS + Rs

where a reference length of RS was used to be consistent
with Eq. (57). That is, for the case of an inviscid
boundary parallel to the axis of symmetry where R; = Rgs-

there is no distortion of the spreading parameter,
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-Dixon, et al. [30] alsoc consider Ré to be appropriate as
the reference length.
XI. Inviscid Field

Basic Method of Characteristics

The general inviscid flew field is developed using
' the classical method of characteristics., A presentation of
the details of the method. is given by Fax [31]. An inter-
esting derivation of the method is given in Appendix C.
Starting with the axially symmetric, inviscid conservation

equations of mass, axial and radial momentum, and energy,

as
v + T S0V, Seu 0
P T 3z ’
Ju 30 ER -
ougz r eVt s
(60)
v av p .
PU Ty 2 PV gr * 3 = 0
and
3H )
DU?]—Z""IC'VE:—O.

With the definition of total enthalpy as

2

H = fu

B3| b

+viyen, ' (61)

the well-known ordinary differentizl equations of the

method are derived as

udr - vdz = 0 (62)
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and

(uz-az) dr2 - Zuvdrdz + {vz-azj d32= 0 [(63)

for the characteristic surfaces. The compatibility

relaticons along the first surface which is a streamline are

1}
]

dp/p + udu + vdv (64)
and

dh + udu + vdv (65)

1]
L]

The compatibility relatiocns along the second set of surfaces,

which are the left and right-running characteristics, are

(udr - vdz)(udz - vdu) + {udr - de]Z v/r
+ dp/fp (vdr + udz) = 0 (667

The equations are put in finite-difference form and inte-
gratéd nunerically subject to the conditions at the plume
boundary. As the plume becundary is a free surface, the con-
ditions are: |

1. The surface is a streamline.

2. The pressure is constant along the surface.

Also, there are particular features of the flow field

that require special treatment, as detailed below.

Embedded Shock

The embedded shock within the plume is treated in

detail in [31]; consequently, only an overview will be

presented here.
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The shock wave occurs in the solution field when
characteristic curves of the same sense coalesce and over-
lap one another. Double-valued peoints occur., A shock
discontinuity is inserted to match the low-pressure core
region to ﬁhe high-pressure boundary region. The conser-
vation equations across the shock reduce to

pou, sin B*—pzvz cos B =pjup sin B-*plvl cos # =Cl s
Clu2 tp, sin g =Clul-+p1 sin B , (67)
C1v21-p2 cos B =C1v1 +py sin B,

and

h

2 =h

1

u2 Vz u2 v2
+_.2_ +_.,.2.. +_1_+__1
Z 2 2z 7
where the subscript "1" refers to known upstream conditions,
the "2" refers to the downstream conditions to be fcund,

and B is the angle between the shock and the axial

direction, measured clockwise positive.

Corner Expansion

At the corners encountered both by the plume and
the outer stream, the flow must turn abruptly to match the
base pressﬁre. Tn an inviscid flow, the flow properties at
the point of expansion are not single valued; that is, the.
field at that point is assumed to experience a continuous
change in pressure from the pressure existing before the
turn to the pressure of the base region. The required

relations, valid at a point, are called the Prandtl-Meyer
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relations. They can be shown to be the limiting forms of
the compatibility relations along both a characteristic and
a streamline as the coordinate differentials, dr and dz, go

to zero. They are

2

u Me-1

-—
dp ul + vl

and

4 B AT, oY
Y- e P (69)
dp u? +v2

Thus, the velocities can be determined as a function of

pressure at a point.

Recompression Shocks at the Intersection of the Streams

Figure 6 is a more detailed representation of the
recempression region resulting from the intersection of the
two streams. The downstream side of both shock waves must
match flow angle and pressure along the slipline separating

the two flows, Therefore,

v 'S
2y = 2y (70)
u, s
51 52
and
r,] _1p,l (71)
2517 232
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lipline
Inviscid Slip

Boundaries

Inviscid
Streamline

Figure 6. Detail of inviscid recompression.
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These two relations coupled with two sets of shock rela-
tiens, Eq. (67), are sufficient to solve for the f}ow
parameters along the slipline downstream of the shock.
Thus; given the initial conditions upstream of the
corners for both streams and the pressure in the base
region, the inviscid boundaries are developed in a marching
scheme using the method of characteristics until the inter-

section point with the recompressicn region is determined.
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CHAPTER III
SOLUTION PROCEDURES
I. Introduction

In Chapter II the overall thecry for the sepa-
ration, mixing, and compression of turbulent viscous layers
was presented along with that of the corresponding inviscid
field., It is the purpose of the following sections to show
in an unambiguous way the solution procedure used to
determine the hase properties when two different supersonic
streams (the air stream and the rocket exhaust in the most
general case) separate, mix with the base gas, and
recompress to the downstream'pressure. The principal
assumption employed is that the two layers do not interact
except as they both impact and turn upon an imaginary slip-
line. The slipliﬁe is determined completely by the
inviscid computations using the method of characteristics.
The mixing and recompression processes of the two mixing
layeré are assumed to occur independently of one ancther,
having only the base pressure in common. The two mixing
fields are coupled only through the global conservation
relations. All of the terms of the glcbal relations,
except the bleed terms, are evaluated at the inviscid in-
tersection. The initial boundary layer is assumed to ex-

perience no distortion from the corner expansion process.
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II. General Approach

The primary system of eguations to be solved is:

the conservation of mass

’p "D s Y
Zn [ puRdy ] +2n f puRdy ] = ﬁ% +2r J puRdy ] + 21 f puRdy
2 51

] ] (72)
Y1 51 Y S Y1 ¥y, 52

and the conservation of energy

Vs s
2m S puHRdy ] + 21 J puHRdy ] +@§E
5] 81 S2

b D

=Hy (2m f puRdy ] + 2% S puRdy] )}, (73]
Yy, S1 YL S2

with the unknowns bBeing Pg and HB' it is convenient to use

the mass fractions

g
2n f kpuRdy ]
v 51
nf, = L , (72)
1 Ys S Ys
mE-+2n S kpuRdy 1 + 20 J kpuRdy ]
YL 51 Y1, SZ
M
2m J kouRdy ]
YL SZ
mf, = Vs Vs . {75)
mE-+2n S kpuRdy ] +2m J kpuRdy ]
yL 51y i
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and the Crocco relation between species distribution and

the local total enthalpy as

Ho= ki, + (1-K%) Hy (76)

for the mixing layer of Stream 1, and

H = kHZ + (1-k) HB (77]

for that of Stream 2, to reduce the energy equation tc

H, = H1 mf1_+ H., mf

3 , M, + (L-mfy -mE) Hy o (78)

For ease of computation, Egqs. (72), (74), and (75) are
taken as. primary with the unknowns being Py mfl,_and mfz.
With no bleed flow, they reduce to two equations and two
unknowns Pp and mfl.

They are solved using the classical Newton-Raphson
technique with numerical derivatives. (See [32].)

Although the solution of the system is simple, the
‘evaluation of the terms is tedicus. It would be unpro-
ductive to reprodﬁce here the mﬁny calculations involved as

they use no novel numerical technigues.
ITL. Computational'Scheme

To begin, the problem must be defined through a set

of geometric, thermodynamic, and fluid dynamic parameters,
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Geometric
1. Radius and hzlf-angle of the nozzle,.

Z2. Radius of the afterbody.

Thermodynamic

1. Relative mole-atoms of carbon, hydrogen,
nitrogen, oxygen, and argon in Stream 1 and
Stream 2 and in the bleed gas.

2. Total enthalpies and pressures of the streams.

Fiuid Mechanical

1. Exit static pressure of nozzle.
2. Baundary-layer thickness at exit of nozzle.
3. 5Static pressure of free strean,
4, Boundary-layer thickness at separation on
afterbody.
Then to begin cemputaticn, the first guess of base pressure
and mass fractions of the streams in the hase must bhe

provided.

Inviscid Flow

As the total conditions for each stream are known,
the entropy for each stream can be calculated. At constant
entropy, the streams are expanded to the base pressure
where the gaé properties of the two streams are determined.
The starting lines are then determined for the method of
characteristics. The method of characteristics, using the

frozen equilibrium gas properties, provides the entire
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inviscid flow fiesld. Moét impertantly, it allows the
length of the inviscid boundary to the point of inter-
section of the rocket stream and the free stream tﬁ be
determined. This information is required for entering the

viscous flow calculations.

Viscous Flow

All calculations of the viscous flow are made at
one point for both streéms: the intersection of the
inviscid boundaries. This is because the intersection is
on the slipline dividing the two streams; the slip surface
is assumed to be the reaction plane upon which the merging
streams imﬁinge and divide into the parts which are turned
back into the base and those which are recompressed to the
downstream pressure. Thus, the properties of the mixing
layer positioned at that point are those used for.the -
evaluation of the terms in the primary equations.

The spreading parameter, o, is calculated from
Eq. (42). As this-spreading parameter is based on fully
developed flow, the elemental species distribution is
assumed to follow the velocity profile from the Crocco

relation, That is,
k = ufU . (79)

(A full discussion ef the evaluation of @ typical integral
is provided in the following section.) The axisymmetric

correction to ¢ is applied using either Eq. (58) or
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Eq. (59), depending on the aséumption of the turbulence
level, Equations (17) and {18) can now be solved simul-
taneously to obtain Yo and Cmf' The dividing streamline
location, Yp» can then be determined from Eq. (1)}. The
calculations are repeated for each mixing laver,.

The equations of the recomprgssion analysis must
now be solved iteratively fer each mixing layer to
determine the location of the stagnating streamlines, Yg-
Thus, Egs. (30), (31), (32), (33), and (34) must be solved
together with geometrical relations? for X, and Xg to
determine ¥g for each layer. |

All the parameters necessary for evaluating the
primary equations are mnow available. The terms are evalu-
ated and the residuals determined. The Newton-Raphson
method serves to predict new guesses for-pB, mfl, and mfz,

and the global iteration proceeds to convergence,

Evaluation of Typical Integral

Consider the integral

Ys
= [ kpuRdy . (80)
'L

L

The local mass fraction of the high-speed stream in the

local mixture at a point in the mixing layer is defined by

LThese retations are as presented in [2] and are
easily derived.
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Eq. (16). Repeated here, it is

_ 1 a
k =z [1+erf (Cpe 75) 1 . (81)
The local total enthalpy is
H=kHy + (1-X) Hy . (82)

The velocity at any given y is known from the velocity
profile, Eq. (13). Also, the relative moles of each

element are determined as

Ny = KNy, + (1 -Kk) Ny dslm . (83}

Since the pressure-is known and the static enthalpy. is
- Z '
h=H-u"/2 (84

the mole fractions of the molecular constituents and the
temperature dre then determined from the equilibrium

chemistry; then

—) . (85)

The radius to any point in the mixing zone is

R = Ri + (v —Ym) cos B . (86)

Thus, all elements of the integrand are readily found, and
the integration is performed using a conventional quad-

rature.
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CHAPTER IV
RESULTS AND DISCUSSION
I. Introduction

Checking the theory with experimental data began
with the classical two-dimensional, backward-facing step
problem. Quite a large amount of data exists for this con-
figuration {8]. It served not only as a check on the
recompression model, but it provided critical data on the
effect of the initial boundary layer.

Pavis [533], for his dissertation, performed sonme
interesting experiments by bleesding hydrogen gas into the
base region of the backward-facing step and taking measure-
ments both with and without burning. This provided the
information to check the effects of hoth base bleed and
chemistry.

There remained only to find data for the configu-
ration of interestj that is, an axisymmetric jet embedded
in a blunt-based afterbody. The Reid and Hastings éxperi-
ments [34] were ideal for this, Their experiments involved
exhauStiﬁg an embedded supersonic jet into a sﬁpersonic
stream at various jet-to-stream total pressure ratios,
These experiments served to check the axisymmetric approxi-

mation. And finally, some unpublished data from an AEDC
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test [35]1, although incomplete, provided a comparison with
a hot rocket exhausting into a stream of supersonic air.
ITI. Backward-Facing Step

Isoenergetic Flows

The data as compiled by [4] are presented in
Figs. 7, 8, and 9 along with the corresponding predicticns
of the present theory. It is assumed that the inviscid
stream approaching the backstep is uniform and extends
without interference to infinity in the direction trans-
verse to the flow.

The axially symmetric approximation was programme&;
so the planar problem was‘simulated by using the embedded
nozzle in a blunt-afterbody configuration. The nozzle was
extended in radius, in comparison to the height of £ﬁe |
base, until the axisymmetric effect was negligible; that
is, the ratio of the nozzle radius te the base height_wés_
50:1. The nozzle half-angle was taken as iero, and the
conditions on the exit plane made identical to thdsé of the
outer flow, |

To test the effect of the momentum thickness _
Reynolds number, the correlation given graphically by'[4]
was used. It 1s reproduced in Fig. 10.

The relatively flat trajectory of the theoret1ca1
prediction of base pressure with respect to momentum
thickness indicated that the recompression model.was
behaving correctly. The recompression model of [2] was

I
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Figure 7. Base pressure vs momentum thickness of initial
boundary layer (M. = 1.5}.
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Figure 8. Base pressure vs momentum thickness of initial
- boundary layer (M., = 2.0).
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Figure 9. Base pressure vs momentum thickness of initial
boundary layer (M. = 3.0).
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based on an inviscid assumption. It is shown for com-
barison in Fig. 8. Data scatter is typical of these
experiﬁents. Part of this is attributed fo wall effects,
and part is due to the different historiesxof the flows,
I(See [15].)

In Fig. 11, the recompression factor of Nash [10]
is predicted as a function of the boundary-layer momentum
thickness. These recompression-factor curves are those
which correspond with the base pressures of Figs. 7, 8, and-
9, As Nash did not take into account the initial boundary
layer, comparisons are difficult. However, he stated that a
recompressien factor of 0.35 cor?elated data well for
supersonic Mach numbers. In the present case, say at a
Mach number of 2.0, a recompression facter of 0.35 corre-
sponds to a 9/h of about 0.038, which is quite typical.

Perhaps the most severe test of the present theory
was afforded by the data [36] presented in Fig. 12. Here,
computations were made to boundary-layer thicknesses which
were approximately nine times the step height. After
approximately a 9/h of 0.8, convergence became very slow;
and finally, convergence could not be achieved at all,

At a Mach number of 1.5, Fig. 7, the predictions
fall low in the data. However, Fig. 13 compares the pre-
dictions with data from Tanner [9]. Although he gives no
jnitial boundary-layer information, it was found that a

boundary-laver momentum thickness of 0.04 agreed almost
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Mach number (Tanner's data).
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exactly with his theory, which he claims to be a good pre-
diction of base pressures in the low supersonic range.

From these results, it was concluded that the
theory worked quite well for ccld, planar flews without any
base bleed. The next test would be the predicting of base

pressures with base bleed and with burning.

Base Bleed and Burning

Davis [33)] performed the following experiments. A
blunt-based afterbody was immersed in an air stream flowing
at a Mach number of 2.0. Hydrogen was bled into the base
region at various flow rates. The base-pressure change was
.plotted against the flow rates producing the lower data
curve of Fig. 14. Then, a pilot flame was ignited and the
bleed flow was adjusted to the desired rate. The flame was
" extinguished when the wake burning was self-sustaining.

The base temperature and pressure were plotted producing
the upper curve of Fig, 14 and the data curve of Fig. 15.
| Ccmputations were made to simulate the experiments.
The rTesults are plotted with the data curves of Figs. 14
and 15. As Davis obtained no initial boundary-layer data,
the boundary-laver thickness of the theory was adjusted
until the computed base pressure with no bleed matched the
zero bleed flow point of the data. With a o, of 12.0, this
pressure Was obtained at a 8/h value of 0.019. At a Oq of .
9.0, a 6/h value of 0.04 was required. When burning was

initiated in the computations at a o, of 9.0, no sclutions
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were found, The curves presented are those calculated at a
9, of 12.0. If is not clear that any physical significance
can be attached to ceonditions with a oé of 9.0, for even
with the computations at a o of 12,0 after a bleed rdte
parameter, H, of 6.0 x 10_5, convergence becamé very slow;
and then finally, no convergence could be obtained. Per-
haps all that can be reasonably said is that thé limits of
the theory are being observed and nothing more.

1 The pressure prediction is high, but acceptable.
‘The temperature prediction is also high,; however, the loca-
tion of the peak is well predicted, which indicates that
the basic flow mechanism is well modeled. It is inter-
esting to observe that in Davis' theoretical approach, he
input the base pressure as knowns to ¢cbtain the base
temperatures, As pecinted out in Chapter fI, Section VII,
his flame-sheet model disallows oxidizer in the base region,
which accounts for his lower tempecrature prediétions, for
the peak temperatures in the mixing layer of approximately
4300°R are predicted by his method, which matches the peak
temperatures of the present theory. That is, if oxidizer
is in the base, at some bleed rate stoichiometric con-
ditions must occur. It is perhaps also worthy of nate that
the adiabatic equilibrium conditions as assumed by the
theory are rarely achievable.in real experiments of this
type due to the effects of wall cooling, thermocouple

errors, and combustion inefficiency.
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The curves of Fig. 16 ére presented to show
temperature profiles as predicted by the theory. Nc data
are presented as Davis' recordings across the mixing layer
were too sparse to encompass tﬁis area. !

In conclusion, here, it must be said that the pre-
dicted shapes of the curves, particularly the base pressure
curves, show that the basic physics of this configuration

is well predicted; the theory requires only a more

realistic chemistry model.
IITI. Correction for Axially Symmetric Effects

As previously pointed out, the theory is two-
dimensional. However, the corrections for axisymmetric
effects were employed as detailed in Chapter II, Section X.
Reid and Hastings [34] recorded the effect of total
pressure ratio as between the embedded jet and the external
stream, both of which were at a Mach number of 2.0. Com-
plete initial boundary—layer information was provided which
allowed the best check yet of the present theoretical
approach. For the configuration where the outside radius
is of a ratio of 1.67 to the nozzle radius, the following

information was provided:
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Figure 16. Static temperature distribution across mixing

layers as predicted by theory.
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Nozzle
Rl = 1,17 in.,
8, _ .
1 = 0.0037 in,,
6] :
5" 2,78 in the base plane,
1
-h\
External Body
R, = 1.95 in.,
€, = 0.0165 in.,
~k
85 :
EE = 2.97 in the base plane. .

A power law exponent of 1/9 and houndary-layer
thicknesses, &;/R; = 0,048 and 62/R1 = 0,212, gave the
correct momentum thicknesses. Boundary-layer information
was not given on the other nozzles; hut since the aspect
ratios of the nozzles were approximately equal, the value
of 0.048 for 61/R1 was used for the others 55 well. The
external momentum thicknesses were the same for all con-
figurations,.

‘Using an incompressible reference spreading

parameter, da,, of 9.0, and a ¢, as derived in Chapter II,

A
Section X, the results presented in Fig. 17 were obtained.

The prediction at RZ/Rl equal to 1.25 was particu-
larly welcomed as it further confirmed the basic theory as

this case is close to being two-dimensicnal. As the radius
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ratio is increased and the axisymmetric effects become more
apparent, the approximation is not quite as good, but still
acceptable. For these cases, the conventional Mangler
transformation which preduces the spreading parameter of
Fg. (59) gives the best results; however, the Th of EBEq. (59)
appears to better follow the shape of the data curve.

The last axisymmetric configuration attempted was
at once the most complex and the most incomplete. Its
complexity stems from the fact that it is a hot-rocket
exhaust (v = 1.26) embedded in z relatively large base sub-
merged in a supersonic air stream. It is incomplete
because the initial boundary laver is defined only by its
thickness, and the base pressure is the only parameter that
was measured. MNevertheless, a series of runs was made at
external stream Mach numbers of 2,05 and 3.00, the results
of which are shown in Fig. 18.

The external boundary-layer thickness was main-
tained at 67 percent of the nozzle radius, and the
different momentun thicknesses resulted from varying the
shape of the profile. The results at the lower Mach number
are reasonable although a relatively large momentum
thickness is required to match the recorded base pressure.
In all cases the boundary-layer momentum thickness of the
jet was maintained at approximafely 2 percent of the base

thickness.
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The results at the higher Mach number were dis-
appointing in that near the recorded base pressure
Convergencé was not achieved, What is apparent, however,
is the effect of the external boundary layer on the temper-
ature ancé pressure of the hase.

In beth Mach number cases, the temperature drops
with increasing external houndary-layer momentum thickness.
This is because more of the external stream and less of the
rocket exhaust are captured in the base region. Because of
the much larger thickness of the outer boundary layer, how-
ever, it tends to be the overriding mechanism affecting the
base pressure, '

All calculations for this case were made assuming
frozen chemistry as equilibrium chemistry results were
quite unrealistic. They indicated that burning was
occurring, which served to drive pressures and tempecratures

much higher than experiment would indicate.
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CHAPTER V
CONCLUSIONS AND RECOMMENDATIONS

A geperalized supersonic base-flow theory has been
developed for the near-wake region behind bluff-based, two-
dimensional and axially symmetric bodies in the presence of
a coaxial, supersonic jet. The theory wbrks well,

The correlations presented show the theory to be
viable and physically realistic. In particular, a new
recompression model was able to generalize the miﬁing
analysis and e;tend the overall theory toc encompass many
complex and'diverse flow configurations, including those
with very‘thick boundary layers. The new species distri-
bution model allowed flows with hydrogen bleed to be
predicted as well as flows with iarge total temperaturé
differences between the base and the high-speed stfeams.
As the mechanism was available, a chemical eguilibrium
analysis was coupled te the theory. It gave an excellent
prediction of the peint at which the base pleed rate would
produce the maximuﬁ base temperature. It also gave a good
prediction of the effect of burning on the base pressure.

The Mangler transformation was used to develop an
éxially symmetric correction to the two-dimensional
spreading parameter for highly turbulent mixing. The
transformation also was used te pfovide an axisymmetric

correction to the spreading parameter for low-turbulence
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and laminar flows. However, interesting and useful as
these corrections were, they further amplified an under-
lying problem: the lack of a gooa model for the spreading
parameter. '

Indeed, perhaps the most important result of this
investigation was the realizaticn that the modeling of the
spreading parameter needs further development. There is a
tendency in the literature to treat the sprecading parameter
as an off-the-shelf item, important only to the extent that
some numerical value must be chosen. This is understand-
able, of course, when the heavy hand of empiricism must be
used to nudge an unsatisfactory solution into the area of
reality, as is necessary when a recompression factor is
used, and the initial boundary layer is ignored. However,
as the basic theory becomes more realiétic and inclusive,
the necessity of a more realistic spreading parameter
becomes apparent. Specifically, the spreading parameter
must mimic reality to the extent that 1t develops as the
mixing develops and is asymptotic to the fully developed
value, taking intc account the history of the separating
boundary layers.

Although turbulent flows were of primary interest
in the present analysis, appropriate modeling of the
spreading parameter would allow the theory to be extended
to laminar mixing. This becomes important in low-density

flows.
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Perhaps the weakest point in the present theory is
the lack of a good model for axially symmetric mixing. The
assumption of planar mixing, while giving acceptable pre-
dictions for the most part, did begin to fail at afterbody-
to-nozzle radius ratios greater than 1.67,

Again, in overview, it must be said that the
present theory works well. It predicted the effect of the
initial boundary layer in planar flow as well or better
than more sophisticated analyses up to very ﬁigh momentum
thicknesses. The theory predicted well the effect of
hydrogen bleed both with and without burning. Predictions
of axially symmetric flows with coaxial cold jets were
excellent for small bases and quite acceptable for the
larger bases. It is concluded that the present theory is
at least the equal of the Crocco-Lees approach to simple
flows, and it is superior when applied to complex flows
such as the two-mixing-layer problem.

The extension to flows with nonequilibrium
chemistry should be a fertile ground for further work. By
coupling a rate equation to the system and adding the non-
equilibrium term to the thermodynamic property relations;
the present theory should be able to predict the effect of

nonequilibrium on the near wake.
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APPENDIX A

DETERMINATION OF EQUILIEBRIUM GAS COMPOSITION

BY SUCCESSIVE APPROXIMATIONS

It is the purpose here to show by example the
method of Weinberg [37] as developed by Osgerby and
Rhodes [38] to determine the equilibrium gas composifion
(mole fractions) of a mixture as a function of pressure,
temperature, and the relative number of the various
elements present:

The C,H,0 case is used to illustrate the method.

The equilibria are

1 .
€0, 5 €O+ 50, ,
< 1

HpO , By + 39

H,0 T 2 Hy + OH (A.1)
1 =g
7H o Ho

1 L
10,50,

and the atom conservation equations are

Po = ZPco, " Poo * Pry0 " 2p02 *Foy T Po oo

. .2
PH ZPHZO + 2PH2 + pOH + pH ’ (A2}
Pe = Pco, * Pco

- 91
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where P is the fictitious pressure of the particular

clement.,

The conservation equations are rewritten to elimi-

nate the fictitious pressures by using the fact that

P, N
_H = N_H = Hrc , (A
_ P, N
PN
_(_). = _O = Drc » (A.
and
Peo, *Pco " Pi,0 *Po, FPon tPo T Pu, tPRTT - (4

The new conservation relations are, then,

T -
F‘choz*pco"PHzo*21’02+p0H+Po‘oc(Pc02+pco) ¢, (a
T -
6= 2myy 0 * 2Py, " Pon * P~ e (Peo, “Peo) =9 - A
and
- p=0 . A,
L_pC02+pCO+pH20+p02+pDH+pO+pH2+pH p=0 '

From Eq. (A.1), the equilibrium relations may be

written as

20, M -3
Peg =Ky — PH0 "%, ‘Fo, Pou "%, “Pn,Fo,
S 2
2

92
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where K is the equilibrium constant defined as

1]
_ _ O
?(Bj aj)uj
K = exp [ dio—— 1, (A.10)
RT

where the chemical potentials, u® [or Gikbs free energy
per mele), are as given by [20].

Since Eq. (A.%) can be arranged such that Pgo» Pope
Pcos Pyo and szO are e;plicit functions of Pi,e pOg’ and
PCOZ' they may be substituted intec Eqs. (A.6) to (A.8).
This gives thiree equations for the three unknowns, sz,
pOg’ and pCOg'

A Newton-Raphson procedure is then applied which
converges very rapidly. That is, Eqs. (A.6) to (A.8) are

linzarized [32] as

§F = 2L gp o+ lEl gy 4 5p ,
apH2 H, Epoz 02 deOz CO2
3G 36 3G
56 = 20 §p. + 20 bp, 42" 8p.. (A.11)
asz H2 ap02 02 ch02 CO2
51, 3L 3L
oL = 2L ep, 2L gp . o+ 5p
Py, Hy %, 02 *Pco, o,

A first guess of sz, poz, and pCoz gives the initial
residuals, F, G, and L, and also the values of the partial
derivatives. These three equations (Bq. (A.11)) are
linear equations for & ., 6 and §p with the new F

G, and L being set to zero; that is,
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§F = -F ,
66 = -G , _ (A.12)
SL = -L

The new guesses c¢f the unknowns are then

pnew " Pinitial -~ SP - . {A.13)

The new partial pressures become the first guesses, and the
procedure is continued until the residuals are satis-

factorily small.

94



AEDC-TR-79-46

APPENDIX B

A SUCGESTED RESOLUTION OF THE PROBLEM OF THE PROFILE

SHIFT WHEN CONSIDERING AXIALLY SYMMETRIC MIXING

In the following, a method is suggested for
determiging Y and Co¢ for axially symmetric mixing. That
calculations based on this approach are not presented is
because the approaéh was not apparent until late in the
1ife of the project. However, it will be used as a basis
for further refinement of the theory to be taken up at a
later date.

Equations (17) and (18) of the two-dimensional

theory are repeated here as

7y Yyt
7 psusdy] = J kpudy (B.1)
) X=0 ¥ x=£
L
and '
Yy Yo ¥m
foulayl = oeuidyl (B.2)
0 x=0 ¥y x=4
with
k = % [1+erf (Cogn)] . : (B.3)

For two-dimensional mixing, Egs. (B.1) and (B.2) are

sufficiernt for determining both C . and y_.
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In words, these equations say that when the mixing
profile is localized such that ¥, 1s the distance from the
origin to the inviscid boundary, at x = i, then the mass
and momentum of the initial profile out to the streamline,
Yy» are preserved, The streamline, Yy» is determined at
x = & such that ¢ = 0.99998855, In two-dimensional flow,
the streamline, Yy, can be traced, parallel to the inviscid
boundary, to the beginning of mixing. With axially
symmetric mixing, Yy is not parallel to the inviscid
boundary, At this point, for axially symmetric mixing,
there is not enough information to solve the problem. .

‘it is important, alsc, at this point to stress
certain eleﬁents of the theory.

1. The houndary layer is considered as part of tbe
inviscid flow; that is, the boundary layer is.
an inviscid, rotational profile and no more.

2. Equations (B.i) and (B.2) are actually rela-
tions between the inviscid flow, the left-hand
side, and the viscous mixing, the right-hand .
side,

With this in mind, Egs. (B.1) and (B.2)} for two-

dimensional mixing may also be formulated as

Yatrvu . YUt n
S psu_dy 1 = J koudy ] {B.4)
¥m v x=% YL x=4
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and
ym+yU Yut¥m

fogu dy ] = f pufdy] . (B.5)
Ym - x=4 YL x=4

That these relations are equivalent to Eqs. (B.1l)
and (B.2) requires only the observation that an inviscid
profile in two-dimensional flow, subject to no pressure
gradients or dissipative mechanisms, remains intact. In
other words, Eqs. (B.4) and (B.5) say that, locally, the.
mass and momentum rates of the viscous'layer are equal to
the mass and momentum rates of the inviscid field from its
boundary to the same y location, at the same X station.

With these observations in mind, the axially

symmetric eqﬁivalent of Eqs. (B.4) and (B.5) may be formu-

lated as
21 f (pu)}*Rdy ] = 2m J kpuRdy ] (B.6)
Yo x=2 yL x=1
and
Ym*Yy Yy
25 £ (oud)*Rdy ] =27 / pulRdy 1 . (B.7)
Ym x=2 YL x=42

The asterisk used above and in the following serves
to keep track of the fact that in the axially symmetric
case, the boundary layer thickness and shape are not the

same at x = L as they are at x = o, That is, now the
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problem is complicated by the fact that if

1
u /U = {y/e )" (B.8)

is the initial velocity profile, at x = %

1
u/u = £Yfﬂ*]n* , (B.9)
where
&% £ 6 o (B.10)
and
nf A . » (B.11)

The paramcters, ¢° and n*, may be found as follows,
Consider that the following relations hold for the inviscid
flow at constant pressure and ﬁith no dissipéfive
mechanisms.

*

) 1/n Ym+a lfn*

S péJ{y/ﬁ}, Rdy ] = 2n S pU(y/6*) Rdy] (B.12)
Q X=0 Y x=4

and
' P

5 2/n Yotd . 2/n*

o f o U2 (y/s) Rdy] = 2w [ cU% (y/e¥) Rayl . (B.13)
o ° . X=D Yin ‘ x=2

Thus, there now exist sufficient relations to solve
the éxially symmetric problem. The four relations, then,
Eqs. (B.6)}, (B.7), (B.12), and. {B.13) along with Eq. (B.3)

- ® *
serve to determine the four ‘unknowns, ¢°, n-, Cmf’ and Yo
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It is realized, of course, that as these compu-
tations will be embedded in the overall base-pressure
iteration, they further degrade the efficiency of the

global calculations.
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APPENDIX €

DEVELOPMENT OF THE CHARACTERISTIC AND

COMPATIBILITY EQUATIONS

Consider the conservation equaticns for mass, z and

T, momentum and energy as

. gpv spu _
Y + T —— + T ST a -, (C.1)
3u . ou e -
PU == + PV =t =5 0, (C.2)
av v 3D _
pu = + PV 5=+ =5 o, (C.3)
aH oH _
PU = ¥ RV 5 = 0, (C.4)
with
H =%(u2+v2]+h (C.5)
and
p = f(p,h) . (C.6)

These constitute the set of equatiens for u, v, p, and h.

Now, using

8py - 9p 2p, 3p 3h C.7

EEJT 5p 5z & &R 3z (c.73
and

83p . _ 3p 3p , 2p 3h C.8

SrJZ 3p AT ¥ 3h T (C.8)
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Eqs.‘(C.lj through (C.4) may be cast in the form

S W
A 55 + B = + C
where
3p
o] 0 ug-ﬁ
pu 0 1
A:
| ¢ pu |
pu2 puvy 0
Jp
0 P VE
pv 0 ]
B:
Q pv 1
Lpu\r pv2 0.
ﬂﬂ
T
-+ 0
C= »
0
| 0 ]
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{C.9)

(C.10)

(C.11)

(C.12)
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and

W= . _ ~{C.13)

It is desired to find curves in the region of
interest along which the set of partial differential
equations reduce to ordinary differential equations, Con-

sider the definition of a total differential
=Y
aw = Mgz + Woar (C.14)

Along a given curve, dr and dz are no longer independent,

so that
W oW . oW
%:yga,_rd_; . (C.15)
o
Using Eq. (C.15) to eliminate T
> -
daw oW dr

+
M=o (C.16)

Ay sy d2) B

is obtained.

Taking the remaining partial derivative to the

right-hand side gives

> *
aw . % _ . dr , _ oW .
A a"i- + C = ('a? A B]ﬁ . (C.l?)

102



AEDC-TR-1B-46

Now, it is observed that if a vector were found that was
orthogonal to the vectors of Eq. (C.17} and the inner

product were taken, Eq. (C.17) would appear as

-

(A%+E)-A=O, (C.18)

which is the form that is sought; that is, Eq. (C.18) is an
ordinary differential equation. Thus, associated with each

%%, a vector is found such that

-
dr aW

+ .
(Ad—'z"B)ﬁ'A=D. (C.lgj

To ‘solve for such a vecter, a property of the scalar

product is used to put Eq. (C.15) in the form

Bﬁ dr T
37 " (EE -B) A=0 , (C.20)
-
where the superscript, T, means transpose. Now, since %%

is assumed to be nonzero, it is sufficient that
(A3 3y aA =0 (c.21)
dz ’ ’

_).
where 9 is the null vector.
From linear algebra, for there to exist nontrivial
solutions to a homogeneous set of equations, the determi-
nant of the coefficient matrix must be zero. Thus,
dr
Az B

T
| -0 . (c.22)

Det
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This condition forces specific conditions on g% as it is a
dr

poelynomial in I3 These are called the characteristic

equations, For this case, they are

dr _ .dar _ v
[a*z")l —(HE)Z =g (C.23)
1
dr uv + avu? +v2 - g2
= , c.z24
(E)S uz—a?‘ l: )
and '
.. 2 2 _ a2
(dr) -ur-ahlvZ (c.25
4 u¢ -a

These %% relations are substituted one at a time back'intb

the homogensous set (Eq. (C.2Z21}), and the components of  -

four different‘vectors are found carresponding to each %%.
For the case at hand, these four vectors associated

with the correspending %% just determined are

- C 0 )
1 0 :
[ K2= (C.26)
v 0
i
- 0 -~ e 1 -

1Because of the choice of dependent variables

3
a’ = pf(%%«“o;%)-
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-

and
A ir ]
pful(zz) -vli
dz 3 4
dr ap dr
[U(a“z') Vjugﬁfp(a;)sqL
Ay 4= ’ , (c.27)
o+ lu(E) -vivip
3.4
dr ap
-fuiaz) -v]
353’4 3h

where the last two vectors satisfy Eq. set (C.21) when

Eqs. (C.24) and {C,25) are substituted for %%.

Now, having these four vectors, the ordinary
differential equations associated with each %% are found by
substituting each vector into Eq. (C.18) and performing the
inner product. The differential equation found for each
vector is called the compatibility relation valid along the

' . -
associated curve described by the particular %%. For Al’

udu + udv * %} =0 . (C.28)
R _
For AZ’
dh + udu + vdv = 0 , (C.29)
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and for KS 4
dz dr 2
fu () -v] [udv-vdu]+ Y22 ) uv( ~) +ve]
dz 3.4 r H_ 5 4
dp , dr -
+ 5 [V'(EE%,4+11} 0. (C.30)

Thus, the four ordinary differential equations for the

four curves defined by the %%’s ars found,
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LIST OF SYMBOLS

Where a symbol is defined only for the purpose of
discussion within the text, it may not be listed here.

Chemical elements are not listed because of their univer-

ol

sality.

a Local frozen speed of sound-

cp Specific heat at constant pressure

C Mole fraction of molecular species

Cmf Shape parameter of mass fraction distribution

E Base-bleed parameter, Fig. 14

h Enthalpy

h One-half of the height of the base in axially
symmgtric flows; i.e., (R2 —Rl)/z; the base height
in planar backstep flows

H . Total enthalpy
In the mixing layer, the mass- fraction of the high-
speed stream in fhe lacal mixture, Eq. (16]

k A mixing-length constant, Eq. (40)

K Equilibrium gas constant, Eq. (A.11)

2 A specific x-location in the mixing layer

% Prandtl's mixing length

m Number of atoms present

m Rate of mass flow

M Mach number

n Number of species present
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N Mole-atoms per unit mass of mixture

p Pressure

P, Recovered pressure, after recompreasion prdce;s

P Total pressure

P Fictitious partial pressure of atom

by Transverse coordinate in method of characteristics

R Radius from axis of symmetry to point in mixing
layer

R Gas constant of molecular species

ﬁ Universal gas constant

Rea Reynolds number based on momentum thickness

s Entropy

t Temperature

T Total temperature

u Velocity compenent in direction of developing

mixing layer

u Axial component of velccity in method of charac-
teristics

v Transverse velocity component

W Molegcular weight

X Mixing-layer coordinate in the direction of
development |

X Coordinate along recompression on slipline

y Transverse mixing-layer coordinate

z Axial coordinate in method of characteristics

o Number ¢f moles of species j [reactants)
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Number of moles of species j (preducts)

Angle of inviscid boundary with undisturbed free
stream

Isentropic exponent

Relative angle of inviscid boundary with slipline
at intersection point of inviscid boundaries
Boundary-layer thickness

Boundary-layer displacement thickness

Apparent kinematic viscosity

Transformed coordinate of Egq. (9), ;(EOF(X)/de
Dimensionless mixing variable, Uy/xo
Dimensionless position parameter, ¢d/x
Boundary-layer momentum thickness

Gibbs free energy per mole

Density |

Mixing or spreading parameter

Incompressible o, a reference value

Velocity ratio, u/U

Angle between slipline and axial direction

Subscripts

A
B
D
E

i

i

Axially symmetric value
Base region

Dividing streamline

Bleed

ith species

Intersection point of inviscid boundaries

109



AEDC-TR-7946

51
52

Jet

Quiescent or base eage of mixing iayér
Regarding inviscid boundary and coordinate
increment defined in Eq. (15)

At point of separation, initiation of mixing
Stagnating streamline ‘
Stream 1, Fig. 1 .

Stream 2, Fig. 1

High-speed edge of mixing layer

At undisturbed free-stream conditions
Beginniné of recompression

Of Stream 1, Pig. 1

End of recompression

Of Stream 2, Fig. 1

110



