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ABSTRACT

This report investigates the difficulties
encountered with respect to a certain linear least
squares fit problem which arises in the field of
holographic interferometry. It was found that the
addition of another variable to the equations of
this linear least squares fit problem explained
these difficulties and provided consistent results.
This report also demonstrates the usefulness of
Stewart's recently published perturbation bounds for
the purpose of error bounding.

ADMINISTRATIVE INFORMATION

This work was performed under NAVSEA Mathematical Sciences Program,
"Numerical Methods for Naval Vehicles," Program Element 61153N, Task
Area SR 0140301, Task 15321, DTNSRDC Work Unit 1-1808-010. The NAVSEA

cognizant program manager is Ms. B. Orleans, SEA 0O3R.

INTRODUCTION

Recently Dr. Surendra K. Dhir (Head, Numerical Structural Mechanics
Branch, Code 1844) called the author's attention to difficulties arising
from a linear least squares fit problem involving holographic displace-
ment measurements.l* In the problem described, it is desired to fit a
polynomial of the form w = ax + by + cz by a set of experimentally ob-
tained data points (wi, ai, bi' Ci)’ i=1,...,n; but under certain
circumstances the polynomial would have to be set up in a differenced

form, 1.e.;

w -w, = (a

- + = + -, Yz {=1,...,n-
i+1 7" T e o (by4y70y)Y a1 ¥ e Ui i Dl

Although the polynomial can be fitted to this "differenced" data, the
relationship between this "differenced" problem and the original problem
is neither apparent nor simple.

One possible approach is to regard the two least squares fit problems

as perturbations of one another (after adding a redundant equation to the

* A complete listing of references is given on page 21.




"differenced" system). It was with this approach in mind that Dr.
Elizabeth H. Cuthill (Assistant for Numerical Analysis, Code 1805)
suggested investigation of Stewart's recently published perturbation
bounds for the linear least squares fit problem.2 These bounds were
found to be very useful indeed. This report documents their application

to the problem in holographic interferometry.

STEWART'S PERTURBATION BOUNDS

Let A be an m x n real matrix of rank r. It is possible to find

orthogonal matrices U and V of orders m and n, respectively, such that

1 2 r
. > & ; >
Il is a real matrix whose transpose U is its inverse.) The product

M ’ . oD
U AV is referred Lu as ithe singular value decomposition reduced or

standard form of A. The Ji' i=1,...r are called the singular values of

|
|
% I 0
T - !
U AV = i |
(9}
____________ 5% [P
j
0 | 0
i
where 0. 2 0.2 ...0 »0. (Lt will be remembered that an orthogonal matrix
A. The product
!
|

is called the pseudo-inverse of A, written AT. The pseudo-inverse has |
many of the propertiec of the inverse of a square matrix. It is, in
fact, a generalization of the concept of a matrix inverse. For more
information on these topics, the reader is referred to Stewart.’

The formulas for Stewart's perturbation bounds require that A has

been reduced to the singular value decomposition standard form. This

e e ———— e —— —— e —
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reduction involves no loss of generality since any m x n linear least
square fit problem Ax=b and any of its perturbations (A+E)(x+h) =b+k can

be reduced to this required form by the respective transformations

afavy v = T

3
(UTAV+UTEV)(V x+VTh) -UTb+UTk
For the purpose of our problem we shall also assume that the columns of A

are linearly independent and that the first n rows of A are also linearly

independent.

Let the linear least squares fit problem A(x+h)=b+k result from a
perturbation of the right-hand side of Ax=b. Define x as ||A|lz|lA+||2*
and n as i]bl!jl/ﬂ AHz I x|}) where bl is the sub-vector of the first n
components of b. Detine kl similarly. Then Stewart provides the pertur-

bation bound

| hHZ/ | x||, = "zi‘kl ixg /l hlilz (Inequality 1)

Next let tuc linear least squares fit problem (A+E)x = b result from
a perturbation of the coefficient matrix of Ax=b. Define K as
‘ =1
Hali, 1By 0, where B

matrix ot A+E. Let

Il is the inverse of the n'™™ order principal sub-

1

521 be the (m-n) xn submatrix of I below Ell' Define n and b1 as betore.

be the nth order principal submatrix of E and let

The reader is no doubt familiar with the concept of the norm of a
vector x, written |!x|L and defined by
/B 7

X

lIxll =/ F

i=1

where the x. are the components of the vector x. Since there are several
norms defined for vectors, let us be more precise and refer to the above
norm as ‘{x“z. For A, an m x n real matrix, HA\\Z is defined to be 0,

the largest singular value of A. It can be shown that [|x||, = [[vx|[, and
|]A[|2= Il UTA\H|2 where U and V are unitary matrices. Accordingly this

norm (along with others) is said to be unitarily invariant. For more
information on norms and their properties the reader is referred to

Stewart.

T e




Let b2 be the m-n subvector of b below bl' Then Stewart obtains the

perturbation bound

Ity Mgl ey M, sy
2 g K =i e e
il ~ llall, lath, \ s Il
+_!EZ}J1§A (Inequality 2)
lall,

Define the real valued matrix function

Stewart bounds the last term of Inequality 2 and obtains another pertur-

bation bound

T L e ) —— (Inequality 3)

2 — NE il «An‘_Hbzﬂg w(iF'Zl
Il = A, s, A Al

Clearly these three inequalities can be used to provide "worst possible
case" bounds for a given least square fit problem Ax=b. In the case of
Inequality 1 one needs only to provide some upper bound for “k]ii7 to
obtain such a bound for Hh“v/iixﬂz when only the right-hand sidvhh is
perturbed. As regards Ineq&hlitics 2 and 3 one must provide upper bounds

for ;’Ellji and }JEZIJ; to obtain similar worst possible case bounds for

;H:Jw/?ix[? when only A is perturbed. The reader is reminded that
(| —1;
- AL |
o, PEL Y s e
T e gl e
U S L AL DY

(see wnkinson,[‘ p. 92) if “"‘Ii”zliEu”z < 1. 1In Inequality 3 the

function | may be bounded from above by 1.0.
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THE TESTS
We shall refer to the 7 x3 linear least squares fit problem Ax=b
where
-.21458051E+00 -.59223911E+00 -.18537080E+01
-.35869262E+00 -.54449323E+00 -.18176699E+01
-.22761852E+00 -.47379546E+00 -.18959881E+01
A= -.30491734E+00 -.45507956E+00 -.18743727E+01
-.37405904E+00 -.43714104E+00 -.18487759E+01
-.23612950E+00 -.35108814E+00 -.19235878E+01
-.38382191E+00 -.32889374E+00 -.18685387E+01

and

.36055440E-03
.35650322E-03
.35852881E-03
b = .35650322E-03
.35447764E-03
.35650322E-03
.35245205E-03

as the "original" problem. It is estimated that the elements of the
columns of A and b are subject to uncertainties of 5%, 11%, 2%, and 5%,
respectively.

We define the "differenced" 7 x3 linear least squares fit problem
thns: for i = 1,...,6 subtract the ith equation from the i+1St equation
of the original problem; the seventh equation of the differenced problem
is the difference of the first and seventh equations of the original
problem. We define the "augmented" 7 x4 linear least squares fit problem
merely by adding a fourth column of 1.0's to the coefficient matrix of
the original problem and another unknown x, to the solution vector. Now

4
solve this augmented problem for the value of x

4 take the original 7 x3
linear least squares fit problem Ax =b and subtract the value of x, from
the right-hand side b of the original problem. We shall refer to the

resulting 7 x 3 linear least squares fit problem as the "modified"

These linear least square fit problems were perturbed ten times each.

The ratio of the norm of the solution perturbation to the solution norm

was computed along with their bounds provided by Inequalities 1 through 3.

These results are compared in Tables 1-5 for perturbations* of either or

* The Bé?lh;hations in Table 5 were reduced by a factor of 10 to meet the

<1 E > ¢ xime ‘ U | PR
“Elll’ 1 for the approximation of L(A11 El? 1

r'4

dition [|AT!]
condition |,A11|

problem.
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both the right- and left-hand sides of these problems. We shall comment
on these results in the next section. These results were obtained by
single precision computation on the CDC 6400 at DTNSRDC. Subroutines
trom the IMSL Library5 were used to compute singular value decompositions,

solve linear least squares fit problems, and generate random numbers.

-.21458043E+00 -.61617945E+0C -.18521478E+01
-.36091016E+00 -.52242982E+00 -.18192539E+01
-.21953501E+00 -.52034141E+00 -.18609241E+01
A' = -.31149031E+00 -.41563715E+00 -.18808611E+01
-.36469258E+00 -.43905926E+00 -.18250381E+01
-.23855953E+00 -.32482739E+00 -.19453948E+01 ,
-.38297324E+00 L33146348E4+00 -.18640814E+01

anld
.36055496E-03
b .34712449E-03
.35893074E-03
b' =| .34162634E-03
. 35680069E-03
.34089129E-03
.35576825E-03

be the perturbations of the A and b matrices defined previously. The

solution of the original problem Ax=0b is

L41300149E-04
X = -.66551182E-04
L16793035E-03

The solution x' of the problem Ax'=b (only b perturbed) is

-.67766679E-04
x' = .77162085E~04
.15851240E-03

(

only coefficient matrix perturbed) is

i

The solution x" of A'x" =b

-.56582677E-04
x" = | -.72542926E-04
. 16455871E-03

The solution x"' of A'x"' =b' (both b and coefficient matrix perturbed) is
.881205%3E-04

X" - .100616, 9E-03

L15007406E-03




These results should prove useful as benchmark results for those who wish

to run the problems published in this report.

OBSERVATIONS AND CONCLUSIONS

Let us begin by explaining the discrepancy between the solutions of
the original and the differenced linear least squares fit problems. A
system of m linear equations in n unknowns Ax=b is said to be consistent
it there exists a solution vector x which satisfies each equation of this
system exactly. It is obvious from the rules of algebraic manipulation
that any solution of a consistent system is likewise a solution of its
ditferenced system. If Ax=b is inconsistent, we define the linear least
squares fit "solution'" to be that real vector x which minimizes the norm
of the residual vector r = Ax-b. Thus it is merely a notational con=-
venience to write an inconsistent linear least squares fit problem as
AXx =b, since equality obtains only when we include the residual vector r
thus

Ax=b+r g .

If we construct the differenced system by subtracting the equations of

this last system from one another, we can see that the residual vector r

for x with respect to the differenced system is

|

r

“
st s

! In general r' is not the residual vector of minimum norm for the

differenced system and hence x is not the least squares fit solution for
the differenced system.

Next let us consider the modeling of the original 7 x3 problem. If
we include an extra variable k in each equation of the original system |
(thus obtaining the 7 ¥ 4 augmented system), we find that the first three
unknowns of the augmented system least squares fit solution do not agree

at all with the least squares fit solution of the original system. Rather,
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they coincide with the least squares fit solution of the 7 x3 system
whose coefficient matrix is A but whose right-hand side is diminished by
the value of k (modified system). Clearly this fourth unknown k is
crucial.

Finally, this investigation has demonstrated the value of using
Stewart's perturbation bounds in the error analysis of the linear least
squares fit problem. In particular the Inequality 1 estimates seem to
bound Hth/HxH2 quite nicely when only b is perturbed. In fact these
Inequality 1 bounds are roughly a third of the worst possible error
estimate afforded by Inequality 1. As might be expected the Inequalities
2 and 3 estimates do not bound ||h|[ /[ x|/ when A is perturbed as closely
as the Inequality 1 estimates do lo; pcrt;rbed b. However at worst the
Inequalities 2 and 3 estimates appear to be not greater than eight times

[In]| /[l x[|,. Usually the Inequality 3 bounds are "sharper" (closer) than

the Inequality 2 bounds, although this is not always the case. These
Inequalities 2 and 3 bounds are roughly a tenth of the worst possible
error estimates provided by Inequalities 2 and 3, respectively.

So far all results obtained indicate that the errors from a joint
perturbation of A and b are roughly the sum of the respective errors and

hence may be hounded by the sum of the bounds provided by Inequalities 1

and 2 or 1 and 3.

PROGRAMS

The following programs were used to obtain some of the results
published in this report. The reader is reminded of the special row and
column rank conditions holding for this problem. In particular, the
procedure for obtaining an mxm unitary matrix U' from the mxm unitary
matrix U output from the LSVALR subroutine works only under these condi-
tions. (The last m-n columns of the mxm identity matrix 1 are annexed
to the mxm matrix U. U' is obtained by orthogonalizing these m columns
using Gram-Schmidt algorithm. Of course, this procedure can be generalized

by modifying it with suitable before and after permutations.)
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PROGRAMN SKDPRO3(JQUTPUT,TAPESE=0UTPUT)

L)

DIMENSION A(7)¢BUT) oCE7)oAA(7+3)¢BBIT7) R(TIJHKAREA(99) 4 X(T )y Y(T),
L ZET) o XN(T) oSU7)oCCU7) oCTOS(3e3)0QUT7e3)oHIT) oV (747),6(7,3)
DIMZNSION TK<(3,3),BQ(3)

DIMENSION T(7)

DIMZNSION QQ(7+3) oQABCT7) sAC(7+7) sQAD(34359A5¢3)

DIMZNSION QUIT7o7) oXKKLT7 )y XK(7)

DIMZNSION QF(7)

DIMENSION QP(7,3)

DIMENSION €11 (7930466730 +GQ(7D)oGU(To3) o5V I3y 3)eGH(T743)ZLIT,23),
L AN(T7,3) ET(7,3)

DIMINSION E21 (e, 3)

DIMENSION CF(7)

(9]

0) 36 JQ=1,10
IF (J2.cQ.1) K2=JQ

L

XX==5,105¢6.1

YV=-2.459=-0.7

22=2.53-19%9.4

X0=v0=22=0.0

RO=SART((XX=XO0) *( XX=XO) ¢(YV-YO) ®(YY=-Y() ®(ZZ-20)%(2Z-20))

XD =X(3)=X(D)=4e25

X(2)=X(5)=X(T)=5.7

X(e)=x5,45

Y1) =Y (2)=1.875

YE3)=V(4)=Y(3D)=),25

Y(b)=¥(7)==1.25

21V =2(3)=2(B)=-34.12

Z(2¥=2(5)=2(7)=-5,2

Zle)==3.65

03 1 ‘=n07

RIK)=SART UK =K (C)) *AUX=-K(K) )+ (YY=Y(K))®P(YY-Y(K) D& (ZZ=-2(K))®*
L (ZZ-2(K)))

ACK) = (XX=XKUD/R)e(XX=KEK)) /R (K)

BIK)=CYY=Y(LD/RYS(YY=Y(K))/R(K)
1 CUK)=(ZZ2-20)/R) ¢ (ZZ-2(K))/R(K)

XN(1D =17 .8

XNCE2) =XN (o) =XN(5) =L 7,0

XN(3)=L7.7
i XN(3)=17.5
1 XNCTD =176

XLAN3DA=5165.0"3,937 E~-03
D) o7 I=4,7
QalI,1)=AC])
QL. 2)=8B(1I)
AA€L,3)=C( 1)
QA3CI) =XLAMBOA®XN( D)
Cerr=28(I1)
47 QFCIN=28(I)
ANRYI=SART(QAB(L)®*2¢QB(2)%*2¢QB(3)**2¢23(4)**2¢QB(5) **2¢
L 23(6)**2eQB(T7)**2)
D3 +8 J=1,3
DI W8 I=1,7
AWLeJ)=QA(Iv U
48 Q2(1,J)=Q2(Is I

14




93

62

63

Lb

3

31

32

33

212

60

M=7

N=3

ISu=1

WRALTE(H,99) ((QA(T oJ Do I=1+3)+1I=1,7)
FIRMAT(1Xe2H2Qy 3216.8)

CALL L3VALR(QQeMy Ny My Ny ISH WKAREA+QE+QC»20)
ANRM=AMAXL (QE(L1), QE (20 432 (3))
XAPSI2=AMAX1(107QE (L) y1e/7QE(2) o1 «/7QE(3))
WRAATELD,62) ((QS (I 9J)eJd=193),1=1,7)
FORMAT(1Xy2HACH» 3216 7)

CALL VCOMP(QCs2Us My N)
HRITZ(5463) ((QI(I 9J)eS=1,7)4s1=1,7)
FORMAT (1 X9 2HAU, 7216 ,.7)

00 L3 I=1.7

B83¢(I)=0.C

D) L5 K=1,7

B8BC(IY =83 (1) +2U(K, I) *QB(K)

BINRM=SQAKT (BB(1)®**2+83(2)**2+BB(3)**2)
SINIM=SART (B3(L)**2¢83(2)%**2¢8B(3)**2)
B2NY=SART(38(L)**2¢BB(S)**2¢BB(6)**2¢BB(7)**2)
N3=1

IDGT=8

CALL LL.SQARC(QPy 23 oM oNeN3oM M, IOGT 4 WKAREA,IZR)
WRITZ(24+5) (I1,23(1I) oI=1,3)

FORMAT (1 Xy 2HABy[1 0, ELH,. 8)
XSQ0=Q8(1)**2e23(2)**2+,3(3)0**2
XNR9=522T(X5Q0)

HILD=XNRM

KQ=42

CaLL GGUBIKQy7,T)

0) 3) I=1,7

ACII=AC[Y* (=11*®]®T ([)®.a07%A(])

CALL G5uUB(2%KQs7, T

D0 3L I=1,7

(D) =3CI)=(=1)**l*T (IV*,113*B(])

CALL. 55U3€3*xQ,7, 1)

DY) 32 1=1.7

SUIV=C(TIde (=10 L eT (I)*,.023°C(])

CALL 5GUBL(«®*JQ,7, T

D) 33 I=1,7

XNCID=XN(I)=(=L)*®[*T(I)*, B*xNn (D) !
WRITE (23,2120 0TI oXNIE) o I=147)

FORMAT (L Xe LHT 421548 ¢24XNyci648)
XLAYBIA=5145.0%3.937 Z-03

DY 2 K=1,7

B83(K)=XLAMBDA®KN(K)

X<KK(K) =3B(K)=CF (L)

C2(X)=33{K)

AR(KC, 1) =A(K)

AR(K,2)=B(K)

AA(K,3)=C(K) 1
D) 50 LL=1,3

X<LL) = .0

D0 30 K=1,7

XCOLL) =XKOLL) AT 0Ky LLD) ®*XKK (K)
XK2=AK(1)*®2eXC(2)* 2 XK (3)**2
XK2=SQRT (XxK2)

o
i i
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RHMS=(XAPSI2*XK2) 7 XNRM
WRITE(€5+65)RHS
65 FIIMAT(L1X,4H R43,E16.8)
D) 83 I=1,7
0) 83 J=1,3
GG(IeJ)=AA(IVJ)
83 QUI.J)=AA(I,J)
WRALTE(S,50)
50 FORMAT(1HL/1Xo,34AA AND 33)
WRITZ(5.51) (ARA(K, 1) .iQ(K.Zi.AA(K.S).BB(K).(=1. 7)
51 FORMAT(1X,3EL6.8,E20.8)

DI Lt I=1,7
D) 1L J=1,3
11 ET(Ls ) =QR (I, )
D) 58 I=1,7
D) 58 J=1,3
ELCIoeJd)=(0
GH(IL,J)=0.C
D) 58 K=1,3
ELCLoJI)=EL(Io ) ¢ET(IK)I®*AD(KyJ)
68 GHII«J)=GHII e *56(]IeK)®*2)(KeJ)
DJ 53 I=1,7
D) 83 J=1,3
ET(IoJV=0.0
GG(Led)=ued
D) oI K=41,7
ETCLo I =ET (I oI QQUIK II®ZL (KyJ)
69 GG(ILoJ)=GG(IoJ)QUIKyI)*GHI(K,J)
WRITZ(5,23) ((ET (] .J..J=193’|I:1'7)
26 FOJIMAT (1X,2HET,3216.8)
WRITZ(5,27) ((GE(I 9J)eJI=123),1=1,7)
27 FIOIRMAT(1Xe2HGGe3215.5)
00 12 I=1,7
Dd 12 J=1,3
12 ETULoJVI=Go(IoJ)=2T(IeJ)
WRITE(5+25) ((ET(I oJ)eJ=153)y1=1+7)
D) 7L I[=1,3
DY 71 J=1,3
7L C11(LoJV=ET (14 J)
D) 72 I=4,7
DY) 72 JU=1,3
72 E21CL=-3,J) =ET(I,J)
CALL LSVALRU(GGoNy No Mg Ny ISW WKAREAGQoeGUy 5V
i WARITZ(5+28) (GQ(I) oI=1,3)
28 FORMAT (L X, 2HS,¢EL1 6, 8)
; SINIM=AMAXL (1.)/GQ(1)41.0/7GQ(2)41.0/7GA(3))
CALL LSVALRU(ZL11LoNoNoMeN ISH WKAREAGQeGUWGY)
WRITZ(5,29%)(GQ(I) 4I=1,3)
CLINIM=AMAXL1(GA(L),GQE2),5Q(3))

: M=zl

1 CALL LSVALRU(E2L9MsNoM 4Ny ISHWeHKAREA ¢GQsGUsGV)
WRITZ(5,28) (GQ(I) 4I=1,3)
M=7

E21NIM=AMAXL1(G2(1),GQ(2),5Q(3))
‘ ABZDEF=3INRM®E2LNRM
! C4I=A3CDES/SQRI {1 ,) ¢ABCOEF**2)

- o~ -




RAS=BINRM*C 11N M* (B2NM*BINRM®CH I) /XNRM
ARHI=BINRMTELINRM* (BINRM®®2*B2NM*E2L NRM) / XNRM* BINRN##2%E2 L NIM® *2
WRITE(5,66)R4S, XHS
64 FORMAT(L1Xe4H R4S, EL164841Xy5H XRHS,EL1648)
WRITZ (5,22 )RHS BINRMELLINRM, BNRMy CHI» XNIM, Z21 NRNM
22 FIRMAT (1 Xy 1HN,7EL 6. 8)
XKAPBAR=ANRM*BINIM
XNU=FLNRMZ (ANRY®*40L O}
WRITE(5,17) XXA2BAR, XNU
17 FORMAT (1Xy BHKAPPABARyE16:8,3H NUgE1648)

(9]

D) 86 J=1,3

H(JV=0..

DO 78 I=1,7
78 HCJI=H(JICAA(T,J) ®AACL, )
86 HUJIN=SART(H(J))

D0 8) J=31,2

ILIN=J]

0) 8d I=ILIMy3

SJR:).J

0) 79 X=1,7
79 SUM=SUMtAA(KyJ)*AA(K, D)
80 ClOS5CIyJ)=SUMZIHLT) ®HILJ))

(%]

M=7

NAA=3
NB8B8=1
IAA=IBB=7
105T7=8

(9]

CALL LLSQAR(AA,B3,M,NAA,NBB, IAA,IBB, IOGV,WCARE Ay IER)

(%]

WRITZ(5,200)((AA(KyJ)oJ=1,3)4K=1,7)

20) FORMATC(LHI/Z (LXy84PSUEDINV,3E15.7))
WRITZ (b, 100 ) IER

100 FORIMAT(1HI/Z1Xe3H IER =,1I10)
HRALTZ(H+s101)(KeB3(K)gK=1,43)

101 FORMAT(LiXe3HUVH,I9,E1H.8)
SIML=88(1)%83(L)eBB(2)*33(2)+BB(3)*BB(3) ]
XNRY=SART(SUML)

: WRITZ (5497 ) SUMLGXNRM

i 97 FORMAT(1IHO/Z 1X474JVH SQD,Z15.871XeBHSQART UVA,Z1643)

0) ee K=1,7

by SIK)=CCI(K)-A(K)*3B(1)-B(K)*BB(2)-C(K)*BB(3)

| WRITZ(3+:643) (KeSUC)yK=1,7)

L3 FORMAT(LHGZ (LXs54RESID, Il ,E15.8))

XLHS=
L (B3(1)-QB (1)) **24(B3(2)-QB(2))**2+(BB(3)-28B(3)) **2
WRITE(5,21) (3BC(I) 42BCI),I=1,3)
21 FORQWAT(1X, «+HBBAB,2E 16481
WRITZ(H,24) XLH3,40LD
2 FORMAT (L X9 2H®%,2Z1548)
XLAS=SART(XLMSI/Z740L 0
HRALTZ(5467) XLHS, XLHSyRHS,RHS
67 FIRMAT (L Xy oHXLASIELS5eBsFLl53.844H RHSyE15.84°15. 8)

B PTCRTR™




(3]

DY) 75 K=1,7
75 HIXK)=SQARTC(A(K)*A(K) ¢+B(K)*B(K)+C (K)*C(K))
DY 75 I=1,6
JLIVY=T¢1
DO 75 J=JLIM,7
CIS=CACI)I*A(IIB(I)*BCIICC(II®CCI))/ (H(I)*4(J))
76 WRITE(H,77)1,4,32S
77 FORMAT (1 HD ¢SX 91 04RONW COSINE,2I34E16.8)
D0 8L J=1,2
ILIN=J¢)
D) 8L I=ILIM,3
81 WRITZ(6,82)J,I,CC0S(I,J)
82 FORMAT (1HD s5X9L34COLUMN COSINEyRI34E16.8)

(]

N=3
IA=TIAA
ISH=1
CALL LSVALR(QA9MeNoIAgIA,ISH,HKAREASsGyV)
WRAITZ€5,88) (Key3(K)yK=1,3)

88 FORMAT(1HO/ (10Xs3HSING VAL,IS5,E16.8))
WRITZ(5,89) ((G(IsJ) oJ=14N)yI=1, M)

89 FIRMAT(1HO/ (L1Xe14U, 3EL15.8))
WRITZ(549)) (UV(IyJ) od=1sN),yI=1,N)

90 FORMAT(LHO/Z (1X,L4Ve 3ELS5.8))
WRITZ(5,9%) ((TXKK(IsJ)eJ=L13),1I=1,3)

9% FIMAT(LHOZ (1 Xy 34TKKe3E15.8))

: 8Q€(1)=82(2)=8Q(3) =0 .0

A CALL LLSQAR(TKCyBQy 3035193+3+8, HKAREA,IEZR)
MRITZ€5,93) IcR

93 FIRMAT (1XeSHIER =,110)
WRAITE(5435) ((TXK(To e Jd=193)9I=1,3)

95 FIRMAT(LHOZ (L Xy 74TKK PSIo3E16.8))

(%)

34 CONTINUZ

(%]

sTaP
END




SUBRIUTINZ VCOMP UV, QeMyN)
OIMENSION VI(7,7)s VA(727),Q(747) yINDEXC(1)) 4 INV(10),C(1C)
OIMZNSION WKARZIA(250)
IF (M.GT.J) GO T) LOO
NPO=N¢1
D) 33 J=NPO,M
DI 33 I=1,M
33 v‘[.J.=J.J
D) 2 I=1,M
00 1 J=1.M
1 YALL.J)=0.4
2 VALI,I)=1.0
D) 3 I=1,N
3 INODEXK(IN=I
03 53 I=1,N
IF VUL, I) eNZeded) GO TO 49
00 8) J=1I.N
IF (¥(IsJ)eEQ.0.3) GO TO 8C
ISTORZ=INIEXLI)
IND=X(I)=INDZXC(J)
INDZX(J)=ISTORE
GO 70 381
87 CONTINJ:
WRITZ(5,83)
83 FIMAT(LHL/Z (L XesB4ND PIVOT))
sSToP
81 00 832 K=1,M
STIRE=V (K, I)
VICe D) =V (K )
V(Ke ) =5TORE
STORE=VA (K, )
VI((.I)=VA(K.J)
82 VA(K, J)=STORE
9 STORZI=VI(I,I)
03 51 J=I,N
V(L J) =V (L ,J)/5TIRE
51 VA(IL,J)=VA(I,J)/5TIRE
[PO=I[¢t
D) 53 K=1,M
IF (€,2Q.I) GO TD 53
STORZ=V (K, I)
DD 5% J=1«N
V“'J'=V(<0J,‘;tJRE‘V‘I'J,
Sk VA(K,J)=VA(K,J)-3TORE®*VA(I,J)
E | 53 CONTINUJ= ]
, 50 CONTINUS i
I 1067=8
| CALL LINV2F (VAy Yy Mo VoIOGT ,WKAREA, IER)
‘ WRITZ(5,67) JER
67 FIOIMAT (1 Xe SHIER,IL()
D) 39 I=1sN
i 39 INVCOIND=X(IN)=I
i p : WRITE(5, 20100 CINVII) oI=1,N)
; 201 FORMAT(LXe3HINV,10I10)
WRITE(D,cOUICINDIXID) o I=1,N)
2 200 FIIMAT (LX,SHINIZX,10I10)
F 00 38 J=1,M

e

T o I e s TSI ——

s o —— e e




D) 38 I=1,M
38 QEIvS)=V(I,INV(S))
400 D) 02 JU=N,M
D) %)L I=L,M
01 Q(I,J4)=C.0
402 QlJeI) =1,
0) #03 JU=1,.N
D) 33 I=L,M
403 Q(I'J’=V‘I'J)
SUM=0.0
DI 2) I=1,M
20 SUM=SUMeQ(I,1)®"2
SUM=SQRT (SUM)
DO 21 I=1.M
21 A(L,1)=Q(I,1)/5J4
DO 22 L=2,M
LMO=L~-1
DO 23 K=1,LMO
C(x1=0.2
0Y 23 I=1,M
23 CUKI=0(K)+Q(I,.)*Q(IeX)
D) 25 I=1,M
D) 25 K=1,LMI
26 ACLLL) =Q(I,L)=3(K)*Q(1,K)
SUM=0.0
D) 27 I=1,M
27 SUM=3UM+Q(I,L)**2
SUM=SQRT(SUM)
0) 28 I=1,M
28 Q(LoL)=Q(IoL)/7SUM
22 CONTINJE
D) 10)Y I=1,M
0) 100 J=I,M
SU"=BQ
3) 99 K=1,M
99 SUM=SUM+Q(K,I)*2(K, J)
100 WRITE(5,101)I4J4,5UM
101 FORMAT(IXe5HIUSUM$2I5,E15,.8)
RETJURN
END

20
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