
•/ AD—A072 750 OHIO STATE UNIV COLUMBUS ELECTROSCIENCE LAB F~ G 9/3
A LOOP FOR TRACKING THE FREQUENCY OF A PULSED SINUSOID. (U)
JUL 79 R J HUFF. D I HERR F3Q602 75 C—0061

UNCLAS5IF!C~ ESL—710300 b RADC—I R—79—t71

‘I _ Ui
I _ 

_ 
I

I _ _  

_



I I
_ _

I .25 I 4 I

_



RADC-TR-79-1 71
lnt rlm isport

~~~~ July 1979

A LOOP FOR TRACKING THE
~ FREQUENCy OF A PULSED SINUSOID

The Ohio Stat.~ University

O
b LD C

LAPPROVED FOR PUBLIC RELEASE; DISTRIBUTION UNLIMITED

1>—0~

I
C-,

~~LkJ

Hi
ROME AIR DEVELOPMENT CENTER
Air Force Systems Comman d
Griffiss Air Force Base, New Yor k 13441

~~~~



- -- r - ’~~~~

This report has been reviewed by the EADC Information Office (01) and
is releasable to the National Technical Information Service (NTIS). At NTIS
it will be releasable to the general public, including foreign nations.

RADC—TR—79—]71 has been reviewed and is approved for publication.

APPROVED : 
*~ ~~~~~~

STUART H. TALBOT
Project Engineer

APPROVED:

FRED I. D ND
Technical Director
Coimnunicatj ong and Control Division

FOR THE COMMANDER:

JOHN P. RUSS
Acting Chief , Plans Office

If your address has changed or if you wish to be removed from the RADC
mailing list, or if the addressee is no longer employed by your organization,
please notify RADC (DCCR) Griffiss APE NY 13441. This will assist us in
maintaining a current mailing list.

Do not return this copy. Retain or destroy~



-
~~~~

-- .- - .. . -  - 
~~~~~~~~

. -
~~----~~~~~~~~~~~~~~~~~

I
I

UNCLASSIF IF!)
SIC U~~~TY C L A $ $ I V I C A T I O N  ø~ THI S ~~*0( je?,an D.~a t~~~~..()

(ii \ REPORT DOCUMENTATION PAGE flt~ 1 KM

(I ~ L ftLPqI~~1l~LI... 
- 

~ cSO VT A C C E S S I O N  P49 1 ~~P C P f N T S C A T A t . OG lAuu8IR

(. I # RADt.~4~~ — 7 9 — l 7 l  I
_ _ _ _ _ _ _ _ _ _ _ _  -- -~~~~- - -- --

-
--
I 
- -.

C ~~ t t  1~’d *~~~ • •* ~~~ $r~~~~~~ 5V~~~ (~~ P P4 1 1)

A LOOP FOR TRACKIN G THE FREQUENCY OF A PULSED “ Interim peP t# .~
(9 J~~~SOlD g ~~~ ________ ______ _____ —

~~‘ ~~~~~~~~~~~
-•- —---~--- - 

~~~~~ 4~~~~~~fl t S SI5 sAA~ .-* PO R T  NuM~~ N
ESir7I~~JOO— 4 - L

i~~~tut~~ i, .. ~~ CO~ ~~~~~~~~~~~~~~~ 
—

~~
. H uff  ~~~~ / ) r ~~ oo2 _ 7~ _ c- Oo6l ,~

D. W . Herr -~~

C PINFONMING O N O A N I Z A T I O N  PI AUt AND A O O R f S S  
AR ~~A & * 0NA L J N J t N L J M B F R S

The Ohio State University/Elect roSc ie~nce- l a horat o ry  —~~~~
Depar tment of Electric al Engineering (/t/ 

~O 1
Co lumbus Oil 4i 12 1 ~/(D ~~~~~ 907 ~~~~ _ 1 /

I I  C O N T C O L L I N G O P F I C C  NAUt  A NtI A DONISS 
- 

~~~~~~~~~~~~~~~ ~t

Rome Air Development Center (DCCR) (Il ~u1~~~~~79
Gr i t t l a s  AFB NY 1 I~A 4I -~~~~~ 11 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

TI MO N IT o R I N G  A O P N  ~~~~~~~ C A  R~~SS(U iapi., .n p fro.. 001 .1 3 S E C U W I T  S ( L A S S  ~ I SI. ,.~~~- , r  
—

~~~~

Same — UNCLASSIFIEI)

3. DF~~~ A S S I F I C  A l l e N  f l0W N~~,RA t I IN~~. 
—

Fe DISl R Ie UI ION S TA T E M I N I  0 151. A.I .~~,II ~~~~~~~~~~~~ 

—

Appr oved for public r e le a s t ’ , distribution unlimited.

_ _ _ _ _  _ _ _  - -
~~~~~~~~~~~

-
~~~~~~~ ~~~~~~~~

- -
~~~~~~~~

Il 01St NIC(I I (IN SI A T ~~MF N ol IN. •N.II.. I flI.I..~ In HI.’.-k 10, If 1111. .- IIOO~ R.p . l  ,i’7 ~
Same ~ ~~~~~~~~~~~~

Pt SUPP* ME N T A ~~ S N 0 T F ~~ 7~-,- -~- ’t (
RADC Proj cc t Engineer: St oar t H. Ta I bot (Pt ’CR)

IS A ?  S * OA DS 4 ,o0lno• I na ....,, an.p P4,110t s. SI, A I,,,mS.r 
-

Frequency trading
Pul~~c s ignals
Dig i tal  communicat ion s V s t  ems
Time Divis ion Multi p le Acc~ ns

NA C T  ((,.nUn,,• an r...,.. aid , If n. ....rS .nd Ids n hlfp b; b I o Ik n..aIP•II 
- -

- The conf igurat Ion and performance ~i a hybrid rcquencv r a k  fog ~~~ vhf cit
trac ks the frequency of a pulsed sinusoid I t t ’  addressed Lu this report. A
linear model t~ t the ioop is developed and an approximate expression is der ived
for the standard deviat ion of the frequency tracking error due to  the j l re ’aenl t’
ot addit ive wh i te  Gaussian noise at the loop ’s Input. Results obtained 1w
s t mulat tng the loop on a di g ita l  computer are presented which show titi’ ex ten t  —to which m o p  non— i m ean t tea at I ect the standard dev iat ion ot the f requency - ~~ � —

(Cent ‘d) . 5

DD I~~J~~~~~
’

~~I 
1473 I1NCI,ASSIFIFD

S t .  IC i l y  CL A S S I P l i ,  A T I O N  CI? TIP S ~~*,‘.I ISN.O l~~I• F ,,., ..II

L/ O ’  ~~ 1.
_ _ _ _ _ _ _ _ _ _



UNCLASSIFIED
S E C U C I T Y  C L A S S I F I C A T I O N  OF THI S  PAG E(WP, w 0.1. tnf.rsd)

“ ,~~ I tem 20 (Con t ’d)

tracking error , the distribution of the frequency tacking error , and the loop
lock range. These results show that the loop operates with a high degree of
effectiveness. •

UNCLASSIFIED

SICUNITY CLA SS IFICA T ION OF TH IS PA GEIPSIan 0.11 tnI..,4 )



PREFACE

This report, OSURF Report Number 710300-4, was prepared by the
ElectroScience Laboratory, Department of Electrical Enalneering , The
Ohio State University at Columbus , Ohio. Research was conducted under
Contract F30602-75-C-0061. Mr. Stuart Talbot was the RADC Program
Monitor for this research.

The material contained in this report is also used as a Thesis
suPimitted to the Department of Electrical Enqlneerinq, The Ohio State
University as partial fulfillment for the degree Master of Science.

A
~CiS3lon For

NTiS GEM&I
DDC ?AB

JLlj t i f i odt l on

Di 
a~ j  ‘~~~~~‘

-~pec1a1

iii

_ _ __ _ _  .--— - --



~~~~~ - -- -~~~~~~ -~~~~~~~~~~~ - - .  
-
~~~~~~~~

-

TABLE OF CONTENTS

Chapter Page

I INTRODUCTION

II LOOP CONFIGURATION AND PRELIMINARY ANALYSES 4

1 11 APPROXIMATE LINEAR MODELING AND ANALYSIS 24

IV COMPUTER-IMPLEMENTED HFTL SIMULATION S AND
NUMERICAL RESULTS 28

V SUI41ARY AND CONCLUSION S 45

REFERENCES 46

APPENDIX A - THE HYBRID FREQUENCY TRACKING LOOP
SIMULAT ION PROGRAM 47

APPENDIX B - CALCULATION OF THE NUMBER OF SAMPLE VALUES
NEEDED FOR ACCURATE SIMULATION RESULTS 52

iv

—.- --- - — - — -~~~-—— -



CHAPTER I

INTRODUCTION

The frequencies of sign als present in radio coninunication systems

often differ from design values as a result of doppler and/or oscillator

inst abiflties by amounts which 3 if not compensated for , would prec lude

effective signal detection . In di gital coninuni cation systems wherein

received signals are coherently detected , phase lock loops are genera l ly

used to maintain the phases of signals generated locally within the

receivers in alignment with the phases of received signals. Differ-

entia lly coherent and incoherent detectors do not require phase syn-

chronization for proper operation , hut frequency uncertainties must be

mainta i ned small in comparison with the data rate if such detectors are

to operate efficiently. Frequency tracking loops are generally employed

to maintain frequency errors at acceptably small values in systems wh i ch

do not contain coherent detectors .

A frequency tracking loop would ideally operate to maintain the

difference between the frequencies of a received signa l (or an inter-

mediate-frequency (IF) signal generated by down-converting a received

signal) and a local oscillator (10) signal genera ted w ithin the loop at

a specified value by suitably controlling the frequency of the 10 signal.

Generally, the specified frequency difference is equal to either a design

value for an intennediate frequency or zero, depending on the manner in

IL - -- . - . .  - -
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which the l oop is implemented , in either case , suitable circuit s are

employed to estimate the amount by which the frequency of the 10 signal

should be changed to maintain the difference frequency at the specified

value , and the error estimate is employed to control the frequency of

the LO si gnal in a suitable closed-loop manner. Frequency control is

qenerall y made possib’e by utilizing a voltage controlled oscillator

to generate the LO signal. In loops which would ideally maintain fre-

quency differences equal to design values for intermediate frequencies ,

frequency discriminators are usually employed to generate voltages which

are proportional to the [0 frequency errors[l]. Coherent cycle counting

can be emp l oyed to estimate LO frequency errors in loops which would

ideally maintain frequency differences equal to zero[2,3]. Either of

these approaches can be utilized effectivel y in practical systems --

pa rticularl y in systems wherein the received signals have either constant

or continuous envelopes. However , should the received signal have a

pulsed envelope , the minimum frequency error detectable using practical

coherent cycle counti ng circuits would be approximately equal to the

reciprocal of the signal -pulse duration : a value which would be un-

acceptabl y large in many applications. Frequency discrimination can

be implemented which ~‘ll operate with reasonable effectiveness when

the received signal has a pulsed envelope , but such circuits are analog

devices and are generally less than ideally suited for use in modern

communication systems.

The configu ration and performance of a loop which tracks the fre-

quency of a pulsed sinusoid are addressed in this thesis. A description

of the loop and applicabl e prelim inary analyses are presented in Chapter II.

2
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A linear model of the loop is developed In Chapter III and an approxi-

mate expression Is derived for the standard deviation of the frequency

tracking error due to the presence of additive white Gaussian noise at

the loop ’s input. Results obtained by simulating the loop on a dig ita l

computer are presented in Chapter IV . These results show the extent to

which loop nonlinearities affect the standard deviation of the frequency

tracking error and the distribution of the frequency trackin g error.

Results are suninarized and conclusions are presented in Chapter V.



CHAPTER II

LOOP CONFIGURATION AND PRELIMINARY ANALYSES

The frequency tracking loop investigated in this thesis is pre-

sumed to be representable by the block diagram given in Fig. 1 and is

designated as tt e hybrid frequency tracking loop (HFTL). This designa-

tion is considered to be appropriate since a loop configured as shown

in Fig. 1 would consist of analog circuits , digital circuits, and cir-

cuits which would be par tially analog and partially digital in nature .

The HFTL is structured so that the difference between the carrier fre-

quency of a desired signal present at the input to the loop and the fre-

quency of a local oscillator (LO) signal is estimated periodically, and

the frequency difference (error) estimates are processed to generate digi-

tal contro l words which are appl ied in sequence to the control input of a

digitally-controlled variable-frequency oscillator (D-C/VFO): the LO-

siqnal source.* Ideally, the digital control word would be varied so

that the LO frequency would be maintained identically equal to the carrier

frequency of the desired si gnal at all times.

*Either a D-C/VFO or a conventiona l analog voltage-controlled oscillator
(VCO) can be employed in a HFTL to generate a variabl e-frequency LO sig-
nal . The preferred approach to effecting frequency control depends on
the application of interest. It is presumed that a D-C/VFO is employed
to impl ement the HElL for explicitness of discussion .
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Unlike in conventional frequency -tracking loops , the signals pre-

sent at the input to the HFTL is processed by analog circuits during

successive intervals in a manner whereby the input signal during each

proce ssing interval is ‘ mapped ’ into two sample voltages which can be

interpreted as the components of a two-dimensional vector. Generall y,

each “vec tor can be considered to be the sum of a desired -signal vector

and a noise vector. As is shown subsequently, the angle between desired -

si gnal vectors associated with two contiguous processing intervals is

proportional to the difference between the desired signal and local

oscillator signal frequencies . That angle is estimated by suitably

processing four composite (signa l plus noise) sample voltages. The

required processing operations can be performed most readil y by a digital

processor (computer) as indicated in Fi g. 1 since at least four multi-

plications, two additions , and a div is ion must be performed to generate

each angle estimate. In genera l , the angle estimates would be filtered

to generate the ditigal control word s which are appl i ed ~o the control

input of the D-C/VFO in time sequence. However , in this thesis , each

“new ” control word is presumed to be generated simply by multiplying an

angle estimate by a constant and adding the result to the preceed i ng

(“old”) control word . Loops implemented in this manner are compatible

with many applications of interest.

As should be evident from the foregoing discussions , a properly-

implemented HFTL can be employed to track the frequency of a pulsed

sinusoi l provided the loop is operated in conjunction with a subsystem

which generates appropriate timing waveforms. Clearly , the frequency

of a sinusoid having a continuous envelope could also be tracked by a

6
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HFTL . Howev er , HElLs are envisioned as being used primarily in appl i-

cations of the preced i ng type ; it is subsequently presumed tha t a pulsed

sinusoid is to be tracked by the HElL . A mathe i :iatical basis for pro-

ceed i ng with the development of a linea r model oi a HFTL and for employ-

ing a digita l computer to simulat e a HFTL when a pulsed sinusoid and

noise are present simultaneously at the loop ’s input is presented in the

remainder of this chapter .

The performance of a HFTL depends to a considerable extent on the

properties of the signal and noise present at its input. In this thesis ,

the composite signal present in the input to the HFTL is presumed to be

expressibl e as*

(1) Z (t) 
~ 

S (t) + nr(t)

where Sr(t) represents the “desired ” signal and flr(t) is considered to

be a sample function from a stationary stochastic process which is

Gauss~an distributed with zero mean and white with a single-sided power

spectral density of N0 watts per Hertz. Furthermore , noise process nr(t)

is assumed to be ergodic.** The desired signal is assumed to be express-

ible as

* The symbol ~ is used to denote equal by definition.

**Occasjona]ly, a single notation is used herein to represent both a
sample function from a stochastic process and the family of functions
which constitute that process; the appropriate interpretation of a given
notation should be clea r from the context in which it appears. Here-
after, it is presumed without elaboration that selected ensembl e aver-
ages to be calculated are each equal to a time average which describes ,
in part , the performance of a single NEIL , i.e., tha t sel ected random
responses of the HFTL are ergodic in an appropriate sense in addition
to flr(t) being ergodic .

7



(2) 5
r~

t) Ar(t) sifl[w t + •(t) +

where is the radian frequency to be tracked by the HElL , ~ is a phase

angle which Is constant at any value in the interval [-~
,nL and 4’(t)

represents a (any) phase modulation which is reproducible within the

receiver .t Signal amplitude A r(t) is assumed to be expressible as

(3) A ,(t) ~ ~~~ V P1 (t-in I )
ni=—~ hp r

where

(4) PT(t) ~ ~~
l tj I

10 ~~t l  I

and

(5) 1 ~ T ~ 2Tr p hp

Tha t is , Ar(t) is presumed to be a train of nonoverlapping rectangular

pulses which are generated at a uniform rate of one pulse every Tr
seconds. As illustrated in Fig. 2, each pulse in Ar(t) has a T~ second

duration and an amp litude equal to 2~T, . It can easily be shown that

is equal to the average power conta i ned In the desired signal during

the pulse “on ” times.

*For exampl e, in a digital biphase spread-spectrum comunication system
application , p (t) would be equal to C(t)n where C(t) represents a known
binary pseudo-noise (PN) sequence.8
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FIg. 2. Slgna~ amplitude versus time .

The LO signals presen t within the HFTL are assumed to be express-

Ible as

(6) s , (t) ~ A~ sin{w~t + ,
~(t+~ ) +

and

( 7 )  s~~(t) ~ A~ cos[w~t + ,t’(t÷, ) +

where c represents a timing error associated with a receive 10k ,* ~

is a constant phase angle, and ~~‘ , represents the radian trequency et  the

LO signals. It Is assumed tha t all circuit s have unlimited dyn anu~.

ranges. One consequence of this as sumption is that loop perfonnani :v is

independent of LO-signa l amplitude A Q (provided , of course , tha t A , i s

finite and nonzero). Subsequently, it is presumed tha t A equals

for convenience of presentation .

*As noted previously, the HFTL operates in conjunction with a tiiii i n’i
subsystem which generates all required timing waveforms.

9
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Input signal Zr(t) is multipl ied by (mixed with ) the two local

oscillator si gnals in separate mixers , the product signals are integrated

over app ropriate i nterva ls , and the integrator output voltages are sam-
pled at appropri ate instants by sample and hold circuits (see Fig. 1).

I f the NEIL is to operate efficient ly, timing error ~ must be small i n

comparison with the rec i procal of the spectral width of •(t) If the

s pectrum of Sr(t) is sufficiently “spread” due to ~(t) being nonzero.

Shoul d ~(t) be zero , would only need to be mainta i ned small in com-

parison with the duration of the integration intervals. Irrespective

of the nature of ~(t), the dump time of the integrators, ~~~ 
and the

aperture time of the sample and hold circuits , 
~2’ 

must each be small in

comparison wi th the duration of the integration Intervals if the HFTL

is to operate efficiently. Throughout the remainder of this thesis ,

parameters r , ,S~, ,  and are each considered to be equal to zero.

Four sample vol tages are generated for each pu l se in Sr(t) as

i ndicate d on the t i m i n g  diagram shown in Fig. 3. The sample voltages

generated by processing the mth pulse are designated as Z~)( I Z~ ,, z!~ ,

and Z~~ . These vo l tages are defined as follows :

(8) Z~ ~ Z ( m T r + n Thp )

and

(9) ~ Z~(m Tr 
+ n Thp)

where Zx(t) and Z~(t) represent the sample and hold 
circuit output vol t-

ages (see Fig. 1). Clearly,

10
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Zm = 
m m(10) S +~~nx nx nx

and

(11) Zm m m
5 + nfly ny nx

where

ml +nTm 
~ f r hp 

S (t) s (t) dtr Lx
(12) - 

mTr+(n~ 1 hp

(13) 5m ~ (
mT +nlh s (t ) s

~~
(t) dtfly ml + (n-l )T r

r hp

mT +nT
(14) ~m 

~ 

f r hp 
~r

(t )  S
tx

(t) dtflX mlr+ (n_l )Thp

and

mT +nT
(15) ~m 

~ I 
r hp n ( t )  s

~~
(t)  dtfly 

~mT +(n-l)T 
r

r hp

m nm and mIt can be s hown in a straightforward manner that lx i yni

are samp l e sequences from independent Gaus sian random sequences whi ch

each have a mean value of zero and a variance o~
An expression for s~~ is obta ined by substituting appropriate

expressions for Sr(t) and sLx (t) into Eq. (12) and setting n equal to

zero:

12

- --— - -



(16) s~~ JfllT -T h 
/~~

T$ Sifl[wrt++(t)+c1]/2/Th sin g t+~(t)+~]dt

/p IT J r (cos[ (~ 
-

~~ )t+~-~]r p mI -I r
r hp

- 

~~~~~~~~~~~~~~~~~~~~~~

W hen 
~r >> 

~
“1hp or the HFTL is otherwise implemented so tha t the upper

sideband signals generated by the mixers negligibly affects loop per-

formance, it can be shown from Eq. (16) tha t

(17) S’
~x = 

~~~~ 

sin(Au)t+(
~
_
~
)
LflT

r
_T

r hp

where Ehp represents the energy contained in one-half of a signa l pulse ,

i.e. ,

(18) Ehp ~ 
1’r ‘hp

and ~ is defined as

(19)

Evaluating Eq. (17) gIves the result

(20) s’~ = S cos

where

sln(z~T /2)
(21) S P’~~~~~~ (

~~
Thpf~)

and

(22) r~ ~ ~~
[mTr_ (Thp/2 ) ]  4c *~~

13
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Similarly, it can be shown that

(23) s~~~= S s i n r~

(24) S~ 
= S cos r~

and

(25) m 
= 

~ ~~~~ly

where

(26) = +

I t is clea r from Eqs. (20) and (23) tha t s~ and s~ can be inter-

preted as the components of a two-dimensional vector. That is, Eqs. (2O)

and (23) are consistent with defining a signal “vector ” for each va lue

of m as

m ,~ m rn
(27) - s0>~ a,~ ~~ dy

where a~ and represent orthogonal unit vectors which are aligned with

the x and y axes of a right-handed rectangular coord i nate frame , res pec-

tively , Similarly, S’~ is defined as

(28) ~
m ~ 5m a + 5m a—l l x — x  l y --y

These vectors , i.e., and S~ , each have a magni tude equa l to L where

sin(.\~I /2)
(29) L IS~ ~~~

14 
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It is obvious from Eqs. (20), (21), and (23) that the angle between

and unit vector ~ is given by*

Irm ;S~~~O(30) ~ 15
m 
a ]  = ~ 0

and , from Eqs . (21), (24), and (25), that

m Irm ;S~~ O
(3 1) /- 

~~~~~ 
j,

.~i + ii , S 0

The angle between vectors and is designated by r~ and is given by

(32) 1
~[5

l~1~~ fl1
] = - = ‘

~~ 
Thp

i rrespective of the si gn of S. Except for an explicable sign difference ,

this result was obtained by Miller [5] in the process of determining the

effect of a frequency offset on the bit error probability performance

of a differential detector .

When Thp Is fixed at any finite positive value , Eq. (32) assigns

a un ique value to the ang le between the signal vectors for any value of

~~w. H owever , if  vectors and are g iven , the ang le between them

can be assigned an explicit value only if a range of values for that

angle which spans 2~ radians is prespecified. In this thesis , ang les

*Ihe notation LC~.~Y] is employed to designate the ang le by whi ch vector
Y would have to be rotated in a counter clockwise direction to effect
alignment with vector X.

15
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which cannot be assigned explicit values unless a range of values is

prespecified are assigned values in the range from minus ~r to plus i~~.

These values are designated as principal values and are generally repre-

sented by l ower-case Greek letters . For example , the principal value
m m . m .of r~, {r~} ~ 

is represented by y~~, i. e.

(33) 
~ 

{ r
~

}
r~, ~ r~ -k . 2ir

where k is an integer or zero chosen so that -~r < < ‘~. Since

equals ~ T~~, angle y
~ equals zero when ~ equals zero, the desired

value , or when ~ equals k ‘ 21T/Thp where k is an integer (not zero).

Thus, if estimates of angle y~ for successive values of m are employed

as a basis for correcting the local oscillator frequency as in HElLs of

the type considered herein , then the frequency-error estimate can equal

zero when frequency offset ~~~ equals k • 27r/Thp. This condition is

referred to as a false lock and can occur if the initial frequency off-

set is sufficiently large or as a result of noise being present at the

input to the loop. From Eq. (29), it is seen that the ampl i tudes of

the signal vectors equal zero when ~w equals k . 2ir/I~~. Thi s fact can

be empl oyed as a basis for identifying and correcting false locks.

Unless otherwise noted , it is subsequently presumed that the HFTL oper-

ates to maintain ~ at a value much smaller than 211/Thp most of the time .

— Now , define composite signal vectors and as

(34) ~~~~~~~~~~~ ; n 0 ,1

The magn itudes of these vectors are represen ted as

16 
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(35) 
~ 

; n 0, 1 .

It is easily shown that the composite signal vectors can be represented

as

(36) = + n~ ~ 
+ ~~ ~~~~, 

; subscript n = 0,1

The angles between vectors and associated signal vectors are

designated by ~~~~ i .e.,

(37) ; n = O ,l

and are defined so that -
~~ ‘~ n .  The ang le between z9~ and is

define~ as &‘~ and is given by

(38) ~ J.[Z’~,~~ ) = r~ #

where

(39)

That is ,

(40)

The pri ncipal value of 0m is designated as em :

(41) 0m ~ {0m } ~ 0m - k 2ii

where k is an integer or zero chosen so that -u ~
- em

A visual representation of severa l vectors and angles which have been

defined to this point is given in Fig. 4. In this figure , angles 
~~ 3

1
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- 

I

Fig. 4. Received signal vectors in the
x ,y coordinate frame.

and y ’
~ represent principal values of angles r~ and r~, respectively,

and are illustrated in a manner which is appropriate when S is positive

(see Eqs. (30) and (31)).

Sample voltages Z~~, Z~~, Z~~, and are digitized and input to

a digita l processor in time sequence (see Figs. 1 and 3). As is shown

in Chapter IV , each set of (digitized ) sampled voltages can be processed

in either of several di fferent ways to generate a sui table estimate of

18
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radian frequency error •~~~~~• * However , for each of the processing algor-

i thms considered , the frequency error estimate is a function ot angle
rn When the HFTL is operating in the intended manner , the magnitude

of ang le 1 m is less than almost  a l l  the time and , thus ,

( A  ~) ~ III! — - in — -r 
+ 

in in
— - — 

~ hp ~ 
—

almost a~l the time . Clearl y, the accuracy , with which ~ can be esti-

mated is dependent on the properties of -

Expressions for conditional probability density functions assoc i-

ated wi th -~~~~ and are now derived . To this end , consider to be

given and assume for explicitness that S is pos itive .** Introduce a

second rectangular coordinate frame having axes x ’ and y ’ oriented so

that axis x ’ is ali gned with vector as shown in Fig. 5. The projec-

tions of vector on the x ’ and y ’ axes , respectively, are given by

(43) Z~~’ = L +

and

(44 ) Z~~, =

where

m ~~m . Hi fli(45) = (cos y0)n0 + (sin ~ 0)n0~

* It is assumed that the quantization error introduced by the digi tal
subsystem is negligibly small.

** The discussion can be made app licable to the case where S is negative
by replacing y

~ 
with + ii.

19
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Fi g. 5. Received signal vectors in the x ’ ,y ’
coordinate frame.

and

(46) n~~,, - (sin i~)n~ + (cos i~)n~~

Further , the projections of on the x ’ and y ’ axes , respectively, are

given by

(47) Z
~x i = L COS (~~w Thp~ 

+

and

20



I
(48) Z~~t = L cos (~~ Thp~ 

+ 
~1y ’

where

(49) n!
~x

, =(cos y~)n~ + (sin

and

(50) = -(sin y~)n!~ + (cos

As previously noted) 
~~~ 

n~~, n~~, and n~ are sampl e sequences from

independent zero-mean Gaussian sequences which each have a variance of

N0/2. For this case, it can be shown that n
~x~ ~~~ 

11x ’ and n~~ are

also sample sequences from independent zero-mean Gaussian sequences

which each have a variance of N012[6]. Consequently, the conditional

joint density function 
~~~~~~~~~~ 

is given by

(51 ) P
m
ox

,~~y 1A) —~---ex p 
[- 

(0X ) ( 0Y )l
Using this result and the transformation

(52) ~~~ = Z~ cos

(53) Z~y i = Z~ sin

an expression for the conditional joint density function p (Z~,ip~/L) can

be derived. In turn , this expression can be integrated (4) over to

yield

21
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2 2 m
(54) p(~~IL) = 

~~
— exp [- 

~
-
~
] + -2_ exp [ L sin 

~o

I Iiir~ I ~ 1 Lv~iri 0 cosu 0
U N (cos i’s) 

+ 

~~ 
j

exp 
~~~ 

du]

Similarly, it can be shown that substituting ~
-
~
‘ for in Eq. (54) gives

the correct expression for p(~~/L). These results will be employed as

a partial basis for developing an approximate linear model for the

HFTL in Chapter III.

The frequency of the D-C/VFO in the HElL is presumed to be express-

ible in the equivalent form

(55) = + K~ e~

where ec represents an analog equivalent of the digital control word, Ky

represents the VFO gain in  radians per second per volt , and ~ represents

the radian frequency of the VFO output signal when ec equals zero: the

“rest” frequency . Control voltage ec is presumed to be generated by

incrementing its value following the processing of each received pulse

by an amount proportional to the frequency error estimate . For conveni-

ence of subsequent discussion , differential radian frequencies are

4 defined as

(56) 
~“r “r -

and

22



(57) - = K~, e~

The difference between these differential frequencies is the same as

the difference between the actual frequencies , i.e.,

(58) ówr - = Wr 
- wo - ~~ - wo) = wr - =

The development of exact expressions in closed form which character-

ize the effects of noise on loop performance is unmanagably difficult.

Thus , resort to approximate analyses and simulations via digital com-

putation is necessary to obtain useful results. These approaches are

pursued in the following two chapters .

23
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CHAPTE R 111

APPROXIMATE LINEAR MODELING AND ANALYSIS

An approximate expression for the standa rd deviation of the HElL

frequency tracking error due to noise is derived in this chapter. First ,

results presented in the preceding chapter are employed to develop an

approximate linea r model of the HFTL . Approximate linear analyses are

then performed to obtain the result of interest.

Two characteristics of the HFTL virtually preclude the development

of exact expressions which describe the effects of noise on loop per-

fromance: 1) for given values of the sample noise voltages , the values

of phase noises and ~~ depend on the value of L which , in turn ,

depends on the radian frequency error i~w (see Eq. (29)) and 2) the

observable angle 0m equals the angle being estimated, 1am , only when the

mag n i t u d e of the latter ang le is less than u. In this chapter , the

obstacles presented by those characteristics are avoided by assuming

that the half-pulse energy to single-sided noise spectral density ratio ,

Ehp/N0~ 
is sufficiently large 50 that angles ~.w Thp~ ~~ and are each

much smaller than one radian most of the time and that 0m is an observ-

¶ able angle irrespective of its value. When Ehp/No is sufficiently

large, it can be shown from Eq. (54) that angle ij4!j is very nearly

Gaussian distributed with a mean value of zero and a variance of

(No/2EhP):

24

-—--



(59) 2 
~

Since and are identic all y distri buted , independent , and (nearly)
(iaussian processes when [hp/N0 is sufficien tl y large , process if fl

L~ 
(which

equals — p~ ) is also nearly Gaussian dis tributed with a mean v a l u e
of a zero a variance of NO/EhP:

(60)

A linear model of the HFTL which is cons istent with al l foregomg
results when EhP

/NO is Sufficiently large is given in Fig . 6. As shown
in this fi gure, the “processor ” which genera tes contro l vo l tage Cc 15
modeled by an idea l impulse sampler and an integra tor having a gain
equal to G~. Each “new ” value of e

~ is made available to an ideal

m

SAMPLE AT
t mT,

+ m8~ rIt )  z~w ( t )  + H

FIg. 6. A linear model of the hybrid frequency tracking loop.
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zero—order hold circuit which has a gain equal to K
~ 

by a “second~
sampler . The sampl i ng instants of this second sampler are delayed by

a process i ng time T0 with respect to the sampl i ng instants of the “first ”

sampler.

The manner in which phase noise affects the mean and standard

deviation of radian frequency error &~ is now determined for the case

where differential radian frequency &r 15 equal to a constant . Clearly,

the mean value of the frequency tracking error due to noise equals zero

since has a mean value of zero and the loop model is linear (in a

sampled —data sense). The variance of the radian frequency tracking

error due to noise is calculated by first assuming that ~w equals zero
at time t equal to zero. For this case, it can be shown that the radian

frequency error at time t equal to mlr is given by [7]

(61) ~~(mTr) 
= - ~~~ 

rn-i 
(l_G)m-1 -k 

~ ; m =

where G represents the loop gain defined as

/ ‘ G~~ I— G
~
K
~ hp

When m is sufficiently large , 
~
w(mTr) is stationary and its variance is

given by

(63) o~ ~ E[[l
im &a (mlr)] 2)

~
fl).9.~

i m— l m—l 1 k  k
= (G pKv )

2 E s lim I I (l_G )m— — (l_G )m— — 9. .

1~’°’ 
k=O &=O

= (G
~

K
~

)2 1 im 
m-l m-l 

(1 ~G) 2m-2-k-9. E{~~ v~ }
m÷~ k 0  9~O

where E{x} designates the expected value of x.

26 
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Now , *‘~~ and are clear ly i ndepende nt when ~~~ i.e.,

(64) E{’~’~ ’~} 0 ; k~

By definition

(65) E{(’v~)
2} ~

Employ i ng these latter equations to evaluate Eq. (63) gives

m- 1
(66) ~

2 
= (G

~
K
~
)2 (32 lim ~ [(l_G)

2]k
m-~ k 0

(G K )2
= p v  2 O~~ G~~ 2
G(2—G) m

It can be shown through a joint use of this result and Eqs. (60) and

(62) that is given by

(67) = 1 
(G)~

/2 

(
~~~)_l/2

A dimensionless frequency ratio is now defined as

‘68’ A ~f _ Aw I‘ ‘ ~ 1/T~, 2~ lip

The standard deviation of p is given by

(69) (G)
h /2 

(Eh )-l/2

This expression was employed to generate graphs of versus Ehp /No for

several values of loop gain G. These graphs and numerical results

obtained by simulatin g the HElL on a digital computer are presented

Joi ntly in the fo1l ~~ing chapter . 
27 
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CHAPTER IV

COMPUTER-IMPLEMENT ED HFTL SIMULAT IONS

AND NUMERICAL RESULTS

A digit a l computer was employed to simulate HFTLs having both

unavoidable and deliberat ely-incorporated non linearities , and numerica l

results were obtai ned which show the effects of the nonlinearitie s

investigated on the standard deviation of frequency ratio ~ (see

Eq. (58)). These results are presented in this chapter and are compared

with results predicted by Eq. (69). Data descriptive of distribution

functions associated with ~ for selected loop configurations and para-

meter values are also given .

The model of the loop simulated by the computer program developed

is shown in Fig. 7. Note that, in this model , differential radian fre-

quency ~ 1.(m) is accumulated rather than the control voltage and sample

vol tages defined relative to the x ’ ,y ’ coordinate frame are generated

and processed rather than samp le voltages defined relative to the x ,y

coordinate frame. However , the two models suggested by this statement

are mathematically equivalent for the estimator algorithms to be cm-

sidered. A listing of the simulation program is given in Appendix A.

At the beg i nning of each program run , the differential 1.0. fre-

quency was set equal to zero and the differential input frequency was

fixed at an appropriate value. One-hundred iterations of the program

28
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loop were completed to allow the simulated loop to attain steady-state

operation . Subsequently, the program loop was iterated 6200 times.

This number was adequate to allow accurate estimates of the mean values

and standard deviations of parameters of interest to be obtained at an

acceptable confidence level (see Appendix B). The output data for each

run included the samp le mean , sample vari ance, and standard deviation

of the frequency error normalized to Thp~ 
These were chosen so as to

be compatible with the theoretical development of Chapter III , specific-

ally, the result expressed in Eq. (69).

As indicated in Fig. 7, g9.(o(m)) is related to Z~~, ,  
~~~~~~

‘‘ ~~~~~~~~~ 

—

and Z~~, by a function 
~~~~~~~~~~ 

Subscript 9. is assigned different

values to designate different functions. As suggested by the notation ,

each estimation algorithm considered has a form which results in

g ,~(o(m)) being dependent only on the principal value o(m) of the angle

between vectors and ~~. For convenience of presentation , define

X (Zm , ,Zm , )  and y(Zm Zm , ) asnx ny nx ’ ny

(70) X (Z
~X I~

Z
~Y

I) ~ ~~~~~~ - Z~~~I Z~~~I = sin 0(m)

and

(71) 
~~~~~~~~~ ~ ~~~~~ + ~~~~~~ = cos 0(m)

Note that X(Z
~x

i
~
Z
~y

i) is the z component of the cross product of

and Z~, and Y(Z~~
.,Zm ,) is the scalar (dot) product of and Z~.

Using this notation , the five estimator algor i thms investigated are

expressible as follows :

30
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~~~~~~~~~~~~~~~

(72)  g~ (e) = f1 (Z~ , ,~
m 

,~~ 
= Tan~ [x(z

~x
u
~
z
~~1)]

nx ’ ’ ny ’

where Tan~ represents a four-quadrant inverse tangent function ,

(73) g2( o)  = f2(Z
~x

i
~
Z
~y

i) = arctan
nx ’’  ny ’~

where arctan represents a two-quadrant inverse tangent function ,

X ( Z m Zm )
(74) g3(e )  = f3(Z

~x
i
~
Z
~y

i) = 

~~~~~~~~~ 

tan 0

(75) g4(o)  = 
~~~~~~~~~~ 

= 

~ ~~~~nx 1 ’

and

X ( Z m ,,Zm ,)
17~~\ I

. 

~ — f lZ m Zm 
~ — nx fly

‘ u, g5~01 — 5’ nx ’’ ny’’ 
— 

rX 2 ,Zm 7m 
~ + y2,Zm Zm ~-~1/2L 

~ nx ’”ny’’ ~ nx ’’ ~y h/J

= sin 0

The functions g1 (0) through g5(e) are fllustrated in Figs. 8 through

12, respectively.

The standard deviation of frequency ratio p is shown plotted as a

function of the half-pulse energy to single -sided noise spectra l dens ity

ratio for each gg,(o) and for a loop gain equal to one in Fig. 13.

Theoretical results generated using Eq. (69) are shown in this figure

along wi th the numerical data obta i ned . As expected , the numerical data

are in close agreement with the analytical result when the value of

Ehp/No is sufficiently large for each g9.(e). For the g1 (0) case, the
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Fig. 8. The linear estimator .
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Fig. 10. The tangent estimator.
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Fig. 11 . The modified tangent estimator wi th increased lock
range ; four possible limits are shown .
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F. 
~~~~~~~~

IO~~
- ~ — fROM LINEAR ANALYSIS
- ~ ft_

- G~~ I

- g,(8)

- 94(9)

- 
93(9)

a.
,

~~~~~ 
(0)

0— 
~2 ~~~

—

- ~~~
— g~ (8) WITH LIMITS AT ~ tan (TI11)

- Q~
.._ q (9) W ITH LIMITS AT ± san ( ’4 )

8 WITH t
~
O LIMI TS

1
FOR 

~~~~~~ 
lId S  

—

2 6 10 14 1$ 22 26
dB

Fig. 13. Standard deviation of the normalized frequency-
tracking error versus half pulse energy to
single-side d noise spectral density ratio
for various estimators and a loop gain
equal to one: G=1 .
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numerical data remain in close agreement with the analytical result as

Ehp/No is reduced from a large value down to 10 dB. Data for smaller

values of Ehp/No are not shown for this case since the l oop did not

remain locked while the program l oop was interated 6200 times when

Ehp/No was set equal to 8 dB. The range of Ehp/No values for which the

F loop remained locked through 6200 program iterations is indicated in

the figure for each g9.(o). Estimators g4(o) with limits suitably

imposed and 95 (0 )  provide the greatest lock range ; thus , the performance

provided by these estimators was determined in detail.

The effects of setting the limi ts on g4(o) at several different

values on are shown in Fig. 14. In isolation , these results suggest

that limits having a small magnitude would preferably be employed.

However, the reduction in which can be effected by setting the magni-

tude of the limits at a smaller value is accompanied by a reduction in

the effective ioop gain. The limits should be imposed at approx imately

tan(~/4) if the effective l oop gain is to remain approximately constant

as Ehp/No is varied over a wide range.

Data which show the effects of varying the loop gain on for

the 94(0) case with limi ts set at -‘ tan(TT/4) and for the g5(o) case are

shown in Figs. 15 and 16, respectively. The numerical results are in

reasonable agreement with results obtained using Eq. (69)

A subroutine to the simulation program, when called , orders the

values of p and then calculates the percentage of the samples which have

values smaller than a specified value. Thus, the distribution of ~ was

readily determinab le. Distribution data were obtained for six cases

of interest; these data are given in Figs. 17-19. The straight line
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associated with each set of points represents a Gaussian distribution

with a mean and variance equal to the sample mean and sample variance

of the error data. Clearly, the distribution of p does not differ

markedly from a Gaussian distribution -- even when loop gain G equal

1.25 and Ehp/No equals 8 dB.

— FROM LINEAR ANALYSIS

— 94 (9 )

— G 1

S

~~~— NO L I M I T S
u- LIMI TS AT±
0—LIMITS AT± tQfl(~/4)
0.. LIMITS AT± tan We)

10— a 
— 

h UMLTS AT ± tan Wi.)

I I I I I
2 6 10 14 1$ 22 26 30

dB

Fig. 14. Standard deviation of the normalized frequency error
versus half-pulse energy to single-sided noise
spectral density ratio for the modified tangent
estimator and a loop gain equal to one: G=l .
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Fig. 15. Standard deviation of the normalized frequency error
versus half pulse energy to single-sided noise
spectral density ratio for selected values of
loop gain when the modifie d tangent estimator
is employed with limits at ~tan(n/4).
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FIg. 16. Standard deviation of the normalized frequency error
versus half pulse energy to single -sided noise
spectral density ratio for selected values of
loop gain when the sine estimator is employed .
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CHAPTER V

SUMMARY AND CONCLUS IONS

The configuration and performance of a hybrid frequency tracking

loop which tracks the frequency of a pulsed sinusoid have been address-

ed in this thesis. A linear model of the loop was developed and an

approximate expression was derived for the standard deviation of the

frequency tracking error due to the presence of additive wh i te Gaussian

noise at the loop ’s input. Results obtained by simulating the loop on

a digita l computer were presented which show the extent to which loop

nonlinearities affect the standard deviation of the frequency tracking

error, the distribution of the frequency tracking error , and the loop

lock range. These results show that the l oop operates with a high

degree of effectiveness and provide a basis for designing practical

l oops of the type investigated.
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3. C THE FOLLOW 1N(~ IS A FORTR AN LIST ING OF T~~~ PROG RA M
d C USED TO S1MULATt . T~~E HYBRID FHLQUENCY TRACKING
3 C LOOP . ThE uUT l~UT IS W R H TE N  L,~’rO Tw O FILES .
~ c cs-POUT CUI~TA INS T H E SAr-’PLL MF’~.r~ OF TH~ LOOP
t C r~~OR Sf l NA L ,  THE S T A N D A R D  D F V IA T I O N  ~AS (Q ON
t, C SAMPLE V A R I n NC E ,  A ND POI?~lS ON THL
7 

~ 
,~SSuCI,~T E~) ~ IST ~~I~~LJT L)N FUNCTIO N

C FOR A GIVE N SET 
~~ LOOP PARA METERS . OUTC LP

‘~ C PROVI DES A N INDICA TION O~ FA L SL LOCK ,
10 C
U C
12 C
13 ~
1’. C C,AUSS IS A RANDOM NUMBER G JEKAT OR THAT OUTPUTS
1~ C II~nE~~ENDA-\ ~T SA M PL ES FRO ,11 A C-AL)SSIAN DISTRIBUTION
16 r ~LT H TP~E SF’LC IFLL J ‘ILAt’: Ai ~~ ~ IAM )ARD ‘L.vIArxorJ
17 C IX IS A N  OOD INTE~GEK USFO AS A STARTING VALUE
iN C S IS THE ST A NDAR D ~t V I A T T O N
19 C ~MU IS THE M E A N
20 C V IS  THE OU T PU T  V A L U E
21 SUBROUTIN E GAUSS (IX ,S ,AIlt ’,V)

A 0 , O
23 00 50 IZ~ 1,’+8

I~~.~IX* 1 66’+~
25 IF (IY )5,6,6
26 5 I Y ~~~I Y +~~~3886O7+ 1
27 e Y I Y
28 Y~ V s .1192Q93E-6
29 IX:IY

50 A A +Y
31 v~~(A—2’e .0)* .5*S+AMU

~1 32 RETUI*4
53 END
3’+ C ‘iAIN PROGRAM

PEAL L
36 ¶ JI MENS ION DE LTA (6200 )
37 CALL ASSIGN (6HCLPOUI,6H3364S 15)

rALL ASSIGN (EZ.HOUTCLH,6H3364.S ~6)
39 CALL OEASSN

f t R J T E (~),1Q1)
‘+1 101 c O K M A T ( 1 2 X , ” SNR ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

uO 6 J~ 1,1
‘~i C F STA 8L ISH LOOP PARAMETE RS
‘~4 C Y IS THE ENER GY T~ NOISE DENSITY RATIO IN OB.
‘1.5 C TP IS THE I~~TEGR ATI ON TD’~E
‘1.6 ~ c IS THE LOOP GAIN

x~ 6.‘1.8 IF (X .EQ .—1.) (0 10 7 -

NU N O
- - 50 NOV O

48
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51 EP 1O .**(X,1O .)

TP~ 5.137UE.b
53 G~t./TP*0.~~
5’. WLO1~ O.O
55 pI:—A TAN2 (O .,..1 .)
56 C THE FOLLOW ING STAT EM ENT DET ERMiNES THE NUMBER

~ 7 C oF IT ERAIIO”S FOR THE LOOP
58 oo 3 K 1,6200
59 C WC IS THE INPUT FREQUENCY FUNCTION
60 wC=i.OE+’+
61 OELTA(Pc )=W C - .W LO 1
62 OFST~~(WC_ WLO 1)*TP
63 C OLTECT FPLSE LOCK
6’. 10 IF(OFST .LT.—PI) DO TO 8
65 11 IF (OFST .GT .PI) GO TO 9

66 GO TO~~?
67 8 NUN :NUN +1
68 GO TO 2
69 9 NOV:NQV+3.
70 C FORM SAMPLES USED FOR INPUT TO THE ESTIMATE RO L J TI NL
71 2 L~ SQRT (EP)*SINIOFSTI2.)/(OFST/2.)
72 S SQr~T (.~~)73 ‘4 CALL GAUSS( ’4629,S ,0 .O ,R11
7’. 11 L+R1
75 CALL GAUSS( ’4629 ,S ,O ,O ,R2)
76 22~ R2
77 CALL GAUSS (’4629 ,Sl0 .O ,R3)

Z5~~L*COS (OFST )+R3

79 CALL GAUSS( ’+629,Sl0.0 ,R ’4 )
80 Z’+~~ L*SIN(OFST)~ R’.
Si AG 1 Z1*Z’4.Z3*Z2
82 Ab2=Z1*Z3+Z2*Z’.
83 C THE FOLLOWING STATEMENT IS THE ES TIMATE F U N C T I O N
8’. C THE E Q U A T I O N S  FOR VARIOUS ESTIM4TORS AR~ A~~ FO LLOW S
85 C THE LINEAR ESTIMATOR
86 C WO 1aA TA N 2 (A G 1 ,A~ 2)
87 C THE LIN EAR E STIMAT OR WITH DE CREAS ED LOCK R A N G E
88 C wUl :ATAN IA G 1 /A G2 )
89 C THE TANGENT FUNCTION EST IMATO R
90 C WO 1 AG1 /A62
91 C THE TANGENT FUNCTION EST IMATOR WI TH INCREASED
92 C LOCK RANGE
95 C WO 3.ZAG I/AB S (A 62 )

9’. C FOR THE A B O V E  EST I MA T OR WITH LIMITS ON
95 C TriE OUTPUT USE SUBROUTIN E CLAMP
9o C THE SINE FUNCTION E S T I M A T O R

97 C WOizAIi1/SQRT (AGi**2+AG2*s~~)
98 CALL CLA fV 1P(A G 1 ,A G2 ,WO 2 ,Pt )
99 W0 2a—W O 1

200 WLO2RWLO1

49

- —- 

~~~~~~~~~~~~~~~~~~~~~~~ - - - - —— —~~ i~1lI~~



- ~~~~~
---

a

101 ~LOi2~ LO2 +G*WO2
102 SUM2.Q .0
iu -~ 3 SUM~D. fl

10’. C C A L C U LA T E  STATISTIC S

lOs r~ 50 K:]O0,6200
lO t 50 SUM2 :SUM 2+O1LTA ~~~

)

107 1ANN~SUM2/6100.
108 00 5 KB100 ,6100

109 5 SuM~SUM+t DELTA (K)’EANN )**2
110 EA NaSUM 2 /biOU.~~TP /2/f’I

111 VAR~ SUM/a1OO .
112 V $SQRT (VA R ).TP’/~ /P’I
1-1 3 m o  ~ORMA TC5F2O.6

WNITt .(b. ) X ,NUN ,NOV
115 6 ..~~I T E ( 5 , 1 O O )  X ,t~A N ,UIV
11t.~ CALL ~TATS 1 ( D F L T A , t P )
117 7 CALL EX IT
118 FN~119 C CLAMP 1S U SE D A S TH E E S T I MA TE R OUTINE W HEN
12~ C LIM ITS ARE. PLAC€ - O ON THE OUTPUT OF THE TAN GENT
121 C ~-UNCT 1ON ES TIMATOR WITH INCREASED LOCK RANGE
122 c A~,t IS THE MAGNITU DE OF THE VECTOR CROSS P R O C U C T
125 c~ A u.? IS THE \ E C T U~’ OUT PRcj OUCT

C V O l IS THE OUTPUT E ST IMAT E
125 SUBROUTI NE CLA M P (AGL1 AG2 ,w O i ,P I )
126 A L I M I T~~PI /’4.
127 TSTLIM AG3./A BS (AG2)
1.- b fl- (TSTL I~1 .GT.S IN (~ LIMIT)/COS (ALIMIT)) GO TO 50
129 IF (TSTLIN .LT .—S INIALIMIT)/COS (AL !MIT)) GO 10 51

wU1~~TST LI M
151 ~:.Q TO 52
152 50 ~J1 SIN (AL IMIT)/COS~ALIMTT )
353 GO To 52
13’. 51 wO1~~—S IN ( A L IM T T )/COS (A L IM IT )
13 ~~~ 52 RETU RN
lAb END
137 C STA TS 1 IS USED TO CALCUL ATE POINTS ON THE
158 C D ISTRIBU T ION FUNC TION OF THE ERROR DATA
i~~9 C DE LTA IS THE AR RAY OF ERROR VALU E S
140 C TP 15 THE. IN TE G RA T ION TIME
141 SUBROUT INE STATS1 (DELTA,TP)

OLMEN SION DLLTA~620O),L3OX I2O, 2 )
-. 143 C SORT DAT A  BY SIZE

‘4 FLG O.
1’ê 5 00 2 INOLXIalOO,6199
146 TNPLX2~ IND EX1+1
1’+ 7 TF (ULLT A (INO EX2 I.GE.OE L TA( INDE X I) ) GO 10 2

TL M P~D [LTA (INOEX1I
1’49 PIL TA t INDEX1)iD (LTA IINDEX 2)
iSo

~~~~~~ 50



351 FL6sFLG+j .
152 2 cONTIN UE
2,53 IF (FLG.NL ,o.) GO TO ‘4
151+ C QUANTIZE DATA
155 00 9 I~~i~ 2O
356 9 POX (I.2)~~Q ,357 INBX 1
158 SM :-DELTA(100)
159 C P1~ AMAX1 (SM ,OE L TA ( 62OO ))
160 W ,iITE. (5,1O1) DELTA (100) ,OELTA (b200 ),SM ,CH
161 101 FORMAT(’4E13.’+)
162 DO 1 INOiX3~ 100,62OO
163 12 EDPTz~~CH+INBX* .1*CH
16’4 BOX IN~ X,1) EDPT*TP/2./ .ATAN2(O.,..1.)
165 IF(DCLTA (INUEX3).GT.EDPT GO T~ 3

166 5 BOX (IN6X ,2)s~0X IINBX ,2)+1.
367 so ioi
16b 5 I NBX~ IN8X+3
169 IF (IN ~ X .~~T .2O) GO 10 6
170 GO TO 12
171 1 CONTIN UE
172 C CALCULATE DISTRIBUTION POINTS
173 6 RUNTOT~O.
171+ 00 7 I~ 3~ 2O175 BOX (I,2)~~BOX (I.~~)4RUNTOT-‘ 116 7 RUNTOT~ BUX(I,2)

- , 177 00 8 J 1,20
178 8 BOXLi,2)~ BOX (J,~~I/RUNTOT*1O0.• 179 DO 10 J211,20
lbO 10 W RITEU~,100O) ØOX (J2 ,3) ,9tjX~~J2 ,~~)
161 100~ FQRMA T (E32 ,’4,F10.5)
2 62 END S



A P P E N D I X  B

CALCULATION OF TH E NUMBER OF SAMPLE VA LUES

NEEDED FOR ACCURATE SIMULATION RESULTS

The number of samp le values of radian frequency error •~.-(m) needed

to obtain an accurate estimate of the variance of .~m) is deteri~ii ned

in this appendix through the use of confidence interval theory . It is

assumed that .‘~ (m) is a Gaussian random variable with a mean and

var i anc e ~~~~~~~ I t  is known that the variable defined by

k
~ [ (rn) -

~ in~l
2

L 1

whe r’

k

~ Aw(m )
-~ .\ m=l

-: 
(78 ) •\~ k

and k denotes the simple size is a chi square variable with k-i degrees

of freedom. If k is large~. then the variable defined by

X - k+ l
(79)  

~k ~
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i s Gaussian with zero mean and unit variance. An interval with end

points a and b is defined such that will be found in this interval

99% of the time :

(80) Pr[a ‘- < b] ~ 0.99

Using standard tables , the values of a and b are determined to be

(81) -a = b = 2.576

Thus ,

(82) Pr[_2.576 ‘ 

~
‘k 2.576] = 0.99

By using Eqs . (77) and (79) in the above expression an i n t e rva l  con-

taining the sample variance wi th probability 0.99 can be expressed as

(83) 
~r 

[k_l_2.576v2 (k_1I V2 k-l+2 .576/2(k-1) 
2 ]

= 0.99

where V2 is the sample var iance gi ven by

~ [ .~\w( m) -

-
~ (84 ) m=l 

k

The des i red maximum error in this samp le variance is now specified to

be ~~ of the true variance. The des i red interval becomes

(85) 0.95 
~~~~ 

< V 2 1.05
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Final ly, the desired interval end points are equated to the confidence
interval end points and the resulting equations are solved for k.
Choosing the largest result gives

(86) k = 5348

This result is interpreted to mean that at least 5348 sam p les mu st be
used so that the sample variance w ill not be in error by more than ±5%
for 99% of the vari ances calculated .
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