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SPLINE APPROXIMATIONS

FOR

FUNCTIONAL DIFFERENTIAL EQUATIONS

H. T. Banks and F. Kappel

Abstract: We develop an approximation framework for linear hereditary

systems which includes as special cases approximation schemes employing

splines of arbitrary order. Numerical results for first and third

order spline based methods are presented and compared with results

obtained using a previously developed scheme based on averaging ideas.
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I. Introduction

In this paper we consider approximation techniques for

functional differential equations (FDL's) based on classical

"least squares' or best L2 spline approximations. In a recent
paper [ 7], Burns and Cliff developed an apprcximation scheme
that employed piecewise linear function approximations. I[lowever,

to our knowledge, the ideas for use of splines (piecewise linear %.;

or higher order) in approximating FDE's as developed in our pre- ;
sentation here are new. We develop our ideas in the context of
an abstract approximation theorem (the Trotter-Kato approximation
theorem in linear semigroup theory) which greatly facilitates
arguments to establish convergence. Use of the Trotter-Kato
theorem in this way is not new; indeed, it has been used recently
in connection with other approximation schemes for problems in-

volving linear and nonlinear FDE's (see [3 ] for a survey and in

addition, the recent papers [1],1[2}, [4]), [7], [8], [9]).

We restrict our considerations in this paper to linear
systems and their approximation. The use of the ideas presented
here in nonlinear system problems along with applications to op-
timal control and parameter estimation problems will be discussed
elsewvhere. Our main purpose here is to develop the fundamental
theoretical ideas for spline based methods and present a sample
of our findings in numerical experiments with these approximations.
As will be evident from our discussions of the numerical results
in Section 5 below, we believe that these spline based approxima-

tion techniques can offer significant advantages over other methods




(e.g. those discussed in [1], [3], [7], [8] and [9]) in
many instances.

We first develop in Section 2 a general setting for our
system approximation problem in an appropriate Hilbert space.
Much of the material in this section is closely related to known
results, but must be presented in order to give a complete and
clear discussion of our ideas. A general approximation result
is developed in Section 3 and we then in Section 4 show how spline
based methods can be treafgd in a simple manner as a special case
of the approximation ideas of Section 3.

One feature of our presentation is that the proofs in
Section 4 follow immediately from standard results in spline theory.
Aesthetically, our development has appeal since the theoretical
foundations are cleaner than those for other types of methods pro-
posed to date (e.g. see [3], [7]). From a practical viewpoint
these methods, as we have already noted, should prove advantageous
in many control and identification problems.

The following notation will be used throughout the paper.
For - < a < b < =, Lz(a,b;Rn) is the Hilbert space of equivalence
classes of all functions x:[a,b] + R" such that |x|2 is in-
tegrable. |-| is the Euclidean norm in R", (+,+), and 11,
denote the usual inner product and norm in Lz(a,b;Rn).‘ Ck(a,b;Rn),
k =0,1,2,..., denotes the space of R™ -valued continuous func-
tions which possess k continuous derivatives on [a,b]. (At end

points of closed intervals, "derivative'" of course means the ap-




propriate one sided derivative.) For k = 0 this is the usual
space of continuous functions which we denote simply by C(a,b;Rn).
Wl’z(a,b;R") is the space of absolutely continuous functions
x:[a,b] -~ R" such that x S Lz(a,b;Rn). The space of equivalence

classes of all functions x:[0,») - R™ such that lxl2 is in-

tegrable on bounded intervals will be denoted by L2 b ™
’
. n v v 3 -
LZ,loc(O’w’R J. For any tl >0 the collection of all
: . n
f & LZ,loc restricted to'~[0,tl] gives the space LZ(O’tl;R ¥y
of course. In the special case where a = -r, b = 0 with r >0

we shall abreviate the notation introduced above and simply write

LZ’ Ck, etc. The state space for our considerations will be the

.
Hilbert space Z = R" x L, with norm l(n,tb)lZ = ((n!z - |¢|§)1/“,
(n,4) € Z, and inner product (ys8y)5(ny,85)); = n{nz * (91,0,)

(ni,¢i) € Z, 1 = 1,2, Corresponding to Ck, k=0,1,2,000, We

’
2

introduce the linear subspaces of Z defined by

zk - {($(0),d) |0 EECk}. Again, for X = 0 we write % instead

of ifo. Throughout this paper we shall not distinguish notationally

between a function ¢ and its equivalence class in LZ. If ¢ is

in C, then $ denotes the element (6(0),¢) in %. If on the

other hand $ is an element in %, then ¢ denotes the unique

element in C such that $ = (¢(0),¢). The identity map in any

space and its matrix representations will always be denoted by I.
For a function x:[-r,a) = Rn, a > 0, the symbol X¢

t&[0,a), denotes the function [-r,0] =~ R® defined by

xt(e) = x(t+8), 6 €[-r,0]. Finally, for any function x of one




independent variable we shall use interchangeably either x or

Dx to denote the derivative of x with respect to this variable.
2. The linear functional differential equation

In this section we detail the type of equation we consider
in this paper and state the results for this equation which are
important tfor the developments in the following scctions.

Given (n,¢) € Z and f € L,

. we consider the Cauchy
2,10c¢ .

problem
x(t) = L(xg) + £(1), t >0,
(x(O).xO) = (n,¢).

For simplicity of exposition we assume that L(xt) has the form

m 0
L(xt) « ¥ A.x(t-t,) + J A(O)x(t+0)de (2.2)
g & 1 1 .
1=0 -3
where 0 = Tg SensC ¥ o T and Ai.A(O) are n x n mutriécs.

the elements of O » A(¢) being square-integrable on [-r,0]. Note,

that for any right-hand side of type (2.2) we can assume h =¥
(possibly after redefining A(®) or with A= 0). The form of

m

L(xt) given in (2.2) is, to our knowledge, sufficiently general
to include all linear autonomous FDE's arising in applications.

(In regard to more general equations see the remark at the end

of this section.)




wvhich is absolutely continuous on |0,a) such that (x(U),xO) =

(n,¢) and for 0 < t < a,

R"-valued functions on [0,a

all of Z, but can be defined on ¥ by LL&) = L{d)s ¢ € €.

proof.

Lemma 2.1. The solutions of (2.1) exist on [-r,~) and are unique-

A solution of (2.,1) is a function x:[-r,a) = R", o > 0,

t t
X(t) = n + f L(x )do + J f(o)do. (2.3
0 ; Q
A solution of (2.1) is denoted by x(t) = x(t;n,¢,f). In case

0 we shall write simply x(t:n,¢).

. - x N n
Note, that for anvy two functions x.v:[—r,ql] R a U,
which are absolutely continuous on lu.ull and satisfy Xg = Yo

Lo a#nd  XEt) = yit) for L€ [U,al], the maps o » L(x)

- s

o * L(v,) are defined and in the same equivalence class of
In general L 1is not defined on

1]'

The following lemma is stated without its quite elementary

~ determined. Moreover, for sequences (nk,ék) * {n,8Y in 2

fy =L i Ly we have for all T > 0

45 16¢C

sup |x(t)-xk(t)| > 0
te€(0,T]

k > o where x(t) = x(tin,®,f) and x(t) = x(ting,é,f).

In the case of the homogencous equation, i.e. f = 0, we define |

PRGN




the family S(t),t > 0, of operators 2 + Z by

S(t)n,e) = (X(t;n,¢>),xt(n.¢)) (2.4)

for each (n,9) € Z.

Lemma 2.2.

a} Stz >0, i5 8 Co-scmigroup of bounded linear

o;gerators .

b) The infinitesimal generator of this semigroup

and its domain <() are given by

2y = 1(6(0),0) € 2|6 € W2y,

W (600),0) = (L($),9), (4(0),9) € Z(w).
¢} For k = 1,2,.+.. the sets

7% - (3 egXé(0) = L)}
and

(&/-XI)E?k for X sufficiently large

are dense in 2.

Parts a) and b) of this lemma are by now standard results

if one deals with FDE's in the state space I (cf. for instance

(31, (91, (15]).

R = T CEDE R



In order to establish density of (.y-\l\J'k we first

.k : . -
observe that ¥ ', k = 0,1,2,..., 1is dense in Z because

k-1

'..v'le) CX and _."—(-\;—1:{ L dop K w L2 ciwi s This last
fact is true for the infinitesimal generator of anyv Co-scmigrouP
of bounded linear operators in I (see for instance any standard
reference on linear semigroup theory such as [10] or [16]). Then

N

density of (Q7-A1)2 for A sufficiently large follows once

one argues

(w-a1)2k = gk-1 (2.5)

for k = 1.2.... and such X.
The resolvent operator (Ay-XI)-I exists for A suf-
ficiently large and is a bounded linear operator Z » 2(g/).

Therefore, given ¢y t‘rk-l, the equation

O

n
€ >
=
($%)

LNY-ll)$

~

has a unique solution ¢ for A sufficiently large. We only
have to check if ¢ G’;ﬂk. But using the definition of O we
see that (2.6) is equivalent to

&-1¢ =¥ and L($) - 1$(0) = ¥(0)

which implies ¢ € Ck and $(0) = Ap(0) + ¥(0) = L(¢). This




o - z k : 3
proves (2.5). Finally, density of 4 now follows at once from

-:k _ (.;-\l)-]r.k'l

for A sufficiently large,
A fundamental notion we shall use in our approach is the
concept of dissipativeness. Recall, that a linear operator

B: 2(B) ~ 1, 2(B)C Z, 1is called dissipative in Z if (Bz,z)

1
»

for all =z € _(B). If B 1is the infinitesimal generator of a

-

(To-scmigroup T(t), t > 0, of bounded linear operators Z -+ I and
B - wl is dissipative for some w €R, then |T(t)z],<e“%}zl,

for all z €72 and ¢t > 0. The solution semigroup S(t), t >0,

defined in (2.4) in general satisfies an estimate

ta
m
3
-
~
| v
o

Is(t)zl, < Me“|z],,

where «w € R and M > 1, Therefore & - wl will not be dissipa-
tive in I for any w € R. Following an idea used in [15] we
introduce an equivalent norm in Z such that Z with this norm
1s again a Hilbert space ZQ and for some constant w & R
o - wl 1is dissipative in the space ZQ. Roughly speaking,
the new norm reflects the weight placed by (2.2) on different
parts of the past history.

Corresponding to the difference part in (2.2) we define
the weighting function g to be a step function on [-r,0]

such that

g(8) = j for 8 € (-7




The space Z supplied with the norm

0 %
l(n,:)|: = (lnl2 + J I¢»(‘))l“g(o)de)l/z,(n,\z-) € Z,
g ~T

will be denoted by Zg Obviously, Zg is a Hilbert space with

S

inner product

I p,
((nl)ﬁl))(r1zy:))>: = Yll'lz * J—rQl(J)IQ:[J)Q(J)dJ’

“

) BL= e

~ -y

for (n;,0;

Following the arguments given in [3, p. 186], we can establish the

following result.

Lemma 2.3. A - ol 1is dissipative in Zg’ ie.

1 2 A

(Vz,2), < wlzlz for z €2(w),

g g
with
0
m+ 1 1 T - S 2
w=_2__+ l,\ol +2.iZI'Ail +2-J-rIA(O)l do.

Obviously, the norm |-|, is equivalent to -1

g
Therefore, all results stated in Z which involve only topological

concepts remain valid in Zg (e.g., the results of Lemma 2.2).

Lemma 2.3 will be basic for our use of the Trotter-Kato

Theorem in the next section in order to obtain an approximation result




10,

for the homogeneous Cauchy problem, i.e. (2.1) with f = 0.

We now turn to the general nonhomogeneous case of (2.1)

and define

I

t
2(t) 2 2(tin,8,8) = S(8)(n,0) + [ S(t-0)(£(0),00do, >0 (2.7)
0
for (n;9) &©Z and £ & L2 loc* In applications (especially con-
trol problems) it is also important to investigate, for fixed

t, > 0, the operator 57:L2(0,t1;Rn) > C(O,tl;Z) defined for

1
n
0 ¢« ¢t < t and f € Lz(O,tl;R ) by

t
(FE) (t) = [0 S(t-0) (£(0),0)do. (2.8)

For our discussion below, the first part of the following lemma is
an essential equivalence result, The second part, while not es-
sential to our presenfation here, is needed in applying our approxi -
mation results to control problems (see [ 2]), and is stated for

future reference.

Lemma 2.4.

a) Given (n,¢) € Z and f € LZ,loc’ we have

z(t) = (x(t;n,s,£),x,(n,4,£)) for t >0




| wile L ¢ ZLE] 1S dertined by f&.7)s

b) For any £y > 0 the operator # defined by (2.8)

is a compact linear operator,

The results of this lemma have already been established
: elsewhere (see Theorems 2.1 and 3.2 of [ 2 ], Theorem 1 of [4],
Lemma 1.3.7 of [11] or Lemma 2.2 of [12]) but for the sake of com-
pleteness we shall sketch fﬁé arguments needed to give a proof.
We first assume (\Q{O),M €E2(w) and f € Cl(O,w;Rn).
3
1 Then (see for instance [5 , p. 31]) z(t) given in (2.7) is the

unique strong solution to the abstract Cauchy problem

z(t) = (e + (£(2),8), % > 6, |
(2.9) i
z(0) = (¢(0),4). "
On the other hand for x(t) = x(t;¢(0),¢,f) we have
X € Wl’z(-r,tl;Rn) for any t, > 0, which implies Xy = Wl’z
for all t > 0. By a characterization of functions in wl»?

(see [5, p. 21]), the derivative of the map t + x_
l ! t

i A S
2 exists and It © X

considered as a map [0,®) -+ L t where
it(O) = x(t+0), 6 € [-r,0]. This together with (2.1) reveals that
(x(t),xt) is also a solution of (2.9). By uniqueness of solutions
of (2.9) we have z(t) = (x(t),xt), t > 0 and thus the equiva-

lence in part a) ot Lemma 2,4 obtains whenever (n,¢) € 2()

s ’ . b g « v -

PRPSITR VISURSERDIAS P =g TR N PR AT R it o W T e AN S TN s 0 N G W e




st s il

and f € Cl(O,M;R“).

To complete the proof of part a) we observe that

n

() = Z and Cl(O,tl;Rn) is dense in Lz(O,tl;R ) for any

t, > 0. Moreover, for O0<t<t z(t) given by (2.7) and (x(t),xt],

1,
x(t;n,¢,f), depend continuously on (n,¢) € Z and

x(t)
£ € L(0,0, 0R%),

In order to prove part b) we fix g * 0 and a bounded
subset G of Lz(O,tl;R"). We have to prove that, for each ¢t
in [0,t;], the set {{( “€)(t)|€ € G} is precompact in Z and
that { #f|f € G} is bounded and equicontinuous.

If we observe that (#F£f)(t) = (x(t;0,0,£f), xt(0,0,f)),
te(0,t;], and that {x(+;0,0,f)|f € G} and {x(-;0,0,f)]|f € G} 3

arc bounded subsets of C(-r,t R™)  and LZ(—r,tl;Rn), res-

1;
pectively, i1t is 1mmediate that {(\ff)(t)lf € G} is precompact

in % endowed with the norm |¢] = sup |¢| and therefore also
i f=x,

in Z. The same arguments also give equicontinuity and boundedness

of {#f|f € G}.

Remark. All results given in this section remain valid for more
general equations than considered here. L must only be a continuous
functional from € to R" satisfying the conditions given by
Borisdvi5~Turhnhin in [6] (see also [2]}). 1If
L(¢) = JO fdn{®)}$(®), ¢ € C, then the weighting function g in
this morérgcncrul case has to be defined by g(0) = 1 + J [dn],

=% §

0(—‘[*1‘,0].
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3. A general approximation scheme,
Basic to our approach is the following version of the

so-called Trotter-Kato Theorem (see [10, Thm. 4.6}).

Lemma_ 3.1, Let T(t) and TN(t), N = § B e & > 0 be CO—

semigroups in a Banach space Y with infinitesimal generators

N . ' : -
@ and @7, vrespectively, Assume that thg_[g{low1n£¥gondLLngs

are satisfied:
1) (Stability hypothesis). There exist constants
@ and wy such that @ - ol and " - wyl are
dissipative on Y and the sequence {wy} is bounded,

1i) (Consistency hypothesis). There exists a subset
(2]

2C2(28) n N &T:ﬁN) which together with

(@-)21)9 for some X > 0 -is dense in Y and such

that 'y » @y for all y €.

Then
oo el o
lim TV (t)y = T(t)y
N>
for all y € Y uniformly on bounded t-intervals,
We call {ZN,PN,L/N}, N=1,2,..., an approximation

scheme for the Cauchy problem {(2.1) if {ZN} is a sequence of

subspaces of Z , {PN} is the sequence of orthogonal projections

g
PN:Zg P ZN and {LVN} is a sequence of operators 2 - ZN.

S Bt 1 L R, R ' MALRRRRS SR AN .4 0 R TR o ok Eotnd RUFTR S el NN AL
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(z8 N oMy

Theorem 3.1. Suppose that .- is an approximation 1

scheme for (2.1) satisfying the following conditions:

1) Pcomar, Be1,2,...

(i1) o™ « PNarP® N = 1,2,... .

(iii) (a) lim PNz =z in 2 for all z € Z,

N»bu\
oo : ) i g N
(b)Y For same integen k > 1 we have 1lim L{v") = L{y)
; N+
; n 2 N . e
i R and lim Dy° = Dy in L, for all ¥ € (’k.
N.‘\\ o i My
- (I : N~ N Y
where is defined by l'\v - U'\((H.vN).
Then each is the infinitesimal generator of a
i (I()-\'ggiig}}_\}lp .\‘N(t), t > 0, such that
] " +N |
h“[t)uNL_u " Hoe A Esnve i |
and
sl :
Lem S L) = Sty (3.1}

N

for all z € I, uniformly on bounded t-intervals.

Proof. We first show that .W'N - wl, N=1,2,..., 1is dissipative

in Zg with w as given in Lemma 2.3. Since I‘N and its dual
map coincide, we get, by using the definition of Q/N and

ZN C 2(w), the following estimate

T —— R T e L e T S A DR R s Sl Rt ks AN N T A




for all z € Z which proves the claim. By the Lumer-Phillips

Theorem (cf. (16 ]) ;yN is the infinitesimal generator of a
. s N . g "t N £
Co-semigroup S7(t), t > 0. Invariance of 2 under S (t) is

N,! - N : . )
a consequence of W .V C 4. 1In order to establish (3.1) it
only remains to verify that the hypotheses (i) and (ii) of Lemma

3.1 hold. Condition (i) fellows from our comments above. In

considering condition (ii), we choose £ = L”k. By part <€) of
1
Lemma 2.2, L/k and (./-\I)Q”L, for A sufficiently large, are *

dense in Z and therefore also in Zg. For @( ;ﬁk we have the

estimate
" . Na N .= N .~ o
A Rl R L o N B T L VI
..g K‘ gg
{3.2)

< ILVPNQI'LV@I-V + ]l‘NL)/\;-.O/v\'L . 1
Zg tg :

The second term on the right-hand side of (3.2) approaches zero
as N » « by condition (iii) - (a) of our hypothesis above. If
we write PN@ = (wN(O),wN) then the first term on the right-hand

side of (3.2) is I(L(wN),DwN) - (L(w),Dw)IZ which tends to zero
8

" » . ‘ Al 4 . . b ! - sitkaal Ny
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” LU

as N > > by (iii) - (b). Note, that convergence in 2 is
equivalent to convergence in i, Thercfore, we have

. R L A .k 3. aa
lim g/ ¢ = Yy for all ve 27, i.e. hypothesis (ii) of Lemma

N 0
3.1 is satisfied.

% N . i
Remark 3.1. In order to prove L(y") + L(y) it suffices to show
. N " - - ; b . A
o > ¢ in C (with sup-norm), because L 1is a continuous func-

tional C - R".

pl -

Remark 3.2. Since ‘nk, k= 0,1,2,.4:5 iz donse in 2Z, it is

! ) e ) AT 4 Na  « & ek

clear that (iii) - (a) holds, if 1lim P'¢ = ¢ for all ¢ €%
N o0

for some integer Kk > 0.

Remark 3.3. The proof of the Trotter-Kato Theorem also vields
estimates for the rate of convergence of SN(t): + Slityz. &t
least for certain =z ¢ Z. This can be seen as follows. Inequalities

(4.2) and (4.3) in [10 , p.88] imply

SN () =S () TR 3 00 22 |

.
&

< Mo“‘Tl [R(\O;LyN)-R(xO ) IRy g"):lz

+

M m'l' T -, . N . > ~ g -
e IR 307 ) -R(\ i) 18 (0) 2] Ldo
0

+

LRG3 0N RO G5 o) ISR G5 00) 2

2
“

for tel0,Tl, T >0, 2 €. Hete \0 is a fixed real number such




that Ay > w and R(A; ov),R(A;c¢"") is the usual notation for

(xI-;y)-l and (AI—;VN)'l, respectively. We also make use of

the estimates

Is(e)| < Me®t, [sN(t)| < Me®t, t > 0

N M
)< r—

and IR(XO;cy with some constant M > 1. Equation

]

(4.14) in [10, p.91] gives the estimate

M
0 Y

l[R()‘O;.'-YN)'R()‘O;-C}/)]ZIZ = b I [gN'W]R(AO;LV)le

~

for z € Z. Thus, for some constant M = M(T) we finally obtain

sV (0)-S () IR (A3 ) %2,
< M{l N IRO ) 2
LI
+ JolLQf - 1S (0)R(Ay5.) 2] 5do

+ LN 218 (0RO 00 %2, )

for all t€([0,T] and z € Z. 1In order to use this estimate
suppose that _# is a subset of gZLg/Z) such that for positive

constants v and p we have

N
I[.y 'M]YIZi'N—::') N=1s2"" ’

S SN A s, e b s P o g ST YA A TR+ 4 ST e S A0 o TSI P s A S I WD S AP 70 bt e i
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for all y€ 4. Let “ C 4 be such that z ¢ 4, implies

S{tl)z €& for all t€[0,T]
and

S(t\(\ol~~f): c & for all tE[D,T].

Then for each 1z ¢ ll there exists a constant v viz) > 0

1]

such that
|[sN(ﬂv.\‘(t)I:|; Sop ¢ B Lt

for all te€ [0,T].

In the case of spline approximations (which are considered
in section 4), it is not difficult to find subsets _€ and ll
such that all the assumptions given above hold and thus convergence
rate estimates as mentioned above are obtained. For example,
define for k > 2 the sets

i

kln

ok o {mm.u € ¢ *1y0) = Lnte), i - u.l....,k-:}.

Then for the first order splines discussed in Section 4 we may
d 3 : ‘ . :
choose 4 = Y and ‘ll = ¥ while for the cubic splines

: o4 S
discussed there we may take 4 = Y and ll = ¥ . However,
the numerical results strongly indicate that the estimates one

gets this way are not sharp at all. Certainly this problem

needs further investigation.




We next turn to the nonhomogencous problem and define for

(n,d) € Z and f ¢ L:,loc

N(tin,o,6) =
: (3.3)

sN(t-0)PN(£(0),0)do,

Ny pNm, ) ¢ J
0

Theorem 3.2.

a For n,) € Z and f € L we have
) for (n,t¢ and 2, 1loc

Fa e ea——

Lim 2N (t;n,8,6) = z(tin,é,£), t > 0, (3.4)
N»m

uniformly for t in bounded intervals,

b) For any t:1 > 0 the limit in (3.4) is uniform with

respect to t C[O,tI] and f in bounded subsets of

n
Lz(O,tl;R Ji&

e} It {fk} 1S a sequence in l.,(O,tl;R") converging

weakly to f, then

lim :N(r;n.¢,f‘k) = z(t;n,¢,f) ’
N, ko

uniformly for t¢& [O,tl].




Proof. Of course, part a) is a consequence of part b). From

Theorem 3.1 and ISN(tl:I < th|:|~ for ¢ >

& — VA

8 £
N=1,2,... it is clear that

Lim s¥(t)pN(n, o) - S(t)(n, )
N oo

uniformly for ¢t ¢ [O,tl].

Following [ 2 ] define the operators Tx(t)
T(t):R" » 2 by TV(t)E = sMt)PN(e,0)  and T(t)g

S " By : .
SE€R, t >0, Then it is shown in [ 2 ], Lemma

0, z€ 2 and

‘R =+ Z and

S(t)(£,0),

el Thet.

for anv t > B, TN(t) + T(t) as N+ » in the uniform operator

t \ 3
norm and [ ,TN(O)'T(O)'hdU *0 as N = », Thus
0

t \ \
} [s¥(t-0) PN (£(0),0) - S(t-0) (f(0),0)]
0

N
[ [TV (t-0) - T(t-0)||£f(0)|do
0

| A

%
Mooty o omeayiZant1/210
{[0 IO IS IOIES €l e,

| A

which proves part b) of the theorem,

Part «¢) follows from the inequality

IzN(t;n,‘b.fk) - :(t.n,¢,f)lz

O G S BT CTLIT TY o PR S PROSp

for c—[o,tll

do

1

R

- z(tin,d,6) |,




l..............-..-;-lulnlullllluul--nIl-u-lu-lll-l-l--u--------= —

using part b) above and the fact that {fk} is in a bounded

n
subset of LZ(O,tl;R ), and b) of Lemma 2.4.

Remark 3.4, Theorem 3.2, part <c), is of special importance for

the application of our approximation results to optimal control

problems. See the discussions in [2] and [(3].

Remark 3.5. If we write z (t;n,6,£) = (xN(t),y (t)), t >0,

then (3.4) implies

lim xN(t) = x(t;n,s,f)
N>

uniformly for t E[O,tl}, t; > 0. This is clear by definition

of the norm in Z.

In order to obtain algorithms which can be implemented on a

computer we assume from now on that
di N _ i
im Z Lt kN < °°, N“ 1,2,... .

Then zN(t;n,¢,f) given by (3.3) is the unique solution of the

ordinary differential equation

Nty = Ny« PNEn), 0, e o0

F 2N (0)
N

in 2

95
PN(n,¢)




AN AN |
We fix a basis 8),...,BY for V. since Nc 2w
N
AN\ 1 Nl v o)
we have 5? x (e?(O),B?), §o b, ky, with e; ewls?, Define
the n x kV matrix function BV by
] 1
8" = (8),....8) )
N
and
() N N
BN = 8Noy,8Y).
. N 1, S
Then any 2z € Z can be written as
A ] \ N |
N NN L @V oyaN Ve,

K

N N N

where a = col(aij,...,ak J & R is the coordinate vector of
N

zN with respect to the chosen basis. The matrix representation

of &YN restricted to ZN with respect to this basis is denoted

by AN, While “\J(t) and FN(t) = COI(FT(t)).--,F}]\j (t)) are
N

the coordinate vectors of the solution zN(t) of (3.5) and

PN(£(t),0) respectively. That is, z'(t) = 8wN(t) and

PN(f(t),O) éNFN(t). Then system (3.5) is equivalent to the

system

QN(t) = ANwN(t) + FN(t): t>0
(3:6)

Wi(0) = Wy,




kv AN !

in R N where Rx“b = Px(w,p). I£ wN(t;uN,FN) denotes the

solution of (3.6), then by Theorem 3.2 we have

AN | N \
lim s-\\v\(t;wg,r\) = (x(t3n,0,6), x (n,8,£))

N-»uo

uniformly on bounded t-intervals and uniformly with respect to

f in bounded subsets of Lz(O,tl;R”J, tl > 0. According to

Remark 3.5 we also have

\ 1 1 1
Lim 8% (0)w™(tw),BY) = x(tsn,0,6)
N-)m
uniformly in t ¢ hhtl?. ty > 0.
In order to solve system (3.6) on a computer, one must, of

course, know how to compute PN(n,¢) and the matrix AN. We

first show how to compute the coordinate vector of PN(n,$) for

N - »N

(n,¢) € Z. Since P is the orthogonal projection g > 2 the

element PN(n,¢) is uniquely determined by the orthogonality
relationship (in Zg)

PNn,8) -, L 2N,

This is equivalent to

(éNaN - (n,¢],éN)z = 0

8
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or
QoM = wNn,9) {3.7)
where
N sN sN N T N 0 N ax TN
R N OR N O A G OMOPE
| g s
and
5 N AN N, T o inh o
' R N R A N O R R N O RTOMOEL
g -T
Thus, we see that in order to get the coordinate vector uN of

PN(n,¢) we have to solve (3.7). Note that (QN)'1

must exist
since PN(n,¢) is uniquely determined by (n,¢).
With respect to FN(t) we have hY(£(t),0) = 8Nc0)Te(t)

and therefore

MENee) = 8Ny Tece).

Finally, the matrix AN is calculated in the following manner.

e k b
For & = (8N(0),0™) € 2 define N eRN and YNer Y by

$N - éNaN and QVN$N - éNYN.

Now, oz VeN = pNosgN - pN(L(oMy,DeN). In light of the calcula-

tions given above we see that YN is the solution of
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QNN = nNw o™y, peMy.

But by linearity of the map (n,¢) - hN(n,¢) and L we have

that

hNL oMy, 08Ny = NNy, (08M)a)

HNQN

where

i = hN LYy, eV
(15/8)
0
= Vo) TLeYy + f sN0) T(8") (0)g(0)do.
-r
Thus, we obtain
AN - (QN)—IHN.
Of course, on a computer one never actually computes (QN)_1 but
rather solves
QNYN = HNaN (3.9)
directly in order to obtain YN = ANuN.
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4. Spline approximations

In this section we show that the general scheme given in
Section 3 can be realized by choosing the ZN as certain sub-
spaces of spline functions. In order to keep the presentation
brief we give the details only for first order splines.

Corresponding to the partition t? = -j%, e= A N

of [-r,0] we define ZT = ‘(¢(0),¢) € ¥%|¢ 1is a first order spline

function with knots at t?, j = O,...,N}. A first order spline

function ¢ on [-r,0] with knots at the {t?} is simply a
continuous function [-r,0] which is linear on each subinterval
[t?,t?_l], J = 1iasazlls Lk PT be the orthogonal projection

z - N

N _ N _ N -
" 1 and &Vl = PIL%PI, N= 1,20

Theorem 4.1. The approximation scheme {ZT,Pﬁ,;{T} satisfies

all conditions of Theorem 3.1 and dim ZT = n(N+1).

Proof. Conditions (i) and (ii) of Theorem 3.1 are trivially
satisfied. It is also clear that dim Z? = n(N+1). For the
verification of condition (iii) we take k = 2. We fix § €%?
and put @N = PT@. Let then w¥ denote the interpolating first

order spline function defined by
N N g
VIED) = w(E)), 5 = 0,...,N.

Using the well known convergence properties of interpolat-




'|-l|llllnl--ll--l-!""""“"""""""'""""""""""""
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ing splines (cf. for instance [14, Thm. 2.5])) and the fact that

|@N—@|7 = miny |$-9] we obtain immediately that

| v "~ -l
't 1 &b{ul
AN ~ . AN "N P o N l
7=, < [97-01; < v/ [uy-¥], < 0() (4.1)
4 8 i N™
‘ as N » o, Thus, condition (iii) - (a) of Theorem 3.1 is satis-

fied (cf. also Remark 3.2). The theorem in [14 ] quoted above

also provides the estimate

bei-wl, < o).

Therefore

|D(¢N'w) IZ

| A

N
IDGy-w1, + pal-ehi,

(4.2)

A

oG + M-NpyN-yN|

where for the second term on the right-hand side we have used the

Schmidt inequality for polynomials of degree one on each of the

intervals [tN,tN l, 3=1,...,N (cf. [14 ,Thm.1.5]). We ob-
3731

serve that the constant M in this estimate is not dependent on

N. Using

=01, < Boleuly + 1oN-vl, < 0(57)




(note that [¢|, < |#|, for ¢ ¢ C) along with (4.2), we obtain
J 8
finally the estimate

l“w"".w)l2 < 0(-;5) (4.

as N » «_  This proves the second requirement in condition (iii)
: - . : . N
of Theorem 3.1 and it only remains to verify that L(y") » L(¥)
ﬂs N > m\.
For @ € [-v,0] we have
0

WN(U) = wN(m + f (IWN)(o)do
0

and hence

0
W@ - v@) ) < N - vy - f In@N - ¥) (o) |do
0
5 [0 2 7
AINOERTONIE, |0|”~U0|WN - ¥) ()] %do |12
= N0y - vy + v - V.

This estimate together with (4.1) and (4.3) implies
W@ v < o)

as N » o, uniformly for o ¢ [-r,0). Therefore, |L(¢N) - L)<

O(%) (see Remark 3.1) and the proof of Theorem 4.1 is completed.

3)

(b)

8 e i e P



Remark 4.1. The estimates given above reveal that
Na s 1
Y J _ &), ) g (\ -
|\ & Yig ¢ (N)

as N+ = for ¥ € ¥°. Based on this estimate the rate of

- N o . i o
convergence tor S 7(t) indicated in Remark 3.3 is

N N o 1
N ¢ .‘ ! < i 2
| STty \UM: t\N)

as N » o, for ¢ in ¢

Adhering to the general outline given in Section 3 for
representation of system (3.5) in vector-matrix form, we used the
following coordinate representation for our numerical calculations
with first order splines reported in Section § below,

Let t“i. J = 0,...,N, denote the scalar first order spline

function on  [-r,0) characterized by

Sii being the Kronecker symbol. Then the matrix 8 is given by

N_ N N
g = (to.-..,tN) 0 1

where 8 denotes the Kronecker product and 1 is the n x n

. : y g ~N : g
identity matrix. An element 2z  in 9 with coordinate vector «




<

can be written as

N N, N
(ej(O),ej)aj

(&)
i
™
<
]
neZ

where the vectors a? € R™ are such that a . col(aﬁ,...,aﬁ).
For the case where m =1 in (2.2) (where we have g®) = 1),

simple calculations yield

r'_" —
N .1 1
7y 5 ° e
1 2 1
6 3 \\\\\f
Ny
q - q 0 0 8 1
1 21
6 ShEes
1 1
0 0 = =3
6 3
b =
for N = 2,3,... and
N _ N N
Wy =lyg * byy
where
N N N N |
FXO *Dg By . v v Dy.1 Ay Dy
0 0
N
Hy, i
0 0
— PSP St -
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with
min{tN , 0}
0 j-1
n? - f A(oyo?(owdw . f Alv)c?(O)JO. i = 0,...,N,
i i ] |
111:1X\tj”.—r¥
and
W e
Lo 0
L oe..d
- A 0 81,
12
0
z 0 -2
0 0 i = L
for N = 2,3,

Finally FN(t) is given by

-~

i

) = @) o e

"

@) teot(f(t), ., 0).

It is the happy circumstance that all the ideas detailed

above for first order splines carry over to splines of higher order.

For instance, in the case of cubic splines one may take k =4 in

order to prove a theorem analogous to Theorem 4.1. Instead of

Theorem 2.5 in [14] we have to use Theorem 6.7 in [14].
It can be seen that dim Zg = n(N+3). For the construction of a

3 ~N 5 : . G
basis of Iy we take the cubic de Boor splines (see [14, p. 73]).

- e N - y N
The matrix Q3 1s & 7 band matrix, "3 is a 6 band matrix, which

_ T —— _______.____.___.._,........unu..-..uli




we shall not give here explicitly (but see [13] for the details).

For cubic splines we obtain the estimate

Lo}y - 201, < 0y
: A

as N » = for ¢ € %“‘. Use of the estimates in Remark 3.3 will

yield

1SN0 - s < oty
-

2

. 5
as N+« for ¥ in 9.

5. Examples

In this section, we discuss some of the examples we used
in computations in order to investigate typical features of the
spline approximations. For comparison, we also give the results for
the so-called averaging approximations which are discussed in
[ 2 )Jand [ 3 ]. In the following, we write AV, S, and  Sq
for the averaging, first order and cubic spline approximations,
respectively. Examples 1,2 and S for AV and Sl were computed
on the IBM 360/67 at Brown University, whereas Examples 3,4 and §

for S3 were run on the UNIVAC 1100 of the Rechenzentrum Graz. We

s
are grateful to Dr. D. Reber and Mr. P. Rotter for their assistance
with the calculations. Our main interest in performing the

calculations was to demonstrate that the algorithm presented in

Section 4 is numerically feasible and to obtain information about




L
rates of Convergence and aCcuracy of approximution. Thoroforo, the
Programs we used were Ot optimizeq With respect to Computing time,
Storage, etc. As suhrourinos for sn]ving £3.7), (3.9) ang (3.0)
We used Standard algorithmg like Gaussijan Oliminution and fourtp
order Rungv~Kuttn.

' : . N
In the Fables below we use the (oIIOWIng Notation, GKY
IS one (upproximnrvly the comp

chosen for arison being made) of

differe

the

. N , R N =

nces !(hl)i(t) xi(r),, j = I,...,n, where (t) is the

firse segment of dimensijon N in the Solution vector wx(t) =

col(w?(t).....ws*lu)) of the approximnting ODE ( see for

instunco [3, P. 179]) in case Of AV ang XEL) s the true

Solution. Similurly, 63 or 6: 1S the appropriate Choice from
5 Sq

the difforoncvs

I(s”uv)w‘\')i(r;\\-" |

O.F‘) ~ xi(t:n.¢,f)[ y J = l,...,n,
when €rrors for the SI or SS approximutions are being given,

Eigmplv<l. In

oscillutor

this €Xxample, we Study the €Quation forp a damped
wWith delayeg restoring force ang Constant ¢

Xternal forco,

X(t) + %(t) X(t-1) = po,
wWith initig] conditiong
X(9) = cos 0, x(0) . ARyl e




The solution on the interval (0,2 is given by
s . . 3 1 g ok -
x(t) = u(t) = -9 - sin 1 + 10t + (10 + % sin 1 5 cos 1l)e
| T o | S e T e
+ = (sin 1 - ¢cos 1l)sin t + = (sin 1 + cos 1) cos %

for t € {0,1] and

x(t) = u(t) - 29 - 2 sin 1 + cos 1 + (19 + sin 1)(t-1) - S(t—l):
%2 % sin 1 - cos 1)0-(t~11
¢ (10« Lsin1 - Lcos D(t-ne it
X l (sin 1 - 1)cos(t-1) + 1 (1 - cos Dsin(t-1)

for € & [1.2].

For this example, the calculations were carried out for AV

and Sl' Tables 1 and 2 show the numerical results for x(t) and

X{t). As is the usual practice, this second order equation was con-

"y

verted for computational purposes into a 2 x 2 system of

first order equations for the unknown functions xltt) = x(t) and
xz(t) = X(t). The results clearly show that the convergence for
AV is like I/N1~c, with € a small positive number, whereas for
S1 it is like l/N:. Another typical feature exhibited by this
example 1is that the relative error for AV is increasing much

faster with time (in this example for AV the relative error for




o

t = is about seven times the relative error at t = 0.25) than
it is for S
sable 2
P S i T T 1
o | & [ [ &
A RIS, Wit e il et iy MR W e o R
; 0.35! 1.27048 | 0.00126 1 0. ﬂnﬂvi 0.00032 | 0.00504 0.00132 | 0.00033
i 0.5 ; 1.99367 0.00377 0.00194 ‘ 0.00098 i 0.00895 Z 0.00226 : 0. 00050
| 0.75| 3.06148 | 0.00601 | 0.00300 ; 0.00151 | 0.01170 | 0.00292 ; 0.00073
1.0 4.39272 E 0.00951 | 0.00421 i 0.00182 | 0.0134¢0 i 0.00337 | 0.00084
| 4 5.92593 % 0.02266 ! 0.01089 0.00527 0.01478 s 0.00374 j 0.00094
1.9 7.60007 t 0.05000 : 0.02646 | 0.01357 { 0.01281 ; 0.00307 | 0.00075
=15 9,34402 { 0. 00117 :0 1813 0.02484 0.00763 | 0.00200 0.00050
2.0 |1ossso J(m jo 0725 | 0.0373 | 0.0043 | 0.0010 | 0.00030
Seani 2 . R -
Table
T o B BT s
’ 8 32 § ) 32
sl i 8 el 2l e
0.25 ] 2.009069 | 0.00882 | 0.00453 f 0.00230 | 0.00721 } 0.00221 0.00050
0.5 ! 3.04428 | 0.01000 | 0.00521 | 0.00207 | 0.00520 | 0.00120 | 0.00028
{ |
!0.?5 ‘ 4.84445 © 0.00851 0.00319 i 0.00135 | 0.00150 E 0.00057 | 0.00014
1.0 5.76581 ; 0.02570 | 0.01038 | 0.00389 | 0.00083 } 0.00011 0.00002
1.25 ] 6.45950 ; 0.08326 | 0.04532 | 0.02428 | 0.00054 { 0.00003 { 0.00007
Lo 6.88559 | 0.140060 | 0.07695 | 0.04057 | 0.00977 | 0.00319 [ 0.000063
1.75 | 7.01599 | 0.17685 | 0.09403 | 0.04835 | 0.00853 | 0.00184 | 0.00045
L; 0‘ 3 SJQ“IV ?-‘”“'3,L_9;Q?fﬂﬁ, _9;9595? | “,?DQP‘_, 0'901°Q~{‘9;00044




Example 2. Here we deal with the equation for the oscillator with
Exampie &

delayed damping

X(t) + x(t-1) + x(t) = 1

with initial data

x(9) = %(8) = 0 for 8 €(-1,0].

The solution on [0,2 1S

y <

x(t) l ~-cos t for ¢t € [0,1]

and

X(t) = 1 < cos €& =+

{(t-1)cos(t-1) - sinf(t-1) for £t € (1.2

o —

I.Jlb—-

Again, the calculations were done for AV and Sl' The data given
in Tables 3 and 4 depict behavior similar to that found in

Example 1.




I'able

! t ‘ x(t) oiy 5{3 gié I 5: $;u ng

TR GRS e T R U W ] 1 1
| 0.25 | 0.031088 0 | 0 0 0.000661 | 0.000157 | 0.000040
; 0.5 | 0.122417 | 0.000016 | 0 0 0.001185 | 0.000298 | 0.000074
| 0.75 0.268311 | 0.000447 | 0.000085 | 0.000010 | 0.001609 | 0.000401 | 0.000100
1.0 0.450698 | 0.003599 | 0.001478 | 0.000580 | 0.001767 | 0.000444 | 0.000110
T 25 0.682090 | 0.012699 | 0.006737 | 0.003529 | 0.001985 | 0.000481 | 0.000122
£S5 0.908946 | 0.023928 | 0.012088 { 0.006817 | 0.001223 | 0.000293 | 0.000072
1.75 1.111810 | 0.033150 | 0.017880 | 0.009290 | 0.000260 | 0.000070 | 0.000020
2.0 1.265563 | 0.037213 | 0.02003 0.010383 | 0.001887 | 0.000477 | 0.000117

Tj;\hle

1 1
0.25 0.247404 | 0.000001 0 0 0.001138 | 0.000314 | 0.000074
0.5 0.479426 ;U.UOU.‘SS 0.000017 0.000001 0.000913 % 0.000218 0.000054
0.75 0.681639 ‘O.UOJShb 0.001231 | 0.000214 | 0.000148 | 0.000081 | 0.000018
1.0 0.841471 0.024575 | 0.013283 | 0.006999 | 0.000642 | 0.000216 0.000078
1.25 0.918059 [0.044008 | 0.025291 {0.013826 | 0.001180 | 0.000122 | 0.000041
1.5 0.877639 |0.043160 | 0.023308 [0.011891 | 0.002876 | 0.000854 | 0.000202
1.75 ]0.728371 |0.028576 | 0.014968 |0.007548 | 0.004395 | 0.001004 | 0.000255
l 2.0 0.488562 10.001830 | 0.00083% {0.000551 | 0.004057 | 0.001039 | 0.000265




Example 3. We

38.

consider a 2-dimensional system described

by the equation

%

' R 0 0
() = [ ]x(t) # [ }x(t—l)
=) 0

with initial condition

X

(8) = col(0,sin 2m8) for § € =100

The solution on [0,2] 1is given by

xq (1)

ek S,
(2m)%-1

n

(-27 sin t + sin 2mt),

xz(t) = il(t)

for t €1(0,1] and
Xl(t) = __ZET__ {— SERTILE sin(t—l) - —~—17—— cos(t-1)
(2m)“-1 (2m)“-1
+ % (t-1)sin(t-1) + — cos zwr},
(2m)“°-1

x,(t) = il(t)

for. & e L 2]

for AV and 83. For AV we have convergence like 1/N

€3> 0 small.

as the data for

In Tables 5 and 6 we give the numerical results
1-€

’

The data for cubic splines do not behave as regularly

AV or as that for S1 in the previous examples.

A possible explanation for this is the more complicated structure
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of the matrices which one encounters in Sg. For

instance, one

must be very carcful when dealing with equation (3.9). We note
that N = 4 for S, gives results comparable to that for N = 1.8
for AV,

Example 4. We next use an example (due to Popov)
system where we have (l,-l‘—l)lx(t;n,?) = 0 for

(n,®) € Z. The equation is

B2 8 0 0 O
x(t) = {0 0 -1f{x(t) + |1 0 Ojx(t-1).
g b ¢ 2 9

We choose the discontinuous initial data

0 for 8¢

1]

o= colfl,L, 1) and $ (V)
The solution is given by

9.4
col(1+2t-t“,1-t,1) for t € [0,1],

1]

x(t)

:
x(t) = col(2,0,-2+4t-t") for ¢t € [1,2

and

ro

1]

col(2,0,2 tor b

x(t)

for a degenerate

t > 2 and all

= 5103«



Here the initial data are in the subspaces ZN for AV but not

for S Thus we might expect that AV will initially (i.e.

3
for t small) give a better approximation than SS' Due to the
simple algebraic structure of the approximating ODE's in case of

AV it is not difficult to prove that we have

lim wN(t) = col(2 + 1 O l)
N N
Lo
i
for all N=1,2,... . So for AV we also can expect a very good

approximation of xz(t) for t large. The error for xl(t)

and XS(t) should tend to % as t + o, That this is true is
shown by the numerical data displayed in Tables 7, 8 and 9. Again,
a characteristic feature of 53 is that the error is not in-

creasing in magnitude over the time interval under consideration.

Note that S for N =4 gives a better approximation of xl(t)

(21

for t > 1 and of x;(t) for t > 2.6 than AV for N = 128.
With respect to xz(t) we can see that Sy for N = 4 gives a
better approximation than AV for N = 128 around t = 1 where
the true solution xz(t) has a jump discontinuity in the
derivative. That AV behaves better for t < 1 - € and

t >1 + €, ¢ some positive number, is due to the specific choice

of the initial data.




Table 7

o

0.

0.

0.

0.

0.
0.
0.
0.

0.

S N ———

«BE211
.00885

00440

00980
00020
00725

00160

.00527

.00331

00256
00306
00053
00212

00054

00117

e e

0.

0.
Q.

U

0

00493
.00528
L00334
.00074
00729
.00424
.00460
.003006
.00281
.00117
00049
00178
00240
.00251

.00200

0.
0.
O
0.

Li 8

0.
0.
0.
0.
0.

0.

510
S,
i

00247
00001
00190
001406

00372

00175
00130

.00085

00242
00130
00090
00214
00115

00092

.00191

s et e L 2 B
t)oam) oay | |
0.2 1.36000 0 0 0
0.4 .' 1.64000 0. 00001 0 0
0.6 1.84000] 0.00001 0. 0
0.8] 1.96000] 0.00105 | 0.00015 | 0.00001
1ol 2.0 0.01416 | 0.00729 | 0.00372
g, 0.02866 | 0.01519 | 0.00777
1.4 0.03100 | 0.01562 | 0.00781
1.6 0.03123 | 0.01563 | 0.00781
1.8 0.03125 | 0.01563 | 0.00781
2.0
2.2
2.4
2.6
2.8
3.0 |2.0 0.03125 |0.01563 | 0.00781

43.




Table 8

tlo®| sy | S | e | 6 | 8 .

3 3 3
0.2 1 9.8 0 0 0 .00947 00536 00230
0.4 | 0.6 .00001 0 0 .01206 00452 00035
0.6 | 0.4 .00017 0 0 .00526 00260 00202
0.8 0.2 .00881 | 0.00200 { 0.00020 | 0.00153 00015 00139
10l o .07034 | 0.04980 | 0.03524 .02133 01895 00949
1.2 | o .01375 | 0.00384 | 0.00056 | 0.01505 00168 00001
1.4 .00159 | 0.00009 0 .01369 00068 00094
1.6 .00012 0 0 .00105 00078 00208
1.8 .00001 0 .01148 00105 00193
2.0 0 .00444 00123 .00020
Z.2 .00635 00108 | 0.00173
2.4 .00521 00066 | 0.00202
2.6 .00205 00019 | 0.00073
1.8 .00407 00021 | 0.00084
3.0 | o 0 0 0 .00039 00051 .00119

44.




«0

.0

Table 9

NEAEIEIESENE:
J b S
1.0 0 0 0 0.01131 | 0.00517 | 0.00235
0 0 0 0.01278 | 0.00471 | 0.00022
0.0034 | 0 0 0.000628 0.00373 0.00202
0.01658 ! 0.00386 | 0.00039] 0.00472 | 0.00100 | 0.00164
1.0 0.12652 ! 0.09231 | 0.00676( 0.04871 | 0.03399 | 0.01807
1.36 | 0.00115 | 0.00751 | 0.00005 | 0.02598 | 0.00193 | 0.00149
1.04 | 0.02780 | 0.01544 0.00781' 0.02206 | 0.00337 | 0.00228
1.84 | 0.03040 | 0.01559 | 0.00781| 0.00015 | 0.00168 [ 0.00248
1.96 | 0.02546 | 0.01424 | 0.00760| 0.01932 | 0.00086 [ 0.00153
2.0 0.00207 | 0.00073 | 0.00026} 0.01007 | 0.002606 | 0.00049
0.02246 | 0.01347 | 0.00746 | 0.00901 | 0.00349 | 0.00223
0.02950 | 0.01547 | 0.00781| 0.01127 | 0.00375 | 0.00198
0.03098 | 0.01502 0.00071 | 0.00321 | 0.00068
0.03122 | 0.01562 0.00714 | 0.00211 | 0.00049
240 0.03125 | 0.01562 |} 0.00781 | 0.00465 | 0.00076 | 0.00059
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Example 5. For the scalar equation
x(t) = Sx(t) * x(t-1)

with initial data

x(8) = 5 for g€ [-1.,0]
we give the numerical dutﬁhfur AV, Sl and 83 in Tables 10 and 11,
The true solution is

x(t) = OCSt - 1 for t € (0,1}
and

x(t) = x(1) - g+ 6(t-1)3e ) o 2
for t € [1,2]. The initial data are in ZN, N w3y oy &ll

three approximations AY'SI’S%' The numerical results show that the

approximation by AV is initially better than by Sl and S,. This

(¥

appears to be the case in all examples where the initial data are in

-N 5 g . .
the subspaces I for AV, S and Sz- But the relative error

increases much faster with increasing time for AV than for Sl

and S%' For instance, for N = 32, Sl will do better than AV

shortly after t = 2. The numerical data also indicate

accumulation of errors for Sy if N and t are large. The rate
5 4

of convergence for Sl again is like 1/N°. For S it seems

h

J+e
‘

to be like 1/N > e

B — USRSV - M
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Table 10
-8 16 32 8 16 32
t X 8 8 § ag 8¢ \
) ., _ av AV AV 5 5 5
0 B 0 0 0 0 [\l 0
.25 19.9421 0.0001 0.0001 0.0001 0.2853 0.0756 0.0192
«a0 72.0950 0.0160 0.0007 0.0001 1.5512 0.4090| 0.1037
o 254.126 0.428 0.081 0.011 T+352 1.937 0.492
1.00 889.479 1.369 1.481 0.539 32.380 8.531 2.163
1. 25 3109.32 26.65 10,46 4.47 136.14 35.93 g.11
1.50 10870.4 130.9 53.3 23.4 555.8 147 .0 37.3
1.75 38004.6 589.2 244.6 108.7 2219.9 588.3 149.4
2.00 ]132871 2519 1058, 474, 872 2316 588,
Table 11
4 8 10 32 o4
t x(t) SS.. 65., GS.. 65' 6S~
3 3 5 3
0.2 15.309691 0.030796 0.004862 | 0.000289 | 0.000450] 0.000032
0.4 435 .3343537 0.051843 0.003990{ 0.0017061 | 0.000128; 0.000303
0.6 119.513222 0.260592 0.012450 1 0.001268 | 0.000888} 0.001223
0.8 326.588900 0.781997 0.018429 | 0.000120 { 0.004050{ 0.003180
1.0 889.478955 2388011 0.094175| 0.002117 { 0.013687| 0.008994
Y2 2420.772761 7.268330 0.243622 | 0.011288 | 0.038706| 0.076608
1.4 6588.8065818 21.936935 0.709869 | 0.028940 | 0.155481] 0.296237
1.6 17934 .15321 GBS S3253 2.00746 0.07668 0.54728 1.26327
1.8 48815.25691 193.16251 5.09490 0.52984 1.80974 4.941064
2.0 132871.5779 560.4524 16.8275 L.4527 4.9407 17.0516
L__L, — po— R ————————
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48.
From the numerical results presented here we can draw the
following conclusions:
(a) The rate of convergence for S in all cases was like

=3
:
1/N compared with 1/N or less for AV. This superiority is not only
true for examples where we considered just an initial value problem but
also for examples (not presented in this paper) where optimal control
problems and identification problems were considered. For S; con-

clusions to be made from the data are not as clear. In case of the

scalar equation of Example S5 the rate of convergence seems to be better

4 < _— ' : = .
than 1/N°. For the 3-dimensional system of Example 4, N = 16 gives

2

just a slightly better approximation than N = 4,
tion for this behavior is that equation (3.9) must be dealt with more
carefully than we did in our preliminary calculations.

(b) For the same value of N, the accuracy of approximation over large
t-intervals for S1 and 83 is considerably better than for AV,
The latter scheme does better initially if the initial data are
already in the subspaces ZN for AV and in some exceptional cases
where the simple algebraic structure of AV is advantageous
(see Example 4).

(¢) - For Sl implementation of the algorithms on a computer is
almost as easy as for AV. For Sg the matrices appearing in the

algorithm are more complicated. On the other hand in many cases the

results using AV were comparable in accuracy to those obtained using

ﬁ with N 4 only if N > 100 was taken in the AV approximation.

possible explana-

S
3
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