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I. Int roduc tion
- 

In this paper we consider approximation techniques for

func tional differential equations (FDF’ s) bas ed on cla ss ica l

“least squares ” or bes t L2 sp line approximations . In a recent

paper [ 7 ) , Burns and Cli f f  dev elop ed an app roxima t ion scheme

tha t emp loyed p iecewise linear function approximations . However ,

to our knowled ge , the ideas for use of splines (pi ecewise  l in ear

or higher ord er) in app roxima ting FDE’ s as dev eloped in our p r e-

sen~ ation here are new . l~e develop our ideas in the context of

an abstract approximation theorem (the Trotter-Kato approximation

theor em in linear semi group theory) which grea tly facilitates

argumen ts to establish convergence. Use of the Trotter-Kato

theorem in this way is not new ; indeed , it has been used recently

in connection with other approximation schemes for problems in-

volving linear and nonlinear FDE’ s (see [ 3 J for a survey and in

addi t ion , the recent papers [1], [2], [4], [ 7 ] ,  [8], [9]).

We res tric t our considerat ions in this paper to linear

systems and their approximation. The use of the ideas presented

he re in nonlinear sys tem problems along wi th applicat ions to op-

t imal con trol and par ame ter es t imation problems will be discussed

elsewhere. Our main purpose here is to develop the fundamental

theoretical ideas for spline based methods and pres en t a samp le

of our f indings in numerical experimen ts wi th these approxima tions.

As will be evident from our discussions of the numerical results

in Sec ti on 5 below , we believe that these spline based approxima-

tion techniques can offer significant advantages over other methods 
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2.

S

(e.g. those discussed in [1], [3], [7], [8] and [9J ) in

many ins tanc es .

We first develop in Section 2 a general setting for our

system approximation problem in an appropriate h u b e r t  space.

Much of the material in this section is closely related to known

resul ts , but must be presented in order to give a comp le te and

cl ear discuss ion o f our ideas. A general ap proxim at ion resul t

is developed in Section 3 and we then in Section 4 show how spline

ba sed me thods can he trea ted in a simple manner as a special case

of the app rox ima tion ideas of Sec tion 3 .

One feature of our presentation is that the proofs in

Sec tion 4 follow immediately fr om s tandard resul ts in sp line theory .

Aesthetically, our development has appeal since the theoretical

founda t ions ar e cl eaner than thos e for o ther type s of me thods pro -

posed to date (e.g. see [3], [7]). From a practical viewpoint

these me thods , as we have already noted , should  prove advantage ous

in many control and identification problems.

The following notat ion will be used throughout the paper.

For -
~~~~ < a < b < ~, L2 (a ,b;R”) is the Hu bert space of equivalence

classes of all functions x:[a ,bJ - -  R’~ such that Ix !
2 is in-

tegrable. . 1  is the Euclidean norm in R’1, 
~~~~~ 

and 
~ ‘2

deno te the usual inner produc t and norm in L2(a,b;R”). Ck (a ,b;R~ ),

k = 0 ,1,2,..., deno tes the space of Rn -valu ed continuous func-

tions which possess k continuous derivatives on [a,b]. (At end

poin ts of closed intervals , “deriva tive ” of course means the ap-

_



3.

propriate one sided derivative.) For k = 0 this is the usual

space of continuous functions which we denote simply by C (a ,b; R ’
~).

is the space of absolutely continuous functions

x:[a ,b J -
~ R~ such that ~ E L2 (a,b;R~). The space of equivalence

classes of all, functions x: [0,~’) 
-~~ Rn such that is in-

tegrahie on bounded intervals wi ll be denoted by L2 1 0~
L2 ioc (0,

~
);R

~
). For any’ t1 > 0 the collection of all

£ € — L, 1  restricted to [0,t 1] gives the space L2(0 ,t 1 ;R~ ),

of cour se . In the spec ial cas e where a = -r , b = 0 with r > 0

we shall abreviate the notation introduced above and simpl y write

L2, ck , etc. The state space for our considerations will be the

h u b e r t space Z R~ x L2 wi th norm t ( n ,~) t 2 = (~~n~~
2 + ~) ~~~~~

(n ,~~) E Z , and inner product ( (n 1,~~1),(n2,42) ~~ 
= + 

~~1~~ 2 ~~
(n~~,~~~) E Z , i = 1 ,2. Corresponding to Ck, k = 0 ,1 ,2,..., we

introduc e the linear subspaces of Z defined by

((~(o)~~)~0 EC ’
~~. Aga in , for k = 0 we ~rite ~ in stead

of ~~~~~~~~~~ Throu ghout this paper we shall not distinguish notationally

be tween a func t ion ~ and its equivalence class in L2 . If ~ is

in C , then 4 denotes the element (~ (0 ) ,~~) in ~~~~. I f  on the

other hand ~ is an elemen t in .~~~~ , then 4 denotes the unique

e lemen t in C such tha t ~ = (~~(0),~~). The identity map in any

space and its matrix representations will always be denoted by I.

For a func tion x :[-r ,a) R”, a > 0, the symbol x~ ,

t E [O ,cx), deno tes the function [-r ,0J ÷ R~ defined by

x
~
(e) = x (t+0), OE [-r ,0J . Finally, for any function x of one

-- - —--
~~~~~~~

-~-
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i ‘ peud  on t ~i r  t . tb I e ‘ h a 11  u -~ e i u t  e ri b a n  o ah i v  e i t  h e r  x or

P\ t o  ilt ’tl0 t ~‘ t ) I C  th’ i I V  i t  I 0 0 t \ ~ i t  h t o s rec t t o t hi i ‘. v a r  i ab I e

2 . t h c l i i i e a  F I u t ~ t i  O I I . L  1 ~I i t t e i e n t i  a I t ’ I[l!.i t i o n

I i i  h i s  — c ~ t i ~ e de t a t  1 the t V ~~e 0 t eq U.I t i U I )  i~ t’ 00115 i do r

i i i  t h i s  p a p e r  an d  s t a t  o the re ’u i t s  I 0! ! Iii cqa.i t i oh i oh  a t o

i~~or ~ ant t o i  the deve 1 o”~~e i1 t  i n  he to 1 1o~ I :  ‘- 0 0  t 1 0 7) 5

~ ~ ~~~~ 
( ~ , : . ind I ~~ C O l t s  ~le r the ~auchv, 1 I)~~.

i ’ ro ) ’  I. I_fl’)

x ( t )  t.(
~~~

1 t ( t ) ,  t~~~~~O ,

( 2 . 1 1

~~~~~ ‘‘o 1 - ( n ,  ~~ ) .

1 o -, I ‘I~’ I t o it v o t o ~ 11 1 15 i t  i on  i~ e .i ~ sir e that I has t he 1 0 rn

In 0

~~~ 

\
1~~~( t  i~ f \ ~ i1 \ t + t ~~d~ ( 2 . 2 )

~ r an d  .~~ , \ (t~1 a r e  II \ fl matric e s ,0 Ft I

the c i  c o n  t o t ~ (0 be i s~~t i a  ~ e in  t o  ~ r . i b  le on r • 0)  . Not c

t h a t  to r any i t~ht hand s i ~le o t ’ t vp e  ( .
~ 

. 2) i~ e ~aii a~ - .u ~ ie  = r

s it ’  lv at t cv r e d e  t i n  in ~ A (0) or is j th 0) . I ’hi ~’ f o r m  o I

1 ( ‘ ~ i v t ’n i n  2. 2) i s  , t o  our ktio ’~ I cd~ e • -.u I I i o  i ent Ii ~:onera I

t o  I flC lude al l I i near autollonou s 1 1)1 ’ s i r i s  i Ui :  i n  a p r  1 ic.i t i o ns .

(1 it re~: a i’d t o  more ~:elie ra  1 cq tI ~i t i o t i s  see the remit i-k at the end

of this s e c t i o n . )
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:\ ~ 0 1 U t  10 1) o t  (2  . I ) i s a f u n c  t i o n  .\ : [ r • ~) - • R’t , ~

‘~h i  c hi is .11150111 t e l \ c o t i  t i I iUou on  1 0 • i ) such that ( x (11 ) x 
0 

=

( ‘ i  , . ) and t i ’ t’ 0 ‘- t :i

t t
\ (t ) = ‘ 1. (x , )d l J t~~ ’)d’ .

‘0

so I a t  1011 o f  I, . 1)  i s deno ted j l V  \ ( t \ ~ t ~ , .~ • I ) . l i t  ca~~e

i 0 i.e b a ll isri t e sim I l l \ x (t; n ,~~
) .

N o t e  , h a t  t o i- any  t ~ o f u t i c  t i oti s x • v : - r , a 
‘ “ 1 0

ir e ;tI l ., o i u t o l v  c o n t i n u o us  on [ O , a 1 ] an d s , t t j s t v  x
~ 

= v

in I. and x I, t ) = v ( t ) f o r  t 1. [0 , i
1 I , the ap~ ~‘ 1.

and  ~ I. ~ - 0  ~ a t o  do f i ned and i i i  t he -~ atne 
~~~~~~~~ 

i va I cnce  c I ass o I

R ’1-v . i  lu e J  f u n e t  ion s oii [ O ,~ 1 1 I n  ~cn er.tl I i s  not del m e d  on

a l l  of  , hu t can he de t i tied on ~~
. by 1. ~~) I (.~ ) , i 1’ .

The t o i  1 o w i n t ~ lonun a j s  s t a t e d  h i t h o u t  i t s  q u i t e  e l e m e n t a r y

p roo t

1.e”n - ~,i 2 . 1  . ihe s o l u t io n s  of  , 2 . f l  ex 1s t  o n - t’ , = )  an d  ar e  un i o tj o —

I v  d e t e r m i n c L l . M o r e o v e r , for S C f t U O U C C S  (!)k.~~k
’t (~ ,~~) ~~ :

.1 n~i I’ ~ I’ i n I is e Ii a Vi ’ Co r a 11 T 0
- - K ,loc - 

5 L I I ~ - 
x(t)

~~
X k (t) 0

t~ [0,1 )

,i~ k “ w h e r e  x (t) = x ( t ; n , .~’ , f )  and x k ( t )  =

I n  t he ca se  of  the h om oa t ene ou s  e q u at  i o n  , i . e . 1 0 , w e de li  tie

L .~~~~~~~~~~~~~~~~~~~~~~~~~~~ —- *-~~~~~~~~~-.., —— ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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t h e  f a m i l y  S ( t )  , t 0 , of o p e ra t o r s  Z by

S ( t ) ( n , ) ( x ( t ; n ,
~~

) , x t (n,
~~

))  ( 2 . 4 )

f a r  ea ch  ( n , ~
) E :.

Lemma 2 . 2.

a)  S ( t ) , t > 0 , i s a  C0-s cInigrOU [) of bounded l i n e a r

o p e r a t o r s .

b)  The i n f i n i te s i m a l  g en e r a t o r  
~~

. of t h i s  sern i grou~

and i ts  domain ii’( ,y )  a re  g iven b y

~~
( 

~~
‘)  = {(.~ (0)  ,~) E zk E

~ (O)  ,~) = (L(~~) 
,6 ) , (~~(0)  ,~) E 9(~~~~~

) .

c) F or k = 1 ,2 ,... the sets

= {
~ E~~~~~ ( 0)  = L (~~) }

and

( V X I ) ~~/
k f o r  A s u f f i c i e n t l y  la~~g~

a r c  d e n s e  in L.

Parts a) and h) of this lemma are by now standard results

if one deals with FDE ’s in the state space Z (cf. f or ins tance

5] , [9 ]  , [15]).

_ _  J
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In order to es tab I i sh dens it v ot ( 
~~ 

- 
~ 1% o I t t ’ ~ t

oh~ erv~ t h a t  k k = 0 ,I , ,... , i s  d en s e  i n  2 b e c a u s e

~~ ( 
N - ~ and •

~ 

k t a r  K = 1 , 2 , . . . . I ii i I a s t

ti c t j s  rue  lo t- the i l i t  l i l t  t es j a il genera tot’  o I a n c  - ~ 0I11 i c,rotip

o 1 hounded L in ea r opt’ i’atov s in ( se e  for in’ ;  t anc e any ~ t and a rd

r e t  e r o n L e  on I i  n e a r  s e m i  ~ r ou r  t hi eo rv su c h  as 1 () or  [ 1~ I)  . E h e t i

dens i t  v o I ( 
~~ 

- 
~ 

, K for ~ su t t i c i  e n t  1 v la r~ e foil oi~ s once

one  ar ~’u c s

k = ,-k - 1 (2 .5)

for K 1 , 2 m d  such \

I h e  r e s o l v e n t  o p e r a t o r  ( ~ 
- \ 1  ) e x i s t s  f o r  \ ~uf-

( i v  i c n t  lv  l a r ~~e .iiid i s  a bounded  l i f l c~~i’ OperatOr _ ‘t ~ )

- . . ‘ k-I -rho v et o r e  , ~ i yen ~ t ~
-- • t h e equ a t ion

( ~ -Al )~ ’ =

h a s  a u n i que  s o l u t i o n  ~ f o r  \ s u f f i c i e n t l y  large. We only

h a v e  t o  ch e c k  i f  ~ ~ Bu t  its  ing the d e f i n i t i o n  of ~ we

Set’ that ~2.O ’) i s  e t j u i \ ’a l e n t  t a

- \ ..~‘ = ~ and L~~~) - \~~( O )  =

w h i c h  i m p l i e s  ~ t and  ~~( O )  \~~( 0 )  + ~ (0) L(~ ). This
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~~~~~~~~~~~~~~~~ ( 2 . 5) . h~ i tumlt v , Ll0h iS j~~\ o t  ~~~
‘ fl0~ tol l o ’cs a t  0 11cc t r o m

- l  k - i  . -t o t - \ s t i l t i c i e i i t i v  l , i r i ~t’ .

\ f u n d a m e n t a l  n o t  i o n  i-.c sh~i 1  I U S C  ~fl O U F  a p p r o a c h  is th e

~‘p t o I d i s  s i a t i v on e s  . Rec a 11 , th a t a i i  liC i i ’ O j l C  t a t  o r

B : , ‘(h) , ‘(h ~ ~. , i s  c m l  l c d  d i s s  j~~; i t  i~
-
~ 

;~ : i t ’ C, ~~~~ 
‘ 0

t~o r- a i i  : I ~~( I )  . I I ’ B i s  the in! in i t es I itia 1 C~~c!1e t a  to t’ of a

t , i . , OU 1 ( t ) ,  t 0 , o f ’ hounded linea r o p o t ’ ; m t o r ’ ;  : and

- - .~I is J i s s  i~ 1a t i v e  f o r  some w R , t h e n  1 (t) : : ~i t  :1:
b r  a ll : and t “ 0 . I ’hie so l u t  i o n  sem i g r o u p  S ( t ) , t 0

ile t i n ed in (2 .-H i n  ~et i e r a 1  s a t i s f i e s  an o st  i r a t e

< Mc t
~~:~~~ , : t. , t 0 ,

t~he no R and ~ I . F b i’ t o  f o re  a - w i  w i l l  not h e d i  ss i h’~t —

t i \ C  ~n f o r  an~
- a . 1 1  lois i n~: an i dc;i tiS Oi l i n  I f~ ] w e

n t  r o d u c  i’ in equ t v a l  ent n o r m  i n  : such that w i  t Ii t h i s  norm

a ca in a Hi 1 hor t sI’~i c e  and lot ’ sonic c oti s t a n t  v .  R

- .
~ I i s d i  ss i p at ye i n  t he  sp :ic  e . R ou ~~h 1 v S 11o , i K i n i ~

he now nora ro ll i’c t s the we I i ht p i,icod by (2.2) on different

p a r t s o f t he ~ a c ~ h i  st  o r  V

Cori - e 5 1101) LI i n~ t o t he d i t ’ fe  r e t i c  e p a l ’ t i n  ( .  . 2 )  ~ c di’ I i n o

t lie i,e i gh t i n~ t’t i n c  t ion g t o  h o  a S t  0~ t’t m n c  t i on on — r , 0 I

S I l L  hi t h a t

5 (@) = j f o r  e ~~ ~~~~ - + I 
- 

- 
= I , . . . ,m .
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‘Fb i ~ Sp a c e  s u h i p i jet1 wit Ii t h e  n o r m

-
, (0 1

I (n  , ) — = C n I — : ( 4 )  5 ( i )  d o )  / — , (1 , .
~ 

) 4 1

s i i be denoted by : . O b v i o u s  1 V , is a lii ibe rt s ~~~ e i-. i t Ii
C: 

. 
S

inner product

•1’
‘
~~~~ 2’ 2 

= 
~ i 

‘
~~~ 

+ 

- r 1 ~~~~~~ ~ 2 ~
‘ ~~ ~~ d ~ ,

b a r  (n  
~ 
, ) ~ : , ~ = i ,

1:01 iow it~~: t lie ; C l i ~u m c n t  S V O i l  I n  [5 , 
~~~~ 

1 5 (11 , w e c a n  e st  : ibl  i sh t h e

f o l  I 1i c i n i ~ r e s u l t .

Lemma 2 . 3 .  A - aT is d i s s i p a t i v e  in  2 , i e .
_ _ _ _ _  _ _ _ _  ______— S —

< w j : j ~~ f o r  : E2 (  j ,
g

with

= + I’~i + 
~~ ~~ I A 1 I

2 
+ 

~ J - r
L

~~~ 
j 2 d O .

O b v i o u s l y ,  the  norm is equivalent to •

g
Therefore , all results stated in Z which involve onl~’ topological

concepts remain valid in Zg (e.g., the results of Lemma 2.2).

Lemma 2.3 will be basic for our u~ e of the Trotter- Nato

Theorem in the next section in order to obtain an a1)proxiillation result

,, -
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for the homogeneous Cauchv problem , i.e. (2.1) with f 0.

We now turn to the general nonhomogeneous case of (2.1)

and define

z(t) z ( t ; n ,~~,f )  S(t)(~~,~~) + j S ( t- ~~) ( f ( o ) , 0 ) d a , t > 0 (2~ 7)
0

f o r  (n ,~~) E Z and f (- L2 i 0 ~~
. In app lications (especially con-

trol Problems ) it is alsd important to investigate , fo r  f ix ed

> 0, the operator r’:L 7 (0,t
1

; R ~~) -
~ C(0 ,t 1

; )  d e f i n e d  for

0 < t < t
1 

and I E l~2 (O,t 1 ;R ”) b y

ft
( ~ f ) ( t ) = J S ( t - o ) ( f ( o ) , O ) d 0 .  ( 2 . 8 )

0

For our discussion below , the first part of the following lemma is

an essential equivalence result . The s econd part , while not es-

sential to our presentation here , is needed in applying our approxi-

mation results to control problems (see [ 2]), and is stated for

future reference.

Lemma 2.4.

a ) G i v e n  (n ,~~) E Z and f E L2 i 0 ~~
, we have

z(t) = (x(t;n ,~~,f ) , x~ (n, i~,f ) )  for t > 0

_ _  ___________________________



t ~ .- C, I ) i~ ~. i t ’ i ii ft - u in — . i )

b ) lot - a n y  t i 
- - 0 t lie ojw r~m tur ~ del i ned~±y~ (2 . 8 )

i s a  o I n j C a c t  l i no t r ojw ’rator .

‘l iii ’ r - e’ u Its ot’ th is le m ma h a v e  alre ady been establish ed

i’ I i’t~he re ( see TIti ’o reins 2 . I and 3 . 2 of [ 2 ] , 1 I ~i~o r ein 1 of’ [ 2 I

l emma 1. 3 . T of  [1 1] or l ommmia  2 . 2  of ’ L’I) b u t  (‘o r  t h e  s a ke  o f  co in —

p l e teu i ’ ss  we slta I I  sk e t c h  (he : m r g u m e n t s  needed  to g iv e a p r o o f .

We f i t s t  a ssume (~~~0) ,~~~) Y(  ,~~ ) and  I C’ (O W ;I~!i)

Then ( se e  for i n s t an ce [ ~ , ~~
. 31 1 ) z (t) g i v e n  in (2.7) is the

u n i q u e  s t r ong s o l u t i o n  to t h e  a b s t  r a c t  Cauc 1i~’ pro b l emmm

~(t) = a :(t) ((‘(t), O) , t 0 ,

( 2 .9)

: (0) = (~~~0) ,~~:1)

On the other hand  for x(t) x (t;~~(0 ) ,~~,t’) we have

x I :  W l Z
(~~r ,t 1

;R hl) for any t
1 ~ 0, whic h imp l i e s  x~ ~

for all t > 0. B~- a v~tarac t cr iz at ion of  f u n c t i o n s  in iv 1 , 2

see  [ ~ • 
2 1 I ) , t h~’ dor I v a t  j y e of’ t lit’ na I C t \

co n s i d e r e d  i s  a m~m a p  [0 , - ’ )  L , e x i s t s  and 
~~~~ 

= x~ w h e r e

= ~~( t + C ) )  , 0 [ - t - , 0 j  . T h i s  together with (2.1) reveals that

(x(t) ,x
~
) is also a solution of (2 ,9). By uni queness of solutions

of (2.9) we have :(t) = (x(t) ,x
~~
) , t 0 ari d thus the equiva-

1 ence in p a r t  a )  of Lemma 2 . 2 oh t a iris whenever (n , ~ ) ( 
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and IT C’ (0 ,”; Rn ) .

I’() COIflj) let e the ji roof of ’ part a) we oh serve that

= and C 1 (0 , t ; R~) is  dense in L , (0, t 1 ;R
hi ) for any

0. ~Ioi’cover , for 0~~t - t 1, :‘ jt )  g i v e n  b y (2 .7) and (x(t) ,x
~~
)

x i t ) = x ( t ; ri , , I )  , d ~pctid con t I n U O U S  I o on (n , 4~ I 
( 2 and

f

I n  o r d e r  to p rove  pa rt b ) we I’ ix ~ 
‘
~ 0 and a hounded

subset G ol  L 2 (0 , t 1; R ’1 ) . ‘e have to prove that , for each t

in [0 , t , the set (( . (‘1 (t ) ( f ~ (; I is precompact in 1 and

that { - f ~f r CI  i s  bounded and  equ i con t  i n u o us .

II we observe that ( ‘ 1) (t) (x (t ; 0,0, 1) , x~ (0,0,1))

t ~ [0,t 1 ), and that Cx( . ;0 ,0,f’) I f  CI and (~~( ‘  ;0 , 0 , f )  ) f  r

are bounded subsets of C (-r ,t1 ;R ~) and L 2 (~ r ,t 1 ;Rn ) ,  res-

pectively, it is immediate that {(  ~‘I )  ( t )  ~f t C) is precompact

in ~: endowed wit ii the norm ) ~ I SU ~ and t h e r e  f’oi’e i i i  so
“- [-r ,0]

i n Z . ‘I’Ii e same arguments also g ive equicontinuity and b o un d c d n e s ,s

of { ~ f l C  ~ Cl .

R e m a r k .  All results g iven in this section remain valid fo- mo i-e

gene ra l  e q u a t i o n s  than  con s idered here .  L n u n s  t evi l 
~ 

be a cont i nuous

functional from C to R~ s a t i s f y i n g  the c o n d i t i o n s  g i v e n  by

B oy i soy i ~~~~
- ‘l’ tirl C; ih in in ( t i  ( s e e  ;i l  so [ 1 )  . I f

to
1 ( q ) = J [d~~( O ) ) c ~ (0)  , ~ C , t hen  the  wei g h t i n g  f un ct  ion  g i l l

-r t O
t h i s  more g e n e r a l  case has  to be defined by g (0) = 1 + J d m 1

-r
0 [-r ,0). 

- - - ‘--‘ - - - - -“-- -.‘- .‘. ‘- - -- - - ‘. ‘ -  
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3 . A ~~~‘ t i e r  a l  itj C,p r o x i  n a t  i o n  sc lm e me .

fla -~ i c to o u r  app roach I s t lie lo 11 ow l ~~ ye v s  I on of ’ t lie

s~~ called F tot tot ’ — Kat o ‘I’lie o rem ( see ( I U , I l i u m  . 1 . (~ I I

L ertuna 3 . l . Le t  1 ( t )  a n d FN (t) , N = 1 ,2 ,..., t > 0 be

SelTu i~~ r o Uj C s i i i  R i i i i a c h  s~1in c e V w i th in ! l i i i t Cs i n n a  1

~ and ~~~~~~~, i e sj l e L  t i v i ’  l y. A ss t i mmm e ’ that ti me fo 1 low i i i  ~ OOtiLI t t

a t ’o s a t i  s f i  ed :

I )  ( S t a b  l i l t  v hivro thio s i s I .  I ’he re  e x i s t  cons tant s

w and WN such t h a t  ~ - w I  and ~~N 
- U N L 

~~~~
d i s s  I j ) ; i t  i v e  on I and t he  se t [u en c e  ( w~ } i s h o u n d e d .

i i )  ( C o n s i s t e n c y  h i v j ~o t h e s i s )  . T h e r e e x i s t  s a  su b s e t

C L~ ( 
~~

) (~ fl ~~ ~ N) w h i c h  t o g e t h e r  w ith
N= I

( ‘
~~~ 

- A 1L2 fo r  Soni c A ~ 0 is  den se  in  \ and  s uc h
N -t h a t  ~~ v -

~ ~ v f o r  a l l v u

Then

~ ~~ 1~N 
( t  ) y = ‘ I ( t )  v

N

f o r  a 11 v t I un i In viii l v  oni h ounded  t — i nit  e rva  is .

N 1N N 
- -We cal l { Z , I , ~~ I , N 1 , , . . . , an a p pr o x  i ma t i o n

scheme f o t  t he  C au c h v  pI’o t) l cm ( 2 .  1) i f  ~ 1
N
1 is a sequence of

s u bsp a c c s of g ’ 
~1C N 1 i s  the  sequence of or t h o g o n a l  p r o j e c t i o n s

-
~~ Z and t ~ } is a s e q u en c e  of o p e r a t o r s  Z

.5, -, 1 ’• 
~~‘ ~~~

‘ ‘ ‘ ‘
~~~~~~~ v:’~~~. ~~~~~~~~~~~~ ~~~~~~
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T h e o r e m  3 . 1 . t ij I j U ’ ~~ t’ t l t , i  t (:~ , ~N , ~ I s  an a~~~ru \i rna t ion

‘~~l 1, ’!~m e f ’or  ( 2 . 1 )  s a t  t ’ ; l~ i r m ~ t i m e  f u l l o i ~ I n ~ c o n d i t  ions:

~ i.’~, ~ 1 , ~~
‘ = 1 ,2 ,...

- - N , N N
( i i)  ~ I ,~~I , N =  I 

( i i i )  ( a )  I im  i i i  1 or a l l  1.
N ’ - ’

(hi For ~ome irt ~ o~’er k ~ I i~ ’~~m .nmo h i n  I (,
\
) = (, )

i n  lZ t t  a r i d  C I ’ ,~~ C C i n  1 2 t o m  i l l  (~k

i% im e re  ~~ i s  do! ’ i i i t ’d ) 4 v  (~ ~ ( 0 )  .~ 
N

)

N -t h e n  e t c h  ~~~
- ‘ 1 5 1 l ie  

- 
i r m t r n t t t ’ . m : s i I t ’ m - a t ,~r o t a

C - S C C I I  i ~ row’ ( t )  , t ~ 0, such t h a t

2 ” N I 

an  ~1

i i n n  sN (t~~ = 5 ( t ) :  ( 3 . 1 )
N

I’ o r’ i I I , vi n i Ic i -n t I v o ri b o t r ~ LI , ‘ d t - i u t  c t- v a I s

Pro o f .  We f i  r s t  show t h a t  ~ N 
- w i  , N = 1 , 2 , .  . . , i s  d i  ss i pa t i i-e

~~ : w ith w as given in I,et nmu m a 2 . 3 .  S i n c e  ~N anti i t s  dual

map co inc ide , we get , b us ing the dcl’ in it ion of ~ N and

~ ~~
-‘( c~ ) , the fol lowing estimate 

,._, ,., 
~~~ - a., : u.,._ t i’j i  ‘ ‘ “  .,., . ,, . . ,  - 4 ‘ - ,_ C ‘S ”
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N 14 N ~

< ~( f P :~~ w l~ H
g

t o t ’  a t  1 z 1 i~h i c l i  p r o i  es t u e  c l a i m .  B y  t h e  l urimot- - I ’hm i h i p ”
Fh eo r ein (c I . I ( J ) j s t ime i i i  ~ i i i  i t  05  i Ca l i eri e r a t  O F  o f  a

i
0

- S 0 f f l~~~ ’ t C ) l i : 5~~(t ), t ’  0. Ini v .I r i.iflc e n t ‘ u n d e r  5~~( t )  i s

t, O I l S  I’~~f I l  t I l t  0 01  -~~ — . . I n  ( C t L 1 f ~ r to es I ,iiC 1 i ii ( ,
~ 
. 1) it

on l ~ r e C m , I i n u s  t o  v~’r’ m t i  t h a t  t h e  h i v p o t h e ~. o ’s (I) and (ii) t C j  L emma

3. 1 Ito I d . C, o v i d  i t  l e n t  (I I lo t  1 om ~ s I ro rn o u r  c o n t u e n i t  s above . I n
~~~, ( . k1 t ) t i ’ , I tIe t’ t l u g  con 4, ! I t 1011 ( i i ) , i~~~t ’ 4 , 1 1 4 , 4 0 - 0 -. -‘ . h ’ p a r ’  t c ) of

Lemma I . I , a rid ( ,~~ ~ 
h
, f o r  \ s u I 11 c I en t 1 

~ 1 a r ~: o , a r o

d e n s e  i n  1 and  the re f o r e  al ~o in . For ~ 
~~~~ k w e h a v e  t h e

OS t 1 ‘L i t 0

N N ’ N — ,N , ’
~~ Q ~~ I ’ ’ I I ~ ~~

- I ~ ‘ -,
g “ I

( 3 . .
~ I

N . ’I “ ~ I 1 ~ ~~

‘ I:

The second t e r m  on t he  ri ght—hand s i d e  of (3.2) ap p r o a c h e s  z e r ~
as N ‘ by cond it io n (ii I ) — ( ; i  ) o f our  h v p o t h e s  I s a b o v e  . I I’

we wu -ite p~~ = (~~N ( 0 )  ,~~N) t h e n  t h e  f i r s t  t e r m  on t h e  ri gh t-hand

side of (3.2) is ([(~ N) 1~~N ) - ( 1 , ( ~~) , 1)~~) w h i c h  t e n d s  to zero
g 

- ‘- ‘ : . . , ‘ . C~ ~~~~~~~~~~~~~~~~~~~~~~~
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4 4, :

, i~~~ N “ by ( i  r i ) - (h ~ . N o t e , t h a t  c on i v er , :e n c e  i n  i s

0 (11 1 i a  len t to convo ’u’ s’ o’nc ,’ i n  1 . l ime i’d Ord i,’ &’ h i v e

i i - u  ,
~~
‘ . .

~~ . t o  r a I I ~~
- 

~~~
‘ I . 0 . Ii ~1uo tiic s I s ( i ) o I Lemma

N
3.1 u s s a t  i s t ’ i e . I .

RCC’u ark 3 .1. lvi order - to p r o v e  ~~~~~~~~~~~~ L ( ~~) i t  ‘~u t  (‘ i c e s  to  s h o w
N . . . S -

~ ~
‘ ~n t ( ‘

~ 
u t i m  sup  m o  t~~m 1 , h O t ’ 1 U ’ ’ O ’ 1. i ‘, a t O y  t r n i l o t i  I u n c

t I O I i . i  I C Rn . 
4

R o ” u , n r k  5 . 2 .  S i  v i c e  ~~- ~
‘ , K = U • 1 .2 , . . . , is don~ e i~ , it ~s

cl ear th at ( m i t  ) -- ( a )  h o  his , if 1 1711 I’ ç (‘or a I 1 ~N’”
t
’
o y serie mn t e 

~‘, 
o r ’ ‘K ::. 0

Reri ,i t’k 3 . 3 . I ’he p t- oo I o I time ‘Fro t to ’ r’ — h ,a to t h e e  rem a! so \‘ i e l d s

e’~ t t n a  te~ I or t h e  r a t e  ( C f  con e r u ~enCe  t ’ I S ( t ) z S (, t ) , a t

least for c e r t ; u  i i i  t, . Iii i s can he seen as foil 01’ S . I n e q u a l i t i e s

(4 . 2) and (4.3) in [10 , p .  S8 I i flii~ I”

I 15 N~~~1 - 5 ( t )  J R ( \
0

: ,
~~

~ M~~
” 
~[ R 

~
‘0

• N) -R( 
~~~ 

. 4,~~~) ] R (  \
~ ~~‘)

~ 
~ 

~~ ~~~ 
~~~~~~ 

N 1 ~~~~~~~~~~~~ ~ 1I ~ L’) :  :~~~
“

+ I [R(\ 0; -
~~ N ) -R (\ 0 ~ 1 ]S(t) R(\0 ; ~v)

for t ,,, ~0, F~ , 
1’ 0 , : . lk ’ u e  i s  a fixed real number such



tn at ‘ 
, and R (A; ,

~~ 
) , R ( A ;  

~~
‘

“
) is the usual notation for

(Xi ~ ) 1 and (A l - ,~~~)-1 , respectivel y. Ue also make use of

the estimates

IS(t) I < Me1
~
t , Is N (t ) I < He Wt , t > 0

and IR (\ 0 ; V N ) l  < ~
-
~~~~

--
~
- with some constant ~l > 1. Equation

(4.14) in [10 , p. 91] g ives the estimate

I [R(
~o ;

~~~
) - R (A O ;

~~
)]z I Z < A

M I [ -
~~

]R(X o ;
~~ )zI z

for z E Z. Thus , for some constant N = N(T) we finally obtain

I [SN (t)~S(t)]R(X o ;~~1)
2zI z

~~~~~~~~~~~~~~~~~~~~~

+

+ I [~~
N
~~~1S(t)R(X )2 I 1

for all tE [0 ,T] and z E Z. In order to use this estimate

suppose that 4’ is a subset of ~~(~~ 2) such that for positive

cons tants v and p we have

, N = 1,2,... ,
N1
~ 

— - .- . - — - 5 -

- — — - ,:.,. ‘— : . . ‘ ‘~~. - ‘ ‘.  
- - - -  - ,,- . :r - — ~~~~~~~~~ . - M - -
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‘S .

I t i  .1 ii \ 4 . 1 o 1 4’ 1 I ’t ’ ~~ 1 1 4 .  i m t i m _ i t i ru mp i i  4,’’;

S ( ) - ~ f o r  a l l  t 10 , F~

ar i d

~ (t ) ~ ~~~ 
I t ’) ‘, ~~

‘ t o t ’  a l l  t ( L i , I - I

I h t r i  I or  t , I 4 , ) I  4’ 1 t lit ’ i t ’ O X  1 s t ’ . a c o i m s  t .i i i t v = ‘~
‘ ( :1  0

su c h t a

It ~~~t 1 S ( t ) l : !.  — ‘ ‘  , N = 1 ,2 ,...,
N

t o t ’ i l l  t t 10 , 1 1 —

l i i  t h e  c ,i ’e ~C t
’ sp 1 j i l t ’ ; n ( ’ I ’ r t ’x i ‘~r . n  t i o t is  ( w h i t cli are cotis i d e  r ed

I vi ‘~ec t ion 4 ) . i t m ‘z n o t  d i l l  i cult t o  I i rid ~1l l’ ‘- 1  t s • • i t id  
~ 1

s u c h  t h a t  .1 1 1 t i m e  i s  ‘~u i n ( ’  t i ot i s  g i i o n 4it’o~’ e i m o l  d and t h u s  t’o t m v e t ’ t~o ni t ’ t’

i -a t  e Cs t 1 C r  t es as men t 7 o1le~I a boi~~ j  y e  ‘b t a m ned . h e r  e \~ i l ’ C ( ’  it ’

~I 4 ,’ 1’ m i m e o t K ~ 2 t h e  — e 1 s

-, K - 
~~~ : 

k
I I1~ ~ (m 1) = I (l~~ -~ ) • 1 - U . I .... ,K

I h e n  (‘ o n  t he I u r st  o r ~ ie t ‘.p I t r i e s  d I ~ ui ~ so d in Sec I t o n  .2 m~ e m a i

o ho e  ~ e a nm~I “ udi r I e f o r  I he ~uI ’ i c sp  1 iii ’ s

~i i sc t i - ~ seth t h o v e  1% 0 m a y  I ake I a r id  . hIou ~ ever

ti m e y h i n m t ’ F t .. .1 1 u t ’ s u i t  s st roni~’ I i i t id I t , i  I 0 t h a t  I h o e St I C C I  t Os one

i~ C t  S ~ h i s  u~ , i v  .1 FO n o t  ski  rp  a t  ~i II - C~’rt a in i v  t h i  -. l’ l - o ’l’ 1 em

nit ’t ’ 1 “ . t I n t  t i l t ’ 1’ 1 f l i t ’ ‘~ I I t~~I I i t ’li

-

~

- - — - - - - - -~~~ -- -~~~ ~~~ ----



1 o

t i e  n e  x t t Ii  r n  t o  t h e  n o n l h o n ’ i ( C o o n ( ’ous  ~
m rob ! em arid dt’ I tie I~’ r

(‘i  , ~ 1 m n d  I I . ,

(3 .3)
+ J 5\ ( t ’ ) l ’ ~~( f ( ~~) , 014 ,1 ’ ,

~ 0 , N 1 , 2 , . . .

Theorem 5 . 2.

a )  b r ( ‘ i ,~~’)  .. : d f l,d I t ’2 , l oc  l\ i i i ~~

li n t :~
‘
( t ; ’ ’C , -~ , 1) = :(t;n ,~ ’ ,f) , t 0 , (3 .-I)

N ’’

vii i  i Io r u m l v fo r  t i n  bounded i f l t t -  r v a l  s

h i  For  an”  t1 
-‘ 0 t h e  l i m i t  i n  (3 . 4 )  i s un i fo m ” C ;

t u~ 1 1) , I and f in  b o u n d e d  s u b se t s  of

L2 (0 ,

c) If (1k) s a _ sc& 1uc ct  I~, (0, t 1 
. p h 1 conv o r c i nmo

weakl y to I’, then

1 un ( t  ; n f k ) = (t ; n , -~~ , f)
N ,k

vim i fo t rn J ,y f o r  t t 1(1 , t 1



1 1 0 4 , )  t .  ~~t c o u r ’ .~’ , ~~, i i  t a) i S 1 ct )t i’t’ qtiol i ce of p a r t  b )  . I m o t n

i heo 1-em 3 . 1 and s~ ( t  ) L ~ ~~~ I -  (‘or t ~ 0, ‘ ,l nI¼I

N 1 , 2 , . . .  i t  i s  c i o , n r t h a t  S

i

i t  ri ‘
~~~~ ( I )  ~ N 

( ‘ , :)  = S ( t ) ( n , ~)
N ’”

Cia  t t o  m l  “ t~o i- t [ ~l , 
i

b’o 11 o w  t r i g  1 2 J de I h i t ’ t i m e oj ’e  n’ a t o  r ( I  ) - ‘ : ,i ~j 4 ,1
1 ( t) :R t1 2 by  l N ( t ) ~ S

~ ( t tI’ ~ L o)) ar id  ~ ( t ) ~~
o R t ~ U . t h e n  i t i s  s h o m 4 ,  ni i n  1 2 , l e m m a 3 . 2 , t h a t

5 ’I or a n v  t ~ U , I (t ) - ‘ I (t ) as N -“ tim the vim t t o t n i u  or e  r a t o  r
( t

n o r m  arid ) H” ( 4 ,’ )  - ‘1’ (e) VJo 0 as N’ “. Thus  lot- t o ( t , t0

~ J 

[s N (t_ l ))14 N (f(,,) O ) —

~ f I 1.N (t - 
~~ 

- F (t - H I l l  (~ ) I  4,I~4
0

t 
S

~ { J
1 j~.N~,~ - 

~~~~~~~~~~~~~~~~~~~~~~~~

w h i c h  p r o v e s  p a r t  b )  of t h e  t lm oom- enn .

P a r t  c ) foil ows I i.orn t i i t ’ i n e qu a  i i t v

~~l: t ;n ,~ ,f~ : ( t ; n , ~~ , f k
1 I : ~~~ I t ;n ,~~,f

k) -



using part b) above and the fact that ~fk} is in a bounded

subset of L2 (0 ,t 1 ;R~ ) ,  and b) of Lemma 2 .4 .

kci~ark_ 3.4. Theorem 3.2 , part c), is of special im portance for

the ap.’ilication of our approximation results to optimal control

problems. See the discussion s i n  [21 and [3].

R e m a r k  3. 5. I f  we w r i t e  z N ( t ; n ,~~, f )  = (x N ( t ) , y N ( t ) ) ,  t > 0,

then (3.4) implies

urn xN (t) = x (t;n,~~,f)N-~~

u n i f o rm l y  for t E[0 ,t1~~, t1 > 0. This is clear by definition

of the norm in 1.

In order to obtain algorithms which can be imp lemented on a

com puter w e assume from now on that

dim zN = k N <~~ , N 1 ,2,...

Then z N ( t; n,~~,f )  given by (3.3) is the uni que solution of the

ordinary di f ferential equa t ion

= d
N N

(t) + P N ( f ( t )  , 0 ) ,  t > 0

( 3 .5)
z N ( o )  =

Nin Z



iv’

- - . - ‘-N ~N , .
~ e t i x  a ~‘ : t s i s  

~I , . . . , r k f o r  . Sin c e  (, i~~

u~e have = (~~~~ ( 0 )  ,~~~~ ) ,  j = 1 ,... ,k~~, w i t h  ~ l , 2 De t i n e

t h e  ii m atrix Iunct iorm ~~~~ by

- 
N N

— 

~~1’ ‘~ k ~N

and

~~~( : N ( Q ) ~~~N )

T i m e n  a n y  c :N’ can be written as

N ~N N .N N N s= = ( C —  ( 0 ) ~ ,~ a )

w h e r e  a N = ~~~~~~~~~~~~~ ) E R N is  t h e  c o o r d i n a t e  v e c t o r  of
N

with respect to the chosen basis. The matrix representation

of restricted to w i t h  r e s p e c t t o t h is b a s i s is de n o t e d

by A N , while w~ (t) and J~
NT
(t) = c o l ( F ~~( t ) , . . . , F~~~( t ) )  a r e

the coordinate vectors of the solution zN (t) of (3.5) and

PN (f(t) o) respectivel y . That is , :N (t) ~~~ w
N ( t )  and

P~
’ ( f ( t )  , 0) = ~~F

N (t). Then s y s t e m  (3.5) is e~~ ivalent to the

system

~ S N ( t )  = A N W N ( t )  + F N ( t ) ,  t > 0

(3 .ô)
N Nw (0 )  = w0
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w h o  ye ~ \ , \ N P ” (i 
~
‘). I t

’ ( t  w~~, 1 N 
de n o t e s t h e

so lu t i o n  of (.3 . ô ) , t h e n  by I boo t o m  3 . 2 we h a v e

“ S” ~~
‘ N’ NI i n  t’ ’ C~ 
‘ (t 

~‘~b ‘ 
) = (x ( t ; ‘ , -

~ , 1) , x
~~

(-
~ ~ 

1~N ’ ”

vim i t o  r’ - ’ lv on bounded t - i n t e  r c a  Is and vi m i formlv w ith respect to

f i n  b o u n d e d  su b s ’,’ t s  of i . 2 ( 0 , t 1 ;R ’t ) , t
1 

‘- 0. .\ccoriing to

R e m - i r k  3 . 5 se ;il so h a v e

i m m  . N’(o)l.N’(t ;w~~, 1~
’
) = x ( t  ; n , ,f)

N-- ”

uni loi ’::ilv in t ~ I U , t
1

1 , t 1 
N

In order to solve system (3.b )  on a c o m p u t e r , one mus t , of

c o u r s e , kn c ’c how to c o mp u t e  P N ( r l ,~~ ) am i d time m atrix AN . we

f i r s t  show how to  c o n m r u t c  t h e  c o o r d in a t e  v e c t o r  of ~N (~ , ~) for
-‘ ,N , - -(n , ~~) E ~ . Since i i s t h e  o r t h o g o n a l  P r o j e c t i o n  

~g t i m e

e l e m e n t PN (n ,n is uni quely determined li~ the ortilo~ onalit\-

r e l a t i o n s h ip  ( i n  )

{~~N (~~~~ ) - (n ,~~) }  i

T h i s is  e q u i v a le n t  to

~~~
N
a
N’ 

- 

~~~~~ 
~~~~~ = 0

-
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Q
NaN = h

N (n ,~~) (3.7)

whe r e

= ~N (0) T~~N (Q) + 

~~r 
~
N (o)T~

N (e)g(o)do

and

h N ( n , ~~) = ~N (~~~~) )  = ~N (Q)Tfl + 

~~r 
~
N (o)

T
~ (o)g(o)de

Thus , we see that in order to get the coordinate vector of

we have to solve (3.7). Note that (QN)l must exist

since P~’ (n ,~~) is uni quely determined by (n,~ ).

W i t h  respect to FN (t) we have h
N

( f ( t ) , O )  = ~
N(o)Tf ( t)

and therefore

QN F N Ct )  = ~
N (O) Tf ( t )

F i n a l l y ,  the matrix AN is calculated in the following manner.

For ~N = (~~
N (0)~~~ N ) E zN define aN E R

kN and 1
N 
~ R

kN by

= ~N N  and ~~N~N ~N1
N

Now , ~~~~~~ = ~~~~~~~~ = PN (L(~,N ) , DIl~
N
) In l i ght of the ca lcula-

tions given above we see that is the solution of

_____
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QN~ N = hN ( L ( ~~~ ) , D~~~).

But by linearity of the map (n ,~~) 
-~~ hN (n,~~) and L we have

that

h N ( L (C P N ) D~~~) = I
N (L(B N N

) (D~~ )ci
N
) 

C

N N= H a

w h e r e

= }~N ( J ( ~~N ) fl~~N )

( 3 . 8 )

= ~
N(o)TL(BN) + 

‘-r 
( 0 ) T~~~~~~ (0 ) g ( e ) d O .

Thu s , we ob tain

AN = (Q
N
)
-1 11N

Of cours e , on a compute r one never ac tually computes (QN)-l but

rather solves

QN1
N = 11N N  

(3.9)

directly in order to obtain =
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4. Spl ine a,pproxima tions

In this section we show that the general scheme g iven in

Section 3 cant be realized by choosing the as certain sub -

spaces of sp li ne func t ions . In order to keep the presentation

br ief we g ive the details only for first order splines .

Corresponding to the partition t~ = -j~- , j  = 0 ,. ..,N ,

of [ -r ,0} we define Z~ = (~~ (0)  ,~~~) E ~ ~ 
is a first ordei- spline

function with knots at t~~, j = 0 ,...,N). A first order spline

func tion ~ on [- r ,0] with knots at the ft~ } is s im p ly a

continuous function [-r ,0] which is linear on each subinterval

[t~~,t~~ 1J , j = 1,...,N. Let be the orthogonal projection

Zg 
-

~ and ~~~~~~ = P~~ciP~ , N = 1 ,2 ,...

Theorem 4.1. The approximation scheme ~~~~~~~~~~ sat isf ies

all conditions of Theorem 3.1 and dim = n (N-”l).

Proof. Conditions (i) and (ii) of Theorem 3.1 are trivially

satisfied. It is also clear that dim = n(N’r’l). For the

verific ation of condition (iii) we take k = 2. We fix r~

and put = P~5P. Le t then i~~ deno te the inter polat ing firs t

order sp line func tion defined by

= ~~~~~~~~ j = 0 ,... ,N.

Using the well known convergence properties of interpolat- 
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in g  sp lines (c f .  f o r  i n s t a n c e  [1- 1 , ‘l’him. 2. 5]) and the fact that

= m i n
N 

j
~- ’~ wc obtain i rnirne d ia te l v that

t~~t

, ‘m 
~~~~~~~~~~~~~~~~~ 

()( ) (‘1 . 1 )

as N -
~~ “. Thu s , c o n d i t i o n  ( i i i)  - (a) of T h e o r e m  3.1 is satis-

Ii eti (c I. a iso Remark 3 . 2) . ‘I ’hi e t h e o i - e n n i  i n  [ I ‘I J (uO t ed  a b ov e

also provides time estimate

JD (~~ -~~) 1 2

T h e r e f o r e

p D ( ~ N~~~) 17 ~~ I D ( q i ~~-~~) 1 2 
+ 11) (~, N~~~N ) L

( 1  . 2 )

< O( ~~) +

where lot- the second term on the ri ght-hand side we h a v e  u sed  t h e

Schm idt inequality for pol ynomials of degree one on each  of the

intervals [t~~, t ~j, j = 1 ,... ,N (cf. [i t , Thm .  I . S J ) .  We oh -

s e rve  t h a t  the  cons t an t  M in  t h i s  e s t i m a t e  is  not  d e p e n d e nt  on

N. Usin g

< J
~~~~I 2 + 1~,N~~~1 < O(~~ )

_



(note tha t I I I I -- t ’or  -~ 
C )  a l o n g  w i t i m  (4 . 2 )  . w e  obt a in

final Iv t h e  cst i nnt ate

f f l ( .~ N~~~) 1 2  O (~~ ) (4 .3)

as N ‘“ . ‘l’hi i s pt’o~’e 5 t h e  s e c o n d  ro q i t  i r e m e r i  t i i i  con d  i t  i o n  ( i i i ) - ( b

o f  ‘U h c o r e l C m  3 . 1 and it on I V roma I us to ye r I Iv th a t I L 
N ) ~, ( )

as N ‘

For Ii [ — m’ ,01 we have

N ( 0 )  = 4 N
(~~) + 

f (
~~~ N ) ( e ) d o

and hence

r(
,)

I ~~ 
( U )  - 4 ( 0 1 1 I ( 0 )  - 

~~
‘ ( O l (  + J I~ ~~~~

‘ ‘ 4’) (t i ) I
U

1 - ~ i~0 -‘

~ H-” ( 0 )  - 
~~

‘ (O)( + 1 0 1 / 

J I fl(4 ’ - 4’) (0)1 t I C ’
U

I ~ N 
( 0 )  - 

~~
‘ (0) I + r~~~

2 H ) ( 4 , N 
-

T h i s  e s t i m a t e  to’~ethe y w ith ( 4 . 1 )  and (-1.3) i m p )  ies

- ~‘ ( U )  1 ~ O(~~)

a s  N -
~~ =‘ , tin i foi-ni l v for 0 (-r , 0) . Tht’rcfor-e , I L ~~N 1 - L ( 4’  ) l  ~

o (~ ) (see flema x’k 3 . I) a n d  t lie proof of The or eimt 1 . I i s comp I e t e d .
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I . I . lI m e c~ t i m mr a t Os I i en a h o v e  r e v e a  I h at

a N N -“ l o r -  ‘ . Ba e~I er r  t ii i s e~ t i rr ta t e t hc n - a t  e o f

cenli 0 rgerr c e for t ) i nd  m c a t  H i t t  Romn a rk 3 . 3

I ~~~~~ (t 1, S ( t  )~ H

,r~ N =‘ , Io n’ in ‘‘
.

A d h e  r i ug to  t ho ~ e n m o ’ n -i 1 ou t  I in c  g i v on  m ii ~- e L ’ t i o n  S lo t’

r ep r e s e n t  ,it non oh sv s t cnn 3 .5) i n  i o ct  or m r t  n - i  x lot’n m , we u s e d  t hit ’

1 o 1 low i ng coo rd i na to n- ct’ ro seli t a t  I on ( ‘o r -  ou r -  minnie  r I c,n 1 t i  I cmi I a I i oni~
w i t  Ii I i  r s  t o r d e r  sp i m nos r e p o r t  ott  i n  S e ct  ion S ho low

I ,e t O~ , = (1 , . . . , N , olt ’n ot  e t he sca I a  r’ f li-s t o r d e r -  sp i i l ie

ft t ~~t- t i o n  on [ - t • 0 1 c ira n, i Ct 0t  i zoo !  by

(‘- ( t . ) = U S . . ,  i , i = 0....

he i n g  t he K r o n e c k e r  s v n n b o  I . ‘I heni t lie irma t r x ~- N 
i s g i v on  by

N N N
I’ = (O

~ )~~~
. . . , e~~1 t4 I

w h e r e  t~ don e  t os t h e  K romeo ’ k e n ’  p r ’oduc t a nid I i s t h O  ml ~ n

N - - Ni d e n t  m t V m a t  r m x . An ci om en t in - ‘  w r t It coo i’d 1 n a t e  i c  c t e r  a
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can be wri tten as

z = ~
N
a
N 

= 
~ (e~~(0),e~ )a~j=0 -~ ‘7 -~

N~~ n N N Nwhere the vectors a. e R are such that a = col (a0,. . . ,aN )- .
For the case where in = 1 in (2.2) (where we have g(O) 1),
simple calculation s yiel d

N 1 1

Q~~~~

for N = 2 ,3 , . . .  and

N ~N +H1 11 11 “12

where

A0 
+ D~ D~ A 1 

+

0 . . . 0
= 

:

I . . . 

- - I



11
e

1% i t  Ii
- N

mi n{t -

t o ,

J .\( ~C ) 0 ~
N ( o ) d~ - J \(tC )e \(~\ )l ~

C ,i
- - m - 

Nm ax  it • V
-7 + - I

.m noh

~ ( 1 —  — 0

~

lot- 

—

1- i ma 1 1 v I- ( t ) r s g i von  by

= )~~~~~~(0 ) 1 (’ ( t ) (~~~) ‘c o 1 ( l ( t ) , . . , 0 ) .

I t i s t h e  h a p p~ c I r - cmtimn s t .r nice tha t a Ii t he i d e a s  d ot  a i i  ed

ab o v e  fo r’ first o r d o  r 
~~ 

I i vies c a m’ r ’v o v e n ’  to  sp i i ties o t~ Ii i gher 0 r do  t

Fe r i n s t  ay e  t’ , in t h e  o ’ ;l so e I ctii ~ i c sp I i nes  one  ma x -  t .i ke k = -I i ni

o rol e i’ t o p rove a thee rommm ana I o g o m i s  t o  ‘1 lice rem 4 . I . I m i st o’ad of

T h e o r e m  _‘.S in (1 - l i m~e have to use i h e o r e n n m  (~ . i n

I t can he seen tima t ol viii ,~ 
= II (N+ 31 . Fe r t h e  c on s  t rue t ion o C a

has  i s o h ’ we t a k e  t h e  cub i c &Ie Boor sp lines (soc [1 4 • p .  3 1)

The m a t  r I x Q
~ is a ha noi  ~r a t i i  x II~ j s ~i ~ b a nd  111,1 t i - i x • w h i c h
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m~o sh a ll riot g i i c  he n-c ex p  I I c  i t !  v ( hut ! see I ~ fom ’ t he J e t  - i i i  s

m- cub i c sp I i vi es we oh t a in time e st r m a t  &‘

I ~~~ 
-
~~~

- 

~ I ~ O( -
~~)— N ’

as N -“ f o r  Q ~ . U s e  of t he es t i na t e s  i n  R en na  rk  3 . 3 w ii I

y ici~

- S ( t ) ~~I O(1
~~)

as N f or ~ i n  9k ” .

5. Examples

In  th  i s sect  ion , we d i  sct t s  s some of  t h e  ex a m p  I es we u~ ed

in computat ions in order to invest iga te ty l’ ical i’eatur ’os of the

sp l i n e  a p p r o x i m a t i o n s .  For c o mp a r i s o n , we a l s o  g i v e  t h e  r’ e ”~t n l t s  f o r

the so-called averag ing approximations which are discussed i n

2 1 and [ 3 ] . I n  the following, ice w r i t e  -\V , S 1 and  S 3

for the averaging , f i r s t  order  arid ct th ic  sp i i n c  a p p r o x  i mima t  i o ’ I l S

r e s p e c t  ive  1 y . E x a m p l e s  I , 2 and S fo r  AV and Si w e r e  cotnp u t eol

on t h e  I B M 3 6 0/ 67  a t  B r o w n  (in i i-er s i t  v , wh o r ea s  l l x am p  I es 3 , 4 ant i  S

fo r  S3 wet -c  run on t h e  U N I V A C  1 100  of t h e  R o c h e n z e n t  rum (~r a z  .

a re  g r a t e f u l  to I )r .  1) . R e h e r  and M r .  P . Rot  t e r  f o r  their assistance

w i t h  the  c a l c u l a t i o n s .  Ou t- ma in  i n t e r e s t  in Pert oi’m i ng t h e

c a l c u l a t  i o n s  was  to  d e n n o n s t  r i t e  t h a t  t h e  a l g o r i t h m  p r e s t ’n t e o l  i n

S e c t i o n  4 is  n u m e r i c a l l y  f e a s i b l e  ant i  t o  o b t a i n  i n l o r u r t  i o n  ab o u t

—— _ _ ~~~
_
~~~ 

— 
~~~~‘ 

— -—



‘C _)r-j t e~ o t~ cenry0~ n~gonc~s .1 r id • I c cu  r , n C i ’  0 1’ 
ap j~ r e x  i u .n  t i orr~ l i n e  r e  f o r e , t ir e

p rC~ ~~~~~~ ~~ t ’ ~ SO d iso N’ n o t  o p t  I inn I eoi m~ It re ~ floe I t o  c o I : I i ) n n  1 I~ i 
~ t i tire

~ o r ,n ~~0~ e t c  
\ N  s t z j -~,~~ l ies t ’or -  S o I  v i rig (3 . ) 

* ( 3 . ~)) a lI t ]  ( 3 . ( C )

h e  u s e d  s - i  m id ,n r01 ,n I g o t ’  i t  h m t i s I i k o ~~~ ss ia n e I I ill,i t I cut an d  f ’ou rt It
0 m J c  r R~ n 0  o -  ~ ~~ t ~

- 

N

1~ t he I a h I o s be I omc Wo i i S ~~s t u e i e 1 1 oic n r i g  n o t  ~i t n on . 
~

i s  O l l t ’ (~ ip ~ N’ \ i u .n t~~ v c i 1 O 5 t s
~~ lo r t he cc ’ uj , ~ r I son  b e I rt ~ ~ ‘ l o I e )  o f  t l i 0

~~~ f~ r o n c  es / (i~ ~) ~ ~ ( t ) I , j i 
~t • n~ be N’ ts ’~ ( ~ ) i s t im e

I i r s  se~~~~,1 t o n  J I ‘ te ~~ s ion ~ i n  t h e  so ~~~ i on~ icc or ’  ~ ~~ =

co I ( h ~~ ( t ) 
t ) ) o t  t ito ap p  ~~~~ i ma t I n t~ 01)1 ( 5~~~~’ I or~~ , ir i c0~ ( 

~ ~ ) i n  c ’n ~~ o f  \ V ar i d ~ i s  ti n e t r u 0 ’
so in t i Ou . Sj  ,‘~n Li t’ I i- , or  ~~ 5 t h e  aPI)?- C )J, ~ i at~ cho I Co I n  on
the d j  lfor ’11 0’05~ 

S

0)  ~ S\

)
~~~ 

~~ ;w ~~, i:~~ - x (t: - ‘ . , f ) 1  , i , . . .

~, he~ or  t ’ C ’ n’s ~~ t i t ~~~ ~~ or  S 
~ip I ) 1- o\  m in t , n  t i o n s  a i- c be i Hg 

~ i veri~1 ~ “ i ’ e~~~ h i  l i i i s C ,\ , i  ‘IJ) 1 c • ~ St  t i dy  t h i t’ o qnl ; i  t ion for- 
~n dan nrpe0i

O s c  i 1 I a  t o 1  h i t  hr tie I ~~~~ l’ os to n - I lo r c 0 s anhl cent s ta u t ox t e n - i1;1 1 lO 1’ C~

~(t) + 
~ ( t )  + x (t - j) 10 ,

w i t  it i, 1 i t  ~~ I co~~ i t le nt s

X ( U )  = e e c  0 , x ( 0 )  - S I H 0 , - 1  0 0.



the Si) I U t  I t ’ ll OIl t lit ,’ t i l t  C n a  I [ ‘~~ .21 n s i y o u  b~-

X ( t ) = ~~~~( t ) z -~ l ’  s i n i * lot + (11 1 +~~~~ s i n i - , co s l ) e

+ (sin I - ccc l ) s i n  t + (sin I co s  1 )  co s  t

i’er t ~, ( 0~ I i  aumol

x ( t )  = a ( t )  - - 2 s i n  1 cos  I + ~ I 0 s i n  I )  ( I  - 1)  - S (t -1 1

S - - ( t - 1 )
4’ ( - .- 4’ , 5111 1 - o’OS fle +

+ (10 + s i n  1 - C o ’ C S  I l ( t ~~l ) e ( t h 1  -
‘

+ ( S i  ti I - I ico s (t  - 1 ) + (1  c O S  I l s  i n  ( t - I )

for t , [1 ,2 1 .

For t h i  s o x a n t ’  1 o , the c a I cu Lit ions w e r e  c a ii I cii out for ‘tV

arid S1 . Tab les and , s h o w  th e ’  n u m o r  i o’a 1 r e s u l  t s f o r ’ x (t  ) a n d

~ 1, t ) . As is the ustia I p rat’ t ice . t im i s s e con d  t’r de  m’ e q u a t i o n  ms-a s con —

v e i ’t c t l  f o r  compu tat i~~n~i 1 p t l T p O st ’ S i n t o  a 2 2 sy stem of

f i r s t  o rde r ’  equa t i on s b r  t i i t’ u n k n o w n  f u ne  t i o n s  \ 
~ 

( t )  = x (, t ) ant i

x 2 ( t ) = ~ ( t ) . The resu 1 t s cI  ea t’ lv ShOl~ that t iie c o n v er g e n c e  I or

AV is like I ‘ N 1 
~~. w i t  Ii ~ a sm a l l  p o s i t  i y e  n u m b e r , i~h e m e , n s  Io n-

S1 it is like 1/N . A n i o t  h er ’ t vp ica I f e a t u r e  cxl i  lb  i t  ed 1w this

e x a m p l e  i s t ha t t he v o l  at i i c  cv N’ 1’ f or -  -‘tv i s i vie r ca s i rig much

t i c !  er w ith tim e (in this example for ,-~V the rel ,m t i v e  er r o l ’  f o r

- 
,~~~~.,, ~~~~ 
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I \ , L ” l fl 1 t ~~~~ , lit’ m 1’ Is O d c i  1 )s it It t Ito eqt t a  t i Ott It ’ r t lii ’ 0 sc i I I a t or is i t  ii

de l a v o d  oLim 1~ ng

x ( t )  + \ ( t - I )  4’ x (t) 1

w i~ ht m i t  r,i l d a t .n

x ( 0 )  S ( 0 )  0 I o r  2 v 1- 1 .01

liii ’ so I L i t  t e n t  o i t  [( 1 , 2 )  i s

x ( t )  = 1 — cos t f o r  t t, [ 0 , 1 1

,i  Ho!

x ( t )  = I - ce~ t + ( t -  I ) c e s ( t - 1 )  - s i n ~~t - l )  for  t t 1 1 , 2 1 .

\ . i  i n  , t he Ca 1 c nn 1 a t i oni s i~- er e  i lOl i C  f o r  ;\V a r id  . Fl i t ’ d a t  a g i i-eu

t n t F i b  I es S antI 4 dep let bchm,i v i or’ s in n ii a r to t ha t f o u n d  i n
I. X ;irnnp I c  1

- -

~ 
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L~i2J e_ 3 . IVe consid er a 2 - d i m e n sj o n ; i j  sy s t e r i n  d e s c r i b e d
by t h e  equat ion

0 1 0 0
~~( t )  = x ( t )  + x ( t - 1)

-1 0 0 -1

~c i t h  i n i t i a l  co n d i t i o n

x (11) = col (0,sjn 21n’i ) for C) 
~ [ - 1 , 0 ] .

The s o l u t i o n  on [0 , 2 ]  i s  g i v e n  b y

x1(t) 2 (-2~ sin t ÷ sin  2nt),
(2rt ) -1

x 2 ( t )  = k
1
(t)

for t E [0 ,1] and

x 1( t )  = 
~~~~~2 

sin t + s i n ( t - l )  - 
1 cos(t-l)

( 2 m m ) -1 (27 ’ ) -l

+ 
~~‘ ( t - 1) s i n ( t - l)  + 

1
2 cos 2lrtJ ,

(2~ ) -1

x 2
(-t ) =

for t E [1 ,2]. In Tables 5 and 6 we g ive the numerical results

fo r AV and S3. For AV we have convergence like l/N~
’
~~~,

c > 0 small. The data for cubic splines do not behave as regu1ar1~-

as the data for AV or as that for in the previou s examples.

A po s s i b l e ex p lanation for this is the more complicated structure

—
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l ie  i-c t he i n  i t  i a  1 ola t ar e  L U  t hi’ s i i t ’sp~t c c s  t’o r ~~~~
‘ h u t  n o t

f o r  53~ t i t u s  ice in i g h t  e x p e c t  t h a t  AV w i l l  i n i t i a l  Lv ( i ,e ,

(‘01’ t sma 1 1)  g i y e a he  t t e r  a pp rox  in t a  t i on t h a n  S . 1)ue t o t he

s i m p le  a1~~e b r a i c  s t r u c t u re  of  t h e  a p p r o x i m a t i n g  OI)E1 s i n  c a se  of

AV i t  i s  n o t  d i  f 1 I c  i t i t  t ~) p 1-0 VC t h a  t W O

1 im w~” (t) = c o t  ( 2  + ~- , 0 , 2 +

f o r  a l l  N = 1 ,2 , . . . . S o  f o r  AV ice a l s o  can  e x p e c t  a v e r y  good

app rox i m a t  ion of x , ( t ) f o r  t large. ‘I’lie e r r o r  fo t’ x ( t )

and x3 (t) shoul (l tend to as  t ‘ “ . T h a t  t h i s  i s  t r u e  i s

shown by t h e  n u m e  1-i i-a I d a t  a d i  SI )  I a ved  in Tab I es 7 , 8 and  9 . A ga I f l  
*

a character st IC feature of 5,. is that the error is n o t  in-

creasing in magnitude ( SI -er t h e  t imc ’ int et’va I u n d e r  cons  i d - - . r a t  i o n .

Note that S for N = 1 g i v e s  a b e t t e r  approximat ion of x 1 (t)

(‘o r  t ‘- I a n d  of x 3 (t) for t. 2 . ( )  t h a n  AV for N = 128 ,

W i t h  r e sp e c t  t o  x , ( t )  we can see that S 3 f o r  N = 4 g i v e s  a

better a p p r o x i m a t  i on  t h a n  AV f o r  N = 1 28  a r o u n d  t = 1 w h e r e

t lie t i’ue so! ii t i on  x ( t ) h a s  a j ump d i  scon t inn i t ~
- i n  t h e

dci’ i l - a t  ll’ C . T h a t  AV b e h a v e s  b e t t e r  f o r  t ‘- I - i a n d

t “ I + £ , o- some p o s i t i v e  n u m b e r , i s  elue t o  t h e  s p e c i f i c  c h o i c e

o t  t i ’e  i n i t i a l  d a t a .
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Table 8

— ,- ~32 ~64 ~128 8 16t X
2 t t) AV AV AV ~S,.

_ _ _  _ _ _ _ _  _ _ _ _ _  _ _ _ _  

3 -) 3

0 ,2  0,8 0 0 0 0.00947 0.00536 0.00230

0 .4 0.6 0.00001 0 0 0.01206 0.00352 0.00035

0 .6 0. .! 0.00017 0 0 0.00526 0 .00260 0.00202

0.8 0. 2 0.00881 0.00200 0.00020 0.0015 3 0.000 15 0.00 139

1.0 o 0.0703 1 0 .0498 0 0 .03524 0.02133 0.01895 0.00949

1.2 0 0.01375 0.00384 0.00056 0.01505 0 .00168 0.00001

1,4 0.00159 0.00009 0 0.01369 0.000 68 0.00094

1.6 0. 00012 0 0 0.00105 0.00078 0 .00208

1.8 0.00001 0 0.01148 0.00105 0.00193

2.0 0 0.00444 0 .00123 0 .00020

2.2 0.00635 0.00108 0.00173

2 .4  0.00521 0.00066 0.00202

2.6 0 .00205 0.00019 0.00073

2.8 0 .00407 0.00021 0.00084

3.0 0 0 0 0 0.00039 0.00051 0.00119 
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