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SPECTRAL ESTIMATES OF BAND-LIMITED SIGNALS

L. INTRODUCTION

A central problem in the theory of stationary time series is to estimate the spectrum of
a stationary process N(f) when the given data consist of samples of s(t) — f(¢) + N(t), where
[ 1s a deterministic trend of known functional form. In this paper we shall consider the
dual problem: the functional form of £(¢) 1s unknown, the second-order statistics of N(¢) are
known, and the problem is to estimate the spectrum of f(¢). The signals f(¢) will be assumed
to be band-limited functions having continuous Fourier transforms f(r) which vanish for
[l = W. Such signals are pulse-like, and the amount of useful information contained in an
observation time window depends as much on the position of the window as it does on its
length. Accurate spectral estimation requires that the observation time window capture a
significant portion of the signal energy. Y

We shall find that when the data are sampled at the Nyquist rate 2W | consistent spec-
tral estimators do not exist, in the sense that infinitely accurate estimates cannot be
obtained from infinitely long data records. For signals with effective time duration 7', and
signal-to-noise power ratio (S/N), most of the useful information is contained in a time
window of length N /(2W), where N, (1/n)\/‘(‘2\"'1“,)3(8,’.\7). For any lincar spectral
estimator there exist signals whose corresponding spectral estimates have relative mean
square errors on the order of 1/N . and absolute mean square errors which are almost as
large as the largest produced by the conventional transform with N, data points.

If the data are sampled at a rate higher than 2W, longer time windows can be effec-
tively used, and the conventional Fourier transform provides a consistent spectral estimator
as the data rate increases without bound. If, however, the time window is fixed, consistent
linear spectral estimators do not exist. Hence, to summarize, consistent linear spectral
estimators exist only if both the data rate and the length of the time window increase
without bound.

The problem of spectral estimation is essentially different from the problem of spectral
peak detection and location, and henee our pessimistic results concerning the former do not
preclude the possibility of high-resolution (supergain) spectral peak detectors, such as have
been recently proposed for band-limited signals [1,2,3,4]. However, improved resolution
necessarily results in a decrease in accuracy and detectability, and we hope to discuss this
matter in subsequent papers.

Manusernipt submitted Aprl 16, 1979
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2. DEFINITIONS
2.1 The Class H(W)
Let H(W) be the class of complex-valued band-limited functions /- f(t) whose Fourier

transforms [ = f(v) are continuous, vanish for /| * W, and have L7 denvatives defined almost
everywhere. Then

+W

f(t) = ]f(r)v.\'pl2m’vl|dv. (1)
W
+00

fv) = ][(!)vxp['Zthldt. (2)

The functions [ of class H(W) are pulse-like in the sense that [f(t)| » 0 as [t| o0 (a conse-
quence of the Riemann-Lebesque Lemma), and hence this class does not contain the
sinusoidal functions whose spectra are delta functions (line spectra).

We follow the standard terminology of radar and communications theory [5,6] in
defining the signal energy E = E(f), mean time ¢t = {(f), and effective time duration
T, = T.(f) by

+o0 W
E = Iu‘(m?dt ]If(x')|2dv, (3)
0O W
+00
U= (1/F) ltl[(l)l'“’dt, (1)
400
T2 = (4n%/E) ‘(r DI de. (5)
We define a moment M, = M, (f) by
$LO + W
M, = 4n® ]r'-’sfun‘l(n I ') 2w, (6)

GO 1
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and we have the fundamental inequalities

W ML) ‘1 sinZ(2aWe) |

IfeN? < ——= — ¢ (7)
2x2e2 | (2aWe)?
R L ‘ :
If(r)= = Z WML, (8)
These two inequalities will be proved in Section 5.3, and they will be shown to be the
sharpest possible on H(W). The time-bandwidth product 2WT . will appear frequently
in our subsequent discussion, and we have the following “uncertainty relation™
SWT, 2, (9)

which can be shown to be the sharpest possible inequality of this type for ().

Remarke (1), In radar and communications theory, one has the uncertainty relation
|6, p. 471

Hr’l", > T,
where the effective bandwidth B is defined by
B2 = (47% |E) I(r P If ) Rd,
with
v = (1 F)waf(rn%na
Using elementary inequalities one can easily show that on /H(R)

|Vl < W, B <2zW.

2.2 The Error Functions ()2, I{z(f). and “(2,'

When the data are unperturbed by noise, /(1) will be estimated by discrete transforms
of the type

F.w)= 2. 0,1(t,),
and we shall derive inequalities of the type

fay £ = My(nQEe. L4, (11)
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where Q7 . QY (v, .. P Yas a certan explict function of the frequency ¢, the sample
pont set £ = {1y, to,.., ty J.and the weights < {3), Ba..., Jy }. These inequalities are
sharp in the sense th.u fnr every given set of values for ¢ t',,) there exists a function

7 HOW) for which the inequality (11) becomes an equahity. Hence the function Q2
can be mterpreted as the largest possible squared error in f () (when noise 1s absent)
normahized by the moment M,

Suppose now that the data are perturbed by additive white noise N(¢) with zero mean.
The data consist of samples of s(¢) = £(£) + N(t), and the problem 1s to estimate f(l ) by sums
of the type X B, st ). This estimate has mean and bias equal to / () and [f(n ) / (],
respectively, where f has the same meanmny as before. The vanance s nulcpondvnt of f and
15 given by

\'ununcv?,ﬁ,s(l“ )& o2Lig, 12, (12)
whvrn- 0% = & LIN()I?]. I-ur any £ H(W), the mean square ervor in the spectral estimate
8, s(t,,) 1s given by R2(/) = (bas)? + varanc e, or

RN = - fon 1* 40y 8, (13)

We define I\:': sup LR, where the supremum is taken over the set of all [ HW)
having a given value of M, Then from the sharpness of the mequahty (11), we have

R2 =M, Q*w,. T ) + 0®xi8, 1%, (14)

n

and for every ¢ 0 there exist £ in H(W) for which h"'(/b > I\';‘: C.

2.3 The Conventional and Tapered Transforms

Exphicit formulas for Q% (v, ¢, ) for arbitrary values of ., £, and Jwill be derived in
Section O, For our present pur;nm s we only need llu- rv~ull fnr the case when the data

are equispaced and the weights Jare conventional; e, ) a = €, Where
. 9 » I
€y = A v\pl_nul”l (o)
. 9 ) > », ' . .
and At s the data-pont spacing. We write Q2 for @~ (1, £, ¢) and N, for the number of
sample pomts. When the sample point set (¢, ) is given h\ f, - n2W), where n varies over

a set of integersyn: =N =n ~ N} then N, = 2N+1_and ut lums out that Q7w widependent
of v and s closely approximated by

QR ~ 2w (n” N (16)

(The accuracy of this approximation increases with increasing N and at \ < Ats withan
3% of the true value.)

For u\vn values of ¢ and ¢ “there exists a umgque set of weights 0 S, 0 whaeh
minimizes Q7 (r, ,M. and hence maight be said to be optimal m the absence of nowse. These
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weights will hereafter be called the “tapered” weights because they vanish at v = + W (a
reflection of the fact that f(+ W) = 0 for all f in FH( W)) The tapered weights are denoted by
the symbol b, and f()r case of notation we wrlt(- Q, for Q2 (v, t, b(v, 1)) Formulas for b are
given in Section 5.5. Figure 1 shows (),,/Q as a function of v/W for N = 5, 11, 21. This
mtm ls an even function of v/W and the curves are only plotted fnr v/W = (. Note that
Q,,/Q“ =0atv="* W, but the plunge to zero is very rapid, and (),,/Q' 0 9 over most of
the frequency range. \lso the portion of the frequency range at which ()b/Q( >~ 1 increases
as N increases.

N, &
: Ng =11
"W
=
L
0.5~
= -
| eSS Iy SR SR (R ) B ey viw 0 Tl b C i
0 01 02 03 04 05 06 07 08 09 10 0 01 02 03 04 05 06 07 08 09 10

Fig. 1 - Q2/Q% vs v/W
Let V., V, denote the variances of the spectral estimates X c , 8(t,)and T 5" s(t,,),
and let 't} be as before. Then le,| = 1/(2W), and from Eq. (12) wo have
V. =02 N /(4W?). (7

The ratio V, /V,. turns out to be an even functicn of /W, and referring to Fig. 2 we note
the following:

(i) The plunge to zero at v = + W is again very rapid, and Vy,/V. = 1 over most of the
frequency range.

(ii) The peak value of V;/V, decreases slowly with increasing N, and the peak loca- 1
tions converge to v = + Was N ~ o

(iii) In Figs. 1 and 2 there is a close but not exact correspondence between the peaks
of one curve and the dips of the other.
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N, -1
N, 5
15 \ ’ 1A
f \\
/ N, -2
/ / g
10~ i T \[ 10 ——
b
-
-
0s 05
] - L L L Rmmand S T [+ s ST JEINS W 5 1 k L L i L..
O 01 02 03 04 05 06 07 08 09 10 0 0 02 03 04 05 06 07 08 09 10

Fig. 2 V, /V_vsa/W
® 2

3. SAMPLING AT THE XYQUINT RATE
3.1 Preliminaries

Throughout this section it will always be assumed that the sample pomnt set {1 is given
by £, = n/(2W), where the integer n varies over the set (e =N = n = N As before, Nowill
denote the number of samples (= 2V + 1), and 7" will denote the length of the time window.
Hence N~ 2W T and the time window is [-T/2, T2].

In particular, when we later consider the effects of expanding the time window, it 1s
to be understood that the time window is to be prolonged in both directions. This is
important, for this 1s a necessary condition for h‘:’: to converge to its mfimum as ' » oo,
where the infimum is taken over the set of all lincar spectral estimates X 3, s(2, ). The proof
of this statement is tedious and will not be given: however, 1t 1s easy to see why it must be
true because of the pulse like nature of the functions of class H(W).
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3.2 The Parameter N

We now assume that notse is present and that the conventional Fourier transform s
used (4, ¢, ) Then from Egs. (1) and (17) and the approxmmation (16) we have

WM, 0N,
R? = — 4 : (18)
TN e

N

Hence R s a convex function of N and its munmmum value s artamned at Noo- N where
v aur %
BW= M, | ™

N_ (1

For functions / satistyig (/) 0, Eq. (5) vields M, I‘P and we have

1y

N_=(1/m) | 2WT, S| . (200

where the signal to noise power ratio s defined by

tame  averaged signal power

(SIN) 5 OF
average noise dower
EIT,
(S \) (21)
(‘I"

Ihe number N has another interesting property. When ¢ 1s an integral multiple of
1 (2W), from Eq. (7) we have

S W\,
= s —

2r=t°

and henee any 7 i HW) eventually becornes buried i noise: ve there exists a number '
such that

A < 0 when it T,
Recalling that the data time window s ¢ 20 7 2] s casy to venfy that the condition
N = N s equivalent to the condittion 72 T

N ‘

Although h‘;': becomes an increasing function of N when N0~ N Jwe cannot assume
that the same s true for K7 for any particudar £ However, it can be shown that for any
m HW)Y, B2 () eventually becomes an mereasing function of N and using some gross
estimates this can be shown to be the case when N \‘\ l'o prove this result, we consider
the variation of the right hand side of Eqo (13) when the value of N s mereased by unity
The first term /(1) /"U‘\ 2 can change by no move than s largest possible value, viz

¢
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M, (,)' = (2WM,)/(n* N ). Also, the second term changes (exac tly) by lhv .mmunt
)'-/( AW2), Hence the mt change must be positive when N; - 8W ‘\! Nr2o?)

3.3 Nonexistence of Consistent Estimators

In the last p.ll“lg‘r.lph we saw that when the conventional Fourier lr.lmfnrm 1s used
the error function h" eventually becomes an ine rm\nu., function of N;as N, » . For cach
value of N we shall now choose a set of weights § which is “optimal ™ m tln- sense that at
minimizes thv right-hand side of Eq. (14) for given values of M, and 02 . These weghts wall

be called “*o-optimal,” and when they are used, R becomes a monotonically decreasing
function of N.. We define

A % 5
RZ = lim RS (22
Ny oo

and from the definitions it is evident that

> 2 .!t D
R lnf?l o (23
where the infimum is taken over the set of a/l linear spectral estimates. Hence, for any

linear spectral estimate X §,5(¢,) and for any 8 > 0 there exist func tions /i H(W)
satisfying

R2(f) > R2,

S,
The calculation of R 1, will be deseribed in Section 5.5, It turns out that

A cosh® [aN /2] - cosh® (AN v /(2W)]
RZ - WM, v : 21
3 (7N /2) sinh N

9
It follows that B, ™ 0, except when v~ ¢ W, Hene e, consistent spectral estimators do not

exist when the notse 1s white and the data are sampled at the Nyquist rate

3.4 Conclusions
We shall now consider some consequences of Eq. (20, For notational ease we set

u=uaN_12, o« =pW,.

. (=
Then
o | cosh®u - cosh® au
RS, = WM

o) o : . (HQ;)
= u sih 2u

)
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Let X, denote the value of R? when the conventional transform is used and N, = N,.. From
Fqgs. (18) and (19) we get

2M, 0% | %
X, = . : (27)
W

and therefore

o cosh? u - cosh? au
RZ /X . =(7w/2) _ - - = (28)
§ sinh 2u

When v is close to * Wit is not unreasonable to compare R2, with the “trivial” estimate
f(v)= 0. This estimate has no variance, and its mean square error X is given by the right-
hand side of the (sharp) inequality (8). Hence,

B2 X 2 cosh? u- cosh? au
iy = 2 u sinh 2u

(29)

The right-hand side of Eq. (28) attains its largest value when a = 0, where it equals
(m/4)tanh u, and referring to Egs. (9) and (20) one can easily verify that tanh 1« ~ 1 when
(S/N) = 1.

The ratio Ri)/.\’(. decreases monotonically as u increases (i.e. the conventional Fourier
transform improves as N increases). When v = 0.9 and N, = 1, the ratio is 0.21. This means
that for any linear spectral estimate there exist functions f in H(W) for which R2(f) exceeds
one-fifth the largest mean-square error produced by a conventional one-point transform
(which occurs at some function different from f).

We now examine the right-hand side of Eq. (29). This ratio converges to unity as
v+ *W_ and its minimum value is attained at v = 0, where it equals (1/u) tanh w~ 1/, =
2/(7N,). We therefore draw the following conclusions:

Conclusion 1.

When the data are sampled at the Nyquist rate, every linear spectral estimator produces
mean square errors having the same order of magnitude as the largest produced by a conven-
tional Fourier transform with N data points, except near v = ¢ W, where the errors have the
same order of magnitude as those produced by the trivial estimate f(r) — 0.

The ratio Ri/.\’” can also be interpreted as a bound on the relative errors R2(/)/If()|2.
For there exist f for which R2(f) > Rgo, and for any f we have If(r)? < X, since X, isthe

right-hand side of Eq. (8). Hence, there are always [ for which R2(f)/|f(r)|2 exceeds I\’EO/.\'” .
and we are led to the following:

i i i
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|
Conclusion 2. |

When the data are sampled at the Nyquist rate, every linear spectral estimator produces
relative mean square errors which are on the order of 1/N,. near v = 0 and unity near v = + W. 1
TR Q : i
4. OVERSAMPLING 3
-

4.1 The Case of Variable T

In this section we consider the effects of oversampling. That is, we now suppose that 1
functions of class H(W) are sampled at a rate 2k W, k>>1. As before, we assume that the time 4

window is of the form [-T/2, T/2], so that the window is prolonged in both directions when

T'is increased. We also assume that the noise remains white, which is usually the

ase for
receiver and thermal noise.

The results of Section 3 are based on certain closed-form expressions for Qj and R2,
which are derived in Section 5 for the case of sampling at the Nyquist rate. These deriva-
tions require the closed-form inversion of certain matrices, which, unfortunately, we have
been unable to effect for the case of oversampling. Hence we are presently unable to give a
quantitative description of how much useful information is contained in a fixed time window
when the data rate is increased without bound. However, it can be shown that consistent
spectral estimators exist only if both the data rate 2k W and the length T of the time window
are allowed to increase without bound. Results of this type are apparently known, and our
discussion will be brief. (Cf. the discussion in Section B.1 of Blackman and Tukey [7] which
suggests the existence of results of this nature.)

The class H(W) can be considered as a subset of H(RW), and error bounds can be
obtained by replacing each occurrence of W with W in the formulas of Section 3. The
error bounds thus obtained are sharp for the class H(k W), but are not sharp for the class
H(W), and we shall refer to this method as the “inexact’” method.

Recall that the error function R2 of the conventional transform attains its minimum
value X, when N = N, or equivalently, when T = N./(2W). One effect of increasing the
data rate is to increase the value of N, and hence permit the use of longer data records. For
by applying the inexact method to Eq. (19), we see that N, increases by a factor of k3/2
when W is replaced with kW. Moreover, from Eq. (27), X, decreases by the factor 10\/k.
Hence, conventional transform provides a consistent spectral estimator if the length of the

time window is increased by a factor of \/k when the sampled rate is increased to 2k W
and k> oo,

4.2 The Case of Fixed T

We shall now suppose that T is fixed, and show that consistent spectral estimators
do not exist when &+ . The proof uses Shannon’s Sampling Theorem, according to
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which every band-limited function f whose Fourier transform is of class L2 has the
: representation
+oo
~osin [m(n-2WH)| )
f(t) = l, —— , (30)
[m(n 2Wt)]
n=-oo
where we set f, = f[n/(2W)]. The bi-infinite sequencel f, | belongs to the class lg; ies,
o lng
2, Lt =,
OO
Foreach k 1 the data s(t) = n(t) + N(t) are sampled in the window [ T/2, T/2] at
the points t = n/(2kW), where the integers n are bounded by
nj = N, = integral part of (kWT).
Let (k) = :p‘;lk).\ v N = n = Ny ) be a weight vector which produces the spectral estimate
z m:“s [n/(2kW)]. We shall suppose that the ff”‘" can be chosen to make the mean square
error converge to zero as k> oo and derive a contradiction. Setting ¢ = n/(2kW) in Eq. (30)
we get the formal result
Nk Nk NI.'
m R " S m )
[N g ' pEIN : (31)
i 2kW i 2kW il 2kW
m=-N, m Nk m Nh
Using Eq. (30), the first sum of the right-hand side can be expressed as an infinite series
mvolving the functional values {,, fIn/(2W)], and this series can castly be shown to
converge if the weight vectors § (%) are chosen to make the mean error converge to zero
as & > oo The second sum can be expressed as a finite linear combination of the values
N(""l t/(2W) ], where the noise process NEY(¢) = N(t/k) is assumed to be white. Henee every
estimator of type (31) is a linear combination of functional values of [ and white noise
spaced at At - 1/(2W), and therefore, from the results of the previous section, cannot he
consistent.
5. MATHEMATICAL DERIVATIONS
5.1 General Theory
We first consider the noise-free case, and deseribe the mathematical tools used in the
calculation of the error function (.)'j'. !{vf:-rrmp to Eq. (10) for notation, it is now conveniont
to define the function Q2 = Q2 (v, t, ff) by
g Y- f®
Q* sup\ _/f, ‘ (32)
PR Tk \
1
¢

.
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where [ [[ s a norm defined ona thilbert function space M, and the supremum is taken
over all / belonging to H. Henee

) = £, < 12 Q3. 1, ), (33)
and from Hilbert space generalities this inequality is sharp. We shall subsequently take
o HEOWY and (717 Mo, so that the sharpness of Eq. (33) implies that Eq. (11) s

sharp, but we shall first discuss the theory in more genceral terms,

In order tor the vight-hand side of Eq. (32) to be finite, it is necessary that the norm
{1 satisfy the following two conditions:

Condition 1. For each ¢, the evaluation map / /(1) 1s continuous with respect to ({1,
and

Condition 2. Fov each v, the map [/ f(11) is continuous.
thibert function spaces H satisfymg Condition 1 are called reproducing kernel Hilbert
spaces [ 8], and for such spaces the Riesz Representation Theorem guarantees the existence
of functions K, K (s) satis{y iy
) (K, torall fin H, (34

where (+.7) denotes the maner product corresponding to the norm [+ /1. The Hermitian
matrix

Ks) (K, K)) (35)

18 called the reproducag Kernel. Similarly, when Condition 2 s satisfied there exist
functions e, e (0w M detined by

Fey =t e,). (36)
We can now write Fqg. (32) v the form
QR = sup .
£ A If1i* \

and from Schwarz's weguality af follows that
o vy " o o™
(N ¢ = K. HI*. (37)
Letting =+« = denote the standard imner product on CV and expanding Fq. (37), we get

> .
o 3
)

Q=< KB F>-<hI>- <TF>+ e (38)

12
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where the matrix K = K(_t') and the vector J= .—l)(u, ?) are defined by

Il m

= (K, K, ) =K, (t,), (39a)
e Ky ) =e,(t,). (39b)

Equations (38) and (39) are the basic equations of this theory, and from them we see
that the error function Q2 is a nonhomogonoous polynomial in 3 With a little calculus it is
easy to show that the “optimum” value of Ewhuh minimizes Q2 is given by 3‘ b, where
b =b(v,t)isgiven by

b=K1J (40)

The corresponding minimum value of @2 is denoted by Qg, and substituting Eq. (40) into
Eq. (38) we get

Q2 = lle,i2 - <K 14,0 >=lel? - <b,d>. (41)

When H = H(W) the weight vectors b are the tapered weights discussed in Section 2.
We shall later see that o-optimal weights used in calculation of REO are obtained by inverting
the matrix K + (02 /M,)I.

5.2 The Space H(W)

It is well known that the ordinary L2 norm satisfies Condition 1 on the class of band-
limited functions f having the representation (1), and for a neat account of the L2 theory
of linear operators, we refer the reader to Ref. 9. However, it is a standard exercise to show
that the L2 norm does not satisfy Condition 2, and we therefore define an inner product
(*,*) and corresponding norm ||+ || by

+W et
(f.8) = j Df(v) - Dg(v) dv, W12 = (£, (42)
-W

where D denotes the differentiation operator. From Eq. (6) we have

A2 = My(f). (43)

Let (‘fo (W) denote thv class of band-limited functions f = f(t) whose Fourier trans-
forms f f(v) are of class C™ and vanish for [v[> W. It is now convenient to define H(W) as
the completion of (',, (W) with respect to the norm |[*[[. For smooth functions f = f(r) we
have

v,

/:(”1) fry) = j Df (v) dv;

13
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hence, from Schwarz’s inequality we have

I/'U'Il /'(l'”)i“ s il'l l'nl [ Df ()] = i

and therefore

’

1Fwy) = Fwgl < Tv, = vyl NIFI

From this inequality it is easily shown that the norm ||+|| satisfies Conditions 1 and 2, and
that the transforms f of functions / in H(W) are absolutely continuous and vanish at the end
points ¥ =+ W. The transforms f need not be differentiable at every point, and if the trans-
forms /, & which appear in Eq. (42) are piccewise smooth, then one can evaluate the integral
by integrating on cach piece and taking the sum. More generally, one can replace £, g by the
appropriate Cauchy sequences in (W) and take the lmit as n o+ oo,

Remark 2. Function spaces whose norms incorporate LP norms of kth order derivatives are
called Sobolev spaces, and are generally denoted by the symbols £ Pow g and Hy for the

case p = 2. They are currently much in use in differential equations and in the caleulus of

variations, and we refer the reader to Refs. 10, 11, and 12 for the linear theory and to

Ref. 13 for the nonlinear theory. Condition 2 for the norm of H(W) is a particular example

of Sobolev Embedding Theorem. Soboley space techniques have also been used by Sobolev

and his students in studies of efficient numerical quadrature (cubature) on high-dimensional

manifolds, and we refer the reader to the expository paper by Haber [14] for an account

of this subject.

5.3 Basic Formulas For (W)

When H = H(W), the functions Q% = Q2 (v, (: ﬁ') can be computed for general v, t: ﬁ’h_y
means of Eqgs. (38), (39), and the following identities:

1 sin] 27W(t - ) sin(27Ws)sin(2aWt)
K (1) - \ sin| ( $)) ( \‘) (" € w8, L s -t #0), (44a)
% A ) st(t —s) 2nW s=t=
\ sinZ(2nWt) l
K, (1) e 2nWt . (t #0), (44b)
! 4nd 3 I 2nWt \
Ky(t) = K,0) = 3.3 %sin(i!n“'!) (27rll't)cns(27r|l't)l X o+ 0), (14¢)
dn 't f
2.3
K,(0) = 3 W, (44d)
14
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et = an?e? {.-2""" cos(2nWt) (u'/W)sln(:ZnWl)} ., (t7£0), (45a)
nets

e, (0) = (1/2) (W 0%y, (45b)

e 2 = (W2 - vy 2wW). (45¢)

When the data are sampled at the Nyquist rate 2W, t, = n/(2W), and Eqgs. (39) specialize to

Kmnn 0, m#sn,m#0,n+¢0),
K = 2wy n"!m?). m £ 0),
4 mm ( ( ( ) (6
Ko = 1 D" WSy ntm?), (m #0),
K, = (2/3)W5,
-
4, IW"!/(ﬂz'n"')l lexpmimie /W) ~31"1, (m # 0),
o Bl ('7'
J,= (12 W),
e I = (W2 - p?)/2W). (48)

Remark 3. The basic inequalities (7) and (8) are direct consequences of Eqgs. (44b) and
(450). For, using the Schwarz inequality we get

9

LN = WCKDP <12 UK N2 = 712 K (o,
@I = 1) P <02 fe, 12,

Proofs. Integrating Eq. (34) by parts we obtain

W
(o = Ky = [ for s DR, dv
.

-

Hence, comparing this equation with Eq. (1) we see that K', K (1) 1s the solution to

{ DK, () = exp| 2mint]; K (W)= K (W) n}.

15
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(The boundary conditions );',( * W) = 0 are required because K, belongs to the class H(W),
whose transforms vanish at the endpoints v = + W.) Hence, for t # 0 we have

8 1 e
I\"(l') = :11;3!"’ ‘ e~ 2mivt cos(2nWt) + (w/W)sin(erWl)} .
(49)
, Ko = (1/2)(W* - %),
To obtain Egs. (44), compute K (t) = (I(',, R,) directly from Egs. (42) and (49).
To obtain Egs. (45), we have
) = (e K) = (Kpe,) = K,
and we use Eq. (49). It is interesting to note that ?',;”(v) is piecewise smooth, with
e, () = [1/2W)] {(W? %) = w-v )Whw-v,) + v ), (50)
where h is the Heaviside function, h(») = sign (»).
5.4 Derivation of Formulas for Qf
Let the data-point set {t"} be given by t,, = n/(2W) where n varies over the set of
Ng=(2N +1) integors{n: =N = n < N{. The conventional weights are given by Pe=c.
where
g, . (1/2W) exp (minv/W), (51)
and by direct substitution into Eqs. (38), (46), (47), and (48) we get
N D
Q2 = w2 - @H Y amdl. (52)
T |
| We shall have occasion to use the identities
(& o}
" 1
E L—E‘Li"—"t = 722-t- =), O0<t<1, (53a)
n 6
1
- - ont/y + exp 2m(1 - t
exp 2mint _ T oexp mt/y + exp 2m( )/‘7‘ (53b)
1+ 72 n? Y exp 2m/y - 1
—00

16
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whose proofs consist in verifying that the left-hand sides are the Fourier series of the right-
hand sides. Setting t = 0 in Eq. (53a) we get the well known identity ?(1 /n?) =1/6. Hence,

QZ = Wim?) 2 (1n?),

N+1
and Eq. (16) is obtained using the approximation
=y dx 1 2
E (1/n?%) ~ — = =
x2 N+1 N,

N+1 +1

5.5 Derivation of Formulas for R2,

We shall now sketch the calculation of the g-optimal weights defined in Section 3.3.
These are the weights that minimize Rg for given values of M, and 02, and referring to
Eq. (14) we see that the tapered weights (defined in Section 2.3) are obtained by setting
o = 0. We shall assume t,, = n/(2W) where n varies over a set L of integers, and that the
integer 0 belongs to this set. (However, the set is not assumed to be symmetric about 0.)

Referring to Eqs. (14) and (38), we have

a2

R3IMy = <(K+ 3=DB,6> - <f,7> - <I,B> + lle,II%
2

Hence the minimum occurs when (K + (02//112) 1) {T= j:and from Eq. (46) this equation
reduces to the system

g
ol
Kmo BO A (Kmm 2 1_‘_[_2 )B"l : J’ll’ ('" ‘to)'

02 ¥
(Koo 5 A—I;)BO + ‘\"Ll\nnﬁn =Jn‘

where ‘..‘1" denotes summation over the nonzero integers n in L. The solution is readily 1
obtained by solving first for §,, and then for B, - Let the quantities a, a, A, B, C be defined
by

(54)

17
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I

! A 1-at 1 2: 1 (- 1)Y'cosmna
P 2 n? ! n(1vatatn?y
l

1 = 1

B (= +a%) ~ E = : — (H5)
3 ne 1 n*{l ¥+ a*w*n*)

]‘ ¢ Wi

. 1 ( D"sinmna

I ( o o 3 9 g "

! m #5(1 Y a*n nt)

L

Then the o-optimal weights J§ are given by

") (A 1C)/(2WB),

(56)
"‘n R 1§ g (p‘:, oW 8
and the corresponding minimum value of R f 1s given by
2 ' \ ‘.‘ : ('2 ( R
1\0 W "2 )\ 2” \ (-\l)

lhe value of R " s computed according to Eq. (22), and therefore cach of the sums in
Eqs. (55) becomes an nfinite series: 1= Eoco* En>e- Then C = 0, and each of the
mfinite series in the expressions for A and B 15 decomposed mto the sum of two infinite
series by means of the dentity

o N
1 1 a“n*~
) 9 9 9 o 2 a9 9 *
n ¢l +* a*n*n*) n® 1 +@*x*n*

Closed-form expressions for the resulting series are then obtamed by means of Eq. (53b).

As already mentioned, expressions for the tapered weghts are obtaimed from Eq. (56)
= \ . o
by settinga = 0 in Eq. (55), and the nght-hand side of Eq. (57) then represents WoQj

Finally, in the derivations we have assumed that the data-pomnt set contains zero. When
this is not the case, K is a diagonal matrix and the derwvations are even simpler. In particular,

we get

R’ WM, A
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