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SPI-:t ~”I ’lt ~ l. I’ S’l’I\IA’l’l- S UI-’ u.~x u-ii~ i i’l’i:i ) Sl(.N.~~l.S

1 . IN’I’R( H)( ‘(“ l’R )N

.\ t - t ’ i i t r a )  pri~lslt ’ i is i i i  tb, t Iss-or ~’ t i f  st~itiI) iiarv (liii,’ .‘,I’ i i I ’ T  i’ , ( I I  ( ‘St iiii I((’ (Ii.’ ‘ l) t I- t iu iss  of
a st tt loIiar v l) I5) I ’I’S . , .\( t )  w} i.’ is (Is .’ ~ivcii .Ial~ ( ‘ I I i i s i - ~t it sahli l I l t’s of s(t  ) / ( t )  + .\ ( t ) ~ wlsci -t’
1 ( t )  i s  a lt’ l,’ i- r is i i i is l  II ’ tr,- i s , l  of k is uwis finn-I ioii~il forisi , l it l i s ts  l1~ilI(-r ~~ sh ill .-oiisi( l,’r (Is. ’
i lit il P1 Il l.-iis : l ist f i i iu-t io is il l. riis of /‘( ( )  i~ i i i s k i s l lSS is , ( lit I,t- - tou l-o rtl. ’r st .il isIli ’s o f ,V~t I to-
kuowis . aw l (lii’ llrol) l.’ns is I,) ,-st i i i i , itc ( l i t  spt ’ .-tt-uns of / (1 ~. ‘ l It.- si~’tta ls / ( t  I w ill Liv asstt i is ’d
III III’ II.iis. l.liiiit( ,’( l f i i i i i l i i i iss Itas ’ i isg t - o i s ( i i i u l n i s  l’oitri.-i - lra issf r isss Iti-’ ~v lii ,- ls vanis l, for
i’ - U’ . St i t - Is signals ~i~

- ’ 1>tils,’ - l ik ,- . •iis. l (l iv ;iiisoi iiit ut i is ,-f tt l iii for tis at iou ,-o ii(a iuu’ . l iii au
ls i - r v ~il ( I i i  t u i t i.’ tv i isdow dt’p,’ isds dS iss i ids (Iii t in’ l0) 5 it i ~ il (it (It .’ I,’.’t is ( t t ) W  is it ( ( ( I I ’ S  ( Ii i  i ts

l.’uigth u i-al.’ 
~l .‘ .-t ra l .‘st imation r.’quir.-s that (Is.’ ohs.’rvatioii I i t o . ’  w ii i i low ( -a litt irl-

signifo- aist  port ion 01 ( Is. sig isal .‘iier~~

\V -  sh all find that w li,-u (Its ’ data at- s saussp k’tL at (Itt’ N ~i~t iist rat. ’ 2U . otisislt ’ i it T I I I ’ I ’

ti-al i’st i t liators 11( 1 not ~~~ - ii i t i s . ’  sens,’ that infi i sih ’tv a.- .-si rat , ’ i- st i issat , ’s  . ‘a i i i i i i t  Iii’
olstat ued f rtius iiifinit.-lv lss isg data r.’t-or.ls. l”us- s ignals wi th i’tle. - t ive ( in. ds ira( ion l’~, ;ti id
s igisal- t o- is o is . ’ ~so~ ’ ,-r ratio (S \‘ ) , rss ,ist o f (h. useful infor nsat ious is ,-ontauiu ’ , l in a tins.-
w i i i i h i w  IIf length N’ . 1 ~W ). wI-o r, \‘~ = ( I n ~ (2W 1,, )a (5 .\‘ ). For wiv hiss-a r sp.’ - ral
i-s t insator (lu re i’’ st signals wisos.’ -orr,’sponding sii.’.’tral .‘st uiss at . ’s h ay.’ r.’ lat vi ’ uss eaut
MIn~srt’ errors oil lb.- ooh’r of I N’ , aisd ahso ltuts ’  ns,’an sllt iar. ’ .‘rrors ~v ls ichs art a l ius o- ,t ~~
largs’ as t in’ largi’st prodiu-.’d by ( Is . ’  eousve istiona l transform wi l ls N’ . data Po ints .

If lh.~ data a n ’  sai ss ti1,-,1 at a rat,’ high.’r I hsais 2 U’ , ioi sg.’r I ins.’ W itidsISs s s - an In- i-fl,’,-
iv. -lv uis.’,l , ats ,l (Is .’ .-o i sv . ’t s t i on al  Fourier transform provnl.’s a i’,iissis l.’ ist spe.’t ral -st i iss ator

as ( Is.’ dat a s-ate sn.-n.-as.-s ~v st 1toist hound. If . bows-vt ’s - , ( Is.’ I ins.’ window is f L\ ’lI, cuhis i—t ’ i i (

l i iscar s ln’I’lral estimators sb 151 ) 1 .-‘dst . l i t - is . - .’, to sunsnsariz,’ , -oi ss is t c i i t  h u t - a r  s in’ .’tra l
,‘st utnators .-~ ist on ly if h~~tIi tIn’ data  i-a l,’ up ui l  (he b’ isgth of ( lit’ (j u t.’ wiunkiw iis.’rs’ast’
iv it l iotit Iuniis.b -

‘l is t ’  proI)I.’ns of s iu’t t ral  .‘st inhltiois is .‘ssenl m liv tl ifls’r,- ii( fro tu s ( Is.’ II rol) l.’hus of s~ ‘ iT t r~il

~tvak t i , ’ t t ’ ,t i , i i i  ahl(l Iot ’at to ut . and Itt’w -t ’ our lI,’ssiissis ( it ’ i t-su its ,-ont- .’rs iung lb. ’ forius .’ r do not
preclutit’ (Is,’ 1lossuhititv of hsgh-rt’solutsnn (su~scrgaiis I spu’.-tral pea k ,ls’tc ,-tors sii. ’hs is h ay.
ln’s ’ts r.’ -.•,st lv Prtipt)s,’,l for Iiais,l -lnisit .’,i signals 1 ~~~ l~ . I h ISS ,~V t ’r , iuus llr.)v.’(l r,’solut tilts
is.’ i - .’ssani lv results its a IlI - I - i T ’as , -  us ;iI ’ t -ura. -s ant I b- t , ’.’t ;i lulit v,  and ss ,’ h op,’ lii Il iT ( ’( iSs I Isis
m a t ts ’r III Mi I Is.-t lu(’htt p~P~’r~

\t . i u I t I ~~I r I~~i 511 t iuiiui i.’.t \ it I I  I I ,
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2. IWI” INI’l’IONS

2.1 The Class 11(W)

Let 1 1 ( U )  be this ’ c lass . t f  t’onsp h’x - va lue.i t s , u ss i luii i i l ,• , i f siuu. - t i o i i s  1 I t t )  u I  54 ’ I”osu ru , ’r
trans forms [ = 1(v) are continuous , v auuisl s fun i’~ 

- 14’ , aist l hi ts I. steriva( i y , ’s .I.’ lmis. ’ .l alum is(

t ’v erywhe ’rv . 1’hst ’ui

= J[(i )cx r I I  2~ iz ’t J tb , ( 1 )

[(i i) = J~t ).‘xpl - 2~ zz ’ 1 I (It .  (2)

‘l’hs’ functiouts [of class 11(W) are pulse-like in the sense (.bat [(f )~ • 0 as t •‘~~~ (~ s coust’-
t 1usqst’ ,- o f this’ I( ivmann-1 t’hesque Lemma), and hence this class does not contain the
siusust) idal functions whose spectra are shell -a funt’t ions (I j oe spectra ) .

W~’ foll ow tb ,~ s tanslar t h terminology of nathan and .‘ommunications tht’orv I 5,61 in
t ls ’fini us g the signal eulergy K = R (f) ,  mean t ime ~ = 1(f) , ant I t’ffective time duirat it~n
‘I’,. = T1 , ( f )  by

+110

= J l f t~~
2 dt JIf i~~

2 iIu . (3)

~~
= ( 1/ K )  Jt l [ ( t ) l~ ilt. (‘ 1)

= (-l~~ b ’) ~ (t 1) 2 f (t ) 1 2dt . (5)

~~~~~ ,h ,’fi u ss ’ a moms’nt M~ = .~ !. (1) by

= ,l~~
2 - / ( t ~~~lt J l i t u ’ )  ~~,/ i . (I ;)



N Il l , U 1 1’s III I s.i

ansi wt- h as- ,’ ( It s ’ f tu ts s l au ss , -u i ( a l  in.’q si a hu t i . ’ s

U’ .~! . , ) / )  suui (~~C Ill I
- -- I . ( I )

2ui 212 ~:~~u t 2 
~

I ( i / U I - ’
/ l l ’ )  ‘ Ii .~ ! I .

‘l ’l ut ’s,’ (W I) iutl l l ti a hit us-s will In’ pu - I is - cd u s S.’t- ii Iii 5 . 3 , , iuttl t hut ’ v wi ll In ’ s t t  I S S I l  It  • (Ii (lie
5 1 1 _ ( T ’ ( l I ’ ’ st  l l I S  , I I I I I ’  l i i i  11(14 I .  i’li,- t tus s t ’ - ) .am hwud tl s IIu ’ IIIhIU ’t 2 14 1’ isill i t I I I t ’ ~t i tut ’ i~tii ’u i t I~’
in . iuiu ’  ss uh s t - i  s i s ’ u s t  dus ’ussu. us , .tttd iv.- I tas (In’ t t i l I ,su - uu s ~ ‘‘ t I u n T ’ u ’ t , i u u i t  i u’.’l;ut i~ i ii 

-

__
~)I 1- , C ,

ss i s i ’ h s  ‘a i i In— s iso ivut  ( i t  III’ ( l ie slhii ’j O’ s {  PossihIl,’ i utl’ (I ti a luu V Id ’ liii ’ I vpt- ti it Il l  II I.

/~ . ‘,~,iit -i,’ j / ) . lus  radar auu~I (‘II I i t u i u t I u t I ( -~u I loui s th i”Or\ lull ’ l i , s  (Ii.’ ttuse , -u - L i i i i t y  r i- lat 1.1 11

(‘5 , p . 17 II

H I , - C ,

w Its-r e lb.~ ,‘ff,’et iCe lu a usil w id t hs B , us d. ’ fuut s ’d h~’

h~r~ 1 ’ ) J (s ’ ~~) 2 / p ’ )  7 ,j, ,

wil ls

‘- ( 1  1 I f t  I

( suuig ,‘l.’m,’ us t ar v u hi et i t u al i t  is ’s out, ’  ,‘au u .‘,t’~u lv shs isw tl sat on II( H I

- II , B :~ r~ H .

2 .2 li i. - Error l”uns’( ions Q’2 . I~ 
2 ( f )  ansi I~’~ -

W heti (he tlath an, unln’rt uurh,’,I lI\ utt is ,’, f ( : ’ I  will Ii,~ t ’ st u t ts a t . ’d hi ~ slu st ’rs’I.’ tra utst
’I Intst s

of the tvp.’

1 1”)  /

ans i u t -  slt.ill shut s , ’ uut .’qui a li t ui ’s of (it.’ (yin-

- f ( t - )  - 

~/ ( f) Q- ’ ft t ,~~) , t i l l

_ _ __



t.OIIIK)N

is l i t -i, ’ t/ - 
~I

’ (I - 1 , 1 i s a , ’,-rt.ut.s i’xp iit ’U Ituui.i m .nt of thi. ’ fn.’s~u.’rss -v i , (hi,’ ~iisu I ) ls’
h t , h i t i t  set 1 t , t ’  t \ , ati sb t hu.’ ss, - i~:i it s , 

~
‘ . 

~~~ } .  I’h.’.~,’ in,nhua lu(u , ’s at- .-
s/ ta rp  ii, ( is , - w?usl ’ I h i _i t  for i’s-cr\ )~ui~ ’ uu s i t  of val ut ’ s for t

’
,~~~~_ here ‘\ i s t s , (  fI,tt i t ’ t t Oti

/ i i ’ I!~ II ) I~ ir is-hut -h t hu . ’ inet iuuahit v 1 1)  Il ’~~ ( I~fl, ‘ — , ,,u~ ‘“ isial it’ , I l,’ u i s t ’  I In- futit ’t ion Q 2
~t ut In’ iutI * ’rpr,’t , -~h is lit,’ l.irg,’ sI INlsSllhI, ’ s I l i h i r l - I l  .‘nn . r In / i I 4 sshi , ’ u s u i OIs,’ is _ i i l s ’ i i i  I

utor tst, ,l u,’,’,l ~ (Is ,’ ht stsusn ’mst .~L ,  -

I 1  1 1 ( 5 1 ’ noss t ln~ (Is,’ ,t ,ut,, ,ir ,- i n ’ rt ur ln- ,l hi ~ ~ud.hi( ii, ’ ss Iui(, ’ u u ‘~~i ’ .\‘ (( u it Ii z.s’ro nte’an.
lii , ’ ilat.u i i ’ uu s i ’ ,t  of s,,u ui l l l.~’ of s~t 4  f ( t )  + \‘~t i , anti (is, ’ IlroI.k’ult us t.~ t ’stuu t sa t ,- f I t ’)  l iv st i usts
,‘t tIs ~’ t \  ~o’ ~_ 

~~, 
s ) ( ~~ I. l’hit s e~- t i u i i , , t , ’ hi,,~ ns.’aut .,ui .h h i_ is .‘tiuai ( .5  f~ ( u ’ )  ~,us l ( 1(i ) / ‘

~ t i ’ )~~,
rI ’ s) I~’~ I ts ,‘h ~ , ss It, ’r,- ( h a s  th.’ s.su Ii, - uOt - ,Lu tttst ~ t’-. Iss’fsts -a’ l’ht’ its-s an ,- ,’ us snds’1sens h—nt of / .iiss h
is gi% .’tu ( ( 5

\ ,U - i.tuu( - ,’ , i
1 ‘i) ( ,~ 

,u ~~ ~ ~~~ 
2 

~i 2)

is- ht, ’r,- l u _ i \ (1 )  2 - i” or ,,t i  ( it / i ~ 14 I, (It,’ uu ic,L u I s,11i,(E,’ s’s-s-cIt i t t  (In’ stn’s’(tal .‘st unsat. ’

~ - IIII • i ( t ,u 1 us g u st -ui by if 2 ( f)  hias - ’ i . i h ’ t , ( t t l l’ Or

Ii ‘
t I f~ i I l~ (ii 

— 4 ,,2 
T ’I 

-‘ 

~l :11

t t l ’  ( ( t ’ t  h i , ’  11 sLt~ l / ~‘ - ) f  ) 
, tt }i, ’u , - t Ii , siiph’ .’ u uuiiu u u u s t .ski ’ii I\ I I  t he s1’i of ,slL ( iii (1( 14

ha s iuut ~ .i 2 5 , ’ l u  s _ t h u  - ‘If 1! . h’hton tro u t (Is,- sii _ ir ~ ‘ 1 1 1 , 55 I I t (ii, ’ iui ,’t iuiali ( I I ) 
- ui hhis. ’

i~~: % l ., L ,) 1 1  . 11 ,.~t • Il~~~~ ~i,1 ~ c l I I

fI l l ,‘‘, i t ’ ,  I (1 i It ,- rt ’  . - s , st uu t l i t  H f ,’r is (s t i lt if ‘ t ;) /1 ,

_‘ 1 l ii,’ i, ,i,ti,’ti(i,.tt,,l antI -‘h’’’’’”~ 
(~ ,tst ” - lott ii—-

I splu . - i t  f .,r iuitu I.,~ I I ?  t ,1 ( I , ( , ,~~) b r  ., i - i ’it r.,r’, s ,,liu, -~ ~‘f i ’ , 1, ,tus d ¶ is ill I’.’ (I, ’u’ I’,,’,l i i i
Ill :~ I’iir ,iii ~ ir,-s, ’ u u I h’ lu rl ’ - SI ’ S ~ iusl s ’ ut , ’,’ I  Iii , - nt— st il t - I I liii ’ I u— _ s u ho- u i (It.- .I~ t.,

u t ’ ( ‘qt I is i’ ,i l ’( t  ,ti,I t hit ’ ~~ ‘ ‘ 0 ) 5 5 ’ . 
~ ‘ ,i~ (’ i ’ i t i i i t - u s l u o u u , u l ,  ~‘ ‘ ~‘I ~~~~ 

it I i ( i I ’

I ,,  ~\ .‘ ‘ ‘‘~~~ 
•~~~~ ‘~ ‘I ~ 

I ‘1

is tIn’ dat,. l~o su t t -‘) laI - uu ig .  ~% ,- st ru t , ’ ~,
) ‘ 

I II  t, i ” i t ’ , 1. ,- 1 ,mu ~ l .\ , for (It.’ us t i u t t l i t ’ s - of
s.u t u l ) ’ l ’ h i t t l u s t S  t( t u t u l it. ’ 5_ t I l i l l I l ’ ) l t ’ % h t (  ‘ci f , 0. ~ i % l h S  1’, t , pu ~I_ ’ t4  (0 ’ s- c Pt S i i i , ’S ( i i i

‘,s ’ t  ,if u u s t . ’e. ’ u .\ ‘s - l)u. - uu ‘ I , aus ,l It l o u i s —  out tt i5u / us

u t  , , u utl t’. ,tits, ’I t, ,u~qin.is,uns .,(,~,I I I’ ,

~ N i  
~

l i t ’ i c u u u , ,  S ‘ 5  t h u s  _ l F I l ’ uo ~~u uuu _ , t i ohs  i i , lI ’ , is I ’~ n tIs I I I  ‘,i ’ iii ~ \ ‘. _ at u ,l at \ -~ it is iiut l~~u s
o f lIt,’ I no’ s , i l t t , - . 1

(‘ I I I  ‘ t S I ’ t I  .,ltu , ’, s s (  I ,tutc (  5 5 5 , 5 , ’ , ‘ \ u s t s .5 smi qi s i ’ st -b -I n ’ us ~(ut - _ .~~ i ~~1 u)su, ’ht
h i t i u l i t l u I ‘ - s (,1 ‘

~ , ( , ,~) ,it~ h hi,m,’i ’ tut u ght h, -,.ulh I~
, Ii , ’ .l~~l( iutt ,ul i t t  ( Itt ’ ,i(Is, ’15, I ’ ‘1 ib is,’, I ( 0 — c

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  
- -__--



~ ‘ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
-

N R L  REPORT 8322

weigltts is ill j s  ‘reaften h)v s-al It’d t i lt ’ ‘‘tapered ’’ weights because I h e y  V~~I1 ish at t’  = It’ (a

reflection of the (‘sn -I thiat /‘( ‘ II) 0 for all f ill 1I (W) , ‘I’}’it’ tapered ss’ .’ ights are (l(’Iiot.’(I h)y
the symbol b . nun ! for s-as,’ of notation we w r t t - Q~ for 

Q2 ( I ’ , t , b ( i ’ , 1) ) ,  1”orunulas for ~ sure
giv ,-rs in Sect ion 5 .5 , Figure 1 sisuusv ~ 

(
~~ /Q ~ as a function of s / U’ fur .\‘

~ 5, 11, 21, ‘lii is
rzst i () is art even function of i ’I Ii’ aul ( 1 the curves are only ltk)ttt-d fur t - ; I%’ 0, Not,.’ that,
Q~ / Q~ = 0 at z ’ = I 4 %’ , hut t h e  pluisge to zero is v.- ry rap id, itsd Q

~/ Q~ 09  over most of
(lit’ fr i-u h ui (~ii(’ y range , .\ ls iu , th is- Iloil ion of (lit’ frvqus’ns’y rautg.- at whiich Q~ 

/ (~ —~~ 1 iili’rcas,-S
as .\‘~ its (- rs-a s(’s ,

N . 5
N ,~ 11

1~~~~~~~~~~~~~~~~~

’

I 1 1 1 . 1 1 . 
~~~~~~~~~~~ ~ 

I I I I I —5) 0 1 0 ’ 0 3 0 - 2 O5 ,o 0 7 0 8 0 9 1 0  0 0 1 02 03 04 5 5 0 6 0 7 08 0 9 1 0

Fig. I - Q~/ vs ‘/14

Let t’~,, V~ d,’note the variances of the spectral estimates ~ c ,1 s(t ,, ) and �~ 7,, s(t~ ) ,
and let 1, In’ as l)efors!, Then c,1 = 1 /( 2 W ) ,  and from Eq. ( 12) we have

V~, = 0
2 N / ( I W 2 ) (17)

The ratio Vh / V (, turns out to be an even function of u ’/ W , and refe rriu-s g to Fig. 2 we note
the followiulg:

(i) The plunge to zero at e = W is again very rapid, ssnd Vh/ V ,. > 1 over most of the
frs’quent’y range ,

(ii) ‘l’he peak valsus’ of t’h / ~~~ 
decreases slowly with increasing V , and the peak loca-

tu o tis t-t)nvs’nge to t’ = + U’ as V5 ‘

(ii i ) In Figs . I and 2 (here is a close hut not s’xsn ’t corresponds-net’ b.’tws’en the peaks
(if one csirvs’ and the dips of the other,
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‘~‘2 ~ = ( 2 W .%l., ) ( f l  ~~~~~~~~ ,tl so, t his’ ss’ ,’tusd tt’ruu u ’ hu .s u i gt ’s ( . ‘\at ’( ly ) hs (I,.~ a uu s usuu t (
1% 2 ), 1 l,’ns ’,’ ( Ii.’ ut .’ t s ’haitg,’ uiiust i~ ’ osil us ’ .’ Wis,’uu N’ ‘ St4 ’ 3 M., ~ 

1,u 2

3 ,~4 N,iut ~’~, rsts ’tsc ,’ of (‘onsists’nt Est imsatorus

Its (It,’ Is is- I paragraph we saw th i s , :  when the c ’,sui ve~t ( io usa I I”osiri.’n I ra uss foru ts is ttst ’ tI
the ,‘rrstn fun,’t uoit i f ’ ~ e’vs’n(ua llv ln- ,’ ,nsu,’s nut uuse r ests - t t s~ fuuit ’t ious of N .0. N ,, — h- or .‘,n’b s
value’ of ,‘‘

‘. we’ sha ll utois’ clOhos, ’ a s - I  of is’.’tg l t s  ~ whis’It us ‘‘11 1 1 1 uuu u , ii ‘‘ tut ( It,’ ss ’uise ’ ( lint it
niuu iuuuti ,s -s ( lit’ nugist - ha nsh su.l.- of Eq. 1 I) fur :ist ’ri ma l su s ’s of ,~I,, suid u - ’ - (‘(test’ ss,’it ’hsts ss u ll
In’ eall,’tl ‘‘,;_ .t pt insa l, ‘‘ ansi is ht, ’ us ( I5I ’~ are us,’.l, i?~ hes ’otii,’s a usio us o l ,h u ii , ’a ll\’ (h, ’s -r,-as t u t t~funs’ tiuut of ,\‘~ W ,~ ds’ fuut , ’

= huts if 2 ( 22 )

,uutd f rurtt (lit’ tli’f iuiit ions it is s ’vit l,’ust (hat

= uui f ~lf~~

ms’ht’r,’ (hi,- uu tf uu itu ut i us ta kt ’t s ov er (It,’ set , if  oil liutt ’ ,ir si.,’ ’ t r a l ,‘s ( u t i t j l , ’s , I ls ’ utc ’,’, f,iu’ a ’s S
lust’ar sps’t ’(n’.il s’s (uutia (, ’ 

~
, 

~~
,, s t ,~ ) ans i for aut~’ ,~ 0 thu-n- ,‘ -_,us l flu id i.1155 / i t t  11(14 )
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I_ s-I .Y , ,l.’nuts- t in’ va lste of !f~ w isi ui the i’onv.’uituonal transform is used and N5 = N, - From
Il l S , (18)  and ( 19t W I ’  g , ’t

2M ,,o 2 1 ½
I (27)

L w~~
2 J

ssnd tlss’rcfor,’

u ’os/s 14 — ens/u 2 ( 1 1 4

/ f ’ , / ,\’ = ( i r / 2)  ‘ ‘ , (28)
~ c sits /i 2u

When e is c lose to + U’ it is ti nt unr,’asoutubk’ to compare Jf~~ with the “trivial” estimate
[(t ’ ( 0, ‘I’his I-st imate has no variani’,- , and its mean Squares error ,V 1, is given by th’ right-
hand sid.’ of the (sharp ) in,’siuality (8). I l,’nee ,

2 ~os~u 2 u rosii 2 
all

(29)1 
1_ ~~~

2 u sinh 2u

[‘h,’ rught-hauid side of Eq. I 2 S)  attains its largest value when c~ = 0, w here t equals
it / - I  )tanh u , and r,’fs-rring to }‘~~s , ( 9) and (20) 1) 111’ cart easily veri fy that tanh i~ ~~

_ 1 when
‘ 1 ,

‘l ii,’ rat io 1?~ , ’ .\’ , c h.’(’r(’as .-s nionotono-ally as u Iuii’r~’si s i-s (ii’ . the (‘onvc’nt ional I’. ourier
transform Intprovs’s as \‘

~ tnc r.’ass’s) . ~Vh.’ui v = 0.9 and N~ 1, the ratio is 021 - ‘l’Iuis m eans
tIi~st for any I usean s iuert ra l estimate the-n ,’ exist fuut, tio uss f in  II( I-i’ ) for w h i c h 1? 2~f~ ~~~~~~~~~~~
on,’- f t f t h th~- largest uls ,’an-s uhtta n,’ t i-ron proulucs’d by a ,‘onventional one-point transform
I W Iuil ’h (Il - s t i r s  st t s,)utu’ funct ion (hiff e rs ’nt from 1).

We now s’xamin(- t h e  right-hand sid,’ of Eq. ( 2 9 ) .  This ratio couivs-rges to units- as
U’ , and its minimum value is attained at i’ = 0, wh,’r - it equals (1/u ) tan/u u 

~~
- 

i~ ii =

2 ~r\ , ) ,  \ V ’  t her,-fons- (m aw the following conclusions:

(‘oneius ion /

Wh.’n the data are saniplccl at the Nyqui ist rst t u ’ . i’v i’ry h un-ar spectral .‘sl intaton produ(-es
m.’an squar .’ s’rrors Itaving the ’ sauiie urd,’r of magn ituch- as th.’ la rg est iurodut-e ’d I uv a coulvs’n -

unsa l Founu,-r trau’isform with 
~~~~ 

data i li, i u i t s - , ‘ x u’ c~ut n.’an ~
. = I Pt ’ , wh o-r u- ( is .- l - rr I ) rs ~ save tin’

same ord.’r of magnitude’ as those producs’d by this- tr ivia l ,-st iniate [Ii ’) 0 .

‘[‘he rat uo !L~ /\ ’ ,, earl also he iuite-rpr.’ts - h its a Ixnuuicl on (hi .- r , ’lsu t iv t- errors /~~(/ I f(ui 2

For till-re ( ‘ x t s t  f for ms ht c ’h l? 2 ( f (  ~~~ suid for su ut v (we  h ave /
‘( i ’ (  2 ‘ ,\ , ,  S tt i( ’I’ .\ (, iS tbt(

right-hand - _ nI + ’  of Eq. (8). 11.-ru-.’ , there si ni - a iw s iv s  ( fun whit-h I? -
~~ /‘) - f t 1 ’ )  2 i’\u ’(’,’(Is Ii~~/ ,\’

and m c ’  sure It-cl to this ’ following:

9
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( ‘on ( ’lusj of l  2,

Wht , - t s the data are ssinipl.’d at the Nyu 1 uu t s t  rat .’ , .‘v ,’ ry Iiui.’ar s p,’ (’tr al estimator h ) r od us -s-s
re’ Iat uve uils’an squan,- .‘rrurs ivhi iris sir,’ on the ords ’ r of I N ’ near i’ = 0 and unity mit -ar t ’  = U’ .

~1. ( )VEI t S,~ MI’LlN fl

-I. I ‘l’he (‘ass’ of Vanial)Ie ‘I’

In this 5(’(’tiOn W I ’  (-outsicli- r this ’ t’ff ,’t’ts of ovs’rsamphiuig. That is , we now supj ‘osu ’ th at
funettons of class li ( U t ar.’ sampled at a rate 2k U’ , /: ~~1 - Ns h,’for ,- , we assunts’ that tin’ tu tu ’window is of tin’ form ( —  T/ 2 , T/2 , so that the window is prolonged u t  ba t/ i  direc tions wh o -u t
T is incr.’ass’sI. Wi- also assume that the ’ noise ’ ru’niains whit, ’ , which is usu all y the ’ case for
re’c’e;vc’r and thermal noise’..

Th,’ results of Sect ion 3 art’ based ouu s ’ert,a isi u-los e -sI - for m ( ‘x iur l’ssi I  105 (or Q~ ait ul I?j
w hit-h are derived in Si ‘ i ’ t u u  ut i 5 for the case ’ of saniphiuig at the Nvq oust rate , ‘h’h,’s,’ dt’riva-
tiofls r.’quir,’ the s los ,’sh—forns iriversuous of cs’rtain ui~atnit-es , wh it-h i , un fort uuial ,‘lv , mv. haveh)e- ,’ui unable to effect for the cstse of oversaniphing, I knee we are iircs.’uit iv suu iahls’ to gtv si
quantitat iv s ’ descri pti on of how ntuch usefu l information is (‘oultained in a fixed ( m is’ w i t i u b l u wmm in’n ths- data rate is increass’d ms uthout hound - hIow ( ’vs ’ n , it u -art 1)5’ shown I h at  ons ist s- utt
sps’ctral estimators exist only if ba t/ i  this’ data rat,- 2k U’ and the Ie’ngth T of this’ t iuu,- wiu idow
are allowed to increase Wi bus-it houn,l - Results of this type sirs’ appar,’ntlv k no~~ ti , and our
discuss ion will he brief (Cf. the discussion in Section B.1 of Blackm an arid ‘l’uk,’v ( 7 J  whi ,’h
sttgg. ’st s th,- exist s-net’ of results of this nature.)

The (‘lass i!( U)  cars Is,’ t’ouisj d,’nt-d as si stt iust-t o f  il( k Ii’ ) ,  arid error h)ourtds (-an be
iui lt  stun ,  uI I v rep lacing .‘ach occurrence of U’ with I’.’ U’ it-i the’ formulas of Se -t iot ’i 3. ‘I’h’ue ’error hounds thus obtained an- sharp for the class / 1(1,, W) ,  hut art’ not sharp for th,’ class
II) 14’ ), and we shall r,’fer to this method as this’ ‘‘iflt’xas ’t ‘‘ nu’thod,

Recall that the error function /?~ of t his’ conventional transform att a iuss i ts  ntius inisuni
va lue .\ ‘,. w hen N

~ 
= N,,, or equivalently, w hen T .N , , ‘

~ 
211’), One ,‘f fs ’ct of increasing tin-

data rate is to inert-as,’ thi(’ vakR’ of N,, and lien,’.’ p.’run it thts ’ use (S f  Iongs’n (l(it~ n,’(’( ln(ls , I”or1sv applying tb. iuss-xact method to Eq. (19), we ’ see that. N
~ increases isv it  fss( ’b ir of k :i / 2

w h,’n 14’ is ns’l)hSl(’e(I w it lt I? W , Moreover , from Eq - (27), “ . 1 ’ h,’ i’ni-si s i’s h’i’ this ’ fa.’I or 1 - .‘, I,’I h,’ncs’ , conveuitio,ial transforit i provides a ,‘onsistc’ut t spe-c tra i est ima( (Sr if (in- I.’t ’ugt hi of liii’
tin ti ’ is Ito h , uv is imu’resisei I by a factor of 

~ 
‘
/~‘ svl s i ’ t i this ’ sansl) li’( I rate is iuts ’r ,’ase’sl to 2!: Pt’

stun! k

1 ,2 ‘FIte (‘ase of Fixed ‘I’

W i’ sh all t i l l ’ , ’ , ’  stullpos i’ t lt si t ‘1’ us fix , ’i i , sc u ll! shuiumm ( hint i ’ i l n s i s t , ’ u t t  m l ,’, - tnaI “slttu u si (ors( I,, rto l i x I s t  mv ho’ut I: ‘ ‘~~ liii’ p r O I u f  t i s i ’ S  Sh ist usnous ’s Ssi u ui i l h ls 0 i’h,’llr, ’nu , il - I ’ , Is- I t u t t ~ t u ,

10
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w hims -h ‘-s’ s -nv hand -himite’si fuuictu,ni f ss’h,sss- I”our ie’r traussfonss is td’ class ~,2 lists th e’
ret res,’ntatiuu

sin ( ir(r u 2 14’t ) I((1) = i,~ itt,) 2141 ) 1  
( 3 0)

w iser,’ we set f,~ 
/ (i t (2 4% ’ ) I - Thu’ hu— uutfi uu it , ’ sequent -,- /

‘
u, be’ ltst ugs In this ’ class 1., ; u , .- ,

>_ it ’,1H ~
-.

hir cads k ‘ I th,’ data s( () : ,~ (1 ) + N( f ) art- sam hsls ’( I j ut (it.’ w imtt low 1 1 2 , ‘i’ ’ 2 sit
I hs’ Istois ts I = ii ‘ (2k 44’ ) , w lss ’ re ’ tin’ integers n art’ hsnmnshi ’sl b~’

ri I ‘ N~, um t t t ’ gr a l part  5)f 1 l,. fl’ J ’ )

J,,’( ~ (I: I - (ki t 
, N ,, ‘ n ‘ N ,. ) h i t ’ s ,  w,-tghi vi- s -tor w hit-it i i rs ishu s ’e’s (It s- sp,’t ’t rst l t - s t t t u i s , t , ’

~ ~~~ ‘ (21: 4 4 ) 1  - W.’ sitall suppus,’ t hta t (It,’ ~~ ~~~~ Its’ ,‘itos,’ut to monk,’ (hi,’ uis ,’a us 51 1115c r . ’
s’rnor s -ottv .’ngt ’ to zero as I,’ . ’ ’ ’  , amid , ht-n u m - t - ss (‘su nt ra , Iut ’t is ) u t - St’t I t u g  1 i t -  ( 2/,’ 14’ ) u t  F.1. (30)
w,’ get t he formal result

N’ 1, N’ 1, N’ 1
~~~~~~~~ 1 1R) 5 ~ 

y’ ,~
( “ ‘ ,

- “ 
~ ‘c~” ~~~~ ~~~ 

‘
~
‘ (3 1 )

1 2kW L_.a “~ 1 2/ ,’!!’ _____ 
~l 2k!!’

i~i N , Fit  N ,, u t  N,

I sir t~,t K,j , (30), lIt , ’ (‘inst su uss of lit,’ nug i i t - htattd s u It ’ s-a r t  l i t ’ t’~ pi’t ’ ssi ’s l is  i i i um t t ’ uuuub ’  -~i’ r ut-s
u t i v u ’ l s - tu t ~,~ ( In’ f u i rn - Iu iu , t su l  i ’s uiut -s L

’,u flu ‘ ( 2 4 1 1 J ,  ~i muu h ( Itis s, ’ u - u , ’ s g ’ ,uui ,‘,is t i ’ , In ’ s i t t ’ i t  ii I t t

s’uitv,’rgs’ if ( Iii’ ms’ ,’ ight( v ,- ( ’t i i rs ~~(l,’ ant - t- ht ,os ’ it t , s  u ts i t k t ’  ( i i ,- u s ut ’ suu s t ’ m’ r , s r  s ’ e su im , ’ u - ~’ , ’ to i,’i’ i
,is /: ‘ - ‘ - , ‘t b,’ s,’i ’ ssui , I su uu s i_ sims hi’ t - \ I r . ’ ss , ’ Ih is a f i n i te  luus ,’a r , ‘ , t ms sh , tu is , ( to t i  it ! ’ (l ie s
\ I I’ 

~‘ 
( 24 !  ) I , ms - h i t - r i - ( is.’ noise h lneII ’ t ’ms ,\I k 1 ( f )  ,N’ ( I I,’ )  is .i- .-’u u u u ” i  I t ,  ht’ is h ut , ’ h I ,’tt .’,’ i ’ s ’s - ’ ,

tOt um s ss t( ,s n ~~ vpi’ ( 3 !  I is a hu t , ’ sri’ t ’ tsuui l , uuss t (  m u  I t i  f suus, ’ t  tona l s’ai , ii ’ ’~ of / ,,usd is h it , ’ inns , ’
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ivhtene the matrix K = K(t
’) and the vector 7= J(v , t ) are defined by

K~ ,,m = (K , K 1,,
) K , (I ,,), (39a)

J,~ 
= (e r, , K , ) = e1, ( l ,1 ). (39b)

Equations ( 38) and (39) are the basic equations of this theory ,and from them we see
that the error function Q2 is a nonuhonuogent’ous polynomial in ~~ . With  a little ca~~uIus it is

s y o  show that the “opt im u m ” va lue of ~ whieh minimizes Q2 is given by ~~

‘ 
b , where

b = b (v , 1) is givs’n by

(40)

The corresponding minimum valus’ of Q2 is denoted by Q~, and substitut ing Eq. (40) into
Eq. ( 38) we get

Q~ 
= Ile~ II 2 - . < J C ~ ’ J , J >  = 1e 1111 2 - <b ,J > . (41)

When II = 11(W) the weight vectors are the tapered weights discussed in Section 2.
We shall later see that u-optimal w.’ights used in calculation of R~~ are obtained by inverting
the matrix K + (o ~

2 / M 2) J .

5.2 The Space 11(W)

It is well known that ths’ ordinary L2 norm sat isfit’s Condition 1 on the class of band-
limito’d functions [having tht’ rt’prs’ss’ntat ion (1), and for a neat account of the j,, 2 theory
of linear operators , we ’ refer the ne’asle’r to Re’f , 9, I Iowe’ve’r, it is a standard exers-ist- to show
that the L2 norm dot’s tint satisfy Condition 2, and we therefore define an inner product
(‘ , )  and corresponding norm 11 II h)y

1) f (v) flg (v) di’ , [II’2 = (1,1), (‘12)

w here D (lenotes this’ diffs-rentiat ion t perator. From Eq. ( 6) we h ave

1111 ‘2 M 2 ( [) .  ( -1 : 3)

Let G~
” ( W)  de’not,- th ,’ rissss of h and-limited functions I = [(1 )  whose F’ounie’r trauis-

forms f = 1(e) are of (‘lass ( “ ‘ and van ish fs s r m ’ [ ’ - W . It is now convenient to s lef l u t s ’ 11(1%’) as
the completion of C~

’( (4 ’) w ith ns’spect to) ths’ uiorm IV I .  For smooth functions f = 1( i )  we
have

il
l

[(v 1 ) [ ( “ ,~
) = J 1) f ( z ’)  sit’;

13
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(‘I’he boundary t’ondmtmotts K ,~ 
- 44’ ) = I) are rt’quth’d because K l)e’Iomsgs to the ’ class li ( 44’ ) .

whose transforms vanish at ths’ t’ndpoints :‘ ‘ W , I 1 ls’nt’e’ , for I / 0 we’ has’s’

= 
, , ~ ‘2~ u~’~ e’os( 2~ W I) + (il’ - 44 ’ )suut ( 2r44 ’(( k

-1it 1
(‘19)

= (1  2) (44 ’ ’ 2 i ’ ’2 ),

To obtain Eqs . ( 4’ l), compute K~( t )  ~K ,,, K , ) dirs ’s ’ t lv frorts Eqs. ( ‘12) and (- 19) .

‘I’ o obtain Es1s , ( - $5 ) ,  we ’ htav .’

t ’~1t) = (cc . K ,) = (K ,, C1, ) = K ,( u ’) ,

ansI us’ s- use’ Eq. (49), It is interesting hi itt st s ’ that 
~ ,,, ( t I  us piecewise’ smootit , with

e1 , ( u - )  = 1 1 ( 2 4 4 ) 1  ~( 4 4’ ’2 
~~ 

( t ’  ‘,, )(14 ’ /z (i ’ — i’ ,, ) + u’ ,, )~ , ~50)

where ” h is the ’ I Ie’av isi de’ function , Im(i ’ ) = sign (t’) ,

5.4 1)eriv at ion of Formulas for

Let the” data-point set it ,, } he give’n by t,~ = ~m /(2W) where n varies over the se’( of
= ( 2.\’ + 1 ) in tegers In: 

- .V ‘ n ‘ ,\‘ , ‘l’he conventional weights are given by ~ ,, =

whe’rs’

= (1 24% ’ ) ~X4) ( sr inu ’/ W),  ( 5 1 )

and by direct substitu tion into Eqs. (38). (46), (47), and ( 48 ) we get

Q’
~ 

= (W/2)~ (1/3) - (2/ir 2 )~~~ (1/n 2
)}. (52)

We shall have occasion to use the identities

E = ~
2 (t 2 I- ~;

)
~ 0~~~t ’ ~ 1, (53a)

+00 

_~~~~ cx l) 2inin t in ex p 2irt/~’ + exp 2sr( 1 - - t)/~’ ( “Y3h)

—

~~~~ 1 + y 2 n2 ‘y exp 2in/ y 1

18
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who se proofs consist in verifying that the left-hand sides are the Fourier series of the right-
hand sides, Sett ing t 0 in Eq. (53a) we get the well known identity !(1/n 2 ) = 1/6. Hence’ ,

= ( W/ i r ~ ) ~~ (1/n a ),
N+1

and Eq. (16) is obtained using the approximation

(],/,~2 ) 11 ~ 
=

5.5 Derivation of Formulas for R~

We shall now sketch the calcul atio n of the a-optimal wei ghts defined in Section 3.3.
These are the weight s that minimize R~ for given values of M2 and 02, and referring to
Eq. (14) we see that the tapered weight s (defined in Section 2.3) are obtaine d by sett ing
a = 0. We shall assume t,~ = n/ ( 2 W )  where n varies over a set L of integers , and that the
integer 0 belongs to this set. (However , the set is not assumed to be symmetric about 0.)

Referring to Eqs. (14) and (38), we have

= <(K + —I) 13, 13>  - <13, J>  - <j , 13> + 11e 1,l1 2 .

Hence the min imum occurs when (K + ((7 2 /112) 1) jJ ”- J~and from Eq. (46) this equation
reduces to the system

9

Km 13 + ( K  ,,
~ 

+ 
112 

> ~~ 
= J , (in ~ 0),

02
(K00 + 

~~~~~~ 

) a0 + �jK ,,,113,, = “0 ’

where 
~~ denotes summation over the nonzero) integers it in L, Tb,’ solution us rs’adilv

obtain ed by solving first for 
~~ and then for 13~,. Let the quantities a, a, ,-1 , B, C be de’ fin.’d

by

=

4 ‘ I )

r - 1 1/2
I ii — I

= 1 - I 2 — ( i r ,VL 2W ’1 ,%1 , 
]

17
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