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NEAR-TIP PLASTIC DEFORMATIONS IN DYNAMIC FRACTURE PROBLEMS

J. D. Achenbach, P. Burgers and V. Dunayevsky
The Technological Institute
Northwestern University

Evanston, Ill. 60201

ABSTRACT

Under rapid loading conditions and/or for a rapidly propagacing crack,
the mass density of a material affects the fields of stress and deformationm.
For such dynamic fracture problems plastic deformations in the immediate
vicinity of a crack tip are investigated in this paper. Both stationary
and propagscing crack tips are coasidered. For a stationary crack tip,
deformation theory is employed for the first phase of the loading when the
fields are increasing monotonically with time. The general character of the
near-tip fields is analyzed bocth with respect to its variation with time and
with polar angle. The non-linear near-tip fields are related to the linearly
elastic far-field by means of a path-independent integrsl. In the second part
of the paper we consider rapidly propagating cracks. We discuss the near-
tip fields for various models of material behsvior. In particularly we
briefly review some earlier work by Achenbach and Kanninen for a rapidly
propagating Mode-III crack, in a material which displays strain hardening.

Ia the last part of the paper we consider the fields near a rapidly propa-
gating crack-tip in an elastic-perfectly plastic material for the case that
inertial terms are of importance. The system of governing equations in the
plastic region is presented and shown to be hyperbolic in nature. As a first
approximation the steady state case with respect to the moving crack-tip is
considered and an asymptotic analysis of the near-tip field is carried out.

INTRODUCTION

There are two broad classes of fracture mechanics problems that may have
to be treated as dynamic problems. These are concerned with: (1) cracked
bodies subjected to rapidly varying loads. (2) bodies containing rapidly
propagating cracks. In both cases the crack tip is in an eavironment of
rapidly varying flelds of stress and deformnatiom.

Impact and vibration problems fall into the first class of dynamic
problems. In the analysis of such problems it is often found that the
dynamic stresses ncar flaws are higher than the stresses computed from the
corresponding problem of static equilibrium. The dynamic stress "overshoot"
can be especially pronounced for cracks. In view of the dynamic smplifica-
tion, it is conceivable that there are cases for which fracture at a crack
tip does not occur under a gradually applied system of loads, but where a
crack does indeed propagate when the same system of loads is rapidly applied,




and gives rise to waves, which scrike the crack tip.

The second class of problems is equally important, since there are
several kinds of large engineering structures in which rapid crack growth ie
a definite possibility. When a crack propagates rapidly, dynamic effects
affect the stress fields near the crack tip, and hence the conditions for
further unstable crack propagation or for crack arrest.

In recent years there have been a number of comprehensive review articles
in the general area of elastodynamic fracture mechanics, see Refs.[1]-(5].

At present, dynamic fracture mechanics solutions are, however, largely con-
fined to conditions where linear elastic fracture mechanics (LEFM) is valid.
The elastic-plastic treatments required to give accurate results have not yet
been developed in a completely acceptable manner, even under static conditions.
Current progress in this area, and a starting point for the development of a
dynanie[pl].utie propagating crack tip analysis have recently been discussed

in Ref.l6].

In this paper further investigations are reported on plastic deformations
in the immediate vicinity of a crack tip for both stationary and moving crack
tips.

The analysis for a stationary crack tip is based on deformation theory.
For the corres ing class of static problems deformation theory was applied
by Hutchinson [ 7] and Rice and Rosengrsan (8]. In Section 3 some of the
tesults of [l] and [g] are extended to dynamic near-tip fields. Deformation
theory is not valid for unloading, and consequently the results generally
apply only in an initial time interval when the fields of stress and deforma-
tion increase monotonically. Also, since the nonlinear near-tip fields are
related to the linear far-field by means of a path-independent integral, the
plastic deformation must be confined to a small zone near the crack tip.

In Sections 4 and 5 plastic deformations near a rapidly propagating
crack tip are considered, for the special case of Mode III deformations. The
analysis takes the inertia terms into account, but it is assumed that the
fields are steady-state, i.e., they are constant with respect to an observer
who moves with the crack-tip. The corresponding quasi-static problem has been
considered by Chitaley and McClintock [g} for an elastic perfectly-plastic
material, and by Amazigo and Hutchinson LQ] for the case of J-flow theory
with a bilinear effective stress-strain curve.

Section 4 is primarily concerned with a discussion of the influence of
various constitutive behaviors on the near-tip fields. In this section we
also briefly review some earlier results of Achenbach and Xanninen [_6_] for J,-
flow theory. In particularly we investigate the nature of the governing
equations as the crack-tip velocity increases. For the case of strain hard-
ening the governing equations are elliptic when the crack-tip velocity is not
too large. In that case the usual separation of variables asymptotic analy-
sis yielding singular stress and strain fields can be carried out, and
singularities of the type rP(- 1 < p < 0) are obtained. As the velocity
increases (or the strain-hardening curve becomes flatter) the nature of the
equations becomes hyperbolic. It appears very difficult to trace the transi-
tion of the near-tip fields as the velocity increases.

LINEAR ELASTODYNAMIC STRESS INTENSITY FACTORS

It is well known that for linearly elastic materials, the stress fields
in the immediate vicinity of a statiorary or moving crack tip can be ex-
pressed in the general form

@ = =¥ e, CINCROI 1

where r,5 are polar coordinates centered at the crack tip., as shown in Fig.l.
v is the instantaneous velocity of the crack tip and Cyy is the Cauchy
stress tensor. The functions Ei (3,v) are universal fulictions in that they
are independent of the overall ;Aon.tty of the body and particular loading
systems. It is only through a single parameter, the stress intensity factor
k(t,v), that the overall geometry and loading of the body influence the near
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tip stress fields. The form given in Eqn.(l) is valid for propagating cracks
and stationary cracks (v = 0) under both dynamic and quasi-static loading.
It is also applicable to three dimensional problems of a plane crack with a
smoothly curved edge, if the(r,8)-plane is taken normal to the crack edge.
The radius of curvature of the crack edge then enters of course in the
magnitudes of the stress intensity factors. The components of I, (9,v) show
a significant dcpcnﬂncc on V.
It is of note that for the Mode-
I case the maximum of ):9 (8,v)
X r moves out of the plane og the
2 crack when v increases beyond a
certain value.

-

|l(t! X
Fig. 1 Coordinate system for
a propagating crack tip

DYNAMIC FIEIDS FOR STATIONARY CRACK TIPS
USING DEFORMATION THEORY

In this section, an incompressible elastic power-law hardening material
is considered. The analysis is carried out for the case of plane strain and
the usual small strain-displacement relations are used.

The dynamic Mode-I stress intensity factor, k._(t), for a stationmary
crack tip in a linearly elastic material can be ressed as

kr(‘) = £(c) Ry (2)

where is the corresponding quasi-static stress intensity factor. It will
now be Shown that the dynamic stress intensicy factor for the non-linear
material can be expressed in terms of a function of f(t), which is defined
by Eq.(2), and the corresponding non-linear static fields.

Near Tip Fields

Following Rcf-";&]. an incompressible material is considered, with a
relation between deviatoric stressas, l‘:| and stntns,cu of the form

a“ s (2v/y) ‘11 (3)
where T = (s, .8 /2)5 and vy = (2¢, ¢ )h. The hardening is assumed to be
governed by 13713 1514 ’

2 §
renve(B)y teevsy,
‘o
. \8 %)
T'To(:z) forvzvo,

where T_, v _ are, respectively, the yield stress and strain in shear, and N
is the ﬂudgning axponent satisfying O < N s 1. Since the plastic strains
are incompressible and only the dominant singularity is considered, the
assumption of material incompressibility should not be a poor approximacion
for moderate strain hardening. The system of governing equations is com-
pleted with the equations of motion

¢”.j - :ﬁi . (5)
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To obtain the dominating singularity at the crack tip, the near tip
field is exjanded in terms of powers of r and functions of t and 2. The dis-
placements are expressed as

uy = kg (8) 6 (r,8) =k (¢) U, (8) r as £ =0 (6

where q > 0. After use of Eqns.(3) and (4), corresponding expressions for
the stresses and strains, are obtained as

(a-1)N

9yy " kg(E) Gy (r.0) =k () T, (&) ¥ ; %)

- q-1
‘lj j(r »8) ke(t) E 1(6) r : (8)

as r = 0 , vhere k_(t) is the "dynamic stress intensity factor' and k (),
k (t) an ulne«l y

- k‘(c) [

k (e) = Le (o)1, ®

Substitucing Eqns.(6) and (9) into the equations of motion (5) shows
that the highest order singularities on the left hand-side of Eqn.(5) are of

order r(q-l)N—l, while those on the right-hand side are of order c?. This

implies, as in the linear elastic case, that for a stationary crack the

inertia terms do not affect the variation with respect to r and 9 of the

nesr-tip fields to the highest order of singularity. The results for q,
us(8), 2“(9) and E”(a) are the same for static and dynamic problems, i.e.
"¢ 4.R.R. singular "fields

-aluﬂq and ¢ -1/(1+N)) 4

7., = O(r j-o(r

13

dominate in the vicinity of the crack cip.
Specific results for the functions u (9) (9) and Ei.(G) are given in
Refs.[7] and (8]. ]

A Path-Independent Integral

For the case of linear materials, Nilsson [1l] has presenced a path-
independent integral, of the form

I[(z !.ji.j’i"“tt ‘?L?ﬂ“ (10)

in terms of Laplace transforms of the field variables. The contour C defines
a path enclosing the crack tip, n, are the components of the outer normal to
C, a superscript bar indicates :h‘ Laplace transform and p is the Laplace
transform variable.

For material behavior described by nonlinear deformation theory. and
in a region vhere Eqns,(6),(7) and (8) are valid, a functional w(c ) can be
defined by

- [ U
WEE ) f: ¢ (cu)« v ()

The following integral

[ t dagte B oF. S, ] 2
$. Jc E(kq ke W) + 3007 T T ay T, W v | s (12)

is then path independent as r — 0. To prove this we consider a clgsed con-
tour C* , with enclosed area A* and we let I represent I - along C .
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By the div.rg.nc. theorem,

I [k.sw—(‘—j—-l--z-cp2 (u

where ?1 -c“ jhn been used. Now
TR SR S
2 —les T =5 b8
-2 axl i) "¢ 3:1 ij Exl

where T .. = W(;u)/é:!_ and the symmetry of Sy has been used. Substitu-

tion of Jqu (14) into E n.(}3) and use of the Laplace transform of the
equation of motion, shows I = 0 . Realizing that the fields used apply oanly
as v - 0 , this implies that I , is path independent in the vicinity of the
crack tip. ol

The assumption of small scale yielding is now introduced, i.e. the
region of nonlinear deformation is assumed small as compared to the region in
which the linear elastic singularity dominates, which in turn is small with
respect to any characteristic dimension of the body [;_2,] Since I_, is valid
in both the linear and nonlinear regions close to the crack tip, iﬂ'tcw be
used to connect the nonlinear elastodynamic near-tip field to the surrounding
linear elastodynamic field.

For the linear elastic case, I, can be expressed in terms of the Laplace
transform of the dynamic stress tnt:‘nsi:y factor [1l]. For plane strain:

(14)

1, - [Ilcp)]z (L= EVE, (15)

and
= - ~ 2 = 2 ~

1, = %@ k@ T +0? R ] T (16)

where -
3u

~ ~ ~ —’5

J= J.c [“(‘l.j) z - T, a‘l ] ds, an

Teds I 3, u, dx (18)

2 c 1= er=2

and T, = k (p) 1‘ . In the limit as C shrinks on to the crack tip, L
vanishes.

Intensity Factors

By the reasoning given above, we have IL =1 ot which gives

E,:(P) E;(P) 3 [EI(P)]z a- vire . (19)
Anologously to Eqn.(2) we introduce

{Fon @} -{TLwe 5o} (20)

where KX_ , K are the intensity factors for the corrugonding static problem.
Using the quisi-static result that l( K, Y = %2 (1 - v3)/ E and Eqns(2) and
(18), Eqn.(19) is reduced to

e e = [im ] (21)

which, together with (9), relates the time dependence of the dynamic stress
intensity factors using deformation theory to the time dependence of the

B — ——
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corresponding intensity factors using' linear elasticicy.
To understand the implications of Eqn.(21), let f(t) = ¢¥ (x> 0), i

F(p) = T(a+l) /p (a+1) wvhere [ is the gunnn function. The corresponding forms

for £ ,f, are £ (t) = C t5. £ (c) = ot o, Substituting the Laplace trans-
form of f¢, £ 1n:o Zqn. (21) gives
o+l DCON+L) D(3+D) | [ (at }] (22)
5N+1 p5+1

from which we find & = 2a/(N+l1). Since 0 < N s 1, it follows that § > u
which implies that £ (t) ~ t° increases slover than £(t), but £ LES N6
iacreases faster than for the linearly elastic case.

INFLUENCE OF CONSTITUTIVE BEHAVICR ON NEAR-TIP FIELDS

The functional dependence on r and & of the fields of stress and de-
formation near a rapidly propagating crack tip can generally be established
by asymptotic considerations. For a wide class of constitutive behaviors an
asymptotic analysis can be based on "separaction of variables' near-tip
solutions, in which the dependence on r is a-priori assumed as a power of r.
The analysis proceeds by collecting the most singular terms in the governing
equations, and the boundary conditions, and subsequently solving the resulting
linear or nonlinear eigeanvalue problem. When this method is applicable it is
found that the stresses and strains are singular.

In an asymptotic analysis only the field in the highly strained material
in the near-tip region is considered. Hence, it is the stress-strain
behavior at very large strains which enters an asymptotic analysis. The
speed of crack propagation is limited by the characteristic speed of the
material immediately ahead of the crack tip. This speed is related to the
slope of the stress-strain curve. T[hus, only constitutive models with a
finite slope of the strass-strain curve ac large strains are suitable for
the type of asymptotic analysis described above.

In this section the influence of the constitutive model on the near-cip
field is examined for rapidly propagating cracks. Only the case of Mode III
crack propagation (antiplane strain) has so far been investigated in some
detail.

The asymptotic analysis is carried out in a moving coordinate system,
which is fixed with respect to the crack tip. If the speed of crack propa-
gation is v = di(t)dt, where 2(t) is crack length and v is an arbitrary
function of time subject to the conditions that v and dv/dt be continuous,
the material time derivatives are transfcrmed to the moving coordinate
systems by the relations

€ )-&}-v(t)-l_
at

Oxl
and
(") = 22 #He) &= - 2 w(e) . v3(t) ey (23)
;i 3t = 3e3x, 3‘:

In the usual separation of varjable type asymptotic analysis considercd here,
the terms coming from 3“ u, /3x$ will be more singular than any other terms
in i , so that the results will be the same for the "steady state" and
tran§ient cases as far as the r and 6 dependence is concerned. By 'steady
state'', it is meant thac, as seen by a crack-tip observer. the stress and
strain fields are coastant.

Motion in antiplane strain is defined by a displacement in the xy°
direction only, see Fig. 1. The notation is simplified by writing.
W (xl.xz) " Up UL - (> SO

3 1 2
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T, =G

" T i=1,2

¥ o 2¢31 = Bw/%xt . L=, 2 (26)

The equations of motion and compatability reduce to
(25)

T =0 W

i,1 » Yaa T 0
where W is found from Eqn.(23).

The system of governing equations must be completed -y the constitutive
relations. In the following we examine the near-tip fields for the various
different constitutive behaviors shown in Fig. 2.

Fy
&

// Tof

(a) (b) © d) (e)

Fig. 2 Models of material behavior
Linear Elasticity (Fig. 2a)

The constitutive law is T~ » Yg and the near-tip field is of the
form given in section 2. That is the stresses and strains have the familiar
square root singularity with respect to r, of LEFM. The upper limic for
crack propagu:ton under remotely applied loads is the elastic shear wave

speed (1/0)
Bilinear elasticity (Fig. 2b)

Dcfintgg an effective shear stress, T, and shear strain, v, as

T = (1'1 Tt) , Y= (Yivl) , the constitutive law is given by
LY "T o e
™ Vi = Ti + ( u/»t - 1)(1 - To/‘\’) Tt g T fo (26)

where . is the linear elastic shear modulus and By d=/dy for 7 > T

The singularities for stress and strain are similar to the ones for
classical linear elasticity, but with .  replacing . as the relevant elastic
constant. This reduction in the slope of the stress-strain curve has
important consequences for the significance of dynamic effects in rapid crack
propagation. Although the crack speed v may be small compared to the linear
elastic shear-wave speed, (./c)*, it may be a sigpificant fraction of the
characteristic wave speed at high strains, (u./c)?,and this is the important
comparison in deciding the importance gf dynamic effects. If the fracture
process is essentially brittle, (pc/:) is an approximate upper limit on the
crack propagation velocity.




Power-law Strain Hardening (Fig. 2¢)
The Mode III version for deformation theory of plasticity is

<
T TR Yy TET

N
Ti-ro(v/vo) Yy o 1'>1'° (27)

where Tor Vo 3T the yield stress and strain respectively and N > 0.

The loading path in stress space of a material point close to the tip of
a rapidly propagating crack is not proportional since a gzone of unloading
exists. Deformation theory of plasticity wiil. therefore be a poor model in
this region. Even 1if Eqn.(27) is assumed to ba valid for a non-linear elastic
material, it is not possible to obtain an asymptotic expansion in powers of
r. For 0<N<1, i (7) =dr/dy vanishes as vy = = , and the characteristic
wave speed becomes zer§. Therefore, any speed of crack propagation is super-
sonic and the above asymptotic expansion is not valid. For N> 1 , drt’dy
becomes unbounded as Y — » and so does the characteristic wave speed. This
means that for a bounded crack tip velocity, dynamic effects disappear
altogether for N > 1.

et S e b

:
3
:
4

.l'2 Flow Theory (Fig. 2d)

Finally, a crack propagating rapidly in a strain-hardening, elastic-
plastic material characterized by Jg flow theory and a bilinear stress-
strain curve is considered. For loading in the plastic regicrs, the e
incremental stress-strain relations are

'.'.t\li-a‘fi*f'(l-d)(‘f/?)fi,‘f>‘t° s s 21 TR (28)

vhile for elastic unloading and elastic loading we have

B ¥gmadt, ts0 ,or TS T (29)

where ¥ = . /) .

If the steady-state situation is considered, the above equations toget-
her with the equations of motion and compatability ara not always elliptic.
When the governing equations are ellipcic, an asymptotic expansion in powers
of r will be valid. If the material time derivatives are replaced by
- v 3/3x] and the comparability equation in Eqn.(25) is used to eliminate v,
from the constitutive equation (28), the governing equations in the plastic
loading region can be written as the following system of first order 3

equations, ]
- sz 1 0 ’
r 2 1 (ur? -2 : j
1 - Ll <+ 11 (Va - 1)/t - 111'2(1/0! - D/t @, ]
:
2 ¢ 2 et S 5
(v} - rlrz(lla = 1)/ (et -1+ rz(l/a - 1) (w) 11
1)
+{0 0 Olg'z'g (30)
where

|
|
|
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= 0 to define the matrices Al, Az, the charac-

terisctic directions [H] (du%o characteristics are defined as lines across
which discontinuities in w can occur} are given by )\ = dx,/dx,. These
directions are found by solving the characteristic equation

Using the form A" Baa Az @,

2-1\‘\1\-0. (31)

la
The system of equations is elliptic if the roots A are complex.

Equation (31) can be written in the form Af(A) = 0, where £(.\) is
quadratic in A, with roots A~ which will be complex if the discriminant of
£(\y 18 negative. This condition can be reduced to

/o101 + 72 (e - /] - 1 <0 (32)
If‘rl-T , a lower bound of
v < Gl (33)

is found for the above system of equations to be elliptic ':1_4]. which is
the limit given earlier on the basis of intuitive reasoning.

For crack tip velocities less than this limit, the separation of varia-
bles approach to an asymptotic expansion will be valid. However, for higher
velocities, the type of the governing equations depends on the magnitude of

T

1 The case of v < ( /o)& will be considered below, and in the next section
the elastic pcrfectly-pfutic case will be considered. TFollowing Achenbach
and Kanninen 761, an asymptotically valid solution for w of the general form

@ =Cvwue) ki

is sought. Here C is an amplitude factor, left undetermined by the analysis,
and W(®) and s have to be found. The problem is set up as a generalized
eigenvalue problem with s as the eigenvalue.

Using Eqn.(24), the strain rates corresponding to Eqn.(33) are

4 2 0 5
Yo = Cv -3;; [W(a) rs] 5 i=1,2 (35)

Since only the most singular terms in r will be retained in the asymptotic

analysis, in Eqn.(23) quantities of the form 3f/3t, where f is any field

variable, may be neglected when compared with -v(t) 2f/3x., so that ( ') =

- v 3/2x,. In the asymptotic analysis v is considered :3; be comnstant.
The strasses corresponding %o Eqn.(24) are

FeEe e, (37)
which implies

Te et (38)
The stress rates are defined by

G =-ucv 5_:_1 [(ri,r) r’] ~uCv (i"_,i:) el (39)

Substituting Eqns.(34) and (37) into the equation of motion, Eqn.(35), and
retaining only the most singular terms, yields

s T) cos¢ - T; siné + s T, sind + T, cosé = 52(-9‘:' cos=+ 'sia2) (20)
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where superscript ' indicates 3/3§ and 32 = v2/(u/p).
Substitution of Eqns.(33) and (37-39) into Eqn.(28) yields

als Wcosd - W' stnd) =a T +(l-a) i T (41)

1

a(s w siné + W' cosf) =« ‘i’z + (1 - @) r‘l T T : (42)

2

The corresponding equations for elastic unloading can be cbtained from (151,
The pertinent &~'ution is

ti. = (1—32 ainzs)’/z cos [s(w-m] , (43)
where taa w = (1.—'32)!2 tan 0.

The problem is anti-symmetric with respect to 9 = 0 , so only the domain
0 s 8§ s mis considered. The boundary conditions are given by

W =0 on & = 0 (anti-symmetry) ,

E >

; =0 on 6 = 7 (gero tractions) . (44)
As in the quasi-static solution {16] , the possibility of a plascic reloading
zone along the crack flanks is not considered. Although this may be a
reasonable assumption for Mode III, results for the quasi-static elastic

perfectly-plastic Mode I case [17] indicate that the above assumption is not
correct in Mode I. §

unioading

loading

Fig. 3 Boundary between loading and unloading
regions as r - 0.

The boundary between loading and unloading zones surrounding the crack
tip is assumed to be a radial line, emanating from the crack tip at an angle
g =8 , (Fig. 3). The field in the loading zone, 0 S & s & , is governed by
Eqns.p(l»O) and (41-42) and the field in the elastic unloadigg zone
€ <8 smis given by Eqn.(43).

To completely specify the problem, the continuity conditions at the
interface, 9 = & , must be given. From the unloading condition, v = 0 ,

which implies T = 0 , ve find
- s Tcosé + T' siné@ =0 aea-ep. (45)

In addition, it is assumed that the particle velocity and stresses are
continuous at € = 9P. This condition can be written as

W)l=W =0 atds= 6, » (46)
where
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Ce@)] = gl (o) - g28- (£(a)).
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The first condition of Eqn.(46) can be automatically satisfied by writing the
solution in the elastic unloading zone as

W. = H(Op) W.(S) / W.(Op) 7

vhere T;I(S;) is the solution in the loading region at & = SP. From continuity
of W' at 8 = ap , it follows that

W'(QP) = W(OP) W;(GP) / W‘(Op) ’ (48)

where é.(ep) and &;(ap) are found from Eqn.(43).

The problem has now been reduced to determining the solution in the
plastic loading region, i.e. a solution satisfying the field equations in the
region 0 S 8 s 8 , and the boundary conditions at 6 =0 , 64 . The
quantities which have to be determined are W(8), T;(8) , T (8), 8, and s.
This is a nonlinear eigenvalue problem which must éc solved numerically.

The results for s and 3, are shown in Tables 1l and 2, and further details of
the analysis are given T (el.

The limit on v derived earlier, is an approximate agreement with the
region where the numerical solution of the equations given above could be
found.

TABLE 1. CALCULATED VALUES OF &, FOR DYNAMIC
PLASTIC ANTI-PLANE SHEAR CRACK PROPAGATION

eP
x 3=0 3=0.1 3=0.25 3=0.5 3=0.75
1.0 1.571 1.576 1.602 1.690 1.786
0.7 1.522 1.528 1.554 1.643 1.731
0.5 1.473 1.478 1.505 1.595
0.3 1.393 1.398 1.427 1.519
0.2 1.328 1.334 1.363

0.1 1.217 1.225 1.259




TABLE 2. CALCULATED VALUES OF s FOR DYNAMIC PLASTIC

ANTI-PLANE CRACK PROPAGATION
8

a 3=0 3=0.1 5%0.25 3=0.5 $=0.75
1.0 =0.500 -0.500 -0.500 -0.500 -0.500
0.7 -0.444 -0.444 -0.442 -0.43 -0.396
0.5 -0.395 «0.39% -0.391 -0.375
0.3 -0.325 -0.324 -0.319 -0.288
0.2 -0.277 -0.276 -0.269
0.1 -0.208 -0.206 -0.1%

MCDE III STEADY-STATE DYNAMIC CRACK PROPAGATION
IN AN ELASTIC PERFECTLY-PLASTIC MATERIAL

In the previous section, the case where the system of governing equations
is elliptic, and a separation-of-varisble type asymptotic analysis is appli-
cable, was considered. In this section the special case of an elastic
perfectly-plastic material, for which the governing equations in the plastic
loading region are hyperbolic, is investigated. The analysis is again

asymptotic in the sense that the solution is not valid far from the crack tip.

However it is different from the approach where only terms of the highest
singularity in r are retained.

The problem is a generalization to dynamics of the problem addressed by
Chitaley and McClintock "3] for quasi-static crack growth. The Mode III case
is used as a means to understand the importance of inertial terms on the
crack tip fields, and to gain insight into the more difficult Mode I case.
Although for an analysis of a real material, the exclusion of strain rate
effects in the material model cannot be justified when other dynamic
plasticity effects are included, this simplification is made to make the
problem tractable to an asymptotic analysis. The results which are obtained
on the basis of several assumptions do show that when compared to the quasi-
static case E{_‘, there is a major difference. As opposed to the cases dis-
cussed in the previous section it is not clear that the equations governing
the asymptotic field for the transient case are the same as those for the
steady-state case when the material behavior is elastic perfectly-plastic;
that is, it cannot be assumed that (') ¥ = v 3/3x, is a good approximation
for the transient case. However, only the steady-state case will be con-
sidered here.

Constitutive Law (Fig. 2d)
The yield condition is

T (49)

Adopting a Prandtl-Reuss incremental flow law as ia Eqn. ( 28), the strain
rates are given by

V"Tt/u+\11 i (50)




where z > 0tfvavy , >0 , otherwise A= 0 . Equation (50) is a special

case of Eqn.(28) but’as the analysis is fundamentally different, the governing
equations are rederived.

Governing Equations

Using the steady state form of Eqn.(23), i.e. all time derivatives, are

assumed to vanish identically, the governing equations can be written in the
following form,

APETEL azu/axi x (equilibrium) (s1)

Y1.2 =Yy (compatability) (52)

Y1 ® ft'l/u + x,l A (constitutive law) (53)
where \,, <0 if r= T o,

<
’1 o’ Ti 11,1

otherwise )"1 =0 .

In the plastically deforming regions, where A, < 0, the yield condition
can be identically satisfied if we define @ such chné

T =T, sind , T, =T cosd . (54)

Substituting into Eqns.(51-53) and eliminating Yg o the governing equations
can be written as

2 T T 4
3 —E cosd 0 g sind Yl‘
4 2l dege =8 a7 09
T Ty T ;
=2 9 =2 |
7 cosd 3 = singd 0 W .

L -
where 3 = v//ii/p . Equation (35) has the gcural form A1 @1 * Az 2.9=0.
Using the method of characteristics _1_;]. Eqn.(55) is transformed into
a set of ordinary differencial equations along the characteristics in the
Xy = xp plane. To do this w,; is written as w,; = dw/dxy-(dx3/dx)) w,
w!’\'ote ‘ﬁ/d"l indicates differeatiation along the characteristic whose %nnacnt
is given by dxzz’dxl. Substituting this relation into Eqn. (55) results in

1 % b e
A" dg/dx; + (A° - A dx,/dx;)) @, = O . (56)

Defining A as A = dledxl and solving for A from lAz e , which in
this case is given by

2 2 2
T T T

A2 (s%cos®s) + 20 =2 sta® cos?s - % sta®s -0, (s7)
1] o 1]

the characteristic directions are found to be

o

ax—lz'cowz.‘:' S
Here the = signs are used to denote the = ve characteristic survcs. _The left

eigenvectors,i, corresponding to .,which are defined by :i.! At =0,
are
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g*-(zég-, 1) (59)

If L is contracted with Eqn.(55), the result is an ordinary differential
equation, called the characteristic relation, along each characteristic,
viz,

2al dwrax, + 2.a% - Yy g, = 2At dgrax =0 . (60)

For the problem at hand the characteristic relations are
B d‘ll = ('ro/“) do = 0 (61)

Equation (61) can be integrated along the characteristics to give the
Riemann invariants,

.= 3*41 = (To/r.) ? (62)

where J, are constants aloang the corresponding characteristics.

From Eqns.(61) and (62) a number of types of characteristic fields in a
region in the x; - x; plane can be constructed. They are

a) simple field , J‘+ = constant, J_ = constant,
both seats of characteristics straight;

b) uniform field, J+ = constant, J_ ¢ constant,
-ve set of characteristics straight;

c¢) uniform field, J,_ # constant, J = constant,
+ve set of characteristics straighe;

d) non-uniform field, J_# constant, J +# constant,
neither set of characteristics straight.

At this poinct, the difference between the governing equations in the
plastic zones for the dynamic and quasi-static cases can be pointed out. If
in Eqns.(61) and (62) the limit 3 — 0 is taken, the two characteristics and
the corresponding Riemann invariants degenerate to one characteristic and ore
Riemann invariant, and the appropriate quasi-static limit is obtained. The
resulting set of equations implies that ? is constant along a characteristic
and therefore the characteristics are straight. Unfortunately in the
dynamic case under consideration, the characteristics are in general not
straight since their direction at any point depends on the solution, O , at
that point.

Boundary Conditions

The Mode III problem is anti-symmetric about xy = 0 , which implies
w=0 along x, = 0 , x> 0. Therefore Y; = 0 on the x; - axis ahead of the
crack and by Eqn (53), this implies 7y = Oors=0 onxpy =0, Xy > o

On the crack flanks (x, = 0 , Xy < 0) we have 75 = 0 . The boundary
conditions near the crack tip are then

2=0 ; x3 =0, x1>0. (63)

pm=mu/2 xpg=0, x;<0 . (64)

14
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In Eqn.(64), the choice of T being ol s depends on the solution
given below.

The boundary conditions far from the crack tip are not specified as they
will not enter the analysis. However, it is envisioned that the small scale
yielding assumption will hold and the plastic zones will be embedded in the
linear elastic stress field for a moving crack.

Since the problem is anti-symmetric, only the upper-half plane,
x2 > 0 , will be considered.

Near-Tip Fields

From Eqn.(62), a difference can be seen between the quasi-static and
dynamic cases. From (9,12,17], the quasi-static strain v, is found to be
logarithmically singular as the crack tip is approached. However, in the
dynamic case. if v should become unbounded as r — 0 but ¢ is restricted to
finite values, it }eum from Eqn.(62) that J- must also tend to infinity.
The only way this could happen with bounded  is for @ to be cyclic in its
permissible range. The latter would imply that the stresses must also be
cyelic, which i{s unacceptable for a solution in a plastic zone Thus, Y1 is
assumed to be bounded in the dynamic case.

A solution is now constructed,which satisfies the boundary conditions on
X9 = 0,by using the simple and uniform fields a) and b) given above.
Aighough it is possible that the near-tip plastic loading field may be non-
uniform, this case is not considered. Case c) is ruled out since
A.1 > 0 and cases a) or b) taken separately cannot match both boundary
conditions. The case of an elastic unloading zone is also considered, but
will be shown not to exist to the order of approximation made.

After a process of elimination the following solution is found. The
resulting characteristics are shown in Fig. 4.

\

—

== SPECULATED ELASTIC PLASTIC BOUNDARY

Fig. 4 Characteristic curves near the crack tip
for Mode III steady-state dynamic crack propagation

Let a simple field border on x, = 0 , Xy < 0. Then, in this region the
characteristics are straight, Ectng given by

X, ==x1/3 +4A,, (65)

where A. are constants and O , V| are constant. Applying the traction free
crack face boundary condition given in Eqn.(64), results in O = 7/2 {n the
simple field. The choice of ® > 0 will be obvious once the field in fromt
of the crack tip is found.

In front of the crack tip , on the x, - axis , ? = Yy ® 0 satisfies the
characteristic relations in Eqn.(61). Therefore the x; - axis is a charac-
teristic. Also, from the stress distribution in the linear elastic case,

a plastic loading zone is expected to form ahead of the crack tip. Using
this as motivation, case b), with the -ve characteristics straight and
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forming a centred fan at the crack tip is used to match the boundary con-
dition ahead of the crack tip. Case b) assumes J, is coanscant, which re-
quires y; , 9 be constant along a -ve characteristic. Substituting this into
Eqn.(58), the -ve characteristics are found to be defined by

. x, —3i08 :
Xy " %) Tose -3 " %2 :lme-o (66)

vhere the constant of integration is zero to satisfy the centred fan con-
dition, and & is the angle between the characteristic and the positive

;1 =t Duig;nneutm Eqn.(66) with respect to x; and solving for ? in terms
E' of @ from the resulting equation, we find
'3 cos ? =3 sn?d + cosd (1 - 3%s1a0)¥ . (67)
Substituting this result into Eqns.(54) gives
E Ty " -7, sio8 RN si.nzS)h - 8 cosd] , (68)
'; and
f v, = 7, (3 s1n%0 + cosd (1 - 37 sta’®)"] . (69) 1
|
In the simple field, Ty = 0. The angle at which the uniform and simple fields 1
match is found from setting Eqn.(69) to zero. The result is [
é tand” = - 1/3 , (70) i

which defines a characteristic of both the simple and uniform fields emanating
from the crack tip.

Since the x;-axis is a characteristic on vwhich v, = 3 = 0, J  is zero.
Therefore, from -(62), vi= - foa/(ue) and using Eqn.(67), we can write

2

=
v, ® - ;_§ cos™! 13 s1a%0 + coss (1- a? ninza)”] . (71)

1
for 0s6 58 ,
vhere §" is defined by Eqn.(70). From Equ.(S3), A, can be ocbeained as

v
o S08(2-8) "1
vy T 48 L7

and by virtue of Eqn.(71) it can*t:hon be easily shown that \,, < 0 as
required. By evaluating v, at 8, its value in the simple field can bde
obtained as vy = (7 fo)Kzué). If Eqn.(70) is substituted in Eqn.(68), it is
found that Lt A O = /2, as previously assumed.

The possibility of an elastic unloading zone extendiag to the crack tip
between the two plastic fields must now be checked. If the material unloads
such that A\,1 > 0 , chere will be & wake region with residual plastic strains
behind the plastic loading zone. Obviously these residual plastic strains
will only be functions of xj. The governiag equations in the wake region are

(1-3% G e M g (73

-

e HER ;
1.2 %2,1 ® Y12 583
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where v{ is the non-recoverable part of the Yy strain. Ero- gqn.(71),
evaluated at 6 = 8% , it can be seen that vy &nd T, at 6 are not
functions of x, and therefore in the elastic unlodtng region v! 2 is zero.

No solution can then be found of Eqns.(73-74) which matches the continuity
conditions on both sides of the elastic unloading region, and therefore the
assumption of an unloading zone is incorrect.

From Eqn.(52), vg,l can bg found and after integrating with respect to
X1y Yp in the domain 0 S 6 S 8 is obtained as

T
vp " -:{L;g la (1~ 3 s1n?d = cosd (1 - 32sin?0) Y]

+ % In [1+3 sinza + cos® (l-ézsiuze)k]}# v(xz) ’ (73)

where v(xz) will be specified later. By continuity of strains, for
%*
9 s6sm

vy = 9(xy) (76)
Requiring v, to be bounded at x; = r, and for small x,, where x, = r_ is the

intersection of the elastic-plastic goundary with the x;- axis, a(xz can be
approximately given by

T T
-2 {13 (®) . 13 .3) -
v(xz) __‘ { 3 in \"2) 3 1a(1-3) - (a2 + 1} . an
From the Y1 strain in the simple field, the crack opening angle is given
by
8 w2 eand (ol (78)
op \ 2.3/

and the crack opening displacement is zero. If r is the radial distance to
a point on a +ve characteristic, the +ve characteristics are given by

aE . (3 cosé + gl-ezunzaz ¥ de 79)
T 28sin6 i s

__ The above results are essentially the same as those found by Slepyan
.187, who used an approach where only the most singular terms (0(l/r)) ware
retained in the governing equations. This approach can be shown to give the
same result as when the field variable are considered to be functions of
(xl/x ) only. Since the results given above agree with _18], they must also
be solutions for the case where the only independent variable is (xl/x Dis

It is inctuitively reasonsble that the steady-state dynamic results
should reduce to the quasi-static results ac small values of 5. However the
tracsition from dynamic to quasi-static does not seem to be uaniform since if
-0, v and vy increase beyond bounds.

In the quasi-static case 9,17,, vy = in(r)sind as r — O and there is
a regicn of elastic unloading. As a material point passes the crack tip, the
increments of vq change sign and this can only be achieved by elastic un-
loading in the quasi-static case. The same effect is not found in the
dynamic case, since the plastic loading region extends completely around the
crack tip. An estimation of the relative zone size near the crack tip over
which the dynamic results are valid can be found from Eqns.(55). Since
inertial effects are proportional to 32 | the dynamic results will be
important in a region of 0(2) , indicated in Fig. 4 by the minimum distance
hHetween the speculated elastic-plastic boundary and the crack tip. Outside
this region, unloading may occur and as : = 0 , the unloading region may
approach the crack tip, resulting in a transition to the quasi-static result.
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Table 3: Comparison of results from R.f.f.l_%,g.lg] and the present analysis

stationary propagating crack
crack (steady-state)
(stacic) quasi-static dynamic
K strain Yy T = = - 3
i 2 § LA 1-8 3
E x, " 0, % >0 Yo( r) Yor.lﬂ‘(-‘s) * 2 fn (-%)] Vo{H o ko -E)}
Ref.(12] Ref.[12]
f e 3 3
i F L)' | .1 (amy 5 L(...I_‘E 5
; P T\t n To moT / (1-2 )lj
' Ref.([12] Ref. (9]
|
| crack-opening ' mr
| -1( o -1 9
E angle © 2 ean”( ..) i B o
‘ op
: Ref.[12] Ref.[19]
} crack-opening 2« $ )2
g r 11 0 0
| displacement m-,fo
i Ref.(12] Ref.[19]

S
‘III = static or quasi-static stress inteasity factor

Kgu = dynamic stress intensity factor

L -rc/u
A comparison is made in Table 3 between the static, quasi-static and
dynamic results for a semi-infinite crack and small scale yielding. The
approximate plastic zone size, rj, for the dynamic case is estimated by
using the Irwin approach of an effective crack length {20] snd does appear
to be consistent with the quasi-static result, although this may be purely
fortuitous. In the limit as 3 =1, KD, = 0 so that r, = 0 vhich would be

the correct limit for the supersomic case. The crack-opening angles and
displacements are consistent with &, = m as 3 - 0. The yz strains along the
x-axis are not consistent, but thilogl not unexpected, as the region over
which the dynamic solution dominates, tends to zero in the limit 2 - 0. It
is expected that the strain outside the region in which the present analysis
is valid will tend to the quasi-static result.

The above analysis has taken no account of loading or elastic-plastic
boundary effects and is based on a number of simplifying assumptions. By a
process of elimination, the above solution has been found to be the only one
satisfying these assumptions. Further detailed analysis requires the help
of extensive numerical work to give guidance in the analytical work.
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