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~~ields are increasing mono tonically with time. The general character of the
near-tip fields is analyzed both with respect to its variation with time and
with polar angle. The non-linear near-tip fields are related to the Linearly
elastic far-field by means of a path-independent integral. In the second part . -
of the paper we consider rapidly propagating cr.dci. We discuss the near-
tip fields for various models of material behavior. in particularly we
briefly review some earlier work by Achenbach and Kanninen for a rapidly
propagating Mode-Ill crack, in a material which displays strain hardening .

H In the last part of the paper we consider the fields near a rapidly prop.-
gating crack—tip in an elastic-perfectly plastic material for the case that
inertial terms are of- importance. The system of governing equations in the
p lastic region is presented and shown to be hyperbolic in nature. As a firstr approximation the steady-state case with respect to the moving crack-tip is
considered and an asymptotic analysis of the near-tip field is carried out.
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NEAL-TIP PLASTIC DEP~~3(ATtOI1S ZN DTIWIIC FRACTURE PROBLDG

.1. 0. Achenbach. P. Rutgers and V. Dunayevsky
The Technological Institute
Ncrthvesteru thtivsrsity
Evanston, Ill. 60201

AISThLCT

Under rapid loading conditions and/or for a rapidly propagating crack.
the mass density of a material affects the fields of stre ss and deformation.
Pot such dynamic fracture problems plaatic deformations in the Lonediste
vicinity of a crack tip are invest igated in this paper . Both stationary
and propagating crack tips are considered. For a stationary crack tip,
deformation theory is employed for the first phase of the Loading when the
fields are increasi ng monotonically with time . The genera l character of the
near-tip fie lds is analyzed both with respect to its variation with tine and
with polar angle. The non-Linear near-tip fields are related to the linear ly
e Lastic far . field by means of a path-thd.pendent integt~1. In th. second part
of the paper we consider rapid ly propa gating cracks . We discuss the near-
tip field s for various models of mater ial behavior . In particul arly we
brie f ly review some earlier work by Mitenbach and Kanninen for a rapidly
propagating Mode_Ill crack, in a material which displays strain hardening .
La th, last part of th. paper we consider the fields near a rapidly props-

-j gsti ng crack-tip in an elastic-perfect ly plastic material for the case that
inertial terms are of impor tance . Th. syste m of governing equations in the
plas t ic regi on is presented and sho im to be hyperbolic in nature. As a first
approxima tion the steady state case with respect to the noting crack-tip is
cons idered and an asymptotic analysis of th. near-tip field J.s carried out.

IN~~~~tJCTtON -
There are two broad c Lasses of fracture mechanics problems th at may have

to be treated as dynamic problem.. These an, concerned with: (I) cracked
bodies subjected to rapidly varying loads . (2) bodies containing rapid ly
propagat ing cracks . In both cases the crack tip is in an enviroomenc of
rapid ly varying fie lds of stress and deformation.

Impact and vibrat ion problems fall into the first class of dynanic
prob lems . In the ana lysis of such probl ems it is oft .n found that the
dynamic stre sses near flaw , are higher than the stresses computed fro. the
corresp ondin g problem of static equilibriu m. The dynamic stress “ overshoo t ”
can b. especia lly pronounced for cracks . In view of the dynamic amplifica-
tion , it is conceivab le that there are cases for which fractur e at a crack
tip does not occur under a gradually applied system of toads , but where a
crac k does indeed propagate when the same system of toads is rapidly applied ,
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and gives rise to waves, which strike the crack tip.
The second cla ss of problems is equally important, since there are

several kinds of large engineering structures in which rapid crack growth ~*$ a definite possibility . When a crack propagates rapidly, dynamic effects
affect the stress fields near the crac k tip, and hence the conditions for
further unstable crack propagation or for crack arrest.

In recent years there have been a number of comprehensive review articles
to the general area of e lastodynamic fractur e mechanics , see Refs .i1J-L5] .
At present , dynamic fracture mechanics solutions are , however , largely con-
fined to conditions where linear elastic fracture mechanics (LEFM ) is valid .
The elastic-plastic tnesma.nts required to give accurate results have not yet
been developed in a completely acceptable manner , even under static conditions.
Current prog ress in this area , and a starting point for the development of a
dynamic plastic propagati ng crack tip analysis have recently been discussed
in Ref. C6] .

In this paper further investigations are reported on plastic deformations
in the imaediate vicini ty of a crack tip for both stationary and moving crack
tips .

The analysis for a stationa ry crack tip is based on deformation theory.
For the corre sponding class of static problems deformation theory was applied
by ifutchinson L23 and Rice and Roseagren ~~~ In Section 3 some of the
results of 

~~ 
and ~~ are extended to dynamic near-tip fields. Deformation

theory is not valid for unloading, and consequently the results generally
apply only in an initial time interval wh en the fields of stress and deforma-
tion increase monoconically. Also, since the nonlinear near-tip fields an
related to the linear far-field by means of a path-independent integral, the
plastic deformation must be confined to a small zone near the crack tip.

In Sections 4 and S plastic deformations tear a rapidly propagating
crack tip are considered, for the special case of Mode III deformations. The
analysis takes the inertia terms into account, but it is assumed that the
fields are steady-state . i.e. , they ar, constant wi th respect to an observer
who moves with the crack-tip. The corresponding quasi- static prob Len has been
considered by Chitaley and McClintock E2~ for an elastic perfect ty .plasti c
material , and by Amazigo and Ruechinson ‘4Q~ 

for the case of J2-flow theory
with a bi linear effective stress-strain curv e .

Section 4 is primarily concerned with a discussion of the influence of
various coesti tu t ive behaviors on the near-tip fields. In this section we
also briefly review some earlier results of Mhenbach and Kanninen 

~~ for
flow theory. In particularly we investigate the nature of the governing
equations as the crack-tip velocity increases . For the case of strain hard-
ening the governing equations are elliptic when the crack-tip velocity is not

H too large. In that case the usual separation of variables asymototic analy-
sis yielding singular stress and strain fields can be carried out, and
singularities of the type rP(. I < p < 0) are obtained. As the velocity
increases (or the strain-hardening curve becomes flatter) the nature of the
equation, becomes hyperbolic. It appears very difficult to trace the transi-
tion of the near-tip fields as the velocity increases .

LINEAR ELAST~~YNAmIC STRESS INTENSLTI FACTORS

It is well known that for linearly elastic materials , the stress fields
in the icuediate vicinity of a stationary or moving crack tip can be an-
pressed in the general form

c~~ — k(t,v) Z~,(9.v) , (I)

where r ,~ are polar coordinates centered at the crack tip. as shown in Fig.l.
v is the instantaneous veLocity of the crack tip and is the Cauchy
stress tensor . The functions ~~4(3,v) are universal fufictions in that they
are independent of the overall gdometry of the body and particular Loading
systems . It is only through a single parameter , the stress intensity factor
k(t,v), that the overall geometry and loading of the body influence the near

2
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tip stress f ields . The form given in Eqn.(l) is valid for propagating cracks
and stationary cracks (v — 0) under both dynamic and quasi-static loading.
It is also app licable to three dimensional problems of a plane crack with a
smoothly curved edge, if the(r,e)-plane is taken normal to the crack edge.
The radius of curvature of the crack edge then enters of course in the

• magni tudes of the stress intensity factors . The components of L (e ,v) show
a significant depem~~nce on v.
It is of note that for the Mode-
I case the maximum of Z~~(9 ,v)

x r moves out of the plane oi the
2 crack when v increases beyond a

certain value .

___________ — 

8

Fig. 1 Coord inate sys tem for
a propagating crack tip

DTNAHIC FIElDS FOR St&TIONARY CRACK TIPS
USING DEPORMTION THEORY

In this section, an inco mpressib le elastic power-law hardening material
is consider ed. The analysis is carried out for the case of plane strain and
the usuaL small stra in-d isp Laceinent reLations are used.

The dynamic Mode-I stress intensity factor, k,(t), for a stationary
crack tip in a linearly elastic material can be expressed as

k1(t) • f(t) K1 
(2)

where K.,. is the corresponding quasi-static stress intensity factor. It will
now be Thown that the dynamic stress intensity factor for th. non-linear
materia l can be expressed in terms of a function of f(t) , which is def ined
by Eq.(2), and the corresponding non-linear static fields.

Near Tip Fields

Following Ref.E8j, an incomprissible material is considered, with a
relation between deviatoric stresaCs , and streins~c~~ of the form

— (2r/’~)

where ~ . (s~ at I2) ~ and ‘i — (2c
~ 

C~ )½ • The hardening is assumed to ~~
govern.d by ~

~~~~~~~~~~~~~~~~~~~ 
f o ry c ’ 10

(4)

1’ — r~ f or y

where ‘r , ‘v are, respective ly, the yield stress and strain in shear , and N
is the ~ardntng exponent satisfying 0 < N ~ 1. Since the plastic strains
are incompressible and only the døeiin&nt singularity is considered, the
assump tion of material incomp ressibili ty should not be a poor approximac~On
for moderate strain hardening . The system of governing equations is com-
pleted with the equations of motion

— . (5)
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To obtain the dominating singularity at the crack tip, the near tip
field is ezianded in terms of powets of r and functions of t and ~~. The dis-
placements are expressed as

Uj  k5(t) u1(r ,G) — k 5 (t) 
~~~~ ~~ r — 0  (6)

where q > 0. After use of Eqns.(3) and (4) . c orresponding ex pressions for
the stresses and strains, are obtained as

— k~ (t) ~11(r.e) — k ,(t) ti1(e) r~
°”

~~~~ , (7)

— 1c~~~~ uii(r ,G) a k5(t) E
i1
(G) ~~~ , (8)

as r — 0 , where k Ct) is the ‘dynamic stress intensi ty factor” and
k5 (t) are related

— tk5(t)?. (9)

Substituting Eqns.(6) and (9) into the equations of motion (5) shows
that the highest order singularities on the Left hand-side of Eqn.(5) are of

order r 1, while those on the right-hand side are of order r’~ This
implies, as in the linear elastic case , that for a stationary crack the
inertia terms do not affect the variation with respect to r and 8 of the
near-tip fields to the highest order of singularity. The results for q.
uj(B), tjj(ø) and ~ij

(8) are the sane for static and dynamic problems , i.e.
tEe H.&.R. singular fields

— 0(r ’~~~~’9 ~~~ ~~~~~ 
— O(r~~~~~~~~

’),

dominate in the vicini ty of the crack tip .
Specific results for the functions u1(9), Z~ 4 (8) and Ei,(8) are given in

Rafs.L1.~ and ~8).

A Path-Independent Integral

For the case of linear materials, Nilason ~~ 
has presented a path-

independent integral , of the form 
—

— 1
C
[

~~ 
~~~~~~~ 

+ p~~~t
;
t)n~ 

_ 

~ 
ds (10)

in terms of Laplace transforms of the field variables . The contour C defines
a path enc losing the crack tip, n are the components of the outer normal to
C , a superscript bar indicates th~ Laplace transform and p is the Lap lace
trans form variab le.

Foe material behavior described by nonlinear deforma t ion theo ry , sod
in a region where Eqns ,(g) ,(7) and (8) are valid , a functional W( c i, ) can be
defined by —

W(
~ij

) — (‘Li LJ~~ J~ 
~~~~~~~~ (II)

The following integral

— k5 W(~~1
) + ‘~~ c ~2 

~~ Z~) n
1 

- ui x
l 
) ds (12)

is thea path independent as r — 0. To pvov~ this w consider a cl~sed con-
tour C , with enclosed area AC and we let I represent t~~ along C

4

- 
,-

- -

- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



r~~y -

By the divergence theorem, 
—

* — — 
_______ 

1 2 ~ — — ~ ~
_ ~U

- $~ [~ 
k5 

~~l 
+ c p 

~~
.‘— (uiuj

) - 

~~~~

— 

~~~~ 
dii (13)

where — 
~~ 

n, 
has been used. Nov

~ ~ .~~..... (~ L~ (14)C 3x1 ii c 3x1 ii 3x1 ~~x1
/

where 
~~~

, a (~~~~)/3~~, and the syneetry of has been used . Substitu-
tion of ~qn.(l4) into E~n.(~3) and use of the Laplace transform of the
equation of notion , shows I — 0 . Rea lizing that the fields used apply only
as r — 0 , this implies that is path independent in the vicinity of the
crack tip.

The assumption of small scale yielding is now introduced, i.e. the
region of nonlinear deformation is assumed small as compared to the region in
which the linear elastic singularity dominates, which in turn is small with
respect to any charac teristic dimension of the body E,~ 1. Since I , is valid
in both the Linear and nonlinear regions close to the crack tip, ircsn be
used to connect the nonlinear elascodynanic near- tip field to the surrounding
linear elascodynamic field.

For the linear elastic case , I can be expreased in terms of the Laplace
transform of the dynamic str ess int~nsity factor U~3. For plane strain:

— [kj(p)]2 (1 v 2)/E , (15)

and

— ~~ (p) ~~(p) .I + ~2 
[~5(~~

)2 ~ (16)

where

— J’
~ ~~ 

m1 
- 

~~~~ 
~~~ ] ds , (1.7)

J (18)

and ~ — ,(P) T~ . In the limit as C shrinks on to the crack rip,
vanishes.

Intensity Factors

By the reasoning given above , we have I~ 
a I~~ which gives

k~.,(p) k6(p) .1 
a 
[
~~(p)]2 (1 - ~2)/ ~ . (19)

Anologously to Eqn.(2) vs introduce

{~~(p; i~5(p) } — ‘(70(p) k
0 ; 

•
~6( p) k5 } (20)

where K_ , K are the intensi ty factors for the corresponding stattc problen.
Using the qulsi .sta tt c result that K K ~ — (I - v ’) f  S and Eqns(2~ and
(18). £qn.(l9) is reduced to

~ (p) ~~(p) — [1P)]2 (2 1)

which , together with (9), relates the t ine dependence of the dynamic stress
intensity factors us ing defo rmation theory to the time dependence of the

5
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c orrespond ing intensity factors using ’ linear eLastici ty .
To understand the implications of Eqn.(21) , let f (c )  a 

~~ (
~ > 0) . i.e.

t — / (o+l)
f(o) — T(o*l) p where . is the g a a  function. The corresponding forms
for f5 ,f,_ are f 5 (t) — C t~ . f~(r~ — cM tN6 . Substituting the Laplace trans-
form of f5, 

~r 
into Equ. (2l) gives

N+l r(6N+1) t (6+L) 
______C 6N+l 8+1 L 3+l Jp p p

from which we find 6 — 20/(N+l) . Since 0 < N S I , it follows that > n
which implies that f 6 (t) - t~ increas es slower than f( t),  but f0(t) t~~
~i reases faster than for the linearly elastic case.

INFLUENCE OF CONSTITUTIVE BEHAVIOR ON NEAR-TIP FIElDS

The functional dependence on r and 8 of the fields of stress and de-
formation near a rapid ly propagating crack tip can generally be established
by asymptotic c ons ideratio ns. For a wide class of co nst itu t ive behavior s an
asymptotic analysis can be based on “ separation of variab les ” near-tip
solutions , in which the dependence on r is a-priori assumed as a power of r.
The analysis proceeds by collecting the most singular terms in the governing
equations • and the boundary conditions, and subs equent ly solving the resulting
linear or nonlinear .ig.nvalu. problem. When this method is applicable it is
found that the stresses and strains are singular.

In an asymptotic analysis only the field in the highly strained material
in the near-tip region is cons idered. Hence , it is the stress-strain
behavior at very large strains which enters an asymptotic analysis. The
speed of crack propagat ion is limited by the characteristic speed of the
material tneediacely sheed of the crack tip. This speed is related to the
s lope of the stress-strain curve . fltus , only consti t utive models with a
f inite slope of the s tress-st rain curve at large strains are suitable for
the type of asym ptoti c analysts desc ribed above .

In this section the influence of the cons eituti ve model on the near-tip
field is examined for rapidly propag ating cracks . Only the case of Mode III
crac k propagation (antiplane strain) has so far been investigated in son.
detai l.

The asymptotic analysis is carried out in a moving coordinate system,
which is fixed with resp ect to the ct’ack tip . If the speed of crack propa-
gation is v dL(t)dt , where L( t) is crack length and v is an arbit sry
function of time subject to the conditions that v and dv/dt be conrtnLous ,
the material tine der ivatives are transfcrmed to the moving coordinate
systems by the relations

( ‘ ) •~~~~- v(t) t~—

and

2— —~~ - v (t) -
~~ - 2 v(t ) 

~
— + v (t )  -..~~~ (23)

t 1 1

In the usual separation of var~,able type asymptotic ana lysis consider ed here,
the terms coming from 32 

~~~~ 
will, be more singular than any other terms

in ~ , so that the results will be the same for the “ stead y state ” and
tran~iettt cases as far as the r and B dependence is concerned . By “ steady
state ”, it is meant that, as seen by a crack-tip observer , the stress and
strain field s are consta nt .

Motion in antipla ne strain is defined by a displace ment in the
direction only, see Fig . 1. The notation is simplified by writing.
v a u (x,,x.,) , u — u — 0 ,x3 x1 x2

6
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3i i a 1, 2

— 2c 3~ — . i — 1, 2 (24)

The equations of motion and cospatability reduce to

— ‘11,2 ‘12,1 • (25 )

where ‘~ is found from £qn.(23).
The system of governing equations nest be completed ~~t the constitutive

relations. In the following we examine the near-tip fields for the various
different constitutive behaviors shown in Fig. 2.

r
L,,
,,, ~~~ ~

:LV•~
*
~r ~Lr °Fy

(a) (b) (C) (d) Ce)

Fig. 2 Models of materia l behavior

Linear Elastici ty (Fig. 2a)

The con stitutive law is ,
~~, 

— 
~ 

‘i~ and the near-tip field is of the
form given in section 2. That is the stresses and strains have the familiar
square root sing ularity with respect to r , of LEFM. The upper limit for
crack oropagation under remotely applied loads is the elastic shear wave
speed (~,./o) !,

Bi linear elasticity (Fig. 2b)

Defini~tg an effective shear stress, ~r , and shear strain , v , as
— 

~~i 
r1,~! v — the co nstitu t ive law is given by

~‘
‘1
i

_ I
i , 1 S T

~ 
v~ — 

~i 
+ 

~ 
- - 

~~~ ~i 
‘ ~ > (26)

where ~ is the linea r elastic shear modulus and ,i.~ — d~/d’i for ~ -

~~

The sing ularities for stress and strain are similar to the ones for
classical linear elastici ty, but with 

~~ 
replacing ~ as the relevant elastic

constant. This reduction in the slope o~ the stress-strain curve hasimportant consequences for the significanc e of dynamic effects in rapid crack
propagation. Although the cra4 speed v may be smal l compared to the Linear
e lastic shear-wave speed , (~/o)~ , it may be a sig?ificant fraction of the
characteristic wave speed at high str ains , 4it/c)1,amd this is the important
comparison in deciding the importance pf dynamic effec ts. If the fracture
process is ess entially brittle , (~e~/~ )1 is an appr oximate upper Limit on the
crack propagation veloc ity .

7
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Power - Isv Strain Hardening (Fig. 2c)

The Mode III version for deformation theory of plastici ty is

Ti 1.’1i T S
~~ o

— 1 ( ~~ )N 
~~ , i’ > r (27)

where T o ’ V are the yield stress and strain respectively and N > 0.

The loading path in stress space of a material point close to the tip of
a rapid ly pr opagating crack is not proport4onal since a gone of unloading
exists. Deformation theory of plasticity viii. therefore be a poor model in
this region. Even if Eqn.(27) is assumed to be valid for a non-linear elastic
material, it is not possible to obtain an asy mptot ic expansion in powers of
r. For 0 < N  < I , ~. (i’) a dr/dy vanishes as v — , and the characteristic
wave speed becomes serS. Therefore, any speed of crack prop agation is super-
sonic and the above asymptotic expansion is not valid. For N > I • dr  ‘dy
becomes unbounded as ‘i — and so doss the characteristic wave speed . This
means that for a bounded crack tip velocity , dynamic effects disappear
altoge ther for N> 1.

Flow Theory (Fig. 24)

Finally, a cr ack propagating rapidly in a strain-hardening, elastic-
plastic material characterized by ‘~2 

flow theory and a bilinear stress-
strain curve is considered . For loading in the plastic regic’~’s , the
~~~~~~~~~~ stress-strain relatio ns are

~~ 
— + (1 - ~)( t/ ’r ) r~ , ~r > ‘t , t > 0 , (28)

while for elastic unloading and elastic loading we have

*5 0  , or ‘ r 5 T 0 , ( 29)

where ~ a

If the steady-state situation is considered , the above equations toget-
her with the equations of motion and compatabitity arc not always elliptic.
When the governing equations are elliptic, an asymptotic expansion in powers
of r will be valid . If the material time derivatives are replaced by
- v 3/

~x l and the compa~abtlity equation in Eqn.(25) is used to eliminate ‘12
fr om the constitu t ive equation (28), the governing equations in the plastic
loading region can be written as the following system of first order
equations ,

2- v ~~ I 0

1 - ~l + (1/n — l) I(~ r 2 ) — ¶
1T 2 (l In — 1)1(1.12) H’1

o - T 1T 2(I/n - l)/(~ T 2) - ~l + t~ (l/n - l)~/(~1
2)

0 0 t i
-

I 
+ 0 0 0~ H’2 a o (30)

where 1 o oJ
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Using the form A1 
H’ + A2 

~~, — 0 to d*fine the matrices A 1 , A 2 , the charac-
teristic directions kU)(whJe characteristics are defined as lines across
which discontinuities in ~ can occur ) are given by .\ a dx 2/dx 1. These
directions are found by solving the characteristic equation

1i2 - ~~A
1 .0 . (31)

The system of equations is elliptic if the roots \ are complex .
Equation (31) can be written in the form .\f(tt) a 0, where f(.’) is

quadratic in ,‘., with roots ~~ which will be complex if the discriminant of
f C’.) is negative . This condition can be reduced to

+ (1/ri - 1)/r 2] - I < 0 (32)

t f r
1

— T  , a~~ over bound of

v < (s..~/p) ½ (33)

is found for the above system of equations to be elliptic ~~ which is
the Limit given earlier on the basis ~f intuitive reasoning.

For crack tip velocities less than this limit, the separation of varia-
b les approach to an uymptocic expansion will be valid . However, for higher
velocities , the type of the governing equations depends on the magnitude of

1. The case of v < (
~ /o)

’
~ will be considered below , and in the next section

— the elastic perfeeely-p~astic case will be considered . Following A.chenbach
and iCanninen :6L an asymptotically valid solution for w of the general form

(34)

is s9ught. Here C is an amplitude factor, left undetermined by the analysis ,
and W($) and s have to be found. The problem is set up as a generalized
eigenvalue problem with s as the eigenvalue.

Using Eqn.(24), the strain rates corresponding to Eqn.(33) are

~~r• 5i— C v 
~~

— LW~~ 
r j . i — 1,2 (35)

1

Since only the most singular terms in r will be retained in the asymptotic
analysis, in Eqn.(23) quantitias of the form ~f/~ t, where f is any field
variable, may be neglected when compared with -v(t) ~fI~x , so that ( ‘)
- v ~/~x1. In the asymptotic analysis v is considered be constant.

The Serassas corresponding to E q n . ( 2 4 )  are

(1i,r) — ~. C (T~ ,T) r 5 
, (37)

which implies

T a (T~ + T~)½ 
, (3C)

The str ass rates are defined by

(~~~ ,‘r) — - ~ C v 
~~l 

[(r~,
,r) r5] ~ C v (T~~T) ~~~~ (39)

Substituting Eqns.(34) and (37) into the equation of motion , ~qn.(35), and
retaining only the s’ost singular terms , yields

s 11 cose - T~ sinG 4 5 F2 sinG + T~ coe G a :2(..5~y cos~#W ’sin~) (
~ 0)
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where superscript ‘ indicates ~/~G and p2 • v2 / ( ts l p) .
Substitution of Eqns.(33) and (37-39) into Eqn.(28) yields

o(s W ces9 - W ’ sinG) ~ F1 + (1 - a) f 1 T1 ‘1 (41)

n(s W sint + W ’ cos9) . ’c xt 2 + ( l - n) f 1 T2 T .  (42)

The corresponding equatio ns for elast ic unloading can be obtained from Cu:.
The pertinent s ’ution is

a ~~~~ sin i ) ~~
’2 cos Cs(w—n)~ , (43)

where tan w a (1_G 2)~ tan 8.

The prob lem is anti-symestric with respect to 9 • 0 , so only the doma in
0 5 8 5 IT is considered. The boundary conditions are given by

W • 0 on e — 0 (anti-syametry)

— 0 on 8 — IT (zero tractions) . (44)

As in the quasi-static solution [~j  , the possibility of a plastic reload ing
zone along the crack flanks is not considered. Although this nay be a
reasonab le assumption for Mode III , results for the quasi-static elastic
perfectly-plastic Mode I case ~~ indicate that the above assumption is not
correct in Mode I. -

~~~~
din<

Fig. 3 Boundary between loading and unloading
regions a a r — 0

The boundary between loading and unloading zones surrounding the crack
tip is assumed to be a radial line, emanating from the crack tip at an angle
8 — 8 , (Fig. 3). The field in the loading gone , 0 � 8 ‘ 8 , is governed by
£qnsY(40) and (41-42) and the field in the elastic unloadi~g zone
e s 9 c ~, is given by Eqn.(43).

To completely upacify the problem, the continuity conditions at the
interface, 9 • 8 , muSt be given. From the unloading condition, ~ — 0

which implies ~ 0 , we find

- s F cosi + F’ sinG • 0 at ; — 8 . (45)

In addition, it is assumed that the particle velocity and stresses are
continuous at 9 • 9 .  Thai condition can be written as

a — 0 at B — , (46)

where
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Cf ( e)] — (f(9)) - (f (9)) .

The first condition of ~qn. (46) can be automatically satisfied by writing the
so lution in the elastic unloading zone as

— ~~ 1’e~
9
~ 

/ w
•
(.9~) (47)

where 4(8;) is the solution in the loading region at 8 a 9~ • Fran continuity
of W ’ at 8 — 8 , it follows that

— 4e;) ~~ / ‘
~e~

9p~ 
‘ (48)

where W~ (G~) and W~(9~) are found from Eqn.(43).
The problem has now been reduced to determining the solution in the

plastic loading region , i.e. a solution satis fying the field equations in the
region 0 5 9 5 , and the boundary conditions at 9 — 0 , 9~ . The
quantities which have to be determined are W (9) , T~(8) , T2(B), 9~ and s.
This is a nonlinear eigenvalue problem which must be solved numer~.cal1y .
The results for s and 8 are shown in Tables 1 and 2 , and further details of
the analysis are given ?.~ Cjj .

The limi t on v derived earlier, is an approximate agre~~~nt with the
reg ion where the numerical solution of the equations given above could be
found.

TABLE 1. CALCULATED VALUES OF 9 FOR DYNAMIC
PUSTIC AIFrI- PLANE SHELL c~~c~ ~ao~&~ no~

8p

3 3—0 3—0.1 3—0 .25 3—0.5 3—0 .75

1.0 1.571 1.576 1.602 1.690 1.186

0.7 L322 1.528 1.554 1.643 1.731

0.5 1.473 1.478 1.505 1.595

0.3 1.393 1.398 1.427 1.519

0.2 1.328 1.334 1.363

0.1 1.217 1.225 1.259
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F&BIZ 2 • C~%LCULA~~~ VALUES 01 s F~~~ DTH*IUC PLASTIC
ANTI-PLANE SHEAR CRACX PI0PAGATI0t~

5

GaO 3.0.1 3’.0.25 3a0.5 3.0.75

1.0 -0.500 -0.500 -0.500 -0.500 -0.300

0.7 -0.444 -0.444 -0.442 -0.434 -0.396

0.5 -0.395 -0.3% -0.391 -0.375

0.3 -0.325 -0.324 -0.319 -0.288

0.2 -0.277 -0.276 -0.269

0.1 -0.208 -0.206 -0.1%

MODE III STEADY-SIAlt DYNAMIC ORACX PROPAGATION
IN AN ELASTIC PERFECTLY-PLASTIC M&~~~IAL

In the previous sectio n, the case where the system of governing equations
is el liptic , and a separation-of-variab le type asymptotic analysis is appli-
cable , was considered . In this section the special case of an elastic
perfect ly-plastic material , for which the governing equations in the plastic
loading region are hyperbolic , is investigated. The analysis Li again
asymptotic in the sense that the solution is not valid far from the crack tip.
However it is different from the approac h where only terms of the highest
singularity in r are retained .

The problem is a generalization to dynamics of the problem addressed by
Chitaley and McClintock ~ 3- for quasi-static crack growth. The Mode III case
is used as a means to understand the imp ortanc e of inertial terms on the
crack tip fields, and to gain insig ht into the more difficult Mode I case.
Although for an analysis of a real material , the exclusion of strain rate
effects in the material model cannot be justified when other dynamic
p lasticity effects are included , this simplificatio n is made to sake the
problem tractable to an asymptotic ana lysis . The results which are obtained
on the basis of several assumptions do sh ow that when compared to the quasi-
static case C~ , there is a major difference. As opposed to the cases di.-
cussed in the previous section it is not clear that the equations governing

- 
- the asymptotic field for the transient case are the same as those for the

steady-state case when the material behavior is elastic perfectly-plastic;
that is , it cannot be assumed that ( ) z — v 3/~x1 is a good approximation
for the transient case. However, only the steady-state case will be con-
sidered here.

Constitutive Law (Fig. 24)

The yield condition is

(49)

Adopting a Prsnd tl-Reusa incremental flow law as in Fan. ( 28), the strain
rates are given by

— ~~~ + x • (50)
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where )
~> 0  i fv a r  • 1 > 0  , otherwise k — 0  . Equation (50) is a special

case of Eqn.(28) but as the analysis is fundamentally different, the governing
equations are rederived.

Governing Equations

Using the steady state form of Eqn.(23), i.e. all time deriva t ives , are
assumed to vanish ident ically , the governing equations can be written in the
fo llowing form,

— ~ ,2 32 mf~~
2 

, (equilibrium) (51)

‘11,2 — ‘12,1 (compatability) (52)

a ~~~~~ + X ,1 r.
~ 

(constitutive law) (53)

where

otherwise X ,~ — 0
In the plastically defo rmin g regions , where X ,, < 0, the yie ld condition

can be identically satisfied if we define 0 such that

- stud ‘2 — cosO . (54)

Substituting into Eqns.(Sl-53) and eliminating y2 , the governing equations
can be written as

1’ 1’
32 —~~cosØ 0 —2 si~~ 

“1

2 ~ ‘l 
+ 

~‘2 
— ~ 

a 1 (35)

-_2 cosO —~~ ~~~~~~~ 0 0

where S — v/i~ Ta’ . Equation (35) has the general form £1 
~‘l 

+ A2 M~2 
a Q

Using the method of characteristics ~~~~ Eqn.(55) is transformed into
a set of ordinary differential equations along the characteristics in the

- x2 p lane . To do this 
~ ‘l is written as a 4N/dxl—(dx2 /dx1) 

~~,,
where Jw/dx1 indicates differentiation along the characteristic whose Eangent
is given by dx2/dx1. Substitut ing this re lation into Eqn . (55) results in

*
1 dw/dx1 + (A2 - A~ dx2,1dx 1) ~‘z — 0 (56)

Defining A as \ a dx2/dx1 and solving for A from IA2 - A A11 — 0 , which in
this case is given by

,2 
~~ (~

2-cos 20) + 2 A —~ sin 2O cos2O - —
~~ sin 2d 0 • (57)

the characteristic directions are found to be

dx
a (58)

dx 1 ~ cosC = ~

Here tho signs are used to denote the = ye characteris t ic qurves. The left
eigenvectors,~ , corresponding to ~,which sre defined by .~~.A’ - . A t , • 0
are
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1~
~~~~~~~ 1) (59)

If ~ is contracted wi th Eqn.(55), the result is an ordina ry differential
equation, cal led the characteristic relation , along each characteristic ,
v ia,

L.A 1 
d’~/dz1 + L ( A 2 

- ~~l) h’2 • L A 1 d~ /dx 1 — 0 . (60)

For the problem at hand the characteristic relations are

~ 
4’i~ = (v / là ) ~~ a 0 (61)

Equation (61) can be integrated along the characteristics to give the
Risa nm invsriants,

— 3~~ ~~~~~ 
0 (62)

where J~, are constants along the corresponding characteristics.

Pro. Eqns.(61) and (62) a number of types of characteristic fields in a
region in the - x2 p lane can be constructed. They are

a) simple fi eld , — constant, .7, a constant,
bo th sets of characteristic s straig ht;

b) uniform field , J~ 
a constant , .7 ~ con stant ,

-ye set of characteristics straight;

c) uniform field , .I
~ 
0 constant , .7 • constant ,

‘lye set of characteristics st raight ;

and

d) non-uniform field , ,7~, 0 constant , .7 0 constant, 
.
. - 

-

nei ther set of characteristics straig ht. - 
-

At this point , the difference between the governing equations in the
p lastic zones for the dynamic and quasi-static cases can be pointed out. If
in Eqns.(6l) and (62) the limit 3 — 0 is taken , the two characteristics and
the corresponding Riemann invariants degenerate to one characteristic and one
Riemann invariant, and the appropriate quasi-static limit is obtained. The
resu lting set of equations implies that 0 is constant along a characteristic
and therefore the characteristics are strai ght. Unfortunate ly in the
dynamic case under consideration , the characteristics are in general not
straight since their direction at any point depends on the solution , ~ , at
that point.

Boundary Conditions

The Mode III problem is anti -symeasr ic about x 2 — 0 , which implies
w — O a long x, — 0 , x 1 > 0 .  Therefo re ’ll O o n  the x1 - axis ahead of the
crack and by Aqn.(53), this imp li es 

~l 
— 0 or ~ — 0 on x2 — 0 , > 0

On the crack flanks (x, — 0 , a1 < 0) we have - 0 . The boundary
conditions near the crack t~p are then

x2 . 0 , x1> O  , (63)

— = ~/2 , a2 — 0 , xl < 0 . (64)

14
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In Eqn.(64) , the choice of i~ being v0 or -v,~ depends on the solution
g iven below .

The boundary conditions far from the crack tip are not specified as they
will not enter the analysis. However , it is envisioned that the small scale
yielding assumption will hold and the plastic zones will be embedded in the
linear elastic str ess fie ld for a moving crack.

Since the problem is ant i-sy ,~ etric , on ly the upper-half plane ,
> 0 , will be cons idered.

Near- Tip Fields

From Zq n .(62), a difference can be seen between the quasi-static and
dy~a.ic cases . From L9 ,

~~,.Uj, the quasi-static strain ‘
~l 

is found to be
lo arist~~ica1ly singular as the crack tip is approached. However , in the
dyn ic case, if VI should become unbounded as r — 0 but 0 is restricted to
f inite values, it follows from Eqn.(62) that .7 oust also tend to infinity.
The only way this could happen with bounded 0 is for 0 to be cycl ic in its
per.Lsaibl. range. The latter would imply that the st resses oust also be
cyc lic , which is unacceptable for a solution in a plastic zone Thus , “ I is
assumed to be bounded in the dynamic case.

A solut ion is now constructed,*ich satisfies the boundary conditions on
a2 • 0.by using the simple and uniform fields a) and b) given above.
Although it is possib le that the near-tip plastic loading field may be non-
unifot., this case is not considered . Case c) is ruled out since
k. l > 0 and cases a) or b) taken separately cannot match both boundary
cond itions . The case of an elastic unloading zone is also considered , but
will be shown not to exist to the order of approximation made.

After a process of elimination the following solution is found. The
resulti ng characteristics are shown in Pig. 4.

~~M~~~~~~ ELD jNIFORM F~~~~~~~

——— SPECULATED EI..ASTIC Pt,ASTIC BOUNDARY

Fig. 4 Ch4ractertstic curves near the crack tip
for Mode III steady-state dynamic crack propagation

Let a simple fie ld border on x~ • 0 , *1 <0.  Them, in this region the
characteristics are straigh t , being given by

— = x1/3 + A,, , (63)

where A.. are constants and 0 , V 1 are constant. Applying the traction free
crack face boundary condition given in Eqn.(64). resu lts in S a “12 in the
simple field. The choice of 0 > 0 will be obvious once the field in front
of the crack tip is found .

In front of the crack tip , on the a1 - axis , 0 — ‘ ~~~ 
— 0 satisfies the

characteristic rs lationa in Eqn.(61). Therefore the a1 - axis is a charac-
teristic . Also , fr om th. stress distribution in the linear elastic case.
a plastic loading zone is expected to form ahead of the crack tip. Using
this as motivation , case b) , with the -ye characteristics straight and
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forming a centred fan at the crack tip is used to match the boundary con-
dition ahead of the crack tip. Case b) asst~~ s 

~+ is constant , which re-
quires ‘Il , 0 be constant along a -ye characteristic . Substituting this into
Eqn.(58), the -we characteristics are found to be defined by

x 2~~~
x i~~~~~~~~3 .x 2 . x j tan9 a 0  (66)

where the constant of integration is zero to satisfy the centred fan con-
dition, and 9 is the angle between the characteristic and the positive
a1 - axis.

Differentiatin g Eqn. (66) with respect to a1 and solving for S in terms
of 9 from the resulting equation, we find

cos 0 — 3 sin26 + coa9 (1 - 32sinle) ½ . (67)

Substituting this rssult into Zq ns.( 54) gives

a 
~
vo •i~~ ~~‘ - ~~ sin2e~~ - ~ ‘ (68)

and

r
2 — [0 sin29 + cos9 (1 - ~2 in2I)~ j (69)

In the simple field , r2 — 0. The angle at which the uniform and simple fields
match is found from setting Eqn.(69) to zero. The result is

tanø* • - 1/3 , (70)

which defi nes a characteristic of both the simple and uniform fields emanating
fr om the crack tip.

Since the * -axis is a characteristic on which V 1 — ~ 0 
~~ 

is zero.
Therefore, from ~qn.(62), v

1
a - v,~0/(l~9) and using Eqn.(67), we can write

• - .-
~~ cos ” 1 [3 sin29 + cosO (1 - 32 

•i~
29)~~] , (71)

for 0 ~ 6 c 9*

where 9* is defined by Eqn.(70) . From £qn.(53), .
~~~~ 

can be obtained as

cos(~-8) 72‘1 v0r d8 ‘

and by virtue of Eqn.(7l) it can
~
then be easily shown that 

~‘l 
< 0 as

required. By evaluating V 1 at 9 • its value in the staple field can be
obtained as .,j — (

~ r~)P~2.~). II Eqm.(7O) is substituted in Eqn.(68), it isfound that a 0 • “/2, as previously assumed.

The possibility of an elastic unloading zone extending to the crack tip
between the two plastic fields must now be checked . If the material unload s
such that X ,~~> 0 , there will be a wake region w ith residual plastic strains
behind the plastic loading zone. Obviously these residual plastic strains
will only be functions of *2. The governing equations in the wake region are

(l_ ~
2) 

~l,l ~ ‘~2, 2 — 0 , (73)

1,2 ~2 ,l — - ~ (7k)
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where is the non-recoverable part of the ‘11 strain. ~ro. gqn.(7l),eva luated at 6 • 9* , it can be seen that ~
dl and 

~ 
at B are nor

functions of *2 and therefor e in the elastic unlo.ding region V~~ 2 is zero .
No solution can then be found of Eqns.(73-74) which matches the continuity
conditions on both sides of the elastic unloading region, and therefore the
assu mpt ion of an unloading zone is incorrect.

Pros Eqn (52), ‘12 ~, 
can b1 found and aft er integrati ng with respec t to

a1, ‘12 in the domain O’~ 8 ~ 8 ii obtained as

‘12 — —~~ (1j
~ 

in [I — 9 sin29 — cosO (1 - 32sin2G)~ 1

+ ~~~~~ ‘ ln [I + 3 sin29 + coa9 (l_8 2sin2G)~ j }  + p (x2) , (73)

where P(x 2) will be specified later . By continuity of strain., for
3 ~~~6 ’ ”

‘12 
a p(x2) (76)

Requiring ‘12 to be bounded at xl — r and for emaIl *2. where x l r is the
intersection of the elastic-plastic goundar, with the zl~ 

axis, p(x2~ can be
approximately given by

D (x2) — —~ f1~ . in ( 2.) - Ln(l-3) - tn2 + l} . (77)

Pros the V I strain in the simple field , the crack opening angle is given
by

— 2 tan’~ (78)

and the crack opening displacement is zero. If r is the radial distanc e to
a point on a +ve characteris t ic , the +ve characteristics are given by

dr 
— 

(3 cosô + (j_3 2sin ZB)\½ ,j
~ 79~r 23sin8 /

- - 
The abov, results are essentially the same as those found by Slepyan

~.1,[j, who used an appr oach where only the most singular terms (0(l/r)) wave
retained in the governing equations. This approach can be shown to give the
same resu lt as wh en the field variabis are considered to be functions of
(x 1/x2) only. Since the results gi~.n above agree with LIAL they must also
be solutions for the case where the only independent variable is (x1/x2).It is intuitively reasonable that the steady-state dynamic results
should reduce to the quasi-static results at small values of S. However the
transition from dynamic to quasi-static does not seem to be uniform since if

— 0 , ‘11 and ‘12 increase beyond bounds .
In the quasi-static case ~~~~~~ V~~ 2n( r)s in8 as r — 0 and there is

a region of elastic unloading. As a material point passes the crack tip, the
increments of ‘i~ change sign and this can only be achieved by elastic un-
loading in the quasi-static case. The s ame effect is not found in the
dynamic case , since the plastic loading region extends completely around the
crac k tip . An est imation of the relative zone size near the crack tip over
which the dynamic results are valid can be found from Eqns. (33). Since
inertial effects are proportional to 2 2 . the dynamic results will be
important in a region of 0(92) , indicated in Fig. 4 by the minimum distance
ietveen the speculated elastic-plastic boundary snd the crack rip. Outside
this region , unloading may occur and as — 0 , the unloading region nay
approach the crack tip, resulting in a transition to the quasi-static result.
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Table 3: Comparison of results from aef.[l1,2,~2) and the present ana lysis

stationary propagating crack
crack (steady-state ) 

________________

(static) quasi-static dynamic

strain v

*2 ~ o ‘1~[l4Ln(~~) + ~ ~~~ (i)] V~,(l4~~~ £n( 2)}

a.f.Cl21 Ref .El23

~ 
(
~~~~

)
2 

— 
~ 
(
~~~~
)

2 
- 

~~~~~~ 
1

p 1? ! m ‘r~ if T~ I (l_ 2 2)
I1

_______________ 
Rsf.[12) Ref. L9) 

________________

2 tam~l(~~~ if 2 tan (~~~~)

_______________ 

Ref.[l2) aef~[l9) 
________________

crack-opening 2 (K~11)
2 

0 0
displacement

_______________ 

Ref. [12j Ref .[l9~ ________________

S
- 

- a static or quasi-static stress intensity factor

• dynamic stress intensity factor

‘•1 • r  ha0 C

A comparison is made in Tab Is 3 between the static , quasi-static .u~4ivuasic results for a semi-infinite crack and small scale yielding . The
approximate plastic son. size, r0, for the dynamic case is estimated by
using the Irwin approach of an e!fective crack Length LIQ3 and does appear
to be consistent with the quasi-static result , although this may be purely
fortuitous. In the limit as 3 — 1, — 0 so that r

0 
— 0 which would be

the correct limit for the supersonic case. Th. crack-opening angles and
displacemants are consistent with 8on — i~ as 3 — 0. Th. ‘12 strains along the
a-axis are not consiste nt , but this Is not unexpected, as the region over
which the dynamic solution dominates , tends to zero in the limit 9 — 0. It
is expected that the strain outside the region in which the present analysis
is valid will tend to the quasi-static result.

Th. above analysis has taken no account of loading or elastic-plastic
boundary effects and is based on a m~ ber of simplifying assumptions. By a
process of elimination, the above solution has been found to be the only one
satisfying these assumptions. Further detailed analysts requires the he lp
of extensive numerical work to give guidance in the analytical work.
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