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1. Introduction

The era of extracting gravity field information about the earth from
only time-consuming laborious surface measurements is definitely over.
Modern technology has created highly sophisticated instruments which
enable us to obtain different kinds of geodetic data with incres sing
accuracy at a speed never known before. FProbably the only techniquecap-
able of processirg all these data in a consistent way is the method of
least-squares collocation, which is as beautiful as deep (Moritz, 1972).

The central role in collocation is played by the model covariance
function which resembles somehow the main features of the earth's
gravitational field. Theproperty of the kernel function forces it to be
harmonic outside some internal sphere; consequently, its eigen-functions
are the spherical harmonics. Homogeneity and isotropy postulates
make it dependent on only two essential variables: the spherical distance
between two points and the product of the corresponding geocentric radii of
these points.

All geodetic data are functionals of the disturbing potential. Therefore,
all covariances between geodetically relevant quantities can be derived by
means of the covariance propagation law. This, again, is the reason why
closed analytical expressions of the covariance function are an abasolute
necessity. Tscherning and Rapp (1974) have derived closed expressions
on the basis of different degree variance models and give covariance
expressions for geoidal height, gravity anomaly and deflection of the
vertical, most commonly used in geodetic applications. Tscherning (1976)
extended this work and derived covariance expressionsfor second
order derivatives of the anomalous potential. His very elegant and
convenient subroutine COVAX has been widely applied by the geodetic
community.

However, the number of problems for which the lﬁplication of COVAX

becomes expensive increases steadily. All these expensive problems
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involve the numerical integration of the covariance function resulting in
a large number of covariance computations. Two typical examples:

a) the prediction of mean gravity anomalies from different kinds of

data (Rapp, 1977, 1978), b) satellite-to-staellite tracking espec-

ially in the low-low mode) (Kryn’ski, 1978). In both cases

multifold integrations of the covariance function are involved (in the
first case integrations over ''rectangular'' areas on the sphere, in the
second case integrations along the flight paths of two satellites).

For this reason the possibility had been studied to cut down the
considerably the covariance computation time by using approximations of the
covariance function (Sinkel, 1978 a,b). Theoretical investigations
indicated that this possibility exists; preliminary practical calculations
encoursged further detailed studies. After all, a way has been found
through the jungle which permitted a conasi stent approximation of all
covariance expressions up to and including second-order derivatives of
the disturbing potential. Basically, the method consists of choosing a
regular rectangular grid with respect to the cosine of the spherical
distance t, = cosy, and with respect to the squared ratio s between the
radius of the Bjerhammar sphere R, and some radius r > R. s =(R /r ),
and storing all covariances corresponding to these grid points on some
file. All desired covariance expressions can be derived by a simple
differentiation-interpolation procedure. The accuracy of the so obtained
covariances can be made arbitrary high by selecting an appropriate small
grid spacing.

This procedure provides the user with the same covaﬂancu as
conveniently as COVAX, but about 10 times faster. The price we pay io
mass storage. However, computer development statistics show clearly
that the amount of available mass storage increases much more than the
speed-up of calculation time. Moreover, since large scale applications




of collocation (for which the procedure described here is designed) are

by their own nature restricted to large computer systems with a large
central core capacity available, the need for storage can no longer be con-
sidered an essential drawback. It's believed that this app roximation
procedure will be especially valuable for collocation problems which

involve the integration of the covariance function.

2. The Spatial Covariance Function and its Approximation Model

Although the choice of a particular covariance function model is of
no concern to the approximation procedure (as long asit ia isotropic), it
is nevertheless neceassary to give a short description of its essential
properties in order to have a solid starting basis,

The general form of a homogeneous and isotropic covariance function
can be expressed by

K(P,Q) = 5 & (%:n)‘“l P, (°°.'vq)o (2-1)
n=N,
where P,Q... points in space,
5 L geocentric radii of P and Q,
Vpqoe spherical distance between P and Q,
Koo positive coefficients,
P, (cosy) Legendre polynomial of degree n,
Nge oo starting value of the summation (N, 2),
Rgees radius of the Bjerhammar sphere.

K(P,Q) is syrnmetric with respect to P and Q, expressed by the product

r r’ and the dependence on cosy,,,




o

K(P,Q) = K(Q,P);

it is harmonic outside the Bjerhammar sphere r = R,
A, K(P,Q) = A, K(P,Q) = 0.

An important property which allows a two-dimensional approximation is
its dependence on essentially two variables only, the spherical distance

¥so and the product r r'. Since cosy can vary only between -1 and +],
and R} /rr’ has a minimum value of 0 for r -+ = and a maximum of 1

for r = r' = Ry, the covariance functions domain is the rectangle

[-lcts ), 0<s <) (2-2a)
with the variables
2
t: =comy, 8: =';5r" . (2-2b)

Operations on or close to the surface of the earth together with locally
to regionally restricted use, however, reduce the domain of practical
applications considerably. E.g.: Working within a spherical distance

range of 0 < § < 10° and within an altitude range from 0 (earth's surface)

to 300 km (satellite altitude), the operational domain reduces to
[0.985 < ¢t < 1,0.999 < s < 0.912].

The following figure may illustrate the mapping given by (2-2b):

ig. 1 (s, t) = mapping
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Once the operational domain has been fixed, a regular rectangular
grid in s and t can be arranged. Two important facts have to be taken
into account: The numerical values of the covariances change more
rapidly for small § tha: for larger ones, and the covariances become
smoother for higher altitudes because of the upward continuation effect.
These two statements might sound trivial but they are important,
and represent guidelines for the choice of grid distances As and At.

The reason is the following: Approximate covariances are obtained by

a differentiation - interpolation procedure applied to some interpolating
function uniquely defined by the covariances at the grid points. If the
interpolating function is an element of K, [D], the space of continuous
functions with domain D, having quadratically integrable first derivatives,
it can be shown that the maximum approximation error depends on the

4 + 1)th power of the grid spacing multiplied by the maximum absolute
value of the (£ + 1)th order derivative of the original function. Each
differentiation, if it exists, decreases the dependence on the grid spacing

l by one power (Slnkel, 1978a, p. 22), (one-dimensional case). Consequently,

the grid has to be denser for small spherical distances j than for larger

Ei ones and denser for small altitudes than for higher ones.

|
i
:
|

larger § small

low altitudes

high altitudes

>t

Fig. 2 Grid arrangement principle




Next we have to face the problem of which kind of interpolation
function we should choose. Five requirements have to be fulfilled by
the interpolation function:

a) It should be as simple as »ossible in order to keep the

computation time at a minimum,

b) It should be as smooth as possible and admit as many
continous derivatives as possible.

c) It should be as local as possible in order to guarantee a
good fit to the true covariance function not only for large,
but also for small ¢ -values,

d) 1t should disturb the true spectrum and the actual degree
variances, as little as possible,

e) It should satisfy the Laplace-equation with reasonable accuracy
in order to guarantee harmonicity.

Needless to say, these five requirements exclude each other:
analytic expressions meet the requirements (b)-(e), but fail at (a);
single higher degree polynomials fulfill partly (a) and (b), but violate
(c)-(e); step functions and piecewise linear functions comply with fa)
and (c), but violate (b), (d) and (e). Obviously we tave to make a
compromise between competing functions. The only interpolation
function which meets all five requirements sufficiently well is the
winner of the game - the bicubic spline function: it is relatively
simple, is twice continuously differentiable with respect to each
independent variable, has very local features although it doesn't have a
compact support; it reproduces ine actual degree variances with only
little noise (Sunkel, 1978, p. 29a), and it also allows the Laplace-

equation to be fulfilled with reasonable accuracy provided the grid is
sufficiently dense.
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If we were interested in covariances involving not more than
three differentiations of the covariance function with respect to s and t,
a single bicubic spline representation of the disturbing potential's
spatial covariance function would be sufficient. (*) However, we intend to -
derive approximation: ~f covariance expressions up to second order
derivatives (at both points P and Q) and this corresponds to fourth order
derivatives with respectto s or t. Consequently, a single spline
representation of cov (T, T) is not sufficient anymore, and we need at
least two more representations. We have chosen cov (D, T, D,. T) and
cov (D, T, D, T) = cov (D} T, T) in order to guarantee at least linear
(and at most cubic) interpolation within the grid. These three spline
representations are necessary and sufficient for our purposes. Since
the gravity anomaly is the most frequently used quantity in physical
geodesy, we have extended the covariance representations and included also
the covariance representation of the gravity anomaly covariance function.
It should, however, be pointed out that this is not necessary and has been
done only for reasons of convenience.

The four covariance functions, cov (T, T), cov (D, T, 2 T o P
cov (D2 T, T) and cov (Ag, Ag) depend only on s and t and so do their
bicubic spline representations. All other covariance expressions up to
(at least) second order derivatives of the disturbing potential can be
obtained from linear operations applied to these four covariance representa-
tions. This is the very philosophy behind covariance approximations which
helps us to reduce drastically the CPU-time.

(*)... This follows from the fact that the 3rd derivative of a cubic spline is
a step function.

—~payr Y]




3. Covariance Grid Point Values

Since a bicubic spline representation of the covariance function
will be used, it is necessary to determine all derivatives of the covariance
function which, together with their function values at all grid points, make
the spline representation unique. Let D(s, t) be & rectangular domain
divided into I-J subrectangles by the grid points

8 2 8 X 81, t, 2t 2ty

with (s, t,) grid point coordinates. Then a bicubic spline on D is
uniquely defined by (Sinkel, 1978a, p. 74)

a) £y 0 1 =0,000,13§) =0,000,F7 ...function values at the grid points,

b) Df,,1=0,1 j=<0,00.,F ...first derivatives of the function f
with respect to s,

c) Dfy,, 1=0,...,I;  =0,J ...first derivatives of the function f
with respect to t,

d) Dy, 120, 1; j=0,7 ++. second derivatives of the function f
with respect to st.

Here, { stands for one of the four covariance functions cov(T, T),
cov(D, T, D, T), cov (D} T, T), cov(Ag, Ag). What we need are expressions
for first order partial derivatives of all 4 covariances with respect to
their independent variables s, t. Since the subroutine COVAX of C.C.
Tscherning can provide us with values for these quantities implicitly, we
intend to express the derivatives in terms of COVAX covariance outputs.

In the next sections we derive these formulas.

3.1 Derivatives of cov‘T,T] with respect to s and t

We recall the definition (2-1) of the disturbing potential covariance
function which we write in a simplified notation as
cov(T,T) = Tk, s**t P, (t),




the partial derivative with respect to s is trivial:
D, cov(T, T) =z k, (n+ 1)s® P, (t).

This expression can be eal‘ny related to cov(-"l,l"D, . T)
by considering -

COV(D, T,T) = -—%— Tk, (n+1)s at1 P (t),
and we obtain
1
D, cov(T, T) =-g cov ( -=D, T, oy
Even simpler is the calculation of D, cov(T, T):

D, cov(T, T) = Tk, s *¥'D,P, (t).

(All closed expressions which we don't write down explicitly here, can be
found in Tscherning (1976). Their calculatione are part of the subroutine

COVAX.)
Similarly we obtain

D, D, cov(T, T) = 'sﬁ cov(- -11-,— D, T, D, T).

3.2 Derivatives of cov (D T, D,. T) with respect to s and t

By straightforward derivation we find

cbv(D,, T D,T) = 'i,-!r-p Tk, (n+1)? s2t1P, (t).
Recalling the definition of s, we can also write
cov(D, T, D,.T) = i;';_ Tk, (nt+1)? s2H+1P, (t).
Applying the differentiation operator D, we obtain
"D, cov(D, T, D,.T) = '113 Tk, (n+1} (n+2)s *+1 P, (t),
which can easily be shown to be equivalent to

D, cov(D, T, D,, T) = (.R:'..)z cov (- 17 D, T, D, 'r).

(3-1)

(3-2)

(3-3)

(3-4)

GRS 15, , AW
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The differentiation operator D, applied to cov(D, T, D,. T) yields
D, cov(D, T, D,. T) = *'n‘,‘ T k, (n+1)p s 2*1 D P, (t) (3-5)
and similarly we obtain applying D, to equ. (3-4)

D, D, cov(D, T, D 'r)=(n°)' cov (-Lnn'r D"r) (3-6)
% | el B o N T Py S r

3.3 Derivatives of cov(D? T, T) with respect to s and t

All covariance derivatives of this type are closely related to equation
(3-1); we obtain

cov(D} T, T) = £k, s **DIP, (), (3-7)
P, cov(D} T, T) = £ cov( -1 D, T, D} ™), (3-8)
D, cov(D} T, T) = Lk, s **'1D} P, (t), (3-9)
D,D, cov(D: T, T) = .'.f. cov (- Lp,D,T, D} T). (3-10)

3.4 Derivatives of cov(Ag, Ag) with respect to s and t

All covariance derivatives of this type can be written down immediately
replacing T by 4g in section 3. 1:

D,cov(Ag, Ag) = - %.cov(D, Ag, Ag), (3-11)
D, cov(Ag, Ag) = cov(Ag, D, Ag), (3-12)
D,D, cov(Ag, Ag) = - 3 cov(D,Ag, D,Ag). (3-13)

All covariances given above can be calculated by a simplified version
of COVAX. The modifications are described in the li sting of the program
COVNET.

e e BT, N m‘f"
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4. Covariance Expressions
All covariance expressions which can be derived from the bicubic

spline approximation model are linear combinations of the grid point covar-
iances listed in chapter 3. For example, if the covariance cov(T,, Te) is
desired,it is necessary to calculate the corresponding s and t
values and find the element indices (i,j) such that s, 2 s > s, ;1 and
ty2t 2t 4y, On each rectangle [s,, s,,,i t;, ty4,] the spatial covariance
function is approximated by a bicubic polynomial with 16 coefficients
being linearly related to cov(T,T), D, cov(T,T), D, cov(T, T) and D,D,cov(T, T)
at the four corners of the corresponding rectangle. To find cov(T, T) for
s and t values not coinciding with one of the corner values, is a simple
problem of interpolation. (To find cov(T,D, T) for the same point (s,t)
would be a differentiation and interpolation problem.)

The general form of the bicubic polynomial defined on the rectangular
domain [a,. Big1i by t4q] is

(o =2 3 &) ar ey -1

k=0 £=0
The 16 coefficients result from linear transformations of f, D f, D,f and

D,Df taken at the 4 corners of the rectangle:
A . {.‘,‘,j}} =G'FH

with
G » i-I Gy G -3/g? 2/3’ G. = 3/g2 -2/g¢°
0 G, ' -2/g  ugt|t M Tl 1/¢
-
oo _lo o dis :
i 1:" Do [° "] L bt R (4-2)

= Glg

*'H.J FH".J'H D-‘u D.Dcfu

- R A Y o1
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Simple matrix multiplications yield

i | 3
F, | F3Hy + FyH,
A = (W, e, | c— o 'r- —————— -
G| F,+G] F, : (GI{F, + G} F,)H, (4-3)
{ ' : +(G]F, + G] F)H, |

ek

Before writing down the necessary derivatives of the bicubic
polynomial, (4-1) is simplified by introducing reduced variables
| s and t.
i{ ‘n‘z=|-o‘.iz=t-t,
} s0o that (4-1) can be abbreviated (suppressing the element indices i, j)
and has the form

£(3, 7) ’éo }ba,,_a* i (4-1)°

A general derivative of (4-1)’ can be given by the formula

on
D™ £(s, ?) 3 '.'3;.

= ol !ké.' 'i (:')(:.)a ko 3 4 (4-4)

with the multi-index &t = (o, 0p)s l&l = o0 + 02, 0 < @y @ < 3.

This nice expression, however, is far from optimal with regard to
CPU-time savings. Therefore, all partial derivatives of £ actually
used in the computations (indicated by subsc ripts) follow:

3
:
i
'
\
;‘
:
i
;
!
:

£(5, t) = ago + T (ngy + T (agg + Tayy))
+ B ((mgy + Hayy + E(ay, + Eayy))
T ((my + Hayy + E(ay, + Eayy))) i)
8 (ay + E(ay + Tayy + Tayy))),

R e T e e
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(B =ap+t(a, +E(ay, +iay)
+ 8 (2(ag + T (ay + T (a5 +tay)) (4-5b)
+ 8-3 (ag t t(agy + 1 (ay, ¢+ ;‘”))))o

£,, (8, 1) =2 (ag + F (ay + ¥ (ay +tay))
+ 8.3 (ay + T (ay +E (ay +Eay))),

(4-5¢c)

£,(5, 1) = agy + & (ay + 5 (ay + Fay))
+t (2 (ag, + 8 (ag, + § (2, + Bay))) (4-54)
+ 13 (agy + 8(ayy + 8 (ay + Fayy)))),

foo (8,8) = 2 (ag, + 3 (2, + ¥ (2, + Fay,))
+ 8.3 (agy + F (ayy + 5 (ay + Tay)))),

(4-5e)

f.‘ (‘. E) =ay t t (Z a, t+ t-3 ‘“)
+ 5 (2 (ag + T (2 a5 + -3 ay)) (4-5¢)
+ 83 (ay, + T(2 ay; + T3 ayy)))
f (8, F) =2 (a5 + T (2 2y, + T3 ayy)
+ 53 (ag, + (2 ay; + t:3 ayy)))

oo (4-5g)

The reader is invited to verify that the function values together
with the partial derivatives f,, f, and f,, are reproduced at the four
corners of the rectangle (hint: use (4-5), (4-2) and (4-3).

In all covariance expressions derivatives are taken with respect to
the spherical coordinates (r, 9, A), (r’, ©’, A‘) of the points P and Q
and not only with respect to s and t. According to the chain rule for
differentiation we need to know the partial derivatives of s with respect
to r, r’ and of t with respect to g, A, ¢ ', A': the latter are listed

e ————~
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- explicitly in (Tscherning, 1976, pp. 18, 19). To find the radial
derivatives of s using (2-2b) is aleo trivial. The result is

D,s =38, = -

" n'.

]

D"...'o.‘ »

[ ]

Dys=s, = T (4-6)

D,D,. s = 8, = TT,

D:o 8 - .’0'0 3.2;’.7 .

Furthermore, whenever calculating derivatives of f with respect to
latitude and/or longitude, it is necessary to be aware of thefact that an )af -th
order derivative consists of a linear combination of all derivatives of f
with respect to t up to the I -th order,

p*t=p. D ...D ¢
.' .‘ .‘
(4-7,

=3 e,Dif
i=1

with @, 1 = 1,..., n any one of {p, X,9’ .2’} snd & = (agseee, o)
The coefficients ¢, i = l,..c, n consist of derivatives of t with respect
© f: L9’ A’} Genersl formulas are easy to derive and can be found
in (Tscherning, 1976, p. 16).

On the next pages we give all basic covariance expressions in their

approximated version are given. The following abbreviations will be used:

fl... bicubic spline representation of cov (T, T),
f2...  bicubic spline representation of cov (D, T, D, T),
£3... bicubic spline representation of cov (D} T, T),
fe... bicubic spline representation of cov (Ag, Ag).

(4-8a)




Several times the subsequent identities were used;

2
+3 % 0,
."-.."' L]

.'
8 [
et

S . 8, 0
t i T 3 (4-8b)
a = “.. .' .'. + !l. .'" »

=102 -4s, @1, -5 1),
f4,, s,o .+ f4 s, =12 s5s.-312 s+ ?!;n f1,
cov (D} T, Ag) = cov (D, Ag, D, T).

After having established the relations between basic quantities, the
'"long march'' of deriving all covariance expressions begins. The results
are listed below.

cov (T, T) = f1.

cov (T,D,, T) = -fl, 3
cov (T, Ag) = (fl,s - 2!1)%

cov (T,D,, Ag) = ;,11 (-rr’ £2 + s £1, + 2 £1)

cov (T, D}, T) =—1l.v (r £2 + £1,) Bl
cov (T, Dc‘ T) = fl, ¢,

cov (T, D.-‘ D, T) = -fl , —:' cy

cov (T, D.‘“) ® (fl,,8 - 2!1,)%3 ¢y

cov (T, D.‘ an T) = £3 c; + £fl, ¢,




cov (D, T,
cov (D, T,
cov (D, T,
cov (D, T,
cov (D, T,
cov (D, T,
cov (D, T,

cov (D, T,

cov (Ag. Ag) = f4

cov (Ag,
cov (Ag,
cov (Ag,
cov (Ag,
cov (Ag,

cov (Ag,

cov (D' A.. D'l A‘) o (f‘gg' + f‘.) E.?’
1
cov (D, Ag. D}, T) = (82,8 - £2, - (2 4+ fl, o) e
2 1
cov (D, A8, Do T) = (-r’ 2, + £, 5 - Tl )+
cov (D, Ag, D.' D, T) = (2,8 - 2 fl, ,zv- 2 2,) 7 ¢
cov (D, Ag. Dy, 88) = -H, <,

cov (D, Ag. D.' D."r) =[(2£3 - £3,, &f)c; + (-rr’'f2, +£l .8+ Zf},)c,]-é-

D, T) = f2

Ag) = -£2 + 2 £1, vy

1
D, Ag) = (2,8- 21, - 2 f1, 3=, -

D:a T) » "‘z. ‘%'

(4-10)

AR TR~ o AT T AT

8
D.‘ T) - -!l.‘ T <
D.' DP' T) = n‘ C‘
Dc‘ Ag) = (2, + 2 £1,, 7)) &

8
D.. D'z T) = -(f3, ca + £1,, ¢y) -+

D,. A‘) - "‘o '%'

D% 'r) = cov (D, T, D,. Ag)

Dy, T) = (fl, s - 2 £1) < e (4-11)
Dy, D, T) = (~f2, + 2 f1,, w5 €1

D.' Ag) = f4, ¢,

Dy, Do, T) = [(f3,8 - 2 £3) c; + (£1,8 - 2 £1)) cy] +

2 1 (4-12)

e ST———
.
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cov (D} T, DAL T) = (£2,,8 + £2,) Fpv -

1
(r' f2, +% 1) o

cov (D} T, D" T)
cov (D} T, Dy D, T) = - £2,, 5 © (4-13)
cov (D} T, D, Ag) = (2,8 - 2 £2, - 2 f1,, LR

cov (D} T, D.‘ D"a T) = [(£3"l +213) s8¢, t (rr’ £2, + £1_,8) c,} ;lr

cov (D.‘ T, n,,,‘l T) = £3 c; + fl, ¢,

cov (Dg, T, Dy D,.T) = ~(f3, c; + fl, c)) (4-14)
1

cov (Dg, T, Dq, Ag) = [(£3,8 - 2 £3) c; + (fl ;8 - 2£1) ] ¥

cov (Dg, T, Dg, Do, T) = £3, cy + £3 c; + fl, ¢,

cov (Da'. D, T, D,‘ D, T) = f2,, c; + 2, ¢,
cov (Dg, D, T, Do Ag) = =(f2,, - 2 3, F§) c; = 2, = 2 £1,, T7) ¢, (4-15)
cov (DQ‘ D, T, Dg, Dc, T) = (£3,,cy + 3, c; +£l,,¢,) s,

cov (D.‘ Ag. Dy, Ag) = f4,, c; + f4, ¢,

(4-16) 1

cov (D‘,l Ag, Dcz Dy, T) = [£3,, cy +£3, c; +£1,cy)s -2 (f3,c, + £3 ¢, + f), ;)] =

r
cov (Dy, Dy, T, Dy, D, T) = £3,, ¢4 + £3, ¢y + £3 ¢, + fl,¢;  (4-17)

All coefficients c¢;, i = 1,..., 4 occurring in the foregoing
expressions are identical with the coefficients of K, (the partial derivatives
of the covariance function with respect to t) explicitly listed in (Tscherning,
1976, pp. 17, 18, 19). The equations derived in this chapter permit the

computation of all covariance expressions for second and lower order

derivatives of the disturbing potential.

L T e

e e e
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5. Program Guideline

The very idea behind covariance approximations, as stated in the
. introduction, can be sketched as follows:

a) generatea sufficiently dense network of basic covariances (here:
: cov (T, T), cov (D, T, D,.T), cov (DT, T), cov (Ag, Ag) at the grid
, points of a regular rectangular grid); calculate the coefficients of

the interpolating functionand store this information once on some
file.

b) compute all other covariances by a simple differentiation - interpolation

procedure applied to the interpolation function chosen in (a).

The program is organized accordingly: it consists basically of two parts,

the covariance network generation program COVNET and the covariance
approximation program COVAPP.

| 5.1 The covariance network generation program COVNET

According to its pPurpose the program performs successively the
following tasks:

a) it reads the parameters of the covariance function which coincide

with the parameters used in Tscherning's COVAX subroutine.
b)

It reads the parameters of the covariance grid and calculates the

grid values. The following figure may help to make the meaning
of the grid parameters more clear:

<y W, § <, AT APe
T e T T

A raicio it
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\ NDPSI (2, 1) =3

' / ’ \
H1(2) NDPSI (2,2) =y

1 i PR

T NDPS (2) :2

HO (2)

|

1

|

! NOPS (1) =2
1 DPSI (2. 1)

{ / \

NOPSI(1,1)=3  NOPSI (1,2) =5
T R T

DH (2)

DPSI (2,2)

HO (1) ——""‘"'*'———__——___————_——_—_——_—*——_

NDR=2

T T ————

OPSI (1, 1) DPSI (1,2)
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Fig. 3 grid parameter description
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The grid in s direction is equispaced, though not with respect to

the corresponding height. This is a consequence of the mapping ; 1
8 = R:/(rr'). However, since the values of s differ only slightly

from 1 for points in the close neighborhood of the "arth, the s - grid

YY

with constant grid spacing As corresponds to a grid-height with
slightly increasing grid spacing Ah when h increases. It would have

45 grgwnp > o

been also possible to choose an s - grid such that the grid-height
spacing Ah is kept constant; however, this would have complictted
the retrieval of the element indices corresponding to specified (s, t) -
values and, moreover, is of no advantage at all.

After the grid calculation, the program performs the

c) calculation of the covariances at the grid points. This is done with
a simplified version of COVAX, called COVAXS. The necessary
equations are given in chapter 3, It was decided to calculate the '
covariances at all grid points and not only those which define the
bicubic spline uniquely. Thereby obtaining numerical stabilization

and some accuracy improvement. Finally the polynomial coefficients

are calculated for all elements using the subroutine BILDEC.

!
5.2 The covariance approximation program COVAPP E
This program renders in principle the same as COVAX does; it i

provides covariances between 14 different quantities which can be
described as linear functionals applied on T. These quantities are
described in (Tscherning, 1976); however, for the sake of completeness

we list them here again: ; i
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code quantity description

| C height anomaly

2 --11.— D.T radial derivative of T divided by r

3 Ag =-D,T-%T free air gravity anomaly

4 -D, Ag radial component of the gravity anomaly gradient
5 D¢ T rr - component of the second order temsor of T
6 £e s -IITy DT N-S component of the vertical deflection

7 n= r-y::oscp AT E-W component of tfle vertical deflection

8 -}.—DQD,T re - component of the second order temsor of T
9 - clos q;D}‘D’T r) - component of the second order temsor of T
10 -+ DpAg N-S component of the gravity anomaly gradient
11 - r—c!o—s;D)‘ Ag E-W component of the gravity anomaly gradient
12 ;lz-Dfp T ®p - component of the second order tensor of T
13 ;z'c—lo—s;D(pD)‘ T o\ - component of the second order tensor of T
14 rz—c%;g—Di T A\ - component of the second order tensor of T

Note that the codes of (8, 9) and (10, 11) have been interchanged compared

with (Tscherning, 1976, pp. 2, 3).
logic.
are transferred to COVAPP by KR1 and KR2.
about P and Q are transferred by the vector CR.

This change simplified the program's

The codes of the linear functionals on T taken at the points P and Q

The coordinate informations
The (s, t) coordinates

are checked for their position within the admissible ranges specified

by the grid, an error message is returned if s and/or t is out of the

range.

Before the actual calculation of the covariance COV, all

necessary polynomial coefficients corresponding to the element in

—————

R s er=r Mg
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consideration are made available by the subroutine GET. The partial
derivatives of the bicubic polynomial(s) combined with interpolation is
rendered by the function BSFC. The calculated covariance COV is
returned to the calling program.

In order to provide the user with a fast comparison between COVAPP
and COVAX, we have designed a program called TEST. Detailed

descriptions are integrable parts of each program.

6. Conclusions

In this report an approximation model of the spatial covariance function
of the disturbing potential has been described. The idea was to generate
once a basic covariance network which ie chosen sufficiently dense such that it
Permits the calculation of all covariances (up to and including second-
order derivatives) by applying a simple differentiation - interpolation
Procedure to an appropriate interpolation function. It turned out
that the best possible function (if "best'" is defined by criteria like
simplicity, smoothness, localness, etc.) for such a purpose is a bicubic
spline function. The procedure described here is able to provide the same
covariances as the subroutine COVAX (Tscheming, 1976), with
arbitrary high accuracy (depending on the grid spacing).

The goal was to cut dcwn significantly the computation time of covariance
expressions. Covariance expressions for second and lower order
derivatives of the disturbing potential are available from COVAPP, a
covariance approximation program at a CPU-time level between 1.8 10°* gec
(cov (T, T)) and 5.2 10" gec (second order derivatives) calculated on an
IBM 370 system. This corresponds to a tenfold gain in calculation speed
compared with COVAX, which we believe to be a significant improvement.
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APPENDIX A: Program listing
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COVNET COMPUTES THE BASIC NETWORK OF COVARIANCES USING A

SIMPLIFIED VERSION OF C.C. TSCHERNINGS CALLEDC
vm ABD CALCULATES THE POLYNOMIAL COEFFICIENTS

COVAX,
ELEMENTS OF THE GRID.

THE PROGRAM IS DESICNED FOR VARIOUS SOURCES OF GEODETIC DATA :
SWAC%A“\BOME ARD SATELLITE DATA. THE DIFFERENT ALTITUDES

EARTH TO WHICH THE DATA REFER MAKE IT NECESSARY TO

ADOPT A NON-UNIFORM GRID., THE GRID USED FOR HANDLING SURFACE
AND AIRBORNE DATA ONLY WILL BE VERY DENSE (ESPECIALLY FOR SMALL
SPHERICAL DISTANCES) COMPARED WITH THE GRID USED FOR SATELLITE/

SURFACE (ATRBORNE) DATA OR FOR SATELLITE/SATELLITE DATA.

%M“%PLICABLE FOR ALL DIFFERENT KINDS OF DATA SIHULTANEOUSLY.

HAS BEEN DESIGNED IN SUCH A WAY THAT THE USER CAN

PROGRAM
DEFINE 3 RANGES IN HEIGHT AND & RANGES IN SPHERICAL DISTANCE,
EACH WITH VARIABLE GRID SPACING.

KKK KKK

CCCCCCCCCCCCLLCCCCCCCCCCCCCCCCLLLCrCChCCCCCCCCeecCCCeeeCtCeCeeeeeceeece

INPUT AN AR R K

COVARIANCE MODEL PARAMETERS:

- - — - - - -

RE ...
A ...

Ki(3), Ki<e)

KI(8) ...

LOCAL ...
SIGMAOCI),I=1,N+1 ...

SQUARE OF THE RATIO BETWEEN THE RADIUS OF
THE BJERHAMMAR SPHERE AND THE MEAN RADIUS
OF THE EARTH (RE)

MEAN RADIUS OF THE EARTH

SCALING FACTOR OF THE GRAVITY ANOMALY DE-
GREEE VARJANCE MODEL, UNIT ... (M/SEC)%x4
INTEGERS K2 AND K3 IN FORMULA (17) IN
TSCHERNING ( 1976)

NUMBER OF DEGREE VARIANCE MODEL AS SPECI-
FIED IN 'I‘SCHF.RNING (1976): POSSIBLE NUM-

BERS 3

DEGREE VARIANCES UP TO AND INCLUDING DE-
REEE N ARE EITHER SET EQUAL TO ZERO OR

REPLACED BY EMPIRICAL DEGREE VARIANCES.

IN THE FIRST CASE THE LOGICAL VARIABLE

LgCAiAl‘E MUST BE .TRUE., IN THE SECOND CASE

. SE.

LOGICAL VARIABLE AS SPECIFIED ABOVE

EMP IRICAL ANOMALY DEGREE VAI\IANCEB. UNITS

OF MGALxx2 REPLACING THE MODEL DEGREE

VARIANCES UP TO AND INCLUDING DEGREI‘. N.

(SIGMA(K+1) COBRESPONDG TO THE DEGREE

VARIANCE OF DEGREE K)

COVARIANCE GRID PARAMETERS :

C(MH,MD, K, 16)

NDR ...

BO(1),I=1,NDR ...
HICD ,I=1,NDR ...
DHCI),I=1,NDR ...
80¢I),I=1,NDR ...
S1(D,1=1,NDR ...

DSCI),I=1,NDR ...

NDP8(1),1=]1,NDR ...

DPSICI, )

.

4-DIM. ARRAY OF POLYNOMIAL COEFFICIENTS :
Kel ...COV(T,T)-COEFFICIENTS

K=2 ...COV(DR(T),DR'(T))~-COEFFICIENTS,
K=3 ...COV(DT(T) . DTCT) ) ~COEFF ICIENTS,

K=4 ...COV(DELTA'G,DELTA G)-COEFFICIENTS

NUMBER OF RANGES IN RADIAL DIRECTION
(NDR.GE. 1. AND. NDR. LE. 3)

LOWER LIMIT OF HEIGHT RANCE l

UPPER LIMIT OF HEIGHT RANGE

STARTING GRID SPACING IN nr.lon'r. RANGE 1

LOWER LIMITS OF RADIAL RANGES IH 8
UPPER LIMITS OF RADIAL RANGES IN 8§
CRID DISTANCES IN S-DIRECTION

NUMBER OF RANGES IN SPHERICAL DISTANCE
(NDPS( 1) .GE. 1. AND. NDPS( I) . LE. 8)

oooaaoacononn

IN ORDERC

xizlslz1zls
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SPRERICAL DISTANCE GRID SPACINGS (I STANDSC

FOR HEIGHT RANGES,

J FOR SPH. DIST. RANGESC

e ———




26

NDPSICI,J) ... m or ﬂm&gﬂ. DISTANCE CGRID BPACIMC

(1 AND J AS ABO
PSISCI, D ... SPHERICAL DISTANCE RANGE STARTING VALUES C
PSILCD ... SPHERICAL DISTANCE UPPER LINMIT VALUES C -
P8(1,K ... EACH ROW VECTOR CONTAINS THE COSINE OF
SPHERICAL Dlﬂﬂcl 0!' THE GRID POINTS
TACC( 1), JACC(1,J) ... INTECER VECTORS USED TO ASSICN NUNBERS TO
GIID POINTS

REBRRRAOKRE OUTPUT WRRERK R RN R
L) «c0 VECTOR OF GRID vu.m IN 8 DIRECTIOR

RV(
DVCL, D) ... EACH ROW VECTOR CONTAINS THE COSINE OF
THE SPHERICAL DlS'I‘Alcl OF THE GRID POINTS

OAGOOOAOOHOAOaOOOAAONONO

THE PROGRAN USES THE SUBROUTINES COVAXS, BILDEC AND BLOCKDATA.

IF COVRET AND TEST ARE RUN SEPARATELY, THE STATEMENT
2 CALL TEST®

HAS TO BE mucr.n BY A WRITE-STATEMENT SUCH, THAT ALL QUANTI-
TIES ENCOURTED IN THE LABELED COMMON BLOCKS /GRID/ AND /GRIPAR/
ARE STORED ON FILE 1.

IIWINULIHNMBKIWOFO THE NUMBER OF RADI
RANGES AND N INSTEAD OF 8 AS THE NUMBER OF SPHERICAL DISTANCE

RANGES, YOU HAVE TO REPLACE ALL 3 BY N, ALI.BIYIAIDALLOIY
Ned vnnmmmn.neonmm/cmrw THIS CHANGE HAS TO

BE MADE IN COVNET, TEST AND COVAPP

§

ucmmunmmmnmmmmonormcmnmvm
C(90,56,4, 16) TO C(KI,K32,4. YOU BAVE TO
ONS ALSO IN TEST. BILDEC A

REFERENCES : H. SUENKEL (1978)

PCCCCCCCCLCCCC LUl

B b b B e D B B B R D B D B B B B R D B S D R D B D B S B D R R b bbb

COVAXYXS AND COVAXN DIFFERFRON C O V A X (TSCHER-
NING, 1976) BY THE FOLLOWING MODIFICATIONS :
1. THE CONPUTED COVARIANCE COV I8 AN ELENENT OF THE PARANETER LIST.

2. THE ENTRIES COVAX, COVBX AND COVCX HAVE BEEN REPLACED BY VARIAB-
LES SUCH, THAT (-1,C0V) CORRESPONDS TO THE ENTRY COVAX, (®,COV)
TO THE ENTRY COVBX AND (1,COV) TO COVCX.

8. THE CRITICAL ALTITUDE HMAX IS KEPT CONSTANT AND EQUAL TO 23 KNM.
IF(KI(8)<3 OR (KI(8)=3 AND s:;QDKI(.H) AND IF(KI(3) OR KIl(4)>

200), LSUN IS .TRUE. :
IF THE FIRST CONDITION IS NOT FULFILLED, LSUM 1S . TRUE. FOR
Kic3) OR KI(e) > ao. (UTHERVISE [T IS  FALSE.

VHER LSUN ILL THE COVARIANCES IN n.'n'runu HIGHER
THAN 28 KN BE u'hn BY EVALUATING THE SUM OF THE LECENDRE -
SERIES HAVING N2=299 TERMS,

ADDITIONAL SIMPLIFICATIONS FORC O VA X 8 ¢
1. THE INTEGER ARRAYS K19, K21 AND K23 HAVE IDENTICALLY THE VALUE

OO OOOOnOOOOOOOGOONOAOOOOOHOOOSONONAOOOONOH
-li
-eo
= el
g
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l
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2. THE ARRAY Ci1t HAS IDENTICALLY THE VALUE ONE.

8. SINCE COVAXS MUST ONLY mmu MIVA'I'IVD OF THE DISTURBINC
POTENTIAL COVARIANCE FUNCTION IN RADIAL DIRECTION AND WITH RE-
SPECT TO THE COSINE OF THE SPHERICAL DISTANCE BETWVEEN TW POINTS,
THE CONPUTATION OF THE QUANTITIES D(1), ... ,D(8S6) (TSCHER-

AOAAAAAAASAGaaaaAOOAO[OOONNHNH
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NING, 1976, P. 87) IS NOT NEC!BGARY. roa AME REASON COVAXS C
NEEDS NOT TO COMPUTE THE INTEGERS S PYIN m KINDS OF DIFFER-C
ENTIATION AND THE DIFFERENTIATION l'l'l:l.l' VITH RESPECT TO THE
LATITUDES AND LONGITUDES. THEREFORE, THE PART BETWEEN THE STATE-
MENTS #78 AND #85 [S NOT NECESSARY EITHER. STATENENT #B85 HAS TO
BE REPLACED BY
‘88 COV=C(NDi+1)"®
(TSCHERNING, 1976, P. 60).

THIS LIST GIVES ONLY THE MOST ESSENTIAL CHANGES AND PRO-
VIDES THE USER A TOOL TO QUICKLY ADJUST COVAX IN ORDER TO BE
FULLY APPLICABLE FOR COVNET AND TEST, RESPECTIVELY.

OD0O0OCO0O0

IMPLICIT REAL®8(A-H,0-2)

LOGICAL LOCAL

COMMON /GRID/C(30,80,4,16) /CRIPAR/RB2, 86(8), DS(8), B1(8) P81
3,%), PSIS(S'O). PS11(3), DV(3, 5.) RE, [ACC(®), J 0&!(8 8)
. NDR »COM2/DUMMY(2) , DX, DY,
/COM3/HO(3), DR(3), HI(Y), JACC(A). NDPS(3), NDPSI(S,3)
/COM4/RV(30)
Z/CMCOV-CI(12), CR(81), SICHMAO(300), SICMA(S00), KI(23), N1,

LOCAL

DATA RHOM/S. mn«snnmz.m. MD/30, 50/

FORMAT( 3D185.

ronmmzms.?.us.u)

FORNMAT( 12F6.2)

FORMATY 16 18)

FORMAT(5(D10.2, 13)

JFORMATCIH ox.'covmlucn nmc'rlo N PARANETERS :',//,8X,'RBREQ.....
TR A MR 8.7,7.8X, xus)..... V18.7,8X, "Ki(4)

.. 13, /.ax.°x|(s»..... .laxéx PO « o eens bt 27)

FORMATC 1H' ,4X, ' ENPIRICAL ANOMALY' DEGCREE VARI ucﬁ IK UNITS OF NCAL

®ex2 :° //.5 28( 12F6.2/))

FORMAT( 1HO,4X, ' CPU-TIME NEEDED FOR THE CALCULATION OF THE COVARIAN

*CE GRID. .. ,F10.5/)

FORMAT( 1H ,4X, 'LEVEL..."', I8/)

%% %% %%

‘N F GRID PO
*HE Pmcmm LIMIT Il 'nn: DINENSION STATEMENT'/
FORMAT( 1H ,4X, 'NUMBER OF GRID POINTS IN GPIIIRICAL DISTANCE EXCEEDS
*THE_PRESCRIBED LIMIT IN 'nm I')"ll‘ SION STATEMENT' /

FORMAT( 1HO, 4X, ' NUMBER OF RADIAL RANGES (NDR) ... la.//ax. 1

* HO( 1) "D DE( I) './.6x L} tin SRS
Re== - e O O o S

FORMATC 1H .4x. 12,2X,3F18. 1/)

FORMAT( 1HO, 4X, * NUMBER OF SPHERICAL DISTANCE RANGES'//8X,° 1 ND
*PS(""/.5X ----------- v,

FORMAT( 1H , 4X, 12, 6X, 12) :
FORMAT( 1RO, 4X, ~srmncu. ms'rmcs GRID VALUES m NUMBER OF CORRES
*PONDING INTERVALS'//8X,' 1| DPSICI, D) NDPSI(1,J) ') :
FORMAT( 1H ,4X, 12, 13,F14.6 ox. 19) 1
FORMAT( 1HO, 4X, 'GRID POINT VALUES IN RADIAL DIRECTION'/) n
FORMATC 1H ,4X,8F12. 1) .
FORMAT( 1HO, 4x"cmo POINT VALUES IN SPHERICAL DISTANCE'/)
FORMAT( 1HO, 4X, ' RADIAL RANGE NUMBER ...°‘,12/) f
FORMAT( 1H ,4X,8F10.6) .
RE=6371.0D3

READ AND ECHO COVARIANCE PARAMETERS

READ(S3,56001) RBRE2,A,KI(3),KI(4),KI(3),N,LOCAL
WRITE(6,6001) RBRE2,A,KI1(3),KI(4) ,KI(8),N
IF(N.LT.2) N=2

Ni=N+1

IF(.NOT.LOCAL) READ(G,3002) (SIGMA®CI),I=1,N1)
IF(.NOT.LOCAL) WRITE(6,6002) (SICMA®(I),I=1,N1) |

READ AND ECRO COVARIANCE CGRID PARAMETERS

READ(S5,83003) NDR

READ(3,3000) ((HOC(I) ll (D ,DH(D)), I=1, NDR)
READ(S,5003) (NDPS(1),1I=1,NDR)

DO 21 I!I.ND
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CALL COVAXS(-1,COV)
CALCULATE ALL NECESSARY COVARIANCES AT ALL GRID POINTS

CALCULATE COV(T,T) AT ALL GRID POINTS

1AC1=1
JAC1=1

IACL= IACU

IACU= IACC( IRK)
IACL= IACL+1
JAC=JACC( IRK)
Ki(6)=1

KI(?7)=1

CALL COVAXS(e@,COoV)
DO 4 I=1ACL, IACU
CR(2)=RV(I)-RE
CR(8)=CR(2)

DO 4 J=1,JAC

CR( 1) =DV( IRK, J)
CALL COVAXS(1,COV)
C(1,J,1,1=CoV

CALCULATE COV(DR(T) ,DR'(T)) AT ALL GRID POINTS

KI1(6)=2

KI(7)=22

CALL COVAXs(®,COV)

DO 3 I=IACL, 1ACU

CR(2)=RV( I)-RE

CR(3)=CR(2)

DO 8§ J=1,JAC

CR( 1) 2DV( 1RK, J)

CALL COVA)B( +COV)

C(1,J,2 l)!COV/l\V( D/RVCD)

CALCULATE COV(DT(T) ,DT(T)) AT ALL GRID POINTS

KI(6)=12

Ki(?7)=1

CALL COVAXS(e,COV)
DO 6 I=1ACL, IACU
CR(2)=RV(1)-RE
CR(38)=CR(2)

DO 6 J=1,JAC
CR(1)=DV( IRK, J)
CALL COVAXS(1,COV)
C(I1,J,8,1)=C0V

CALCULATE COV(DELTA G,DELTA G) AT ALL CRID POINTS

KI(6)=3
KI(?7)=3
CALL COVAXS(9,COV)
DO 7 I=1ACL, I1ACU
CR(2) =RV( 1) -RE
CR(38)=CR(2)
DO 7 J=1,JAC
CR( 1) =DV( IRK, J)
CALL COVAXS(1,COV)
CC(1,J,4, 1)=COV/RVC 1) /RVC 1)

CALCULATE FIRST ORDER DERIVATIVES AT ALL GRID POINTS

KI1(6)=6

KI(7)s 1

CALL' COVAXS(®,COV)
JACI

8 J=1,JAC,
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»YsDVC IRK, J)
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sRV( 1) -RE
*CR(2)

s

°E
e
o~y
.."§
H
vt
[ ]
-~
g-
g

N

5
755851
§a§§

£

22
[ I o 1)
-

22833
LR DO O
- - -~
(]

-~ -~y

E
g
g

(1,C0V

EL‘.’!Q
-~y
o

htnd )
gizy

-

< -
i &

(9, COoV)
oJAc‘.'.)MBl

il
L
2785
- -~
-
~
[
-

L3
s
-

NNOE

o Sy -~

™

JeLeY

oowSa 5~
wEAS St
- S B —
o .§=

;
g

AXB( @, COV)
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2)
RB2/RV( 1) /RV( 1)
2 J=(,JAC
) =DV( IRK, J)
COVAXS( 1,COV)
J,1.2)=cov/8
-

anages
o~y
AR ——

:
;

8,CoV)
DO 18 |= l?():l. 1ACU, IACH

Ki(?)=3

CALL COVAXS(@,COV)

DO 14 I=ACL, IACU, IACI
CR(2)=RV( 1)~

CR(3) =CR(2)

8*RB3/RV( 1) /RV( 1)

DO 14 J=1,J

CALL COVAXS(®,COV)
DO 18 I=[ACL, IACU, IAC1
CR(2)*RV( 1)~

. ,
)=COV/RV( D /7RVC D)

30
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CR(3)=CR(2)
S=RB2/RV( I) /RV( )
DO 1§ J=1,JAC

CR( 1) =DV( IRK, J)
CALL COVAXS(1,C0V) .
C( l.J.‘.z)'OOV/m

CALCULATE SECOND ORDER MIXED DERIVATIVES AT ALL GRID POINTS

DO 16 I=IACL, IACU, IAC1
CR(2) =RV( I)-RE

CR(3) =CR(2)

S=RB2/RV( 1) /RV( 1)

DO 16 J=1,JAC,JAC1
CR( 1) =DV( IRK, J)
KI(6)=2
KI(?)26
CALL COVAXS(®,COV)
CALL COVAXS( 1,COV)

. €CI1,J,1,4)=COV/S
KI(6)=5
KI(7)210
CALL COVAXS(@,COV)
CALL COVAXS( 1,COV)
C(1,J,2,4)=COV/RB2
KI(6)=10 ;
KI(?7)=12
CALL COVAXS(@,COV)
CALL COVAXS(1,COV)
C(I,J,3,4)=COV/S
KI(6)=4
KI(?)=8
CALL COVAXS(@,COV)
CALL COVAXS(1,COV)
C(I,J,4,4)=COV/RB2
CONTINUE
IFC IRK.LT.NDR) GOTO 30
DO 17 1=1, IACU
RV( 1) =RB2/RV( 1) Z/RV( D)

CALCULATE POLYNOMIAL COEFFICIENTS FOR ALL ELEMENTS

DO 26 I11=1,NDR
NDN=NDPS( 1)

NDM=JACCI( 1, NDN)

DO 26 J=1,NDM
DY=DVC 11, J+1)-DV(I1,J)

NNN= IACC( 11D -1

IFC(I1.GT. 1) NNN=NNN-IACCCII-1)
DO 26 NN=1,NNN

I1=NN ;

IFCIL.GT. 1) L= I+ IACC(11-1)

BLOCK DATA
IMPLICIT REAL*8(A-H,0-Z)

COMMON ~COMDAT/D1,D32,D2,DS,D10

COMMON /GOMOIKTC 13) . koc 1%y, ht1c¢ 14), K18(14), K19C(14), K21(14),
*K29(14), C1IC1)

DATA D1,042,D2,D8,D10 _ <1.0D0, 1.600,2.009.3.0D0, 1.0D-10/

DATA n/uo.ou a:a/ 420,2%1,7%0/, K21/0 3358 6x1, . ]
%3/6%0,1,0,1,0, 1 5/ cn/l.ono.-n.ono 1.0D8,2%1.0D9, 2%206264. ¢
Too00 2921 ob3 Sh 1. eby. Be 1.609/, K9/5%1,2.3.2,8.2, s.a.z.s/. Ki1/11

ol

*0,2,3,3/, K18/11%1, 2, 3.8/
- END'




c c
c GENEMATION OF THE BICUBIC POLYNOHIAL COEFFICIENT VECTORS FOR THE ¢
¢ ELEMERT VITH LOVER LEFT CORMER INDICES NN . ¢
c c
g BRRXRBRRRR INPUT RERERRXRRR g
c D(.\....K), Ks1,4 ... 4-DIN. ARRAY CORSISTING OF FUNCTION VALUESC
c (k*1), 1. DER, IR X (K*@), 1. DER. INY C
c (K=3), 2. DER. IN XY (K=4) c
c N ON... INDICES OF THE ELENENT'S LOVER LEFT CORNERC
c . BY ... CRID DISTANCES OF THE CORRESPONDING ELE- C
¢ NENT ¢
g g g A Rt ¢
P Boveyo O, Kol ... ,16 ¢
¢ TRANSFER IN COMWON : D, DX, DY, M. N, D1, DS2, D2, DS c

LLLLLLULLLCCLCL

|Dl.lcl'l‘ mum

bhlrbb&hb'rlbl LLLCLCLLLLCCCOULCLCCCCCCCCCclrCceceeeoo

u& 4 m/eowma). DX, DY, N, N ~COMDAT/D1.

g
?
l

na
DIMENS ION écu.o) ,C(16) ,A( 16)

EQUIVALENCE (CC(1,1),C(1))

Lil=L+]

CO(K,L)=D(K1,L1,J, 1)
J,2)#DX

CC(K11, L)'D(Kl l.l

WCK.LID'NKI L1,J,3)xDY
CC(Ki1,L11)=D(KI, L1, +J. 4) *DX*DY

C1=D@*(C(9)~-C( 1))
C2=D32xC1
@'W(C( 19)-C(2))
C4=D32=C3
C8=D3®(C(11)-C(I))
C6=D32»C3
CT=DaR(C( 12)-C(4))
Ca=D32=C?

C9=2C( 13) +C(3)
C10=C9+C(58)
C11=C( 14) +C(6)
. C12:C11+C(6)
Ci8=C 18)+C(T)
C14=C13+C(7)
C18=C( 16)+C(8)
Gitaee
=
AC S)'ﬁd) s
A(B)=C(8)
A(6)=C(6)

A(14)=C11-C3

AT 2C(T)=C(6)-C(B)-A(D)

AC12) =CA~C16+AC 19) -DAn( “-GIQ‘M "
AC11)2C6~Cle-A(N-AC10)-A( )

AC16) *DA%(CE-C18+A( 19) )-C?*CI.QM L))
AC18)=C13-CB-A( 18) ~A( 14)-AL 16)

DO 41 11=2,16
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DM, N, J, 1D =ACID
CONTINUE

2]

END

SUBROUTINE TEST

THIS PROGRAM IS DESIGNED AS A USER EXAMPLE FOR COVAPP AND PRO-
VIDES, MOREOVER, A GOHPARIOON OF COVAPP AND COVAXN, A SLIGHTLY
u:gglm VERSION OF THE ORIGINAL SUBROUTINE COVAX ('rscmnmc.
1 .

THE NAMES OF PARAMETERS AND VARIABLES BETWEEN THE COMMENT CARDS
Cl111 - CI1111 ARE IDENTICAL WITH THOSE USED IN COVAPP, BETWEEN
C2222 - C2222 VITH THOSE USED IN COVNET AND COVAXN

ADDITIONAL ARRAYS USED FOR COMPARISON PURPOSES

ICH(.) ... VECTOR USED FOR REOI\DI'.IUIO THE COVAXN -
COVARIANCES (8,9,10,11) ---> (10,11,8,9)

SEC(.,.), RES(.,.) ... ARRAYS USED TO STORE ALL COVARIANCES CAL-
CULATED BY COVAPP AND COVAXN

CT(.) ... VECTOR USED FOR COORDINATE TRANSFER TO
COVAPP

IF COVNET AND TEST ARE RUN SEPARATELY, THE COMMENT STATEMENT

*C GET COVARIANCE AND GRID PARAMETERS®

OOOOOOOOOO0OCANOOGAOAAAON

HAS TO BE REPLACED BY A READ STATEMENT FOR THE COVARIANCE AND
GRID PARAMETERS SUCH, THAT ALL QUANTITIES ENCOUNTED

LABELED COMMON BLOCKS /GRID- AND /CRIPAR/ ARE TRANSFERRED TO 'nmg
ARMWEK KR RRK INPUT RRXRRRRRRR C

Cc

XLATP, XLONP, HP ... g;:omlgou'rrwna LONGITUDE AND HEIGHT g
XLATQ, XLONQ, HQ ... GEODETIC LAT!TUDE. LONGITUDE AND HEIGHT C
OF THE POINT g

RRRX KRR R KR OUTPUT ARWR KRR XK C

C

ALL TYPES OF COVARIANCES (1-14,1-14) CALCULATED WITH COVAPP AND C
WITH COVAXN AS WELL AS ITS ABSOLUTE DIFFERENCES. g

CCCCCCCCereecceecceececceecceecceecccceceececcececececccceece
IMPLICIT REAL*8(A-H,0-7)

C
gll\l ARRAYS AND DATA NECESSARY FOR COVARIANCE CALCULATIONS USING COVAPP

OOHH)N /GRID/C(SO.S. 4,16) /GRIPAR/RB2, S6(3), DS(3), S1(8), DPSI(
3,8), PSIS(3,6), PSI1(3), PS(S, 80). RE, IACC(3), JACCI(S,8)
. 'NDR  /COM1/CT(12)

DATA RHOG,GM  /3.729377931D1,3.98D14/

C
82222 ARRAYS NECESSARY FOR COVARIANCE CALCULATIONS USING COVAXN

LOGICAL LOCAL
'comon l/‘g::l}AEV/Cl( 12), CR(31), SICMAO(309), SICMA(Se®), KI(23), N1,
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C3333 ARRAYS AND DATA USED FOR COMPARISON PURPOSES

DIMENSION ICH(14)
DIMENSION SEC(14,14), RES(14, 14)
DATA ICH/1,2,3,4,58,6,7,10,11,8,9,12,18, 14/

FORMAT( 1618)
FORMAT(3D2e. 10)

FORMAT( 1H1, 4X, 'GEODETIC OOORDIRA‘!E OF P AND Q'.//?X I LATI
*TUDE(P) LONG I TUDE( P) HEIGHT(P LATITUDE(@ LORGITUDE
x(Q) HEIGHT(Q) *7/)

FORMAT( 1H ,4X, 14,2(2F13.6,F12.1,8X)

‘F(/H)HAT( 1HO, 18X, '1', 14X, 2", 14X, '3", 14X, '4°, 14X, 5", 14X, *6’, 14X, '7’

Il

FORMAT( 1H ,4X, 12,7F15.8)

FORMAT( 110, 4X, ' MATRIX OF COVARIANCES CALCULATED WITH COVAPP'//)

N')Illl‘le;i)ll. 18X,'8", 14X, *9',13X,'10', 13X, '11', 18X, ' 12", 18X, ' 18', 18X

FORMAT( 1HO, 4X, ’HA'I'IUX OF COVARIANCES CALCULATED WITH COVAXN'//)

FORMAT( 1HO, 10X, 'RELATIVE ERRORS'//)

GET COVARIANCE AND GRID PARAMETERS

READ AND ECHO THE GEJDETIC COORDINATES OF P AND Q@

NRDAT= 1

m?os.IO +END=40) XLATP, XLONP, HP, XLATQ, XLONQ, HQ
WRITE(6, 6010) NRDAT, XLATP, XLONP, HP, XLATQ, XLONQ, HQ
XLATP= XLATP/RHOG

XLONQ= XLONQ/RHOG
CALCULATE CR(1),... ,CR(12)

CR(2) =HP

CR(3) =HQ

CR(4) =DSIN( XLATP)
CR(3) *DSIN( XLATQ)
CR(6) =DCOS( XLATP)
CR(7?7) =DCOS( XLA'

XLONP)
PS1=CR( 4) *CR(8) +CR(6) *CR( 7) *CR(9)
CR(1)=PSI
CR( 12) =DARCOS(PSI)
CR( 19) =GM/(CR(2) +RE) /(CR( 2) +RE)
CR(11)=GM/(CR(3) +RE) /(CR(3) +RE)

DO 760 I=1,12
CT(I)=CR( 1)

CALCULATE ALL DIFFERENT TYPES OF COVARIANCES USING COVAPP

DO 100 J=1,14

DO 100 K=1, 14

CALL COVAPP(J.K.OOV)
RES(J,K) =COV

SEC(J,K) =RES(J,K)
CONTINUE

PRINT ALL COVARIANCES

WRITE(6,6013)
WRITE(6,6011)
DO 300 J=1, 14
WRITE(6, 60[2) J,(RES(J,K ,K=1,7)
VRITE(OJO’!
=
'RITB(O.G.IS) J,(RES(J,K) ,K=8, 14)
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CALCULATE ALL DIFFERENT TYPES OF COVARIANCES USING COVAXN
CALL COVAXN(-1,CO0V)

DO 6006 J=1, 14
KI(?)=J

CALL COVAXN(@©,COV)
CALL COVAXN(1,COV)

REORDERING OF COVARIANCES (8,9,10,11) ---> (10,11,8,9)

I1I=ICH(I)

JJ=ICH(J)

RES(I11,JJ)=COV

CONTINUE

WRITE(6,6015)

WRITE(6,6011)

DO 602 J=1, 14

WRITE(6,6012) J,(RES(J,K ,K=1,7)
WRITE(6,6014)

DO 663 J=1, 14

WRITE(6,6012) J, (RES(J,K) ,K=8, 14)
DO 567 1=1,14

SEC(I,J)= .ODO-DABS(IEC(I J)/RES(I,J))
SEC( I.J)=DABS(SEC(I )
WRITE(6,6018)

WRITE(6,6011)

DO 500 J-l. 14

WRITE(6,6012) J,(SEC(J,K) ,K=1,7)
WRITE(6,6014)

DO 501 J=1,14

WRITE(6,6012) J,(SEC(J,K) ,K=8, 14)
NRDAT=NRDAT+ 1

GOTO 444

L

END

SUBROUTINE CGVAPP(KRI1, , COV)
OGGCOGGOCOO

COVAPP COMPUTES APPROXIMATIONS OF A COVARIANCE

QUANTITIES RELATED TO THE DISTURBING POTENTIAL
THE EARTH e

IT IS ESSENTIAL TO STATE T®'T ’l‘lll

g
g
g
g
g
g
g
g
g

1
OOOOANAOOAAONANAON

WHICH IS ABLE TO PROVIDE THE SAME KIND or mvnum
DOES WITH ARBITRARY HIGH ACCURACY FOR A MUCH

TERMS OF CPU - TIME.
\llgl.\lglg CALCULATION OF A LARCE NUNBER OF COVARIARCES.
THE BASIC NETWORK OF COVARIANCES IS GENERATED BY C O V N
USING COVAXS, A '"I’Lll'l- VERSION OF COVAX. THIS NET HAS
%mm ONCE FOR ALL. AS SOON AS IT EXISTS, oovmcul

FOR REFERENCE SEE (H. SUENKEL, 1978).

0

anann

18_NO ALTERNA-
TIVE TO THE PARENT - SUBRC .INE OVAX(CC.'I.-W
1976) . COVAPP IS A DIFFEREATIATION - INTERPOLATI m'l'lll
LOVER Pl'(‘ ll

APPLIOA‘I'I“ OF COLLOCATION IN-
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IN ORDER TO MAKE COVAPP AS COMFORTABLE AS POSSIPLE, WE HAVE MINI-C
MIZED ITS DISTANCE TO COVAX REULTIIG IN PARTLY IDENTICAL STATE-

A0y oo POLY!!OHIAL conrncmns 0!' cov(T, T

A2(.) ... COV(DR(T) ,DR" (

AS(.) ... L COV(DT(T) , n'r('rn

AeC.) ... . COV(DELTA' G,DELTA ©)

RRRERERRKR INPUT RRKRKRKRREK

KR1, KR2 ... INTEGERS CODING THE KIND OF OPERATOR TO
BE APPLIED ON THE COVARIANCE FUNCTION AT
THE POINTS P AND Q

CR(1) ... l’(:(lsml‘g!‘lor THE SPHERICAL DISTANCE BETWEEN

CR(2), CR(3) ... HEICHTS OF P AND Q (METERS)

CR(4), CR(B) ... SINE OF THE LATITUDE OF P AND Q

CR(6), CR(?) ... COSINE OF THE LATITUDE OF P AND Q@

CR(8), CR(9) ... SINE, COSINE OF THE LONGITUDE DIFFERENCE

CR(10), CR(11) ... REFERENCE GRAVITY AT P AND Q

CR(12) ... SPHERICAL DISTANCE BETWEEN P AND Q@

m VECTOR CR IS TRANSFERRED IN THE LADEL!B COMMON BLOCK ~COM1/.
ALL ELEMENTS CONTAINED IN THE LABELED COMMON BLOCKS /CRIPAR/ AND

AND /COMDAT/ A VALUE HAS BEEN ASSICNED IN THE BLOCKDATA SUB-
ROUTINE. THE MEANING OF K?(.), ... , K28(.) AND C11(.) IS IDENTI-
CAL TO THAT IN COVAXN.

RB2 ... SQUARE OF THE RATIO BETWEEN THE RADIUS OF
THE BJERHAMMAR SPHERE AND THE MEAN RADIUS

OOOOaOACO0OOAAAAOAOOAOAOAAOOONONOCOANACAOAAONAAANH

RE ... MEAN RADIUS OF THE EARTH
NDR ... NUMBER OF RANGES IN RADIAL DIRECTION (ITS
MAXIMUM IS 3 ACCORDING TO THE DIMENSION
STATEMENTS)
86(I),I=1,NDR ... LOWER LIMITS OF RADIAL RANGES IN 8
DSC(I),I=1,NDR ... CGRID DISTANCES IN S-DIRECTION
S1<I),I=1,NDR ... UPPER LIMITS OF RADIAL RANGES IN §
DPSI(1,J) ... SPHERICAL DISTANCE GRID SPACINGS
PSISC(L, I ... SPHERICAL DISTANCE RANGE STARTINC VALUES
PSIICD) ... SPHERICAL DISTANCE UPPER LIMIT VALUES
PSCILE .. EACH ROW VECTOR CONTAINS THE COSINE OF THEC
SPHERICAL DISTANCE OF THE GRID POINTS g
‘ C
ARRWRBWRRRR OUTPUT WRRRKRRRRK g
cov ... COMPUTED COVARIANCE g
THE PROGRAM USES THE FUNCTION BSFC, THE SUBROUTINES GET AND C
BLOCKDATA. g

OO AaAAAaANANOACOANOOOANOAAOOO OOOOAOAOOOANANAOAAONOOOOOAONANON

%
&

CCcceceeccececececceccee
IMPLICIT REAL*8(A-H,0-2)
COMMON /AA/A1(16) ,A2(16) ,A3( 16) , A4( 16) ,D(86)

/GRIPAIVW. D'(S). DS(3), SI(S). DPSI(3, 5). PSI8(3,6),

P811(3), PS(S 80), RE, IACC(8), JACCI(9,8), NDR

/COMO/K?(14), K9(14), KI11(14), 'K18C14), KIO( 14), K21(14),
/GOHI/CB( 12) sCcoOM2/X, Y, DX, DY, IS,

CO|
MUIVALERGE (T CR(1)), (HP, Ci!(ﬂ)). HQ,CR(8)) ,(SP,CR(4)),(8Q,CR(5))
(CQ,CR(7)), ( D.OR(B)).(GD CR(9)), (PSI CR(12)),
(88C,D(29)), “( .D{"u)).(soc 0(82)) (688, D(25))
L

+DC16)) 18))
6004 FORHA’I’(I +4X, 'SORRY, INT LOCATION OUTSIDE LECGITIMATE LINITS®/)
ns-mﬂm

NRN RNUNREEN
g
=
&
-
O
-
L
~

-~ =

& >

3 -
P~
s a
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(C2= KRZ
CALCULATION OF THE PROPER UNITS OF THE COVARIANCES (CR12)

CR12=C11(KR1)*C11(KR2)
IF(K19(KR1) .EQ. 1) CR12=CR12/CR( 10)
IF(KI19(KR2) .EQ. 1) ORlI'ORIS/CN 1
IF(K21(KR1) .EQ.®) GOTO 9

IF(KR1.EQ. 14) CR12=CR12/CR(6
mms(nn 1 OBISUCRIWR(O)

"IF(K21(KR2) . .0) GOTO %4

CR12:CR12/RS
IF(KR2.LT. 12) GOTO 97
cma-cma/

F(KR2.EQ. 14) CR12=CR12/CR(7)
l!‘( K23(KR2) .GE. 1) CR12=CR12/CR(7)
CONTINUE

DETERMINATION WHETHER THE ROLE OF R AND RS HAVE TO BE INTERCHANGED
IF(KR2.GE.KR1) GOTO 1
RSS=RS

RS=R
R=RSS
KG1=KR2
KG2=KR1
CONTINUE

DETERMINATION OF THE NUMBER OF HORIZONTAL DERIVATIVES NH
NH=K?(KR1) +K? (KR2)

CALCULATION OF THE ELEMENT INDICES ARD THE POINT POSITION RELA-
TIVE TO IT

S=RB2/R/RS

IF(S.LE.S0(1) .AND.S.GE.S1(NDR)) GOTO 8
WRITE(6,6004)

COV=9.99D40

RETURN

1=0

I=1+1

IF(S.LT.81(1)) GOTO 8
GOTO 6

IF(S.(.BT.G.( I+1)) GOTO 2

GOTO

DX=DSC 1)

X=(8-80(1))/D8S(I)

182D INT(X)

X=X-18

IS= I8+1

IF(1.GT.1) I8=18+IACCCI-1)
IF(PSI.LE.PSII(])) GOTO 7

coTo 2
J=9

JuJ+1

IF(PSI.LE.PSIS(1,J+1)) GOTO 9

GOTO 8

JTDINTC(PSL-PEISC1,1)) /DPSIC 1,3)) 41

IF(J.GT. 1) Abcul..l-n

Y=T-PS( l..m

DY=PS( I,JT* 1) =PS(1,JT)

Y=Y/DY

CALCULATION OF THE PARTIAL DERIVATIVES OF 008(PSL) vm‘l ECT TO
THE SPHERICAL COORDINATES OF P AND Q@ (C1, ... , C®),

C1=D1




981

982

IF(NE) 1091,1091,999
I=X9(KR1)

Jllll(nl)

K=K9( KR2)

n-xmm)
J1*K13(KR1)

M1=K13(KR2)
D(1)=D1
CS=

CSC
D(2) =CS-8CC
D(3)=CCS

IF(NH.CT. 1) COTO 980
Cl=I¢ l+l6)
GOTO 1

D(4) --T

Cl=D( 1J+KM)
IF(NH.CT.2)

GOTO 9
C2=D( 1) %D(J1) %D( n+ l)tD(OtHl-G)
GOTO 1692

S88=88*SD
D(10)=-D(?)

D(20)=-D(2)
D(21)=-CCS8
D(26)=-88S
D(27)=-CSC:
D(38)2-CC8

M626%M1-6

IF(NH.CT.3) GOTO 982

C2=D( 1J) *D¢ KM+ 1) +( lu-nnn(

C3=D( 1) *D(J1) %D(K6+1)
GOTO :

‘e

+196) +D( [+196) ¥D( J 1+K6)

gsiwmm D+D(1J+18) aD(KS 1) +IX 1J)

S e

. o

T
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C3=D( 1J) *D(K6 1) *D( M5 1) +B*xD(K6 1) +D(J) ®(D( M6 1) *D(X6 1) +D( KM1) ®D( I) ) +A
*%kD(M6J) +D(K6J) *DC 1) *D( M6 1)
C4=AxB
GOTO 1094
1691 CONTINUE
IF(NH.GT.0) KG2=(KG2-4)/2
GOTO(901,902,983,904,908) ,KC1
CALL GET(1)
GOTO( 11, 12, 13, 14, 15) ,KC2
COVARIANCES INVOLVING LE.1 HORIZONTAL DERIVATIVES
1 COV=BSFC(A1,0,NH)%C1
GOTO 1000
12 COV=-BSFC(AL, 1, NH) *8/RS*C1
GOTO 1000
18 COV=(BSFC(Al, 1, NH) *8-BSFC(A1,0, NH) *D2) /RS*C1
GOTO 1000

14

901

=000

CALL GET(2)
OOV'-(I;‘-;FG( Al,0,NH)*D2+BSFC( A1, 1, NH) *8) /RS-BSFC( A2, 9, NH) *R) /RS*C1

18 CALL GET(2)
COV=(BSFC(A2,0,NH) *R*BSFC( A1, 1, NH) *8/RS) /RSxC1
GOTO 1000

902 CALL GET(2)
GOTO( 21, 22 23,.24,29),
21 CALL GET(
OOV'-BSFC(AI 1, 1)%8/RxC1
GOTO 1000
22 COV=BSFC(A2,0, NH) xC1
GOTO 10600
23 CALL GET(1)
COV=(-BSFC(A2,0,NH) +BSFC(A1, 1, NH) *xD2*8/R/RS) *C1
GOTO m

24 CALL GET
'%V' (BSFC(M @, NH) *D2+(BSFC(A1, 1, NHD *D2/R/RS~-BSFC(A2, 1, NH) ) *8) /RS

GOTO 1000
23 COV=-BSFC(A2, 1, NH) *S/RS*C1
GOTO 1060

908 GOTO(31, 82 33,34,38%), KG2
81 CALL GET(1
COV'-(BSI‘C( Al1,0, 1)xD2-BSFC(AL1, 1, 1)*8) /RxC1

GOTO 1000
82 CALL GE'I'( 1)
CALL GET(2)
COV=(BSFC(Al, 1, 1)*D2%S/R/RS-BSFC(A2,0, 1)) *C1
GOTO 1000

33 CALL GET(4)
COV=BSFC(A4,0,NH)xC1
GOTO 1000

34 CALL GET(4)
COV= BSFC(A4, 1,NH) *S*C1/RS
GOTO 1060

38 CALL GET(1)
CALL GET(2)
*COV'(BSFC(AZ. 1, NH) *8-(BSFC( A2, 0, NH) +BSFC(A1, 1, NH) *S/R/RS) ®D2) /R8%xC

GOTO 1000
904 GOTO(41, 42 43,44,48), KG2
41 CALL GET( 1

CALL GET(2

COV= (NFG(M...I)*M—(UFO(AI. 1, 1)%8+BSFC(A1,0, 1) *D2) /R) /R*xC1

GOTO 1000

42 CALL GET(1)
CALL GET(2)
COV'-(lUFG(B. 1, 1) %x8-(BSFC(A1, 1, 1)*8/R/RS+BSFC(A2, 0, 1) ) xD3) /RxC1

43 CALL GET(4)
COV= BSFC(A4,1,1)*8/RxC1
GOTO 1060

L) CALL CET(4)
COV=(BSFC(A4,2, NH) *S+BSFC( A9, 1, NH) ) /R/RSxC1%8

- e e il Mt
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cOTO
8 CALL GET(1)
CALL GET(2)
COV=( BSFC(A2,3, NH) #8-BSFC( A2, 1, NID -(BSFC(AS, 0, NI) /9+BEFC(AL . 1, NI) / .
*R/R8) ) #8/R/RE*C1
GOTO 1000
908 CALL GET(2)
GOTO(51,52,89,85,88), KG2
81  CALL GET( 1) .

COV= (BSFC(A2,0, 1)xRS+BSFC(A}L, 1, 1)*8/R) /ReC1

82 INUE
COV=-BSFC(A2, 1, 1) *8/MeC1
GOTO 1000

8

CALL GET(1)
Vs (“n:.rctn. 1, 1)%8-(BSFC(Al, 1, 1) *8/R8+BSFC(A2, 0, 1) ) *D2) /RxC1

CONTINUE
OOV'(PN(AB.S.II)MOUFC(M.l.m)mcl/!/'
INUE

COVARIANCES INVOLVING LE.2 HORIZONTAL DERIVATIVES
IF(KG1.GT.5) GOTO 68

GET( 1)

CALL GET(3)

GOoTO(112,212,312,412,812) ,KG1
COV=BSFC(AS,®,0)=C2+BSFC(A1,0, 1)%xC1

GOTO 100¢

COV==(BSFC( A3, 1,0) =C3+BSFC(A1, 1, 1)%C1)*8/R
GOTO 1000

-+

E

cov-uurcua 0, 1) *ReRS-BSFC(A1,®, 1) XD3-BEFC(Al, 1, 1) 8) *C1+( BEFC(A
#3,2,0) x8x8-BSFC( A3, 0, 8) *D2) xC2) /R/R

COTO 1000

CALL GET(2)

COV= ((BSFC(A2 nﬂmurcu: 1, 1D*S8/R) #C1+(BSFC(AS, 2, 0) *8+BSFC(A
*3, 1 .onnaus/mci

R02=( Keaoe) /2
KGi=(KC1-4) /2
COTO(60,61,62) ,KG1
CALL GET(1)

CALL GET(3)
WN(O0.0I..OB) + KG2
H“.l'C(AS. +@) RC2+BSFC(A1,0, 1)%C1

oorm
COV=( (BSFC(AS, 1,0) *8-BSFC(AS, 0, §) ®D2) *C2+(BSFC(AL, 1, 1) *8-BSFC(A1,0
, 1) %XD2) *C1) /RS

GOTO 1000
COV=-(BSFC(A3, 1,0)*C3+BSFC( AL, 1, 1)%C1)*8/RS
GOTO 1000

CALL GET(2)
WN(BB.“;BIQ). (G
OOV'HFO(AB 9, 1)%xC1+(BSFC(A3,2,0) *8+BSFC(AS, 1,0) ) *S8/R/RSxC2

CALL Ol'l‘(l) .
CALL GET(3)
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COVARIANCES INVOLVING LE.S HORIZONTAL DERIVATIVES
COTO(612. 812, 1012)
612 OOV‘”.PaAI;‘. 1% ¢gmus.o @) *C2+BSFC(A3, 0, 1) xC3

€OTO 1
@12 COVa((BSFC(Al, 1, 1)®CI1+BSFC(AS, 1,0)*CI3+BSFC(AS, 1, 1) #CS) *8-( BEFC(AI,
! n.n:cnnsrc«n.o ©) %C2+BSFC(AS. @, 1) *C8) %D /R

1000
812 COV=-(BSFC(A1,1,1)*C1+BSFC(A3, 1,0)%xC2+BSFC(AS, 1, 1)»C3)*8/R
GOTO 1000

onn

c
c COVARIANCES INVOLVING LE.4 RORIZONTAL DERIVATIVES

C
1994 CALL OT(I)
CALL GET(3
eowmml.o.n:cunsrcus 0,0)*C2+BEIFC(AS, 0, 1) *C3+BSFC(AS,0,2)%C

1000 COVIOOWCRIQ
RETURN
END

SUBROUTINE CET(K)

c C
c THIS SUBROUTINE NAPS THE POLYOMIAL COEFFICIENTS FOR A
¢ ELEMENT (1S,JT) ONTO A VECTOR Ty ¢
C
C C
g RRWRERWR KR INPUT WEMEERRRRR [ ]
C
C C
c ey VY cos 4-DIN. ARRAY OF FUNCTION VALUES (J*1),  C
c DER. IN X (J*2), 1. DER. IN Y (J=8), €
¢ DER. IR xvu-o FOR K*1, ... 4t C
c - Thtond X c
c Ke2 ... oovmim DR m). C
c K+S ... COV(DT(T) .DTXT c
¢ e L SOVDELTA" o.m'n © g
¢ I8, JT ... INDICES OF THE ELEMENT'S mmx.mconmng
g REERRRERRE OUTPUT RVERRNRERRR [
C
c ALC) . ARG, ASC). ASC) ... VECTOR OF POLYNONIAL COEFFICIENTS C
c CORRESPORDING TO THE ELEMENT (18, JT). c
c AlC) ... rox.mnm. COEFFICIENTS OF COVCT,T) c
c A2C.) ... COV(DR(T) ,DR' (T) ) c
c ASC)) ... *  COV(DT(T) .DT(T)) ¢
¢ A .t *  COV(DELTA'G,DELTA G) ¢
¢ TRANSFER IN COMMON : C, IS, JT, Al, A2, AS, A¢ ¢
»

INPLICIT m.uu-l 0~2)

LCOMMOR /CRID/C 90,80,4.16) /COM2/DUMMY(4), IS, JT /AAZALC16),
A3( m. Asl 163, A4(16)

otmu 13,40,

DO 10 I*}

10 u(n-cub J'r.x.n
RETURN

2 DO 20 I=1,16

e o U
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A2(1)=C( IS8, JT,K, )
RETURN

DO 30 [=1,16
‘8""0(!'0JT.‘0.)
RETURN

DO 40 1=1,16
AO(I)HO(IO.JT‘K.I)
RETURN

$* 8= 3

C C
C THIS FUNCTION CALCULATES ZERO, FIRST AND SECOND ORDER DERIVA- C
g DIVES OF A BICUBIC POLYROMIAL g
LU UL U LU LCLLCLCCLULLCCCLCC e ccooooceccoceccaen

Cc ]
g ERERKTARRR INPUT BRERERKERRR g
c AC16) ... VECTOR ﬂ NORMAL IZED POLYNOMIAL COEFF. C
c IX, ty ... KUMBER OF X- ARD Y-DERIVATIVES C
g X, Y... Hﬂ-‘rl.llﬂ COORDINATES OF THE CALCULATION g
g DX, DY ... GRID DISTARCES IN X- AND Y-DIRECTION g
g REBRRRVERER OUTPUT ERRRRRERRE g
g BSFC ... ®., 1. OR 2. ORDER DERIVATIVE g
C THE PROCRAN USES THE BLOCKDATA SUBROUTINE C
g TRARSFER IK COMMOR : X,Y,DX,DY,D1,DS2,D2,D8 g

IMPLICIT REAL®8(A-H,0-2)
DIMENSION A(16)
omom(a ;OOIDATIM ,D82,02,D8 /COM2/X, Y, DX, DY
BSFC= A( 4) + YR(A(B) +YRCAC 12) + VXA 16)))
oo'm(m 4.0
BSFC=A€8) + YR(ACT) +YR( A 11) +Y®A( 18) ) ) +BSFCX
BSFC=A(2) +Y®( A(6) + YR( A( 10) +YXA( 14) ) ) +BSFCX
m( 1) +YRCACS) + YRCAC9) + YRA( 18) ) ) +BSFCRX

IXei, IY=®
BSFC=A(3) +YR(A(T)+TR(A( 11) +YXA( 18)) ) +BSFCxXxD32
mc-ga)nm AC6) +YR(AC 10) +YXA( 14) ) ) +BSFCxXxD2

IX=2, 1Y=0
BSFC=A(3) + YR(ACY) + PRCAC 11) +VRAC 18) ) ) +BSFCRXeDS
BSFC=BSFC*D2/DX/DX

h

an a0 (o]

YD2= YxD2

YD82= Y*D32

BSFC=A(8) *m*( AC12)+YD32%A( 16))
GOTO(7,8),

IX=@, IY=1

BSFC=A(7) + YD2%( AC 11) + YDSZRA( 15) ) +BSFCxX
BSFC=A(6)+YD2x( A 10) + YDI2®A( 14) ) +BSFCxX
BSFC=A(8) +YD2%( A 9) +YD32%A( 13) ) +BSFC*X
BSFC=BSFC/DY

o
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RETURN
$ %M“R:Yﬂﬂ“ 1D+ ( 18) ) +BSFCXeDE2
BSFC=A(6) +YD2%( A 10) + ( 14) ) +BEFCxXeD2
BSFC=BSFC/DX/DY
RETURN
: c IXe2, 1Y=1 |
8 BSFCzA(7) +YD2x( A 11) +YDS22A( 15) ) +BSFCRXxD3 |
BSFC= BSFCxD2/DX/DX/DY i
c I1X=0, 1Y=2 '
. 9 BSFC= A( 13) +208C AC 14)+20kC AC 18) +10RAC 16)))

BSFC2A(9) +XRCAC 10) +xCAC 11) +200A( 12) ) ) +BEFCRYRDE
BSFC=BSFC*D2-/DY/DY

R LT s

- . j
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COVARIANCE FUNCTION PARANETERS :
RBRE2..... 0.9996170D+00

Acveseeen. ©.4252000D+03 45
Ki(S)..... 24
KI(®).o... @
KI(8)..... 2
 hRpRlE ¢

NUMBER OF RADIAL RANGES (NDR) ... 8

1 BOC D HIC(D DHC I)
1 0.0 3000.0 200.0
a 100000.0 130000. 0 7500.0
» s 200000.0 260000.0 10000.0

NUMBER OF SPHERICAL DISTANCE RANGES

I NDPSC( 1)
1 4
2 3
R 8

SPHERICAL DISTANCE GRID VALUES AND NUMBER OF CORRESPONDING INTERVALS

1 J DPSICI, 0 NDPSICI, D)
1 1 0.000087 10
1 2 0.000291 1?7
1 8 « 000873 18
1 4 0.002909 6
2 1 9,002909 6
2 2 0.008727

2 8 0.017453 10
3 1 . 002909 6
s 2 0.008727 10
3 3 0.017433 13

GRID POINT VALUES IN RADIAL DIRECTION

6371000.0 6371200.0 6371400.0 6371600.1 6371800.1 6372000.2 3 6372400.4
6372600.5 6372800.7 6373000.8 6373201.0 6373401.2 6379601.53 637SO01.7 6374002.0
6471000.0 6478300.0 6486026.1 6493378.6 6301187.4 6 N J 0 6891045.8
6601137.7 6611276.2 6621461.85 6631694.0

GRID POINT VALUES IN SPHERICAL DISTANCE

1.000000 1.000000 1.000000 1. 1. 000000
1.000000 1. 1.000000 0.999999 0.999999 6.999998 0.999998 ©.999997
0.999997 0.999996 0.999998 0.999994 0.999993 0. 0.999990 0.999989
0.999988 0.999986 . 99 0.999978 0.999971 0.999964 0.999957
0.999948 0.999939 0.999929 0.999918 0.999907 O. 0.999881 0.999867
0.999853 0.999799 0.999736 0.999668 0.999383 ©0.999497 0.999401

RADIAL RANGE NUMBER ... 2
1. 0.999996 0.999983 0.999962 o. 0.999894 0.999848 0.999637
Q.M 0.999048 0.998630 0.998138 0.997864 0.996917 0.996198 ©.994322
0.992846 0.990268 0.987688 0.984808 0.981627 0.978148 0.974370 ©.970296

- 0.968926

RADIAL RANGE NUMBER ... 8
1.000000 0.999996 0.999983 0.999963 0.999932 0.999894 0.999848 ©. 7
0.999391 0.999048 0.998630 0.990138 0.997864 0.996917 0.996193 ©.995
€.994822 0.992346 0.990268 0.987¢88 ©. 0.981627 0.978148 0.974370
0.970296 0.963926 0.961262 0.936308 0.951037 0.945519 0.939693 ©.
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