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1. Introduction

The era of extrscting gravity field Info rmation abo ut the ea rth from

only time-consu ming la bo rious surface measurem ents Is definitel y over.

• Mode rn technolo gy baa c reated highly sophi sticated Instrum ents which

enable us to obtain different kinds of geodetic data wi th Inc r*sing

• accuracy at a speed never known before. Prob&bty the only technique cap-

able ofpr~eusb% all these da ta In a consi stent way is the methed of

least- squares collocation , which is as beautif ul as deep (MerIts, 1972).

The central role In collocation is played by the model cova rianc e

f unction which resembles somehow the main feature. of the earth ’s

gravitational fi eld. The p ropert y of the kernel function forces It to be

ha rmonic outside some Interna l sphere; consequently, Its elgen-functions

are the spherical harmonics. Homogen eity and Isotropy po stulate s

make it dep endent on only two essential va riables: the spherical di stance

between two points and the prod uc t of the corre sponding geocent ric rad ii of

these points.

All geodetic data are func tionals of the disturbing potential. Therefo re ,

all cova riances between geodetically relevant quanti fies can be derived by

mean s of the cova rianc e prop agation law. Thi s, again , I s the rea son why

closed analytical expres sion s of the cova rlanc e functi on are an absolute

neceasl ty. Tscbernlng and Rapp ( 1974) have derived closed expressio ns

on the ba sis of different degr ee va riance models and give cova riance

expression s for geoida l height , gravity anom aly and deflection of the

vertical , most commonly used In geodetic app lications. Tsch.rning (1976 )

extended thi s work and derived cova rianc e expressi ons for second

order derivati ves of the a noma lous potentia l. His very elegant and

conveni ent subroutine COVAX has been widely applied by the geodetic

comm~mity.
However , the number of p roble ms for which the application of COVAX

become s expensive increases steadi ly. All these expensiv, probl ems

• 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~
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involve the numerical Integration of the covari anc . function resul ting In
a la rg, number of cova rtanc. computa tions. Two typicit examples: ‘ 1
a) th , pr edic tion of mean g ravity anomalIes f rom differen t kind s of
data (Ra pp, 197? , 1978), b) ast .lllte-to-sta .litte tracking espec-
lally In th. low-low mode) (X ryn’skl, 197$). In both cases
multifold Integrations of the cove rta nc. function ar. Involved (in the
first ca se Integ ration s over “rectangular” areas on the sphere in the
second ca se integ rations along th. flight paths of two sateultes). 

-
~~

For this reason the possibility had been studied to cut down the
consider ably the cous riance computation time by using approximations of the
coys rianc . function (S~nkel , 197$ a , b). Theoreti cal investigations
indicated that this possibility exi sts; prelimina ry pra ctical calculation s
encouraged fur the r detailed studies. After all, a way ha s been found

L 

through the jungl. which permitt ed a consistent approximation of all
cova rlanc e expre ssions up to and Including second-order derivative s of
the di sturbing potential. Basically, the method consists of choosing a
regular rectangular grid with re spect to the cosine of th. spherical
di stanc e t3 cost and with respect to the squared ratio s between the
radius of the Bj.rhammar sphere R, and some radius r )  P~ • a, (; /r ,)1,
and stori ng all covs rian css corre spondIng to these grid point s on some
file. All desir ed covi rianc e expressions can be derived by a simple
dlfferen tladon-Interpo latt on proc edure. The accuracy of the so obtain ed
cova ria ncea can be made arbitrary high by selecting an app rop riat . small
grid spacing.

Thi s procedure pro vides th . user with the same cova rianc,, as
conveniently as COVAX . but about 10 times fa ster. The price we pay Is
mass storage. However, computer development statis tics show clearly
that the amount of availabl , mass stora ge inc rea ses much mor e thin the
speed-up of calculation time. Moreover , sinc, large scale app lications

________ •
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of collocation (fo r which the procedure desc ribed here Is designed) are
by thei r own nature restricted to la rg e comput.r sy stem s with a lar ge
central core capacity available , th. need for storage can no longer be con-
sidered an essent ial drawback. It ’ s believ ed tha t thi s approximation
procedure will be especially valuable for collocation problems which
involve the Integration of the cova rl*nc e function.

2. The ~ iatial Covi rlanc e Function and Its Approximation Model

Ahbâugh the choice of a pa rticula r cova rianc . function model is of
no concern to the app roximation pro c edure (as long as it is Isotropic), It
Is nevertheless necessa ry to give a short description of Its essent ial
properties in order to have a solid sta rti ng basis.

The general fo rm of a homogeneous and isotropic cova rianc. function
can be expressed by

K(P ,Q) = ~. ~~~~~~ P~ (cos ,Q ). (24)
n N 0

where P Q . . .  point s in spac e,
r , r ’... geocentric radii of P and Q

spherical distanc e between P and Q,
k . . .  positive coefficients ,
P,~ (cos ) Legendre polynomial of degree a~
N0. . .  startin g value of the summation (N0a 2)
B,. . .  radius of the Bj.rbimxnar sphere.

• ~~~. . K(P ,Q) Is syinmebrlc with respect to P and Q, expressed by the product
r r ’ and the depend ence on cos$,Q.

_____________ -- —~ ~~~~—~~- - - - -~~~- - -  - ~~~ -~~~
‘ — • •
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K(P ,Q) = K(Q, P) ;

It Is ha rmonic outside the Bjerbamxna r sphere r = B,,

£, K(P .Q) £, K(P Q) = 0.

An Important property which allows a two-dimensional approximation Is
Its depend enc e on essentially two va riables only, the spherical di stance

and the product r r’. Since cos$ can va ry only between -1 and +1 ,
and R~ hr ’ has a mInimum value of 0 for r -. . and a maximum of 1

for r • r ~ B,. the cova rianc e func tion s domain Is the rectangl e
- 

[— i  t 1. 0 < s c 1] (z— aa )

with the variables
t cos , a : . (2 Zb)

Oper ations on or close to the surface of the earth together with locally

to regiona lly restricted use , however , reduc e the domain of practical

app lications considerabl y. E. g. : Wo rking wi thin a spherical di stance

range of 0 ~ * ~ 10° and with in an altitude range from 0 (ea rth’s surface )

to 300 kin (satellIte altitude) , the operational domain reduces to

[0. 985 ‘ t ‘ 1, 0. 999 � s ~ 0.9 12].

The following figure may illustrate the mappi ng given by (Z-Zb) :

• 

•

r /

_ _ _  
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Once the operational domain has been fixed, a reg ula r rectangular
grid In s and t can be arranged . Two important facts have to be taken

• Into account: The numerIcal value s of the cova rlances change more
rapidly for small $ tha~. for larger ones , and the cova rlan ces become

• smoother for higher altItudes because of the upwa rd continuation effect.
These two statement s might sound triv ial but they are Impo rtant,
and represent guid elines for the choice of grId dIstance s As  and ~~t.
The rea son Is the following: Approximate cova riances ar e obtained by
a differentiatIon - interpolation procedure applied to some interpolating
function uniquely defined by the covar lanc es at the grid points. If the
interpolating function Is an element of K 1 ED], the space of , continuous
function s with domain D, having quad ratically Integrable first derivatives ,
It can be shown that the msximum approximation error depend s on the
I + l)t h power of the grid spacing multiplied by the maximum absolut e
value of the (t  + 1)t h order derivativ e of the original function. Each
differentiation, If it exists, dec reases the dependenc e on the grid spacing
by one power (SUnkel, 1978a , p. 22), (one-dimensional case). Consequently,
the grid ha s to be denser for small spherical distances $ than for la rger
ones and denser for small altitudes than for higher ones. e

larger $ small

I I I I I I I I I ~ 11 J~ 
low altitudes

— 
) high altitudes

r
Fig. 2 GrId arrang ement principle

_ _ _  - -~~~ • -~~~~~~
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Next we have to face the problem of which kind of interpolation
function we should choose. Five requirements have to be fulfill ed by
the Interpolation function:

a) it should be as simple as ?oasible in order to keep the
computation time at a minimum~

b) it should be as smooth as po ssible and admit as many
continous derivatives as possible.

c) It should be as local as possible in order to guarantee a

good fit to the true cova rianc e fun ction not only for large ,
but also for small $ -values.

d) ft should disturb the true spectrum and the actua l degree
-

• varances , as little as po saibl e~
e) It should satisfy the Laplace-equation with rea sonable accurac y

in order to gua rantee ha rmonicity.
• Needless in say, these five requirements exclude each other:
analytic expressions meet the requirements (b)-(e), but fail at (a);
single higher degree polynomials fulfill partly (a) and (b), but violate
(c)-(e); step function s and piecewise linear function s comply with (a)
and (c) but violate (b), (a) and (e). Obviously we Fave to make a
compromise between competing functions. The only interpola tion

• function which meets all five requi rements sufficiently well is the
winner of the game - the bicubic spline function: it is relatively
simple, is twice continuously differentiable with respect to each
Independent variable, has very local features altho ugh it doesn’t have a
compact support; it reproduce. ~ne actual degree va riances with only
liU1e noise (S~inkel, l97~~, p. 29a) , and it also allows the Laplace-
equation to be fulfilled with rea sonabl e accuracy provided the grid is
sufficiently dense.

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~_~~~~~~~~~---- —
~~~-‘~~
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If we were intere sted in covar iance s involving not more than

three differentia tion s of the cova rianc e function with resp ect to a and t,
a single bicubic spline representation of the di sturbing potential’s

(~5)spatial cova riance function would be sufficient. However , we intend to
derive approximation~ ~f covariance expressions up to second ord er
deri vatives (at both points P and Q) and this correspond s to fourth order
derivatives with respect to s or t. Con sequently, a singl e spline
representation of coy (T, T) is not sufficient anymore , and we need at
lea st two more representations. We have cho sen coy (D, T, D~. T) and
coy (D~ T, D~ T) = coy (D~ T, T) in order to guarantee at lea st linear
(and at mo st cubic) inte rpolation within the grid. These three spline
repre sentations are necessa ry and sufficient for our purposes. Since
the gravity anomaly is the mo st frequently used quantity, in physical
geodesy, we have extended the cova riance representations and included also
the cova rianc e representation of the gravity anomaly covariance function.
It should , however , be pointed out that this is not necessary and has been —

done only for rea son s of conveni enc e.

The four cova riance function s, coy (T , T), coy (D, T, D,, T),
coy (D~ T, T) and coy (A g, Ag) depend only on s and t and so do thei r
bicubic spline representations. AU other cova rianc e expressions up to
(at least) second order derivatives of the di sturbing potential can be
obtained from linear operations applied to these four cova rlance representa-
tions. Thi s is the very philo sophy behind cova riance approximations which
helps us to reduce dra stically the CPU-time.

(*)... This follows from the fact that the 3rd derivative of a cubic splin e is
a step function .

— 

~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
~~~~~~~~~~~~~~~~~~~~~
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3. Cova rtauc. Grid Point Values

Sinc e a bicubic spun .  representation of the covaria nc e function
will be used it Is necessa ry to determine all deriv atives of the cova riance
f unction which, together with thei r function values at all grid points, make
th. spUn. repres entation unique. Let D(s, t) be a rectangular domain
divided into I’S subr .cang l.s by the gild points

~ 
� 

• to ~ t3 ~
with (se, t1 ) grid point coordinates. Then a bicubic spu n. on D Is
uniqu.ly defin.d by (S~inke1, 1978*, p. 74)

a) f ,3 , I * O, . . . , I; 3 = O,..., T ...function values at the grid points,

b) D,f13 , I 0, I; 3 0 . . . , 3 ...fir st  deriva tives of the function f
with respect to s,

c) I t ~ • I 0,.. . , ! ;  3 0, .1 ...first derivatives of the function f
with re spect to t,

d) D,~f ,,1 . I * 0, 1; 3 0, 3 ...second derivatives of the function f
with re spect to st

H.r ., f stand s for one of the four cova rfance functions cov(T, T),
cov(D, T, D,. T), coy (D~ T, T), cov (Ag, Ag). What we need are expressions
for first order par tial deriv *tives of all 4 cova riances with respec t to
thei r ind.ip.ndent va riables a, t. Since the subroutine COVA X of C.C.
Tschernlng can provide us with value s for these quantitie , ImplicItly, we
intend to expres s th. derivative s in term s of COVAX cova rlanc e outputs.

• In the next section s we derive these fo rmulas,

3. 1 Derivatives of coy (T, TI with respect to s and t
We recall the definition (2-1) of the disturbing potential cova rlance

function which we write in a simplifi ed notation as
cov(T , T) E k .s+ip (t).

• 
- 

• ••
.~ 

- .
‘

.•
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the partial derivative with respect to s is trivial:

D, cov(T , T) = ~ k~ (n + l)s~ P~ (t).

Thi s expression can be easily related to cov( -41), T, T)

• by considering

cov(Dr T1 T) - ~ k~ (n + l)s n+1 P~ (t), -

and we obtain

D~ cov(T , T) ~~4~~cov ( _ 4...Dr T I T)• (3 _ i)

Even simpler is the calculation of D~ cov(T, T):

D~ coy(T, T) ~ k1 ~ 
a+1D~p~ (t). - 

(3-2 )

(All clo sed expressions which we don ’t write down explicitly here , can be

found in Tachernmg (1976). Thei r calcula tlon8 are part of the subroutine

COVAX. )

Similarly we obtain -

D, D~ cov(T, T) = 4 cov(- 4. D~ 1’, D~ T). (3-3)

• 3.2 Derivatives of coy (Dr T D~ T) with respect to a and t -

By straightfo rwa rd derivation we find

cov(Dr T, Dr# T) = k~ (n+l)Z ~ 
4 1  P~ (t).

R ecalling the defin ition of a, we can also write

cov(D~ T, Dr~pT) = ~ k (n+1? ~ a+ i p, ( t).

Applying the differentiation operator D, we obtain

D1 cov(Dr T, D,~.T) = ~ k1 (n+1)2 (n+2)s ~~~ P~ (t),

which can ea sily be shown to be equivalent to

D, cov(D, T, D,,, T) = (!±.)~ ~~~ (- 4- D, T. D~, T). (3-4)

— • ~~~~~~~~ -
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The differ entiation operato r D~ appli ed to cov(D, T, D,,,. T) yields

D~ cov(D~T, D ,, T) = ~~~~~~ r k (n+ 1)’ ~ 
1 +1 D~ P1 (t) (3-5)

and similarly we obtain app lying D~ to equ. (3.4)

D1 D, cov(D, T, D~ T) = (4L) ~~~~~~ ( 4- D D~ ‘F. D~ ‘F). (3.4 )

3.3 Derivatives of cov(D~ T. ‘F) with respec t to s and t

All cova riance derivatives of this type are clo sely related to equation
(3.1); we obtain

cov(D~~T T )  = ~ k s 1+l D~p (t). (3-7)

D, cov(D~ T. T) = .~! cov( _ 4D,T. DtT), (3-8)

D1 cov(D~ T, T) ~ k ~ 
%+1 D3 P1 (t), (3-9 )

D,D, cov(D~~T, T) .~~~cov ( - L D~D~T, Dt T). (3- 10)

3.4 Derivatives of cov(~,g, As) with respect to s and t

All cova rtance derivat ives of thi s type can be written down immedia tely
rep lacing T by Ag in section 3. 1:

D~cov(Ag, Ag) = - L cov(D, Ag. Ag). (3.11)

D1 cov(-Ag, Ag) = cov( Ag, D~ Ag), (3-12)

D1 D~ cov(Ag, ~~g ) =  -f cov(D, Ag, D,Ag). (3 - 13)

All cova rlances given above can be calculated by a simplified version
of COVAX. The modificatIons ar e describe d in the li sting of th e program

COVNETS

- ,  .. , — - • 
- •.—-1 - 
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4. Cova rlance J~cpres sions

All cova riance expressions which can be derived from the bicubic
• spline app roxima tion model are linear combinations of the grid point cova r-

lances li sted in chapter 3. For example, if the cova rlance cov(T ,,  T,) is
• desi r ed, it Is necessary to -calculate the corre spondi ng s and t

values and find the element indices (i,j)  such that s~ ~ s ~ and
t3 ~ t ~ t3 .~~. On each rectangle (se, s~,. ; t3 ,  t,+1] the spat ial cova rianc e
func tion is approximated by a bicubic polynomial with 16 coeffIcien ts
being linea rl y related to cov(T, T), D, cov(T , T), D~ cov(T, T) and D• D~COV (T, ‘F)
at the four co rners of the corre spond ing rectangle. To find cov(T, ‘F) for

a and t values not coinciding with one of the corner values , is a simple
problem of Interpolation. (To find cov(T, D~ T) for the same point (a , t)
would be a differentiation and interpolation problem. )

The general fo rm of the bicubic polynomial defined on the rectangular
domain ~ •~+~

; ~~ ~~~~~ ~~

f ( s , t) = ~ (s— s~) (t— t , ) 1. (4.1)
k=0~~ =O

The 16 coefficIents result from linear transformations of f D,f , D~f and
D.D~f taken at the 4 corners of the rec tan gle:

with 

Ai3) 
= = 0’ F H

= [
~ ~:]‘ 

G~ 
= 

[it:: ::]. G~ ~~ 1~ a],

= [
~ 

0 
Lo oJ 

g: = •~+~— s~ (4 2)
H = G~g t 3~~1 — t~

• F = 
Ft,:+i 

~
, F 13 = [f 3 D, ~~ 

] •
L~t+i,3 F4+a,,+~j  LD1f11 D.Dtf *JJ

~~~~~~~~~~~~~~~~~~ ~~— • ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~
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Simpl. matrix multiplications yield

I —

TI I F1H1 + T ,H5
A ~~~~~~~~~~~~~~~~~~~~~~~ 

F~)H; (4-3)

Before writing down the necessary derivatives of the btc ubic
polynomial, (4-1) Is simplifi ed by introducing reduced variable.
s and t.

~~~~~~~~ S — 5 , ,  t * t . . t 3
so that (4-1) can be abbreviated (suppressing the element indices i,j)
and has the fo rm.

f(i, t) ‘ i~o j .0
a~~ P i.  (4-1)’

A general derivative of (4-1) ’ can be given by the forthula

- ~~~f(I, 1)
D f(I , t ) *  

1.1i~NII

= .1~Sa ~ I ~ (ky e~1 k-~1 ~ ~~~~~~~~~ ( 44
- k- , j t~~

with the multi-Index ~: = (
~ , 

~
), I~ I ~ + ~, 0 ~~~ ~ ~ 3.

This nice expre ssion, however , Is far from optimal with rega rd to
CPU-time savings. The refore , ail pa rtial deriva tives of f ;ctvally
used in the computations (indica ted by subsc ripts) follow: . 

-

f(I , ~
) a~ + I (a,, + I (a,~ + la ,,))

+ I ((a,, + l(a1, + I (a~ + la n)))
+ i ((a,, + l(a,, + l(au + I an))) (4~~.)

+ • (a,, + I(a,, + l(s,, +
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f1 (1, 1) = a 10 + I (a 11 + I (a~ + la ,,))
+ i (2(a1, + I (a,, + I (a,, + Ia ,,))) (4—Sb)

+ i •3  (a ,0 + I (a ,, + I (a,, + ia ,,)))),

• f11 (I, I) = 2 (a10 + I (a,, + I (a,, + Ia,,)) (4—Sc )
+ 1.3 (a ,0 + I (a~ + I (a,, + Ia ,,)))),

f1(I, I) = a01 + i (a 1, + I (a,~ + la ,1))

+ 1 (2 ~~ + I (a , + 1 (a,, + I a,,))) (4.5d)

+ ~•3 (a0, + I (a ,, + ~ (a,, + ia ,,)))),

~~ (i, I) 2 (avg + I (a,, + I (a,, + I a ,,)) (4-Se)
+ 1.3 (a,, + i (a 1, + I (a,, +

~~~ 
(1. 1) = a11 + 1 (2 a,, + I•3 a 13)

+ 1 (2 (a,, + 1(2 au + 1 3  a,,)) (4. 5f)

+ 1 3  (a,, + 1(2 a,, + I•3 a,,))).

f..1 (L i) 2 (a,1 + 1 ( 2  a~ + 1 3  a,,) (4 5g)
+ 1•3 (a,, + 1(2 a~ + 1~3 a ,,))).

The reader Is invited to verify that the ftvlction value s together
with the pa rtial der ivatlves f~, f, and ~~ are reproduc ed at th. four
comers of the rec tang le (hint: use (4-5), (4-2) and (4.3).

In all cova riance expressions derivatives are taken with respect to
the spherical coordinate s (r , ,, )j, (r ’, ~~~

‘, ) ‘) of the points P and Q

and not only with respect to a and t. According to the chain rul, for
dWerentiation we need to know the pa rtial derivatives of s with respect
to r, r ’ and of t with respect t o e ,  A. ~p ’. A ;  the latter are listed

__________________ —- —• __ .~~_~~ac-_p  _~~s rTh_~~~~ —._. —~~~~~—. ~~~ .s~~ j& ’ 2g A. - j a  ~.~ . .— _--—-a •s- s_ S- ~~~~~~~~~ sr.rt2 - ——
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- explicitLy In (T ckerning 1976, pp. 18, 19). To find th. radial
deriv atives of a using (Z -Zb) is also trivial. The result is

aD, s a 5~ . — ,

D,. s a a

- ~~ ~ s,~ a 3— , (4-6)

D1D,. a s,~. =
ZsD~. 5 ~~~ = - r ~

F urthe rmore , whenever calculating derivatives of £ with respect to
latithde and /or longitnde It is necessary to be aware of the f*ct tha t an ~~~ -th
order derivativ e consists of a linear combination of all derivati ves of f
with respect to t up to the iei -th order,

a SD f D, D ,~ ... D.
• I

2~~~~ c , D~ f
ja l

with 
~,, ~ 

a 
~~~~~~~~~ n any one of ~~ A , i p ’,~~’~ and e = (i...., s.).

The coefficient s c1, j  a 
~~~~~~ a consist of derivstives of t with respect

to ~~
, 1., ’. .. ‘~~. Genera l formula s are easy to derive end can be fo~md

is (Tschsrntng, 1976, p. 16).

~~ th.nent pages we give all basic cova riance expre ssions in their
appro~~~~ ted version are gives. The following abbrevia tion s will be used:

fl. . • bicubic spUn. repre.eatation of coy (T, ‘F),
12... 

- 
bicubic spIts. represesistion of coy (D~T, D,, T),

£3. .. bicubic spits. rep resentation of coy (D~ T, ‘F),
bicubic spits. r.pr .es*tioa of coy (Ag, Ag).

- - - 
~:• - --- - - - j -  ~~~~~~~~~~~~~~~~~~~~~~~~ 
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Several times the sub sequen t iden tities were used;
aa,, + ; ~ a o

s,~s,, a

• p + a 4a,,~ ,,

5, —

1 ‘ (4.8b)
£2 = fl •, s, s,~ + f1~ 11’

£4 a f z  — 4 s ,,. (f i, . 4 — f l ) ,

~~~~ 
5p 5?.+ f4~ i,, fZ •1 a, a, — 3 f21 a,,, + 

~~~~~~~~~ 
f l ’

coy (D~ ‘F, Ag) = coy (D, Ag, D,,, ‘F).

After having establi shed the relations between ba sic q antitl es, the
“long ma rch ” of deriving all cova rtanc e expression s begins. The results
are listed below.

coy (T, T) = f l

coy (T , D,, T) = — f l ,f

coy (T, Ag) = (f 1,. — 2 f1)3

cov (T , D,, Ag) = j~r ( — rr ’ fZ + s f 1 1 + 2 £1)
(4—9)

coy (‘F, D~ ‘F) -p (r 12 + + £1,)

coy (‘F, D~ ‘F) = f l 1 c1

coy (‘F, D1 D,. T) = fl 11 ÷ c1

• coy (T, D~,&g) ~fl 11 a - 2 f11)3 c1

coy (T, D1 D,, T) a f3 c1 + f 1~ C1

-~~~~——-~ —-~ ~~ ~~ ~~~~~~~~~~~~~~~~~~~~~~~~~ _ s _~~~~~~~ .g1~~,I~~— ~~~~~~~~ 
_

~~~~
_ - ~~~ ~ ~~~~

__.,
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coy (D, T, D,. T) = f2

coy (D,T, As) = -fZ + 2 fl , ~~
coy (D, T, D,. As) = KZ ,s- 2 f, - 2 f11 ~~,) 3
coy (D, T. D~, T) -12, 3

(4— 10)
coy (D,T, D. T) = ~~~~ ÷ c1

coy (D,T, D, D,.T) = 121c1

W, T, D~ Ag) = ( -f21 + 2 fl .~ -h)  C 1
- 

coy (D, T. D. D~ ‘F) = — (f3, C1 + fl ,1 c,) 4-

coy (A g.Ag) = f4

coy (Ag, D,. Ag) -14. 3

coy (Ag, D~. T) coy (D,T, D,. Ag)

coy (Ag. D~ T) = ~fl~1 a — 2 fl 1) c1 (4— 11)

coy (A s. D~ D,~ T) = (_ fZ~ + 2 fl ,1 Jp C,

coy (As. D~ As) = f4~ c,

coy (As. D~ D. ‘F) [ (f31 s - 2 £3) c3 + (fl ,1s - 2 £11) c1] -~~
-

coy (D, Ag. D, Li) = (f4., a + f4,)  ~~
coy (D, Ag. D~ ‘F) = (fZ,,a — f2~ - (f2 4-+ f11

CO’i (D, As. D~ T) = (—r ’ fZ~ + fl,1.f - ff1, ) 4 c ,
(4— 12)

coy (D, As. D, D,ST) = (f211a — 2  f1,1~~~— 2 fZJ -r ci

coy (D, Ag, D, Ag) = ‘f4 .1 -#- c1
coy (D, Ag. D~ D1T) = 1(2  £3 - £3,, a’) c~ + (-r r ’ £2~ + fl ,1a + 2f~~)c,] 3-
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/

coy (D~ T, D~. T) = (f2,, a + f2 , ) ~~~
coy (D~ ‘F, D, T) = (r ’ f2~ ++  fl~ )~~ c1

coy (D~ T, D, D,1 ‘F) = - f2 ,~~3 c1 (4— 13)

coy (D~ ‘F, De Li) = (f2 ,, a - 2 f2 1 - 2 f l ,1 ~~~s) 4—c,

coy (D~ ‘F, D 11 Do,~ ‘F) = ( (f 3,, a + 2 f3,) a c1 + (rr ’ fl~ + fl ,1a ) c 1] j1’-
coy (Do, T Do, T) = £3 C, + f 1~ c1

COV (D01, ‘F, Do, Dr 1T) = -(f3 , c1 + f 1,~ c,) 3 (4— 14 )
coy (D., ‘F , Do, Ag) = [ (f3 , a - 2 f3) c1 + (fl ,1 a - 2 f1 1) c ,] i~r

coy (Do,, ‘F, De Do, ‘F) = f3 1 c3 + f3 c~ + f l~ c1

coy (Do,1 D, ‘F, Do, D~ ‘F) = f2,~ c1 + f21 C i

co~ (Do,, D,T, Do,2 Ag) (fZ ,1 — 2 £3, ~ j i~e) C2 — ~f2, - 2 f 1,~ ~~~~ 
C 1 (4— 15)

coy (Do,, D, T, Do,, D0, T) = (f3 ,1 c3 + £3, c2 + £ 1,, c ,) a,

coy (Do,, Ag, Do,1 As) = f4~ c~ + f4 1 c1
(4.16)

coy (Do,, Ag, Do, Do,, ‘F) = C f3 1 c3 + £3, c1 +fl,1c,)s -2  (f31c, + f3 c~ + f l 1c ,)) -
~~

—

coy (Do,, Do,,T, Do,, D014 ‘F) = f3 11 C.4 + f3 1 C3 + f3 C~ + f1 1 ~, (4. 1?)

AU coefficIents c1, I = 1, . . . ,  4 occurring in the foregoing
expression s are identical with the coefficients of K 1 (the partial derivatives

• of the cova riance functIon with respect to t) explicitly li sted in (Tac herning,
1976 , pp. 17, 18. 19). The equations derived in this chapter permI t the

• computa tion of all cova riance expression s for second and lower order
derivatives of the di sturbing potential.

_ _  _ _
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5. P rogr am Guideline

The very idea behind cova riance app roximations , as stated in the
introduction, can be sketc hed as follows: 

•

a) generate a sufficiently dense network of ba sic cova riancea (here:
coy (T , T). coy (D, T, D, T), coy (D~ ‘F, T), coy (A g. Ag) at the gri d
points of a regula r rectangular grid); calculate the coefficients of
the interpol ating function and store thi s info rmation onc e on some
file.

- ;  b) compute all othe r cova riance a by a simple differentiation - interpolation
proc edure applied to the interpolation function chosen in (a).

The progr am Is organ ised accordingl y: it con sists ba sically of two pa rts,
the cova rlance network generation prog ram COVNE’r and the cova rianc e
appro ximation program COVAPP .

5. 1 The cova rjance network generation program COVNET
Accor ding to its pu rpose the pro gram perfo rms successively the

following teaks:

a) it rea ds the parameter. of the cova riance function which coincide
with the param eter . used in Tscherning’s COVA X subrou tine.

b) It reads the pa rameters of the cova rlance grid and calculate s the
grid values. The follo wing figure may help to make the meaning
of the grid param eters more clear: 

~~~~~~~
. 

~~~~~ -~--_~~~~~~~~~ : L _ ~~4~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

- 
-

~~~~~~
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NDPS 1 (2.L)*3 -

Hi (2i ~ 1 ~~~~ NOPS (2)~ 2 

~~~~~~ NOPSI 12,2)s4

HO (21 -

QPS1 (2.1~ 
NOPS II= 2

\d~OP5I (1,11=3 NOPS] (1,2J ~~5 \

H I (1) 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ \

0P51 12.2) 
DH (2)

HO 11) 

NDI9=2

DH (l)

OPSZU, i DPSIU.2)

E

Fig. 3 grid parameter desc ription

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ .j~J ~~~~~~~~ ~~~~ -. ~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~
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The grid in s direction is equi spaced. though not with respect to
— 

the correspondIng heig ht. Thi s is a consequence of the mapping
$ = R,~ /(rr ’). However, since the values of a differ only slightly -

from 1 for points in the close neighborhood of the - -irth, the s - grid
with con stant grid spacing As corre spond s to a g rid -heig ht with
slightly increa sing grid spacing Ah when h increases. it would have
been also possible to choose an s - grid such tint the grid-heig ht
spacing Ah is kept con stant; however, thi s would have complicated

the retrieval of the element indices corresponding to specifi ed (a , t) -

values and , moreover, is of no advantage at all.
After the grid calculation, the pro gram perfo rm s the

c) calculation of the covar lances at the grid points. Thi s I. don e with
a simplified version of COVAX, called COVAXS . The necessary
equation s are given in chapter 3. It was decided to calculate the
covarl*nces at all grid points and not only those which define the
bicubic spun .  uniquely. Thereb y obta ining numeri cal stabilisation
and some accuracy improvement. Finally the polynomial coefficients
are calculated for all elements using the subroutine BILDEC.

5.2 The cova riance approxima tion progr am COVAPP

Thi s program renders in princi pl e the same as C OVAX does; it
• p rovides cova rian ces between 14 different quantities which can be

desc ribed as linea r functionala applied on T. These quantities are
desc ribed in (Tac herning, 1976); however , for the sake of completeness
we li st them here again:
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code quantity desc ription

1 
i

c heig ht ano maly

2 - ~~ D~ T radial derivative of T divided by r

3 Ag = Dr T~~~ T free air gravity anomaly

4 ~Dr Ag radial component of the gravity anomaly gradient

5 D~ T rr - component of the second order ten sor of T

6 - Dcp T N-S component of the vertical deflection

= - r.y~osq D~ T E-W component of the vertical deflection

8 DpD~. T rq - component of the second order tensor of T

~ r c
’
os, Th~~ r T rx - component of the second order ten sor of T

10 - ~~~
— Dq, A g  N - S component of the gravity anomaly gradient

11 
r 

t)~ Ag E-W component of the gravity anomaly gradient

12 j !r D~, T cpq - component of the second order ten sor of T

13 Dcp D~ T qX - component of the second order tensor of T

14 , D~ T - component of the second order tensor of T
r’cos.~

Note that the codes of (8, 9) and (10 11) have been intercha nged compa red

with (Tscherning, 1976 , pp. 2, 3). Thi s change simplified the program’s

logic. The codes of the linea r functional. on ‘F taken at the points P and Q

are transferred to COVAPP by KR 1 and KRZ . The coo rdinate info rmation.

• about P and Q are transfer red by the vector CR. The (a , t) coo rdinates

are  checked for thei r po sition within the admissible ranges specifi ed

by the grid , an error message is returned if s and /or t is out of the

range. Before the actua l calc ulation of the covar ianc e COy, all

necessa ry polynomial coefficients corresponding to the elem ent in

L _ _ _- 
~~~~~~~~

• - •—
~x__ _~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -~--~~~~ ~~~~~~~~ ~~~~~~ —- -- -~ •- 

____7__ ~~~
—
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considerati on ar e made available by the subroutine GET. The partial
derivativ es of the bicubic polynomial(s) combined with interpolation is• rendered by th. function BSFC. The calculat ed cova rianc. COy is h
returned to the calling progra m.

• In order to provide th, user with a fa st compa ri son between COVAPP
and COVA X, we have designed a program call ed TEST. Detail ed
desc rip tion s ar e integ ra ble parts of each prog ram .

6. Conclusion s

• In this report an app roximation model of th. spatial cova rian c e function
of the di stur bing poten tial has been desc ribed . The Idea was to genera te-

• onc e a ba sic cova l-lanc e netwo rk which I s chosen s~ffici.~tly dense such tha t it-

• 
permits the calc,~~ fion of all covar lance s (up to and including second-
order deriva t ives) by app lying a simple diffe rentiatio n - Inte xpolation
proc edure to an appro priate interpolation function . it turn ed out
that the best possible function (If ‘best it Is defined by criteria like
simplicity, smoothness, localness, etc.) for such a purpo se I s a blcubic
spline function . The proc edur e desc ribed here Is able to pro vid, the same
cova rlances as the subro utine COVAX (Tschezning . 1976), with
arbitrary high accura cy (depending on the grid spacing).

The goal was to cut dcw~ significantly the com putation time of cova rlance
expre ssions. Cova riance expr essions for second and lower order
deri vatives of the di sturbing potential are availa bl, from COVA PP , a
cova rlance app roximation program at a CPU-tim e level between 1.8 l0~ sec
(coy (T . T)) and 5.2 l0~ sec (second order derivativ es) calculated on an
IBM 370 system. Thi s corre spond s to a tenfold gain in calculation speed
compared with COVAX , which we beh ave to be a significant Impro vement.

~
- -

~~~~

- 

~~ ~~~;~~~~
• ;-

~~~~~~
—- 
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APPENDIX A: Progra m li sting
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CCCccCCCcccCCcccCCccccCCcccccccccccccccccccccccccccccccccccccccccccccccc
C C
C C 0 V N E T COMPUTES 11~~ BASIC NETl~)RX OF COVARIAJICES USING A C
C SIMPLIFIED VERSION or c.c. TOCHERE UICS covAx, cAuzoc
C COVAJW AND CALCULATES THE POLY1~OIH AL COEFFICIBJflI C
c ,oi~ ALL nznrjm or T~I~ GRID. c
C C
C THE PBOCRAM IS DESIGNED FOR VARIOUS SOURCES OF GEODETIC DATA C
C SURFACE, AIRBORNE API) SATELLITE DATA . THE DIFFERENT AI.TI1~JDES C
C ABOVE THE EARTH TO WHICH TUE DATA REFER NAEE IT NECEt,SARY TO C
C ADOPT A NON-UN I FOM GRID. THE GRID USED FOR HANDLING SURFACE C
C AND AIRBORNE DATA ONLY WILL BE VERY DENSE ( ESPECIALLY FOR SMALL C
C SPHERICAL DISTANCES) COMPARED WITH THE GRID USED FOR SATELLITE.’ C
C SURFACE (AIRBORNE ) DATA OR FOR SATELLITE/SATELLITE DATA . IN ORDERC
C TO BE APPLICABLE FOR AU. DIFFERENT KINDS OF DATA SIMULTANEOUSLY, C
C THE PROGHA1~ HAS BEEN DES IGNED IN SUCH A WAY THAT TUE USER CAN C
C DEFINE 3 RANGES IN HEIGHT AND 5 RANGES IN SPHERICAL DISTANCE, CC EACH WITH VAR I ABLE GRID SPACING . C
C C
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCC
C C
C INPUT C
C C
C COVARI ANCE MODEL PARANETEBS z C
C c
C C
C RBRE2 ... SQUARE OF THE RATIO BETWEEN THE RADIUS OF C
C THE BJERBANNAB SPHERE AND THE MEAN RAD I US C
C OF THE EARTH ( RE) C
C RE ... MEAN HAD I US OF TUE EARTH C
C A ,, . SCALING FACTOR OF TUE GRAVITY ANOMALY Dr.- C
C ORBEE VARIANCE MODEL. UN I T ... ( M’SEC)**4 C
C K! (3) , El (4) ... I NTF.CER$ KB AND KB Ill FORMULA ( I?) IN C
C TUCHERN INC (1976) C
C El (S) . . NWWER OF DEGREE VAR IANCE MODEL AS SPECI- C
C FlED iN TSCHERNI$C (1 976), POSSIBLE N UN— C
C BEHS t l , 2, 3 C
C N ... DEGREE VAR I ANCES UP TO AND INCLUD I NG Dr.— C
C CHEEr. N ARE EITHER SET EQUAL TO ZEW) OR C
C REPLACED BY EMPIRICAL DEGREE VARIANCES . C
C Ill THE FIRST CASE THE LOGICAL VARIABLE C
C LOCAL MUST BE .TIWE. , IN THE SECOND CASE C
C .FALSE. C
C LOCAL ... LOGICAL VAR I ABLE AS SPECIFIED ABOVE C• C SIGPIAI( I), I~ 1 ,N+ 1 ... EMPI RICAL ANOMALY DECREE VARIANC ES , UNITS C
C OF NGAL**2 REPLAC I NG THE MODEL DEGREE C
C VARIANCES UP TO AND INCLUDING DEGREE N. C
C (S IGPIA( K+ I )  CORRESPONDS TO THE DECREE C
C VARIANCE OF DEGREE K) C
C C

• C COVARIANCE GRID PARAMETERS CC C
C C
C C(NH.MD.L16) ... 4-DIN. ARRAY OF POLYNOMIAL COEFFICIENTS C• C K~t .. .COV(T.T)-COEFFICIEIVTS C
C K~2 .. . COV( DR( T) , PR’ ( T) )-COE~’FIC tENTS, C

• C K~3 .. .COV (DT(T),DT(T))-COEFFICIEIITS, C
C K~4 . . .COV(DF.LTA G,DHLTA C)-COEFPIC1E1flS C
C C
C RDR ... NUMBER OF RANGES III RADI AL DIRECT I ON C

• C (NDR .GE.1.AND .NDR .LE.3) C
C D I ) ,I~~1 ,NDR ... LOWER LIMIT OF HEIGHT RANGE I C
C H1 (I) ,I.lNDR ... UPPER LIMIT OF HEIGHT RANGE I C
C DH( I) , I• I NDR ... STARTING GRID SPACING IN HEIGHT, RANGE I C
C C
C S•(I),I 1 ,MDR •. .  LOWER LIMITS OF RADIAL RANGES IN S C
C 8I (I) ,l~~l .MDR . . . UPPER LIMITS OF RADIAL RANGES IN S C

• C DS (I).I’t ,NDR ... GRID DISTANCES IN S-DIRECTION C
C C
C IIDPS( I) • Is !, NDR ... NUMBER OF RANCES IN SPHERICAL DISTANCE C
C (NDPS (I).CE.t.AND.NDPS (I).LLH) C
C DPSI( I ,J) ... SPHERICAL DISTANCE CR11) SPACINGS (I STAJUeC
C FOR HEIGHT RANGER , J FOR SPU. 1)1ST. RA$GESC
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C NDI’SI( I .J)  ... NW~~&R OP SPHER I CAL DISTANCE ClIP SPACINCOC
C ( I  AND J AS ABOVE) C
C PSIS( I ,J) ... SPHERICAL DISTANCE RANGE STAHTIIIC VALUES C
C P511(I) .. . SPHERICAL DISTANCE UPPER LIMIT VALUES C
C PS( I , K) ... EACH BOW VECTOR CONTAINS THE COSINE OP litC
C SPHERICAL DISTANCE OF THE GRID POIPI* C
C IA CC (I ) , JACC( I ,J) •. .  INTEGER VECTOM UEED 10 A IGM RW~~tM TO C
C GRID POINTS C
C C
C OUTPUT C
C C
C RV( L) ... VECTOR OF’ GRID VALUES IN S DIRECTiON C
C PVC I , J) ... EACH BOW VECTOR CONTAINS THE COSINE OP C
C TUE SPHERICAL DISTANCE OP TUE GRID P011110 C
C C
C C
C THE PBOGI%AJI USES TIE VUBBOUTI PEN COVAn , RI LDEC AND BLOCEDATA. C
C C
C C
C IF COVNET AND IEST ARE RUN SEPARATELY. lit STATEMENT C
C ‘ CALL TEST’ C
C HAS l~) BE REPLACED BY A WR ITE-STATEMENT SUCH, THAT ALL QUAJITI- C
C TIES ENCOUNTUD IN TUE L~~~i~r~1) COISIDI! BLOCES /0111 )’ AND /CRIPW C
C ARE STORED Oil PILE I . C
C C
C IN CASE YOU LIRE TO CHOOSE II INSTEAD OF S AS lit RUNSER OF’ RADIALC
C RANGES AND N I RSIT.AD OP 5 AS TUE NUMBER OF SPHERICAL DISTANCE C
C RANGES, YOU HAVE TO RHPI.ACL ALL 3 DY N, ALL S BY N AND ALL 6 BY C
C N i l  WITHIN TUE LABELED COIOION BLOCK ‘CRIPAYV. THIN CHANCE IAN 10 C
C BE MADE IN COVNET. TEST AND COVAPP . C
C C
C IN CASE YOU LIRE TO CHANCE THE DIMENSION OP TIE GRID ARRAY FESM C
C C( $S 56,4,16) TO CIEI ES,4,I6). YOU HAVE fl) PlANE lit NAME CONHEC—C
C TIOIè ALSO IN TEST, R kDEC AND GET. BESIDES THAT THE PINSIMIONS C
C Of RV( SS) AND DV(S.56) RAVE 10 II NOW RV( EI ) , DV( $,ES) . CHANCE C
C TIE DIMEN SION OP DV ALSO IN ‘I NST All) OP THE CONN PONDIIIC AnAY C
C PS IN COVAPP. CHANGE ALSO TUE VALUES FOR HE An HE IN lit DATA C
C STATEMENT IN COVNET. C
C 

_ _ _  
C

C BEPUERcES~~ I. ~u.ii~i.&L( 197S) C
C _______ _ _ _ _  

C
• C C

C C
C C O V A ~ ’S AND C O V A X R  DIFPLR YBON C O V A X  (IOCHER- C
C 111110, 1676) BY TUE FOLLOWING MODIFICATIO NS C
C I • lit COIWUTED COVAR I INCH COV IS AR ELEMENT OF TEE PARAMETER LIST. C
C C
C S • TUE £11101 ES COVAX, COVIX AND COVGX RAVE BEEN REPLACED BY VIllAS- C
C LEN SUCI. THAT (-1 • COV) CORRESPONDS fl) THE EJITHY COVAX, (I • COY) C
C 10 lit ENTRY CDVIII AND (l ,COV) TO OOVCX. C
C C
C 3. THE CRITICAL ALTITUDE HEAR IN KEPT CONSTANT API) EQUAL 10 15 HE. C
C IP (KI ( 5) ( S OR (KI (5) •3 AND E I (4 ) ) E I ( $ ) ) )  AND IP (KI (3) OR KI (4) ) C
C 216), LAtIN IS THUR . O1IERWISE • FALSt. • C
C IF THE FIHET COPPITIâII II ROT P ULF IU2.D, LSUN IS • THUR . FOR C
C LI(S) OR Kl (4 )  ) 156, OIWWISE IT IS .FALSE. • C

C WEEP LIUN IS TRUE. WILL lit COVARIANCES IN ALTITUDES HIGHER C
C lIAR *5 ES IL COIU’~F~TD BY EVALUATING lit SUM Of THE LECENDSI - C
C SERIES RAVING R2.2~~ 11RPM. C
C C
C ADDITIONAL NIMPLIFICATIONS FOR C 0 V A X S C
C C
C I. lit IWTECER ARRAYS EI6, EDt Liii) ERS RAVE I DENTICALLY lit VALUE C
C ZEBO. C
C C
C I. THE ARRAY CI I  1*5 IDENTICALLY THE VALUE ORE. C
C 

_ _  
C

C S. SINCE COVAME M~~T ONLY PROVIDE DER I VATI VES OP lit DISTUMIINC C
C POTENTI AL COVARIANCE FUNCTION IN RADIAL DIRECT ION LII) VIII HE- C

• C 571Cr TO TEE COSINE OP TUE SPHERICAL DISTANCE BETWEEN 1IN) POI WIL C
C lilt COMPUTATION OF Tilt QUANTITI ES D ( I ) , ... ,D 5 6 ) ( 75GW- C

________________________ ____________________________________ 
______ 

________ 

)

______ -~~ - - • -
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C PIN G . 1976 , P. 37) IS NOT NECESSARY. FOR THE SANE REASON COVAIM CC NEEDS NOT TO COMPITI’L lit IIITEGV.HE SPECIFYIN G THE LINUS OP DIFFER- C
C EIIT I ATION AND lit DIFPEIWITIATIOM IlSELF WITH RESPECT TO THE C
C LATITUDES AND LONGITUDES. THEREFORE . THE PART BETWEEN THE STATE- C
C PERTH #78 AND #55 II NOT NECESSARY EITHER. STATEMENT .85 HAS l~) C
C BE REPLACED BY CC ‘85 COV’C( IID I+I) ’  C• C (ISCUERIIING, 1976, P. 66) . C
C THIS LIST GIVEN ONLY lit HOST ESSENTIAL CWQ AND PRO- C
C VIbE S THE USER A TOOL TO QUICKLY ADJUST COVAX IN ORDER TO BE C
C FULLY APPLICABLE FOR COV$ET AND TEST, RENPRCTIVELY. CC C
CCCCCCCCCCCCCCCCCCCCCCCCCccCCCCCCCCCCCcCCCCCCCCCCOcCCCCCCCCCCcCVcCCCCO~~I1U’LICIT RF.AL*8 ~-a o-v

LOGICAL LOCAL
COMMON ‘GRID C(S0,50,4.I6) /CRIPAR/ES2, 50(6), US (S) 91(3) DPSt(

* 3,5), P515(3,6), 7511 (3), PV(3,5S) RE, IACC (1), JACèI(S,5)
* .NDJI ‘COP~~’DUlUIY(2) , DX, DY, I
* /COMO/HS (3), DU (3), HI(S), JACC(~~), NDPA(3) , RDP$I(3,5)
* /C0N4/RV (30)
* /C*~OV/CI( t2) , CR (5I), SICNA•( 300) , SIC1IM S11), EI(*5 ) , NI ,
* LOCAL

DATA 111011/3. 437746flID3/, ME, IQW30, 50/
Sill FOIUUT(SDIS .l)
Soi l FOIUIAT( 2D 15.T,415,L2)
5002 FOIUIAT( 12P6.2)
5003 FOIUIATC IOIS)
5064 FORIIAT(5(DlI.2 , 15))
6001 FORXATU H .4X. ’COVARIANCE FUNCTION PARAIIETEM I ’,//,SX,’MBP.EN.....

*‘,1DI5.7.’.SX,’A ‘,IDIS.T /,5X,’LI(3).....’, IS,/,5Z,’EI(4)
* , 13,/,SX , ‘EL (S) ‘ , IS,/,*X , ‘N 1S’/)

6042 FORNAT( 111 ,4X, ‘EMPIRICAL ANOMALY DEGREE VAPLLAIICá (P UEVII Or MOAL
**s2 :‘ .“,SX,25( I2F6.2’) )

6063 FOLU~AT( LUS , 4X, • CPU-TIME NEEDED FOR TOE CALCULATION OP THE COVARIAJI
*CE GRID. . .‘,FIS.5~ )6065 P’OIUIAT(IH ,4X,’LEVEL...’,IS/)

6066 FORIIAT( 1H ,4X,tlDl2.4)
6007 FORIIAT( RH ,4X ’IUJNBER OF GRID POINTS (Li RADIAL DIRECTION EJICREIRS T

*Ht PRESCRIBED LIMIT III THE DIMENSION STATEMENT”)
6008 FOPIUTC IR ,4X,’IIUMBER OF GRID POINTS IN SPWICAL DISTANCE ENCEEBS

*T0E PRESCRIBED LIMIT IN THE DIMEN S I ON STATEMENT”)
6069 FOHIIAT( IHi ,4X, ’NUPl)ER OF RADIAL RANGES (MDI) ... ‘ I3,//SX,’ I

* 13(1) 111( 1) D0(I) ‘,,,óx,’ 
* 

6010 FORNAT( IH ,4X,12,2X,OFIS.I/)
6011 FORNAT( 110, 4X, ‘InINBER OF SPHERICAL DISTANCE RANGES • /‘SX, • I ND

*PS( I) ‘ , / ,SX, ‘ ‘
6112 FOR*AT( *H ,4X,I2,6X,12)
6013 FOMAT( 110,4X, SPHERICAL DISTANCE GRID VALUES All) NUMBER Of COMES• *PONDINC I$TERVLLS’//SX,’ I J DPSI (1.J) IIDPSI (IJ)’/)
6014 FORNAT (LH ,4X,I2, I3.F14.6,OX ,I3)
6015 FOHNAT( IDS,4X, ‘GRID POINT VAl UES IN RADIAL DIRECTION’,)

• 6016 FORNAT(IH ,4X,8F 12.I)
6017 FORPIAT( IHi ,4X, ‘GRID POINT VALUES IN SPHERICAL DIST*NCE’/)
6018 FO)UIAT( IH0. 4X. ’RADIAL RANGE RIUNHER ... ‘. I2/ )
6019 FORNAT( 1H ,4X.8FL0 .6)

RE~637 I . 0D3
C
C READ AND ECHO COVARIANCE PARAMETERS
C

READ( 5,501I) RBRES,A LI(S)  ,KI (4) ,KI(5) ,R ,LOCAL
WR ITE(6,611l) HBBE2,A,KI(3),KI (4).KI (6),N
IF(II.LT.2) 1l~2
N it N+ 1
1T(.IIOT.LOCAL) RLAD( 5,50 2) (SIONAO (I) ,I.1 ,Rl)
1F( .IIOT. LOCAL) WR I TE(6 ,6003) (SIGNAO ( I ) • 1*1 , 111)

C
C HEAD AND ECHO COVARIAJICE GRID PARAMETERS
C

• READ(5,5103) MDI
I%EAD(5,501 ) ((IIS ( I ) ,HI( I) ,D0( I)). I~~1,11IIR)
RE*D( 5,5003) ( PDPS( Z) ,1~~1,NDR)DO 21 I .I , ffIJft

• • - • - 
~~~~~~ 
-

. ~~~ -~~‘ ‘ ~~~~~~~~~~ ~~~~~ ~~~~~~~~
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SIP’ Li1P6( I)
Ii HEAN( S,0164) ((  I ( 1 , J ) ,NDPSI ( I , J ) ) ,J .I .NIP )

VRIIZ (6,4iIi ) ((  I,13( I ) .11(1) ,1I( I ) )  • I~ I,NBS)
WRIT*(4,001 I)
UEITI($.OSI ) ( (I ,$SPS(I)) , IsI ,NBS)

CI(8).A*MS *I .iD-Ii
CI( *i)tRIRKI *

C
C CALCULATE lit AIPAYR S,US,3I ,RV, IAOC , PII S,P5 I 1 ,DV ,JAOC,JAOCI

I SO
lAG—i
1.1+1
IAC~ (AC. 1
S( I)tRl*/ ( IS( I)+RE)/ ( PI( I )+RE )

RV (IAC).BS (I)sM
I AC I• I~~ # 1
S-RB2’RV( IAC 1)/R V ( I LCI )

• l I S ( I ) a S — S ( I
I AC •IACI •2 S•S+lRS(I)
R~ R13~S
Ru DSQNT( H)
IF( R .G T. (HuI)+D5 ( I )+RE)) 0070 19
IAC• IAC+ 1
IF(IAC.LE.MB) 0070 15
WRIIE(6 ,6111 )
STOP

IS *V( 1AC)~ R
O’io 2

• 19 • Si( I ) — S— DSU- I~~C I ) a IAC
- f l(I .LT.NDII) 0010 1- JO 23 I•1,1IDR
7518(1, 1)~ l.08SDV( 1, 1) ~ I • 910JAC. 1
IIDN.RDPS( I)
PSILaS.eDS
IIIIN i
DO 25 J•l NDN
ND*1!DPSI( 1 J )
OPSI( 1,J).DMI ( 1,J)/R10W
NNN’NII1I+IIbFl
JACCI( I ,J)~~NND
DO 3 Ks1 ,NDM
JAC .JAC+ I
IF(JAC.LE .MB) 0070 26
IHIITE( 6 ,6013)
STOP

Si P$IL.PSIL+DPSI( I J )
S DV(I,JAC .DCO5(7IIL)
35 POIS( I ,J+1)~ PSILJAC C(I)~ JAC

• 23 P SII(I ) .FSIL
WRITE(6,0013)
DO 22 1.1 MDINDN. NDPS( I)
00 21 J u l 5111

22 WRITE(6,9j 14) I ,J ,D?$I ( I , J ) , 5~~R I ( I ,J )WIUTE(4,ØiI5)
WRITE( 6 6i16) ( R V ( I ) , 1 u 1 , I A C )
WR I TE( 6 ,611?)
DO 24 1.1 11011
JAC’JACC( I)
WRI’IE(l,eIIS) I• $4 WRI T$(4,6l19) (D V ( I , J ) , J s 1,JAC )

C CALL COVAJ~ FOft CALCULATION OP lit BASIC QUANTITIES OP THE COVARI-C ANCI FUNCTION

_ _  

ti

L— ~~~~

‘ -‘.

~~~~

‘S A~ ~~~~~~~~~~~~~~ .._&__.- rn_ — —
~ ,,~~i ~~~~~~~~~~~~~~~ ~~~~~~~~~~~~
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C
CALL COVAIW(-l,COV)

C
C CALCULATE ALl. NECESSARY COVAR lANCES AT ALL GRI D P01511
C
C
C CALCULATE COV( T, T) AT ALL GRID POINTS• C

I AC I • 1• JAC I- 1
• IACU’ 0

I RL.i
3 IRL. IRK+ I

IACL~ IACU
IACU .IACC (IRIC)
IACL ~ IACL+ I
J AC~ JACC ( I RK)
LI ( 6) ~ 1
KI ( ? ) u 1

• CALL COVA~~ (i,COV)
DO 4 I IA CL , LACU
CR (2)~~RV( 1)-RE
CR(S) •CR (2)
DO 4 J~~1,JAC
CR(I)~ DV(IRJC,J)CALL. COVAI~~( 1,COV)

4 C( I , J , I , I ) ~~COV
C
C CALCULATE COV( DR( T) ,DR’(T) ) AT ALL GRID 7015(1
C

K L ( 6) . 2
lCI(7) •2
CALL COVA)~~(•,COV)
00 5 I’IACL, IACU

• CR (2)~~RV( 1)—RE
CR(S)~~CR (2)
00 5 J • I , J A C
CR( I ) ’DV( IRK, J)
CALL COVA~~~( 1 ,COV)

5 C ( I , J , 2 ,L ) s C O V/R V (l) /R V ( 1)
C
C CALCULATE COV( DT( T) ,DT( T)) AT ALL GRID POINTS
C

• K I ( 6) ’I 2
K I ( 7 ) a  (
CALL COVA)~~(i,COV)
DO 6 I .IACL, IACU
CR( 2) •RV( 1)—RE
CR(S) •CR(2)
DO 6 J’I JAC
CR( 1)u DV ( I R K, J )
CALL COVA~~ ( I ,COV)

6 C( 1,J ,3 ,1)~ COV
C
C CALCULATE COV( DELTA G, DELTA C) AT ALL 01110 POINTS

LI (6) ‘3
KI (7) . 3
CALL C0VA2~~(i,COV)
DO ?  I•IACL IACU
C*(2).RV( 1)—RE
CR (S) ‘CR( S)
DO 7 J u I JAC FCa(l)•DV( IRX,J)

• CALL COVA) (I ,00V)
7 C(l,J ,4 ,I) .COV/RV( l),AV(1)
C
C CALCULATE FIRST ORDER DERIVATIVES AT ALL GRID POINTS
C• K I (4).6

EI (?).  I
CALL COVA3W(9 COV)
DO S J .I , JAC, I )AC I

. - ~~~~~ -j - . - • - - • -- - • --- 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

• . • ‘• -• .
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CR( I)uJV( I J)
DO S  1a IAcL, j aC5cR(a). l m I)—
CR( 3) ‘CR12)
CALL COVA~~ ( I , C~~ )

B C(I , J ,I ,3 )a Oov

CALL COVAI~~(i , OOV)
DO 9 J ’I . J A C , J A C ICR ( I )u DV ( IRL ,J)
00 9 1’ I ACL , EAC U
CR (2) -RV( 1)-RE
CR(3)uC1I(a)
CALL GOVAl~~( I ,COV)

9 C( I ,J , 2 . 3)uCOV ,-RV( 1)/RV( I)EI (6)a  13
L I (7) ’6
CALL cOVA3~~(i,COV)
DO Ii J ’l ,J A C,J AC lCR( 1) ’DVs IRZ ,J )1)0 16 I ’IACL, IAC1j
CR( 3)aRV( 1)-RE
CR(S) ‘CR(S)
CALL COVA~~ ( I, COY)IS C(I . J ,S,3).c0V
L1 (6) .Ø
E l(7) .3
CALL COYAME(4,00y)
DO I t  J•l,JAC ,JACI
CR1 l) uDV( I IIK, J )
DO I I  I ’ IACL , IACUCR (2)uR V( 1)—R E
CR1 3) ‘CRC 2)
CALL COVA3W( I , COV)

11 C( I,J,4,3)uCOy,ftV( D .iIV( I)
L116).$
ZI ( 7) a 1
CALL COVAJ~~( I • COY)
DO IS 1. IACLI ZACU, lAdCR( 2)’RV 1)-RE
CR (S) ‘CR(S)
S’RB2,RVU ) ,f tV (()
DO 13 J .1 ,JAC
CR (l) ’DVU$X,J )
CALL COVAJ~~( I COY)

12 C ( I ,J , I ,2 ) .O O V ’S
L I (6 ) a 2
KI ( 7) *5
CALL COVA)~~( 9, COY)
00 13 I IACL ,I ACU IAC ,
CR(2) ’RV( 1)-RE

• CR(3)-c1U 2)
DO IS J ’I .J AC
CR1 $)uDV ( I PJC,J)
CALL COVA~~~( I , COy)

IS C (1,J ,3,2)-COv,~~~L I ( S) a  12
EI(7 -2
CALL COVA3~~( 0, COY)
1)0 14 1•IACL, IACU, IACI
CR12)’RV 1)-RE
cR(S)-CR(S)
i’PJa ’RV( I)/RV( I)
00 *4 JaR JAC
CII(I).DV(IPLJ)
CALL COVA1~~( 1, COY)4 C (I,J,S 3)acoy,S
LI(4).4
KI(7).3
CALL COVAJW(S COY)1)0 15 1’ lAd., IACU, lACICR (2) ’RV( 1)— RE

I~~ 

- • 

~

-- -
- -  -—----—- ---— --- - - -

~~ 
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CR (S) ‘CR(S)
S’I122.’RV( I ) .’RV( I )
00 15 J’I JAC
CR (I) DV( IRX,J)
CALL OOVA~~ ( 1, COY)

15 C(1,J,4,2)’COV/R12

CALCULATE SECOND ORDER MI HE D DERIVATIV ES AT ALL GRID 701511
C

DO 16 1 1ACL, I A.CU, lAdi *

CR (2) ’RV ( 1)-RE
• CR(3).CR(2)

S’RB2.’RV( 1)’RV( I )
DO 16 J - 1 , JAC ,JA C I
CRC 1) ’DV( IRK,J)
£116) -2
£117) ‘6.
CALL COVA3~~(I ,COV)
CALL COVAES( 1 , dOV) - 

-• C(I ,J ,I .4) ’COV’S - -

EI (6) 5 - 
- -  -

Kl (7) ’Ii
CALL COVAES( I, COY)
CALL COVAES( 1 CDV)
CC
K I ( 6 ) 10
K 1(7) ’12
CALL COVA ES(I,COV)
CALL COVAES( I • CDV)
C( I , J,3 ,4)’COV/$
K 1(6) ’4
K1 (7) ’8
CALL COVA~~(I,COV)
CALL COVAXS(1.COV)
C (1 ,J,4,4)=COV ~RE2

16 CONT I NUE
IF ( IRK. LT. NOR) COTO Si
DO 17 I 1 , I ACU

1? RV ( I ) ’RE2/ RV ( I )~~R V ( I )
C
C CALCULATE POLYHONI AL COt?? IC lEWIS FOR ALL ELEJ1ENTS
C

DO 26 IIu1,1IDR
NflhI .I1DPS( I I )
1IDN ’JACC I (II , NDN)
DO 2S Ju I ,NDM
DY’DV( I I ,J+ I )— DV ( I I , J )
NuIN’ IAC~ ( 1 1 ) — i

- I F ( I I . C T . 1)  NNI ’NIIII —IACC( I 1— D -

DO 26 111I’1.IINN
I’NR
IF ( I I . G T .  1) L .1+ IA~C( I l— i )
DX’RV(I+I)—RV (I)

26 CALL BILDEC
CALL TEST
STOP
END

BLOCK DATA
IMPLICIT REAL*B( A-H,O-Z)

• 00111011 /COM)AT/Dl ,DS2,D2,fl$ D1~0018(011 /CO1I3.’t? ( 14) , £1114) , 111( 14) , K1S( 14) , 119( 14) , SI1(14) ,
-

• *~~ 3( 14) , C 1 1( 14)
DATA D1,D33,D2 ,D3 ,Dli ‘1.410, 1.51)0 $.IDS,5.0D5 , i.SD-i5,
DAl’A-~~~ /5*S,6*I ,3*2/ £I9/ l ,4*3,2*l ,+*L’, SI1/i ,1 ,**S 6*1,3*3.’, EB• *3.’e*i, l,i , l i , I , i, 1 ,~~/ , C 11/I 001, -1.iD9 , I.SDS,2*1.iDjI , 2*206364.8

*e6Di,3*—I .iD9,2*1.iD9,3*I.iD,, , L1’S*1 ,2 ,3,2 , $,2 ,3, 2,3 ,3~ , K1I ~~11**1,2 ,3, 3/ , KIS~~I 1*1,2,3,3,
- E N D

-
- S 

- -  

•
• ,
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-
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SUDMOT I NE BILDEC

C C
• C GENERATION Of lit BICUBIC POLYSINIAL COCP ICIINT VECTORS FOR lit C

C ELZI~~ T Will LOSER LIFT COPPER ID ICES N. I • C
C C
C C

• C ********** INPUT *********s C
C C
C D ( . , . , . ,U  C ’I ,4 ... 4-DIR. ARRAY COPPISTINC OP FUNCTION VALUESC
C ( L I I ) ,  I .  DIR . I NX ( K ’ $ ) , I .  DIR. ( N Y  C
C (La S) , 2. DIR. IN KY (La4 ) CC N. N ... IND ICES OP TB ILEISNT I LOWER LIFT C0NNE~~C IX, BY . .. GRID DISTANCES OP lit COPPESPOIDINC ELI- C
C HEN? CC CC ********** OUTPUT ********** C
C C
C D . , . , . . m .  L I I .  ... *6 CC C
C TEAISIPIR IN 00111011 t B, DX, DY, N. N , DI, 1*52. 02, 03 C
C C

IMPLICIT REAL*R1A-1 0-2)
0015112 ‘GIU D’D( SS,54,4, IA)/COIS/DU18(yt9) , DX, DY, N, II ‘COMBAT/Di,

* 032 112, 1*2
DIMENSION (~X(4,4) ,C( IA ) ,A ( l6)
ESUIVALIRCE ( CCI I , I ) ,C( I ) )
DO 4S J•I ,4
DO 20 La1,S,2
E1’L2+N
K I I • K + 1
00 Si L ’I.S 2
LI- L .’2+ N
L *I a L+ 1

• CC( L L)’D( LI ,L 1 ,J , I )
CC(E1l,L)aD ((I,LI,J ,3)*DI(
CC(E,LII)•D (KI ,LI ,J S)*DY

55 cC (El I~, L I l ) .D ( El.Ll, J ,4)*D3(*DY
CI’OS*(C(l)—C ( 1))

03’D2*(C( Ii )—C (2) )
C4SDS3*cS
CS’IlS*(C(lI)— C(3) )

C7 02*(C( IS)-C( 4) )
Ca- osa*c?
C9’C( I3 )+C (5)
CII.C9+C (5)
C 1l.C (  14)+C (6)
Cl2’CI I +C (6)
CISuCI 15)4CC?)
CI4 C1S C(?)
C&5 uC( I 6)+C ( S)
C14.CI5.C(S)

~~~4~
-

A(5).C(S)
AlA) ‘CIA)
A (9)acI-CIS
Al I3).C9—CI
AC IS).CA-CI$
AC 14) ‘Ct 1-dI
AC 4) .C(4)+C($)—$SS( C(S)—C( 1))
A (3)aC (3)—C ($)—C (l)—A(4)
A (e).C(S)+C(6)—12*(C(?)—C (I))
A(7).C( 7)-Cl 6)—C (S)—All)
AC % *) Ca -CIA4A( (S) -~~~ (C6-CI4-k(9) )
A( I I ) a Ci—C 14—A ( 9)— A ( *5)—A C II )
A( I6) .D2*CCS—C 1$+A( I$))— C?+Ci5+A( 14)
AC ID) ‘CR 3—CS—AC *3)—Al 14)—AC Ii)
00 4* I I ’2 . 16

_________ 

1’
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4* D( N,N ,J , I I ) ’A (  I I )
45 CONTINUE

END

‘ I
SUB~~ UTIIIE TEST

CCCC~~~~~~~~Cc CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCC0C~CCCcCCOcC0CcCCcCCCC
C C
C TN IS PR( CRAM IS DES ICIIEI) AS A I$ER EXAMPLE FOR COVAPP AND PI~~- C
C V IDES, NOREOVER, A COMPAR I SON OF COVAPP AND COVA~UI , A SLIGHTLY C
C MO DIFIED VERSION OF THE ORIG INAL SUBROUT I NE COVAX ( TSCHEMI NC, C
C 1976) . C
C C

CCCCCCCCCCCCCCC~~~~~~~C THE NAMES Of ?ARAMEItI8( *1W VARI ABLES BETWEEN lit CON!WJRT CARDS C
C C R 1 1 1  - C I I I  I ARE I DENTICAL WITS THOSE USED IN COVAPP, BETWEEN C
C C2222 - C2222 WITH THOSE USED III COVNET AND COVA)0I C
C C
C ADDITIONAL ARRAYS USED FOR COMPARISON PURPOSES C - - 

-

C I C H . )  . . .  VECTOR USED FOR REORDER 11CC lit COVAXIC - C
C COVARIANCES (8 . 9 , *0 , 11)  --—> (11.11,8,9) C
C SEC(.,.), P.1St . . ~) ... ARRAYS USED TO STORE ALL COVARIA 1CCES CAL- C
C CULATED BY COVAFP AND COVAJOC CC CT( .) - . - VECTOR USED FOR COORDINATE THAIISFER TO C
C COVAP P CC C
C IF COVIIET AND TEST ABE RUN SEPARATELY, THE COlOltN’r STATEMENT C
C ‘C GET COVARIANCE *1(0 GRID PARAMETERS’ CC HAS TO BE REPLACED BY A READ STATEMENT FOR lit COVARIAICCE AND C
C GRIt) PARAMETERS SUCH, THAT ALL OUART1TIES F.NCOUNTED Ill lit C
C LABELED COfO11)N BLOC~~ /CRID~ AND /CRIPAR’ ABE TRANSFERRED TO lY~Ti~C CC ********** INPUT ********** CC CC XLATP , ~Q.ONP , HP ... GEODETIC LATITUDE . LONGITUDE AND HEIGHT C
C OF THE POUIT P C
C XLATQ, )a.Ol1Q, SQ . .. GEODETIC LATITUDE, LONG I TUDE AND REIGN? C
C OF TRE POIWT Q C
C CC ********** OUTPUT ********** C
C C
C ALL TYPES OF COVARIAJICES ( 1-14 ,1-14)  CALCULATED WITH COVAPP AND C
C WITH COVAXN AS WELL AS ITS ABSOLUTE DIFFERENCES. C
C C
C~CCC~CcCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCC

IMP LICIT REAL*8( A-LO-Z)
C
C I I I  I ARRAYS AND DATA NECESSARY FOR COVAR T AICCE CALCULATiONS USING COVAPP
C

CONMMI ,CRID/C(Si,51 4,16) /CRIPAB/RES, SI(S) , OS(S) , SI(S) , DPSI(
* 3 ,5) . PSIS(3,6) , 7811(3) . P8(3,55) . RE, I ACC(S) , J*CCI(3,5)
* • NOR ~CON1/CT( 12)

DATA RThG,CN /5.729577951DI,3. 98D14/
C
C l i i  I

• C
C2522 ARRAYS NECESSARY FOR COVAM ANCE CALCULATIONS US INC COVAXIC
C

LOG ICAL LOCAL
COMMON /CNCOVfCi( 12) , C R ( 5t ) - ,  SICMAi(Sii ) , SIGNA( 341) , 11(25) , 111,

* LOCAL
C
C

-~ -.
-
~~~~
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C3333 ARRAYS AND DATA USED FOR COMPARISON PURPOSES
C

DIMENSION ICH ( i4)
DIMENS I ON SEC( 14, 14) , RES ( 14. 14)
DATA I C H / I . 2 , S ,4 ,5 , 6 , ? , l i , 1 1, 8 , 9, $ 2 , 13 , 14,

C
_ _00332p C

2003 POIUIIT( 1615)
Sill FOIUI&T(3D11.Ii)
6114 ?OIUI&T( iili,4X, ’CIODETIC COORDINA 1~~ OF P AND Q’,,,TX,’ I LATI

*11101 (7) LONGITUOI( P) HEICHT( 7) LATITUDE( 0) LONGITUDE6(5) BICNT( Q)’/~ )
6111 FONMT( IS ,4X, 14,2( 2F15 .6,712. 1,5)0 )
61*1 FONNATI 12, , laX , ‘ I ’ , 14X, ‘2’ • 14X. ‘3’ , 14X, ‘4’ , 14X,’S’ , 14X, ‘6’ , 14X, ‘7’

*, 1)
6012 FONNAT( iI ,4X, I2,7P I5 .8)
6113 FOIUI&T( 1N ,4X. ‘NATSIX Of COVABIAJICES CAlCULATED WI TS COVAPP’//)
6114 FORII&T( 121, laX , ‘8’ , 14X, ‘9’ , ISX, ’ 10’ , iSX. • i i ’  • ISX, ‘12’ , 13X, ‘13’ , 1SX
6015 FORXAT( 181,4X, ‘MATHIX OF COVARIANCFS CALCULATED WITH COVAXN ’~~~)
6111 FORNAT( 121, iiX, ‘RELATIVE ERIWI15’//)
C
C GET COVARIANCE AND GRID PARAMETERS
C
C
C READ AND ECHO THE CL-3DETIC COORDINATES Of P AND 0
C

NRDAT’ I
444 READ( 5,5111, END. Al) XLATP , 10.0117,27, )a.ATQ, 10.0110 .20WRITE( 6 • 6004)

WRITEC 6 ,6110) NSDAT. )U..ATP , ICLON? • HP , XLATQ, XLONQ. 00
XLATP XLATP’RHOC
XLONP’ U.ORP~ R0OC
JUATS. 70ATQ/IWOG
)U.OICQ’)0.ONQ/BHOC

C
C CALCULATE CR( I) , . .. ,CR( 12)
C

CR(2) HP
CIt(3) HU
CR( 4) DSl$~~U ATP)
CR(5).DSIN ~~0.AT0)
CR( 6) DcOe( 10.ATP )
CRC?) 000S( )OATQ)
CR( 8) ‘06 INC ~~~~~-10.0PP)CR( 9) - 0C08 XLONO-XLo117
PSE-CR( 4 *CR(I)+CR 4)*CR( 7) *CR(9)
CR ( 1) ‘PS I
CRC 12) DARCOS( PSI)
CR( 1i) CII’(CR(2)+R1)/(CR(2)+RE)
CRC lI ) CN.’(CR(3)+RE)/(CR(3)+RZ)
DO 710 1—1, 12

710 CT(I) CR(I )

C CALCULATE ALL DIFFERENT TYPES OF OOVARIAI*CES US INC COVAPP
C

DO ill J i .14
DO Iii L I 1 , 14
CALL cOVAPP(J,K,COV,
RES(J ,K~~COV
SEC J,E) -RZS( J ,1)

iii CONTINUE - -

C
C PRINT ALL COVARIANCES
C

WR I TE(6 ,AIIS )
A WR I TE( 6 , 61I1)

DO 311 J . I , 1 4
3 0  WR ITE C6 ,6i13) J, ( RES (J ,L~ , L I I , ? )

WR I TE (6,AlI4)
DO All J I ,14

All WRI TE (6,61I 2) J , (RtB (J ,L) , X’8, 14)

— -~~ — — ~~~~~ ~~ ~~-m~~_~~~~ ~~~~~ i~~ -
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C
C CALCULATE ALL DIFFERENT TYPES OF COVARIANCES US INC COVAJIN
C

CALL COVAXN (-1 ,COV) - 
-DO III I ’1 , 14

E I ( 6) ’I
DO 600 J ’1 , 14
KI(7)’J
CALL COVAXN(0,COV)
CALL COVAXN ( I , COV)

— 
• C REORDER ING OF COVAR IAJICES (8 , 9 , 1 0 , 1 1)  ——— > ( 11,11,8,9)

C
I i’ICH( I)
JJ ICH(J)
RE S ( I I , JJ) COV

600 CONTINUE
3 WIU TE(6 ,6015)

WRITE (6,601I)
DO 602 J ’1 , 14

602 WRITE( 6 ,6012) J ,( RES( J ,V3 ,1’1,?) -

WKITE(6,6014)
DO 603 .J’1,14 -

603 WRITEC6,6012) J , ( RIS(J ,K) ,K’8, 14)
DO 567 I’1, 14 - 

-
DO 567 .1’1,14 -

SEC( I,J) 1.000-DABS(SEC( I,J),’RES( I ,J)) -

567 SEC( I ,J) DABS( SEC(I ,J ) )  -

WRITE(6 ,6018) - .

WRITE(6,601l)
DO 500 J ’1 , 14

500 WRITE (6,6012) J,(SEC(J,fl,K’1,7)
WR ITE(6,6014)
DO 50 1 J’1 ,14

501 WRITE (6,6012) J,(SEC(J,K~,Ks8,I4)NRDAT NRDAT+ I
GOTO 444

40 RETUR N - —  - .  - 

—END

r
SUBROUTINE COVAPP( ERI , 11(2, COY)

CcCCcCCCCCCCCCCCCCCCCCCCCccCCCCCCCcCCOCcCCCCCCC~CCCCCcCCCccCcCCc~JOCcCCIJOC CC C 0 V A P P COMPI7I ES APP1WXIPfATIO1IS OF A_COVARIARCE BETWEEN 1111) C
C QUANTITIES RELATED 1~) lit DISTUSIIRC POtENTIAL OF C
C THE EAWFH . C
C C
CCCCCCCCCCCCCCCCCCCCCCCCcCCCCccCCCCcCCCCcCC0CCCCCOCCCCCCCCCCCOCOC~~~~~~I~~C C
C IT IS ESSENTIAL 11) STATE TFT  THIS P2101 *1 ALONE II 10 *L’I~~~A- C
C TIVE TO THE PARENT - SUBRO - .. 1NE C 0 V A H ( C C .  lS wiwIIC C
C 1976). COVAPP IS A DIFFERENTIATION - INIWOLATION JIlSIUTIII C
C WHICH IS ABLE TO PROVIDE THE SAME £110 OF oovaai* 001*1 C
C DOES WITH ARBITRARY HIGH ACCURACY 701 A ~~~1 LO~S1 P2’I* II CC TEJU ~~ OF CPU - TINE. C
C IT IS DESIGNED FOR LAME SCALE APPLICATIOIU OF COUIOC*TIIP 1N C
C VOLV INC THE CALCULATION OF A LAME $WW OF O0VARI~~~~~~. CC THE BASIC NETIN)RK OF COVARIANCES 18 u~~~~ATED BY C 0 V I I T C
C USING COVA]~~, A SIMPLIFIED VERSION Of COVAX. Till NET 1 10 01 C
C GENERATED ONCE FOR ALL. AS SOON AS IT EX ISTS. COVAP, CAN ~~T1-C
C VATED. C -C C
C FOR REFERENCE SEE (H. SUEmrEL, 1971) . C
C C

1.. - . - . .  - ••. . .. - -  . - -
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C IN ORDER ‘10 KANE COVAJ’P AS COMFORTABLE AS POSSIBLE, VI HAVE NINE-C
C MIZEI) ITS DISTANCE TO COVAX RESULTING IN PARitY IDENT I CAL STATE- C
C NINTH . C
C C
C C
C A l ( . )  ... POLYNOMIAL COEI7ICIE1IIS OP COV(T T) C
C A2 ( . )  .. ‘ COV( DR( T) ,DR’ ( T) ) C
C ABC • ) ... ‘ COV( DT( T) • DT( T)) C
C A 4 ( .)  ... ~OV(DILTA C,DELTA C) C
C C
C C
C ********** INPUT ********** C
C C
C UI,  11(2 ... INTEGERS CODING THE 11111) OF OPERATOR TO C
C BE APPLIED ON THE COVAR I ANCE FUNCTION AT C
C 1it P O IN T S P A N D Q C
C CR( 1) • . .  COSINE OF THE SPHERICAL DISTANCE BETWEEN C
C P AND O C
C CIU2) , CR(S) ... HEICEIS OF P AND S C NEIZRS) C
C CR(4)~~~CR(5) ... SINE OF THE LATITUDE OF P AI(D S C
C CRC6) , CRC?) ... COSINE OF THE LATITUDE O F P A N D Q C
C CP48) , CR(9) - - . SINE , COSINE OF lit LONGI TUDE DIFFERENCE C
C CR( Ii) , CR( 11) .• .  REFERENCE CRAVITY A T P A I I D Q C
C CR( 12) ... SPHERICAL DISTANCE BETWEEN P AND S C
C C
C THE VECTOR CR 18 TRANSFERRED IN THE LAB~I~V~11 COMMON BLOCI /COM1,. C
C ALL ELEMENTS CONTAINED IN TUE LAR~!Vfl COMMON BLOCES /GRIPAB/ AND C
C ~~~~~~ MUST RAVE BUN MADE AVAILABLE BEFORE COVAPP 18 CALLED. C
C TO ALL F.LENFJETS CONTAINED Ill THE LABELED COMMON_BLOCES /COMO/ C
C AND /COMBAT/ A VALUE HAS BEEN ASS IGNED IN ‘lit UUICEDATA SUB- C
C ROUTINE . THE ME ANING OF E T C . ) ,  .. , ER3( .) AND C 1I( .)  IS IDEN TI—C
C CAL ‘TO THAT IN COVAJOI. C
C C
C 1182 • - .  SQUARE OF THE RATIO BETWEEN TIE RADIUS OP C
C lit OJIPHAMMAR SPHERE AND lit MEAN RADIUS C
C OF ThE EAMfl (BE) C
C RE .. MEAN RADIUS OF lit EARl’S C
C NDR - - . NUMBER OF RANGES IN RADIAL DIRECTION ( u S  C
C MAXIMUM IS 3 ACCORDING TO lit DIMENSION C
C STATEMENTS) C
C $ i ( I ) , I I,N DR ... LOWER LIMI TS OF RADIAL RANGES I N S  C
C 1)6(I),I 1,NDR .. GRID DISTANCES IN S-DIRECT ION C
C Sl (I),I’1,NDR .. UPPER LIMITS OF RAD IAL RANGES 111 S C
C C
C 1)781(1 , J ) ~~.. SPHERICAL DISTANCE GRID SPAC I NGS C
C PS I8( I , J ) ... SPIIERI CAL DISTANCE 1(ANCE STARTING VALUES C
C 7811( 1)  ... SPHERICAL DISTANCE UPPER LIMIT VALUES C
C 78( 1 • K) ... EACH ROW VECTOR CONTAINS THE COSINE Of TIEC

— C SPHERICAL DISTANCE OF THE GRID POINTS C
C C
C C
C *6*6*6*6*6 OUTPUT *6*6*66*6* C
C C
C COV .. COMPUTED COVAR RANGE C
C C
C 1SF. PROG RAM USES TIE FUNCTION 1(SFC , THE SUBROUTINES GET LIED C
C BLOCEDATA. C
C C
CCCCcCcCCCCCCCCCCCCCCCGCCGcCCCCCcCCCCCCCCCCCCCCcCCCCCCCCCCCCCOCCcCCCCCCC

IMP LICIT REAL*8( A-R,O-Z)
COMMON /AA/AI ( l6) ,A2 ( 16) ,A3 ( I6) , A4( 16) ,D(36 )

* /CRIPA1V102, 10(3) , 08(3) , 81(3) , DP SI(3,5) , 7818(3 ,6) ,
* 7811(3), 75(3,50), RE, I ACC(3) , JAC CI (S, 5) ,  11DB.
* /cONl’K7( 14) , K~( 14) 111( 14) 113( 14) , 119( 14) , Ul( 14) ,
* EN3( 14) , C I 1 ( 14)  ,àO1fl /C1I( I~~) ~CO2,/X, Y, DX, DY, IS,
* JT ‘colmAT/DI , 032 02, 03

EQUIVALENCE (T,CYt( I ) ) , (RP ,Ck(2)) ,  ~20,CR(3)) , (SP ,CR( 4) ) ,( SQ,CR( 5) )
* , ( CP, CR(6)) ,(CQ,CR(?) ) , (SD ,CR(8)) , (CD ,CR (9) ) .(P SI ,CRC I2) ) ,
* ( 855,0( 11)) , ( OSC,D( 29)) • ( SCS,D( 14) ) , ( SCC,DCS2) ) , ( C8S,D(25))
* ,(GSC ,1M 12) ) , ( CCS D( 16)) .(CCC ,D( l1))

6054 FOPJIAT(JH , 4X, ’SORRY, POINT LOCATION OUTSIDE LEGITIMATE LI NITS’/ )
RuiP+NE
RS 03+1(1 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~ ~~~~~~~ - -
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KG3~ ER2
C
C CALCULATION OF TIE PROP ER UN ITS OP lii COVARIAJICES (CR11)
C

CFtL2 .Cl1(UI ) *CIl(~~~~)
I F (E 19(U1) EQ. 1) CRI3+GR12/CR( 15)

• IF(K19(ER2).EQ.I) O *IB SCRII/ C ft (II )
IFC~~~1CER1 ) EQ.l) 0010 95
CRI2~CI112.’R
IFC KRI.LT.12) 0010 96

• CR12*CR I2,R
IF(KRI.EQ.14) CRI2•CR12~CR (6)96 IF ( I~~3 (U1) .GE . 1)  CR12.Cft 12/CR(6)

95 IF (ER1 (ER2).EQ.5) 001094
CRI2 .CR I2 .’M
IF ( 1R2.LT . 12) 0OI’O 9?
CR12~CRI2/RS
IF( 1B2.EQ. 14) CR12.CR12~CR(?)

9? IF CX2S ( E R 2 ) . O E . l )  C*12.CR 12/CR(?)
94 CONTINUE
C
C DETENII NATION WHETHER THE ROLE OF P AND 01 RAVE TO U 1N1~~~~BAJOED
C

IF(~~~~.CE.KRI ) GOTO I
015.06

R~06S
KCI~ KR2
KC3~UI

I CONTINUE
C
C DETERMINATION OF THE NUMBER OF HORIZONTAL DERIVATIVES NH
C

NHS KT (KRI )+K7 (ER2)
C
C CALCULATION OF THE ELEME NT INDICES AND lit POINT POSITION -BELA-
C TIVE TO IT
C

8~ R82/R/RSIFCS.LE.8e(I).AND.S.0E.SI(NDJU) 0010 8
2 WRITEC 6 ,6114)

COVE 9-991)45
RETURN

S I~04 1.1+1
I F C S . L T . 8 1 ( I ) )  0010 5
GOTU 6

5 IF (8 . GT.10( I + 1))  0010 2
GO’TO 4

6 DX ” U8 (I )
X~ ( S—SS( I ) )~~D8( I)
LS~ DIIET ( X)
x~ x- is
IS~~IS+ 1
IF (I.GT.I) IS.IS+IAOC( l—1)
IF (PSI .LE.P 811(I) )  0010 7
0010 2

7
8

IF( PSI.LE.P8IS(I,J+1)) 0010 9
GOTO B

9 JT.DINT((PSI—P511( I J)).’DPS I(I , J) )+ l
IF(J .CT. 1) JTPJ1’~iJA6C 1( 1 ,1— 1)

• Y.T—P8( R,JT)
DY.P8(I,JT.1)—Pl( 1,JT)
Y Y/DY

C
C CALCULATION OF THE PARTIAL DERIVATIVES 00 000(701) WI TH RESPECT 10• C lit SPHER ICAL COORD1RAI1P OF P AND S (Cl, .,. , 04) , IF PIC!!! ARY

C 1.01

Li - - - _ _ _  
~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~
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IF NH) 1.91,1091,,,,
999 IUES ( ZR1)

J 111(UI)
J f I ~11(ER2 )
J la KlS (U1)
M1~KI3.EIu)D ( 1 ) — D I
cS~CP*8Q
SC~SP*cQ
SGC~Sc*CDCC•CP *CQ
Cc8.Cc*SD
cSC~cS*Cfl
D(2).cS-5cC
D(3).Cc5
D(7)•SC-cSCD( 13)a— ccs
Z6~ 6*K—6
IF( NH .CT.1) 0010 980Cl’D( I+fl)
0010 109 1

905 0(4)~~-T8cS~9C*8D
SS~SP*sQ
CCC~T-SS
SSC~8S*CD
C8S~CS*SD
DC 5) s—SOS
DC 6) • —CCC
DC 8) sCC+SSC
0(9) • —008
D( 19).—T
D (31)s—CCC

IJ ~~I+J
CI •D( IJ+ &NJ
IF(IIL CT 2, 0010 901C2~ D(
0010 1092

981 SS9~8A*SD
DC 10)•—D (7)
D(1T).—ScC
D(18)aCcs
DC 20) •-DC2)

0(2?) 
~-00C-

DC 33) ~-ccs
JI6•6*i1,—6
I J (N L GT.3) 0010 983C2 D( IJ)*9( 1114.1)+1)( I+ER)*D(J1.MS).I~( t+NS) $DCJ 1+HE )C3~ D(
0010 1593

982 D(22)sT
0( 23) .800
D(24 aCCC

D( 30)•—Cs~D( 34) .CCC
IX 35) •SCS
IX36)~ CCc
~6I u ~~~+ I
IIS 1~ M S+i
161-16+1
16J -16+J
MS 1.115+1
I%J.PIi+J
ER1a111. I
~~aØ( 1J+ 16)*D( I)+IX I+Q~~*D(J )+D( J +~~~~*~~ I)+D( IJ+ )*NHE,)+JX U)

B-D( J *IXIIiI)

. aS . - . • •~~ -- - • • • r 
- - .. 

~~~ - 
- — ~~~~~~~~~~~~
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C3.D( IJ ) *D( K61 ) *D(MSD+ B*D(ESI ) +D(J ) *(IXMSI ) *D( 161) +IXEM I ) *D (  I ) ) + A
C4 A*B
GOTO 1094

159 1 CONTINUE
IF(NL CT.l) KQS.(10l—4)/2
GOTO (951.912 ,903,994,955) ,111

951 CALL GET( 1)
GOTO( 11,  12, 15 , £4, 15) ,102

C
C COVARI ANCFS I NVOLVJ NC LI. I HORIZONTAL DERIVATIVES
C
11 COV- aSF C(A1, 0, NH)*C 1

0010 1110
12 COV --BSFC(Al, 1,NU)*8/M*CI

0010 1110
13 COV (BSFC(AI, 1,110) *5-BSFC( At,0 ,JE)*fl2),06*CI

0010 1000
14 CALL GET( S)

COV - ( C  BSFC( Al l, NI) *D2+E8PC ( Al,  1,110)68) /06—BBFC( *2,5, NH)*fl) /01*01
0010 111.

15 CALL CET(2)
COV.( BSFC( *2,S,NH) *1(4087CC Al ,  1 , NH) *8~06) ~06*C 10010 1000

912 CALL GET(S)
GOTO(2*,22 .23,34,25) , 102

21 CALL GE T (X)
COV~-DSFC( Al . 1, 1)*S#’~~ C1
0010 1050

22 COV BBFC( A2,0,iIfl)*C 1
00101100

23 CALL CET( 1)
COY- C -8SFC( A2,6, NR) +087CC Al,  I ,NH) *D2*S,Ri$)*Cl
0010 1001

24 CALL GET( 1)
COY. ( 887CC *2 • 5,110) *02+ C 087CC Al , 1,11) *03/R.’01-I8PC( AS, I , NH) ) *8)/U

*60 1
0010 1000

25 COV--BSFC(A2,1 ,Nfl ) *9/Rs*C I
0010 1000

953 GOTO(31,32 ,33,39,35) , 102
SI CALL CET(1)

COV -(BSFCC AI,5,  l)*D2—BSFC(A 1 , 1, l)*S) /1% *C1
0010 1051

32 CALL 011( 1)
CALL GET(S)
COV (ISFC(Al , I, 1)*D3*S,R,RS—B5JC (A3,S, I))*C1
0010 1001

33 CALL GET(4)
COV B8FC(A4 ,l,1IH)*Cl
0010 1010

34 CALL CET(4)
COY- 0SFC( A4, 1 ,1Efl)*S*C1/RS
0010 1000

35 CALL GET(l)
CALL GET(S)
COy- ( BSFC( *2, I ,NE) *S-( B8FC( *2.1, NB) +ISP’C( Al, 1, NH) *8/B/RB) *02) /~~~C*1
GOTO ISIS

904 GOTO(4 1,42,43,44.45), 102
41 CALL CET(I)

CALL GET( S)
COY- ( BSFC( A2,S , 1)*JW— ( ESFC(Al, 1, 1)*8+0BPC( A l l , I)*02)/ft) /ftPC t00101005

42 CALL GET( 1)
CALL GET(S)
COV .— (B$FC(A3, 1, l)*8— ( OSFC (AI , I , 1)60 ‘RB+BSPC( A2 ,0, 1) ) *02) ,ftIC l0010 1001

43 CALL GET( 4)
Coy. BSFC(A4,l,L)*8,I~ICl0010 I051

44 CALL (ZT( 4)
COV.( 857CC A4,2,N0)*8+DSP’C(A4, 1 ,NH) ) /P/M*C1*8

• 

______ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
- 

~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~ ~~~~~~~~~~~~ 
— -- —- 

- 

~~~~~~~~~~~
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0010 III
45 CALL GLT(l)

CALL GET(S) 
____COV- ( 157CC 62,S,NI)*8-ISFC( Al, I ,W-( I55C(*I,0.W ~~~+ VC(*I,  I , II)/

*11/06) )*8 ’ft/RB*C I
0010 1111

955 CALL GET(S)
COTO(51,52,53,$$,55) , 00$

51 CALL CET(l)
COV ( 087CC *2 ,0, 1)* + FC(A1, I ,  1)*SiI3 1~~CI
0010 III

52 CONTINUE
COY--lSP’C( A2, 1, I)*S/~~ C1
0010 1111

53 CALL CET(l)
COY- ( 087CC Al, 1, 1)68— C OSFC( Al • 1 , 1) *8/R/ +IS?C ( Al l, I ) )  *08) /~~ C1
0010 1105

55 CONTINUE
COV ( 187C( *2,2,111) *8+187CC *2,1 • NH) ) ~~~ C1/R/
0010 LIII

- 119$ CONTINUE
C
C - COVARIANCES INVOLVING LE.2 HORIZONTAL DERIVATIVES
C

IF( 101 0T.5) 0010 65
CALL GET( 1)
CALL GET(S)
COTO( lL2,2 12,3 12,4 12, 512) ,WI

112 COY-IAF C( A3 ,I ,I)*Cl+ISFC (Al,l, 1)601 -

0010 $111
312 COV--(1SFC ( A3 , I,s)*Ca+1spC(AI , I , l)*C1)IS/ll

0010 £111
812 COY- C C ISFC ( A3, 1 ,l) *8-1SP’C(A8,l, l) *02) *C2+ ( ISFC(A1 , I, 1)*S-1SPC(Al 0

* 1)*02)*CL)/ft
00101001

412 CALL GET (S)
COV.(CIBFC( *2,0, l)*M 18—ISP C(A1,l, 1)*D2— HSFCC A1 , 1, I)*S) *C1+CISTCC A
*S,2,l)*8*8-18PC(A3,l,l)*D2)*02)’R,’R
0010 III

512 CALL GET (S)
COY- ((ISFC( A3,l, l)*M+BSFC(A1, 1, l)*8/P)*CI+(IBTC(A2,2,l)*0+15PCCA
*3, I,l)*D2)*8.-’11602)/R
0010 LIII

65 102 (102-4)/2
W I-CEGl -4)/2
CO10(6S,6l,62)U1

SI CALL CZ’T(l)
CALL CET(3)
0010 (66,611,68) ,103

66 COV-D8FC(A3,l,l)*C2+DSJ’C(Al,I, l)*C1
0010 1010

68 COV ( ( ISFC( *3, 1,0) *S-lB?C( A8,0,l)*D$)*C2+( 187CC Al ,  1, 1)*S—ISTC (Al,l
*, 1)*D2)*Cl)/
00101111

611 COV.—(HBPC (A3 , l,l)*C2+ 887C( Al , i 1)*Cl)*S/ES
0010 1111 -

61 CALL GET (S)
OOTO 88,~~8,81I , KIDS

88- CALL GET(S)
IOV O8FC( A2 ,S, 1)*C1+(ISP ’C( A3,2,l) *0+IBF C( *3, 1.0) )*S/ft/ ~~~C2
0010 1000

811 CALL CET( I )
CALL GET(S)
COV-- ( ( 387CC A3,2,I)*S-ISPC(A3, 1,0) ) *C2-ISPC (Al . 1 , 1 )  *02*Cl)*0/R/M-
*BSFCC A2,l, 1)*C I
00101055

62 CALL CET(4)
CALL GET(S)
COV. ISFC( £4 S 1) *0 1-s C I8FC ( *3,3, S) *0-057CC *3, 1,5) *03+051CC AS, 1,1) *0

*2*02)
0010 III

109$ CALL 017(1)
CALL GET(S)

-

_  

- 

_ _  
_ _  _-~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~i ~~~~~~ -~~~ ‘a - .  -~ ~~—

_ -
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COVAR I ANCES INVOLVING LL 3  HORIZONTAL DERI VATIVE S
C

*0 (01 —4)/S

613 •,l)*Ci+~~ PC( A3,S,S) *C2+1I5FC(A3,l, 1)603

*012 COV.( ( HAP-CC A l, 1, I)*C1+ISFC( *3, 1 , I)*C3+ISFC( *3 1, l)*C5)* — ( 151CC £1,
*1, 1)*Cl+05?C( A3,S,S)*C2+ ESFC( *3,1, 1  ) *C3) *I)2)41

512 COV .—(DBPCCAI, I ,  l)*Cl+1BVC( A3, 1,I)*03+ HSFC ( A5 , I ,  1)*C3 ) *$/R
COlD 1050

C
C COVARIANCFS INVOLVING L I I  HORIZONTAL DERIV ATIVES
C
1194 CALL 017(1)

0, 1)*C1+BBPC ( *3 I,S)*C2+151C(A3,0, 1)*cS+ISPC(*8,I,2)*C
*4

1511 OOV.COV*CRI2

SUH1(OUFIIIE 017(B) -

CCC , , -  ,- ~~~~~~~~ ~~~~ ~~~ - ~~~~~~ -~~ p- .~~ ~~~~~~~ - CCCccCCCCCcCCC00000cGCCCC cOcC
C c
C THIS 000IWUTI NE MIPS lit POLYOMIAL COF.FFICIEIIIS FOR A SPECIFIC C
C ELEHENT(I8,JT) OJ I T O A V Z C T O R  C
C CccccccccccccccccccCcCcCccccccccccccccccccccccccccccccCCcIx~ccocccccoccocc
C C
C ********** INPUT ********** C
C C
C 

_ _  
C

C t ( ,.,E,J) .. 4—DIM. *BR*Y OP P~~CTEO11 VALU$p (J.1), C
C I .  HER. IN X (.1 3) , 1. DEL 11! Y (J*$) , C
C 2. DIR. IN XY (.1.4) 7011*1, ... 4 * C
c 1*l ... COVCTT) , C
C 1 3  ..- COV( DIUT),na’( T) ) ,  C
C 1.3 ... COV( DT(T) ,D7(T) ) , C
C 1*4 . , .  COV(DELTA O,D7ILTAG) C
C C
C 18, .17 .• .  INDIC ES OF TIE ELEMENT’S LOWER LEFT COREHEC
C C
C ********** OVITUT ********** C
C C
C 

~~~~~~~~~~ 
A$(

j~~ £44. ) ... VECTOR OF POLYNOMIAL COEFFIOIENTH C
C A I ( . )  ... POLYNOMI AL COUPICIEIITH 07 COY( TI T) C
C *2( ) .. a COV( DR( T) , DR’ ( T) ) C
C A8 ( .)  ... ‘ COV( DT(T),DT( T) ) CC A 4 ( . )  ... COV( DELT* O,DELTA -C) C
C 

_ _ _  
CC TRAJISFER IN OOII10OtC ,  18. JT . Al, *2, *3, A4 C

C C
-

IJULICIT UAL*8(A-E 0-2)
00111011 /CRID/CCSI ,si,4, 16) ~CORB/DU11NY( 4 , 18, JT /AA/A l(16) ,

* *2( 16) , *3( 16) , *4( 16)
0010(1 3, 8,4) , 1

• I HO II 10
II LU I).C ( Ii,.IT,1, I)

3 0 0 8 0 1 . 1 , 16
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25 A2(I).CCI8,JT,E, I) —-

3 DO 30 I •1 ,1 S
SI A$(I) .C ( 1I , JT,E, I )

1111006
4 DO 40 1 1,16
41 A4(I)sC(IN,JT K,l)

061006
END

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
C 

_ _  
C

C 1118 PUECI ION CALCULATES HESS, P lEST AN) SECOND ORDER DERIVA- C
C DIVES OF A HICUIIC POLYNOICIAL C
C C
0C00CCC0CCCC0CCC’~ CCCC00C0C ~ - •-~~ ~j  _ p p , _ ,_~~_~~~ ~~~~~~ ~~~~~~~

C C
C *****t**** INPUT ********** C
C C
C A( 10) - - . VECIDIC OF NO~~~ LIZED POLYNONIAL 00117 . C
C IX, IT •.  NUI ER 4W 1- *110 Y-0(BIVATIYEB C
C H, Y - - MWIAL IZ*D COORDINATES OF lit CALCULATION C
C POINT C
C DX, DY ... GR ID DIf ~*3CES IN X- AM) Y—DIBECTION C
C C
C ********** ~~~I?UT ********** C
C C
C 3570 ... 5.. 1. O I L  ORDER DERIVATIVE C
C C
C lit 108011*11 ONES lit RL.0C~~ATA SUIHOUTINE. C
C 11*087111 IN GOWN X. Y,DX,DY.Dl,033 ,1)2,03 C
C C

1JS’LICIT RIAL*8(A-H,O-Z)
DiMENSION AC 16)
COWII /00110*7/01,032.02,03 /00110/X, V. DX, DY
COTO(2,9) , JY
05P C- A(4)+Y*( A(8)+Y*( A( lS)+Y*A( 16)))
0010( 4 ,5) IX

C 1)1.1, iy”i
ISPC A( 3)+Y*( A(7)+Y*( A( 1 1)+Y**( I S))  ) +fl570*X
IBFC A( 3) +Y*( A( S) +Y*( AC II) +Y*A( 14)))  +08?C*X
ISFCsA( L)+Y *( A(S) +Y*(*(9)+Y*A( 13) ) )+l8FG*X
REl~mF

• C I X ’I ,  IY-S
4 USPC A(3)+Y*( A(V+Y*(A( 1 1)+Y*A( 15)) )+897C*KI~D33

ISPC.A(2)+Y*( A(6)+Y*( *( 1S)+Y**( £4) ) )+B8FC *1ø~D2
387C 3010/OX
061006

C IX ’S, IY.I
5 8S7C A ( S) +Y~(A( Y)+Y*( A( ll)+Y *A( 15)))+HS70*)1*D3

lSPC~10P c*D2,DX/DX
06101111

2 Y02*Y*D2
YDS2-Y*D32
0SPC•AC 8)+YD2*(A( 12).Y032*A( 16))
COTO(7,8), IX

4 C 111.0, LY a I
087C-A(7)+Y02*(A(iI)+YDS3*A (15))+1570*X
387C-A(6)+Y02*(A ( LS)+YDS2*A.( 14) )438?CSX

- - 1810-A(S) +YD3*( A( 9) + fllSl*A( 13) ) +ISFC*X
BAPC OSFC’DY

- -d
t— --y-. —i — -

~

— - -______. 
-
•, 

-
~

~~~g 
~~~~ 

~~~~~_ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ i i.. — ~ -~~~~~~~ - ~~~~~~~~~ ~~— ~~~~~~~
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• C 1*1 , 1 Y 1  
____ ____7 7GsA(Y)+702*(A( 1I)+YDS$**( 1I))+ISFO*OPDS$

3070. AC 6) +YH3*( AC iS) +YD5$eA( II ) ) #l57 *)~~$3570 . 1070/OX/DY

C 111.2. IY. 1 
____• 8 MPC ’M7)+YD2*CA( I i)+TDSS*A( 15)1+1070*1138

35FC•BS7G*D2~DX/DZ/DY
061006

C 111.0 , IY.2
- 9 fl570.~~( L3)+X1 (AC £4)+KI1 ( A( I5).11A( 10)))

HSPC.A (9)+*PC AC II )+*( A( I1)+11*C Il)))+1SPCl ’~~DS
187C. 3870*112/DY/DY
061006
EM)

I 

~~~~~~ - - . - ..•••_

— — ~ ~~~~~~~~~~~~~~
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APPENDIX B; Sample input and output -~~. 
-

i

~
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COVAM AlICE FUNCTION PARAMEIV11

061112..... 1.9996 1710+11
A • •.oasSeseD#.s 45
11( 3 ) . . . . .  *411( 4) • I
11(5) 2
N IS

NUMBER OF RADI AL RAIICES ( 11011) • . .  S
I 35(I) 0 1( I )  03(1)

1 I I  3111.1 250.5
3 100150.0 130111.1 7511.1
3 21015S.I 261101. 1 11111.1

NUMBER OP SPHERICAL DISTANCE RANGES
I 11078(1)

1 4
2 3
3 8

*
SPHERICAL DISTANCE GRID VALUES AND NUMBER OF~ C0RJI~~POND INC INTERVALS

I J DP S I ( I , J )  N D P S I ( I J )

1 1 0.90008? II
1 3 1.11129 1 17
I S .110873 13

4 1.512909 6
2 I 1.112909 6
2 2 0.110727 8
2 3 1.117453 II
3 1 •.0129I9 6
3 2 0.518727 10
3 3 0.117453 15

GRID POINT VALUES IN RAD I AL DIRECT I ON

6371111.1 637 1210.1 6371411.1 6371611. 1 6371015.1 6371550 .3 637*111.3 6371455.46372611.5 6372851,7 6373111 .8 0373211.1 6375411.3 6373611.5 6373011.7 6874013.16471111.1 6478511.1 6486126.1 6493370.6 6351157.4 6571111.5 6581101.1 6591143.86611137.? 6611276.2 6621461.5 6631694.5

GRID POINT VALUES IN SPHERICAL DISTANCE

RADIAL RANGE NWICER ... I

.150513 1.110110 .505050 1.055110 1.5.5503 1.511011 stIles 1.SISSIs1.551115 1.111101 .115555 0,999,99 5.999999 1.999998 5.995990 5.9999971.999997 5.999996 1.999993 5.999994 0.999993 5.999953 5.959550 5.9999890.999988 0.999986 0.999985 0.999963 0.999978 5.95997 1 5.999944 5.9999575.999948 1.999939 5.999929 1.999918 5.999957 0.995194 1.990151 5.9996670.999853 5.999799 1.999736 5.999668 5.994585 5.99949? 1.99941 1
RADIAL RANGE NUMBER ... 2

1.551115 1.999954 0.959903 5.999962 5.999033 0.51181 4 5.959868 5.999457•.91985 1 5.999548 1.998631 5.998185 1.997864 1.9909 1? 1.990195 1.9945225.992546 5.990268 1.987608 5.1*4016 1.981437 1.978 148 1.974371 5.975296• 0.905926

RADIAL 11*1101 NUMBER ... $

1.110111 0.999954 I.9~9lIS 0.991348 0.999933 0.335190 0.999041 0.99945?1.90519 1 1.195148 I.9~16*S 1.998185 0.917864 1.9501*? 1.994198 5.9953940.954533 0.992546 1.955368 1.987618 5.9*4050 5.91162? 0.978148 1.974375I 575196 ~~~~~~~ 

~~~~~~~ 

S 954355 5 951157 0 96551?# I 9a

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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