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1

THE EQUIVALENT CIRCUIT IN THE MOBILITY ANALOGY
OF A MAGNETOSTR ICTIVE TRANSDUCER —

IN THE PRESENCE OF EDDY CURRENTS

INTRODUCTION

Recent research into the highly magnetostrictive rare earth iron compounds has renewed
an interest in magnetostrictive transducers. A typical magnetostrictive transducer is designed
with the aid of an equivalent circuit. The equivalent circuit is an electrical representation of
the differential equations that govern the motion of the transducer. The equivalent circuit is
used to predict the transmitting responses, receiving response, electrical impedance, and

.. - . . effioiency of the transducer. - . . - - -

Ohmic losses generated by eddy currents are a primary loss mechanism in metallic
magnetostrictive transducers. These ohmic losses reduce the efficiency and alter the electri-
cal impedance of a magnetostrictive transducer. Thus an equivalent circuit is needed which
can simply and accurately predict the effect of eddy currents on the efficiency and the elec-

• trical impedance of a magnetostrictive transducer.

The active elements of a magnetostrictive transducer are typically in the shape of a
thin rod or a stack of thin laminations. For these standard configurations it would be highly

— desirable to be able to predict the efficiency, receiving and transmitting responses, and elec.
trical impedance as a function of eddy current loss, which is controlled by the rod diameter
or lamination thickness.

The first purpose of this report is to show how the equivalent circuit of a magnetostric-
tive transducer in the pre sence of eddy currents is derived . Since the equivalent circuit based
on the exact theory can be time consuming to use, the second purpose of this report is to
present useful approximations to an exact eddy.current theory that can simply and accu-
rately predict the efficienty and electrical impedance of a magnetostrictive transducer in the
presence of eddy currents. The third purpose is to discuss the effects of eddy currents on the
receiving and transmitting responses of a magneto str ictive transducer. The fourth purpose is
to discuss the effect of magnetomechanical coupling on eddy current loss.

THEORY AND DISCU SSION

Eddy Currents in a Rod and a Thin ~ seet

When an alternating current is applied to a solenoid , a circumferential electric field is
generated by the time-changing flux . If a conducting rod is placed in the solenoid , the elec-.
tric field generates circumferential currents in the rod (Fig. 1). these currents are in a direc-

Manuscript submitted December 7, 1978.
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Fig. 1 — Eddy currents in a conducting rod. Thi
current i(t) is increasing with time.

= tion so as to generate a magnetic field that opposes the applied magnetic field. These circu-
lating currents are known as eddy currents. In a rod the magnitude of the eddy currents
increase in direct proportion to the radial distance from the center of the rod. Thus near the
center of the rod the opposing magnetic field generated by the eddy currents is the largest ,
since all the eddy currents encircle this axis. This effectively shields the center of the rod
from the applied magnetic field , leading to the well known skin effect. Since the rod in the
solenoid has a finite resistivity, the eddy currents also generate an ohmic loss. The shielding
effect and ohmic loss generated by the circulating eddy currents alter the electrical imped-
ance of a solenoid with a metallic core. This subsectio n will present the derivation of the
electrical or blocked Impedance of a solenoid with a core composed of a rod or a thin
sheet in the presence of eddy currents.

The penetration of a magnetic field into a conduct or is governed by Maxwell ’s
equations:

v X H — j + - ~~~, ( 1)

where the current density j — oE (a is the conductiv ity). Equation (1) can be written in t
time-varying form as

c X H - (a + jwe)E. (2)

Since this report deals with good conductors at low frequencies, we is much less than a
and can be neglected. This usumption amounts to neglecting displacement current in corn-
pinion with conduction current. Thus one has 4

V X H oE , (3)
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— -- — - -.— -.--
~~~~

---.---——,
~~—— -  ~- —— ~

-—-
~~~

,
“T 

~~~~~~~~~~~~~~~ ~~~~~---- r”

- 
______________— -— __________________________ .~ - -I

NR L REPORT 8294

and taking the curl of each side yields

V X V X H - V ( V . H ) — V 2H~~~V X C E  (4)
Mao,

V B — 0  (5)
or

p(v . H ) = O , (6)

if homogeneity of permeability p is assumed. Therefore, substituting Eq. (6) into Eq. (4),
one has

—v2H o(v X E) (7)

or

—v 2 H , (8)

since

V X E = — ~~~~. (9)
Hence the differential equation governing the penetration of a magnetic field into a con-ductor is

v2H = ~~~~~~~~~~~~ (10)
where p is the resistivity and the permeabilit y is independ ent of time . EquatiOn (10) can bewritten in cylindrical coordinates as

V2H - a (v2H _ -

~~

_ ...

~~~
)+ a ( v~j i + i~~~ 

_ .
~

)+ aJ~i2u,)

IaH, oH, aH~ 1
— 

~~ 
a, + -~ - a, +

= 
pr i - (11)
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Foralong thin soIenoid witharod.shaped core and wj th its Ioeg~~ is n the g dj~~~~ nthe
following conditions are true:

OH OH OH OH
(12)

Thus Eq. (11) reduces to

OH
v2H, — - ~~ ..~;1t (IS)

and with the Laptacian written in cylindrical coordinates is

- - -

~~~~~~~~~~~~

- • 

1~ ~ au~ ~ 
02H1 O*H1 OH5= —r(\r-r,1+— i. 
~~~~~ 

-
~~~~~

j_. (14)

But for a long thin solenoid

03H 02ff
_! ~~it. 0 (15)

~~2 ~~2

Thus the differential equation governing the penetration of an alternating magnetic field
into a rod contained within a long thin solenoid is

~ OH
(16)

The solution of Eq. (16) is given by Scott L ii asr~(~)+IbeI&)1
H~(r) — 

- j , (17)
ber O + j b e t O

where r is the radial distance from the cylinder axis to the point in question, d is the
diameter of the rod, and H1 is the magnetic field intensity at the surface of the rod . The
parameter 8 is given by

8 _ w d (~~~)~ . (18)
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where p, p, and f are the rod’s incremental permeability, resistivity, and frequency respec-
tively in the International System of Units (SI units). The functions ber and bei of Eq. (17)
are the real and imaginary portions of the zeroth-order Bessel function of the first kind re-
spectively and have been tabulated [21 .

Define a characteristic frequency f
~, 

by setting the parameter 0 = 1. Solving for 4yields

f
~ 

= - (19)

To examine the physical significance of 
~ solve Eq. (17) for the magnitude of I12 (0) / H 5(that is, let r 0, which is the center of the rod) when 0 = 1, which corresponds to f = 4.This yields H~(0)/H, = 0.985. Thus the m~agnetic field at the center of the rod is 98.5% of - -

- . 4 •.. its value at tbe surfàcé at f — 4 .  Therefore f ~, corresponds to the frequency for a given diam-
eter, permeability, and resistivity below which the penetration of flux into the rod is essen-
tially uniform.

The electrical impedance of the rod is

1WNJ B5 (r) dA
Z — jwL = iw!4~_ A 

, (20)

where B5(r) pH5fr). If one carries out the integration indicated by Eq. (20), the result is

Z = 0 bei’O 
+
—:
~~ 

ber’ 0)_ i.~(ber ~ ~ 
: ~~~~~~~~~ bei’ 

o)] 
, (21)

where

- (22)

t With the aid of 
1

(23)

XR - - 2(0 

ber~~~1 bel’(”f~ — bei~.~~~ ber~4 , (24)

ber2(-.f)I + bei2(~~
)

~

5
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and

- 2ir(L - a(4)~ 
be<Tt)+ bert(~.)1 + bei(.f)~ bei’(.f~~ 

, (25)

-

Eq. (21)can be rewritten as

Z - JWLO(XR — Jx ,.) - + JwL0X~~. (~~~~ )

The terms x snd x,axetheres andImaginaryparts of an eddy currentf,ctor~~fo r aro~.
k

~

uatlon (21) can be alternatively written as - -

Z - JwL0x - i~ L0x0~~~, (27)

where

- (4 + x~~
and

fx ,\

Thus the electrical impedance can be viewed as an inductor of value L0x. The complex eddy.
current factor ~ may be attached to the permeability in L0, thus accounting for eddy currents
by viewing the permeability as complex. The derivation of XR and x1 is originally due to
Scott (11. The expressions for XR and can be found in both Bozorth [31 and Scott [11.

The penneability p’ in Eq. (24) 15 the “apparent permeability”; that is, it is the perme-
ability which the magnetic field sees in the presence of eddy currents. The permeability p in
Eq. (24) is the limiting value of p’, approached at low frequencies. The AR in Eq. (25) is the
difference between the measured alternating-current resistive component of the impedance
R and the direct-current resistance R0. The difference ~~ is caused by eddy currents. The
inductance L~ in Eq. (22) or (25) Ia the limiting value of the measured inductance approached
at low frequencies. FIgure 2 shows plots of XR ,XI, xo, and ~. Several useful approximations
to~~~,x,, and~’for high and low f/f ~ are tho shown in Fig. 2. The use of Eq. (24) and Fig. 2
shows that the “apparent permeability” p’ is a decreasing function of frequency.

6
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Pig. 2 — Eddy c-unrnt compon.nta for ~ rod

From Eq. (26) it is seen that in the presence of eddy currents the electrical impedance
takes on a resistive component wh ich is proportional to x,- The physIc al significance of the
resistive component is that it is the enerj~ dissipating meehan~sm of the eddy eurrents. Il ls
also seen that the imaginary portion of the impedance is proportional to ~~~~~. This result-s in
a reduction in the inductance as a function of frequen cy. This ohs~rvat ion is consistent with
the decrease in the ‘ apparent permeability ” as frequency increases . The equIv alent circu it
of the electrical impedance of a long thin solenoid with a conducting rod-shaped core in

= the presence of eddy currents is shown in the general case in Fig. 3.

The exact equivalent circuit shown in Fig. 3 is inconvenient to use, because both R and
L depend on frequency . A much more convenient expression is a lumped equivalent circuit
in which none of the components vary with frequency. This can be derived by considering
the expressions for and 

~ 
given by Bosorth 131 for a rod when ! ‘—.. 4:

1 .~~ 2 19
- 1 — + 30.720 (f) 

+ . .  (2$~

and

- - 
3~~72(7~) 

+ 

4 3~~~~~~~80 (f~ 
+ . . .. ~29~

7
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Fig. S — Th. exact squlval.nt
‘VVSA, es ‘ cIr~ult of a long thin solenoid

R’e~L0X1 L’L0Xft with a conducting rod-shaped
core in the presence of eddy
currenin

Substitute the first term of XR and x, into Eq. (26). The result is

aL0!
2

~~ ~~~~~~ (30)
—I

for f/4 < 1. This representation is still somewhat inconvenient, since the real term depends
on frequency squared. If the series representation of Eq. (30) is converted to its equivalent

S - - 
~iarilIel !orrn the parallel resistan ce and indu~tah~e uie - - -‘ - -

/
R — 16af~Lo1l + ‘ 

1 (31)p \ 64f J

and

/
L — L01 l  + ‘ 1. (32)p 

~ 
64f~J

When f < 4, the term f2 /64f~ can be neglected with an error of less than 2%. Thus the
lumped equivalent circuit of a conducting rod in the presence of eddy currents shown in
Fig. 4 is obtained. The characteristic frequency 4 in Fig. 4 is given by Eq. (19).

A derivation analogous to the one that leads to Fig. 3 can be performed for a conduct -
ing core composed of thin laminated sheets. Only the results will be presented here. The
original derivation can be found in Ref. 1. The eddy current components for a thin sheet
are given by Scott [11 and Bozorth [31 and are

. kf 2 f ~ - ~ f 2f \~
.j~ 

(fc* ”\71 +

x — — — —- (33)R p ‘~2f) 
cOth(.L)~ + cos(fl4

8
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L0FIg. 4 — The approximate
equivalent circuit Of a
solenoid with a conducting ,
rod-shaped core in the
presence of eddy currents
f
~r f < f ~ I6Vf c L0

and

~AR / \~

. sinh(.~t)~ 
— 

~m (~)4
x = — =

~
—---) — (34)I 2irfL ~ 2! 

cosh 
(.

~~_
t)

~~ + cos (~9~
In Eqs. (33) and (34)

f~ (35)
irt 2p

where p is the resistiv ity in ohm-meters , t is the thickness in meters, and p is the permeabil-
ity in SI units. The characteristic frequency for the case of a thin sheet again means the
frequency below which the penetration of flux into a sheet is essentially uniform. Plots of
XR , x~, x0, and ~ versus 1/4 can be found in Ref. 4. The exact equivalent circuit of the elec-
trical impedance of a long thin solenoid with a conducting core composed of thin lamina-
tions in the presence of eddy currents is also given by Fig. 3, with Eqs. (33) and (34) now
applying to XR and x1.

An approximation to the exact equivalent circuit of a long thin solenoid with a core
composed of thin sheets has been obtained in Ref. 4. The approximate equivalent circuit is
similar to Fig. 4 except that the resistance is 61rf ~L0, where 4 is given by Eq. (35).

The complex impedance of the equivalent circuit shown in Fig. 4 is

16~f ~w~Lo . 
+ 

[ (i6~f~)2 wL0 1. (36)p C 

~
2 

+ (16ir4)2 [w 2 
+ (161rf~)2 j

-r’4- 1 f~

___________ _________________________ ~~~~~~~
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Let the real and imaginary port ions of Eq. (36) equal R~ and X~ respectively. Thus

Qf (\

~31)

equivalent + 
~~~ 

- 

-

and

x~ — 

64
(f) (38)

equivalent C

circu it

The exact expressions for R /t~~L0 and X~/~~ L0 are given by the real and Imaginary por-
tions respectiveLy of Eq. (26~ normalized to

R
____ - (39)

exact
theory

and

X 
_

_____ — 
(C 

(40)

exact
theor y

Figure 5 Is a compar ison of the toci of points predicted by Eqs. (37) and (38) (the
equivalent circuit of Fig. 4) and those predicted by Eqs. (39) and (40) (the exact equivalent
circuit of FIg. 3). The loci of the impedance of the lumped equivalent circuit describes an
arc of a circle (the lower curve In Fig. 5) which agrees within 1% with the exact equivalent
circuit up to f — f . Deviations begin above I f (particularly in the resistance), but agree-
ment Is still fair a~ 3f and usable up to f — 44. Fhe loci of the Impedance of a lossless In-
ductor , If plotted on ‘i~lg. 5, would appear as a straight line on the ordinate with the
frequency scale Increasing upward .

The comparison of the exact and approximate equivalent circuits for a core composed
of a stack of thin laminated sheet. is given in Ref. 4. In this cue the approximate equivalent
circuIt is usable up to f — 24.

10
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FIg. 5 — The normalized theoretical components of the Impedance
of a core composed of a rod (upper curve) and the norm alized com-
ponents of the impedance of the equivalent circuit shown (lower
curve)

An enlightening alternate derivation of the equivalent circuit of Fig. 4 can be obtained
through use of Faraday ’s law. Consider Fig . 1, which shows a conducting rod in the presence
of an alternating magnetic flux . Assume that the flux density is increasing and uniform
across the cross-sectional area of the rod . This assumption means that the rod is very long
and that the frequency is below the characteristic frequency. Faraday ’s law relates the time-
changing magnetic flux to the electric field produced for a fixed region in space :

_5(E ds —~~~ f B . d a .  (41)

_ _ _ _ _ _ _  

~~~~~~~~~~~~~~~ 
- - - - -~~~ 

L ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - - -~~~- — - --~ ---~~~ - - - -.~~~~~~~~



Now perform the line integral of the electric field about the circular path a distance r from
the axis. The electr ic field is constant in magnitude and tangential around th is path due to
the circular symmetry . The angle between E and ds is 0° . The flux density B is also uniform
acro ss the rod , and the angle between B and dA is 0°. If one considers only the magnitude ,
then

Ejds u.
~~~~BfdA . (42)

Thus

E 2,rr — ~~.(Irr2B) (43)

d t ’

which implies that

(45)

The density of the circumferential surface current at a radius r is

E r d BJ~~~~~~~ j 1j .~~- . (46)

The total instantaneous power lost is

— 
I 

p(t ) ..jp J 2 :u (47)

- f  f  f  , ..4(~f ,. drdodz, (48)
1O . .O r—O

which yields

p(t) — !.ç_
Q ~j

2
(4j~Ø)

2 
(49)

12
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sd2 Qwhere~~~—. is the volume of the rod . Let A equal the area of the rod ; then

p(t) — ~~~~~~ . (50)

The voltage induced in the coil is

dBe(t) — NA~~1- . (51)

Solving Eq. (51) for (d8/dt)2 yields

(dH)
2 

— _____ 

- (52)

Substituting Eq. (52) Into Eq. (50) yIelds

d2.2’t’Q 2’t~p( t ) —  ‘‘ ...~~1 , (53)
S2pN 2A

which Imp lies that-

32pN 2AR — — ohms. (54)
d2 Q

The resistance given by Eq. (54) is identical to the resistance 16irf ~L0 shown in Fig. 4. Thus
both der ivations yield the same result for a long rod at frequencies below the characteristic
frequency . The resistance 6s4L0 of a thin laminated sheet can be obtained in an an alogous
manner through use of Faraday ’s law (51 .

Equivalent Circuit of a Magnetostrictive Torold In the
Presence of Eddy Currents

The equivalent circuits presented thus far have had no mention of magnetost riction.
• This subsect ion will present the equivalent circuit of a magnetost rictive toroid with a core

composed of a circularly cross-sectioned rod or a number of thin laminated sheets in the
presence of eddy currents.

The equivalent circuit of a magnetostr ictive transducer can be formed in three ways :

• by the mobility analogy,

~~~~~~~~~~~~~~~~ .~_ :~~ .~~~~ Y ;_ T~
4~t J ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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• by shifting force and velocity by 900
, or

• by F.V. Hunt ’s space operato r.

The effect of eddy curren ts on the equiva lent circuit formed by shifting the force and veloc-
ity by 90° is discussed in Refs . 4 and 6. The effect of eddy cur rents on the equivalent
circuit formed by Hunt ’s space operator is discussed in Ref. 7 along with an enlightening
discussion of all three representations in the absence of eddy currents. The equivalent
circuits formed by shifting the force and velocity by 90° and formed by Hunt’ s spac e
operator have the disadvantage of an imaginary frequency .depe ndent turns ratio , wh ich
leads to frequency -dependent mechanical elements even in the absence of eddy currents.
The presence of eddy currents further complicates these two equivale~-it circuits. The mobil-
ity analogy is the simplest to use and the most wid ely accepted representation of electro-
magnetic transducers. The use of the mobility analogy when eddy currents are present
leads to an equivalent circuit that has frequency -indep endent elements for a cert ain fre-
quency range , as will be shown.

The equivalent circuit of a magnetostrictive toroid in the mobility analogy without
eddy current loss is shown in Fig. 6. This equivalent circuit does not include ohmic loss,
which can be accounted for by simply inserting a resistor , whose value is equal to the dc
resistance of the coil , in series with the blocked inductan ce L0. In the mobility analogy ,
force is analogous to current , and velocity is analogous to voltage. In this figure , L0 is the
blocked or purely electrical impedance , Cm is the mechanical compliance , Ill m is the me.
chanical mass, l/R m is the inverse of the mechanical resistance, and l/R A and M A compose
the radiation mobility of a sphere. The toroid in this report is assumed to be end capped ,
so that it is a volume expander . At low frequencies the radiation mobility of a sphere is
used to approximate the toro id ’s radiatio n mobility . The expressions for the equivalent
circuit parameters are

= 
N2A~i43 (55)

Fo ce Pressure

I Cm

e 
Velocity - ~~lurne- Wiocity

Fig. 6 — Th. equivalent circuit of a magnetostrict ive toroid in the
mobi lity analogy without eddy current lou
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n H
c — (56)m 2s-A~~ ’

Mm — 2~rrA~D, (57)

Rm
_ O

Q
M

~~ (58)

1 4sr~ 
,

A O~O

and

d0M4 --.

~~~
— , (60)

where

N is the number of turns of wire ,

is the cross-sectional area of the metallic core ,

is the dynamic permeability of the core at a constant strain (the blocked perme-
ability),

r is the radius of the toroid ,

D is the density of the core,

is the elastic compliance coefficient measured at constant magnetic-field intensity ,

is 2ir times the unloaded (in air) resonance frequency,

is the mechanical Q measured in air,

is the equivalent radius of a sphere which has a surface area equal to the active sur-
face area of the end-capped toro id,

d0 is the density of water ,

is the speed of sound in water ,

• is the electromechanical turn s ratio, and

15
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A Is the mechanoacoustic turns rat io, which in this case is the active surface area of
the toroid.

Eddy currents are accounted for in the equivalent circuit by assuming a complex
permeability as su~~ested by the L0x term of Eq. (27). The eddy current factor x appears
not only in the blocked impedance but also in the electromechanical turns ratio~ in the
mobility analogy, as will be shown.

The derivation of the electromechanical turns ratio~ begins with the magnetostrictive
equations of state for a thin rod:

S3 - a~~T3 + g33B3 (61)

and

H 3 — — g33T3 +v 3
7’3 83 .  (62)

If S3 is set equal to zero, Eq. (61) becomes

—g~ 3B3T3 . (63)
$33

The flux density in the clamped (S3 — 0) toroid is

B3 — 43xH3. (64) —

Here the permeability is complex due to the presence of eddy currents. Substitution of
Eq. (64) Into Eq. (63) yields

—e33s43x’i

F3 

1’3~~ ~~. (65)

But T3 - therefore

F3 - 
—133143 XA~H3 (66)

43

In a torold the radial force is related to the circumferential force in the torold by

F, — 2sF 3 .  (67)

-—

-- ~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~
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Also, the magnetic field of a toroid is given by

H3 —- ~~- . (68)

Substitution of Eqs. (67) and (68) into Eq. (66) yields

F, —gs3s43 xA~
N (69)

33

By use of

S — T g i ..... a.2~~ t’r o1533 P33~~ “33h

d
t33 

s _._~!, (71)
1~3$

and

4~ 
— 4’~~~i 

— 
kb) ,  (72)

the following equation is produced for magnitude only :

F, Nd33A ,x
T ,

~~~~ — •  ‘ X .  (73)
33 without

eddy currents

Since the eddy current factor x is a complex number, the turns ratio F,/I in Eq. (73) is also
a complex number.

The equivalent circuit of Fig. 6 can now be modified to account for eddy current losses
by replacing the blocked inductance L0 by L0~ and the electromechanical turns ratio ~ by
#x. Figure 7 shows the equivalen t circuit of a magnetoatrictive toroid in the presence of
eddy currents with the transformers removed. The complex eddy.curr ent factor is reflected
in the mechanical mobility and the radiation mobility. If the individual components of
Fig. 7 are separated into their real and imaginary portions, Fig. 8 results. Each of the corn-
ponents In FIg. 8 is a complicated function of freq uency, due to the eddy current terms. This
makes the frequency analysis of the circuit difficult.

To make the analysis of the circuit somewhat simpler , it was necessary to convert the
circuit to mechanical units. This is done by moving the electromechanical transformer of
Fig. 6 to the left and the mechanoacoustic transformer to the right. The result is shown in
Fig. 9. The resistors in Fig. 9 represent inverse mechanic al resistances with units of seconds
per kilogram. The Inductors represent mechanical compliances with units of meters per

~ I
17 
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PIg. 7 — Th. equivalent circuit , in .I.c tric al units , of a magn.to.trictive
torold In the peseenc. of eddy curr ents
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-2X RX1#~
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2
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8131~~~~~~~ 2X 1X #
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______________  T #~(x~,-~ )
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Pig. S — Th. equivalent circuit, in electrical units , of a magnetostrictlve torold In thep...sa,c. of eddy cwv.nts, with individual elements separated Into real and imaginary
ea.po.eats
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NI XO N 2M N3
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14$ Cm 861 ~~.. ~~~~

I 

15$ .f TMm I j . M5A2

Fig. 9 — The equivalent circuit, in mechanical units , of a magn.toat rlctj ive
toroid In th, presence of eddy currents

newton. The capacitors represent masses with unit s of kilograms. The through variable is
the force produced by the toroid in newtons. The across variable is the velocity of the
toroid in meters per second. The eddy current terms in Fig. 9 are lumped into three com-
ponents: the two elements of the blocked mechanical mobility (branches 2 and 3 (B2 and
B3)) and the force generator (branch 1). The ideal sinusoidal current generator of Fig. 8
has now become a force genera tor of value 1Øx newtons. Figure 2 shows that ~~ and thusthe magnitude of the force generator are decreasing functions of frequency . The decrease inforce produced by the magnetostrictjve core as a function of frequency is due to the revers e
flux generated by the eddy cur rents. The monotonic decrease- of force with freq uency may
be explained by noting that the eddy currents increase with freq uency. Hence the opposing
magnetic field increases, thereb y resulting in a continual decrease in the net flux that pro-duces the force from the magnetostr ictive core .

The equivalent circuit shown in Fig . 9 can now be used to analyze a magneto strictive
transducer in the presence of eddy currents. FIgure 9 can be used to calculate the efficiency,transmittIng responses, receiving response, and impedance, all as a functio n of frequency.Before performing the analysis, one must first observe how the power dissipated in thecircuit elements of Fig. 9 is calculated .

Power is defined as

P — Re (1*e), (74)
where I’ Is the complex conjugate of the cur rent and e is the voltage. Figure 9 Implies that

~~ (75)

19

-~~ — ~— -— - - -  arr~&(~~~~~-~~ 5 _ _ _ _ _ _ _ _ _



~~~~~ -- --~~~~ - -----~~~~~~ -- - ----- -- 

-- 
-_--~~ --

MIlKS

and

e — V #~ , (76)
where V is the velocity and F is the force . Thus

P - Re{ç~~
.

) v.xJ (77)

— Re (F* V.. ). (78)

But F uut y-~- ; therefore

P - Re
[(.~~..) VI~

J 
(79)

where Y,~ is the mechanical admittance (mobility), which is equal to the reciprocal of themechanical impednace. Equation (79) can be written as

P I V I~ Re (~
ç
~-) (80)

with the use of Vs V u ’  I V I 2
snd x/x*_ e 2ft

Calculat ion of the efficiency of the transducer depicted by the equivalent circuit ofFig. 9 begins with the force generator whose magnitude is determin ed by first calculating“i: for the particular frequency of interest. The freq uency 
~:is the blocked charact eristicfrequency and is defined by

(8 1)ad

for a rod of circular cross section and by

2p 
(82)

1~33

for a thin sheet. The symbols in Eqs. (81)a n d (82) are the same as in Eqs. (19) and (35)respect ively, except i43 is the blocked incremental penneab iity . The block~J characteristic

20
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frequency is required whenever one is dealing with an equivalent circuit , since the eddy cur-
rent factor (which is written as a series composed of (if

1,
’ as in Eqs. (28) and (29)) is

attached to the blocked permeability , as in Eq. (64), and to the blocked inductan ce of
Fig. 7. Once f/f ,f is determined, x~ is read from Fig. 2 or from Ref. 4 if a thin sheet is being
used. The magnitude of the force generator is thus I~x0. The phase angle of x is not put into
the force generator, since one is interested in only the magnitude of the velocity, as indi-
cated in Eq. (80). The analysis of Fig. 9 was carried out on a PDP -11/45 computer using an
ac-circuit analysis program (81 . The valu es of the elements were chosen to be numerical ly
equal to their mechanical quant ities. The branch voltages and curre nts were therefore inter -
preted as velocities and forces respectively. The power dissipated in each element was cal.
culated using the velocity from the circuit anaLysis program, the phase angle ~ from Fig. 2
or Ref. 4, and Eq. (80). It is not necessary to calculate the power dissipated in the blocked
mechanical mobility (branches 2 and 3 of Fig. 9) using the method described. The power
dissipated in these elements is

P — 12 (A)L0X1, (83)

which shows that this power can be determined from known constants and a given
frequency.

The steps necessary to perform an efficiency analysis using Fig. 9 are summarized as
follows:

1. Calculate (‘!t~
’ from the desired frequency and Eqs. (81) or (82).

2. Determine~ 0 from Fig. 2 or Ref. 4.

3. Input the value of the force generator (I ~x~) and the values of mechanical com-
pLiances, masses, and resistances into an ac-circuit analy sis program.

4. Obtain the magnitude of the velocity across each element (except the blocked
mechanical mobility ) and the phase angle l~ from the graphs to calculate the power
dissipated in each element via Eq. (80).

5. Use the power dissipated in the mechanical elements and Eq. (83) to determine the
efficiency in the presence of eddy currents:

efficiency — + p + p ‘ 
(84)

‘)I X A

where 
~~A Is the acoustic power, 

~~M is the mechanical power, and Pt is the power
dissipated by eddy currents.

6. To calculate the efficiency at another frequency, return to step 1 and use the new
f /f ~’to calculate the new magnitude of the force generator. This new value of the
force generator is input into the ac.circuit analysis program, and the new power
dissipated in each element is calculated from Eq. (80). For each new frequency only
one element (the force generator) of FIg. 9 need be changed to calculate the
efficiency .

21
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To calculate the transmitting current response, one first calculates the acoustic power
dissipated in the mechanical radiation mobility (1/A 2RA ) using the technique described.
Then the on-axis acoustic pressure is calculated via

1 (P d0c0R,’~+
4w ) , (85)

where p is the on-ax is acoustic pressu re , Pq is the acoustic power , dQ is the density of water ,
is the speed of sound in water, and R, is the dire ctivity factor. Since the pressure cal-

culated is for a 1-ampere drive (if the I in is set equal to unity), the pressu re cbtained
from Eq. (85) will be the transmitting current response. The free-field voltage sensitivity can
be obtained l9j from

MJ - reciprocity param eter = -
~~
- , (86)

where M is the free- field voltage sensitivity and S is the transmitting current response,
along with

— J =-.~~~— X 10 12 
, (87)d0f

in which d is the measurement distance , d0 is the density of water , and (is the frequency,
all in SI units.

To calculate the electrical impedance, one proceeds as follows:

v c i  
_ _— = — —  — (88)F •XI*x th2v2

ror

~7 
_ V 122 V A.

~e F Y ’X  1- wX~

where V is the velocity and i is the current. Equation (89) can be simplified for calculation
by noting that the velocity will conta in the phase angle —

~~ when the force genera tor has the
angle —~~. If one uses only the magnitude of the force generator in the equ ivalent circuit and —

adds —c to the phase angle of the resulting velocity, then

Ze — f ~ Xo~~12~~, (90)

and if I - 1 ampere and V = I VI e1 , then

I V I ~~~0 e’(~~~
2
~

) 
- (91)

The procedure for determining Z, from the equivalent circuit of Fig. 9 can be sum-
marized as follows:

1. Follow steps 1, 2, and 3 that were listed for the efficiency anal ysis.
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2. Calculate the values of the blocked mechani cal mobility for the particular frequency
and ratio of f to f .  Input these values into the ac-circuit analysis program.

3. Record the magnitude Vi and phase 0 of the input (node 1, Fig. 9) velocity. Use
Eq. (91) to calculate Ze •

4. To calculate Ze at another frequency, return to step 1. Notice that three circuit
elements must be changed for each freq uency point. These are the two blocked
mechanical mobilities and the force generator.

The transmitting voltage response is obta ined as follows:

1. Follow steps i and 2 of the procedure just summarized for calculating Ze~
2. Record the magnitude Vt  of the input velocity (node 1, Fig. 9), and use the follow-

ing equation to calculate the input volta ge:

Ie  = magnitude of the voltage = I V I~ x~. (92)

3. Calculate the power dissipated in the ra diation mobility (1/A 2RA ) for the input
voltage of step 2. Use Eq. (85) to calculate the on-axis acoustic pressure and divide
this pressure by the result of Eq. (92).

The equivalent circuit of FIg. 9 Is based on an exact eddy-current theory that will
work at any frequency subject to the assumptions under which the circuit was derived . But
the wide frequency range of the equivalen t circuit of Fig. 9 is a tradeoff with the corn-
plexity of the analysis required to obtain results. It would be desirable to have an equivalent
circuit that has lump es~ components , that is, with none of the elements (capacitors , resistors ,
inductors, or current generator) changing with frequency. Such an equivalent circuit is pos.
sible over a limited frequency range and will be described in the succeeding paragraphs.

To derive a lumped equivalent circuit , one must approximate the eddy current factor x
in such a way that the frequency .dependent elements of Fig. 7 become a combination of
frequency-independent elements. This has alread y been accomplished for the blocked im-
pedance (branch 2) of Fig. 7. When f/fe,’ ~ 2, the blocked impedance (for a circularly cross-
sectioned core ) of Fig. 7 can be represented quite accuratel y by Fig. 4, where is given by
Eq. (55) and f~’ is given by Eq. (81). Figure 4 was derived by assuming XR ~ 1 and
x, ~ which implies that

X X R IXI (93)
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for f/f e’ ~ 2. Therefore branch 3 of FIg. 7 becomes

~ J WCm#2 [
~ 

— 2~/ — 

64(;:~2] 
(95)

Wf2Cm ~
2

~~ 
+ 

‘ 
(96)

if the last term of Eq. (95) is neglected. Equation (96) can be written in an equivalent
parallel representation shown in Fig. 10. FIgure 10 is the lumped form which is desired .
Branch 4 in Fig. 7 becomes

i — 2 J~~~~— ~2

(97)

— 
I I 

+ 
iw (98)

1w- ~~~~~~~~~~~~~~~~~~~ (iew,~~~ ~~~~

Equation (98) can be represented by Fig. 11. Bran ch 5 in Fig. 7 becomes

.. (99)

-
~~

+
~~
( 

~ 
~~~~~

. 

(100)

Cm#
2

Ft 5. 10 — Approximate
equivalent circuit of the

a— a mechanical compliance
in the presence of small
eddy currents
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F1~. 11 — App~ozimat. eq uivalent circuit
ot the mechanic.I msu in the ,*esence of
unall eddy currents

Equation (100) can be represented by Fig. 12. Branches 6 and 7 are represented similarly .The resulting lumped equivalent circuit of a magneto atr ictive toroid (with a circular-cross-section core) in the presence of eddy currents (f/f e’ ~ 2) is shown in Fig. 13. Figure 13 hasnine nodes and 15 bran ches compar ed with three nod es and seven br anches for the equiva-lent circuit without eddy currents . Figure 13 is in electrical units. The efficiency of a trans-ducer described by Fig. 13 is obtained by analyzing the circuit with an ac-networ k routine.The power dissipat ed in the resistances of Fig. 13 is

2

(101) —

where e is the branc h voltage and R is the branch resistance. The power dissipated by eddycurrents is that dissipated in branch es 3, 4, 7, and 14. The power dissipat ed in the negativ eresistances of branches 7 and 14 must be interpreted as negative power in order to obtaincorrect results. The mechanical dissipation occurs in bran ch 9, and the acoustical dissipa-tion occurs in branch 11. The efficiency is given by Eq. (84). As eddy currents becomesmall , f~’ approaches infin ity , which means that the elements of Fig. 13 appro ach those ofthe equivalent circuit withou t eddy currents. r
The transm itting current response is calculated from Eq. (85) using the power dis.sipated in branch 11 for a 1-ampere curr ent generator . The electri cal impedance is calculatedfrom the quoti ent of the complex voltage at node 1 and the value of the current generator.The transmitting voltage response is computed from the power dissipated in branc h 11 andthe driving voltage at node 1.

An equival ent circuit similar to Fig. 13 can be derived for a magnetostrictive toroidwith a core composed of thin sheets in the presence of small eddy currents. In the case ofa thin-sheet core the eddy curr ent factor x becomes

X XR — I X , (102)

(103)

where f’ Is given by Eq. (82). Apply ing Eq. (103) to FIg. 7 yields the desired equivalentcircuit &1g. 14).
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‘ • Pig. 12— Approximate equivalent
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PIg. 13 — The equivalent circuit of a magnetostrictive toroid with a circular-cross-section
core in the presence of small eddy currents
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Fig. 14 — The equivalent circuit of a m~~netostrktI,e toroid wIth s core composed of
~~~~~ thin sheets in th , presence of small eddy currents
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Results and Discussion of Equivalent Circuits

Figure 15 shows the electroacoustic efficiency in decibels versus normalized frequency
and f/f’ for a toroid with a circular cross section. ThiS figure was generated from FIgs. 13
and 9 for the small-eddy-current approximation and the exact eddy-current theory reepec-
tively. Below -1 the exact and approx imate theory are in excellent agreement. The
difference between the exact and approx imate theory does not reach 1 dB until f/f~,’ - 2.3.
The point of maximum efficiency need not occur at the point of maximum power output

J f/4 1, since here maximum efficiency occurs It t/fr — 1.3.
Figure 16 shows the electroacoustic efficiency in decibels versus normalized frequency

and f/f’ for a torold with a core composed of thin sheets. This graph was generated from
Fig.. 1~~~ and 9 for the small-eddy.current approximation and the exact eddy-current theory
respectively. The agreement between the exact and approximate theories is not as good here
as in Fig. 15 There is a 1-dB difference at f/f ’ — 0.75 and 1.7.dB difference at f/fe’ 1.0.
Therefore the use of Fig. 14 for efficiency calculations should be limited to ratios off to

below unity. The predictions of Figs. 13 and 14 yield a greater value of efficiency than
would be measured.

0

- 5 —

IO Iog(EFFY ’° —

(dO re
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-25
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Fig. 15—fl. .l.ctroacou.tic sfficiency of a magneto.trIctiv. toroid
with a circular cvo section
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Fig. 16 — The electroacou stlc efficiency of a magnetoatr ictlve toroid
wIth a core composed of thin sheets

Figure 17 shows the electrical impedance versus frequency for a magnetostr ictive
toroid with a circular cross section. This figure was generated from Figs. 13 and 9 for the
small-eddy-current approximation and the exact eddy-current theory respectively. The
approximate and exact theories show good agreement over the frequency range covered.
The approximate equivalent circuit of Fig. 13 should give useful impedance information
up to f’fL,’ 2. Figure 14 can be used to yield similar results for a thin-sheet core, although
it is limited to f/f ,’ s~ 1. A practic al , highly efficient magnetostr ictive transducer is designed
so that f/(’r~ 2 over its operating bandwidth. Therefore the approximate equivalent circui ts
of Figs. i~~l and 14 are quite usefu l from a practical point of view.

Figure 18 shows the transmitting current response for a theoretical magnetostrictive
toroid with a circular-cross-section core. This figure compares the small-eddy-current
approximation , the exact eddy-current theory, and the equivalent circuit without eddy cur-
rents. The equivalent circuit withou t eddy currents and the small-eddy -cur rent approx ima.
tion show little difference over the frequency range considered . Below f/f ’ - 2 the re is less
than 1-d B difference between the no-eddy-current results and the exact eddy-curren t
theory . Therefore , to calculate the transmitting current respons e at frequency ratios below
f/ta 2, one need use only the equivalent circuit without eddy current lou or the small-

• edáy.current approxim ation , since there is little difference between them. Above f/f; — 2

one should use the exact eddy-current theo ry.
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Fig. 17—The stectrical lmpedsnc. versus frequency for a magnetostrictive

totoid with a circular cross section
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FIg. 18 — Tranamitting current response (TCR) for a magn.toatrlctive toroid

with a circular cross section

Figure 19 shows the free-field voltage sensitivity for the same magnetostrictive trans-
ducer as Fiq. 18. Again this figure shows that below ffl ~,’ 2 one need use onLy the equiva.
lent circuit without eddy currents or the small-eddy-current approximat ion to calculate
the FFVS. Above f/f4~’ - 2 one needs to use the exact eddy-current theory to obta in good
results.

Figure 20 shows the transmitting voltage response versu s frequency for the same mag.
netostrictive torold as FIgs. 18 and 19. The equivalent circuit without eddy cur rent loss
(FIg. 6) is only 1 dB above the exact eddy-current theory at f’l’ — 3. Thus f/fe’ — ~ is the
dividing line between using the exact eddy-current theory and tS~e equivalent circuit without
eddy cur rent Loss. In this case the small-eddy-current approximation is not quite as good as
the ~ sults obtained from the equivalent circu it without eddy currents.
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The Effect of Magnetomedianlcs) Coupling on Eddy Current Loss

Figure 21 shows the equivalent circuit , in electrical units, of an unloaded magnetostric..
tive toroid in the presence of eddy currents. This section will show how inagnetoelastic
effects alter the amount of power dissipated by eddy current s.

If one calculates the power dissipated by eddy curren ts in branches 2, 3, and 4 (no
eddy current power being dissipated in branch 5 , only mechanical power), the following
equation results:

2xRk~s — 3
— I w L 0~, 1 + ~~~~~ - (104)

{(1

_ .~~
4)2

+ . .~~~~~~
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Fig. 21 — The equivalent circuit, in elsctrlcal units, of
an unloaded magnetostrictive torold In the presence of
eddy currents

where

and 

- c~~ç 
(105)

- - (106)

The frequencies w~ and c~~ are the resonance frequency and a damping frequency respec-
tively. Equation (106) implIes that as the mechanical damping R,,, approaches zero, the
damping frequency approaches infinity. The result of using the small-eddy-current approx-

t lmat ions of Eq. (94) in Eq. (104) is

4

I2w2L 
I2c~.~

2Lo2kI, — j2 
~~~ L02k~3

“eddy (Ci)) 

16~u1; 
+ 

lor f:(1 — k~~~S
)
{(1 

— + 

~4} 
(107)

EquatIon (107) is plotted in Fig. 22 for L — 6.45 H , f, 
- 1000 Hz k33 - 0,45,

— (2s)100 Hz, and Wd (2ir)389 Hz. 3 Jo  shown in Fig. 23 Is the eddy current loss for
a nonm~~netostrictlve toroid (k~~ — 0) that has a permeability equal to p~~ (the free
permeability). When Ci~ <<~~0, the two curves conver ge. This can be seen from Eq. (107)
by letting~ i<< w0:

+ k 2 )
— 

33 
. (108)

i n ss,1~~~~~1.2£U~~j~~~~.L 153$
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Let
IJ~Lr - free inductance - (109)

1 — k 33

and

— 
~
‘
~r 

— k 3) — free characterist ic frequency . (110)
T M 33

Thus Eq. (108) becomes

12 r 2L (1 — k4 ) I2w2L
~.dd, (”~ 

- 1’ 33 ~ 2’ (111)
161rf ~

’ 16irf ~
’

Equation (111) is the same as the expression for the eddy current loss of a nonmagnetostric-
tire torold with permeability p~~ for f< !~

‘. Equation (111) means that at frequencies far
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below resonance (where the motional impedance is small) the power lost in eddy current s of
a maçietostrictive toroid is the same as in a nonmagnetostrictive toroid with permeability

= p33 .  When ~ = ~~~ Eq. (107 ) becomes

12
~J2L

t eddy (w 0 ) = 

16ir~;
0 (112)

Equation (112) is the same as the expression for the loss of a nonmagnetostrictive toroid
with permeability p 4~ at w w~ and f < f - When Ci) >> 

~~
. Eq. (107 ) becomes

j2 2, ‘1 — k 2 ~2 j2 2L
~ ‘-‘T’ 33 ’ W 0 (113)

‘~eddy ~~~ = 
16irf ~’ 

= 161lf~ 
‘

which is the same as Eq. (112) except that c~ has replaced c~~. Equation (113) means that
far above resonance the = 0.45 curve of Fig. 22 is less than the k 33 = 0 curve by a factor
of (1 — k~ 3 ) 2 .

The most interesting phenomenon shown in Fig . 22 is the 10-d B drop below the k 33 =0
curve in the eddy current loss at f/f0 = 1.11, just past the resonance frequency . Savage and
Abbundi [10~ have observed this effect experimentally. This present theory explains that
effect . Physically this drop in the eddy current power d issipated means that the skin depth
of the magnetostnctive material increases over a narrow frequency range just above the reso-
nance frequency. It has been found that the depth of the minimum at f/f0 = lii is con-
trolled by both the dam ping frequency ‘d and the couplin g coefficient k 33. The damping
freq uency is related to the mechanical resistance Rm via Eq. (106). A small mechanical
damping (large ~~~~~~) 

leads to a great drop in the eddy current loss just past w,~. A large
mechanical damping (small Wd ) leads to a shallow drop in the eddy current power above
resonance. The occurance of such a drop in eddy current loss could lead to a dramatic rise
in the efficiency of a transducer that has a large portion of its loss in eddy cur rent ohmic
loss.

Figure 23 shows the eddy current power dissipated as a function of frequency for
L0 = 7.36 H , f~ 

= 1000 Hz , k33 0.3 , ~~ = (2ir)1 00 Hz , and Wd (2w)875 Hz. The
reduced coupling coefficient moves both the maximum and the minimum closer to f

~
.

The maximum and minimum occur at 0.95 f0 and 1.055 f0 respectively. The difference
between the curves above resonance is less than tha t in Fig . 22. This is expected in light of

— Eq. (113).

Extension of the Small-Eddy-Current Approximations to
Additional Equivalent Circuits

The only equivalent circuit discussed so far has been that of a magnetostrictive toroid.
The small-eddy-curren t approximations presented in Figs. 13 and 14 apply to any magneto-
strictive device with an active core that is circular in cross section or composed of a stack of
thin sheets. Figure 24 shows an example in Which the approximations of Fig. 13 have been

t
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In the presence of small eddy currents near Its quarter-wave resonance
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applied to the equivalent circuit of a thin magnetostrict ive rod of circular cross section with
one end clamped. Branches 1 through 4 are the blocked impedance . Branches 5 throu gh 9
are Mason’s approximations to the mechanical admittance with the approximations of
Fig. 13 applied . Branches 10 and 11 are the reciprocal of the mechanical resistance with the
small-eddy-current approximation applied . In Fig. 24 the constants are given by

N2A43
Q , (114)

Nd33A
(115)

8~3 2

43Q
Cm ‘

~~~~~~~ 
(116)

Mm = DAQ, (117)

- 
- and

w M
R m = 

2am
’ (118)

where £ is the length of the rod , A is its cross-sectional area, and D is its density, all in SI
units. Several restrict ions apply to Fig. 24:

• One end of the rod is rigidly clamped , and the other end is free to move;

• The frequency is near the quarter-wave resonance of the rod ;

• The rod is long and thin , so that any demagnetizing effects are small, or equivalently
a well-laminated low-reluctance magnetic return path is provided ;

• The frequency range of interest is less than or equal to twice the clamped characteristic
freq uency (f ).

SUMMARY AND CONCLUSIONS ;- -

The equivalent circuit of a magnetostrictive transducer in the presen ce of eddy currents
has been derived using an exact eddy-current theory . The exact eddy -current theory can be - -

t ime consuming to use but can be reduced to an approximate theory which is simple and
- ‘curate for frequency ranges of practical interest. The approximate eddy-current theory is
..seful in predicting the efficiency, the impedance, the transmitting responses, and the re-
ceiving response in a range of frequencies near the clamped characteristic frequency fe
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frequencies greater than twice the characteristic frequency the exact eddy-current theory
will yield accurate results. The approximate eddy-current theory should have immedi ate
application by transducer designers work ing with magnetost rictive transducers.

It was found that the eddy current theory predicted a sharp drop In the eddy-current
loss in * narrow frequency range just past resonance. This effect was experimentally
observed by Savage and Abbundi 110) .
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