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Abstract
Covariance Sequence Approximation with Applications

to Spectrum Analysis and Digital Filter Design

Modeling and estimation procedures for covariance sequence and

spectrum approximation are developed in this thesis. The covariance
sequence is modeled as a complex linear combination of damped complex
exponentials. This model arises naturally as the representation for
the covariance sequence associated with a strictly proper ARMA(M,N)

system driven by white noise. Related to this seemingly natural covar-

iance model is a synthesis procedure for a subclass of wide sense
stationary ARMA(M,N) processes. The resulting spectral representation E;
for the covariance sequence is a positive real linear combination of |
damped complex exponentials, a generalization of the standard represen-
tation in terms of stochastic almost periodic functions. The importance
of the generalized structure lies in the more efficient representation
of a large class of wide sense stationary processes. For this
parametric approach estimation techniques are developed that lie in
philosophy somewhere between the nonlinear least squares approach and
the tractable modified least squares procedure. The resulting parameter
estimation equations are linear, except for a single polynomial root-

finding problem that must be solved.

Parametric spectra are efficiently approximated for a large class
of processes using the covariance sequence approximant. The generality
of the approximant does not force the sequence to be non-negative
definite, so that the corresponding "spectrum" estimate can be negative
at some frequencies. The same generality of the model permits an

accurate representation of sequences that are not non-negative definite.

; 114




Recursive digital filter design based on second order statistical
information is achieved by covariance sequence approximation. The
stochastic minimal realization problem encountered in covariance
invariant recursive digital filter design forms a special case, and
results in stable ARMA(M,M-1) filters with real coefficients. For a
general desired spectrum the resulting filter is stable and of ARMA(2M,
2M-2) type with real coefficients. The latter design is efficiently
achieved by approximating the covariance sequence associated with the
square root of the desired spectrum. The phase characteristic associated
with these designs can be manipulated to some extent to achieve linear

phase, phase equalization, or filter invertibility properties.
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1 INTRODUCTION

The theory of parametric statistical inference is concerned with
the identification of parametric models from random data. When the data
arises in the form of a time series, then the basic problem is to identi-
fy a parametric model for the underlying stochastic process. If the
underlying process is normal, then the covariance sequence provides a
complete statistical characterization of the process. Furthermore, the
covariance sequence for a process lies in one-to-one correspondence with
the power spectral density and summarizes all the information required
to realize (or approximate) a minimum mean-squared error (MMSE) filter
for the process. If the power spectral density happens to be ratiomal,
then the MMSE filter is of Wiener/Kalman variety.

.All of this suggests that one might profitably describe a time
series by identifyiﬁg a parametric model for its covariance sequence.
In this\thesis we develop techniques for identifying parameters in the

following parametric model of the covariance sequence:

k|

Rk = i Ai Py 1.1

This model is a useful one because it includes the covariance sequences
of the following processes as special cases: (1) autoregressive moving
average (ARMA), (ii) random amplitude, random phase sinusoid, (iii) white
noise, and (iv) linear coﬁbinations of (1) - (111). Furthermore, the
model reduces under special circumstances to the model implicit in DFT
analysis of random data and in Pisarenko's decomposition of a covariance

sequence.




Once the parameters {Ai}’ {pi} of (1.1) have been determined, it is
a simple matter to find the corresponding parametfic spectral density
estimate. Applying the covariance sequence model of (1.1) to the co-
variance sequence associated with the square root of a desired spectral
density, one may desigr recursive digital filters with a magnitude
squared frequency response that approximates-the desired spectral
deﬁsity.

In Chapter 2 spectral representations are given for stochastic
processes and covariance functions. The relations between the proposed
covariance sequence approximant and the DFT and Pisarenko decomposition
are explored. A generalized stochastic process synthesis equation is
developed for a subset of those processes whose covariance sequences are
positive real linear combinations of complex exponentials.

In Chapter 3 we develop a modified least squares fit of the co-
variance sequence approximant of (1.1) to a given covariance sequence.

A decoupling of the minimization problem for the complex exponential=s
and the complex weights of the linear combination results. An efficient
recursive procedure is outlined for the determination of a minimum phase
covariance sequence predictor polynomial.

In Chapter 4 the parametric spectral estimate is derived that is
associated with the covariance sequence approximant of this thesis. We
show that harmonic processes in white noise can be represented as a uni-
form limit of this spectral estimate. The covariance sequence approxi-
mant is then applied to finite, known covariance sequences as well as
finite, estimated covariance sequences for harmonic processes in noise.
As a test of the robustness of the covariance sequence approximant we

apply it to a Gaussian covariance sequence.




By Parseval's theorem we can interpret covariance sequence approxi-
mation as spectral density approximation, so that covariance sequence
approximation seems the natural approach to designing recursive digital
filters from magnitude squared frequency responses. An efficient design
procedure is developed in Chapter 5. Design examples are given for some
representative lowpass filter designs of ARMA(2M,2M”) type. Important
features are the stability of the filter and the efficiency of the de-
sign algorithm.

In Chapter 6 conclusions are advanced and recommendations for ex-

tensions are proposed.




2 SPECTRAL REPRESENTATIONS FOR STOCHASTIC PROCESSES

i AND COVARIANCE FUNCTIONS

An introductory exposition is given in Section 2.1 for general

spectral representations of wide sense stationary stochastic processes

T R Y ST T Y

and their correspouding covariance functions [K], [Y], [F], [BR].

In the following section the spectral representation for the co-

Coaur Lo

variance function of a linear filter driven by white noise is treated.
The main result of this section is that for strictly proper ARMA(M,N)
systems the spectral representation for the covariance function can
always be written as a complex linear combination of complex damped
exponentials.

Section 2.3 gives the spectral representation for the stochastic

process and a stochastic process synthesis equation for the spectral
analysis procedure based on the Discrete Fourier Transform.

The spectral representation for the stochastic process and the
corresponding stochastic process synthesis equation underlying the
Pisarenko decomposition spectral analysis procedure are treated in

Section 2.4.

The final section of this chapter extends the synthesis structure
of Sections 2.3 and 2.4 to allow the generation of wide sense stationary
processes for which the covariance function is represented by a positive

real linear combination of complex damped exponentials. The latter is 5

[ ——————————

14 important since it provides a finite parameter representation for a

large class of wide sense stationary stochastic processes.

2.1 Spectral Representations for Weakly Stationary Processes
A weakly stationary or wide sense stationary process {X(t),teR} é

t satisfies the following moment conditions: ;




By Parseval's theorem we can interpret covariance sequence approxi-
mation as spectral density approximation, so that covariance sequence
approximation seems the natural approach to designing recursive digital
filters from magnitude squared frequency responses. An efficient design
procedure is developed in Chapter 5. Design examples are given for some
representative lowpass filter designs of ARMA(2M,2M”) type. Important
features are the stability of the filter and the efficiency of the de-
sign algorithm.

In Chapter 6 conclusions are advanced and recommendations for ex-

tensions are proposed.
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EX(t) =EX(0) =m ; =< t<w 2.1a
and

E X(t+1)X(t) = E X(1)X(0) = cx('r) 2.1b
We will now state the spectral representation theorem for wide sense
stationary processes.

Spectral Representation Theorem:

Let {X(t), teR}, be a real-valued weakly stationary process with
E X(t) = 0 and covariance function Cx('r) =E x(t+'r)x(t)b. We further
assume that Cx('r) is continuous at t=0, in which case Cx(-r) is continu-
ous for all t. On the basis of these assumptions there exists a complex-
valued random set function Z(A), called the random spectral measure of

the process, such that the process has the spectral representation

X(t) = [ Pt z(@n) 2.2

00

Here the integral is a Riemann-Stieltjes integral and the sense of the
equality is that the Riemann~Stieltjes sum converges as a limit in the
mean to X(t).
The random spectral measure has the following properties

Z(=A) = Z*(A) 2.3
which is a consequence of assuming X(t) to be real-valued. It follows
that

E Z(A) =0 2.4
since E X(t) =0. If F(A) is defined by F(A) = E|Z(A) |2, then F(A) is
a measure called spectral distribution and the following relationship
is valid:

E Z(A)Z*(B) = F(AnB) 2.5

Note that if A and B are disjoint, E Z(A)Z*(B) = 0, which says

: _K;,..._J'




that the random variables Z(A) and Z(B) are uncorrelated (or orthogonal).
The latter two expressions can be put in the following operationally con-

venient form:

Px(dl) if y =)
E Z(dA)Z*(du) = 2.6
0 if uw ¢ 2

where Fx(dA) = F((-»,A+dA]) - F((-~,A]). That is dp and dA are thought
of as being increments about y and A such that if p # A, they are dis-
joint. For the covariance function of the real-valued wide sense

stationary, zero mean process we then derive the spectral representation

as follows:

Cx(t) E X(t+1)X(t) =

= B [ 20 [ I zeau*

=00

=E [ [P ~uty )7k (an)

= [ [ MWD 5 a)zx(an)

[ ]
[ eTr (an) 2.7

This result is known as the Bochner-Khintchine theorem.

Discrete time parameter, weakly stationary stochastic processes
have a spectral theory which exactly parallels that given for continuous
time processes. Let {X(k), k=0,tl,...} denote a weakly stationary
process with discrete time parameter. Then the spectral representation
of X(k) is

L

I eikk

-

X(k) = Z(dr) ;3 k=0,t1,... 2.8
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The spectral distribution function is given in terms of the spectral
distribution F(A) by
Fx(l) = F((-m,1]) ‘ 2.9
The covariance sequence has the spectral representation
Cy(k) = E X(HOX()
w

! eiAk

-n

Fx(dx) 2.10

Note that the only real difference betwegn continuous and discrete
time parameter stochastic procéss representations is the interval of
integration. With the Lebesgue decomposition of FX(A) we can give a
more intuitive meaning to the spectral distribution function by express-
ing it as the sum of a discrete and a continuous component [C]:

F(a) = Fi(a) + F°a) 2.11
The continuous component can be further decomposed

F(a) = F*°(a) + F°¢(a) 2.12
In the sequel we will neglect values on an w set of probability zero
[D], and leave the singular coﬁtinuous component of Fc(A) out of con-
sideration. The discrete spectral distribution Fd(A) is characterized
by the spectral function {px(xj)} indicating the spectral mass concen-

trated at frequency ).:

h|
rFla) = = Px(ly 2.13
JeAeA
J
The continuous component Fc(A) is determined by the derivative of the

spectral distribution function, fx(l) = é%-rc(x), where fx(A) is called

the spectral density function. Whenever the covariance function Cx(t)
is absolutely integrable or summable there is corresponding to it a

continuous spectral density function fx(A) [D].
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In case the spectrum contains both discrete and continuous compo-
rents the spectral mass or power in a set of frequencies A is:

F(A) = I px(xj) + { £, (A)dA 2.14

3:AjeA

For this mixed spectrum the following covariance function spectral

representation is valid:
ikjt
Cx(r) = i e px(xj) +fe

i

A similar decomposition of the random spectral measure exists

Bt £, () 2.15

Z(A) = Zd(A) + zc(A) 2.16
with

E zd(A)z:(n) =0 VA,B
Defining F(A) as before this leads precisely to the Lebesgue decomposi-
tion. Related to the Lebesgue decomposition is the following theorem
due to Wold.

Wold Decomposition Theorem:

Let {X(t), t=0,%1,...}, be a zero-mean, weakly stationary
stochastic process. Then X(t) can be expressed as the sum of two zero-
mean, weakly stationary processes,

X(t) = U(t) + v(t) 2.17
such that
1) the process U(t) is uncorrelated with the process V(t);
ii) U(t) has a one-sided moving average representation

U(E) = I & E(t-k) with ag=l and T &l < ; E(t) is vhite;

k=0 0
1ii) the V(t) process is completely determined by linear functions

of its past values.

The process V(t) is said to be deterministic and the process U(t) is




said to be nondeterministic. The spectral distribution of X(t) can be
evaluated in terms of the spectral distributions of U(t) and V(t).
With (2.17) and property 1):

Fx(dx) = FU(dA) + FV(dA) ; 2,18
The process U(t) has continuous spectral distribution due to property
i1) above and therefore (2.18) is actually the Lebesgue decomposition
of Fx(-). In all cases of practical interest then, the deterministic

component is simply a stochastic almost periodic function:

n it
el w B Boed i et cw 2.19
j=-n 3

where AO’ Atl""’xtn are fixed frequencies and the Zj are complex
random variables. For V(t) to be real-valued and weakly stationary,

we need the following properties:

A_j = Aj j=0,%1,...,*n 2.20a
z - z; 3=0,%1,...,tn 2.20b
DA x = i

i ijk 0 for j #k 2.20c

The latter results in the following spectral representation for the

covariance function of a stochastic almost periodic function

n 2 1Ajt
Cy(t) = = EIZjI e 2,21
j=-n
Using the properties (2.20a) and (2.20b) this can be written as
. al
cv(r) = T 20, cos)\,T 2.22
Yo Y o
¢j(m)
where Zj(m) = rj(m)e in (2.19). This means that V(t) is a linear
combination of sinusoids with random amplitudes tj(m) ! (0,0?) and

frequencies AJ, each with a random phase term ¢j(m) : U[0,2n], where




T

10

E ()7, ) = oi §(3-4)
E "j(“’”z(“’) =0 ¥ jf2
E rj(m)¢z(w) =0 ¥ j,2 2.23
By virtue of the Wold decomposition theorem and the stochastic almost
periodic function of (2.19) we can now consider the problem of
analyzing sinusoids in noise via the spectral representation of
weakly stationary stochastic processes.
2.2 Spectral Representation for Covariance Functions and Linear
Operations
In this section we examine the effects of a linear filter on the
spectral density function of a so-called white noise input. A white
noise sequence is a sequence of uncorrelated, zero-mean random variables
with common variance 02. This sequence is a weakly stationary process
with covariance function

17 xet
C(k) = o26(k) ; 6(k) = 2.24
0 k0

Since obviously {C(k)}ell, there exists a continuous spectral density

function, so that with (2.10)

} JER

-

C(k) = £(x)dA 2.25

If {C(k)}elz, as in most applications, then the numbers C(k)/2n are
the Fourier coefficients of the Fourier series expansion of the

function f()A) periodically extended:

L
() =5 1 e e 2.26

T~

S
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Equations (2.25) and (2.26) are the discrete time version of the
Wiener-Khintchine relations. For the above defined white noise sequence,
this readily yields

£QA) = o2/21 [A] <= 2,27
Similarly we can define a generalized weakly stationary process in the
continuous time case by its covariance function

c(r) = o28(1) : 2.28
This function is not continuous at t=0, but has a continuous spéctrum
and spectral density

£EQ) =o?/2m ; w<A<w 2.29
Denote the output Y(t) of the linear filter with transfer function
H()A) excited with input X(t) in the following operator notation

Y(t) = L{X(t)} 2.30
The actioﬁ of a linear filter on X(t) is completely determined by

what it does to the complex exponential function e1

At for all A, which
is determined by the transfer function H(A) of the filter. With the
spectral representation theorem for X(t), we can therefore write

Y(t) = L{X(t)}

= [ PF a0 z(an) 2.31
The latter represents the output of the linear filter as a weakly
stationary stochastic process with spectral measure
ZY(dA) = H(}) Zx(dk) 2.32
Thus

2
Fy(d\) = E IZY(dA)I

= [H) % Fy(an) _ 2.33

which indicates the following relations between the spectral functions
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and spectral density functions at the input and output of the linear
filter:
Py = B |? p (1) 2.34a
£,Q0) = IH(A)IZ £,00) 2.34b
Let us now investigate the covariance sequence structure for some
well known processes, resulting from white noise (0.02) driven AR, MA

and ARMA systems respectively.

Assume given a stable AR system with transfer function

1
H,(2) = 2.35a
AR -1 -M
1+alz +o . .W

1
K(z_)- 2.35b
-5 1 2.35¢

-1
oI (1-p 12 )
i=1

with real coefficients a, and Ipi| < 1 (stability requirement). The

spectral density function for the output then satisfies (2.34b) and
(2.27):

2
£,,0) = —% 2.36a
AR 20 I A (eil) |2
02
- % 2.36b
2r I (1-p 1e-n) (1-p ieﬂ)
i=]1

The spectral representation for the output covariance sequence (2.25)

is

C“(k) ".2 12k fn(x)dx =

k-1 M
- !é;'f q - dz 2.37

121 (:-pi)(l-riz)
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where I' 1s a counter clockwise contour lying in the region of absolute
convergence of the integral. With the residue theorem we then find
for nonnegative lags, and the assumption of simple poles:

CAR(k) = 02 I residues inside T

= (z-pz)ozzkm—l
= I lim m 2.38

1P 1 ) py2)

i=1
2 M-1

M oP, k
= 3 m P 2.39

=1, 2 “ .

(1-py) 121 (py-p,) (1-p,p,)
#L

For negative lags use the definition Cn(-k) = Cn(k).

Assume given a moving average system with real coefficients bi

and with transfer function

By, (2) = 1+b1z'1 + bzz-z +oot b2 2.40a
= B(z) R 2.40b
N 1 ;
= I (1-q,z ) 2.40c
- S

When the above MA system is driven by a white noise sequence (0,02),

the output spectral density is given by

2
o] iry 2
£ =57 [B(e™)| 2.41a
2 N N
~& 5 bty b, R 2.41b
1=0 §=0

Consequently the spectral representation for the corresponding covariance

sequence is




omm—
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T ik
Cu®) = [e s (M) 2.42a
-7
2 N N
b A IR VORI SR I 2.42b
T 1=0 j=0 3
Lo N
_g g p1E oz bt g b2l az 2.42¢
273 * 1=0 §=0

Using again the residue theorem this leads to the familiar pattern

oz(res at z=0) 0 <k <N

Cyp (&) = 2.43
0 k>N+1

For lags 0 < k < N the pole at z=0 is of order n = N+1-k and the
corresponding CMA(k) is found according to

N N

{3 bizn-i T sz}

i
2 i=0 =0
(k) = ¢° 1lim
CMA z+0 (n-1)! dzn-l

dn-l

2.44a

Fis .
=¢" & b b 2.44b
teg 1 1

Again use CMA(-k) = cHA(k) to define the covariance sequence for

negative lags.

Assume given a stable autoregressive moving average ARMA(M,N)

system with real numerator and denominator coefficients {bj}g and

{aj}T respectively, and simple poles. The transfer function can be

written:

-1 -N
4,27 4. . 4z

H (z) = 2.45a
ARMA (M, N) 1+.1z'1+. : .+a“z_“

= -AB-(% 2.45b
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N
n (l-qu 1)
- oL AR 2.45¢
-1
n (l-piz )
i=1

Driven by a white noise sequence (0,02) the resulting output spectral

density is given by

fammaqu,my M =

2 i

52’; I—(—B en)IZ 2.46a
A(e)
N

, T (-qe ™ -qet

g .tl j j

= i-; 5 2.46b

I G Ayt

The spectral representation for the corresponding covariance sequenée

yields

f

cARHA(H,ﬁ) (k) = ARMA (M, N) (A) dx 2.47a

™
l eilk
-
u.
S P s i By
= fﬁ g z = dz 2.47b

n (z-p,)(1-p,2)
{=1 i i

For k > 0 we derive via the residues for poles inside T':

N
k-1+M-N
M z El(z-qj) (1-q j2)

Chmngr® =00 T Un (ep)

=1 =P, n (z-p 1) (1-p iz)
i=]1

n-1l, n
+ o 1umd (21} ..

= 2.48
240 (n-1)! dz®1

where T(z) in the integrand in (2.47b) and n=N-M+l-k relates to a pole

at z=0 of order n. The indicator function I(n) is zero except when n>0.
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Therefore,
N
.. O “‘111_11 (2g-a,) (1-q,p,)
Cammace,m® = T , M Py
(l-pz) 1111 (pg-py) (l-pipz) ,
#2 }
N
I (z-q,)(1-q,2z) ‘
geaiek - e Gl 3
+ 1lim % I(n) 2.49
z+0 (n-1)!dz"
inl (Z‘Pi) (1"Piz)

The covariance sequence symmetry property again defines the covariance

sequence for negative lags. From the above results we deduce that the :
covariance sequence for an ARMA(M,N) process with simple poles can be

represented in the form of a complex linear combination of complex

exponentials whenever the numerator order N is at most one less than

the denominator order M, which we will denote M in the sequel. For

these so-called strictly proper rational transfer functions the follow-

ing covariance sequence model is valid:

Ik
l y
z Az Py s Vk 2.50

=1

Cara ) =

Because the coefficients {ai}g and {bi}g are real, we have the property
that {Az,pz}f are either real or occur in complex conjugate pairs.

At this point we note that in particular the covariance sequence
expressions (2.39) and (2.49) were derived to show when expression
(2.50) would be valid. If one desifes to compute numerically the
covariance sequence for a general ARMA(M,N) system driven by white
noise, it is much more convenient to solve the linear set of general-

ized normal equations of order M, extend the resulting sequence to
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order max(M,N) and subsequently use the autoregressive recursion of
the denominator to compute as many of the positive going lags as desired.
This approach is discussed in [DBE].
2.3 The DFT and its Synthesis Process Spectral Representation

Assume we have the following partial sequence realization x(0),
x(1),...,x(N-1). For the periodic extension of this partial realiza-

tion write the Fourier series expansion as follows

. N-1 1A k
X(A) = £ x(k)e 2.51a
T k=0
where
1 N-1 -iknk
x(k) == I X(A) e 2.51b
N n
n=0
with
i ”
An N 0 <mn<N-1

These relations constitute the Discrete Fourier Transform (DFT) pair,
which can be imrlemented very efficiently on a digital machine, due
to the symmetry properties of eiAnk and eiAN-nk. The algorithms
referred to are known as FFT algorithms. Recall that the spectral
representation for a stochastic almost periodic function was given
in (2.19):
n ir t
v(t) = X Zj e d ;] —®<t<w
j=-n
Due to the symmetry property of the {Aj} and the orthogonality property
of the {ZJ}, as in (2.20), we recognize that x(k) in (2.51b) is a
particular realization of the stochastic almost periodic process with
harmonically related frequencies AJ. The power at frequency A, is

i
reflected in E{IX(Aj)lulz}. For a particular partial realization of

s
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a process, the DFT therefore merely yields an estimate of the power at
the harmonically related frequencies Aj.
It is worthwhile to note that the covariance sequence corresponding
to the analysis modellunderlying the DFT is gepresented by a positive
real linear combination of harmonically related complex exponentials as
in (2.22). DFT spectral analysis or the periodogram is therefore
recognized as a special case of the model presented in (2.50).
2.4 Pisarenko Decomposition and its Synthesis Process Spectral
Representation
Let us assume a very practical situation where we have a stochastic
almost periodic process X(k) in additive noise N(k), that is orthcgonal

to the process X(k). The covariance sequence is now given by

Ck) = E{(X,,, + N, ) (x; + n:)}

= E{ *} +BX, N} +EN X} 4+ E(N, N

Xoriky o4y s+ e HMN
= Cx(k) + CN(k) 2.52
Cx(k) is given by (2.22) and CN(k) depends on the dynamic properties
of the noise generating process. For the particular case where the
assumption is made that N(k) represents a white noise process, the
above results in the model underlying the Pisarenko decomposition [P].
2 n

Cp(k) = oy 6(k) + jfo pj coaxjk 2.53
The Pisarenko decomposition is thus seen to decompose a finite covari-
ance sequence realization into a white noise component and a positive
real linear combination of complex exponentials which are not necessarily
harmonically related. If the underlying covariance sequence generator,

or the process, satisfies the assumed model, then the parameters in

(2.53) can be determined uniquely according to a theorem by Carathéodory

. i.,._-_—._.-—.m ' ——
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[GS]. The stochastic process synthesis equation can obviously be

written by inspection as follows:

n ik
X (ko) = T 2Z,(w)e 3 + Nk, - 2.54
P ju—n 3
with
Po j=0
Elz,|? = ; E|N|2 --oﬁ
3 py/2 340

Referring again to the model in (2.50), we note that a real pole P,

can approximate arbitrarily closely the whi;e'noise imposed §(k) when

the pole radius goes to zero. The model underlying the Pisarenko

decomposition then becomes a special case of the model presented in

(2.50) as well.

2.5 A Generalized Synthesis Equation for Wide Sense Stationary Processes
Now the interesting question arises as to whether the stochastic

process synthesis structures as indicated for periodogram analysis and

Pisarenko decomposition, can be extended so as to allow damped complex

exponentials in the spectral representation. Let us therefore investi- 3

gate the following stochastic process synthesis equations:

M j¢m(w) jkmk
X(k,w) = & o k(m)e e H xm = ZﬁfnT 2.55a
m=1 ’

Here the complex random variable Ve k(w) is orthogonal to the random
t ]

phase variable ¢m(m), and satisfies a first order autoregression [S]:

vm’k(m) = Bm “m,k—l(”) + Mo em,k 2.55b ]
We furthermore choose
. 1-|g, |2
Bleg k6,4 = 8 (m-2) 8 (k-1) 2.55¢

fu |
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Let us determine the covariance properties for v k(w), under the

assumption that v o(w) is orthogonal to ¢ 2,k for all 2,k:

E{v k+j(w)v k(“)} =

"y k-1 k-1,
= E{(B, “vp, o + K BoK €n k+j_n)(islll "m, (w) + k> sm umem’k_z)}
k-1 kehj-1
- k“ﬂ 2 *
B B, 0 @1 + T T R 17 ey g nep i)
k-1 khj-1
2k 22
=g [B v @V (@W}+ £ I e s lu | “o%6(n~3-2)
faltl W 2=0 n=0 .
jl IZkE{ * k4 k;]‘ jl IZEI l(l l |2
= BolBy Vm, 0 @)Vy o @) 2-08“ Bl Iugl (=18 1)
= 8ol 8l TEOY, g@Ivy q@)} + glul Q=181 e
m
= 8lugl + 818,17 [Bly, oV (@) = Jul1 2.56

Covariance sequence stationarity for “n k(m) is seen to be obtained
t ]
with

E{v (w)v o(w)} = Iu | 2.57
From (2.56) and wide sense stationarity of Vo k(m) we note:
]

E{v

* k+j(w)v:,k(m)} = qﬂlumlﬁ(m-z) 2.58

The autoregression of (2.55b) furthermore yields:

E{“m,z+k(“)“;,z(”)} b
k-1

- B85y, (w)v J@ + 1z gly

=0 m Ym m k-j+z m, L (m)}

= B: E{Vm,z(“)“:,z(”)}
lu| 2.59
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For the covariance sequence of process generator (2.55a) we finally

derive:
C(k) = E{X(!.-l-k,m)x*(z,w)}
M o (w) A (a4k) M -3¢, (w) -3r 2
=E{ILv e » ¢ * Zv, ,(we - ™ j}
ik m, 2+k ju1 i, 2
M R Nk
= IRy (v, @)
M Ak
E mfl IN“IB:e 5
M J(x +argg )k
k
- ;1 llele 2.60
I (W) Mk
With {\:III k(m)e e } real or in complex conjugate pairs the

process X(k,w) is real. Note from (2.60) that the linear weight
involved is positive real, and with the generator equations (2.55) we
can therefore synthesize a weakly stationary stochastic process in

the class of ARMA(M,N) processes, which exhibits covariance sequences
that are positive real linear combinations of damped complex exponen-
tials. This point may be clarified as follows. Consider an ARMA(M,M")
system with real coefficients and simple poles, so that its impulse

response may be written:

o k
h = I B,p ¥k>0 2.61
phoige Rt |

For the covariance function of the stable system we derive:
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C,= LI h, h

koo * [k
M M
) Bi I B z P::P;+Ik|
i=1 1 4=1 3 gm0
M M
=1 (8 3 B, =1 pj|k| 2.62a
3=1 i=1 PPy
1;1[|n|2 h Bi] k| 2.62b
= ==l p *
=1 1-Jp,|* 3 gm1 1PPy
#*
*
where #* denotes the exclusion of i such that Bi=Bj. Note that by
defining the term in square brackets of (2.62a) to equal A, the general

B
covariance sequence model of (2.50) for strictly proper ARMA(M,M )

systems has been derived in an alternative way. The important inter-
pretation of (2.62b) is that the second term in square brackets
represents interactions between the different modes of the ARMA(M,M )
system, resulting in a linear weight coefficient that is not necessarily
positive real. Thus these interactions may not be represented in the
synthesis model of (2.60). For a real process {Bmejxm} are either real
or occur in complex conjugate pairs, and (2.60) thereby represents a
positive real linear combination of nonnegative definite covariance
functions [Y], which implies that C(k) of (2.60) is nonnegative definite
(Wl. By the Herglotz theorem it is only for nonnegative definite
functions that the spectral representation of (2.10) exists [BU].

From (2.62b) we see that (2.60) does not represent the most general
linear combination of damped exponentials that represents a nonnegative

definite covariance function. A further generalization would be achieved

when Iumlin (2.60) were replaced by real or complex conjugate pairs of




linear weights such as indicated in (2.50) derived from strictly
proper ARMA(M,N) systems driven by white noise. The gain derived from
the more general representation of (2.50) is illustrated by the spectral
representation theorem for wide sense stationary processes as given by
Yaglom [Y]:

Given any wide sense stationary process &(t), any € > 0 and

any T > 0, there exist random variables gl,zz,...,ﬁn which

are uncorrelated in pairs (the number n depends on ¢ and T,

of course) gnd real numbers Al,xz,...,ln such that

n iAkt 2
E[&t) - = g e [€ <€ 2.63
k=1

for any t ¢[-T,T].

Every wide sense stationary stochastic process can be approximated
arbitrarily closely in mean square sense, by a stochastic almost
periodic function, but to achieve better accuracy, in general the
number of harmonic components has to be increased and the differences
A+l = A between neighboring frequencies has to be decreased.

For covariance sequences as derived above for strictly proper
ARMA(M,N) systems increased accuracy would indeed force n+= and Ak+1 -
Ak + 0 in (2.63). This would leave us with an infinite parameter
representation for a clearly finite parameter problem indicated by (2.50).
It is exactly in this finite parameter spectral representation that we
find a powerful tool for parametric spectrum analysis (Chapter 4) and
recursive digital filter design (Chapter 5).

2.6 Diagram for Generalized Stochastic Process Synthesis
Generation of the process X(k,w) of (2.55) may be achieved by the
implementation in Figure 2.1. The random variables can be considered

real and are orthogonal:
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Figure 2.1 Generalized stochastic process synthesis.
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o () 11 €n, k(@) 1l Vm,0 () 2.64
Their respective statistics are given by:
¢m(w) ~ U[0,27] 2.65a
|2
€n, k(@) - —I-—T-) 2.65b
V0@ = O, u. ] 2.65¢

The independent branches each generate a real process, or they
occur in independent complex conjugate pairs so that the pair generates
a real process. The sum of all the branches is then real. The param-

eter choices for the particular process synthesis equations are as

follows:

For DFT related process synthesis:

all Bn
A =2 . 0cmon-l 2.66
m N ° - - '

For Pisarenko decomposition related process synthesis:
g 1 ¥m#$0
lm not nessarily harmonically related
white noise branch for m = 0:
Xo = (0 1
00(0) =0
Bo = 0 (pole at z=0) f
vo’o(m) =0 \
Yo real 2.67
The generalized process synthesis is indicated in Figure 2.1. Note

that if {Am} are to indicate the constituent frequencies, {B-} should

be taken real in (2.60), which obviously does not form a restriction.
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3 A MODIFIED LEAST SQUARES PROBLEM AND ITS APPLICATION TO
COVARIANCE SEQUENCE APPROXIMATION

First we pose the general least squares problem for approximating
covariance sequences and discuss several ways to solve or avoid it.

In Section 3.2 the approach taken in this thesis is outlined.
First the complex exponentials for the proposed covariance sequence
model are found by minimizing the covariance sequence linear prediction
errors. Subsequently the corresponding linear combination weights are
determined in a general least squares fashion. This necessarily sub-
optimal approach leads to linear systems of equations and a polynomial
rootfinding problem to be solved. The somewhat ad hoc nature of this
approach precludes the derivation of a simple spectral error criterion.

A recursive solution to the covariance sequence predictor is
derived in Section 3.3 and its desirable properties are enumerated in
the final section.

3.1 General and Modified Least Squares Problems

For our covariance sequence model we choose the complex linear

combination of damped complex exponentials found in the previous \
chapter: '
M
Rk = I Aipilkl ¥k 3.1
i=1

Clearly, R_, = R , and as derived before {A;,p,} are either real or }
occur in complex conjugate pairs. There are several reasons one might \*
choose this model:

(1) Such a covariance sequence model arises naturally from a

strictly proper ARMA(M,N) prccess driven by a white sequence. E
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| (2) This model preserves second order statistical properties in

converting from continuous time to discrete time. A

strictly proper continuous time process described by an Mth

order differential equation, transforms under those preserva-
tion conditions to a discrete time system with M poles and at
most M-1 zeros [PS].

(3) For physically realizable systems it seems natural to repre-
sent the covariance sequence by a complex linear combination
of complex exponentials.

(4) The model corresponds to a generalized stochastic process

synthesis structure based on positive real linear combinations
of damped complex exponentials.
In fitting the model of (3.1) in a least squares sense to a given
symmetric sequence {Ck}, k=0, *1, +2,...,iL, a simultaneous minimiza-
tion with respect to Ai and Py has to be performed on the following

error criterion:

L }2
E= ¢ ({(C-
o Yl

L M
= 3 {Ck-}: Aipiik‘}z 3.2
k=-L i=1

Equating the partial derivatives of E to zero yields:

L M

IE Iely ||
aAj k==L k g=1 i1 b She ”
and
L M
3E k| k| -1
0=="== 1 {Cc-: Ap, "1, lk|p L) L R
apj k=-L ck i=1 11 A i v ;
3.3b
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The above equations are the discrete time versions of the Aigrain-
Williams equations [AW], with the distinction that they are derived
here for approximating the two-sided covariance sequence {Ck} instead
of a one-gsided causal impulse response sequence {h'k}' dote that equa-
tions (3.3a) are linear in {Ai};f. For any given set of poles {pi}llf
the corresponding linear combination weights {A 1}1: can be determined in
straightforward linear fashion by solving (3.3a):

L L-1 L - L L L Lo
pl pl no.l plo.Q pl rC—L pl oool pl ..,pl rplncopM .Al
e o T "L 2 B Peni ;
pM p" LR 1 pM ao.pM Pu...l pu ooopM AM
CO 1 1
SEr ST
-cLJ -pl...pMJ l
3.4
Dué to symmetry properties this system of equations can be reduced
considerably: 1
L pec - L [~ - 3
1 2p1 ...Zpl Co 1l pl ...Pl 1 o 1 .Al 2?
: A ]
. L] L . . . . L % o {
1 2pM...2pM 1 PM"'pM Y ) AM |
X L L
iy 3.5a
oy [ 2Py -+ 2Py |
Define \ .
Q.T = [co, cl, LR ’CL] :
"
A = [I\'. A').‘ .I\MI




T |
[
3.5b
and write (3.3a) as:
PlQqc=PqPaA 3.6
Then the sclution for the linear weights is
A=l o ¢ 3.7

which is recognized as a weighted least squares fit for covariance
lags k > 0. The weighting is entirely due to the two-sided approxima-
tion of a real symmetric sequence with an approximating, real svmmetric
sequence. The approximation for C0 turns up once, whereas the approxi-
mation for Ck, k > 0, turns up once again in the approximation of C_k,
resulting obviously in the weighting matrix Q above. The matrix P is
a Vandermonde matrix and with the assumption that all roots {pi}¥ are
distinct P is full rank [C]. With the given definition for Q the
determinant of PTQP differs from zero and a unique solution for A

results from (3.7) [ND].

The equations (3.3b) can be written in a similarly reduced form:

‘PTqc=-TqPra 3.8

Here the definitions for Q, C, P and A remain as before, and “P is

defined as
M
Pu § A 3.9
gsi; % 5
Thus

— .,,_,,i.___“wd- R—
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M M T
2Aj:P QC = EAng QP A 3.10
i=1 Py 3'1 '3

This expression is nonlinear in {pj}. In the very special case where
the sequence {Ck} has an exact representation of the form (3.1) the
solution obviously satisfies:

C=PA 3.11
In the following section we will show how this solution can be obtained
as a special case when the model exactly matches the desired covariance
sequence {Ck} over the entire interval of observation. The latter is
the case when Ck satisfies an ARMA(M,M™) model, or when the chosen
model order M is so large that an exact match of Ck is obtained over
the interval of approximation.

The nonlinear minimization problem outlined above generally
requires iterative solution methods, several of which have been
suggested. Based on geometric orthogonality concepts, an orthonormal
basis can be generated iteratively, and the projection theorem would
lead to the best approximation [MH]. Another iterative procedure arises
from a system identification point of view [SMC], where an estimate
(Ai-l(z)) for the denominator polynomial filter is used to prefilter
in- and output of the system to be identified. The next estimates for
denominator (Ai(z)) and numerator (Qi(z)) polynomials are obtained
simultaneously using either of the following equivalent generalized

least squares formulations:

0@ A2

2 dz
in - H(z) |~ — 3.12a
:i’Qi ‘ ‘A 1(2) i’l( z) | Z
:inQ ‘ I_A;-(z_) H(z) I IA (z) I £ 3.12b
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The new denominator polynomial filter is used to iterate the procedure.
Experimental results have shown that this'procesa often converges quick-
ly but also that the danger of divergence is imminent when too many
parameters are specified [ST]. The latter may explain why & general
convergence proof has not been given since appearance of the original
paper. A similar linear iterative process with improved convergence
properties has been suggested [Ml], and requires only one mode of
iteration. The relations between [MH] and [SMC] are described in [M2].
3

The criterion in (3.12) is based on a suggestion by Kalman [K]
and is known loosely as the modified least squares criterion. A recent
approach capitalizes on the resulting tractable minimization problem to
find an approximating ARMA(M,N) system based on finite impulse response
and covariance sequences [MR]. In the modified problem one seeks to

minimize the following error with respect to denominator coefficients

{éi} and numerator coefficients {qj}:
m
E= [ |aed®)aed-qed?|? aw 3.13
-7

Note that the important difference with the familiar least squares
formulation is the introduction of a spectral weighting function
IA(ejw)|2, which happens to be the magnitude squared response of the
yet unknown denominator polynomial. The resulting error criterion
represents a quadratic minimization problem. It leads to a condition
for the numerator coefficients depending on impulse response data and
the denominator coefficients. When this condition on the numerator
coefficients is substituted in the error expression, it results in a
constrained quadratic minimization problem for the denominator coeffi-

cients only. The authors give an efficient algorithm of Levinson type




to find the filter coefficients. The most important requirement forI
the above procedure to yield a stable solution, is that the finite
sequences {hk} and {Ck} be consistent. One way to take care of this
requirement [SL] is to find a very high order autoregressive approxima-
tion first, using say the autocorrelation method of linear prediction
[MA]. The resulting high order system is used to generate consistent
impulse and covariance sequences, before applying the Mullis-Roberts
algorithm to yield stable, low order ARMA(M,N) systems.

Time domain approaches to pole-zero modeling have been around for
a long time. Prony devised a method for functional interpolation [PR],
which was extended later to include least squares fits [H]. The original
method by Prony was shown to be equivalent to Padé approximation [WM].
Later time domain approaches have been termed rediscoveries of Prony's
method [SH], [BP]. These’ approaches are all based on the fact that the
tail of the impulse response of an ARMA(M,N) system satisfies a pure
autoregression. The latter property allows one to find the system poles
first, and thereafter the zeros for given poles. These procedures have
been very popular in spite of the fact that in general stability cannot
be guaranteed for the resulting filters. The procedure in the following
section is quite similar to the above time domain least squares
approaches. Differences lie in the application to two-sided covariance
sequence approximation and the poiaibility to carefully monitor the
stability of the recursively developing denominator polynomial, so that
stability can be guaranteed.
3.2 A Covariance Sequence Prediction Approach

The question arises as to whether the general nonlinear least

squares problem can be approximated as far as the error criterion goes,
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but avoided as far as iterative solution methods are concerned. Remember
that the covariance sequence model arose naturall& from an ARMA(M,M™)
‘system driven by a white sequence. We can therefore write the differ-
ence equation for such a system:

M . M-1 A

150 a Yy~ jfo bJ xk__.1 3 ay = 1 3.14

The impulse response then satisfies the same difference equation

M M-1
Z -8 = T b, 6 3.15
iy Pt Pl B

and with the definition
0
C, = % h,h 3.16
k =0 ii+k

the covariance sequence for an ARMA(M,M™) filter is found [KPSS] to

satisfy:
M M-1-k :
: a4, .= I hb » k>0 3.17
Sap 1. B-i jmp 1 1%k

It is important to note that the covariance sequence of this ARMA(M,M”)
system satisfies a purely autoregressive difference equation for lags
k > M. We will use this property in order to find the denominator
polynomial coefficients {ai}g, from which the poles {p i}bll can be found
by polynomial rootfinding. From (3.5) note that if the complex expo-
nentials are distinct, the {A1}T can be found such that Co,...,CM_l are
exactly matched. Under this condition the minimization problem of (3.2)

gets replaced by

L

2
min I (C -R } 3.18
{py} k=M k 'k
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A weighting of these approximation errors by the autoregression of the
polynomial corresponding to {p :I.} analogous to (3.13) leads to
L M M 2

win f (TP a‘c ,'=-"% °a } 3.19
{a,} k=M 1=0 11 40 1 -1

Recognize that the approximating sequence {Rk} cxactly satisfies the
autoregressive recursion as in (3.17). An alternative interpretation
of this procedure is therefore that we are looking for the best linear
predictor for the covariance sequence:

L M

2
ﬁ:} kEM {c, + 1::-1 a;, C 4} 3.20
Taking derivatives with respect to {a j.} leads to the following system
of linear equations:
L M
kfn {Ck + 151 a, ck—i} Ck_JUO s J=1,2,...,M 3.21

Let us write them out:

(Ce1 G oo | [Geer G2t S0 |[21] [Gerer S-1] [
Cv-2 ? SR R T | B I A Gl

B

. . o . Py . .

-CO cl OOOCL-M- ™ -% -co es e CI.*d

Define:




E_T = [81, azg cee oaH]

<f - [Cp Cygpp s+ o+ »G] 3.22b

which yields the following matrix equation

c’c as= —CTg 3.23
The elements of CTC are covariance estimates of the covariance sequence,
given by

H L
G k:n Cemg Cpy

1<1,j<M 3.24
and it is easily proved that CTC is nonnegative definite. Of course
(3.23) can be solved by general linear systems routines, but its
symmetry can be used to advantage and the more efficient Choleski de-
composition performed. The linear system of equations (3.23) has a
unique solution when the determinant of CTC does not equal zerc, a
condition met if and only if C is full rank. In case the underlying

system for C, has order less than M, the leftmost column of C can be

k
expressed as a linear combination of the other columns and C is not

full rank. Many solutions would be possible in that case. We note

here that in practical cases {Ck} does not exactly satisfy an Mth order
difference equation and (3.23) will have a unique least squares solution.
Furthermore, even when CTC is singular, due to an over estimation of the
underlying autoregressive system order, the event can be effectively
anticipated by a scheme that recursively updates the autoregressive
coefficients and the system order. By keeping track of the covariance
sequence prediction error at each step, singularity of CTC can be
detected. We point out here that (3.23) represents the covariance

method of linear prediction for predicting the tail (k>M) of an other-

wise symmetric real covariance sequence.
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The covariance method of linear prediction can be derived under
the assumption that the portion of the signal from which the predictor
parameters are computed is nonstationary [MW]. Let {Rc(!.,k)} denote the
nonstationary covariance function for the covariance sequence {Ck};'.
Let {Re(z,k)} denote the covariance function for the error sequence
{ek} observed when the linear prediction filter A(z) is excited by {Ck}.

Thus Rc(z,k) may be written

nTw »
R (2,k) =15 [ [ q (a,u”)ed 0 R) g q,- 3.25
c 2 c
(27)° ~n -n
with
-] @ o
Qwa) = £ I R (2k) e dWEW 3.26
k== fm-x
It follows easily [PA] that
Q(w,07) = Q (w,0")Ace?*)a" 1) 3.27
Thus the error variance E = l.(0,0) may be written
. i 5 3 sxapdon i *, Ju” s
=== [ [ (0,0)A)A" (' )dudw 3.28
(27)° =n -x
With substitution of the linear prediction filter
L M M -
E=—ts [ [Q )M+ I g e+ 1 el auan
(27)° -m -n k=1 =1
3.29
Minimizing E with respect to the predictor coefficients yields:
LB | M » . M
| ] o ied s a el pedl 4 ; a e} ) dudu =0
il o oo RPN | O VR
¢ 3.30

The definition of (3.26) allows us to write
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M
z a Rc(-i.-k) = -Rc(-i.O) 3 1l<i<M 3.31

k=1 T
Equations (3.31) are known as the generalized normal equationms.
With 6c0p,m‘) chosen to be
2

Q (w,07) = g - 3.32
. A(ej“)A*(ejw )

the spectral error criterion can be rewritten as

E = (%)2 } }Qc_w_cn__)m | 3.33

-1 -7 Qc(m,w )

Minimization with respect to the predictor coefficients of either
(3.29) or (3.33) is seen to yield the solution of (3.31). Similarities
are present here with the analysis-by-synthesis procedures when approxi-
mating with a 2D all-pole model. Note that if Qc(-,') is larger than
Qc(-,°) a significant error contribution results. If on the other hand,
Qc(-.-) is smaller than Qc(-,-) a relatively small error contribution
takes place. As a result, the best approximation will occur where
Qc(°,°) is high. Another observation to be made relates to the unifor-
mity of the error criterion. Due to the ratio of Qc(-,-) over Qc(-,- $
matching should be uniform over the frequency domain of interest.

In approximating'the nonstationary covariance of covariances
Rc(-i,-k) by {CTC}i,k and substituting in (3.31), the equations (3.23)
are derived. Thus the covariance method of linear prediction can be
derived from a frequency domain formulation where the 2D spectrum of a
nonstationary signal is to be approximated by an all-pole 2D spectrum.
Under the assumption of a stationary signal the generalized formulation

reduces to the autocorrelation method of linear prediction. Note that
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i ! an interpretation of the above spectral error criterion is not obvious,

i due to the fact that Q_ (-,-) and Qc(-;-) are spectra for the positive
going tail of a covariance sequence used as a data sequence, so to speak.
The element of CTC in (3.24) can therefore be interpreted as covariance
estimates for a covariance sequence. When one applies the covariance
method of linear prediction to a data sequence of increasing length, its
solution approaches the solution for the autocorrelation method of linear
3 prediction. The latter analogy for covariance sequence prediction cannot

hold because the covariance sequence estimate for an ARMA(M,M”) process

should be considered representing a nonstationary signal. One should
therefore be cautious in extrapolating known linear prediction results
to the covariance sequence linear prediction practiced here. We will,
however, transplant a nice recursivé solution procedure for (3.23) to
the covariance sequence environment, in the following section.

Assume that the solution to (3.23) is found so that the poles of

the ARMA(M,M”) system can be found by polynomial rootfinding: !

M - M
I aiz = I
i=0 j=1

One way to solve for all the roots of a polynomial is by the deflation

1

(l-pjz 3 3 a; =1 3.34

procedure as used in Muller's algorithm [CB]. An interpretation is that
the nonlinear system of equations (3.3) for the general least squares
covariance sequence approximation problem is now concentrated in the
single algebraic equation of (3.34), which is a considerable reduction 4
in complexity indeed. '
The covariance sequence approximation procedure proposed here

therefore consists of the following steps:

o il i
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i) Find autoregressive prediction parameters by solving the
linear system of equations (3.23)
i1) Compute the corresponding poles according to the nonlinear
algsbraic equation in (3.34)
i111) Pind corresponding linear weights in a least squares fashion
by solving the linear system of equations in (3.7)
All but the least squares fitting aspects of this procedure have baen
known for some two hundred years in the function interpolation context
as Prony's method [PR]. Note that the last step is a departure from
matching conditions used in the derivation of the covariance sequence
prediction approach. Note also, however, the compliance with the
general least squares approach, assuming the poles are known. Qualita-
tively this should move the procedure from a modified least squares
approach in the direction of the least squares approach. A special case
arises when ck satisfies an ARMA(M,M™) system of equations for then its
representation is found exactly. One such case is in preserving second
order statistical properties from a continuous time system in a discrete
time implementation. The present method nﬁu therefore as another
alternative procedure in the design of covariance invariant digital
filters [PS], [KPSS].
Note that the system of equations in (3.7) is written in complex

form. Recognizing that the elements of the matrix P and vector c are

real or occur in complex conjugate pairs enables us to rewrite the
linear system of complex equations (3.7) as a linear system of real

equations. Complex conjugate columns in P corresponding to p 1-00'18
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and p 1+1'°‘- get thereby replaced as follows:




ot - g e . 1 s
] * . . i .
: Pi Pi i pcosB psinB R
$ T ! =2 2 ¢ By
: Pi» Pi : Ai : p"cos28 »p sinzs. 31
. . o . A* N . : : L] B .P
PA= e T . i w4 : . IP141 RE
') L *L L] . L .
E . Pi Pi | L p cosLB p sinLg 1
3.35

The elements of Py and B are now real. We furthermore can relate the

elementsof A to the elements of B:

B,-3B
179%4 i
Ai s s A A1+1 Ai 3.36

For real p 5 leave colum in P and element Aj unchanged.
3.3 An Efficient Recursive Procedure for the Covariance Sequence
Predictor
We will now take a closer look at a recently developed inner
product formulation for minimizing prediction errors [MG]. This pro-
cedure will ultimately lead to fast computational 'algorithms and a
sequential test for stability. The present development is based on
(1S], where methods for implementing the autocorrelation method of
linear prediction were presented. The order m of the polynomial will
develop recursively, so m=1,2,...,M, where M is the preset maximum order

for the predictor polynomial filter. Let us define the prediction error

of interest, a forward prediction error:




+
el = C -[-121 a4 Cryl
2 A
-1foa"'ick-i; LR L] 3.37

In the development we also need a backward predictiom error:

m
ca® = Cpyyq -2 b, C 4]

i=1
m+l 4
= 121 by Ck-i 3 bn,n+1 1 3.38

The total forward and backward prediction errors can now be represented

as
L
TR,
o = I [eYw)] 3.39a
m k=M m ;
S SN
B = I [c (k)] 3.39b

We see that c;(k) and c.;(k) can be considered the outputs of two

filters Am(z) and Bm(z) having as common input sequence {ck}, vwhere

-1 ; é :
A(z) = ¥ a, z CR | 1 3.40a
m 1=0 mi m0
and
m+l -1 4
Bm(z) = 151 bmi z : bm,m-l-l 1 3.40b

Let us now define the inner product as the summation of the products

of the output sequences cI(k) and c;(k), as illustrated in Figure 3.1.

This inner product definition can be written as , :
j L m m+1l
<Am(z),Bm(z)> s ¥ ...& &, € I b 3.41a

c ‘
CTC k=M 1=0 mi k-1 j=1 mj k-j ‘
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Am(2)

{a}

< Am(z),Bp(2)>
»- —o

| B (2)>—

{
|
|
i

Figure 3.1 Filtering interpretation of inmer product.
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m mhl L
TR v T c b 3.41b
1ot gu1 % oy =1 e Pu

We readily recognize the terms of CTC as defined in (3.24), which cs
be interpreted as covariance of covariance estimates:
L T
kEM GGy = e c}ij

- g1, »o¥e 3.42

Note that the inner product represents a number that depends upon the
input sequence, the filter coefficients, and the summation limits M and
L. The summation limits determine the analogy with autocorrelation and
covariance method of linear prediction. In the autocorrelation method
we extend the summation limits indefinitely, which makes it possible to
interpret the inner product in terms of integrals in the z-plane or the
frequency domain. Only in the autocorrelation method is the problem

of minimizing prediction errors isomorphic with the problem of polynomial
approximation on the unit circle [KA]. Using the inner product defini-
tion of (3.41) the prediction errors of (3.39) can be expressed as the

norms of the corresponding filter polynomials:
2
a = <A (z),A (2)> . = ||A (2)]|] 3.43a
m m m CTc m CTC

and

2
B = <B (z),B (z)> . = ||B (2)]] 3.43b
m m m CTC m cTc

Minimizing prediction errors can therefore equivalently be described
as minimizing weighted norm squares of the polynomials Am(z) and Bh(z)
for m=1,2,...,M. f{rom the definition of the inner product we see that

a filter Am(z) has a zero norm if the output samples are zero for k=M

BT PR T R e
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through k=L. This event will happen for finite L if the input data
exactly satisfies a homogeneous difference equation, whose characteris-
tic polynomial is Am(z). The norms used in (3.43) are therefore really
pseudo norms, and it is related to this fact that we cannot give a one
dimensional spectral error criterion for the covariance sequence pre-
diction error minimization.

If Am(z) minimizes as adding cz-j, j=1,2,...,m to the polynomial

must result in a larger norm square:

o 2
1A (2) + ez 3|12, > ||a @) |]|%. for §=1,2,...,m 3.44a
3 c'c e 3

or

2c <Am(z),z'j> ok ? <z'~!z'j> a2 e 3.44b
cC c¢cC

If <z-j,z—j> is non-zero, choosing c as

c = —<Am(z),z-J> T /<z—J,z-j> T

ccC cc

3.45

leads to

~[<a_(z),273> . 1% > 0 3.46

ccC
If <z_j,z-j> equals zero, then ¢ = -<Am(z),z-j> T leads to the same
result (3.46), which must hold for j=1,2,...,m.cvi necessary condition
for minimizing the total squared prediction error therefore is

<Am(z),z‘5> w0 5 1RL,2, 000 3.47
cle

Similarly derived is the result

<Bm(z),z-j> r =0 3 3=L,2,...,m 3.48
G C

Adding an orthogonal polynomial, say Q(z), shows that the orthogonality

conditions (3.47) and (3.48) respectively, are also sufficient:
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2 2 2
A (2) + Q(2) = ||A (2) + ||a(z)
A, 1% = @11 + el

2
>|A@||% =a 3.49
m c'l'c m

Therefore the orthogonality conditions (3.47) are necessary and suffi-
cient conditions for minimization of the total squared forward covariance
sequence prediction errors.

The orthogonality conditions form the basis for solving for Am(z)
and Bm(z) in a recursive manner. Suppose Am(z) and Bm(z) have been
obtained. Then a linear combination of the form Am(z) + k m+13m(z) will
he a polynomial of proper order mt+l, with leading coefficient one, and
will be orthogonal to the powers z-]',z-z,...,z-m due to the orthogonality
conditions. We therefore have to choose kn;+1 so as to make the linear

-(m+1)

combination orthogonal to z ,» and A m_l(z) will have been obtained,

and the forward prediction error o o+l will have been minimized. As

suggested we will therefore choose

Apa(2) = A (2) + Kk B (2) 3.50

and invoke the orthogonality conditions to yield an expression for

k .

mtl’
- (m+1)
<A, .(2),2z > =0
w1l CTc
- (m+1) -(m+1)
= <A (2),2z ( > + k <B (z2),z > 3.51
m' .’ CTC m+l m CTC
Since Am(z) and Bm(z) are both orthogonal to z_l,...,z-m we have
- (mrt1)
<A (z),z > = <A (z),B (2)> = <1,B (2)> 3.52
- e’ ™ T RNe% . o
and also
= (m+1) . b .
<B_(2),z EIRRNOR RO IIIB,,,(zHICTC Ba

3.53

T —————
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Note that expressions (3.52) and (3.53) illustrate that many inner
product calculations which might involve double summations simplify

to single summation due to the orthogonality conditions. Substitution
of (3.53) into (3.51) yields the choice for km+1 in (3.50)

weA Ry O -(mtl)
kb1 = =5 <A,(2),2 A

gL L
m i=

T
. {c C}m+1,i a4 3.54

Recall that Bm(z) is a linear combination of powers of z from z—1 to
z-0n+l). Therefore each polynomial Bm(z) is orthogonal to all lower
order polynomials Bm_i(z) due to the orthogonality conditions. The

polynomials {Bm(z)} thus form an orthogonal set, i.e.

<Bm(z),Bi(z)> gy 0 for m#i 3.55
ccC

The latter property together with the orthogonality relations allows a

recursive calculation of the total squared forward prediction error in

each step of the recursive process. Start with Ao(z)-l and use (3.50).

Then

n
Am(z) =1+ 151 ki Bi—l(z) s m>0 3.56 |

With (3.53) and (3.55)

Iag@-1]] 4 = I &2
A (z)-1 = L k, B
m CTC 1=1 i "i-1

= A% -2 < (2,1 r *1

c'c . c'c
%

-]_—-(!‘II 3.57

The recursion is then given by
2
G By ™ km Bm—l 3.58

—— . - 1'“n-u--...-..'.....-.---Ii.lﬁll.i..i.‘..l...-.-“




Let us initialize the process with

Ag(m) =1 ;5 By(@ =z 3.59
Then the initial total squared prediction errors are given by
ag = <Ay(2),A(@)> o = (€'c}y o 3.60a
cc ’
T
80 = <130(z),30(z)>c.rc = {C 0}1’1 3.60b
Now compute
-1 (3.59)
<A (2),z > =" <A (z),B,(z)>
foithss . 2 m, 6t Lg%
(3,40) <1’z-1> T
cC
(3.42) T . -
{c (:}0,1 {c c}]_’0 3.61

Substituting the latter result in (3.54) yields

tc’c), {c'c)
1,0 0,1
0 0

With the recursive relation (3.50) the next order Al(z) is found so
that

810 -y s 111 - kl 3.63

The reduced total squared prediction error is found from (3.58):

2

a; =0g - klﬁo 3.64

Next we will develop recursions for obtaining A-(z) for m=1,2,...,M.

At completion, the inverse filter and total squared prediction error
are given by

A(z) = A (2)

@ =y 3.65
Assume step m-1 has been completed, so that Bi(z) and Bi for i=0,...,m-1

are known, as well as A-(z) and an To complete the next step it is

vz PR e T R
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necessary to know Bm(z). Recall that the B.(z) polynomials form an

orthogonal set, so that the classical Gram-Schmidt orthogonalization

pProcedure can be used recursively:

-(m+1) m-1
B (2) =2 -z v, B, (2)
m 1=0 mi i
Then
- (m+1)
<B,(z),B (z)> =0 = <z »B, (z)>
i m cTC i cTc
and therefore
<~ (mtl)

sB.(2z)> . /B, for B.#0
i e & i

Ymi
arbitrary for Bi-O

If 81#0 for i=0,1,2,...,m-1 then we can write

i+1
Tai B, <z—(m+1), I b z-j>

1 j=1 ¥ T

i+l

T Ymi®y

1
B z {C C}m+1,j bij for i=0,1,...,m-1

i j=1

Substituting the latter in (3.66) yields for the coefficients of

polynomial Bm(z):

bm,m+1 e

m-1 m-1

b ,=-3% - 3 b
o Ymg Pyy = 1=9-1 Ymi 13

The total backward prediction error can now be evaluated:

By = <Bp(2),By(2)> 5 3P "D g ),

cle

m+1
3,40 -(m+1)

cc

s & b .2 j>

j=1 ™

B

CTC

3.66

3.67

3.68

3.69

3.70

" _ _ Aﬁ._..........n...........-----u--ll-llllﬁlii
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mt+l

T
jfl bmj {c C}n-l-l,j

352 3.71

Evaluation of B.(z) and B. are herewith complete at step m, and
Am-i-l(z) can be evaluated from (3.50) and (3.54). The resulting (m+1)8t
order forward predictor coefficients are:

101

w1, i 2

m,1i

kpt1

+kﬂl‘"1 bmi ; 1-1,...,111

am-i-l,m+1 = 3.72

The associated covariance sequence prediction error is evaluated from
(3.58)
2
a

wtl = % = K B 3.73

This completes a full circle in the iterative process.
3.4 Singularity and Stability Considerations

A Fortran routine implementing the recursive procedures outlined
in the previous section, is given in [MG]. These subroutines were used
in the simulations performed in the application chapters of this thesis.
If during the iterative process a norm squared error equals zero, or
becomes negative, the iteration can be terminated since the result is
either exceeding the accuracy of the computer, or in error. A zero
norm can only occur if the data can be described exactly by a linear
combination of complex exponentials, and this would indicate that CTC
in (3.23) is singular. Writing out (3.55) according to the definition
gives

m+l n+l +

B ,B = = -
<B_(z) n(z)>c.rc = jfl bug (CCHy 4 By = 8 By 3.74

In matrix form

—— — .,,ﬂd i



B'cTc B = D(B) 3.75

where
B 1 [
1 By by ees By By
1 by by-1,2 & 0
B = . 2 D(ﬁ) = E
0 - L] 0 e
! 4 . 2 By-1

Since B is a triangular matrix with 1's on the diagonal we derive
from (3.75)

M-1
Icc| = [p(e)| = ™ B, 3.77
m=0

So when Bn-O for some n, the sequence {Ck}g satisfies a homogeneous
difference equation of order n+l. We point out once again the importance
of the recursive procedure in that it detects singularity, or for that
matter, near singularity, of the matrix CTC. During the recursion one
may get some idea about the stability of the polynomial Am(z) as can be
deduced from (3.50):
A(z) = A ,(2) +k B, {2)
m

= 0 (-p .z
2=1 mf

1) 3.78

The coefficient with the highest power of z-1 yields:

m
k = 121 (-p,,) 3.79

Therefore, if |km| > 1, then at least one of the poles {p-z}:_1 has

radius larger than one, and the polynomial Ah(Z) represents an unstable
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system. Alternatively, we can state that a necessary condition for
the stability of Am(z) is:

k| <1 3.80
The coefficients klll above relate to both polynomials An(') and l-(z)
however, and are therefore not sufficient to determine A-(z). One
can find a similar but uniquely related set of coefficients Kn when the
polynomials Bm(z) are related to the polynomials Am(z) by

Bm(z) =z (=+1)

Am(llz) 3.81
The latter equality is valid when {CTC}ij is a function of (i-j) only, as
in the autocorrelation method of linear prediction, under the assumption
of stationarity. In making a similar definition however we can derive

a set of reflection coefficients {k 1}? that uniquely relates to the

polynomial Am(z). Let us define

Q@ = 2™ 4 /2) 482 3.82
Combination of (3.82) and (3.78) yields

Q@ = 2 kA (=) +Q_;(2)] 3.83a
or

Qp1(2) = 2Q.(2) -« A ,(2) 3.83b

Substituting in (3.78) and solving for Am—l(z) in terms of Am(z)

gives:

A (z)-zx_Q (2)
Am_l(z) =B ZQO s ||<m| #1 3.84a

1-«
m

With (3.82)

5 3okl #1 3.84b
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or
m m
I. & z-i—K . a z-i
m-1 -i =0 mi m .0 m,m~-1i
I a 442 = 3 s |Km| # 1 3.84c
i=0 2 1-x

From the higher order polynomial Am(z) and Ky e can therefore
recursively find Ah-l(z):
a .-k a
=B BREL ; ie0,le.,ml; e | #1 3.85

a
m-1,1 2
1 Km

and thereby Kni

= a

£ m-1,m-1

1 3.86.
The latter prbcedure provides an efficient recursive procedure to test
the magnitude of the reflection coefficients Kn? corresponding uniquely
to the filter polynomial Am(z), at every step of the recursive process

to find the optimal linear covariance sequence predictor. A necessary :

and sufficient condition for stability of the polynomial Am(z) is [MG]

k| <1 ¥m 3.87 ?
In this section a recursive procedure has been given to solve for
the best linear covariance sequence predictor (3.23). The order of
the predictor polynomial is increased in evéry step. Efficient proce-
dures have been given to evaluate the stability of the corresponding
inverse filter as well as the residual total sqpared covariance sequence
prediction error for that step. One can therefore stop increasing the
order when instability is indicated and say that Am_l(z) is the best
linear predictor of maximum order that has a stable inverse. Also,
whenever Bn is numerically equal to zero we have arrived at the best

linear predictor of minimum order. The latter property enables us to




54

find the desired solution even if CTC in (3.23) is singular. Note that

B 200 okl

we assumed the maximum order of the underlying system to be M. Such an

assumption requires an educated guess or a restriction due to implementa-
tion requirements. In the above procedures however it is not necessarily
a disadvantage to choose the maximum order somewhat too high, as during
the recursive process the residual prediction error o provides an
indication of the resulting performance. The behavior of {am} thus pro-
vides a built-in estimate of the appropriate system order.

] Similarities of the present pole identifier with the covariance
methodvof linear prediction of speech are clear. In the latter applica-

tion the need arises for formant estimation. A damped sinusoidal

component of the vocal tract acoustic impulse response is a formant.

The analogy with the damped exponentials {pi} in our covariance sequence

model of (3.1) is obvious. Formant estimation for speech signals is

therefore an analog for pole identification or estimation for covariance

sequences. The accuracy of formant estimation obtained with the covari-
ance method of linear prediction has turned out to be vastly superior
to the results derived with the more popular autocorrelation method of
linear prediction [CL]. In particular when only short data sequences
were available this supremacy is pronounced. The desirability of the
linear prediction approach for formant estimation is qualitatively
justified by the fact that in signal representation, the most efficient
basis set (or set of approximating functions) is the one which most
closely matches, in some sense, the desired characteristics of the
signal. The latter statement reflects remarks made at the closing of
Section 5.2. We indicated there that the proposed covariance sequence

model will fit certain processes with the minimum number of coefficients
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because of its underlying structure. In the exposition for the design
of a certain class of recursive digital filters this philosophy will

play an important role. See also [GRT].
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4 COVARIANCE SEQUENCE APPROXIMATION FOR

PARAMETRIC SPECTRUM ANALYSIS

An introduction is given in Section 4.1 that concentrates on
parametric spectrum analysis and why it might be beneficial to take

such an approach. The section after contains a derivation of the para-

‘g
metric spectral density estimate associated with the covariance sequence !'
approximation procedure of Chapter 3. 1Its properties and peculiarities §
are examined as well. Section 4.3 extends the covariance sequence
approximant and the associated spectral density estimate so as to include
the analysis of harmonic processes in additive noise. Sections 4.4 and
4.5 give results for the covariance sequence approximant applied to

known and estimated covariance sequences, respectively. Application of

the basic idea to the fitting of a known but nonrational Gaussian spec- £
tral density indicates the technique is robust.
4.1 Parametric Spectrum Analysis Introduction

In order to see parametric spectrum analysis procedures in the
proper perspective we will briefly review some ideas pertaining also to
nonparametric. spectrum analysis. Let us first note that our interest
will be in spectral estimation for sampled data. For estimation of
spectra from continuous time systems this means that the resulting spec-
tral estimate is an infinite sum of translates of the continuous time
spectrum. The socalled aliasing effect will be ignorable for a proper
choice of the sampling frequency. Exact determination of either covari-
ance function or spectrum would require a perfectly measured, infinitely
long realization and infinite wordlength computation for all wide sense
stationary processes with nondeterministic components. Both require-

ments are impractical. Approximate determination however immediately
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brings up the questions of how long the observation interval should be,
which computational approach should be used and finally how much
confidence one can havevin the resulting estimate. The answers are
relatively simple for nonparametric spectrum estimation [BT], but unsatis-
factory because of the required observation length for highly precise
estimates. The finite observation interval has the effect that the
resulting spectral estimate is at best a convolution of the continuous
time spectrum witﬁ the l.anczos spectral window corresponding to a finite
length observation sequence. The latter has the effect of reducing the
spectral resolution. It is imperative therefore that one realizes that
a finite length data sequence yields no more than estimates for the
covariance function and the spectrum, and that consequently these esti-
mates exhibit bias and variance. In parametric approaches however
observation window and spectrum estimate are deconvolved in some sense
by implicit extension of the data sequence.

Many methods for spectrum estimation have been proposed over the
years, both parametric and nonparametric ones. Methods based on finding
a spectrum estimate for the observed data directly have received an
impulse due to the computational advantages of the FFT algorithm. The
underlying assumption of periodicity was far outweighed by the conve-
niences of the method. A finite data sequence yields a finite covariance
sequence and the corresponding spectrum has finite spectral resolution
due to the finite observation window. The resolution properties of the
conventional spectral analysis methods are chiefly due to the assumptions
that are made concerning the data outside of the observation interval.
The desire to be consistent with the available covariance sequence and
at the same time be noncommittal about the unobserved data, has led

recently to the maximum entropy spectral estimator [B1], also known as
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a high resolution spectral estimator. The maximum entropy estimator can
be derived from maximum entropy considerations for Gaussian processes,
and it was shown later that the corresponding extrapolation of the
covariance sequence is equivalent to least squares fitting of an auto-
regressive model to the process [VIPB]. The high resolution is achieved
by parametric modeling and implicity extending the available data. The
Burg algorithm does not explicitly make an estimate of the covariance
sequence lags. Instead it operates directly on the observed data
samples and minimizes the sum of forward and backward prediction errors
simultaneously [B2]. It has been found that this procedure is quite
sensitive to the initial phase of observed sinusoids [CS]. A least

squares estimator minimizing the same error criterion as in the Burg

‘algorithm, but based on explicit computation of the corresponding covari-

ance sequence, was found to be much more stable with respect to the
initial phase of the signal [UC]. The high resolution spectral estimators
have been very successful in resolving pronounced spectral peaks, but a
word of caution is not out of place. The notion of high resolution would
seem to indicate that all spectral features can be resolved well. It is
known however that influential zeros in a spectrum are not modeled very
well by the underlying all pole model of any autoregressive spectral
estimator. We rust therefore recognize that the term high resolution
spectral estimation has chiefly pertained to the resolution of spectral
peaks. The smooth nature of the corresponding spectrum estimate is due
to the fact that it is the spectrum of a process, for which the available
data merely represents a realization. Such a process spectrum will of
course look much smoother than a spectrum estimate based on the realiza-

tion directly.
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In the parametric spectrum estimation approach of this thesis we
pose the basic question of parametric spectrum analysis: Which system,
driven by white noise, is likely to have generated the present finite
realization? The spectrum associated with that system is called the
spectral estimate. For many applications one furthermore wishes to have
a low parameter representation for purposes of bandwidth efficient com—
munication as in linear predictive coding of speech [MG]. Maximum
entropy spectral analysis and other autoregressive spectrum estimators,
lead to a spectral density plo. and an AR model, but do not readily give
frequency and corresponding power estimates. Reasonable approximations
have been suggested for low noise cases with known covariances [JA].

The latter method based on approximating complex residues yielded
improved estimates over those based on integration of the spectral
density around peaks [LA].

One of the most serious problems in parametric spectrum analysis is
the determination of an appropriate order for the underlying model. If
in the autoregressive spectrum estimators too few parameters are used a
highly smoothed spectral estimate results. If on the other hand too
many parameters are determined, spurious peaks will turn up. This
order determination problem is most pronounced for estimation from short
realizations. In the proposed approach of this thesis spurious poles ca.
turn up in the initial stage of the approximation, but the corresponding
linear combination weights provide a correction mechanism to assess their
proper importance. For maximum entropy and other autoregressive spectral
estimators order determination criteria have been proposed and in many
instances used quite successfully [AK], [PA]. In the proposed spectral

estimator the order is increased recursively and a simultaneous




indication of the covariance sequence prediction error points out if the
order is adequate before reaching a preset maximum order. An error cri-
terion as Akaike's starts to increase at some order and intuitively
reflects the danger of using an ever increasing model order due to the
fact that with high enough order even extremely noisy data can be fitted
exactly. This philosophy led in the system identification and time
series modeling area to the Group Method of Data Handling [IV]. In the
GMDH method model parameters are based on one data set and model
appropriateness is judged from another, preferably disjoint data set.
The assumption of sinusoids in white noise led to the covariance
sequence model associated wi;h the Pisarenko decomposition [PI].
Pisarenko points out that the maximum entropy spectrum for harmonic
processes in additive white noise is a smooéhed version of the Pisarenko
decomposition result. As no autoregressive spectral estimator has any
zeros in its spectrum, it is obviously the proximity of the zeros to the
unit circle that determines the resolution power of spectral estimators
for harmonic processes. The latter property indicates the usefulness
of ARMA spectral estimators, several of which have been proposed [G2],
[KPSS], [K], [TS]. The minimum residual criterion in the latter
determines the zeros first with an iterative Powell minimization tech-
nique and thereafter performs a further whitening procedure on the
filtered signal resulting in a linear system of equations for finding
the poles. When the actual signal spectrum has influential zeros, quite
a few poles are needed in an all pole model to achieve a good approxima-
tion. The introduction of zeros will then certainly allow a more

efficient tepresentatidn.




Part of the significance of ARMA modeling of course lies in the

fact that sampling of a continuous AR process of order M results in a
discrete ARMA(M,M-1) [BA]. That property holds for any strictly proper
continuous time process of order M [P]. Furthermore, any continuous
spectral density function can be approximated arbitrarily closely by an
ARMA (M,N) process, by proper choice of the parameters. While this is
also true of spectral densities of finite MA and finite AR processes,
a model with a rational spectral density will almost invariably lead to
a better fit with fewer parameters [K]. The latter property has been
referred to as one of parsimony [BJ].
4.2 Parametric Spectrum Estimation Based on Covariance Sequence
Approximation

Recall that based on a finite covariance sequence sample {Ck}l_'L
we find an approximating sequence

- !Z‘ a, p, ¥l ¥k 4.1
L T N B

where {A } are real or occur in complex conjugate pairs. Since the

1Py

spectrum is uniquely related to the covariance sequence, we may find

the approximating spectrum as follows
S - v "k
S(z-eje) = ‘{Rk} = z Rk z

£ 121 . z.pilkl o

M (1-p i) (1+pi)
=14 =)
i=1 (z'Pi) (Z ‘Pi)

;] =M <O < 4.2

The region of absolute convergence is the annulus determined by the

. radii of mgx |p1| and its inverse. The approximating spectrum does not




exist as a uniform limit if any of the complex exponentials has radius
greater than or equal to one. This situation would correspond to a non-
minimum phase covariance sequence prediction filter. As explained in the
previous chapter this can be prevented from happening in the recursive
determination of the filter. We further note here that the convergence
of 5(z) has to be examined separately if the maximum pole radius equals
one.

Let us examine some properties of this spectrum estimate. From
(4.2) it can be written as follows

S(z) = i,

M i
I (z-pi) (z -pi)
i=1

¢ — 4.3a
A(2)AGz" D)

where A(z) is the denominator polynomial of the underlying ARMA(M,M )

system. The numerator N(z) is given by:

M
N(z) = ) A (1-p)Q+e) ¥ (z-p)(z"1-p,) 4.3b
RN bathe Sty % e k

" #i
Obviously N(z) = N(z 1), so 1if z, is a root of N(z), then llzo is also
a root. Let us define the following polynomial [K)

b(z) = 2D

N(z) 4.4
this polynomial is of degree 2(M-1) in z. Again‘if z is a root then 1/zo
is a root, and the polynominal can therefore be written

¢(z) = Const “Bl (z-2
j=1

)(zz,-1) 4.5

3 3

From (4.4)

.~ (1)

N(z) = 6(z)

Const M;I (z-zj)(z—l-zj)
J=1
B(z)B(z 1) 4.6
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B(z) contains one root of each of the pairs (zj, 1/z,) and the Const.

B
depends on the choice of roots. For a given polynominal N(z) we can
find several polynominals B(z), for each of which the approximate

spectrum can be written in factored form:

§(z) = Mﬁl 4.7

A(z)A(z-l)

As a result we say that there exist several ARMA(M,M ) systems with

transfer function

B(z
By () = R% 4.8

and spectrum §(z) provided B(z) has real coefficients, The denominator
polynomial has as its coefficients the predictor polynominal coefficients
identified in the previqps chapter and they are all real. Also from
(4.3b) it is clear that N(z) in a mirror image polynomial with real
coefficients due to the fact that {Ai’pi} are real or occur in complex
conjugate pairs. For N(z) we then have the following implications

N(z) = 0 » N(z:) =0 4.9a
1

]
o

N(zo) =0 > N(zo 4.9

joe
A zero inside the unit circle, say z, =pe o; 0 <p <1, will therefore

mean that the following four zeros exist

16
{pe °, pe s %e 3 %e " 4,10

We have seen that B(z) in (4.6) contained one root of each of the pairs
(zj, llzj), and we can easily see now that choosing pejeo and % ejeo

will not lead to an ARMA numerator polynomial B(z) with real coefficients.
Therefore, if we desire an ARMA system with real coefficients it is

imperative to choose the zeros in complex conjugate pairs. Of the zeros

in (4.10) only one free chuice canbe made. If a zero of N(z) occurs
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inside the unit circle and is real, ancther zero will occur outside the
unit circle, with inverse radius. The necessary conditions (4.9) are
satisfied even when only one extra zero occurs. Either one of these
real roots can be chosen for the numerator polynomial B(z).

Let us now investigate the occurrence of a non-repeated zero on

je
the unit circle: z, = e °. 1In total compliance with (4.9) we have
_je
as the only other zero z: I g Again either one of these roots

can be chosen for the polynomial B(z). This complex zero does not occur
in a complex conjugate pair however, and the resulting ARMA system has
complex numerator coefficients. For B(z) to have real coefficients the
zeros of N(z) on the unit circle must occur in multiples of two. The
latter requirement turns up invariably in spectral factorization problems
{vT]. Violation of this requirement indicates that the corresponding
spectrum estimate is negative for some frequencies. The conditions of
(4.9) vhich are satisfied in the spectrum estimate of (4.2), cannot
guarantee the spectrum estimate to be nonnegative. Equivalently, the
covariance sequence approximant is not necessarily nonnegative definite,
in which case it is not a covariance sequence. It should be noted that
negative spectrum estimates are not uncommon, and may occur in particular
when the observations do not exactly satisfy the underlying model. One
can then take the spectral estimate to be zero [G1], or alternatively
plot absolute value of é. If the interest is purely in a spectral
estimate defining the estimate to be zero where it is negative seems at
least a reasonable thing to do. If there is interest in the complex
ARMA(M,M ) associated with the spectral estimate, then taking the
absolute value is more appropriate.

Since the denominator polynomial A(z) has real coefficients one can

find the corresponding complex linear weights A, in the model of (4.1)

i




under the condition that the resulting covariance approximant be
nonnegative definite or equivalently the spectrum estimate be nonnega-
tive. It is fairly easy to give sufficient conditions, such as

Ai real, >0 ;3 i=1,...,M 4.11
Even a substantially less restrictive condition can be given by direct

application of a continuous time restriction [Y]:

. ui
Iw | < arctan — : 4.12
i 8
i
=y G
= i' = 1
A1 r,e 3 p1 pye

Gi'-znpi

The above restrictions would assure the nonnegative definiteness of
each of the individual covariance sequences corresponding to a complex
conjugate pole pair. It is very difficult to derive necessary and
sufficient conditions for the general model of (4.1) to result in a
nonnegative spectrum estimate. Imposition of these conditions would
immediately result in a nonlinear programming problem, which is what we

are trying to avoid.

4.3 Harmonic Processes in Additive Noise 3
An important class of processes is formed by a linear combination

of random amplitude, random phase sinusoids in additive noise. In case

the additive noise is white this is exactly the model that underlies

Pisarenko's method of spectral decomposition [PI]. Strictly speaking

one cannot define the spectrum for a random amplitude, random phase

sinusoid. Consequently, unless one proceeds with some care, the spectrum

of a random amplitude, random phase sinusoid has no well-defined meaning.

Therefore, let us proceed as follows. Define the process

xk = asin(ke1 + ¢) ;. k=™ Py .. 4.13
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with a: N(O,oz), say, and ¢: U[0,27]. The covariance of {Xk} is
Ci = ozcoakel : k=0, #1,... 4.14

This covariance sequence is neither 21 nor 22, so for the time being
+j0
1

the formal spectrum with double poles at z = e z

Je ie -6 -6
Sl(z-eje) - %; _(-e 1)(1+e 1) +_%; (1-e 1)(1:+e 1)

0 16 je -j6,  _.. =36
e Y1, Y, e " L0 1

4.15
has only formal meaning. To give it a well defined sense, and to show
how it may be obtained as a limiting case of the spectrum given in 4.2),

define the covariance sequence

Rz = plkl czcoskel c 0<p<1l 4.16
+36,
The corresponding spectrum, with poles at z = pe , is well defined.
From (4.2)
jOl jel -jel -jOl
30 o2 (1-pe ) (1+pe ) (1-pe ) (1+pe )
S (z=e” ) = — +
) 2 30 j0 -j0 -8
0 = -
(eJ -pe 1)(e je-pe 1) (eje-pe 1)(e je-oe 1)
4.17
Furthermore, Sp(z=eje) may be written [LLS], [F]
T
ey )8 (amgd?
Sp(ze ) I Pp(e ¢)Sl(ze )d¢ 4.18a
=L
Here Pp(O) is the Poisson kernel:
2
P () = %P 4.18b

P 27 (1-2pcosb + pz)

By the delta function character of the Poisson kernel sequence, we have

3

Sp(z-e e) converging to Sl(z=ej0) at all points of continuity {L]:

S‘)(z’ L"lo) Sy s Sl (z=c¢"") 4.19
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Thus the formal spectral density Sl(-) for a random amplitude, random
phase sinusoid may be obtained as a uniform limit (as p+l) of the spectra
defined by our covariance sequence approximant. The above procedure
generalizes to a linear combination of random amplitude, random phase
sinusoids in an obvious way, by the independence of the amplitﬁde and
phase variables. A mix of discrete and continuous spectral density
functions can now be represented by the covariance sequence approximant
of (4.1) by virtue of the independence of the discrete and continuous
components as in the Wold decomposition theorem.

Due to symmetry properties we are mainly concerned with the positive
going part of the covariance sequence. The covariance sequence approxi-
mant for nonnegative lags is easily recognized as the general solution
of a linear homogeneous difference equation of order M with real
coefficients and a characteristic equation with simple roots. The first
M lag values are determined by the initial conditions and for lag values
M and up the behavior of the solution is determined by the characteris-
tic roots. Viewing the covariance sequence approximant as the solution
of a linear homogeneous difference equation we readily recognize its
validity for all characteristic rooté, whether in, on or outside of the
unit circle.

In order to show how white noise can be represented by the covariance
sequence approximant of (4.1) let us assume a first order autoregressive
process driven by white noise €: (0,1). Assume further that the
autoregressive coefficient is positive real. The resulting noise process

M is described by

L] 4
B ™0 Ny ¥ e . 4.20
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Multiplying by Me=i-1 and taking expected values, a recursive relation
for the nvise covariance sequence is found

p - -

iy -PC =0 v, >0 4.21

Consequently we can find the positive going solution to (4.21) and
extend it for negative lag values by the symmetry property to yield the

explicit expression for the noise covariance sequence:

Vk 4.22

Note that if we choose 0 < p < 1 then the sequence of sequences {ci}ta’
indexed by p, converges in 21 to the dirac delta sequence {oiﬁ(k)}ru s
as p approaches zero. This uniform convergence furthermore implies that
the spectrum sp(e) associated with (4.22) converges uniformly and
absolutely to 1 for 6e[-m,wv]. With the radius of the noisepole p
approaching zero we therefore have an excellent approximation to a white
noise process. As the covariance sequence in (4.22) is seen to be a
special case of the geheral covariance sequence approximant of (4.1) with
Ai positive real, we can state that the covariance sequence for the white
noise process is a limiting case of the covariance sequence approximant.
Applying the limiting arguments for sinusoids and white noise simultane-
ously, Pisarenko's decomposition technique becomes a special case of the
covariance sequence approximant proposed in Chapter 2 of this thesis. We
furthermore note that both limiting arguments above resulted in positive
real linear combinations of complex exponentials so that sinusoids in
white noise also form a limiting case for the generalized wide sense
stationary process of Section 2.5.

With two complex poles per sinusoid the covariance sequence

approximant implicitly models a sinusoid in white noise with an
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ARMA(3,2) model. 1In view of the ARMA model for harmonic processes in
white noise derived by Ulrych and Clayton [UC], the present modeling
approach is not the most parsimonious one. We note, however, that in the
present approach no eigenproblem needs to be solved. Furthermore, in
the most parsimonious ARMA(p,p) model, numerator and denominator poly-
nomial are equal, due to the fact that the model describes the process
as if the additive noise were its input. The only information in the
ARMA (p,p) model therefbre concerns the pole locations exclusively. We
emphasize again that sinusoids in white noise represent a special case
for the covariance sequence approximant. The sinusoids happen to'corre-
spond to poles on the unit circle and the white noise corresponds to an
autoregressive pole at zero. In the secticms to follow we will examine
the estimator results for known covariance sequences first, and there-
after for estimated covariance sequences. We will furthermore experi-
mentally test the robustness of the covariance sequence approximant
against nonrational spectra by applying it to the known covariance
sequence for the Gaussian spectral density.
4.4 Numerical Results for Known Covariance Sequences

In this section we examine the performance of the covariance
sequence approximant, and the corresponding spectral density estimate,
when the given finite length covariance sequence samples are known. The
resulting covariance sequence approximant is given in numerical form by

real and imaginary parts of the linear combination factors A, and by

i
radius and angle (in radians) for the complex exponentials Py Corre-
sponding to the covariance sequence approximant is the parametric spec-
tral density plot of 10 loglolé(z-eje)l; 0 <6 <1 (in n radians).

Recall that absolute value is necessary due to the fact that our

"spectral density" estimate may be negative for some frequencies. For

Ll AL el e bk o
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poles with radius within 110-3 of 1 the discrete spectral density is

S b

superimposed on the spectral density plot and depicted as a solid verti-

cal line at the frequency 0, determined for the sinusoid. The maximum

i

value of the spectral line is given by 10 103102|A which indicates

b
- the power of the sinusoid when Ai is real. In every example a maximum
order M was chosen a priori. Unless otherwise indicated poles are

determined from lags M and up, whereas linear combination weights are

determined from all lags given. All computations were performed in

single precision arithmetic on the CYBER 171 at Colorado State University.
Example 1 A single sinusoid

Given Ck = cosn/4.k for lags k = 0,...,4

Maximum predictor order: M = 2

Covariance Sequence Approximant:

R, = (.5000 + j .4885 =14y 11,000 exp 3 gese) ¥l 4 cc.

0
where c.c. in the sequel denotes complex conjugate of the
term in front of it.

The identified frequency is correct to four decimal places. Note
also that the power estimate given by R° is correct to at least four
decimal places. The imaginary part of the linear weights is truly

negligible as compared to the real part, which is to be expected in view

of the representation in (4.19). See Figure 4.1 for the spectral plot.

Example 2 A single sinusoid in white noise

A. Given Ck = cosm/4.k + .0001 §(k) for lags k = 0,...,6 (SNR=+40dB)

Maximum predictor order: M = 3
Covariance Sequence Approximant:
R, = (.5000 - 3 .5631,;"'%)(1.000 exp 785 €l 4 c.c.

-3

+ (.100010

)(.568410‘5 exp -3 3.142) ¥l
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The identified frequency and power are correct to at least four
decimal places. Note here that the noisepole results in an excellent
first order autoregressive noise approximation to the given white noise.
Note also that the white noise power has been determined to at least four
decimal places accurately. See Figure 4.2A for the corresponding
spectral plot.

B. Given Ck = cosn/4.k + 1000.8(k) for lags k = 0,...,6 (SNR=-30dB)

Maximum predictor order: M = 3

Covariance Sequence Approximant:

R, = (.5000 + j .1768 ") (1.000 exp 3 785wy ¥l 4 c.e.

4 -9 ||
+ (.1000, )(-1000, )

The identified frequency and power are correct to at least four
decimal places. We make an important computational comment here. With

the occurrence of a noisepole with radius less than 10-10

, the final
autoregressive coefficient is very small. To avoid convergence problems
in the root finding algorithm, which computes z-l roots, the noisepole

is arbitrarily set to V" 1.10_10 whenever the final autoregressive

coefficient is smaller than 110-10 in magnitude. Note the accurate

determination of the noisepower. See Figure 4.2B for the spectral plot.

Example 3 Two sinusoids

Given C, =cosm/4.k + cos.957/4.k for lags k = 0,...,8

k
Maximum predictor order: M = 4
Covariance Sequence Approximant:

R, = (.5000 + j .349910’“)(1.000 exp § 7850 1€l & c.c.

+ (.5000 - § 3499, ™) (1.000 exp 3 uen €l 4 cc.

To 4 decimal accuracy w/4 = .7854 and .95 ©/4 = .7461, which

implies accurate determination of both closely spaced frequencies.

V
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Figure 4.2B Spectral estimate for sine in white noise. Given 7 known
covariance lags. SNR = -30 dB.
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The corresponding power estimates are equally accurate. See Figure 4.3
for visual spectral information.
Example 4 Two sinusoids in white noise
A. Given C, = cosw/4.k + .01 cos.957/4.k + 100 8(k) for lags
k = 0,...,14 (SNR=-20dB, -40dB)
Maximum predictor order: M =5
Covariance Sequence Approximant:

||

R, = (.5000 + j .4912) ">)(1.000 exp j .7854) "' + c.c.

= .491810'5)(1.000 oxp 3 RT3t L
3 -10 )|k|

+ (.499710

+ (.100010 )(.10001

0
Note both closely spaced frequencies, their quite different powers
and the power of the noise they are submerged in, are all identified to
at least 3 decimal places. See Figure 4.4A.
B. Given C = cosn/4.k + .001 cos.95n/4.k + 1000. &(k) for lags
k = 0,...,11 (SNR-30dB, -60dB)
Maximum predictor order: M = 5
Covariance Sequence Approximant:

R, = (.4993 - § .575910‘3)(1.000 exp j .7asa)|k| + c.c.

+ (.123410'2 +3 .576310'3)(.9935 exp § .7622) ¥l & c.c.

4

-9 k
o )(.1033, ;7 exp j 3.142) ¥l

+ (.10001

Single precision computation starts to affect the least powerful
component here. Note that the relative accuracy is determined by the
relative importance of each component in terms of power. For visual
spectral information see Figure 4.4B, and note that frequency .95 w/4

did not have a pole with radius within 1. g of one to be recognized

10

as a pure sinusoid, and the component is therefore obviously buried

in the white noise component.
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Figure 4.4A Spectral estimate for 2 sines in white noise. Given 15
known covariance lags. SNR = -20 dB, -40 dB.
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Figure 4.4B Spectral estimate for 2 sines in white noise. Given 12
known covariance lags. SNR = -30 dB, -60 dB.
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Example 5 A sinusoid in autoregressive noise

A. Given Ck = cosw/h.k-fc: for lags k = 0,...,19

where C: is the covariance sequence for the process
resulting from driving

! = 4.23
1-.82z

H(z) =

with white noise (0,1). It is easily derived that

n 1
€& =
RS
Maximum predictor order: M = 5

= 2.778

Covariance Sequence Approximant:
Rk = (.5000 + j .392110-7)(1.000 éxp 3 .7854)lkl + cicc.
+ (2778 ) (.8000 y [l

The frequency estimaﬁe, corresponding power and also the first
order autoregressive noise are easily .seen to be accurate to at least
4 decimal places. The visual spectral information is given in
Figure 4.5A. Note that the maximum order was not used here, since the
algorithm found accurate representation with order 3.
B. As above but now CE is the covariance sequence resulting from

white noise (0,1) input to

1

H(z) =
(1-.81z"1) (1+.81z71)

4.24

The sequence C: was generated according to the procedure outlined
in [D]. Covariance Sequence Approximant: -
R, = (.5000 + § .1688,7°)(1.000 exp -3 syl 4 ce.

+ (.8469 + j .619510'8)(.8000 exp -j 1.571)Ikl + c.c.
7

)(.7378 exp -§ 3.142) ¥l

+ (.143310
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All estimates were found to be accurate to at least 4 decimal
places. A spurious pole was identified here, but the correction is
achieved by finding an appropriate negligible linear weight factor of

order 107%. The spectral information is depicted in Figure 4.5B.

Example 6 A nonrational spectral density

A. Given Ck = exp(—.lkz) for lags k = 0,...,34

which represents the Gaussian spectral density. Since it is
nonrational, we know there is not any ARMA(N,M) that represents
it exactly. This example therefore serves as an experimeﬁtal
test for the robustness of the covariance sequence approximant.
Maximum predictor order: M = 10

Covariance Sequence Approximant:

[k

R, = (.3724103 +1 2771} (1536 exp 1 .7666) | + c.c.

3y(.1536 exp § .2503) /% + c.c.
| x|

3 :
+ (-.3147, 7 - § 8752,

+ (5722, 24y .4282102)(.1533 exp -j 1.348) 1%l + c.c.

0

Suppose the sampled covariance sequence {Ck} is derived from the

continuous covariance function

2.2
s 4.25

p(1) = e
by sampling at By = k, k = 0,t1,.... The spectral density function
associated with p(t) is

£ w?/4a?)

S(w) = - 4.26

With Ty ™ k the sampling frequency equals one and the spectral density
of (4.26) is down 107 dB at the half sampling frequency relative to the
zero frequency. The aliasing effect in the infinite sum of translates

of the continuous time Spechum is therefore negligible, and we can use

————

A ——— .
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l continuous time spectral density values in Table 4.1 to get some idea

of the performance of the covariance sequence approximant procedure.

w(in 7 rad) 10 logIOS(m)(in dB)

0. 7.49

.05 7.22

.10 6.41 ;
.15 5.09 g
.20 3.20

.25 .79

.30 -2.16 ,;
.35 -5.64 :
.40 -9.66
.45 -14.2
.50 -19.3 f
.60 -31.1
.70 -45.0
.80 -61.1
.90 -79.3

1.0 -99.7

Table 4.1 Gaussian spectral density values

The spectral information in Figure 4.6A shows that the estimate is
fairly good up to about w = .57 rad. Sidelobes then occur at approxi-
mately -30dB relative to the peak spectral density. Where the

sidelobes occur the spectral density estimate ié negative for some

frequencies.

| | ol
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Figure 4.6A Spectral estimate for Gaussian spectral density. Given 35
known covariance lags.
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B. Given Ck = exp(-.lkz) for lags k = 0,...,16
Maximum predictor order: M =7
Note that the major difference between this example and example 6A
is the use of about half as many covariance lags.

E ; Covariance Sequence Approximant:

R, = (4.348 + J .6075)(.2644 exp J 9222y 1Kl 4 coe.

+ (-.2081102 - j 2.856)(.2634 exp j .4&98)|k| + c.c.

+ (-.2002 + j .537110'1)(.2662 exp § 1.462) ¥l 4 c.c.

2

: ||
s ) (.2631 )

+ (.34321

4 0 )|k|

- -1
+ (.3884_ ) (.1000,

All 7 poles were used, resulting in an almost perfect fit of all the
given covariance sequence lags. The automatically added ndisepole got
an appropriate negligible weight of order 10_5. We also note here that
no negative spectral density estimate was encountered in this case.
Table 4.1 indicates a very accurate spectral density for frequencies up
to w = .87 rad, after which the cumulative aliasing effect becomes
noticeable. See Figure 4.6B for the spectral plot.

If perfectly known covariance sequences are available, often only
a finite part is necessary to determine an underlying ARMA(M,M ) model
that implicitly extends the observed covariance sequence for all lag
values. For most examples considered so far, an ARMA(M,M ) process
or a limiting version of it, was the underlying process. All results
were obtained with single precision arithmetic. A nonrational spectral
density, such as the Gaussian one, can be approximated very closely with
an estimated underlying ARMA(M,M_). The quite successful rational
approximation points to a certain degree of robustness for the covari-

ance sequence approximant and its associated spectral estimate. We also
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Figure 4.6B Spectral estimate for Gaussian spectral density. Given 17 |
known covariance lags. o
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note that in none of the examples for known covariance sequences was an

unstable ARMA(M,M ) identified as the approximant.

4.5 Numerical Results for Estimated Covariance Sequences

It is now logical, and very much of practical significance, to
evaluate the covariance sequence approximant when operating on a finite
length covariance sequence estimate derived from a finite length realiza-
tion of an observed process. In the examples to follow realizations are
generated for several stochastic processes, with and without additive
noise. From these realizations a finite length covariance sequence
estimate is determined, which will be used to find the covariance
sequence approximant and corresponding spectral information.

Unless otherwise indicated, a 100 sample realization is generated

from the following algorithm:

Xi = gin(w/4.1) + S2 cos(frac w/4.1i) + SN n, 4.27

where S2 represents the amplitude of a second frequency component, which
has a frequency either .95n/4 or .6m/4, and where SN controls the power
of a (0,1) white Gaussian noise generator. The power at the frequency
w/4 1is kept at 1/2, and'the power at the second frequency is given by
1/2 - (82)2, whereas the noisepower is given by (SN)2. from the finite
length realization generated by (4.27) a covariance sequence estimate is
determined according to the following time averaging algorithm:

- XX .5 k=0,...,19 4.28
% = T00-Tel 2, *r¥ie ’

The estimator was chosen for its property of unbiasedness. The number of
lags is a purely heuristic decision. If in the estimator one divides

by the total number of data points, a biased covariance sequence
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- estimator is obtained, and the covnriancg séqunnce approximant for it

yields extra damping of the pole locations, as is to be expected from
the windowing effect. The maximum order in the following examples was
arbitrarily set at seven. In this way we adhere to the philosophy that
one should avoid fittiné the stochastic covariance sequence estimate
exactly. With maximum order seven and the use of twenty covariance
sequence lag values the fit is least squares.

The covariance sequence approximant will form an approximation to
the covariance sequence estimate, and it therefore seems logical to
investigate the behavior of the covariance sequence estimate derived
from a finite data record. Let us first determine that behavior for a

finite observation of a pure sinusoid:

X, =A sin(6k+d); e¢0 4.29

Defining the operator €

with the following relation

1

R N—{il
R T Y A S W el

and using trigonometric identities, we derive for the covariance

sequence estimate
2 N
g = AegnX )

- Azeg{sin0k+¢ sin(icHi)0+4}

~

c

e?{cos&i - cos(2k6+01i+2¢)}

2
cosfi - %? eg{c032k0+20'cosei - 81in2k0+2¢+ginbi}

2
cosei[l - eg{c032k6+2¢}] + %r sineieg{sin2k0+20}

'°|’R: '°l’ia “4’?:

4.31

i e RL heiis i il v vedl
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The covariance sequence is seen to comsist of two orthogonal components.
The coséi component converges to the theoretically expected covariance
sequence, and the sinéi component converges simultaneously to zero. For
100 datapoints we can bound the error terms by 1 percent of the summed
value of samples over half a period of the double frequency 20. As the
covariance sequence approximant has the versatility to represent the
8in6i component, we should expect to see a good approximation to the
expression in (4.31), rather than a good approximation to the theoreti-
cal covariance sequence for the process in (4.29) based on ensemble

averaging and given by:

1.2
C1 2 A"cosbi ‘ 4.32

Note that the model underlying the Pisarenko decomposition cannot
represent the orthogonal sin®i component aﬁeociated with the covariance
sequenﬁe estimate of (4.31). The magnitude of the orthogonal error
component furthermore can give an indication of the error term affecting
the theoretically expected cosfi term. If the summation operator on
sin2k6é samples yields zero hecause it operates over an integer number

of periods, then the same summation operator on cos2k6 samples also
yields zero. In the latter case the magnitude of the cosfi component

gives an indication of the power in the sinusoid.




Example 7 A single sinusoid
S2 = SN =0
Covariance Sequence Approximant:

x|

R, = (89727 - 3 .4392,07%)(1.034 exp 3 .7851) /%! 4 c.c.

+ (.2500 + j .206110'2)(1.000 exp -3 TITIL Iy

+ (-.5995, .77 + 3 +3025, 7% (. 7555 exp 3 2.608) %! 4 c.c.
-8 x|
+ (4079 )(.3151 exp § 3.142)
-7 -10 | k|
+ (3161 )(.1000 )

As indicated in (4.31) an orthogonal component could be expected
with magnitude less than 1 percent of the true power, which is seen to
be valid. The frequency estimate is seen to be accurate to 4 decimal
places. Several spurious poles were identified but their respective
linear weights are very small. Note the occurrence of an unstable pole
close to the dominant frequency, which is then discounted by a very
small linear weight coefficient. The spectral information depicted in
Figure 4.7 was computed according to the algorithmic expression for the
parametric spectrum estimate in (4.2). A spectrum does not exist in
this case because {Rk} is explosive by virtue of the poles with radius
1.034. For an unstable pole pair however that computation yields the
negative of the spectral density for the stable pole pair associated
with the reflection of the unstable poles. For this particular covari-
ance sequence approximant the unstable pole pair forms the only major
contribution to a "continuous spectral density" which results in the
deceptively regular appearance of Figure 4.7.

The next question to be answered is what happens when wore

sinusoidal components are present? To provide at least a partial
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answer we examine the following realization:

xi = Alsin(eliﬂl) + Azsin(eziﬂz) 4.33

Repeated use of trigonometric identities yields the following covariance

sequence estimate:
% 1 N—%i
€, * T8 L1 (Alsin(elml)+Azsin(ezk+¢2))(Alsin(el(u.i)ﬂ,l)
+ Azsin(ez(k-i-i)ﬁz))
= {sin(e 1k+e,)sin(8, (k+:l.)+¢1)}+A {s:ln(a Sk, 8in (0, (k+1)+,) }

+ AlAzst;{sin(elkﬂl)sin(ez(k+i)+¢2) +81n(8,k+p,)81n (8, (kH1)+4 )}

1.2 _N 1,2 N _'
2 Alcosel:l. [1 ei{cos(291k+2¢1) }] +2 Alsineliei{sin(291kf-2¢1)} i
+ = 2. 2c:ose i[l -€ {cos(20 k+2¢ )}] += 2s:l.ne 1e {sin(Ze k+2¢ )}
2 2 2 2 2 2

+ % AlAZcoseli [e?{qos(ez—el)kﬂz-ﬁ} - et;{cos (91+92)k+¢1+¢2}]

+ % AlAzsineli [et:_{sin(e )k+¢2 ¢1} +¢€ {s:l.n(e )k+¢1+¢2}

+ % A1A2cosezi [eg{cos(el-ez)lcl-¢1-¢2} - eg{cos (01+62)k+¢1+¢2}_ ]

1 N N ] ‘
+ 2 AlAzsinezi [ei{sin(el-ez)kﬂ)l-cbz} + ei{sin(elﬂz)kﬂlﬂz}-

= cos® 1[1 A (1-¢ {cosze k-|~24>1})-i-2 AlAzei{cos(e l)k+¢2-¢1

- cos(01+62)k+¢1+¢2}]
1
+ sin911[2 1 1{81!\26 k+2¢ }+2 AlAzci{sin(G 1)k+¢2-01

+ sin(91+62)k+¢1+¢2}]

1
+ cosezi[ (l—e {c03292k+2r‘~ }+2 A1A251{°°°(°1 62)k+¢1 ¢2

- coa(61+62)k+¢1+¢2}]
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1,2 N 1 N
+ sinezzl[z A €(81020,kt20,1 +3 A A e, (s1n(0,-0,) k49, -4,

4.34
. ain("1""2)"""’1“‘2}]

Note again that a decomposition into orthogonal components takes place
and furthermore that all error terms involving e:{-} converge to zero,
if 91#02#0. Thus the covariance sequence estimate based on a single
realization is an asymptotically unbiased estimator for the covariance
sequence.

- For the examples to follow a process realization was generated

with the algorithm of (4.27) so that in (4.33):

Al-l ’AZ"SZ

o, = n/4, 6, = frac w/h 4.35

6p=0 , 4, =n/2
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Example 8 Two sinusoids

A. 82

frac = .95

=1

SN =0
Covariance Sequence Approximant:

Rk = (.3611 - j .1508)(.9989 exp j .7819)'kl + c.c.

+ (.3581 - § .1535)(.9988 exp -3 .7497) /%! 4 c.c.

-5 ||
+ (L4111 )(.8340 )
-5 -6 lx|
+ (.132110 -3 .398210 )(.5592 exp j 2.443) + c.c.
5 - =5 -10 | x|
+ & BlSk. ) (.1000, 9

Both frequency estimates are correct to within 1/2 percent. One
might expect that this leads to a very good overall estimate, and indeed
all twenty lags are matched to at least 4 decimal places. Spurious
poles have indeed an appropriate low linear weighting coefficient. The
power estimates however are substantially too high. From (4.34) we see
that a double frequency and sum frequency component enters as error
term, and by the same argument as before they are of the order of 1 per-
cent. The more important error term in this case could be the differ-
ence frequency term. This difference frequency is w/4 - .95n/4 = n/80.
With a 100 point data sequence this turns out to be an almost worst case
situation where the error terms are very large. The covariance sequence
approximant above merely satisfies the covariance sequence estimate.

The spectral information is depicted in Figure 4.8A. Note that there is
no spectral resolution readily available in the plot, whereas the
covariance sequence approximant clearly indicates two strong sinusoidal

components.
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Figure 4.8A Spectral estimate for 2 sines. Estimated 20 covariance lags
from 100 samples.
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B. Based on the frequency estimates from example 8A and the error

terms indicated in (4.34), we can decide to minimize these error terms
by insuring that summation takes place over an integer number of
periods of the difference frequency. Let us therefore change the
length of the data sequence to N = 160, with all other parameters
unchanged.

Covariance Sequence Approximant:

R -8
Rk = ( .103210

+ (.2500 - j .170810-2)(1.000 exp -j .7462)|k| + c.c.

i .470010'9)(.9599 o § 2.0085 % oo

+ (.2500 - § 1545 7%)(1.000 exp -3 esay |l 4 ¢

-8 | x|

+ (-.377010

)(.7687 exp j 3.142)

=7

10 ||
0 )

+ (-.1005, )(.1000, "

Both frequencies are very accurate, and also their respective
power estimates are accurate to 4 decimal places. Spurious poles were
assigned appropriate low weights, and the orthogonal components are
of the order of 1%6 = .00625 percent as is to be expected. See
Figure 4.8B. This example shows therefore that knowing the component
frequencies, the observation interv=2l can be chosen to eliminate the
error components due to difference frequencies. Such a procedure is
of course not possible if the availabl: data record is shorter than one
period of the difference frequency of interest.

Let us now assume the ultimate practical case where oﬁr observation

interval is finite and the observations are affected by additive noise.

i
¢
{
i
;
i
¢
:

For white noise we then make an estimate of the covariance sequence for

lags different from zero:
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An N
Ci = ei{nknk+i} ‘ . 4.36

where n is white noise, so that nkl'nk+i' If we define

N
Sy = X no o 4.37a
k=1
T = Mg i
Then due to the independence of xk and xz for k # £ we find
N
2 2
E{sg;} = )} E{x’}
g e
=N 02
X
e lio 4.38
n

As a result the white noise covariance estimate at lag i # O has a

standard deviation
An cn2
a(Ci) = 4.39

T

Since the white noise process is deemed independent from the signal

process, this result is additive to results derived previously for co-
variance sequence estimates from finite record length noiseless data.
This elementary calculation simply illustrates that large variance white
noise processes observed over short data records yield large variance

covariance estimates.

i, @ s Lot

S i ot A (ot ik
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Example 9 A single sinusoid in white noise

A. s2 =0
SN = .03 (SNR ~ 27dB)
Covariance Sequence Approximant:

R, = (.2481 - j .247210'2)(1.000 exp;j .7850)|kl.+ c.c.
~3 ||
+ (.7103, )(.7826 )
-3 -4 ||
+ (.7122,, 7 + 3 .2098,,7")(.6216 exp -3 2.668)' ! + c.c.
-2 -3 ||
+ (4132, - 3 .7663,,77)(.3997 exp -3 .9054)'"! + c.c.

3 -2 -10 ||
® 7795, 0 ) (1000, , )

The sinusoidal pole and its corresponding power are identified
quite nicely. Spurious poles are identified and seem to be approximating

the noise process. See Figure 4.9A for visual spectral information.

SN = .3 (SNR = 7dB)
Covariance Sequence Approximant:
R, = (.2364 - § .247010'2)(1.000 exp j .7827)|k| + c.c.
+ (.2026, "1 )(.9295 Ikl
10
+ (-.1285, 71 - 5 8271, "2)(.7551 exp -5 2.005) /¥ 4 c.c
. 10 . 10 . Xp . «Ce
+ (.1335 + j .1051)(.3341 exp -3 2.206)lkl + c.c.

3 = 36EE )(.100010'10 Il

Note the frequency estimate Is very accurate and the corresponding
power estimate is reasonable. Spurious poles are such that they repre-
sent an average noise level of -10dB as well as can be expected. See

Figure 4.9B.
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SN = .3 (SNR * -13dB)
Covariance Sequence Approximant:

R, = (.5260 - J 2.549)(.7368 exp j 1.255) %l 4 c.c.

+ (3.530 - § .4836)(.6648 exp -§ 1.661) /% + c.c.
+ (1.093 ) (. 9881 )l

+(1.278 + 5 .7616)(. 7755 exp 3 2.250) %] 4 c.c.

P -10, | k|
(2.138 )(.1000lo )

As indicated before the stochastic nature of the noise covariance

estimate might take importance over any signal features when the noise

variance is comparatively large. The identified poles therefore

represent the noise process and as seen in Figure 4.9C the spectral

density estimate varies around the 10dB level.

Example 10 Two sinusoids in white noise

A.

BN = .03 (SNR = 27 dB, 27dB)

.95

Covariance Sequence Approximant:

R, = (.8815 + j .796310'4)(.9973 exp § 655y ¥l 4 e

+ (.547710‘3 )(.5317 exp § 3.142) ¥l

+ (-.1608 + j .223310'2)(.9605 exp j ,7630)IkI + c.c.

+ (—.569410‘5 +3 .281810'3)(.6813 exp -3 z.zza)lk' + c.c.

3 0 ||

- !
+ (.762710 )(-100010 )

o e
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No resolution of the frequency components is obtained. Instead the
frequencies are virtually averaged, which may then cause a large devi-
ation in the respective power estimates due to error terms dependent on
the difference frequency. In this case one of the frequencies shows a
considerable negative power estimate. The spectral infor-ntion is
depicted in Figure 4.10A. Note from (4.39) that the stochastic element
of the covariance sequence elements is of the order 10-6; which is
sub;tantial compared to the difference between

C: --% cosw/4.k +

1

> cos8.957/4 .k

and

Ct = c08.975n/4.k
over the lag values k = 0,...,19.

B. S2 =1
SN = ,03 (SNR ® 27dB, 27dB)
frac = .6

Covariance Sequence Approximant:

= (.2486 + § .3513, ~2)(1.000 exp § .4717) ¥l 4 c.c.
Ry 10
+(.1003, 73 - 5 2234, "3)(.8381 exp 4 2.121) /%] 4 c.c.
10 10

+ (.2492 - § .3354,,7%)(1.000 exp -9 88y ¥l 4 ..

+ (.2633 7 )(.7696 exp - 3.142) 1]

=3

-10 ||
+ (.1815, )(.1000, )

Both frequency estimates are within .1 percent and their power
estimates are within 1 percent. Note that the difference frequency is
/10 so that with 100 datapoints the error terms due to finite record
estimates are vanishingly small. See Figure 4.10B for spectral

information plot.
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C. S2 =1
SN = .3 (SNR * 7dB, 7dB)
frac = .6
Covariance Sequence Approximant:

R, = (.2589 - j .167610‘1)(.9940 exp § 4722 ¥l 4 e

3

+ (4916, " )(.7588 exp j 3.142) ¥l

+ (.2642 + § .258410'1)(.9997 exp j 19 ¥ 4 e

+ (:2625, =2 _ 3 .526910'3)(.5969 exp -5 2.050) ¥l 4+ c.c.

0

-1 -10 ||
+ (-.1256 )(.1000, )

Power and frequency estimates are still within 3 percent and the
extra poles seem to represent a noiselevel of -10dB rather well in

Figure 4.10C.

SN =3 (SNR * -13dB, -13dB)
frac = .6
Covariance Sequence Approximant:

= (-.2295 - § .4725)(.9087 exp j Lanl® e
Ry

+ (-.359310‘2 - 4 .4811)(.8643 exp -5 2.122) ¥l & c.c.
+ (.8077 T yylon |kl

1 1 x|
+ (5078, " - 3 .5756,,1)(.3821 exp § 2.245)' <! + c.c.
+ (=~.6262 )(.100010‘10 y Kl

The sinusoidal frequency components are buried in the noise and can-

not be recovered even in an averaged frequency component. The stochastic

element of the covariance sequence estimate according to (4.39) is now
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of the order 1 which is the maximum value of the covariance sequence for
the averaged frequency. Note in the plot of Figure 4.10D the attempt

to represent a noise level_of 10dB. Note again the unstable pole, so
that Figure 4.10D really reflects the spectral.density as if the linear
weight for the unstable pole were ﬁegative and associated with the
reflection of the unstable pole.

Finite record based covariance sequence estimates can drastically
affect the power estimates corresponding to sinusoidal frequencies. A
one-shot procedure is therefore not likely to produce simultaneously
good frequency and power estimates when analyzing short data records.
Based upon the frequency estimates that result from the first step in
the determination of the covariance sequence approximant, the most
favorable length of the analysis record may be determined. Calculating
the complex linear weight coefficients for the covariance sequence
approximant of this thesis from this adjusted analysis record will mini-
mize the error components due to finite length observation records, as
in (4.34). When observations are in addition noisy, the variance of
the noise covariance estimate may obscure the signal covariance estimate.
The result is a loss of resolution. Initially a single frequency com-
ponent is identified at averaged frequency and power of two separate
components. For even noisier data an approximation of the noise process

takes'place.
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5 COVARIANCE SEQUENCE APPROXIMATION FOR RECURSIVE

DIGITAL FILTER DESIGN

In the previous chapter we have seen that the covariance sequence
approximant leads to excellent spectral analysis results when it is
applied to known covariance sequences. As the model underlying the
approximant is an ARMA(M,M ) system, it seems natural to use the

covariance sequence approximant to design ARMA recursive digital

filters, based exclusively on covariance sequence information. TIn the

first section of this chapter we restate a few properties derived

- Siiniiiat, i

earlier and indicate how the possibly negative spectrum estimate

associated with the covariance sequence approximant, can be avoided

e

in a slightly modified covariance sequence approximation procedure
for the design of recursive digital filters. The resulting filter
can be guaranteed to be stable, causal, and have real coefficients.

In Section 5.1 we describe the freedom available in the choice of

phase characteristics that can be associated with the resulting magni-
tude squared approximation. This relative freedom for the phase
characteristic is associated with the different possibilities for the :
numerator polynomial of the fill.r and several ways are indicated to
arrive at a possible set of coefficients. Section 5.3 contains a
compilation of numerical considerations associated with the design
procedure of this thesis and the final section contains results for
several representative low pass recursive digital filter designs.

5.1 Recursive Digital Filter Design
Suppose we wish to design a recursive digital filter H(z) so that
its associated spectrum forms a good approximation to a desired

spectrum. Many design procedures have been proposed, starting from




116

the frequency domain [D], [KC], [DU], or from the time domain [BS],
[EF]. 1In general the associated least squares problem is highly
nonlinear, which forces upon us a time consuming iterative mode of
solution. Simple procedures based on impulse response approximation
have generally not succeeded to guarantee stability of the resulting
filter [BP], [SH]. To arrive at a more amenable problem statement,
modified least squares procedures have been proposed [SM], [MI] and
this has recently led to an efficient design procedure for stable ARMA
(N,M) digital filters from consistent impulse and covariance sequence
data [MR]. Design results with the latter procedure have been reported
[SL] and clearly show the influence of the modified least squares
error criterion.

We have noted befpre that an ARMA(M,M ) model was the appropriate
structure for modeling when it is desired to preserve second order
statistical properties in transforming continuous time rational pro-
cesses to discrete time processes [PS]. An Mth order continuous time
process leads to an ARMA(M,M ) discrete time process, such that

C(k) = Cc(t-kT) ¥k 5.1

A covariance sequence so derived exactly satisfies an MFh order linear
homogeneous differential equation with real coefficients. The covari-
ance sequence approximant yields zero covariance sequence prediction
error and the results are exact. The covariance sequence approximation
procedure then merely serves as an alternative procedure for CI
(covariance invariant) digital filter design [PS], [KPSS]. The more
difficult task arises when there is no ARMA(M,M ) or aven ARMA(N,.M)

system that matches {ck}ON-l unless N=2M. The latter condit lon would

— T ———

seei o Lty A
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constitute a Padé-like approach to covariance sequence approximation
and in general would lead to a much higher order for the approximating
system than desirable. Also in this case nothing would be known about
the match of {C } for'lags larger than N.

We will now indicate how a digital filter with real coefficients
can be designed, using the covariance sequence approximant as derived.
Let Sd(e)’ -m<0<m, denote an ideal spectrum, with corresponding co-
variance sequence {C:} € 22 » to be approximated with an ARMA(M,M )
digital filter. The least squares approximation problem is to find

the parameters {Ai,pi}f for the covariénce sequence approximant ¢ 21

M

||
= %L A, p 5.2
B Dy By ’
such that
Fw -ch2-L [ s, (8)-s,(8)|? ae 5.3
Loy =G =35 g "0y .
-T

is minimized. Here §d(e) is the spectrum estimate corresponding to
the ARMA(M,M ) covariance sequence approximant. Note the fundamental
discrepancy between the 22 sequence to be approximated and the
approximating 21 sequence. The problem stated above is exactly the
general nonlinear problem of (5.2) that we seek to avoid. The modified
version of this problem has beén outlined in Chapter 3. The main
difficulty encountered in the direct application of the modified least

squares problem is that sd(e) may turn out to be negative for some

 frequencies, implying that the sequence {Rk} is not a covariance

sequence and, furthermore, that a factorization of Sd(z) to obtain

the corresponding filter will give a complex filter. The negativivy
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of the spectrum estimate is somewhat tolerable in the spectral analysis
case, as the problem invariably turns up in the approximation of the
low energy parts of the spectrum. In digital filter design it is
imperative that a filter with real coefficients result, and when de-
signing ideal filters with very low energy stopbands, zeros on the unit
circle cannot be avoided. We note here that in CI design an ARMA(M,M )
system with real coefficients is known to exist and will be identified,
but in the general design problem there is no guarantee that zeros of
§d(z) on the unit circle will occur in multiples of two. To avoid the
negativity problem we instead approximate the covariance sequence

5

associated with S, °(8), which results in a ARMA(M,M ) covariance

sequence approximant with associated spectral density estimate sdk(e).

We now call
S.(8) = (S,%(6))> 5.4
d d g

the approximation to sd(e). Substitution of (4.3a) yields:

% -1
S (Z) - Nigzlu(z .)_1
A(z) A(z 7) A(z ) A(2)

_In@|? k4

|Acz) |

2
M S

Note that §d(z) satisfies all requirements for a proper spectrum.

The properties of reality and symmetry are obviously preserved. It has
the same poles and zeros as édk(z), but all occur in multiples of two.
The important aspect is that zeros of gd(z) on the unit circle now
occur in multiples of two so that the coefficients of the associated
ARMA(2M,2M ) filter are real.

We have seen that the covariance sequence approximation algorithm

~an be implemented easily to yield the stable denominator polynomial




‘well as the performance of the resulting covariance sequence prediction

digital filter has real coefficients. Real zeros away from the unit

s lth“i’—'Mm« el
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A(z) of maximum order M for a given covariance sequence. Also the
coefficients of A(z) are alwvays real. We note that a change in length

of the covariance sequence to be approximated may affect the order as

filter. ‘To preserve stability the obvious choice for the denominator
polynomial of the recursive digital filter with spectrum §,(z) will
be A(z) A(z). The numerator .polynb‘nhl can be arfmgcd in many differ-
ent ways as shown in the folldwing section. A

5.2 Numerator Polynomial Coefficients and Phase Characteristics

We are interested in the zeros of S d’(i) in (5.5). As they occur

in multiples of two 1t suffices to study the zeros of §dk(z). After

)

finding the zeros of S d (z) or equivalently the roots of N(z), the ?

complex roots of S d(z_), with radius different from one can be
arranged in sets as follows:

* - *- % & *o
s B l,z l,z,z = l,zo .

zZ , z
{o’ o (] 0" 0! o

. } } 5.6a

Four of these zeros can be chosen for the AM(ZH,ZH-) system, provided

they occur in complex conjugate pairs, so as to insure the recursive

circle occur in following sets: ; |

-1, 5.6b

{ -1

po' Po ’ po’ Po
Two of these roots are to be chosen, with no restrictions. If real
roots occur on the unit circle, one of each multiple of two is to be

taken. Complex zeros on the unit circle occur in foursomes

16 .-10}

7 e R 5.6¢

As they again have to be taken in complex conjugate pairs, there is only

one way to do so. As a result of the above, the numerator polynomial
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of the digital filter has real coefficients. Recall that with a
denominator polynomial A(z) A(z) then all digital filter coefficients
will be real.

Note that for the zeros away fron the unit circle several
combinations of zero pairs will be possible and this allows considerable
freedom in the phase characteristic to be associated with the ARMA
(2M,2M ) filter. It is important to note that this design freedom is
implicit, as it was the magnitude squared or spectral performance only
that prompted this design procedure. We may therefore achieve approxi-
mately linear phase response over a frequency region of importance by
cleverly choosing zeros. Alternatively one may achieve partial phase
equalization. Furthermore, if the zeros can be chosen to lie inside
the unit circle, an invertible digital filter will have been designed.
To exercise the available freedom of phase characteristic an additional
polynomial rootfinding will have to be executed, even if only on a
polynomial of order M .

A straightforward procedure to arrive at a possible numerator
polynomial is to recognize that the following system is causal, has
real coefficients and exhibits spectrum §d(z) when uriven by white
noise:

z-k N(z

H(z) = i) A(z) * k>M 5.7

where again, as in (4.3b):

M M
-1
= I -~ i - i
N(z) e Ay (Q-p ) (4p) k;% (z-p, ) (z "-p,)
M -
= I n,z 3 n, arereal, n, = n 5.8
j-_n- b ] b -3
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The coefficients of N(z) can be determined iﬁ straightforward fufhion,

without polynomial vootfinding or spectral factorization techniques.

One may even use to advantage the fact that N(z) 1s a mirror image

polynomial, which cuﬁl the required computational effort roughly in half.
As the latter procedure still may uc- to be an exhaustive approach,

a8 more appealing method will be outlined next. Recall

§d’5(z) - __ﬂELT .
A(z) A(z )

M (1-p,)(14p,) o
A 1 1 5.9

- I
i=]1 A (z-_-pi)(zfl-pi): :
For any z = e:le it 1s therefore possible to eﬁlute N(z = eje)
according to
NGz = e3°) = a@@) aG™h §d”(z> je
' z=e
- h@? 8 @ g
z=e

Note that all elements of the right hand side of (5.10) are readily
available as a 4° P 1 and Ai have all been determined. Furthermore
N(z) 1is real and symmetric on [-7.v], as is easily seen.

With (5.8) and (5.10) we may therefore write

n, = IDFT ,lA(:)lz éd"m

% o .jzwk/Z!{‘ 5.11
The latter approach can also be used to evaluate the coefficients
of N(z) N(z-l) in (5.5). As N(z) represents a pure moving average

system with real coefficients, the resulting sequence would represent

the covariance sequence associated with N(z). Knowing however a
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possible set of coefficients for the numerator polynomial, say from

(5.11), the corresponding covariance sequence can be readily calculated.

M-1
Z ' n n ; k - -2(“-1). ceey 2("’1)
Cy(i) ={ gm-(u-1) * HHE 5.12
0 otherwise

Once the moving average covariance sequence is known, in addition to the
order of the generating system, algorithms are available to determine
the corresponding minimum phase numerator polynomial for the recursive
digital system by factorization techniques [W1].

2.3 Numerical Considerations

In the following section we will design several low pass filters.
The starting point is naturally the ideal low‘pass spectral density,
but a modification will be made in that the stopband level is not speci-
fied to be zero. Instead the stopband level is thought to represent
a hypothetical tolerable noiselevel. We note here that minimization
of the covariance sequence prediction error represents a spectral
whitening approach. The numerical conditioning of the system of linear
equations to be solved for minimization of the covariance cequence pre-
diction error is determined to a large extent by the dynamic range of
the desired spectrum [MG]. Specification of a tolerable noiselevel for
the stopband performance of the modified ideal filter will therefore
stabilize the numerical behavior of the algorithm.

Use of the minimal length covariance sequence to find an approximate
ARMA(M,M ) system leads to a Padé-like approximant to the covariance
sequence. In the application of complex exponential approximation to
one-gsided Impulse response sequences similar design procedures are

known [BP], [SH], [PR], [HI] and scveral possible problems have been
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reported [VB]. Complex roots not occurring in complex conjugate pairs
indicate that the rootfinding routine has not converged yet, as the
polynomial itself is known to have real coefficients. The obvious
solution to such a problem is to allow more iterations in the polynomial
routine. In all covariance sequence approximations performed in this
thesis the polynomial roots always were either real or occﬁrred in
complex conjugate pairs within the specified numerical accuracy.

Partial realization procedures and Padé approximation are known to
be very sensitive to noise [VB], [W2]. Most algorithms solving the
partial realization problem are for that reason numerically unstable, but
numerically stable algorithms have been proposed requiring a slightly
increased number of operations [DJ]. In this respect we note that in the
covariance sequence approximation procedure of this thesis, equations
are always solved in a least squares sense. The order of the approx-
imating system is low compared to the length of the available covar-
iance sequence. This approach has a noise reducing and numerically
stabilizing ¢ffect. In the proposed digital filter design procedure
this sensitivity problem, which would lead to a spectral factorization
with complex coefficients, is avoided entirely by design. Noise
sensitivity does not play the role it does in partial realization
prucedures because of the fact that a covariance sequence approximant
for the intermediate covariance sequence does not need to have the
nonnegative definiteness property. The final result for the spectral
approximation is still guaranteed to be nonnegative.

Ideal filters inevitably have discontinuous transitions in the

frequency domain, whereas their corresponding covariance sequences will

SR

i iacialh, o B

s ke SR




be relatively smooth and damped. The approximation of such a two-sided
covariance sequence with a weighted sum of complex exponentials naturally
avoids singular cases of approximating time domain discontinuities
which reportedly yields serious problems [MCD]. The modified low pass
filters have a square summable covariance sequence whereas our
covariance sequence approximant is absolutely summable, which points to
a fundamental mismatch between approximated and approximating sequence.

In the approximation of known covariance sequences for both the
spectral estimation simulations of Chapter 4 and the digital filter
dcsigns of the next section, the denominator polynomials are always
minimum phase corresponding to stable digital filters. It is even more
noteworthy that these results have been obtained without recursively
checking for stability in order to end up with a reduced order but
guaranteed stable filter.
5.4 Numerical Results for Recursive Digital Filter Design

Let us assume a normalized sampling frequency of 1 and a normalized
cutoff frequency of .1 so that the spectral density specification in
Figure 5.1 is relevant. A similar starting point arises in the design
of digital filters from a statistical point of view [FS], [SL]. The
known covariance sequence associated with the above desired spectral
density is derived by sampling the Fourier transform associated with
§4(F):

C, = 2W sinc(2nWk) + AN cos{(1+2W) 1’25) (1-2W) sina{ (1-2W) 1'5'5} 5.13

From Fourier transform properties we may intuitively say that the use
of long sequences {Ck}, will be reflected in emphasis on low frequency
approximat fon.  The ane ol short sequences will correspond to relatively

more emphasis on the high frequency approximat lon error. When wminimal

i S




L
w=0.|

Figure 5.1 Modified lowpass filter specification.
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length sequences are used a Pade approximation to the covariance

sequence results, with emphasis on the high frequency approximation

s Az o Moo A S AL L Ay gt ad) festo ) SR ahs . - (LR LS Sl lotialy

error and usually characteristic peaking at the cutoff frequency.

For the examples to follow the intermediate covariance sequence
approximant will be given, indicating the pole locations for the
digital filter. As the denominator polynomial A(z) is an intermediate
result, it will be givén,also. Determination of the zeros was not

performed explicitly, as different phase characteristic considerations

will lead to different polynomials. Relevant procedures for zero
selection are given in Section 5.2. #

Example 1 Desired stopband noiselevel: -80 dB

In the generator equation (5.13) we use AN = 10-4 » corresponding

to -40 dB noiselevel for the intermediate spectral density §d%(')- 4
20 covariance sequence lags were used; i
Maximam predictor order: M = 10. i
Lags 7 through 19 determine the poles. ]
Lags 0 through 8 determine the zeros.
a
Covariance Sequence Approximant: §
| j ik . ;
| Rk = (.850910 ) i .863410 )(.9774 exp j .6062)'kl + c.c.
| ,
=1 =1 ||
i + (.2790 - j .2035 )(.8932 exp j .4986) + c.c.
: 10 10
~1 =2 |k|
§ + (.423910 -3 .421910 )(.8087 exp j .2624) + CsCe
i
: :
+ (.416910-1 ) (.8160 )|k|
~1 ~2 -3 =4
A(z) = 1 - 5.553z " + 13.75z ~ - 19.60z ~ + 17.31z
- 9.45527° + 2,954z ° - .4067z"]

b T —— —
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The resulting magnitude squared characteristic for the recursive
digital filter of ARMA(14,12) type is given in Figure 5.2. Note here
; that the specifications practically call for a Padé like approximation.
’ Cutoff frequency peaking is one of the characteristics of such an
approximation. Pass band and transition band performance are inferior
to stopband performance as might be expected from the use of short
covariance sequences. Note also that the maximum tolerable system
order was not used because at lower system order the prediction error
became negative indicating that the accuracy of the computer was being
exceeded.
Example 2 Desired stopband noise level: -60 dB
50 covariance sequence lags were used;
Maximum predictor order: M = 8.
Lags 8 through 49 determine the poles.
Lags O through 7 determine the zeros.
Covariance Sequence- Approximant:

-2 -2 k
Rk = (.283810 -] .856010 )(.9799 exp j .6223)I | + C.Co

+ (1418 e .233010‘1)(.8831 exp-1 .5756) Kl + c.c.

0

¥ (.443010‘1 + 4 .337310’1)(.7356 exp-1 .4042) ¥l & c.c.

=1
+ (7738, ) (. 6401 y [l
-3 -1 k
+ (.778510 )(.226710 exp j w)l l
A(z) = 1. - 5.053z "% + 11.562~2 - 15.322°32 + 12.6227%
- 6.42327° + 1.8442 % - .21712”7 - .005948z %

The resulting magnitude squared characteristic for the correspuading

ARMA(16,14) digital filter is given in Figure 5.3. The determination ,'
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of the zeros is still Padé-like and accounts for the occurrence of
slight peaking at the cutoff frequency. Otherwise very reasonable

3 performance is the result in the passband, transition band and stopband.
Example 3 Desired stopband noise level: =60 dB
50 covariance sequence lags were used;
Maximum predictor order: M = 10.

Lags 10 through 49 determine the poles.
Lags 0 through 19 determinelthe zeros.

Covariance Sequence Approximant:

R, = (.2000, 7% - 4 .574810'2)(.9840 exp § .6239) ¥l 4 c.c.

x| ||

-2 -1

+ (.852110 + j .180510 )(.9117 exp -j .5945) + c.c.
-1 -1 | k|

+ (.264610 -3 .306910 )(.7811 exp j .4931) + c.c.

+ (.627910'1 i g .240310'1)(.6427 exp 3 .219%) ¥l 4 c.c.

+ (-.120910'5 )(.3537 exp § « )Vl
-2 -1 ||
+ (1247 )(.2081, )
A(z) = 1 - 5.406z "% + 13.22272 - 18.67z"3 + 16.112~% - 7.98723 |
+1.43027% + 6712277 - 4401278 + 0805920 5
- 001493710

Figure 5.4 indicates that a very nice result has been achieved in
the passband, transitionband and stopband. The use of longer sequences
has practically eliminated all ripple in the passband, but simultaneously
the desired stopband noise level is achieved. The cutoff rate in the

transitionband increases rapidly from about 150 to 600 db/octave.
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Example 4 Desired stopband noise level: -120 dB
50 covariance sequence lags were used;
Maximum predictor order: M = 8,

Lags 8 through 49 determine the poles.
Lags 0 through 19 determine the zeros.
Covariance Sequence Approximant:

= (3062, 72 - 3 .7173,.72)(.9829 exp § .6216) | 4 c.c.
R 10 10

-1

+ (.1268 )7 -

= |
1765, 1y (.9091 exp § .5770) ¥l 4 c.c.

+ (.32161

o+ .229910'1)(.7954 exp~1 4607 ¥l 4 c.c.

+ (5214, 4 g .115510'1)(.7063 exp-j .1700) ¥l 4 c.c.

10

1 3 -4

A(z) = 1 - 5.9532°% 4 16.202"2 - 26.152"> + 27.262

5 7 -8

=6 _ 2.1582"7 + .25202

- 18.76z " + 8.302z
The magnitude squared response for the resulting ARMA(16,14)

recursive digital filter is depicted in Figure 5.5. We note that a
deterioration of the stopband performance takes place. Recall that the
stopband specification was merely an implicit design requirement. As
noted in Chapter 3 the underlying error criterion weighs most heavily
the frequency regions with high spectral density, which corresponds to
the passband frequencies. It is therefore not surprising to see very
good passband behavior and deteriorating stopband and transitionband

performance. Even so the initial fall off rate is quite high and the

stopband rejection eventually reaches -120 dB.
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Example 5 Desired stopband noise level: -60 dB
50 covariance sequence lags were used;
Maximum predictor order: M = 4.

Lags 4 through 49 determine the poles.
Lags 0 through 49 determine the zeros.
Covariance Sequence Approximant:

R, = (19317 - 3 12616, ;™) (9383 exp .5936) ¥l 4 c.c.

+ (.812410’1 +3 1946 1) (7725 exp~y 26 ¥ 4 ce.

Az) = 1 - 3.0642 L + 3.7962 "2 - 2.240z> + .5255z%

Figure 5.6 shows the magnitude squared response for this ARMA(8,6)
recursive digital filter design. In spite of the use of relatively
long covariance sequences the result is not very palatable. The pass-
band has ripple of several dB, the transition is not very sharp and the
stopband never reaches the desired rejection. This design example
therefore merely shows that with too low a filter order specification
the resulting approximations cannot be expected to be very good. The
latter of course is true for any filter design procedure.

The covariance sequence approximation procedure forms an alternative
method for solving the stochastic realization problem encountered in
the design of covariance invariant digital filters. The same procedure
may be used to find an approximation to an arbitrary covariance sequence
for which no exact underlying ARMA(M,N) process exists. The designs
resulting from covariance sequence approximation for modified ideal
low pass filter designs represent causal, stable ARMA(2M,2M ) recursive

digital filters with real coefficients. We note that absolutely no
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phase information is used in the design. In designs utilizing impulse
response sequences at least implicit use of phase information is made.

A stability requirement is easily implementable. In the designs
of this thesis an unstable result was never enqountered, even without
the use of a stability check. For the CI digital filter design the
covariance function for a stable continuous time process will lead to
a stable discrete time process [B], [PS], [SP], but no such proof is
available for the approximation of arbitrary covariance sequences.
Whereas no phase characteristics enter in the magnitude squared response
cpproximation, considerable freedom exists in the numerator polynomial
factorization. As a result this freedom can be used towards achieve-
ment of linear phase characteristics or phase equalization. Alterna-
tively minimum phase properties may be achieved.

With the covariance sequence approximant procedure we therefore
have a simple method to design stable recursive filters of ARMA(2M,2M )
type by solving linear systems of equations and one polynomial root-
finding, both of order M. The resulting designs compare favorably with
filters of the same complexity according to a recent modified least
squares procedure [MR], [SL], even though only half of the filterco-
efficients are truly design variables due to the doubling of poles and
zeros of the intermediate covariance sequence approximant. The weighted
least squares error criterion in the modified least squares procedure
puts heavy emphasis on the stopband performance and obviously at the
expense of increased passband ripple.

Each design was performed in single precision on the CYBER 171
at Colorado State University and completed in less than one second of

computation‘tine. Due to the fact that a spectral approximation takes
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place one can determine the magnitude squared response of the recursive
digital filter before actually determining its filter coefficients. In
an interactive computation mode this presents the possibility of a

visual check on the resulting performance without actually performing

the complete design.
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6 CONCLUSIONS
6.1 Summary
In this thesis we have proposed a covariance sequence model
consisting of a linear combination of damped complex exponentials. A

generalized stochastic process generator has been derived that fits in

the framework of the covariance sequence model, as its spectral repre-

sentation for the covariance sequence is a positive real linear combina-

tion of damped complex exponentials. Wg have thus developed a generali-
zation of the stochastic almost periodic function by allowing the complex
exponentials to be damped. A more efficient representation for a large
subclass of ARMA(M,M ) processes is the result.

To identify the parameters in the covariance sequence model a {

modified least squares approach has resulted in a decoupling of the
determination of the complex exponentials and complex linear weights.

Only linear systems of equations have to be solved in addition to a

polynomial rootfinding. A recursive algorithm is given to solve for ]
the complex exponentials and it is indicated how the stability of the
resulting filter can be guaranteed.

When used in a spectral analysis context the covariance sequence
approximant of this thesis seems robust against the nonrational
Gaussian spectral density. For known covariance sequences with under-
lying ARMA (M,M ) systems, the spectral information is obtained without

error. When a covariance sequence is estimated from a finite data record

the effects of the finite observation length show up in the covariance
sequence estimate and consequently in the covariance sequence approxi-
mant. These effects are derived and illustrated with realfzations from

stochastic almost periodic functions where time averaging and enscemble

i
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averaging do not yield the same results for tﬁe estimated covariance
sequence. Large error terms can arise in the identified complex linear
weights. Error terms due to difference frequencies of sinusoidal com-
ponents can be eliminated by the use of an appropriate length finite
observation record, resulting in accurate power and frequency estimates
for these signals.

Harmonic processes in white noise form a limiting case for the
proposed covariance sequence approximant. Estimated covariance sequences
for such processes will yield relevant information concerning the
observed process, but for relatively high noise level the signal
components may be averaged or not resolved at all.

In the application of the covariance sequence approximant to
recursive digital filter design from magnitude squared information only,
the covariance sequence approximant is sought for the square root of the
desired magnitude squared response. This approach avoids by design the
problems of an approximating spectrum that is possibly negative for
some frequencies. The result is a procedure for the design of causal
ARMA(2M,2M ) filters with real coefficients of guaranteed stability.
This design procedure requires line~- systems of equations to be solved
in addition to a polynomial rootfinding problem and an inverse DFT.

The resulting spectral error criterion for the proposed design procedure
is somewhere between modified least squares and least squares. The
telaﬁive proximity to either is determined by the choice of the system
order and the length of the covariance sequences used to deca;nine

poles and zeros respectively.
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6.2 Recommendations

We have seen that the proposed covariance sequence model is so
general that approximating sequences are not necessarily nonnegative
definite. Especially for recursive digital filter design this is not
tolerable. This prompted the use bf a square root spectrum approximation
as an intermediate step: Finding general conditions for the nonnegative-
ness of the spectral estimate could result in a constrained quadratic
minimization problem. The solution then would be an ARHA(M,H-) digital
filter of half the complexity of the designs produced by Chapter 5. A
spectral factorization procedure would be unavoidable however in order
to find appropriate numerator polynomial coefficients.

The covariance sequence approximant of this thesis is valid under
the assumption of single poles for the underlying system. A different
covariance sequence approximant can be defined to incorporate multiple
poles. In the solution procedure this would result in derivatives of
the independent vectors in the Vandermonde matrix. One can argue that
practical systems identified under noisy conditions will hardly ever
exhibit multiple poles. The importance of this generalized approach
then lies in the fact that multiple poles at zero can be implemented
which will allow the identification of ARMA(M,N) systems, where N
can be larger than M-l.

While illustrative, the spectrum analysis results of Chapter 4 are
not conclusive. Continued investigation should focus on Monte-Carlo
studies of spectrum estimates for random amplitude, random phase
sinusoids, together with analytical investigation of estimator variances,

confidence intervals, and the like.
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