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NOTATION

E Expectation (mean value) operator

f~ (w) Wave spectral density function

R(T) Covariance function

Re Real part

S(i) Wave energy spectrum

T Wave period

t Time

X (t) Random function of time

Random phase angle (discrete)

Random phase angle (continuous)

rl(t) Wave surface elevation

Variance of wave record

t Time lag

Characteristic function of X

w Radian frequency
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ABSTRACT

This report presents a convenient method for simu—
lating time histories of ocean wave surfaces on a digital
computer. The simulation model employed is basically the
spectral energy wave surface representation of St. Denis
and Pierson. A random selection of frequency components
within each frequency interval is employed to increase
the wave period of the digital process. Analytical
properties of the resulting wave system are derived and
comparison with computed wave records is shown. Detailed
computer program documentation is also provided.

ADMINISTRATIVE INFORMATION

This work was performed under the General Hydroinechanics Research Pro-

gram of the David W. Taylor Naval Ship Research and Development Center and

was funded by the Naval Sea Systems Command under Program Element R02301,
Projec t 61153N , Task Area SR 0230101, and Work Unit 1524—470.

CONVERSION TABLE

Measurements are given in customary units. Their conversion to metric

equivalents can be computed using the following values:

1 ft/sec2 = 0.3048 rn /s 2

INTRODUCTION

Time histories of wave surface elevation are employed extensively in

the study of ship performance in a seaway. Such time series can be used

both to study properties of the wave system itself and to provide ex-

citation for the various ship motions and propulsive responses. Curren t

interest in the time domain simulation of ship—wave dynamic systems has led

to the need for digital synthesis of wave time histories. This report

presents —)r.e method for generating such time histories on a digital

computer. The representation of wave surface elevation is based on the
1*random phase wave energy integral model used by St. Denis and Pierson ,

with two modifications : first, the wave representation is interpreted as

a stochastic integral which is closely related to the Riemann—Stieltj es

integral; second , the frequency values for determining the spectral

*A complete listing of references is given on page 65.

1 



- -

amplitudes and phases are chosen randomly within each interval in order to

increase indefinitely the period of the resulting digital process.

BACKGROUND

It is commonly accepted in linear wave theory that points of wave

surface elevation follow a normal (Gaussian) distribution. This Gaussian

property of ocean waves was demonstrated in a statistical analysis of

field data over two decades ago by Rudnick
2 and it has since been supported

by various studies. Various past investigations have dealt with the sea

surface as a stationary Gaussian process, which represents approximately a

relatively stable sea condition.

Many representatior.s of stationary Gaussian processes are possible.

For example, the earliest representation was through the use of Fourier

series expansions having normally distributed coefficients. Such models

were used as early as 1910 by Einstein in his investigation of black—body

radiation and they are discussed in detail by Rice.3 Fourier series models

are appealing for application to ocean waves because of their nice

physical interpretation. However , they have the unfortunate disadvantage

of being periodic. Their periods can be increased by lowering the funda-

mental frequency of oscillation which may result in an extremely large

number of frequency components in order to cover the full frequency range

of interest. More recently, Levy4 has given a different representation,

the so called “canonical representation” of Gaussian processes, in terms

of integrated Gaussian white noise. This model, which requires independent

Gaussian random variables for its generation, would seem to involve ex—

tensive computational time In practical application. Fourier series

expansions containing deterministic coefficients but uniformly distributed

phase angles have also been employed to obtain periodic processes that are

asymptotically normal as the number of frequency components approaches

infinity (Grenander—Rosenblatt 5).

One representation of a stationary Gaussian wave surface that appears

well—suited for practical application is the continuous frequency random

— phase model which was introduced by Levy6 and which was proposed as a

2
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model for ocean waves by St. Denis and Pierson) This model yields a

nonperiodic random phase representation of the wave surface. The St.

Denis—Pierson model has been used extensively in frequency domain in-

vestigations of ship performance ; however, it appears that the model has

not been explicitly exploited for time domain prediction or simulation.

This report implements the model in a time domain digital—computer

simulation.

THEORY

The random phase ocean wave model may be represented by the stochastic

Integral

~(t) = f cos (wt-e(w)) J2S(~ )dw (1)

In this representation n(t) is the unidirectional wave surface elevation .
The random phase angles, e(u ) , are a function of frequency and are
assumed to belong to an uniform distribution over the interval [O,2rr).

S (w) is the wave energy spectrum , which gives the mean squared value of

amplitude associated with each non—negative frequency. The area under the

spectrum equals the variance of the wave record . Thus, S(w) is intimately

related to the sea state. It is assumed that the sea state is stationary

so that the energy spectrum will be independent of time .

For simplicity, the wave surface model is here assumed to be uni—

directional and spatially fixed at the origin of the wave field. That is,

the model represents surface elevations at a point in space and considers

only long—crested waves. Extension to multidirectional and spatially

dependent models is straightforward .

It should be noted that the random phase model of Equation (1)

represents an entire ensemble of sea—surface time histories. Here,

ensemble is used in the sense of statistical mechanics and indicates an

assignment of probability to the functions of time which describe possible

3 
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sea—surface histories. Further , any specific time history resulting from

this representation will be a deterministic function, arbitrarily selected

from the infinite number of such time histories that make up the ensemble.

Detailed theoretical discussion of the random phase wave surface model Is

given in Appendices A through C. There, Equation (1) is derived from first

principles and its relationship to the more usual Riemann—Stieltjes

integration notation is defined .

Equation (1) is essentially the same as the form given by St. Denis

and Pierson1 as a theoretical ocean wave surface model, except that 2 S(u)

is used Instead of r)2(w) and the sign of the phase angles is negative

rather than positive. The St. Denis—Pierson paper also described roughly

how the integral in Equation (1) is obtained as the limit in quadratic

mean (9.i.m.) of a sequence of random partial sums (see Appendix A for a

detailed treatment). That is

~ (t)  = Li . m .  f cos (wt -E (w) )  /2S(u)dw (2)

A - ~-~~ 0

where

f cos (wt-c(~)) /2S(w)d~ = ~ . i.m.  Ecos (w~ t-6(~~~))  
~~

S(w
~

) (w
k

_w
k l

)

max
~

wk wk l ~ 
-)~ 0

~~~~~~ (3)

In the right hand side of Equation (3) the summation is over all subinter—

vals appearing in the partition

0 _ w
O
< w

l . <
~~N l

< w
N

A

of the interval [O,A], and is an arbitrary point in (wkl,wk).

4
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It follows from the Lniform distribution of phase angles that the

random phase model has a Gaussian character. As shown in Appendix C, the

model has the following statistical properties :

Property 1 — For each time t , the expected value (mean value) of
the wave surface elevation ri(t), is zero.

Property 2 — For each time t, the variance of n(t) is a
2 

= S(w)dc~.
The RMS value (standard deviation) is 0

r ~a = j S(w)dw
L J O

Property 3 — The wave process is s ta t ionary  and has the covariance
func t ion

R ( t )  = I S(w)  cos (uT ) dcJ
JO

Proper ty  4 — For each t, n (t) has a normal (Gaussian) distribution

with  mean zero and variance ~
2 .

Property 5 — For distinct times, t 1, ..., t , the joint  d i s t r i bu t ion

of (n(t 1), ..., n (t~)) is mul t ivar ia te  normal with

mean vector 0 and covariance matr ix M , wi th  elements
M . .  = R ( t  — t .).

13 1 j

Proper ty  6 — The process n (t) is ergodic.

These propert ies imp ly that  the random phase model is a zero mean ,

stat ionary Gaussian process. The process is also ergodic , which means

that i ts  s tat ist ical  moments can be obtained as averages over o single

(infinite) time history. A possible point of confusion between the energy

spectrum , S (w) , and the more usual statistical term, spectral density
function, may be resolved as follows. Consider a stationary Gaussian

process, ~(t), with covariance function R(r). The Fourier transform

f~ (w) of R(T) is called the spectral density funrtion of ~ ( t ) .  Thus,

f~ (w) is defined over the interval ~~~~~~ The wave energy spectrum S(w)

is then defined by

2f (w) if wc[0,co)
S ( w ) = ~~ ~ (4)

0 elsewhere.

5
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The preceding discussion summarizes the theoretical features of the

continuous time , continuous frequency, random phase model of ocean waves.

What follows is a description of the authors ’ procedure for digitally

synthesizing ocean wave time histories from the theoretical model. It

turns out that the abstract definition of the model given above can be

directly exploited to obtain the digital results.

In order to implement EquatIon (1) on a digital computer , the infinite

upper limit of integration must be replaced by a finite value and the

limiting sequence of partial sums in Equation (3) must be replaced by a

single sum involving N frequency components. Neither of these restrictions

poses a real problem in practice. Ocean waves are basically low frequency

phenomena and contain very little energy at frequencies beyond Ti rad/sec.

Also , the wave spectrum can be approximated as closely as desired by the

use of a finite number of frequenc ies. Thus, by choosing a finite maximum

frequency w and a large but finite number of frequency subintervals, we

obtain the following approximation (to Equation (1))

N

n (t) = ~~~
‘
cos (w~ t— c (w~ ) )  /2S(w

~
)(w

k
_u
k l ) (5) 

- 
-

with

O W1 N_ 1 N Wc

By def ini t ion, each can be chosen a rb i t ra r i ly from the subinterval

and each i (ui~ )  must be a random phase angle having an uniform

distribution on [0,21T). Standard algorithms exist for generating random

numbers on digital computers. Discussion of such algorithms with partic—

ular emphasis on the quality of random numbers generated by the CDC 6700

computer system is given in Appendix D. However, by using some such

6
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generator, the can be chosen at random from the interval (wk_1,~~
) and

the c(w~) and be chosen from an uniform distribution on [0,2ir).
For convenience, the w.~ in Equation (5) can be equally spaced. Then

the approximate wave system becomes

N

~(t) = ~~~~
‘
[2S(w~)&] 

2 
cos (u~ t—e(w~)) (6) ~

- 

-

where

. . . N  (7)

If we denote

* 
1/2

Ck 
= [2 S (w

k)&~
i] (8)

and

=

Equation (6) can be rewritten in the form

~(t) = cos (w
~
t_c

k
) (9)

k=l

Equation (9) is then used to digitally generate time histories in the

computer program. Although Equation (9) is not a Fourier series, it does

contain only a finite number of periodic components and thus, in prinicple,

it will be periodic. However, because the frequency components are

7
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selected randomly within each subinterval, the probability is zero that
two distinct components will be harmonics. Thus, the wave period resulting

from the use of such components will be determined by the number of
components employed and the number of significant digits u8ed to represent

each component ’s period. Based on the fifteen significant digits used in

CDC 6700 computations, a simulation based on N wave frequency components

over the interval (O,JT), each having a period containing Nk 
significant

digits, would have a period

T = (2 
N
k) 10l5N sec (10)

k-l

Thus, assuming the selection of a moderate number of frequency components,

for example 50, the wave period would be roughly

750T l 0  sec

= 3.17 X 10742 yr (11)

Hence, for all practical purposes, the wave period is infinite so that the

wave system may be considered to be nonperiodic. The advantage of the wave

energy integral representation becomes clear upon noting that a Fourier

series model containing 100 frequency components over [0,ir) would have a

pe- iod of only 200 sec.

DESCRIPTION OF SIMULATED OCEAN WAVE RECORDS

The idealized character of a continuous parameter stochastic process

cannot be realized in a digital simulation. The simulated wave time

histories must be based on a discrete approximation to the theoretical

wave spectrum. In addition, only a finite number of wave frequency

components and random phases can be employed. It is thus essential to

investigate how well the simulated records approximate the theoretical
— 

ones. In this respect, the effects of both approximation error and

sampling variability are significant.

8
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The computer program developed herein allows the user to input the

wave spectrum model of his choice. It is merely required that the

spectral ordinate be input at each discrete frequency of interest. Hence,

the model can be easily adopted to model wave systems exhibiting

empirical spectra such as the station India spectra used in many ship per-

formance studies. Likewise, the model readily admits theoretical spectra

— 
such as the International Towing Tank Conference (ITTC) recommended two—

parameter Bretschneider spectrum. In the numerical examples that follow,

a 30—knot wind spectrum developed by Pierson and Moskowitz
7 was used to

generate the required wave processes. The frequency range selected was

(0.2,2.2] rad/sec. The Pierson—Moskowitz spectrum is defined in units of
2ft —sec by

S(w) = 
0.00810 

~~~~~~~~~~~~~~ (12)

where w frequency (rad/sec)

VK = wind speed (knots)

The spectrum is a single amplitude spectrum and is continuous over positive

frequencies. As implemented in this report, the area under the spectrum

will equal the variance of the generated wave process. Figure 1 shows the

energy spectrum based on the Pierson—Moskowitz formula for a wind speed of

30 knots. It should be noted that any desired spectrum can be used in the

simulation. The Pierson—Moskowitz spectrum was selected only for

convenience.

In order to compute wave surface time histories from Equation (9), the

number of frequency components N must be selected in a manner that is

dependent upon the intended application. In many instances where strict

adherence to the normal distribution of amplitudes is important, the

minimum number of frequency components should be sufficiently large for

the central limit theorem to hold. The normality property was investigated

by applying chi—square goodness—of—fit tests to samples of wave amplitude

9
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points corresponding to a number of frequency components N. Since inde-

pendent sampled points are required for application of the usual chi—

square tests, such tests cannot be performed straightforwardly on

correlated wave histories. Independent wave amplitudes were obtained by

sampling the wave ensemble 600 times at the fixed time t = 0. This pro-

cedure was applied to each of ten samples consisting of 5, 10, 15, 25, 50,

and 100 wave frequency components, respectively. Thus, ten chi—square

tests were performed for each set of frequency components. The number of

class intervals was selected to maximize the power of the tests in

accordance with the procedure of Mann and Wald8 as detailed by Williams.9 L
Following this procedure, the number K, of class intervals depends upon the

number of points N and the significance level ci, according to the formula

2
K = 4 (2(N . 1) ) (13)

where N is the number of sample points and ci is defined by

2

e 2 dy = a. (14)
(Zr) ~~

Fifty—two class intervals were used and the data were grouped into 52

equiprobability classes which yielded 51 degrees of freedom. The resuli~,

from the chi—square tests are shown in Table 1. Based on the significance

level a. = 0.10 , no more than one sample out of ten would be expected to

exceed the critical value, = 64.295, if the data were representative c

a normal distribution with mean zero and variance ~
2. For five frequency

components, all ten of the computed values exceed the critical value. For

twenty—f lye or more components, none of the ten chi—square values exceeds

the critical value. Chi—square tests were also computed on the data by

using the fifty—two class intervals but without grouping the data into

11
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equally probable interv~ls and the same trends were observed. Hence, as

few as twenty—five frequency components are sufficient to guarantee con-

vergence of the random phase model to the normal law. However, this

conclusion is strictly valid only for the range of variation observed in

the samples, namely ± 3o. More frequency components may be required to

imply normality for the tails of the sample distributions.

An example of a generated ocean wave time history is shown in Figure 2.

This time history is a 30 mm record based on 100 frequency components

over the frequency range [0.2 ,2.21 rad/sec. A sampling rate of 1 sample

per second was used. Figure 3 shows a sample probability density function

of the wave amplitudes from the 30 mm record. Close agreement is ob-

served between the computed wave data and the theoretical normal distribu-

tion based on mean zero and variance ~
2. The usual chi—square goodness—of-

fit test could not be performed on the time history data because adjacent

sample points are not independent.

An important property of the wave record is its mean square value or

variance. The theoretical variance of the generated wave process is given

by the area under the wave spectrum. That is

b

f S(w)dw (15)

where a and b are the minimum and maximum frequencies , respectively, in

rad/sec, and S(w) is the energy spectrum . The variance of the theoretical

wave process based on the continuous form of the Pierson—Moskowitz

spectrum, where b 2.2 and a 0.2, is 17.287. The variance of the

generated wave process was computed as a function of record length and

number of frequency components. Figure 4 shows the computed variance of

additional wave records based on 25, 50, and 100 frequency components,

respectively , and based on time histories between 0 and 30 mm in length.

The horizontal line represents the theoretical variance based on the 30—

knot Pierson—Moskowitz spectrum . In time histories of length less than

13

-- - - ----

~ 

~~~~~~-- - - - . ——- - -  --- - - - - -- -. -- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -~~~~-



I 1~~~~~~~HJ

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

(4) 3~ fl1I1dWV 3AVM

14



I-

_
— I- _

— L~ —p.-

-í 

_
_ _ _

2

a c 0
p. 0 d 0 0

A1ISN~O AIfl I9V8OHd

15

——-—- -- ~~—- - -- - — - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - -~~~~—~ - - - - - - - -  -——



- 

- -_

FREQUENCY COMPONENTS
—0-— 26
—6— 50

1.3 
______ 

0 io~ _______

1.2

0.7

0.6

0.5
0 5 10 15 20 25 30 35

RE~ORO LENGTH (mm )

Figure 4 — Variance of Simulated Wave Records

16

- --~~~~~~~~~~~ - - -



r — 
-- 

~~~~~~~~~~~~~~~~~~~~

five mm , the computed variance fluctuates considerably and does not

approximate the theoretical variance too closely . As the length of record

increases, the approximated quality improves and the error is within

± 5 percent for records no shorter than 10 m m .  As expected , the variance

approximation improves as the number of frequency components is increased .

However , 25 frequency components are seen to yield reasonable accuracy.

The theoretical covariance function of the generated wave process is

given by (Appendix C)

R(T) 
f 

(S(w) cos (wt))dT (16)

This theoretical covariance function is shown in Figure 5 along with the

sample covariance function computed from the 30 mm record (100 frequen—

cies). The two curves are in very close agreement f or lags up to 60 sec.

Figure 6 shows a comparison of a sample spectrum computed from the

30 mm record and the theoretical Pierson—Moskowitz spectrum. Close

agreement is observed between the two curves, although the sample spectrum

shows some oscillation due to sampling variability.

THE COMPUTER PROGRAN

PROGRAN DESCRIPTION

This section describes the computer program developed for generating

and plotting the random phase wave records. WAVESIM, the main program ,

functions as an executive program . It reads input parameters that must be

supplied by the user. Table 2 explains the parameters used in the pro-

gram. The subroutines that follow are called from the main program, and

the input data is transferred to these subroutines for computation. A

listing of the program appears in Appendix E. The program consists of the

subroutines SPECTRA, WAVES , ARAHEAN , VAR, and PLOT W, which are discussed .

17
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TABLE 2 - COMPUTER PROGRAM NOMENCLATURE

N = Number of cases

M = Number of nonzero frequency subdivisions

MM = M + 1

DELT = Time increment (sec)

OMEGMIN = Minimum frequency (rad/sec)

OMEGMAX = Maximum frequency (rad/sec)

TINMIN = Length of the wave process (mm )

IFPLOT = Use 1 if plot is desired. Use 2 if not

DELW = Frequency increment (rad/sec), DELW = (OMEGMAX—OMEGMIN)/M

TINSEC = Length of the wave process (sec)

NO = Total number of points computed for wave process,
NO = TINSEC/DELT + 1

W = Frequency subdivision

WSTAR = Actual frequency

S = Pierson—Moskowitz spectral ordinate based on actual
frequency

PMS = Pierson—Moskowitz spectral ordinate based on frequency
subdivision

XX = Random phase angle from uniform distribution on
[0,2ni (rad)

TIME = Time (sec)

WAVE = Wave Process as a function of time

RIIEAN = Time average of the wave process

VARANCE = Variance of the computed wave process

AREAPMS = Area based on the continuous form of the Pierson—
Moskowitz spectrum

VK = Wind speed (knots)

20
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SPECTRA: This subroutine calculates the spectral density function

using the Pierson—Moskowitz formula given by:

S(w) 0.00810 e
_ 749

~~~
1
~~~

4 
(17)

where S(ii) ordinate of spectral density

w circular frequency

VK wind speed (knots)

This formula requires a value for wind speed in knots (VK) which is read

as input in the program . The frequency subdivisions and the actual fre-

quencies are generated in this subroutine. The spectral density function

is defined only over non—negative frequencies. This subroutine is

optional as the user may substitute any spectrum S(w) that is desired .

WAVES : This subroutine computes (using Equation (9)) the random wave

process using the formula:

= ~~~
‘
[2S(w~)&A ]

l/2 
cos (w

~
t_c

k)

where S(w) = the spectral ordinate values

t~w = frequency increment (rad/sec)

= actual frequency (rad/sec)

t time (sec)

= random phase angle

N = number of discrete frequency components to
be employed

The values for time in seconds and the random phase angles arc generated

within this subroutine.

21 
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ARAMEAJ4: This subroutine calculates the mean value of the generated

wave process. The area under the continuous form of the Pierson—

Moskowitz spectrum is also computed .

VAR: This subroutine computes the variance of the simulated

time history.

PLOT W: This subroutine plots the generated wave on the CALCOMP 936

plotter. The value of IFPLOT (input to the main program) determines

whether or not this routine is used . If a plot is desired , the program

generates a magnetic tape from which plots can be obtained from the

CALCOMP plotter.

PREPARATION OF INPUT

The input for calculating and plotting a wave history consists of

three cards which are described in Table 3. There are seven parameters,

N, M, MM, DELT, OMEGMIN, OMEGMAX, and TINMIN, on the first card. The

parameter on the second card is IFPLOT. All integer names must be right

justified since blank columns are interpreted as zeros. Floating point

names must include a decimal point. If the Pierson—Moskowitz spectrum is

used , the third card n-ust contain the wind speed parameter VK. Table 4

shows an example of the input with and without the plot routine. If

another case follows, an additional set of data (Cards 1—3) is needed .

The last case should have a value of 1 for N , in order to terminate the

program.

EXPLANATION OF OUTPUT

The output consists of eight sections of computed information . A

sample printout is shown in the following sections. Section 1 consists of

the input parameters. Section 2 shows the frequency subdivisions, actual

frequencies, and spectral ordinate values of the Pierson—Moskowitz

spectrum based on the actual frequencies between 0.2 and 1.0. The random

phase angles are listed in Section 3. Section 4 shows the first 136

points of the generated wave process as a function of time in seconds. In

22 
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TABLE 3 — INPUT FOR MAIN PROGRAM

FORTRANCard Columns Format Definition
Designation

1— 5 15 N Number of cases

6—10 15 M Number of frequency
subdivisions

11—15 15 MM M M = M + l

16—25 F1O.2 DELT Time increment (sec)

26—35 FlO.2 OMEGMIN Minimum frequency (rad/sec)

36—45 F1O.2 OMEGMAX Maximum frequency (rad/sec)

46—55 F1O.2 TINMIN Length of the wave
process (mm )

2 1— 5 15 IFPLOT Use 1 if plot routine is
desired . Use 2 if not.

3 1—10 F10.2 VK Wind speed (knots) for the
Pierson—Moskowitz formula

23
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SEC I’ ION 1

NUMHER OF INPUT CASES 1

TOTAL NUP’Ie3FP OF POINTS COMPUTED FOR WAVE PRUCFSS 1801

NL’M~~EP OF FRE QUENCIES USED 101

M INIMUM FPE QI.IENCY IN ~ AI)IANS/SFCOND .200

MAXIMUM ~ RFt~UENCY IN RADIANS/SECOND 2.200 

1
FREQuENCY INCREMENT IN RADIANS /SECOND .020

TIME INCREMENT TN SECONDS 1.000

I FNGTH OF Ws~VE PROCESS IN MINUTES 30.000

LFNGTH OF WAVE PROCESS IN SECONDS 1800.000

WTN I) SPEED IN KNOIS 30.000

25
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SECTION 2

FREQUENCY ACTUAL SPECTRAL ORDINATE BASED
SUBDIVISION FREQUENCY ON ACTUAL FREQUENCY

.?flO .20U .000

.220 .221 .000

.240 .252 .000

.260 .26 1 .000

.280 .294 .000

.100 .302 .002

.3?0 .337 .161

.340 .355 .737

.360 .376 2.729

.380 .382 3.619

.400 .405 8.729
.429 16.415

.440 .449 23.645

.46fl .461 27.778

.480 .495 37.897

.500 .5th 41.606

.5?0 .~,18 44.061

.540 .555 44.648

.560 .~~h9 44.478

.580 .596 42.975

.600 .602 42.340

.620 .624 40.052

.640 .652 36.46 1

.660 .664 34.9-20

.680 .688 31.710

.700 .711 28.772

.720 .715 25.884

.740 .743 24.945

.760 ~77q 21.077

.780 .784 20.541

.800 .807 18.463

.820 .836 16.048

.840 .858 14.46 1

.860 .862 14.186

.880 .893 12.221

.900 .917 10.883
.931 10.222

.940 .952 9.262

.960 .974 8.384

.980 .983 8.021
1.000 1.001 7.396

I
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SECTION 3

RANDOM PHASE ANGLES

4.296128 5.648159 2.762822 .761861 5.094957
4. 373786 i.’.21783 2.834857 4.681262 5.759672
2 .7 43953 4.526702 4.4 27508 5.621681 2.713662
4 . 2 47 852 4.246169 4 .790832 2.210933 1.973443
2 .920811 .006001 5.817229 5.2934417 2.636457 - - -

4 .952821 5.108381 4 .354680 4 .912478 4 .862321.
5 . 42 694 ~. .579937 2.156256 2.009325 1.669190
2 .36 0736  2 .83268? 2.521395 3.426091. .471848
5.234771 4.813573 3.441344 1.29519’. 3.138264
5. 1706,? 6.179425 5.253782 2.337308 6.022332
3.1s9101 3.1.7957 1 3.249147 .353576 3.601916
4.185023 6.236676 .838576 1.062601 5.199075
3. 002502 5.552497 2.112288 5.060934 .089845
3.887805 2.693321. 4.536166 1.824741 5 .7b4042
.0175 89 2.827710 5.295909 1.889345 1.405937

.78315 .708669 5.368163 2.675637
2. 326224 2.174309 3.432989 3.190898 1.607190
1.25621.5 4.906081. 1.2975.3 .872652 2.645112
2.37061.1 1.055278 4.6111.19 1.917550 2.652305
3.891230 5.905635 4.989108 ~.775157 4.563567
3.942509

27
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Section 5 the mean and variance of the wave process, the area based on the

continuous form of the Pierson—Moskowitz spectrum, and the minimum and

maximum values of the wave process are printed.

OPERATING COMPUTER INFORNATION

The WAVESIM program is coded in FORTRAN IV and has been used on the

CDC 6700 computer system. However, the program should be easily adapted

to any other system provided an uniform random number generator is avail—

able. Table 5 shows the sample deck structure for the CDC 6700 system

with and without the plot routine. The number of words of computer memory

and the computer time required for the program will depend on the number

of frequencies used and the length of the wave process. For example, a

typical run involving the computation and plotting of a 30 mm record

based on 100 frequency components and sampled at 1 sample/sec , required

66.5 system sec on the CDC 6700.
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TABLE 5 - SAMPLE DECK STRUCTURE FOR THE CDC 6700 SYSTEM

1. Compilation and Execution with PLOT ROUTiNE, IFPLOT - 1.

JOBNAME, CM60000,MT1 ,P3 , T100. *USERS JOB CARD*
CHARCE,CXXX,XXXXXXXXXX. *USERS CHARGE CARD*,*XXXXXXXXXX IS
VSN,TAPEN,TAPENANE—SLOT . USERS JOB NUMBER*, *CXXX IS USERS ID*
REQUEST,TAPEN,HI. (TAPENANE ,SLOT /RING)
FTN(T)
ATTACH, CALC936.
LDSET(LIB”CALC936)
LGO.
RETURN (TAP EN)
7/8/9 END OF RECORD
FORTRAN DECK
7/8/9 END OF RECORD
DATA
6/ 7/8/9 END OF FILE

2. Compilation and Execution without PLOT ROUTINE, IFPLOT — 2.

JOBNANE,CM60000 P3,T100.
CHARGE, CXXX , XXXXXXXXXX
FTN(T)
LGO.
7/8/9 END OF RECORD
FORTRAN DECK
7/8/9 END OF RECORD
DATA
6/7/8/9 END OF FiLE

31
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APPENDIX A
RANDOM FUNCTION THEORY

A few basic facts concerning random functions are required to develop

and interpret the random phase ocean wave model. A brief sumA..ary of this

theory is given below for immediate reference. More rigorous discussion

and proofs may be found in standard textbooks such as Doob1° or Lukacs)1

A random function X is a function whose domain is a parameter set T,

and whose range is a set of random variables, possibly complex valued.

Thus, a random function may be considered as an indexed set of random

variables, (X
~ IteT}.

In practice, the set T will usually consist of discrete or continuous

subsets of the real line. When only continuous subsets are considered, it

is conventional to write each member as X(t) and to denote the process by

For each t, the random variable X~ is determined by its probability

distribution function, F
~~

(x) , as in elementary probability theory. For

each X~, moments of arbitrary order can be computed, whenever they exist,

by

E X~ = f X~ dF~~ (x) (A.l)

where E denotes the mathematical expectation or mean value operator. At

any two different times t
1 or t2, the covariance function between the two

random variables Is defined , whenever it exists, by

COy fX ,X \ 
= E f~ x —EX ‘\ (X —EX \1 (A.2)

\ ~1 L\ ~1 ~ 
t2 t2jj

~ R(t1,t2)
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An important class of random functions , useful in both theoretical

work and applications, is characterized by the fact that the principal

properties of the indexed random variables are invariant with respect to

the location of the random variables within the indexed set. Such

processes are called stationary. A process {X
~
ItcT) is said to be wide

sense stationary if

1. VteT EX~, EX~ exist and are independent of t .

2. Vt1,t2cT , the covariance function R(t1,t2
) exist and are

Invariant under any translation of the t axis.

Processes for which EX~ exists are called second—order processes. It

follows, by Schwartz ’s inequality, that for any second—order process,

X~, co
y (X~ ,X~ ‘

~ < ~~~. It is clear from the second property of stationary
\ 1 2/

processes that the covariance function can depend only on the time

difference between t1 
and t

2 
and not on t

1 or t2 
separately. For this

reason , it is customary to denote T = t2 
— t 1, and wr i te

R(T) = Coy (X~ ,X~
~~~l 2

= COV /X  ~X +T\ (A.3)
\ 
t
1 t

1

The notion of integration for random functions can be defined . How-

ever , as in the usual Rieniann—Stieltjes integral, the concepts of con-

vergence to a limit point and continuity are needed . Let {x~} be a
sequence of second order random variables. A random variable X is said to

be the limit in quadratic mean of {x} if

1. X is second order

2. i.i.m. EI (Xn
_X)1

2 
= 0

n -
~~~~~

We write

X = SLi.m. X
n 

(A.4)

and we say that X~ converges in quadratic mean to X.

34
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Let {X(t)I tcT} be a second order continuous parameter stationary

process. Then the process is said to be continuous on T if

VtcT 2.i.m. X(t+T) = X(t) (A.5)
T~~~~0

A second order stationary process is continuous in the sense of Equation

(A.5) if and only if its covariance function is continuous In the usual

sense at T = 0. ContInuous processes have the property that they do not - 
-

fluctuate too wildly and are thus amenable to integration. The stochastic

integral may be defined in a fashion analogous to the Riemann—Stieltjes - -

integral, the major difference being that the real line convergence of a

sequence of real sums must be replaced by some mode of stochastic con-

vergence for the corresponding sequence of random sums. The following

definition can be given based on quadratic mean convergence.

Let X(t) and Z(t) be any two second order continuous processes defined

on the finite interval [A,B]. consider the sequence of partitions of

[A,B] given by

A : A t  < t  ... < t  = B
n n,0 n,l n,n

Then, for every n , let

Sn 
= 

~~~~~
X(t

~~ k) E Z ( t f l k ) - Z ( t
fl ,k_ 1) l

k-l

where

*t e(t ,tn,k n,k—l n,k

Assume further that

35 
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2 . I .m . max t — t
n + ~~ k n,k n,k-l

Then, if there exists an unique random variable S, such that

S = L.i.m. Sn

we call S the Integral over [A,B] of X(t) with respect to Z(t) and denote

It by

B

S — J X(t) dZ(t) (A.6)

A

It can be shown that if X(t) and Z(t) are independent VtcT, the integral

exists if and only if

E (Sj
2 

= 

j

B 

j

E 

R5
(s,t)R

~
(s,t)dsdt < (A.7)

where R and R are the respective covariance functions.z x
Special cases of the integral occur when either X(t) or Z(t)

degenerates into a deterministic function. The integral can be defined

for an infinite J rtterval by the standard limiting procedure used for

Rieinann—Stieltjes integrals. The stochastic Integral is linear and homo-

geneous in the Integrand and additive in the domain of integration.

It is often desirable to perform integrations with respect to

processes possessing orthogonal Increments. A process {x
~I tcT} Is said to

have orthogonal increments if

(a) E
~
Xt-.X I

2 < Vs,tCT (A.8)
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(b) If the two intervals [t1, t2), [t3,t4) do
not overlap, then the increments (Xt —X~ )
and (x —x ‘

~ 
are orthogonal, i.e., 

2 1
\ t

4 
t.~/

E (x —X \ (x —x \ = 0 (A.8)
\ 
t
4 t3/ \ 

t 2 t
j•/ (cont.)

where the bar denotes complex conjugation. The importance of processes

possessing orthogonal increments is due largely to the celebrated Spectral

Representation Theorem. This theorem states that any wide sense station-

ary, continuous stochastic process Y(t) can be represented as the

Fourier—Stieltj es integral

y(t) = J e~~~ dX(w) (A.9)

where X(t) is a process with orthogonal increments and EldX(w)~
2 

= dG(w).

Further, X(t) when properly normalized, is uniquely specified by this

relationship.

The order of expectation and integration can be interchanged in the

stochastic integral so that

EY( t )  = f ~~~~ d(EX(w) ) (A.l0)

whenever the right hand side of Equation (A.lO) exists. Since X(~) is a

random variable for each ~~, ‘1(t) consists of an infinite number of time

histories over the range ~~~~~~ and each time history is defined by a set

of simultaneous outcomes of the random variables {X(w)Iwc(_0o,00)}. Such

time histories are called sample functions or realizations of the process

Y(t). If ‘1(t) is a continuous (2...i.m.) process, each sample function will

be a deterministic function and will be continuous except possibly on sets

of zero probability.

.
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A stochastic derivative can also be defined for a second—order

process, Y(t). Analogous to the usual derivative definition, we define

Y’(t) = Li.m. Y(t+t) — Y(t)

T~~~0

whenever the limit exists. If R(s,t) is the covariance function of Y,
Y(t) exists whenever

I ~
2R(s,t)

L asat s t

exists. The function Y’(t) is called the quadratic mean derivative of
Y(t).
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APPENDIX B

STOCHASTIC INTEGRAL REPRESENTATION OF THE RANDOM
PHASE MODEL

The mathematical form of the random phase wave surface model proposed

by St. Denis and Pierson may be unfamiliar to the reader. The model in-

volves the representation of a random function by what appears to be an

usual integration process, but which contains a square root symbol over

the differential frequency element. Appendix A contains the background

material required to properly interpret the integral of a stochastic

function. In this appendix, the spectral representation theorem is em-

ployed to derive the random phase model in terms of a random Fourier—

Stieltjes integral which, notationally, does not require use of the square

root symbol. Powever, the square root remains implicitly and its

importance to the representation is shown. It will be shown that

physically, the square root implies that the wave amplitude Is proportional

to the square root of cumulative wave energy.

Assume that  the  sea surface is in a stationary state and we desire to

represent the wave surface elevation ri(t) as a stationary Gaussian process.

According to the spectral representation theorem, it must be possible to

represent the real process n(t) in the form

~(t) = Re f e~~
t dZ(w) (B.l)

where Z(w) is a process having orthogonal increments. We shall construct

Z(w) as follows. Let f(w), —~~~ < w < ~, denote the two—sided wave energy
~spectral density function. Consider the sequence le ~ where each Ek is

a random variable uniformly distributed over [0,27r), i.e.,

1

~r 
E0
~.
ek

<2
~~ 

= -
~~~

- (8.2)
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7

Def ine the random set function ? en intervals of the real line by

2..i.m.~~~
’e l

~
k 

n k wk~~k_l
)J (B.3)

maxlwk
_(
~~~1I -

~~ 0

where the a.~ comprise a sequence of partitions of the frequency axis and

Then define the random point function Z(~ ) by

Z(~~) = !(—~,w]) (B.4)

~nd denote

Z(~~) = f ~~~~~~ 
/f~(~ )d~ (B.5)

Note that Z(w) exists for every t~ because

EIZ(w)1
2 

= EZ (c~) Z(w)

= f f~ (c~)dc~ < ~~

It follows easily that Z(w) has orthogonal increments and that

E I dZ (w)1
2 

= dG(w), where G(w) is the spectral distribution function,

defined by

G(w) = f f~ (c~)da (B.6)
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Now, although Z(w) is not differentiable, because of the manner in

which Z(w) was constructed , we can write

dZ(w) ~~~~~~ /f (o~)dw (8.7)

Thus, the complex form of the random phase model is

n(t) f e~~~ dZ(w) (B.8)

with Z(w) given by Equation (8.5). The real random phase model is then

defined by

~(t) = Re f e~~
t dZ(w) (B.9)

Equations (B.8) and (8.9) formally represent the random phase model in the

usual manner for Fourier—Stieltjes integrals. However, the square root

remains an essential part of Z(w) as is seen from Equations (B.5) and

(B.7). Equation (6.9) then yields the integral form used in the simulation

program . Because

~(t) = f e1~~ dZ( w) by (B .9)

= Re f e~~
t 
~~~~~~ ~~1

(w)dw by (6.6)
;CO

- ~~~~~~~~~~~~~~
- 
~~~~ 

- -
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= f cos (~t—c(w)) /~i~(t~)dw by definition

~(t) = 2 f cos (wt—c(w)) I f ( ~ )dw by symmetry,

= f cos (wt-c(w)) /2S(~)d~

by defini t ion of S(~~) as the one—sided wave spectral density.

The necessity of the square root also follows from the spectral

representation theorem which requires

dG~~(w) = E J d Z ( w ) 1
2 (B. lO)

where G~~(u )  is the wave process spectral distribution function, called

“cumulative energy density” in the St. Denis—Pierson paper. In most

practical applications, G (w) is absolutely continuous so that

dG~ (u~) = f~~(w)dw (B.ll)

Thus ,

EI dZ(w)1
2 

= f~ (u)dw (B.12)

which implies that dZ(w), and hence ri(t), in Equation (B. l )  must be pro—

portional to (dw)1’
12
. Physically, this result means that the squared wave

amplitude must be proportional to the cumulative wave energy.

42 

~~—- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - --~~~~- ——. _ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



APPENDIX C

STATISTICAL PROPERTIES OF THE RANDOM PHASE MODEL

We wish to show that the random phase wave surface elevation model

represents a stationary Gaussian process having zero mean . Let rl(t)

denote the time varying wave surface elevation and let S(w) denote the wave

energy spectrum. Then

~(t) = f  cos (~t-c(w)) /2S(~)dw 
(C.1)

= Re f  ei~~
t”(

~~ /2S(u)d~ (C.2)

where c(~) is an uniformly distributed random variable over [O
,2ir). The

expected value of rt(t) is then

E~~( t )  = E Re f  e1~~~
t_ Wfl J~S(w)dw

= Re f  e~~
t E{e~~”~~} /2S(w)d~

The characteristic function of e(w) is

2~rit
E{e~~

(
~~

t} = —_i (C.3)

which implies

_ _ _ _ _ _ _ _ _-— -~~~ — -_ ~ 
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— E(e~~~~~~t}

—2-irit
l — e

2rr it

Thus,

(_l) _ o-

E ~(t) = Re J e~~
t 0 /2S(w)dw = 0 (C.4)

and the process has the mean value zero.

The zero mean value implies that the covariance function of ~(t) is

COy (fl(t-fT) ,~~(t ) )  = E ~(t+t) ~(t)

= 1/2 Re J j e t+T)~O.t] 
~ E{e~~ ~~0fl} 12S(w)2S(O)dwde

+ 1/2 Re J J e1 (t+i)+0.t] E{e~~ ~~~~0H } /2S(w) 2S(O) dwdO

Now for w#0, c(~), and e(0) are statistically independent, by definition of
the random phase. Thus the characteristic function of their sum is

(t) 
= 

(t) (t)
c(w)+c(O) c(w) c(O)

2-nit 2

= (e _l) , w~ O (C.6)
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• and

• 
E {e~~~~~~~~~~~~

0
~~

1} = 

~~ c(w)+ c(0)  
= O~ w#O (C.7)

Similarly,

(t) 
= 

(t) (t)
~~~ (w)~~c(O)  ~~~~~~~~~~~~~~~ ~~~~~~_~~~~(0)

= 
cos (2-ITt) — 1 , w#0 (C.8)

- 2nt

and

E {e 0
~~

1 } = 

~~c (w)-c(0)  
= 0, ~~0 (C.9)

Thus , app ly ing Equations (C .7~ and (C .9)  to Equation (C.5) yields

COy (n ( t + T) f l( t ) )  = 1/2 Re J E {e 2
~~~~~~} 2S(w)dw

0

+ 1/2 Re ~~~~ E {l) 2S( W )d W

But

E r —2i c (w) 1 (—1) 
—,

• so that
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I

COV (~ (t+T)fl(t)) = 1/2 Re 
j 

e~~
T 2S(~ )d~

cos (iyt)S(~)d~ (C.lO)

0

The covariance function is thus a function of T and is independent of t.

Hence, the wave process is wide ser~.e stationary. We write

R(T) — COy (fl(t+T)fl(t)) = J S(w) cos (WT)dw (C.ll)

0

The variance of the process is then, by definition,

= R(0) = J S(w)dw (C.12)

0

The probability distribution function of ~(t) can be inferred from

the definition of the integral of Equation (C.2) by expressing the integral

as a limiting sum and properly applying the central limit theorem.

We write

~ ( t)  = £ . i . r n .  ~~~~~~cos (
~~~

t_c
k)$S (w~~~

wk
k-l

EAk~~~
+ o (C.13)
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= Li .m .  E’1k 
(C ‘4)

k-i

with

A
k ~~~~~~~~~~ 

(C.l5a) 
- 

-

= cos (w
~
t_c

k) (C.lsb)

and

= A
k Xk (C.16)

We first note that the usual central limit theorem for identically

distributed random variables is not applicable to the sequence

Fortunately, a second version of the central limit theorem can be used to

obtain the desired result provided certain regularity conditions are

satisfied. This theorem states that the sum of a sequence of independently

but not necessarily identically distributed second order random variables
2with means and variances is asymtotically normally distributed . More

exactly, the sum converges in distribution to a normal distribution. A

sufficient condition for convergence to the normal law in this case is

given12 
by a theorem due to Liapounoff which requires that the sequence of

third absolute moments exist for the random variables and that

L. i .in . S = 0n

where
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, ~l/3

1Z3
s = 

\k— l (C.17)a 
~ ~
1I2
\ k=l

It is not obvious by inspection that the condition of Equation (C.17)

holds f or any particular application of the central limit theorem. The

condition , therefore , must be verified for the random phase model

components.

Rice,3 in his classic paper , proved that S
3 

+ 0 for any finite range

of integration in the random phase model of Equation (C.l4). His proof can

also be used to show that Sn + 0 for any finite frequency range (O
~
wc)•

From Equation (C.14), the sequency of independent random variables is

defined by —

‘1k = Ak cos (t
~~

t
~

ck) ,  k = 1,2, ... (C.18)

The variances are then

= EY~ = (C. 19)

and the third absolute moments are

3 _ 3
- E ‘1k

3 3 * 3
= Ak E~cos (

~kt
~~ k ) l

=
~~~~

A
~ 

(C.20)
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Then iron EquaL ions (C. 17) , (C. 19) , and (C. 20)

(‘
~~~

,
o

~)

- — 3 / 2

- n 3/ 2 n — 3/ 2
= (Aw) 1/2 ¶‘ . . 

~~~~~~~ 

S(w~ )Au)

Assume A~t - 0, ii ~ “- , I nAw — w . Then, fo r  Aw sufficientl y smai 1

1/3 ~~~~. —1/2

S ~ 2 (Aw)
1’ ~ • (J S (w) ~ d~

) 

. (J S (ui) dw)

Thus, since nAw = w , we have S 0 as 11 “ as long as u~ is lint Ic

However , beCaU se  &i can be chosen as large as desired , we say th at  the
random phase model from Equal Ion (C. 1) converges in distribution to  a

normal (Caussian) distribution function .

In practice , it is convenient to employ probabi 1 i t y  dens! t v functions

in addi t ion  to p rob ab i l i ty  d i s t r i b u t i o n  f u n c t i o n s .  I t  is thus of in teres t

to know whether or not the sequence of p r o b a b i l i ty  dens i ty  func t ions  for

the random phase model components converges to a norma l d e ns ity  f u n c t i o n .

von Mises1~ has given the  fol lowi ng sufficient conditions for the

component random variables:
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1. The variances satisfy 0 < < C < Vk

2. The third central moments of absolute values are uniformly

bounded.

3. The characteristic functions ~~~(t) never approach the value I at

points other than t 0.

4. For large I t k  the ~~~(t) tend to zero like some negative power
of ~t f , and uniformly for all k.

From Equation (C.18) and the fact that the are uniformly distrib-

uted , it follows that probability density functions for the 
~k 

are given by

f (x) 1 
— A  < x < A

k k k

Thus

2 A k -~ S~ up S(~ ) -
~ ~ for every k

and

3 4 3 4 3/2
= ~ Ak ~ -j~

- S~up (S(w)) for every k

so that the first two conditions are fulfilled . Condition 3 is also
satisfied because

L~)

C 1
~ 

(t) ___ e dx
~~

— •I () 
(A k t )

so 

- ---- --
~~~~~~~

- - - -~~~~~~ - - - -  —~~~~~~ - — - -~~~~ --~~~~~~~ -- 
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where is the zeroth order Bessel function of the first kind which equals

1 only at t — 0. For large It i Jo(Akt) tends to zero like (tAk)~~
’2 but

not necessarily uniformly in k. The convergence will be uniform in k if it

is assumed tha t the Ak’s are bounded below by a positive constant. The

assumption is valid for any frequency range [a,b] satisfying 0 < a < b < ~~~.

Then , since a and b can be selected arbitrarily close to zero and infinity,

respectively , we say that condition 4 is satisfied for the random phase

model and conclude that the sequence of density functions converges to a

normal density for each t.

It follows by a theorem given by Lukacs and Laha
14 that for any times

t , the distribution of (11(t1) ... ~ (t ))  ?I( t )  is multivariate

normal. Since each n(t) has mean zero and covariance function R(t), ?i(t)

will have mean vector 0 and covariance matrix M = (R(t1~t~
)). The finite

dimensional distributions of the process r~(t) depend only on time

differences and are independent of t. Therefore, the process is really

strict sense stationary. A strict sense Gaussian process is ergodic if

and only if its spectral distribution function has no points of dis—

continuity as expressed by Doob.1° This condition will always be satisfied

in the random phase model for the following reason. We have assumed that

the spectral density function f
11
(w) exists for the random phase model.

Then, from Equation (8.11), the spectral distribution function G~(w) is

given by

(A)

G
11
(A)) = J f

11
(0)d O

(A)

— J S(O)dO

0

Thus, the spectral distribution is an indefinite integral. Equivalently,

• this means that G
11
(w) is an absolutely continuous function, and thus, it.

is certainly a continuous function.
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APPENDIX D

DIGITAL GENERATION OF RANDOM NUMBERS

Random numbers are required for the digital simulation of stochastic

processes. It is usually sufficient to obtain uniformly distributed random

numbers since most other distributions of interest can be obtained as

elementary transformations of the uniform distribution.

Ideally , a random number represents an observation from some

phenomenon whose outcomes indicate no deterministic regularity. That is,

distinct outcomes may be different even when observed under the same

conditions. Thus a sequence of random numbers will never repeat itself

and it can be identified only through its statistical properties.

In the past, random numbers were obtained from a number of diverse

sources such as roulette wheels, census tables, and electronic noise

generators. With the advent of high speed digital computers most of the

random number sources were rejected in favor of simple numerical

algorithms. Such numerical algorithms produce sequences of numbers that

satisfy the statistical properties of randomness. However, the same

sequence of numbers always results when an algorithm is exercised twice

under exact conditions. Because of this reproducibility property,

digitally generated numbers are called “pseudorandom numbers.”

There are various algorithms for digitally generating pseudorandom

numbers. The midsquare method appeared quite popular at one time. Its

principle is as follows. Let X0 be a p digit number. Its square gives

roughly 2p digits; the middle p digits are taken as X1
. The value of X1

is then squared and the process is repeated. Thus, if X0 
= 0.76,

X~ — 0.5776 and the sequence 0.76, 0.77, 0.92, 0.46, 0.11, 0.12 ... is
obtained. The sequence eventually repeats itself. Also for certain

choices of such sequences converge quickly to zero, and are thus biased

toward lower values.

Today, most computer systems possess algorithms for generating

pseudorandom numbers that are based on the number theory concept of

binomial congruence, as first proposed by Lehiner)5 Such algorithms are

def ined by
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~~n 
+ b mod(2~ ) (D. l)

where p is the word size in bits for the employed binary machine. The

indicated congruence relation means that if the difference (Xn+i~
.KX

n) were

div ided by 2~ the remainder would be b. When b = 0, the generator is

called multiplicative; otherwise it is called mixed. Sequences generated

by such congruence algorithms also have finite periods (cycle lengths).

The constant K is chosen to maximize the cycle length. The initial

number, X0, is usually taken as any odd number.

Random numbers generated by the system routine on CDC 6000 series
computers are multiplicative and are generated according to

X~~1 
= (217+55205) X

n 
mod(l) (D.2)

where mod(l) implies that the numbers in Equation (D.l) have been divided

by 2~
’ to obtain pseudorandom numbers that assume values between zero and

one. The CDC 6000 computer series uses sixty bit words such that p = 60.

As Implemented by CDC, the generator is designated as RANF and has a fu l l
48period of 2

Given a finite sequence of numbers generated by a numerical algorithm ,

it is desirable to determine whether the numbers are distinguishable from

a random sample or from a real random process. The standard technique for

this determination has been the use of standard “goodness—of—fit” tests.

Canavos16 has performed a comprehensive set of goodness—to—fit tests in-

volving the CDC 6000 series generator, RANF. His tests included analyses

of runs, serial correlations, moments, chi—squares, and Kolmogorov—

Smirnov statistics. Each method was tested against a set of ten sequences

of random numbers and for sample sizes of 200, 1,000, and 10,000. Al-

though his results indicated slightly different results for the different

tests, the overall results indicated that RANF does generate uniformly
distributed pseudorandom numbers over the interval (0,1). To further

investigate the quality of numbers obtained from RANF, twelve sequences
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of 10,000 numbers each were generated on the DTNSRDC CDC 6700 system and
chi—square tests were performed at the 0.10 significance level. The number

of class intervals k was selected optimally in accordance with the procedure
of Mann and Wald8 as detailed by Williams.9 Thus, 165 intervals were em-
ployed which gave 164 degrees of freedom for the tests and yielded a

critical value of — 187.56.

Based on the assumed statistical hypothesis, no more than one out of

ten samples would be expected to yield a chi—square value that exceeded

the critical value if the samples were representative of an uniform

distribution. The chi—square values computed from the 12 samples are

shown it-i Table 6. As indicated in this table, none of the computed values

exceeded the critical value. Thus, it was concluded, that pseudorandom

numbers generated using RANF exhibit the characteristics of an uniformly

distributed random variable.
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APPENDIX E

PROGRAM LISTING OF WAVESIM
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PR OG RAP ’ WA VES IP ( I N PUT, O UTP UT ,TAP E6Z O UTP UT,TAP E7 )
C~ ” PRO GPAM TO GENERATE RAN DOM WAVE PROCE SS USING PI ERSON — MOSKOWIT !
C APPL IT UCE SPECTRUM ev RAE HURW ITZ CCOE 1524. PA RCH 7,1g73
C N IS THE NUMBER OF CASES
C OE LT IS THE TI ME INCREMENT IN SECC P4OS
C DELW IS THE FREQUENCY INCREPENT IN RA C IAN SI SECOND
C P IS THE NUMBE R OF FRE QUENCY SUBDIVISIONS
C PM IS THE TOTAL NUMBER OF FRE QUENCIES, MM N + 1
C NO IS THE TOTAL N UM BE R OF POINTS COM PUTED FOR W AVE PROCESS
C CMEGM IN IS THE MINIMUM FREQUENCY IN RADIANS/SECOND
C CME G MA X IS THE MAXIMUM FREQUENCY IN RA D IAN S/ S ECONC
C T I N M I N  IS THE LENGTH OF THE WAVE PROCESS IN MINUTES
C TINSEC IS THE LENGTH OF THE WAVE PROCESS IN SECONDS
C IFPLOT = 1 PLCT OUTPUT
C IFFICT 2 00 NOT PLOT OUTPUT

COPMCN W (105),WSTAR (105),STIRRAN (105),5(jO5),Pp4S (105),
+ R A N D C M ( 1 0 5 ) , X ~~( 10S) ,WW(1 O5 ) ,TIP4E (16O5),WAVE (1605) ,* ,*REAPM S ,
+ DELT,OEIW ,P,NP,N,NN,NC, ONEGMAX ,OPEGMIN,PI,RP !EAN ,
+ T I N M I N , T I N S E C , V A R A N C E , V I (

500 READ i00,N,14,MP,OELT,OMEGMIN,OMEGPAX ,TINNIN
READ 120,IFPLOT
DEIW = (OI4EGPAX — OMEGMIN)/FLOAT(N)
TINSEC = 60. TINPIN
CNC = TIN SEC/DELT
ON O = CNO + 1..
NO = CP.O
PRINT 116
PRINT 102,N , NO,MM ,CM EG PIN ,OPE G M*X ,O ELW, DELT,T INNIN ,T INS EC
C A LL SPECTR A
PRINT 116
PRINT 104
PRINT 1 0 6 , (W ( I ) , W S T A R ( I ) ,PPS( I) ,S ( I ? , I=j ,PP)
CALL WAVE !
PRINT 116
PRINT 1 08 , (X X ( I ) ,1 1,MN)
CALL A R AMEAN
00 510 1 1,NO
W A V E ( I )  = NAVE l! )  — RMEA N

510 CONTINUE
PRINT 116
PRINT 110
PRINT 112,(Ttp1E(J),WAVE (J),TIME(J,1),WAVE (J+1),TIPE(J+2),

+ W A V E ( , J + 2 ) ,T I N E (J + 3 ) , W A V E IJ + 3 ) , J 1,NO,4)
CALL A RA M EAN
C A LL V A R
PRINT 116
PRINT ii4, RNE* W,VA RANC F ,AREA P NS
WI4 IN 0.0
WHA X 0.0
00 515 I 1,NO
I F ( W A V E ( I )  •G T. W~IAX )  WP 4 AX z W A V E( ! )
IF (WAV ECI ) •LT. WMIN) WM!N NAVEl!)
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515 CCNT INUE
PRINT 116
PR INT 117, WM IN, WM * X
IF (IPPL OT.EO.1)535,54.0

535 CALL P LOT W
54. 0 IF (N.EO.1) 550,500
100 FOPMAT (315 ,4F10.21
102 FO RMAT (20X ,’NLNPE R OF INPUT CASE!

•I31/20X ,’TOTAL. NUN eER OF PCINTS CCM PUTED FOR WAVE PROCESS ‘,IS//
+2OX ,’NUMP ER OF FREQUENCIES USED
+20X ,’PIN IPUP FREQUENCY IN RAOI A P4S/SEC CW O
•2O X ,’P*X INIJP FREQUENCY IN RADIAN S/SECOND
•20X , ’f REQU(P4CY INCREMENT IN RADIANS/SECOND
•?OX ,’TINE INCR EMENT IN SECONDS ‘,F6.3/1
•20X ,’LEP4GTH OF WAVE PROCESS IN MINUTE!
+2OX ,’LENGTH OF WAVE PROCESS IN SECONDS ‘,F8.3#/)

10’. FORMAT (2X , ’FREOUENCY !UOOIVIS ICN’ ,SX ,’A CT UA L FRECUEPICY ’ ,SX,
+ ‘SPECTRAL ORDINATE BA SED’/’.8X,
+ ‘ON ACTUAL FREOUFNCY’// )

10€ FORMAT ( BX ,F 6 .3 , IBX ,  F6 .3 ,16X ,Fe ,3 ,20X ,F8 .3 )
110 FORMAT ( 10X, ’TIP’E’ ,7X, ’WA VE’ ,j O X , ’V TPE’ ,7X, ’WAVE ’ , IOX, ’TIP4E ’,

+TX ,’W IVE ’ , IOX, ’T IME’ ,TX ,  ‘ W A V E ’ / / )
112 FORMAT (8x,F6.2,3X,F8.2,6X,F8.2,3x ,Fe.2 ,6x ,F8.2,3x,Fe.2,6X ,F~~.2,

+3X ,F6,2)
Ii’. FORMAT (2 0X,’MEAN OF THE G~ N E R A T E~ WAVE PROCESS

+ ‘, F lO .S/ / ZOX ,’VA R IAN C E OF THE COMPUTED hA VE PROCESS
+ ‘,F10 .5//20X ,
+ F/20X, ’A REA eA SED ON THE CONTINUOU S FCRM OF THE PIER SON—
+MO SKON ITZ SPEC TRUM ‘,F10.5//)

11€ FO RMAT (tHu
117 FCRMAT (2X ,’WM IN = ‘,FIC.5,IOX ,’WMAX =
120 FO RMAT (IS)
550 STOP

END
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SUBROUTINE SPECTRA
C THIS SUB ROUT INE CALCULATES THE SPECTRAL DE N SITY FUNCTION USING
C TIE PIER SCN — MCS K OWI T2 FORPUL A
C R *P~F (CLM ) IS A COC EXTERNAL FUNCTION WHICH RETURNS VALUES UNIFORMLY
C OI!TPIeUTEO OVER THE R* NC E IO,1 ) ,RANO O P NUMB ER GENERATOR
C RA NSE T (A ) IS A COC SUBROUTINE WH ICH INITIALIZES THE VALU E (A ) OF THE
C RAN DOM NUMB ER GE N ERATOR
C A IS A FLOATING POINT NUM BE R
C PM! I! THE P !ERSON—MO SKOW ITZ SPECTRAL ORDINATE
C BASED ON FRE QUENC Y SUBOIVIS ION
C S IS THE PIER SCN—MO SKOW! TZ SPECTRAL ORDINATE
C EASED ON ACTUAL FRECUE N CY
C 5 (J) ARE THE SPECTRAL ORDINATE VALUES
C STA R PAP IS THE RANDOM N UMBER OB TAINED FROP RAN F
C V K IS THE WIND SPEED IN KNOTS FOR THE PIERSON —N OSKOW ITZ FORMULA
C N ARE THE FREQUENCY sueDI v ISIoNS
C W STA R ARE THE A CTUAL FREQUENCIE S

COMMON W (105),WS TAR (105) ,STARRAN (105),S (105) ,PPS(105),
+ RAN t3CP(1 05 ) ,XX (105) ,WW(105 ),T IP ’E (leOS ) ,WAV E (ltOS ) ,A ,A PEAP PS ,
+ OELT ,CELN, P’,M14 ,N,NN,NO ,OMEGM AX,O P’EGPI N ,PI,RME AN ,
• TINPIN ,T !N SEC ,VA RAN CE ,VK
REA D 100,VK
PRINT 110,VK

100 FORMAT (F10.2)
110 FORMAT (2 0X , ’W INO SPEEC IN KNOTS

• F6.3//)
W Il l  z OMEGNIN
CO 120 !~ 2 ,M P

120 WI!) W IT—I) + OELW
W ! T A R I I )  : OP!(C•N IN
CALL RA N S ET ( 3 . 1 2 )
00 130 ! 2 , MM
S T A R R A P I ! )  = RANF IC UM P
WSTA R ( I )  z W I!) + STAR R* P4( ! )  • OELW

130 CON TINUE
* ~ .OOBIO • (32.174)”?
B ~ • 74, 1 l32. 1?4/IV K ’ 1.667e) )

~~~’.RI ~ 3.14. 15927
CO 11.0 J= 1,MM
S(J ) = A / IW S T A R IJ ) ” S ) ’ EX P (—B/ W S T A R(J ) ” I . ) )
PMS (J) A I W . ” 5 ’EXP —BRW J ” .F

14. 0 CONTINUE
RETURN
END
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SUBROUTI NE WAVES
C THIS SUBROUTINE COMPUTES THE R *NDCN WAVE PROCESS
C RANDOM IS * RANDO M NUMBER BETWEEN 0 AND 1
C RA NF (OUM ) IS A CCC EXTERNAL FUNCTION WHIC H RETURNS VALUES UNIFORMLY
C DISTRIBUTED OVE R THE RAW GE ID,i ),RAND ON NUMBER GENERATOR
C RAN SE T IA ) I! A CCC SUBROUTINE WHICH INITIALIZES THE VAL UE (A ) OF THE
C R ANC OM NUM BER GENERATOR
C TINE IS TIME ZN SECONDS
C W A VE IS THE W AVE PROCESS AS A FUNCTION OF TIME
C XX IS THE RANDOM PHASE ANGLE

COMMON W (1O5P ,W STAR(105),S TARRAN (l05),S(105),PNS( t05),
• R*NOC P (105),XX(105 ) ,WW(lOS ),T !ME(l805),W *VE (iB05),*,AREA PMS ,
4 OELT ,CELW ,P ,MP ’,N,t4N,P40,OMEGNAX ,OP’EGM !N ,P!,RMEA N,
• T !NPU,TINSE C ,VARA NC€,VK

C TIME BEGINS AT ZERO
TIME (11 ~ 0.0
00 20 .JJ=2 ,NO

20 TTPE (J41 = T!PE (JJ—1) + DELI
CALL RAN SET (7.11)
CO 25 1 1,MM
RA N O O M (I) = RAN F (OUM )

25 XX (!) = RANOCP4(I) ‘ 2. ‘ P1
00 30 K 1,NO

30 NAVE (K) = 0.0
00 40 J 1,NO
00 35 I 1,MM
W W ( I )  = SCRT (2. ’ S ( I ) ’ OEL W ) ’ COS (W STAR ( ! ) ’ T I P E(J )  - XXII ))
NAVE ( J )  = W A V E (J) 4 WW (I P

35 CONTINUE
4.0 CONTINUE

RE TUR N
END

~i
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SUBROUTINE ARAPEAN
C AR EAP N S IS T HE AREA BASE D ON THE CONTINUOUS FORM CF THE
C PIERS CN—MOSKO $jTZ SPECTRUM
C THIS SUB ROUTINE CALCUL A TES THE MEAN VALUE OF THE GENERATED W A V E  PROCESS
C RMEA N IS THE T IME—AVERAGE OF THE WAVE PROCESS

COMMON W (105),NSTAR (105),STARRAN (iQ5),S (105),PPS (1O5),
• 4 R*NDCP(tO5 ) ,XX (jO5 ),WW (j05),TIHE (te05),WAV ((j$05),*,*REAPMS ,

4 0ELT ,CE LW,N ,WP,N,~ N ,NO ,OMEGMAX, OP tGMIN, P I,RME AN,
• TINM IN, TINSEC,VARANCE ,VK
CON1 .00e10’(32.171.)”2
CON2 = .74 • (32.171./ VK’1.€678))”.
*REAP PS = CCN I/I4.’CON2)’ (EXP I—CON2/OMEGM*X”1.)—

+ EXP (—CON2/OMEGNIN ”4))
W MEAN = 0.0
RNO = FLOAT INO )
00 60 I=1,NO

€0 W ME A N NAVE l !) 4 WM EAN
• R M EA N  = WP ’EAN~ RNO

RETURN
EN D
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S U B R O U T I N E  VAR
C T H IS SUB ROUTINE CALC ULATES THE VAR IA NCE OF THE CONPUTEC
C WAVE PROCES S

CO M MO N W ( 1 0 5 l ,W S T A R ( 1 0 5 )  ,ST A RR* N( lO5 ) ,S(t0 5) ,PNS( 105) ,
• RANOOP ’ (105 ),XX (1O5 ),WW(105) ,TINE (1805),W *VE (1605),A, *pEAp IiS ,
+ DELT ,DELW, N,MP ,N,PN ,NO ,OMEGHAX,OPEGNHI ,p I ,R1 IE *N ,
+ TINMI N,TIN SEC,VA RANC E ,VK
VARIA P = 0.0
RHO = FLCAT (N O )
CO 70 I=1,NO

70 VARIA N = V A RT AW + NAV El !) • WAVE (I)
VARANC E = VARIAN/RWO
RETURN
END
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SUA qOUT I NE PLOTW
COMMON W (105),WSTAR (j05),$TARRAN (ICS),S(105),PMS(1051,

4
• DEL T ,PEL W ,M ,M N ,P ,NN ,NO,OMEG MAX ,CME GMTN, P I,RH E *N,
• TI PPIP,TINSEC,VARA NCE,VK

C PLCT ~CUT IP4E FOR CALCCMP 936
CALL PLOTS (O .O .O.O ,7)
CALL PLOT 1O .0,0.0,—3 )
CALL SCALE (TIHE ,1e.O,1801,1)
CALL SCALE ( W A V E , 4 . . 0 , 1 0 0 1 , 1 )
CALL A XIS (C.0,0.( ,I5HTIPE IN SECCNCS ,—15,18 .0,O .0,TINE (1002),
• TI ME( t603) )
CALL A XIS (0 .0,0 .0,I4HNAVE ELEV *TICN,1 l .,1..0,90.0,WAVE (1802) ,
• WAV ~~(1C03 ))
CALL . LINE (T INE,WAV E,Pl O, l, 0,0 )
CALL SYNPOL (2.0, 0.0,. 20, I2HTIM ( HISTORY,0,i2)
CALL RLOT (C .0,0.Q ,— 3)
CALL PLOT (0 .0,0. (,999) -
PRINT 6~ 0

650 FORMAT (~~0Ii1FLCT IS FINISHED
RETURN
~NO
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