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One-Sided Tolerance Limits for a Broad Class

of Lifetime Distribu tions with Applications to Data of Limited Accuracy

ABSTRACT

Addressed ii ths problem of determining a one-aided tolerance limit

for a population possessing a distribution belonging to a broad class of

lif.tias distributions . A new in~ l.mentation of existing general theory

is given and contrasted with an ear lier utilization of that theory. Gen-

eral guidelines are given for deciding which i~~ 1ementation to use • A

method for adjusting for the accuracy of the measuring device is discussed

and illustrated with an actual exaii~ 1e.
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One-Sid.d Tolerance Limits for a Broad Class of Lif.tims
Distrib utions with Applications to Data of Limited Accura cy

Wayne A. Woodward
Department of Statistics

Southern M thodist University
Dallas, Texas 75275

and

William H. Frawl.y
E-Systeme , Incorporated
Greenville, Texas 75401

Introduction

Som.time. a specificat ion of a manufactured product must be stated

in terms of an upper or lower toleranc. limi t for the attribute of the

item produced. For sx~~~1. - a manufacturer might state th . probability

that a certain portion of mechanical couFon.nts will attain at least a

given lif•time. Or a c~~~.ny may claim with a certai n confidenc. that

virtually all (stat ed as a proportion ) of its safety devices will trigge r

before a dangerous condition exists.

The specific theory that is applied to provid. this information will

depend on what is known about the underlyin g lifetime density function.

Ofte n, saupis data is either scanty or s3.s. indicates that it would be

unlikely tha t the assumptions necessar y to employ parametric proc edure s

would be valid. In either of these situations it is necessa ry to turn to

dist r ibution—free methods in order to d.t.rmins th . desired tolerance limits .

Resea rch for this paper was partially supported by ONR Contract No.
N000].4—75—C -0439. W. A .  Woodward is Assistan t Professor of Statistics
and Manager of the Statistical Research Laboratory at Southern Methodist
University . W. H. Frawl.y is Supervisor of Analytic Services at B— Systems .
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However , for a given confidence level y and content 1—P the traditional

non—paranstric tolerance limit (see [5] , pp. 491—492 ) obtained from

using one of the sampl. order statistics require. a minimum sample size i

and • for any of a multit ude of reasons , it may not be possible to obtain

this minima’ sample size .

Hanson and Eoopmana (2] developed a techniq ue for calcu lati ng one-

sided tolera nce lietis for a broad class of lifstime distr ibutions

(see Appendix A ) .  They also implemented their theory by publishing

tables of factor s which can be used to calculat , tolerance limits using

two adj acent order statistics . In practic e , even though the underlying

distribution is continuous , the measuring instr uments yield observations

to only a certain degree of accurac y • This can prove troublesome when

the degree of imprecision is relati vely lar ge , especially when tie obser-

vations are likely . We investigate the problem of applying the Hanson

and Xoopmans results in these cases . As a result of this investigation

another implementation of the theory in [2] which depends on th. saall.at F
and largest order statistics is discussed .

The Hanson and Xoopman$ Method

The statistic L will be called a lower 1—P content tolerance limit

with confiden ce level y if the probabilit y is at least y that at least

pr oportion 1-P of the population falls above L, Upper tolerance limits

are defined in the analogous manner In the discussion to follow it wLll • -

be assumsd that the underlying lifetime distribution i. such that either

upper or lower tolerance limits may be found using the method of Hanson

and Koopmans see (Appendix A ) .  Their lower tolerance limit is

I .

2
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L — 
~k+j+l 

- b(Yk+j+l 
- 

~k+l~ 
Cl)

while their upper tolerance limit is

U — 
~n-k-j + b (Y fl.. k - 

~~-k—j~ 
(2)

thwhere Y is the m order statistic from a sample of size n. For a
I”

discussion concerni ng the evaluation of the constant b see Appendix A and

and [2] . The tables presented by these authors were for the case j — 1

which corresponds to the use of consecutive order statistics in the toler-

an~e limits , usually the two smallest or two largest for lower and upper

limits , respectively . Th. lower tolerance limit using adjacent order sta-

tistics and k — 0 i.

— Y 2 
- b~ (Y 2—Y 1

) (3)

whereas the corresponding upper tolerance limit is

U — Y  + b ( Y -Y IH n—l H n n—l (4)

where bH is tab ulated in [2].

We will investigate the application of these tolerance limits in

assessing the strength of steel pipe. The strength of steel pipe ii measured

by th. amount of pressure which must be exerted before the pipe collapses. The

pr essure is increased by increments of 100 pounds until casing collapse

occurs. Government specifications have set a catalog minimum for each grade

of pipe. If a company is to advertise a pipe as being of a certain grade ,

then it must be able to show that the pipe will withstand a pressure at

least as great as the catal og minimum. The procedure employed is to take

a sample of the pipes , usually of size less than 100 from a particular

grade because of the expense of testi ng , and determine whether or not the

catal og minimum is above or below the lower tolerance limit with 1—P — .995

and y — .95. Due to the measuring technique the data is collected only to

the nearest 100 pounds and as Table 1 indicate s ties occur frequently .

_____________  -



(Table 1 here ) I 
-

Direct application of (3) yields L.1~ ~~ 6000 - bH (6000_6000) — 6000.

In fact if Y
1 

— Y
2~ 

then L.1~ — regardless of n , P, or ~ which is, of

course , disturbing. Actually we know only that 5950 ‘C Y1 < Y2 ‘C 6050.

A conservative ipproach would be to consider the worst case situation,

i.e — 5950 and — 6050. In this case the limit is given as

— 6050 — b11
(6050—5950)

— 6050 - 28.38 (100)

— 3212.

Upon inspection of the data we see that the 72 tast values ranged

only from 6000 to 6900 which makes the lower tolerance limit of 3212 seem

excessively low. Another approach would be to consider the two pipe

pressures which were rounded to 6000 to be uniformly spaced on the inter-

val (5950,6050), i.e. Y1 — 5983.33 and Y
2 

— 6016.67. Using this approach

— 6016.67 — 28.38(6016.67 — 5983.33)
— 5071

a more intuitively appealing resu lt. However , one might be concerned that

the limits obtained using this method would not actually be true 1—P content

tolerance limits with at least confidence y. We will address this problem

in the next section.

I~~ n using th. tabled results of Hanson and Xoopunans, the dispersion

and location of the dist ribution is assessed by means of two adjacent orde r

statistics. Intuitively , when the measurements are crude , the information

given by successive order statistics concerning the dispersion , is greatly

diminished and can be misleading . More appealing limits would deal. with

non—adjacent order statistics in order to provide a more accurate m a s ure

of variability.

- I 4
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In light of these considerations, an intuitively appealing limit would

be that for which k — 0 and j — n - 1 , i.e. when the tolerance limit

depends on the range. The lower and upper tolerance limits are then

resp ectively

- bR (Y
~~

Yl
)

and

— Y 1 + hR (Y~
_Y

1). (6)

(Table 2 here )

Table 2 presents values of b~ for various value s of n, P, and y .

j For a discussion of the computations involved in evalua ting bR see

Appendix A.

It should be noted that for a given P and y,  the tolerance limits

given in (5) and (6) as well as (3) and (4) collapse to the corresponding

traditional nonparametric tolerance limits whenever n is greater than or

equal to the minimum sample size required for the nonparametric limits

to exist. This minimum sample size for each set of parameters in Table 2

is given in parentheses following the last tolerance factor.

Applying (5) to the data of Table 1 and assuming the worst case
ii

situation, i.e. Y — 5950 and Y — 6950 , we obtain
1 n

6950 - bR (695O - 5950)

— 6950 — l.658(l00~ )

— 5292

whereas assumin g a uniform spacing yields

— 6900 — 1.658(6900—5983.33) 
—

— 5380.

In this example the limits based on the ran ge gave lower tolerance liri ts

which were greater than those based on the adja cent order statistics for

both method. of dealin g with rounded data . In Tab le 3 tolerance Limits

S
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calculated by the methods of this section are presented for eleven grades

of pipe which were tested . Of the eleven grades of pipe , the L~ limits

(Table 3 here )

were greater than the L~ limits eight times, and the L were greater

than the L tan times. Indeed s~~~ of the L8 limits are very poor , e • g. —

grade. 3 and 11. These limits are poor whether the worst case method or

the uniform spacing method for hanaling tie. is used. Also of interest

is the fact that for the limits base~ the range • the choice of method

made less difference than it did for limits based on adjacent order Utati.-

tics . It should be noted that for 1 — P — .995 and y — .95 , the stMldard

nonparametric limits do not exist for a ‘C 598 and thus are not applicable

here.

Monte Carlo C~~~.rison of Tolerance Limits

In this section Moats Carlo comparisons of the tolerance limits

based on the range and on adjacent ord er statistics will be discussed.

As a first comparison these tolerance limits are o~~~ared using “exact’

data • In Table 4 the results of these compar isons for the normal, e2q onen-

tial, and chi-squar. distributions are given . These c~~~arisons were made , -

for various values of P and a. All runs were at the nominal y - .95 level

and the ~ given in the table is the estimate of y based on 1000 repetitions .
A

The quantities ~ and C are estimates of the mean and var iance of the toler-

ance limits • The order statistics were generated using the method of

Schucany [4) .

(Table 4 here)

6
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In order to compare the tolerance limits discussed in this section,

a method of cOmparison needs to be specified. Goodman and Madansky (1)

have suggested that one-sided lower (upper) limit A1 is bette r than A2 if

E[A1—A2] ‘ 
0 (<0) . We will employ this criterion to our situation also.

With this in mind the following observations concerning Table 4 are

made :

(a) L.A and U8 are superior for the normal distribution while is

superior for the right tails of the distributions skewed to the right

as would be expected. For distributions strongly skewed to the right

such as the exponential or chi-squar. with small degrees of freedom,

the Ld limit, tended to be superior.

(b) The superiority of L
8 

and U8 for the normal distribution and

right tails of the skewed distributions is greater for the smaller

sample sizes, i.e. when bH is quite large.

Cc) L.~ and U8 are in general less variable than L.d and U8.

(d) Although L.A and U8 in general show to be more conservative in

the sense that their Y ’ s are larger, this conservatism is often

accompanied by superior limits using the Goodman and Madansky cri-

terion. Of course this apparent contradiction occurs because of

the lower variability of the L
8 

and U8 limits .

It should be noted that neither type of tolerance limit performed well

for distributions such as the beta and uniform with known and finite support .

In fact for these distributions • sample sizes, and parameters employed in

~~~~~~~~~~~~~~~~~~~~ Table 4 , ii fell outside the support in most cases.

- 

- 

~

- The results of Table 4 indicate that the limits based on the range which

were developed to deal with data of limited accuracy are superior in some

cases to the limits based on succ•ssive order statistics even when data is

- - “exact.”

7
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A second Monte Carlo comparis on was performed to compare the toler-
ance limits based on the range and those based on adjacent order statistics

when data i. of limited accuracy . In Appendix B a formulation of the
uniform spacing method of dealing with ro~nded data is given .

In Table 5 results of the Monte Carlo examination of this method of
dealing with rounded data are given . From the table we see that thor. is
close agreement between limits of Table 5 and corresponding limits of
Table 4 • In additi on there were no cases of confidence Y being small
enough for us to rej ect th. null hypothesis that V > .95 at the .05 level.
For these reasons we feel that the uniform spacing method for handling
rounded data is a good one and thus that the worst case method is unnec-
essarily conservative.

(Table 5 her.)

S~~~~ry

In obtaining toleran ce limits , the engineer might use , for example ,
the proc edures outlin ed in MXL—HDBK-5C (see (3]), and ther. he is presen ted
with the alternative of using the standard nonparametri c procedure if
“near normality” cannot be demonstrated . As discussed previously , sample
size can be a problem when using the standard nonparametric techniques . For
example , an A—basis (P — .01, y — .95) distrib ution free tolerance limit

requires a sample of sine 296 . When such a sample sine cannot be obtai ned
due to pr actical consideration s , the normality assumption may be invoked
out of necessity . In th is paper we have applied theory due to Hanson and
and Xoopeians (2] , which is not well known, to present an alterative course

of action .

8
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Whereas Hanson and lcoojxsans applied their theory using adjacent

ordsr statistics , we have considered another utilization of that theory

- 
- - which involves the range . Results presented in this paper show that these

limits involving the range do have merit. We have compared the two tech-

niques in this paper and have outlined r.comeendations for their use . The

decision between the two utilizations of the Hanson and Xoopsans theory

may also involve nonstatistical considerations . For example if a lower

tolerance limit is desired when items are placed on simultaneous test , then

a savings in time will be obtained by forming the limit using the first

two order statisti cs

When computing the limits , one may also be faced with the problem

of tied observations such as those given in Table 1 concerning collapse

pressure. A procedure (the uniform spacing method) for handling this sit-

- -
- uation is presented .

As equations (1) and (2) indicate , the tolerance limits may be based

- 

- 
on any combination of order statistics • The main problem is in solving

- 
- equation (A2) . For .~ amp1., lower tolerance limits based on t~e first and

(!?j.~] order statistics might prove effective if the parent distribution

is skewed to the right .

9 
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Appendix A

St~~~~ry of Hanson and ICoojmans Results

In [2) • Hanson and Koopmans developed the theory which provides the

basis for calculation of tolerance limits , i~~ . any sample size, in the

following two situations :

(a) If F is the distribution function , then when log F is concave

it is possible to obtain lower tolerance limits . In this case the

lower tolerance limit is given by

L — - b(Yk+j+l 
- 

~k+l~ 
(Al)

where 7 denotes the mth order statistic and the value of b is such

that
(b— i) /b

tr (b) — (n—k—j—l )~ (j-i ) k~ 1 + J ,~~ }w
v_~~~~~Cl~~~~~~~~~ dw dv

— ~~, whenever ir (l) < y.

When ir( l) > y ,  the value of b i. taken to be unity , i.e. L

(b) When log (1-F) is concave , then upper tolerance limits can be

calculated. An equivalent condition is that the density function

have an increasing hazard rate • In this case the upper tolerance limit

is given by

U — 7
n-k-j~ 

b(Yfl_k~
Yfl...k_j) 

(A3)

where b is as in (A2) . As before when ‘TUl) > y,  the value of b is taken

to be unity , i.e. U — 7n k •

Of course if the underlying lifetime distribution is such that both

log F and log (1-F) are concave then either lower or upper tolerance limits

may be obtained using the method of Hanson and X.oopmans . Indeed those

authors pointed out that there is an important class of distributions for

which both log F and log (1—F) are concave . Examples of members of this

10
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class are the normal , gamea , beta and Weibull distributions -—- either in

truncated or original form . Thus the class includes distributions possess-

ing densit y functions which are quit. often employed to describe lifetime

situations.

Hanson and xoopmans [2] have tabled the constant b for various value s of

1, P, and sample size n for the case in which j  — 1  in (Al) and (A3) . In

this case they were able to reduc. the double integral in (A2 ) to a s~m~ of

two one-dimensional integrals. In fact they were able to show that in this
- 

-: case,w (b) could be expressed in terms of the games function and the incomplete

beta distribution function which enabled existing computer routine s to be

used in the evaluation of b.

In the present paper we investigate the evaluation of tr (b) when j — n - 1.

In this case (A2 ) reduces to the one dimensional integral

ir (b) — . - / n-l[1 — 
/b.

1 ~~

The integration involved in evaluating

g(b) — w(b ) - y (A5 )

in this case was performed with 20 point Gauss-Legendre quadrature and

V roots of (AS ) were approximated by the method of false position. Chec3cs H

were made f or various values of the parameters using a series solution to

the integral in (A4) in lieu of employing Gaussian quadrature * At least

five decima l place agreement was observed in all cases checked . All ccl-

culations were performed on the CDC Cyber 72 computer. Values of b in this

case with j  — n - 1 are presented in Table 2 for various values of v. p, and a.

11

ML .~~
• .

—~ -‘ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~ ‘V 

•

V 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



- 

S V~~~~

Appendix B

Uniform Spacing Method of Calculating Tolerance
Limits when Data is of Limited Accuracy

Suppose that lower tolerance limi ts are desired for a continuous

theoretical lifetime distribution for which the limited accuracy of the L
measuring device has resulted in the observed order statistics s~,

whereas had the measurements been “perfect” the order statistics

would have been y
1
, . .., y,~, respectively. Assta ing that the only measure-

nt •rrors made are those due to round—off , then if the measuring device

is accurate to the nearest r , it is known only that for any m, —

~~ 

~
‘m ~ 

tm + ~~
.. Of course r is always present to some degree when measure-

ments are being made on continuous variables. Application of the Hanson

and Xoopaans method would yield as the lower tolerance limit

V 

L5 — 2k+j+l — b(zk+j+l 
— ‘k+l~ 

(Bl)

The theoretical limit is given by

L — 
~‘k+~+1 - b(Yk+j+l 

- 

~k+l~ 
(p2)

which may vary from L in (Bl) by as much at ± (b—.5) r .

Asstm~e that the order statistics s~, ..  ~~~ have been observed , and

let w1 — z
~
. Suppose further that beo~use of the imprecision of the

measuring device, the only possible observ able value s for 
~2 ’ 1

3 
... , 5

are w1, w1 + r — w3 . w2 + r — w3
, etc. How suppose that a1 of the

are equal to w
1
, a

2 equal to w2 , . . . ,  and n
~ 

equal to - s~. We hay.

two cases for approximating y1 and y3 :

(1) Suppose *3 — i.e. a1 > 2. Then our approximations of the

unknown y1 and y2 are given by 9
~ 

and 93. the expected values oi

— the first two ordered uniform variables over - ~ . *1 + in

a sample cii. of n1 i.e. — s~ - + and — +

12 
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(2) Suppose n
1 

— 1 (assume a2> 0). Then following the same reason—

ing, 
~l 

is the expected value of the first ordered uniform over

(
~i—~ ’ ~~~~ 

in a sample of size 1, i.e. 
~l 

— 

~l 
Likewise, 

~2 is the

fir:t ordered uniform over (z2~~
,z2+~) in a sampl. of size n2 , i.e.

V 2 2 2 n2+1

Approximations of y and y
1 
are obtained in a similar manner. Using

these approximations , observed values of the tolerance limits 14. %, L~ ,

and ~~ corresponding to (3 ) ,(4 ), (5),and (6) r pectively are obtained by substi-

tuting 
~l’ ~2 ’ 9n-l’ and 9~ for Y~

, 
~2’ ~~~~ 

and 7 respectively.

Of course distributions other than the uniform could be considered over

the intervals (zi~~~~
zj+~~

) but the authors feel that this additional sophisti-

cation in the technique would add no meaningful improvement.
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Table 1 Collapse Pre ssures for a Sample of

Pipes—Grade 1

Pressure Frequency

6000 2

6100 6

6200 18

6300 7

6400 12

6500 6

6600 9

6700 5

6800 6

6900 1
72
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TABLE 2

Tolerance Factors bR for Toleran ce Limits Depending on the Range
•1’
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- 
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V :
11 34 4 9  J . 50q45
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Table 3 Cc.parison of Lower Tolerance Limits with 1-P — .995 and ‘~ 
- .95 V

for Various Grades of Pipe

GRA~~ _ _  

L~ 
_ _  

L L Z

1 72 5071 5380 3212 5292 6000 6000 6900 
V

2 83 6035 7324 3094 7225 8100 8200 9400 •

3 54 —6770 7404 —9994 7272 9700 10200 12500

4 79 4932 6398 2314 6287 7500 7600 9300
V 

5 58 8903 7795 6810 7697 10000 10000 12800

— 6 51 11256 8346 8969 8241 12400 12400 17100

7 54 9252 12028 5928 11896 15600 16000 20400

8 57 3782 3768 1378 3684 4600 4600 5600

9 99 4179 5239 1428 5138 5800 5900 6900

10 84 5353 6526 2438 6417 7400 7500 8900

11 51 — 3743 4859 —7174 4724 6400 6700 8200 
V
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