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One-Sided Tolerance Limits for a Broad Class
of Lifetime Distributions with Applications to Data of Limited Accuracy
ABSTRACT

Addressed is the problem of dotamining a one-sided tolerance limit
for a population possessing a distribution belonging to a broad class of
lifetime distributions. A new implementation of existing general theory
is given and contrasted with an earlier utilization of that theory. Gen-
eral guidelines are given for deciding which implementation to use. A
method for adjusting for the accuracy of the measuring device is discussed

and illustrated with an actual example.
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One-Sided Tolerance Limits for a Broad Class of Lifetime
Distributions with Applications to Data of Limited Accuracy

Wayne A. Woodward
Department of Statistics
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Introduction

Sometimes a specification of a manufactured product must be stated
in terms of an upper or lower tolerance limit for the attribute of the
item produced. For example  a manufacturer might state the probability
that a certain portion of mechanical components will attain at least a
given lifetime. Or a company may claim with a certain confidence that
virtually all (stated as a proportion) of its safety devices will trigger
before a dangerous condition exists. i

The specific theory that is applied to provide this information will
depend on what is known about the underlying lifetime density function.
Often, sample data is either scanty or else indicates that it would be
unlikely that the assumptions necessary to employ parametric procedures
would be valid. 1In either of these situations it is necessary to turn to r

|4

distribution-free methods in order to determine the desired tolerance limits.

Research for this paper was partially supported by ONR Contract No.
NO0014-75-C-0439. W. A. Woodward is Assistant Professor of Statistics &
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However, for a given confidence level Y and content 1-P the traditional
non-parametric tolerance limit (see [5], pp. 491-492) obtained from
using one of the sample order statistics requires a minimum sample size;
and, for any of a multitude of reasons, it may not be possible to obtain
this minimum sample size.

Hanson and Xoopmans [2] developed a technique for calculating one-
sided tolerance limtis for a broad class of lifetime distributions
(see Appendix A). They also implemented their theory by publishing
tables of factors which can be used to calculate tolerance limits using
two adjacent order statistics. 1In practice, even though the underlying
distribution is continuous, the measuring instruments yield observations
to only a certain degree of accuracy. This can prove troublesome when
the degree of imprecision is relatively large, especially vhen tie obser-
vations are likely. We investigate the problem of applying the Hanson
and Koopmans results in these cases. As a result of this investigation
another implementation of the theory in [2] which depends on the smallest

and largest order statistics is discussed.
The Hanson and Xoopman$ Method

The statistic L will be called a lower 1-P content tolerance limit
with confidence level Y if the probability is at least Y that at least
proportion 1-P of the population falls above L. Upper tolerance limits
are defined in the analogous manner. In the discussion to follow it will
be assumed that the underlying lifetime distribution is such that either
upper or lower tolerance limits may be found using the method of Hanson

and Xoopmans see (Appendix A). Their lower tolerance limit is
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while their upper tolerance limit is

UsyYy + b(Y
n-

g il Yn-k-j) (2)
where Ym is the mth order statistic from a sample of size n, For a
discussion concerning the evaluation of the constant b see Appendix A and
and [2]. The tables presented by these authors were for the case j = 1
which correspcnds to the use of consecutive order statistics in the toler-
ance limits, usually the two smallest or two largest for lower and upper
limits, respectively. The lower tolerance limit using adjacent order sta-
tistics and k = 0 is

l'H & YZ * bH(Y2-Yl) Q)
whereas the corresponding upper tolerance limit is

Uﬂ " Yn-l 2 bH(Yn.yn-

Y (4
where bH is tabulated in [2].

We will investigate the application of these tolerance limits in
assessing the strength of steel pipe. The strength of steel pipe is measured
by the amount of pressure which must be exerted before the pipe collapses. The
pressure is increased by increments of 100 pounds until casing collapse
occurs. Government specifications have set a catalog minimum for each grade
of pipe. If a company is to advertise a pipe as being of a certain grade,
then it must be able to show that the pipe will withstand a pressure at
least as great as the catalog minimum. The procedure employed is to take
a sample of the pipes, usually of size less than 100 from a particular
grade because of the expense of testing, and determine whether or not the

catalog minimum is above or below the lower tolerance limit with 1-P = ,995

and Y = .,95. Due to the measuring technique the data is collected only to

the nearest 100 pounds and as Table 1 indicates ties occur frequently.




(Table 1 here)

Direct application of (3) yields LH = 6000 - b“(6000-6000) = 6000,

In fact if Yl - Yz. then LH - Y2 regardless of n, P, or Y which is, of
course, disturbing. Actually we know only that 5950 < Yl < Y:
A conservative approach would be to consider the worst case situation,

< 6050.

i.e. Yl = 5950 and Y2

= 6050. In this case tho limit is given as
L, = 6050 = b, (6050-5950)
= 6050 - 28.38 (100)
= 3212.

Upon inspection of the data we see that the 72 test values ranged
only from 6000 to 6900 which makes the lower tolerance limit of 3212 seem
excessively low. Another approach would be to consider the two pipe
pressures which were rounded to 6000 to be uniformly spaced on the inter-

val (5950,6050), i.e. Y, = 5983.33 and Y, = 6016.67. Using this approach

1l 2

Lé = 6016.67 - 28.38(6016.67 - 5983.33)

= 5071

a more intuitively appealing result. However, one might be concerned that
the limits obtained using this method would not actually be true l-P content
tolerance limits with at least confidence Y. We will address this problem
in the next section.

¥hen using the tabled results of Hanson and Koopmans, the dispersion
and location of the distribution is assessed by means of two adjacent order
statistics. Intuitively, when the measurements are crude, the information
given by successive order statistica concerning the dispersion, is greatly
diminished and can be misleading. More appealing limits would deal with
non-adjacent order statistics in order to provide a more accurate measure

of variability.
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In light of these considerations, an intuitively appealing limit would
be that for which k = 0 and j = n - 1 , i.e. when the tolerance limit

depends on the range. The lower and upper tolerance limits are then

b : respectively
LR - Yn - bR(Yn-Yl) (S)
and
UR - Yl + bR (Yn-vl). (6)

(Table 2 here)
Table 2 presents values of bR for various values of n, P, and Y.
: For a discussion of the computations involved in evaluating bR see
It should be noted that for a given P and Y, the tolerance limits
given in (5) and (6) as well as (3) and (4) collapse to the corresponding

traditional nonparametric tolerance limits whenever n is greater than or

AT 2,

equal to the minimum sample size required for the nonparametric limits

SR s

to exist. This minimum sample size for each set of parameters in Table 2

is given in parentheses following the last tolerance factor.

1
 §

Applying (5) to the data of Table 1 and assuming the worst case

situation, i.e. Y = 5950 and Yn = 6950, we obtain

1
L; - 6950 - bn(6950 -~ 5950)
= 6950 - 1.658(1009)
= 5292
whereas assuming a uniform spacing yields
Li = 6900 - 1.658(6900-5983,33)
= 5380.
In this example the limits based on the range gave lower tolerance lirits
which were greater than those based on the adjacent order statistics for

both methods of dealing with rounded data, In Table 3 tolerance limits
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calculated by the methods of this section are presented for eleven grades

of pipe which were tested. Of the eleven grades of pipe, the L," limits

(Table 3 here)
mmmmm%mungmuua. nndthox.;vonmum
eh-nthoz.;unu-s. Indudluootthol.alhl.umnrypoo:, e.g.
grades 3 and 1ll. These limits are poor whether the worst case method or
the uniform spacing method for handling ties is used. Also of interest
is the fact that for the limits based .»: the range, the choice of method
nade less difference than it did for limits based on adjacent order statis-
tics. It should be noted that for 1 <« P = ,995 and Y = ,95, the standard
nonparametric limits do not exist for n < 598 and thus are not applicable
here.

Monte Carlo Comparison of Tolerance Limits

In this section Nonte Carlo comparisons of the tolerarnce limits
based on the range and on adjacent ordu; statistics will be discussed.

As a first comparison these tolerance limits are compared using "exact"

data. In Table 4 the results of these comparisons for the normal, exponen-
tial, and chi-square distributions are given. These comparisons were made
for various values of P and n. All runs were at the nominal Y = .95 level
and the Y given in the table is the estimate of Y based on 1000 repetitions.
The Qquantities G and 8 are estimates of the mean and variance of the toler-
ance limits. The order statistics were generated using the method of

Schucany [4].

(Table 4 here)

R SR




In order to compare the tolerance limits discussed in this section,

a method of comparison needs to be specified. Goodman and Madansky [1]

have

suggested that one-sided lower (upper) limit Al is better than A2 if

E[Al—hzl >0 (<0). We will employ this criterion to our situation also.

made:

With this in mind the following observations concerning Table 4 are

(a) L"und UR are superior for the normal distribution vhiloti is
superior for the right tails of the distributions skewed to the right
as would be axpected. For distributions strongly skewed to the right
such as the exponential or chi-square with small degrees of freedom,
the Ly limits tended to be superior.

(b) The superiority of LR and UR for the normal distribution and
right tails of the skewed distributions is greater for the smaller
sample sizes, i.e. when bH is quite large.

(c) LR and UR are in general less variable than LH and Uu.

(d) Although LR and UR in general show to be more conservative in
the sense that their ?'s are larger, this conservatism is often
accompanied by superior limits using the Goodman and Madansky cri-
terion. Of course this apparent contradiction occurs because of

the lower variability of the Lk and UR limits.

It should be noted that neither type of tolerance limit performed well

for distributions such as the beta and uniform with known and finite support.

In fact for these distributions, sample sizes, and parameters employed in

Table 4, ﬁ fell outside the support in most cases.

were

The results of Table 4 indicate that the limits based on the range which

developed to deal with data of limited accuracy are superior in some

cases to the limits based on successive order statistics even when data is

"exact."




A second Monte Carlo comparison was performed to compare the toler-
ance limits based on the range and those based on adjacent order statistics
when data is of limited accuracy. In Appendix B a formulation of the
uniform spacing method of dealing with rounded data is given.

In Table S results of the Monte Carlo examination of this method of
dealing with rounded data are given. From the table we see that thare is
close agreement between limits of Table 5 and corresponding limits of
Table 4. 1In addition there were no cases of confidence Y being small
enough for us to reject the null hypothesis that Y 2 .95 at the .05 level,
For these reasons we feel that the uniform spacing method for handling
rounded data is a good one and thus that the worst case method is unnec-
essarily conservative.

(Table 5 here)

Summary

In obtaining tolerance limits, the engineer might use, for example,
the procedures outlined in MIL-HDBK-5C (see [3]); and there he is presented
with the alternative of using the standard nonparametric procedure if

"near normality" cannot be demonstrated. As discussed previously, sample

size can be a problem when using the standard nonparametric techniques. For

example, an A-basis (P = .01, y = ,95) distribution free tolerance limit
requires a sample of size 296. When such a sample size cannot be obtained
due to practical considerations, the normality assumption may be invoked
out of necessity. In this paper we have applied theory due to Hanson and
and Xoopmans [2], which is not well known, to present an alterative course

of action.




Whereas Hanson and Koopmans applied their theory using adjacent
order statistics, we have considered another utilization of that theory
which involves the range. Results presented in this paper show that these
limits involving the range do have merit. We have compared the two tech-
niques in this paper and have outlined recommendations for their use. The
decision between the two utilizations of the Hanson and Koopmans theory
may also involve nonstatistical considerations. For example if a lower
tolerance limit is desired when items are placed on simultaneous test, then
a savings in time will be obtained by forming the limit using the first
two order statistics

When computing the limits, one may also be faced with the problem
of tied observations such as those given in Table 1 concerning collapse
pressure. A procedure (the uniform spacing method) for handling this sit-~
uation is presented.

As equations (1) and (2) indicate, the tolerance limits may be based
on any combination of order statistics. The main problem is in solving
equation (A2). For example, lower tolerance limits based on the first and

[__n;1] order statistics might prove effective if the parent distribution

is skewed to the right.
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Appendix A

Summary of Hanson and Koopmans Results

In [2), Hanson and Koopmans developed the theory which provides the
basis for calculation of tolerance limits, tu. any sample size, in the
following two situations:

(a) If F is the distribution function, then when log F is concave

it is possible to obtain lower tolerance limits. In this case the

lower tolerance limit is given by
) (al)

L=Y - b(Y

k+3+1 k+j+1 Y1
where Ym denotes the mth order statistic and the value of b is such

that

m(b) = (n..k-j-l) (j-l)'k' {‘Zﬁ f

= y, whenever m(l) < Y.

n-k-j-1
(a2)

W v=w) 372 (1~v) aw av

l/b (b- 1)/b}

When w(l) > y, the value of b is taken to be unity, i.e. L = Yk+1'
(b) When log (1-F) is concave, then upper tolerance limits can be
calculated. An equivalent condition is that the demsity function
have an increasing hazard rate. In this case the upper tolerance limit

is given by

U=Y + b(Y ) (A3)

n-k-3 n-k"Yn-k-3
where b is as in (A2). As before when T(1l) > y, the value of b is taken

to be unity, i.e. U = Yn—k'

Of course if the underlying lifetime distribution is such that both
log F and log (1-F) are concave then either lower or upper tolerance limits
may be obtained using the method of Hanson and Koopmans. Indeed those
authors pointed out that there is an important class of distributions for

which both log F and log (1-F) are concave. Examples of members of this
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class are the normal, gamma, beta and Weibull distributions --- either in
truncated or original form. Thus the class includes distributions possess-
ing density functions which are quite often employed to describe lifetime
situations.

Hanson and Koopmans [2] have tabled the constant b for various values of
Y, P, and sample size n for the case in which j = 1 in (Al) and (A3). 1In
this case they were able to reduce the double integral in (A2) to a sum of
two one-dimensional integrals. In fact they were able to show that in this
case,n(b) could be expressed in terms of the gamma function and the incomplete
beta distribution function which enabled existing computer routines to be

used in the evaluation of b.

In the present paper we investigate the evaluation of w(b) when j = n - 1.

In this case (A2) reduces to the one dimensional integral
n-1

n-1 P 1
m(b) =1 -nf v [} - (;J dv. (Ad4)
P

The integration involved in evaluating

g(b) = n(b) - ¥y (AS5)
in this case was performed with 20 point Gauss-Legendre quadrature and
roots of (AS) were approximated by the method of false position. Checks
were made for various values of the parameters using a series solution to
the integral in (A4) in lieu of employing Gaussian quadrature. At least
five decimal place agreement was observed in all cases checked. All cal-
culations were performed on the CDC Cyber 72 computer. Values of b in this

case with j = n - 1 are presented in Table 2 for various values of y, p, and n.




Appendix B

Uniform Spacing Method of Calculating Tolerance
Limits when Data is of Limited Accuracy

Suppose that lower tolerance limits are desired for a continuous
theoretical lifetime distribution for which the limited accuracy of the
measuring device has resulted in the observed order ctatistics Biv sene
z whereas had the measurements been “"perfect" the order statistics
would have been yl. ceer Yoo respectively. Assuming that the only measure-
ment errors made are those due to round-off, then if the measuring device

is accurate to the nearest r, it is known only that for any m, - -;-
< ym < 'n + -;; Of course r is always present to some degree when measure-

ments are being made on continuous variables. Application of the Hanson

and Koopmans method would yield as the lower tolerance limit

L ™ Byl b(')wjﬂ ") o)
The theoretical limit is given by

L = Yyegon ~ P(Vpqen = Yyay) -
which may vary from L. in (Bl) by as much at t (b-.5)r.

Assume that the ordar statistics 11.....lnhav¢ been ocbserved, and

let "1 - z). Suppose further that because of the imprecision of the

measuring device, the only possible observable values for '2' l’. s B

- L}
are wl. wl +r War Wy +rm= “3' etc. Now suppose that n of the 3 's

are equal to Wy D, equal to Wt teee and n, equal to “w " L We have

two cases for approximating Yy and Yyt

(1) Suppose B, =W, i.e. n, > 2. Then our approximations of the

1l
unknown y, and y, are given by 91 and 92. the expected values oi

the first two ordered uniform variables over (l1 - %. ll + %) in
3 r r
a sample l.i.uotnl i.e. 91-:1 3 +-n-171- .nd92-91+nl_ﬂ_




(2) Suppose nl = 1 (assume n2> 0). Then following the same reason-
ing, 91 is the expected value of the first ordered uniform over

r r :
(zl- 3 zf;) in a sample of size 1, i.e. 91 = z_. Likewise, 92 is the

1
first ordered uniform over (z;%,z;-}) in a sample of size n,. i.e.
A X X
o el B s o S

Approximations of Y, and Ype1 are obtained in a similar manner. Using
these approximations, observed values of the tolerance limits Ly, Ui, Lo,
and Ug corresponding to (3)A4), (5),and (6) respectively are obtained by substi-
tuting ?1, 92. 9n—1' and 9:1 for Yy, ¥, Y .. and Y respectively.

Of course distributions other than the uniform could be considered over
the intervals hi‘%’ 2 1‘_-0--3-) but the authors feel that this additional sophisti-

cation in the technique would add no meaningful improvement.
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Pipes--Grade 1

Pressure

Table 1 Collapse Pressures for a Sample of

!‘roquoncx
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6700
6800
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Tolerance Factors bR for Tolerance Limits Depending on the Range
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1,230a0 1,3p02?
1,21gl4 1,37223

n .95 .99
Pe= .01
13 1,20620 1,3571g
1e0 1, 1949l 1.3‘298
leog 1,1g421 ),32958%
150 1, 1760 1031682
158 15403 +30473
160 l,1s5) 1,29324
les l.1ege 1,2p22
170 1,13401 1,271g3
1718 1,12997 1,261p4
180 1,1222¢ 1,2¢22q
188 1,1l4g¢ 1,24311
190 1.,1077¢ 1,234
lys 1,10092 1,225a6
290 1,00434 1,21774
2vs 1,0a79¢ 1,20991
2lo 1,0g1g7 1,20237
2is 1,0759S 1.1950¢
220 1,09024 1.13307
22s 1.06071 l,1gl12g
230 1.0593s 1,17e7)
23% 1,054l 1,1683
260 1,049l6 1,1¢220
245 1 «04a2¢ 1,15623
250 1,03¢982 1,15044
2718 l.01773 1,1234g .
vo (299) 1,10067
32g 1,0q014
350 lo"6179
ars 1,0452¢
40 1,0302s
(Y43 1,01453
450 1,00392
(459)
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TABLE 2--Continued

n .95
.99 n .95 .99
P = .00S P = .00S
2 91.5%083 4TT.e087 2 .
087) 1.9ane
3 19.64593 47,2146R 43 fo??.Z ;'35276
. l 1 ] 00\70 ?0 Ol“‘ﬁb .. ‘ 095590 z.’z"’
. z::z;gz 13.43318 ‘s l.9302) z’3:§§3
10, . :
: o 12147 6 102404 2,244%8
«52%0 He7T7P2% L2 1.,90960
: :.:::;g 700637 o l::’;" ::;;;::
® ﬁ.?“’flf\ "
:;’ ;.‘::b? S.6a52H $0 l:::g:: ::f::?:
; «0569 §.22720 $2 1,a03e2 2.1553
2 J.0dp62 Cohhats Se
3 l.a)
:3 3,45920 4.56852 Se 1::q::: :"?”:
x‘ 3.307%7 4.32288 S 77699 z'g°.§'
‘: ;.:7232 4.1181) ° « 75731 z'ofso:
6
: ® d.qlead 62 1.7368 !:01527
’ 2,9640% .7al04 (Y |
i' 2.n7076 3,64594 'Y 1:;:::: :"°l°‘
. 7970 3,52543 oa 1.68822 e b i
SolEIp LTt iy e
L]
«66239 «320g¢ 2 c68gel 1,0093s
22 2,6036% 3,2
233) L 1,6080
:’ 2.54082  3.18383 Te ':03“: groviae
. 2,5002¢ 3,0a0%4 78 leolady b b
:: :.‘?:65 3,0134¢ ‘: 1,600 x‘:fﬁzﬁ
. 2. L 1 5
) eelloe 9515§ +5Qe30 1,a2568
4 20‘723' e
.."za 8é | 29
:a 2,33843 2,,4042 o :::log }.310e2
33 2,30002 2,9ql23 oa l,58leg l"’?:?
L 7 T S
*
: : 2.70121 «8elsl 1,v8732
208060 2.60602¢ 94 1
3 2,181%¢ 2.62100 ve l.:::o’ ""%’3
3 2,18570 2.54577 v " 13.’ l"’xa
O N L QT
L]
6 1078 2.81ply 10g YY) «&R4TS
37 2,9a8%¢9 2,487 110 :
A8 87'le leage?
3 2,00440 2.4576 lig ::2:3: ':g:sY
39 2.04418  2.4206 120 a3lg? i 171¢
.: ;.02679 2.‘0232 12« 1,41837 l::ovsa
00a28 2,37723 130 1,4017¢ 1,s90l!




TABLE 2--Continued
Y X
n .95 .99 n .95 .99
P = .005 P = .005

13¢ 1,3a804 1,561
140 1.37506 1,22513 678 1:06)6)
168 1,36272 1,52996 Tvo 108398
150 1,35102 1,51830 ;:: -:.o..:g
158 1,33990 1,501 03972

it : s :9 s 1+03309
100 1,32930 4gals
168 1.3191a  1.47556 avo 1202675
170 1,30951  1,46350 82s 1402064
178 1,13002¢ 1,45200 :?2 ;':z:g;
la0 1,2q13 1,400 ’ .

i " 900 100389
18 1,28280 1,43043 (919)
190 l.?uor ],4203)
198 1 2668 1,4108g
2V0 1, ?s? 1,40122
2lsg 1,25 1,3q221
2lg .zsa 1,371518
220 3, 2316' 1.36706
22s 1,225) 1,35928
230 1,21g98 1035160
23¢ 1,21298 1036437
260 1,2071¢ 1e33728 !
FIY 1,20189 1033041 4
250 1,1981) 1432378 ;
21s 1,17103 1¢2931A \
3vo 1,14q902 1026646 ! d
3éeg 1,12940 124282 4
350 98 lll?o 122171 |
333 1,096 142026R H
oY ! °a‘77 1¢18540 19
‘4€s 1,0¢858 1+1696] f
450 1,08644  1¢155]10 ?
oS 1,04520 l1e14170 '3
svo 1,0347¢  }1¢)2927 b
5¢5 1,02501 111769 |

i

850 1,0l8a0 1e)pe87 |
sTs 1,00933 1209672
6V0 (598) 1°0R7]R
'Y 1°0781R
630 1006967




Table 3 Comparison of Lower Tolerance Limits with 1=-P = ,995 and vy = .95

for Various Grades of Pipe

. b3 8 a 0R Sh i
» 1 72 S0 5380 3212 5292 6000 6000 6900 i
: 2 83 6035 7324 3094 7225 8100 8200 9400 : li
1 3 54 -6770 7404 ~999%4 7272 9700 10200 12500 i;
' 4 79 4932 6398 2314 6287 7500 7600 9300 ;
S 58 8903 7795 6810 7697 10000 10000 12800 ‘i
6 51 11256 8346 8969 8241 12400 12400 17100 ;

7 54 9252 12028 5928 11896 15600 16000 20400

8 57 3782 3768 1378 3684 4600 4600 5600

9 99 4179 5239 1428 5138 5800 5900 €900

10 84 5353 6526 2438 6417 7400 7500 8900

1 51  -3743 4859 -7174 4724 6400 6700 8200 11
i
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Table 4 - Monte Carlo Results
Normal (0,1), vy = .95 , 1000 repetitions

; n 5 . Lo 4 3 . R R %r p
1-p n u g Y " g Y T g X W N—— | : ¢
.99 so|] -10.85 .264 .962 | -5.06 .026 1.000 | 10.40 .254 .946 5.04 .026  1.000
.99 100 - 4.15 .059 .908 | -4.02 .017 1.000 | 4.28 .064 .918 | 4.05 .018 1.000
.95 10| -12.37 .323 .951 |-5.55 .047 1.000 |12.61 .313 .957 5.56 .047 1.000
.95 25| - 4.85 094 .950 | -3.45 .023 .999 4.91 .092 .960 3.46 .022 1.00n
.95 50| - 2.54 021 .947 | -2.50 .016 .976 2.54 .022 .951 2.50 .016 .973
.90 10| - 6.59 151 .961 | -3.89 .034 .998 6.35 .138 .950 3.85 .034 -997
.90 25| - 2.22 021 .957 |-2.20 .D16 .981 2.24 .022 .955 2.21 .017 .974
: m.: .Ngwn»uw SM Y= _,95, nooo..novon»n»o:u i mw i b
1-P n u o \ u ge s u o y u o Y 4
.99 so| - .42 .014 .968 |-2.78 .025 1.000 |25.75 .694 - 955 7.32 -066 -948
.99 100 - .04 .002 .942 |-1.58 .012 1.000 |10.15 .184 .926 | 6.75 .051 .957
.95 10| - 2.15 .069 .965 |-3.60 .053 1.000 |23.07 .700 .931 6.64 .093 .950
.95 25| -0.23 .009 .967 |-1.41 .015 1.000 |10.86 .249 .952 5.31 .055 .961
.95 50 0.06 .001 .959 |-0.22 .002 1.000 5.14 .057 .955 | 4.69 .040 .953
.90 10| - 0.94 .035 .976 |-2.03 .029 1.000 |11.92 .313 .945 5.06 .067 .955
.90 25 0.16 .001 .955 |-0.18 .003 .999 | 4.44 .058 .955 | 4.09- .045 .956
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Table 4 - Continued

Chi-Square (5), Y = .95, 1000 repetitions

-

U
r: rw H cw

1-Pp| n Y o Y u o Y u o Y u o Y
.99 50 -5.89 .175 .964 | - 8.21 .064 1.000| 70.89 1.767 .955| 23.81 .161 .992
.99 | 100} - 0.62 .033 .931 | - 4.43 .031 1.000 | 28.78 .471 .924 | 21.40 .128 .990
.95 10| -14.10 .420 .978 | -10.76 .135 1.000 | 63.22 1.610 .946 | 22.93 .226 .987
.95 25]1-1.96 .084 .961 | - 3.68 .042 1.000 | 30.29 .625 .,954 | 17.65 .138 .973
.95 50 0.48 .013 .941 | - 0.64 .012 .998 | 16.57 .155 .942 | 15.55 .109 .953
.90 10| -5.54 .190 .964 | - 5.55 .080 1.000 | 33.80 .768 .950 | 17.62 .173 .978
.90 25 0.67 .017 .958 0.21 .016 .993 | 14.70 143 .943 | 13.94 .110 .954




Table 5 - Tolerance Limits with Rounded Data (r = m.—.UNUNJ
; Normal (0,1) , y = .95, 1000 repetitions
| *
[} L} . L}
| L), L Uy %
‘- n u Y ooy W Y oo
el : |
.99 50 -10.8 1.00|-5.1 1.00!10.9 1.00| 5.2 1.00!
|
.99 100 | - 4.5 .98 [ -4.2 1.00{ 4.3 .97 4.1 1.00]
.95 10 | -13.1  1.00 | -5.7 1.00]12.7 1.00| 5.7 1.00]
.95 25 | -5.1 1.00 [ -3.5 1.00| 5.0 .99 | 3.5 1.00;
.95 50 | - 2.6 .97 | -2.5 .98 | 2.6 97| 2.5 .98
.90 10 |- 6.8 .99 | -3.9 1.00! 6.4 1.00| 3.9 1.0C,
.90 ! 25 |- 2.2 .99 | -2.2 .99} 2.3 .99 2.3 .wwm
. m
: o~
Exponential (1) , y = .95, 1000 repetitions i
. (] ' . H
Ly e U %r

>
>
>
>
>

-~ -~ a

1-p n u Y u Y u Y U Y
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Table 5 -

Chi-Square (5)

Wi e

Continued

95, 1000 repetitions

L} [ ] L] L}
ﬁ: F” cz U
(1-p__ n My et Y i 5
.99 50| - 6.0 1.00| - 8.6 1.00/67.0 1.00[23.9 .99
.99| 100| - 0.9 1.00| - 4.8 1.00 |29.0 .94|21.8 .99
.95 12| -15.8 1.00| -11.1 1.00[66.7 1.00|23.0 .99
95| 25| - 2.6 1.00| - 4.0 1.00[29.7 .99[17.8 .99
.95 so| 0.2 1.00) - 0.4 1.00 6.6 .99|15.7 .97
.90| 10| - 6.4 1.00| - 6.0 1.00(35.1 .99|18.2 .99
.90l 25| 0.4 .97 0.0 .99[14.4 .98[13.7 .98
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