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I
ABSTRACT

The report contains the numerical Implementation of a theo—I retical algorithm that generalizes the Euler equations for irregular
flows , The main features of the algorithm are described , and the
relevant equations are sumsarized . The spatial region occupied by
the fluid is then discretized , and the numerical quadrature of the
theoretical algorithm’s governing equations is effected . Computa-.
tional results are given for the following hydrodynamic free—boundary
problems: (a) the fall from rest of a liquid with a profoundly non-
linear initial free surface; (b) the motion from rest of a liquid
whose initial free surface is only slightly removed from its equi—

-. librium position; and (c) the collisions of streams of fluid with
formation of a jet. A program listing is given in the appendix.
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I

1. INTRODUCTION

I
As part of a continuing investigation, we have reformulated

inviscid hydrodynamics in a manner that is natural for the study of
~ the free—surface probi.”. The ultimate purpose of the investigation
E is to compute in an eft~-~ -. - .at and reliable way the phenomena at—
£ tendant to the motion of a rigid body in water with a free surface.

1 The considerations that have guided our reformulation of
- hydrodynamics and the reduction of our generalized theory to the

T classical theory when the flow variables are sufficiently smooth
-
~~ were discussed in Ref. 1, and they need not be repeated here. The

- purpose of this report is to see directly what the implications of
- -r the generalized hydrodynamics are for th’~ numerical solution of

problems with hydrodynamic free surfaces and to present our numer—
- ical results.

Nevertheless , some recapitulation of the essential ideas of
the theory is in order. Hydrodynamics as reformulated does not

• 
- take on quite a Lagrangian or an Eulerian mode but has some of the

advantages of both . The advantage our formulation shares with the
-
• ~ , Eulerian one is that the equations have as independent variables

the ones of direct physical significance — space and time. The
- 

- : advantage it has in common with the Lagrangian approach is that
t ime—dependent free—surface problems may be solved by solving a
system of equations on a domain that is independent of the time.

~ I The evolution of an incompressible flow is seen as the
solution of a set of hyperbolic conservation laws subject to a
constraint . The hyperbolic conservation laws are jus t the aqua—
tions of mass and momentum conservation . In the absence of the

L constraint , they are the equations of a perfectly compressible
(pressureless) fluid . (In N dimensions , we also refer to these
as the N—dimensional inviscid Burgers equation.) The constraint
is a one—sided constraint on the density that expresses incoapress—
ibility by establishing an upper bound on the amount of fluid that
may occupy any volume of space.

I. In practice , in our theory the solution of the combined
conservation laws/constraint is achieved by going from one time

r to a slightly enhanced one in a “split—step” scheme , In which at

- 
.

-
~~ Ref. 1. J. C. W. Rogers, “Incompressible Flows as a System
• of Conservation Laws with a Constraint,” Seminaires IRIA, Analyse

- Ii et Controle de Systemes, 1978.
- .1~
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first the conservation laws are solved as if there were no constraint,
and then the constraint is satisfied in a manner that retains the con—
servation of mass and momentum. Thus, if the solution of the evolu—
tionary problem at a given time is thought of as obtained through the
action of a nonlinear seniigroup on the initial data, our theory pro— - •
vides an approximation to the semigroup.

In Section 2, we will sui~ arize the governing equations that
are solved at each time. Some numerical quadratures that enable
these equations to be put in a finitary form suitable for computer S.
manipulation are given in Section 3. Section 4 gives numerical re-
sults for three sample problems that have been run. The first of
these follows the time evolution of an incompressible fluid that
was initially at rest and whose initial free surface was distorted
in a profoundly nonlinear manner. In the second problem, a corn—
parison is made between the computer results and the predictions
of linearized water wave theory . The third example illustrates
the computation of phenomena associated with the collision of two 

-

streams and the formation of a jet. Here there is no exact theory
to compare. Instead, the results of numerical computations are ..
compared for different mesh sizes and time steps. All the numerical
examples presented here are for problems with two independent space - -

variables. Section 5 discusses some of the limitations of our
method, possible improvements, and some of our plans for further
computational work. In the belief that nothing removes ambiguity

- -~ like an explicit statement of the steps we have gone through to
implement our theoretical ideas numerically, we have Included a
program listing in Appendix A.

Several observations are in order. First, the generalized •
hydrodynamic theory is by no means completed. Since our theory is
given in constructive fashion through an algorithm to determine the
f low at any time in terms of the flow a time step earlier, the theory 1 :  

-

will be acceptable only when we have obtained definitive results for
the construction as the time step goes to zero. Such results will —-
have to include the regularity of the flow, convergence of the con— -

struction to a semigroup in the appropriate function spaces, and -• - •
existence of the flow globally in time. Indications to date are
that the conclusion of these tasks in a satisfactory manner will be
concomitant with the development of a theory of inviacid hydrodynamic
turbulence (Ref. 2).

In spite of this reservation, the Commencement of calculations
with the generalized theory is by no means premature. For one thing, E •

the fact that the general formulation reduces to the usual one when

Ref. 2. J. C. W. Rogers, ~~~~~~~~~~~~~~~~ Energy Conservation , U
and Turbulence for Water Waves,” Seminaires IRIA, Analyse et Controle
de Systemes , 1978. f

I
— 10 — (1.

~1)
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I the flow variables are sufficiently smooth guarantees that the status
of the f undamental questions ms~~ioned above is no worse in our
theory than in classical hydrod ynamics. Accordingly, calculations
based on our approach are no less sound than those based on conven—
tional approaches. To the contrary , the fact that the general theory
makes sense in a wider variety of circumstances and under less regu-
larity requirements on the flow than the usual one sugges?.s that per-
haps a greater presumption of success in resolving the basic questions
of existence , regularity, and turbulence may be attached to the gen-
eral theo ry than to the classical one.

A second observation relates to the fact that in most cases
of interest the flow of an unstratified, incompressible, inviscid
fluid is irrotational. The general theory applies to rotational as
well as irrotational flows. However, for the important special case
of irrotational flows , significant savings in computational time may
be effected in the classical theory through the use of integral equa-
tions. An unfinished task is to examine the ramifications of the

~ !. general theory for initially irrotational flows and to develop, to
whatever extent it is possible , variations on our algorithm that re—

-. tam its essential character but effect the computational savings
•1 

~ 
anticipated for this special case.

- Therefore, we do not consider the algorithm we have studied
to be final, by any means, for the majority of cases of practical
Interest. Accordingly, we have not expended grea t energy in trying

• to perfect numerically the algorithm in the form in which it now
stands. From a computat imal point of view, this report should be
viewed as a prel(’n(nary report whose purpose is to show the essen—
tial correctness of our approach, in practice as well as in theory.

We hope these cosments put the accompany ing numerical work in
a proper perspective. While we have not been deliberately careless

- .  in carrying out the numerical quadratures , we have also not made a
I number of refinements that could have been made. (These points are
L discussed more fully in Section 5.) Thus, to some extent, the theory

• has been tested under rathe r adverse conditions. Our expectation is
that , if the numerical implementation of the theory thus handicapped[ yields at all reasonable results, more can be expected of a similar
approach , executed with greater care. We have ventured forth in
this manner, guided by our faith that the theory free as it is of
the comparatively severe regularity requirements of the classical
hydrodynamic theory, has an essential robustness that enables it to
carry the weight of even a crude numerical quadrature.

1 :
- •

:~•~ i;
F: -11 -
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S.

2. GOVERNING EQUATIONS

Let D be a domain occupied by the fluid. In the problems
treated in this paper , D is independent of time, and the boundary 

-

~D is rigid. D need not be bounded. p will denote the fluid den—
sity. The density constraint is

p ’p o, (1) 
-

where p
0 is the density of the fluid in its incompressible (liquid)phase.

The velocity field is denoted by u(x ,t ) ,  and, of course, the -
momentum density is p(x,t)u(x ,t). The evolutionary problem is to

: 1  find p(x,t) and p (x,t)u(x ,t) given L . -

0 
- •

p (x) — p(x,O) (2a)

and
I.

p0(x)u0(x) — p (x,0)u(x ,0). (2b)

We write the solution symbolically as

[p( x ,t ) ,  p( x ,t )u(x,t )]  a S(t) (p0, p 0u0) ,  (3) .

where S(t) is a nonlinear sernigroup satisfying

S(t 1 + t
2
) — S(t1) S( t

2). (4)

(In some turbulent flows, the system may evolve stochastically even
though the initial state is uniquely prescribed, and in that case
Eq. 4 is a statement of the Narkov property of the time evolution
of the flow.) A particular case of Eq. 4 is

S( t) — [S(r)]’~, (5)

where t — nt and t is called the time step. —

1)

— 1 2 —

_ _ _ _ _ _  
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1 The algorithm we have introduced (Ref. 1) gives an approzi—

mation to S(T), which we denote by I(t) . i (r)  is determined as
follows: we suppose we are given p(x) and p (x)u(x), with p (x)

I satisfying the constraint i~~~. 1. First, we solve the hyperbolic
“conservation” laws,

1 ~ + V . (
~~

) 0, (x,t)cD x (0,r) ,  (~ri) + V • (~~~ T~) — —~g~:,t t

(x ,t) cD x (0, r ) ,  (6)

with initial conditions

~Ir ~(x ,0) p (x) , xcD , ~(x, O)t i(x , 0) — p (x)u(x) , xcD , (7)

I
and boundary conditions

• a Q, (x,t)c~D x (0,r), (8)
• 1

where n is the unit outward normal to ~D. In terms of the solutionr of Eqs . 6, 7, and 8 at t — r , we define the quantities

~.1 “ I ‘IAp (x) — ~(x,r ) ,  xcD, p (x)u(x) — ~(x,r)ri (x ,t), xcD. . (9)

- 

This completes the first part of our “8plit—step ” scheme.

Next , we solve the one—phase Stefan problem

— Af(O) ,  (x ,~ )cD x (0,a), ( b a .)

e — p 0 e~~ p0f(e) 
, (lOb)

0 8~~ p0

- 

subject to the initial condition

8(x,0) — ~ (x), xcD , (lOc)
, •

1.

- 13 -
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I .

and the boundary condition 
-

~~

ve’n a o, (x ,cs)€ ~D x (0,”). ClOd)

As ~~~“', O(x ,a) approaches a steady—state value that we denote by 4

~(x) ; that is,

O(x ,ct ) , xcD. (11)

Note that ~ (x) aati8fies Eq. 1. -

Continuing, we define

v(x) f (O(x ,a)] da, xcD , (12) 1
0

where 0 is given by Eq. 10, and we determine ~(x) as the solution

7 1

— ~(x)~ (x) — .
~~
. Vv + ~(v (x)J, XED, (13a) 

-

and subject to the boundary conditions

— 0, xc3D, nx(n.V)~ — 0, xc3D. (l3b)

With ~(x) and ~ (x) (x) thu s obtained , we define ~~(t ) as the operator
such that -‘

(~~(x) , ~ (x)~~(x) ] — ~~(y) (p (x) , p (x)u(x)J ,  xcD, (14)

The solution of the Stefan problem (Eq . 10) and the linear - .

elliptic equation (Eq. 13) is straightforward. It is the solution
of the Stefan problem that determines the t ime development of the
free boundary. Explicit numerical algorithms to solve these prob-
lems follow.

- 1 4 - p
El-
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‘ I
For the Stefan problem, we use a variation on an algorithmj for the general problem

+ Lf(u) • 0, u(x,O) — u0(x), (15)

when the semigroup associated with L,

S(t) — ~Lt, (16)

~~~~~1II 1
- is contractive in L and L (Ref. 3). The algorithm approximates

u(x,nh) by u’1(z), obtained by making the substitutions
5,

- . n n—i
1: u (x) - u (x) (h a)

and

Lu + - 
S(Ah) - 1 u, (llb)

where A is a positive constant , in Eq. 15. Thus ,
I

u~~ (x) — ~~ (x) — f [u’s (x)] + S (hA) f [utL (x) 1

and

u~
’(x) — u0(x). (18)

The algorithm (Eq . 18) is stable in L and L if f satisfies

- 

I O S  f(u) — f(v) S A(u — v) for u — v ~ 0. (19)

• Making the obvious substitutions and noting the boundary condition
~ (Eq . lOd) , we obtain an algorithm to solve the Stefan problem (Eq .

- - 10) by setting A — 1:

r Ref . 3. H . Brezis , A. E. Berger, and 3. C. V. Rogers, “A
;- - I. Numerical Method for Solving the Problem u~ — ~f(u) 0” (to be

published).

II -15 -
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-— -

S .

0~(x) ~ O(x,nM), (20a) -

00(X) — ~(x), (20b )

On+l(X) — 0’~(X) — f [ O~ (x)]  + S (&z) f [~~ (x ) ] ,  (2Oc) 
-

where ~~ (x) is obtained from O~~(x) by reflecting values of O~ (x)
syimsetrically across the boundary ~D: -

— O~ (x) , xcD, (20d) - .

and

~~ (x4n€) — 0~(x—nc), c ~ 0, xc~D (20e)

In this case, L — —
~~ and

(S(h)u]( x) - 1 
N/2 f  e

_ (x_x ’) 2 /4h u(x ’) dx ’ . (21)
(4~th) RN

I .
There are many ways to solve the linear elliptic boundary

value problem (Eq. 13) for ~ . In terms of the solution of the
parabolic problem -

* — ~
(
~— * ) , (22a)

-r

$(x,0) — ~(x)~ (x) - Vv , (22b)

we get

~(x)~(x) —f*(x~~)e~~dv . (23)

11
-16 -
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- An approximate solution of Eq. 22 is obtained by making substitu—

~ 
j  tions in Eq. 22a of the sort indicated in Eq. 17. Thus, if

r *‘~(x) ti, (x ,nAy) , (24a)

we get

-
~~ *°(x) — ~(x)~ (x) — Vv, (24b)

and

~ :. *~~
1 (x) — ?(x) — 

~~~ ~~~
— *~‘ + S(My) ~~~ Vi). (24c)A p 0 A p0

1 1
Here, in accordance with the boundary conditions (Eq. l3b), we ob-
tain V~ from *

n by reflecting the components of ~j? parallel to theI I boundary ~D syimnetrically and the component of *~ perpendicular toaD antisyimuetrically :

H i~ (x) — *‘~(x), iceD,

and

x n) (x+ne) — (*~ 
x n) (x—nc) , e � 0, xe3D , (24e)

H 
~ 

(V~~n) (x+ne) — — (V”n) (x—nc) , 
~~~~~~~~~ 

XC:r). (24f)

The scheme (Eq. 24c) is stable in L and L if

A ~ 
1 sUp v(x) . (25)

I 

~~ 

PO XE

S(A~y) is given by Eq. 21.

Ii
L 
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The function v(x), which appears in Eq. 24c and is defined
in Eq. 12, is approximated by

v(x) ~ t~a 
~~ 

f(O’~(x)]. (26)

n—O

The term — ~Vv in Eq. 13a had its origin in the momentum associated
with the redistribution of mass upon satisfying the constraint (Eq.
1) (Ref. 1). Thus, this term, which appears in Eq. 24b , is computed
approximately from a formula that reflects its origin:

— .avv(x)aEs ~~~ (x - x’ 1 e
_ (x—x ’)2/4&t f[0~(x’)]dx’.t J ~ ( 4 k )

(27)

In contrast to the solution of Eqs. 10 and 13, the solution
of the hyperbolic conservation laws (Eqs. 6 through 9) poses larger L.

theoretical problems, as it is closely connected with the origins
of turbulence and in the general case requires the enlargement of

• the class of acceptable solutions to stochastic flows in order to 1.
be well posed (Ref. 2). At this point we come close to the current
limitations of our hydrodynamic theory. In particular, we do not
now have a reliable algorithm to determine the evolution of the
flow in probability. Accordingly, we shall assume that all flows
studied in this report, whether turbulent or not, evolve detetmJ.n—
istically.

The purpose in regarding Eqs. 6 through 9 as a “conservation”
law is to provide a guide for determining the “weak” solution of
Eq. 6 when the initial data p (x) and p (x)u(x) lack sufficient reg—
ularity for a classical solution to exist for all tc(0 , t) .  An ap-
proximate solution of this conservation law can be given in terms
of a distribution function F(x,v,t) satisfying the equation

+ v•VP — g .~~~~~
— — 0, (x,v,t)cD X RN x(0 , r ) ,  (28)

the initial condition

F(x ,v ,0) — p (x) ~[v—u (x)], (x,v)eD K RN , (29)

Ii -.

—18 — [3
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and the boundary condition

1 
F(x ,v,t) — F(x,v—2nv~n,t), (x,v,t)cal) x RN x (0 ,t) .  (30)

‘1 
~‘(x) and ~ (x)~ (x) are given approximately by

~ (x) .‘fF(x~vi r)dv , XCD , ~ (x)~ (x) _ JF(x.v.r)v dv , xcD. (31)

• Note that Eq. 28 is a linear equation whose solution can be written
explicitly. Because of the boundary condition (Eq. 30), the char—

-. acteristics of the equation satisfy

-

~ :: ~~~— v , (32a)

1..
— —g~: —

~~~~~~ 2nv’n ó(t_tk), (32b)

where the times {t. } are the times when
- I  K

-. x(tk)caD (32c)

• and n is the outward normal to aD at x(tk). The use of the distri—

bution function to solve the conservation law (Eqs. 6 through 9)
has some similarity to the construction of solutions of another

t .  hyperbolic conservation law through the superposition of solutions
_ 

of linear equations (Ref. 4).

t .

R.f . 4. J. C. V. Rogers , “An Algorithm for a Hyperbolic
g- I  Free Boundary Problem,” APL/JHU TC 1309, May 1977.

• 
— 1 9 —
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3. NUMERICAL SOLUTION OF THE EQUATIONS

Let x and z be the two independent spatial variables. We
shall indicate how the equations given in the last section are 

- -

treated numerically when

D — {(x ,z) I z > 0, 0 < x < X}. (33)

We approximate D by the computational domain D
~ :

D — {(x ,z) I 0 ~ x c X , 0 ~ z < z}, (34)

and we partition D
~ into rectangles by a grid of lines

ll(x-x~112) (Z~~Z
j~~112

) a o~ O s  is I, 05 j ~ J (35a)

with
:1 L

x1,2 0, x~~1,2 < x1~1,2 for 15 iS I, x1~1,2 — X , 
-.

0 , Z~_ 1~ 2 < for 15 j 5 3, — (35b)

The fundamental dependent variables are mij P the mass in the
rectangle

(x1_1,~ , xi+i,2) x ~ j l/2’ zj+i,,2)~ (36)

and (resp. U
5jj
)~ the x—component (reap . z—component) of momen—

turn in the same rectangle. Each of these quantities should be
labeled by another index to distinguish the time at which it is
measured. However , for purposes of simplicity and in the spirit of
the analytical description of the algorithm in Eqs. 6 through 14,
we do not carry this index along and only indicate how to find these

-~ - 
quantities at one time from their values one t ime step beforehand .

Ii
Li

-
~~~~~ —20 —
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1 We first show the effect of solving the hyperbolic conser—
1 vation law (Eqs. 6 through 9) on the quantities mjj~ IJ

~jj , P
~jj .

Here we use the approximate form of the algorithm in Eqs. 28
through 31. The first step is to take account of the effect of
gravity on

— — Tgm~~1
. (37)

Next we compute the velocities Ujj and • Given an appro-
priate small number e>0, we have

0

u~~ • 
Uxii mjj

�e (38a)
~~~

and

0

W~j  — U
~~jj  

. (38b)

tmij ii

The mass density is

H l i t  mp a_ u (39
- •  • “ij Ax âz ‘

- i  ~~~~ i i
~. U .

H where

~

xi — xi+1/2 — Xi_l/21 I:LZj 
— — 2

j~~l/2
• (40)

Our numerical solution of Eqs. 28 through 31 proceeds a~ ifp(x), u(x) , and w(x) are each constant in rectangle ~~ with values
i :. Pjj~ Ujj~ and w~~, respectively. The boundary conditions (Eq . 30)

hold on the rigid part of aD:I.
—21 —
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r E tO) x (0,Z) U (0,x) X to) U txj  x (0,z) . (41)

On aDc
_r, we allow fluid to leave the computational region and never

return .

With these boundary conditions, the problem becomes determi-
nate. In Eq. 37, we have taken account of the effect of gravity.
There remains to solve an equation like Eq. 28 with g — 0 and the
boundary conditions (Eq. 30). The equations of the characteristics
are Eqs. 32 with g — 0. For our computational domain D

~ 
the solution - •

of these equations is straightforward. One need only translate each
point of each rectangle Ru along its appropriate characteristic for

a time r, find its new location in the computational grid, and, in
addition, ascertain the number of reversals of the normal component
of velocity that have taken place at r , in accordance with Eqs. 32.

Different cases arise, according to whether the characteristic
for a point of a rectangle Ru has or has not been reflected at z — 0 ,
or whether the characteristic has left the computational grid. A
similar situation arises with regard to reflection of characteristics
at x — 0 and x — X, in particular, whether the total number of suchreflections is even or odd.

Let ~cD~ be a point in the original computational domain and •

let ~*(~)eD be its new location after time r, if its characteri:tic

does not leave D
~
. We may map each such point x into a point x(x)

of the rectangle (0,2X) x (0,22) according to the following prescrip—
tion.

— + 
x*(x) N1 evenx(x) — 

, , (42a)
2X_x*(x) N1 odd

+

— +  
z*(x) N2 evenz (x) — , (42b)
2Z_z*(x) N2 odd

n
1

—22 — 
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1~
- - where N1 is the total number of reflections of the characteristic

at x — 0 and X, and N2 is the number of reflections at z — 0. We
define

1. Xi÷l/2 — 2X — X2I_i+l/2E 1+1 i 21, (43a)

— 22 — 3+1 
~ 
j ~ 23. (43b)

With Eq. 43, the definition (Eq. 36) of Ri may be extended to
l<i<21, l<j~~~2J.

Points eD whose characteristics lead after time t to a
point will have

• 

~ I
~~~)e{x~,(x*,2Z_z*), (2X—x *,z*), (2X_x*, 2Z_ z*)}. (44)

- Equivalently, let

~~ ~kt ~~~~~ Ix
*~~~~~~~Ri,~~~~, 1 ~~ I ~ I, 1 ~~ j ~~ 3 , 1 ~~ k ~~ I ,

l~~~Z~~~J, (45a)

and

‘~ij ;kL {XCR 1~ IX(X)CR~~ )~ 1 ~ i <I, 1 ~~ J ~ 3, 1 ~~ k ~~ 21,

- ‘ l~~ I ~ 2J. (45b)

— ~~~~~ U Rjj;2 1+l k,I U Rij;k ,2J+l4 U R1j 2I+l k,2J+l_IP

l~~~i~~~I, l~~~j~~~J, l<k~~~I, 1~~~ecs. (46)

Fluid i n Rjj ;~~ will have its x—vslocity reversed if I + 1~~ k~~ 21
I and its s—velocity reversed if S + 1 < I ‘~ 23.

1~
r — 

—23 —

I. LT__I~ I~. — -~~ —~~-e 
- -



r~ ~.- ~~~~~
—--- 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
- - - - - -- -

~~~~~~~~~
•- - •

THE JOHNS HOPKINS UNIVERSITY

APPLIED PHYSICS LABORATORY
LAUREL MARYLAND

It follows from Eq. 32 with g 0 and the assumption that u
and w are constant throughout ~~ that we can write

I(i,J) J(i,j)

(~ (x)fxcl ~jj} — U U 
~~ ~~~ (47a) *

a—l B l  ~~‘

where

~ij;aB 
(((t,j,~ ), ~~(i,j,a)] x (n (i,j ,8), ri~~(i ,j , B)] ,  (4Th)

and I(i,j) is 1 or 2, according to whether all characteristics
from ~~ have been reflected at x 0 and X an equal or unequal

number of times, respectively, and J(i,j) is 0, 1, or 2, according • -

to whether all characteristics from R1~ have left the computat~onal

grid, or whether those remaining have been reflected at z — 0 an
• equal or unequal number of times, respectively. To find I(i,j),

J(i,j), ~~ we do the following .

We first construct

— 5j±1,,2 + W
jj 

t. (48)

If

~ Z and z~~ ~ 2: J(i ,~j) — 0; (49a)

> Z and < 2: J(i,j) — 1, n (i,j,l) —

and n (i,j,l) — 2; (49b)

+~ —z and 5 —2: J(i,J) — 0; (49c)

—z and > —Z: .J(i ,j) — 1 , n ( i , j, l) — Z,

and n~(i,j,l) 2Z + (49d) H

1’L
- 24-
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0 < < 2 and � 0: J(i,j) — 1, ii(i ,j, l) —

and n+(i j l) — 4~; (49e)

0 <  < 2  and < 0 :  J(i ,J) — 2 , n (i,j,1)

— o,n +(i ,J , 1) — z~~, r((i,j,2) — 22 + z~~ , and n~(i,j,2) — 2Z;

- ~~~. (49f)

—z 5 0 and —z < < 0: J(i ,j) — 1, ri(i ,j, 1)

~ 
[-‘ — 2Z + Z

jj i 
and ~+(j,j 1) — 2Z + (49g)

Next we find the unique integer m such that

xii 
— x~_1,2 + u~1

r + 2m X  (SOa)

satisfies

0 ~ < 2X (50b)

and the unique integer m+ such that

41 — ~~~~~~ + u11t + 2m~
’X (5la)

satisfies

05 x~ 
( 2X. (51b)

If

41 > x
1
: I(i,j) — 1, ((i,j,1) — and ~~(i,j,l)

I. (52a)

Ii
-25 -
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~ x
1

: I(i ,j) - 2, ((i,j,1) - 0,~~~(i , j , 1) - 41’
— x 1, and ~~(i,j,2) 2X. (52b)

Since p, u, and v are assumed constant throughout Ru for
each i and j, we have for the mass and momentum asaoci~ted with
the points YCDc such that x(y)e R.~~, 1 

5 k 5 21, 1 5 1 ~~~ - 2.J,

I J

m~~ — ~~~ ~~ l1jJ;~~ IP ij~ (53a)

• i—i j—l

I S
* ~~~

.‘ ,c’ —
UxkL — L L I1(~~ .~~~Ip~ 1 U13, (53b)

i—i 3—1

~~~zkI ~~ 
1
~~ij ;i .  I

~ij 
w~~~ (53c)

H 1—1 3— 1

where t A t  is the (Lebesgue) measure of the set A. From Eq. 47,

I(i,j) J(i,j)

tRuj k.tI ~~~ 
I~jj ;~ f lR I,~~~t .  (54)

From Eqs. 47b and 36,

- max
{
min[~~(i~1~a)~ Xk+112]

— max [((i,j,a), X
k 1/2] A 0)

K max {min{n
+(i,j,8), z~~112J

— max [n (i,J,B), zt_ l12] P o} (55)

-26 -
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The approximate numerical solution of the hyperbolic conservation

~ j  law is completed by setting, with the help of Eq. 46 for 1 ~ I <
l and l~~~J~~~J,

“ I * * * *- ‘ m~3 
— m13 + m21÷1_1 3 + m1,25+1...3 + m21+1_1,23+1_3 , (56a)

I I’) * * * *
~xij 

— 
~xij 

— 
~
‘x2I+l—i,j + Uxi,2J+l_j 

— 

~x2I+l—i,2J+l—j, 
(56b)

~

~zij 
— 

~zij + 
~z2I+l—i ,j  — 

~zi,2J+l—j 
— 

~:2I+l— i,2J+l—j’ 
(56c)

We must now transcribe the algorithms for solution of the
one—phase Stefan problem and the elliptic problem (Eq. 13) to their

~~ I numerical context. As we can see in Eqs. 20c and 24c, the numer—
ical implementation of the algorithms requires an appropriate nu—

• merical representation of the operator S(h) in Eq. 21. First,
observe that S (h) can be factored :

a2 a 2
h—1 h—

H az ax[ 
- S(h) — e e S~ (h) S (h) , (57a)

;~ t .
where

[S (h)u ](x) — 
1 
I~2 

f  e (*~ C ) /4h u(x’)dx’. (57b)
(4ffh) ’

- . To the level of accuracy we have been considering, func—
tions operated on by S will be constan t on each interval

Thus, denoting the characteristic function of a set E by

I X(E) , and letting

I — x[(x1...112, xj+112) J , (58a)

— 27—

~ ~ L



- 
-

THE JOHNS HOPKINS UNIVERSITY
APPLIED PHYSICS LABORATORY

LAUREL MARYLAND

we will want to replace Eq. 57b by

S
~
(h)u — ~~u 1~ S (h)x~ , (58b) 

11
1

where u is the value of u associated with cell I. Wheni (~x1) 2 
H

is sufficiently small , it is most convenient to approximate S
~
(Act)xj - -~

by a function that is also constant on each interval (xk l , 2, xk+l,2)
and, furthermore, that is zero when 1k 

— ii > 1. Thus, we shall
write approximately r

- 0 +

S (M)~ 1 — 

~~i( ~xj_ i  x~~1 + + 
~~j i  

x~~1) 
(59)

where c~ and c~ are to be found. We shall determine the coeffi—

d ents by requiring that the first three moments of x be equal for
• the expressions on the left— and right—hand sides of Eq. 59. Re—

f erring to Eq. 57b, we easily calculate

fSx(MI) x1dx ~~~~ (60a)

fx S(~a) xidx — x~ ~~ , (60b)

• 

fx
2 S,~~a) xidx (xi

2 + 
~~

(tLxi)
2 + 2M) ~x1, (60c)

where

E f(x1. 112 + z~~112). (60d)

Equating Eqs. 60a through 60c with the corresponding moments of
the right—hand aide of Eq. 59, we obtain the equations

LI
-28 -
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I L ’
• . 

c + c? + 4 — 1, (6la)

- 0 +
• c1 x~_1 + c1 x~ + c1 Xi+l — x~ , (6lb)

— 2  1 2 0 2 1  2 _ + 2  1 2ci [x~_ 1 + 1~(Ax 1_1) ] + c1 [X j + 
j~

.(
~~Xi

) ] + c~ [xi+1 + ~~~~xi+1) j

- ~~

. 
— x~ + h(~x~

) 2 + 2Act, (6lc)

1 1 .
The final result is

I I

c — 3Act[~x1_112 (~x11 + ~x1 + ~
xi~~)]~~ , (62a)

4 — 3&s[~x1~112 (Ax1 1 + ~x1 + 
~
Ixi+i)]’, (62b)

c~ - i - c - 4, (62c)

where

E .
~(Axi + ~xi+i). (62d)

- - Thus, for a function u it follows from Eqs. 58b and 59
that we can write

S
~
(Aa) udxdz “

~~~~ik 
u~~z3, (€3a)

where

-29 -
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c?xj k — i — 1

ci~xi k — i

+ 
. (63b)

c~~x~ k — i + l

0 jk — i f > l

In Eq. 20c, we observe that S
~
(Au) operates on functions

that have been continued sysmetrically across the boundaries
x a 0 and X. Thus, if one were to represent numerically the ef-
fect of S(~ct) at cell k on a function f that has the value f1 -

in cell i and is extended to a function f according to the pres-
cription (Eqs. 20d and c) the result would be

• I
~~ ~ik ~i 

— 
Z~~~~~ ~~~ik~i’ 

(64)

1 1—1 I
where r

~ik 
2 ~ i ~ I — l o r 2 �k c l — i  

- -

~ik (c~ + c?)Axi I - k - 1 . (65)

(c~ + c~~~x~ i - k - I S

All the quantities in Eq. 65 are calculable through Eqs. 62 and
63b, with the convention that 

. •

~~0~~~~~ l 2 ~~~~
m , (66a)

~xI+l,2 — ~xI+l — dxI. (66b)

—30 —
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Similar results hold for the approximation of the operator
S ( t ~ia). Let

1
- •  — i~~j—l/2 

+ z
3~ 112),  (67a)

~
2j+l/2 — fAz 3 

+ 
~~j+i~’ 

(67b)

• ~z0 — — ~z1, (67c)

— 
~z5+1 — ~z3. (67d)

Then the effect, evaluated in cell 1, of S5(&z) operating on a

• f unction f that has the value f
3 

in cell 3 and is extended sym—
metrically to a function 1 according to Eqs. 20d and 20e, is,

______for 2 sufficiently small,
(~~Z

j
)

- - 1 5’

~~~~~~~~31f
3 ~~L.. 

~~ Q31f3, (68)

3 11

I where

2~~~J ~.T or 2~~~I �J
Q31 — , (69)

1• ’ (e~ + e1)~z1 3 — I • 1

H 
— 3 1 —

I.
• •
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L
e?sj

1 j
(70)

e
3~
z
3 

j + l

0 1 —  i i  > i

and *

• e~ — 3&*[l~zj _ l ,2 (
~zj _ l + Az

3 
+ 
~~j+l~J ’  (h a)

3&I[Az3+112(Az3_i + Az~ + Azj+1)J ”i (llb)

e~ — 1 — e — e~. (7lc) I -

When Acs is not small enough, some of the quantities P~1 or
Q33 given by Eqs. 65 and 69 may be negative and in that case the

approximate representations of S
~
(M) or S5(óa) that have been :

given above will lead to instabilities in the computation .

Accordingly, if , for example, P~1 < 0, it will be necessary t
-

~ for us to obtain a better representation of S (Acs)~ than that af—

forded by Eq. 59. Referring to Eq. Sib, we look at

x_xi_l/2

S (Au)x1 
— l’2 e~~ 

‘4
~~dF , (72)

(4irAa) ’ x—zi+l,2

when x is in the kth cell. Consistent with the accuracy of the

numerical quadrature we have been using, we replace 
~ik 

in Eq. 63
by the integral of Eq. 72 over the kth cell. For k > I, this is

— 3 2 —  
~~1

L -
~~~~

.
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____ 

~~~l/2 rx
i_ 1,2 

e~~

2
’~~~ d~ ~~ik JZk l / 2 X X

14~
112

H 
— 

(z~_~~~ - 
- ~ (mk+1/2 - X~~~~~~112

21~~ ) 21~~

- 

- ~(~~_1/2 
- X

1_112
~~~ 

+ ~(~~ +l,2 - i-l/2~ , (73a)
2v’~~ / \ 2/Er /

where

P(F) 
~~~~~ 

(

~~ 2 
_2~~J 

e~~ dri) 
. (73b)

~ 1-
When k < I, one obtains

~ik 
— 
~ki 

(74)

If S~ (Aa) operates on a function that has been continued

• sysmetrically across the boundaries x — 0 and X, the result may
1 be put in the form (Eq. 64) where now is given approximately

L by

[
L

-
~~~ ~

f •  -33 -
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- ~ (~~~ l/2 - X~~~112~~

2?~~ / \ 2J~~ J
- ~ 

(
~—~ 

— 
X
j~~~/\ 

+ ~ ~~~ -\ 2 ~~~~~~~ J \ 2 ~~~~~~~ /

+ x +
+ p ~~~~112 Xk l/2 

— ~ 
1—1/2 xk+l/2

2/~~~ 2/~~

- 
(xj ,.1,~ + xk l/2~ + (Xi+l/2 

+ Xk+l/2
\
~

2v~~~ / \ 2/~~ /

+ 
~ (2K — ‘

~+l/2 - 
X
1+l,2~~ (2x - ~~-l/2 - ~~~l/2~

21~~~~~~~/ \  2IE~~~~~~J

- ~(2x 
- 

~~+l/2 - x1_112~ 
+ ~ (2x - xk l/2 - xi_l/2~

2/~~ J \ 2/~~ /

ls i < k s l , (75a)

1’ik — 1’ki’ 1~~ k < i 
a. 

~~~, (75b)

P11 Az1 -~~~ 
~ik’ 

l~~~i~~~x. (75c)
k#i
l~k I
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I Similarly, if Q
33 

calculated by Eqs. 69 through 71 is < 0,

- we calculate Q31 according to the following procedure. Let

I L
- 

z•t+l/2 z — z3_112 2
I i I I e~~ 

i’4&s d~ dz. (76)
- I .  /4wAci J J

~l~i/2 ~ — zi+1/ 2

I When JI~IZ, is given by equations similar to Eqs. 73 and 74.
For l — j , we find

- Az
3 

- 2 + 2P(L) . (77)

Ii.
- - 

The effect of S
~

(Act) evaluated at cell I operating on a function
that has the value f

3 
in cell 3 and has been extended symmetrically

across z — 0 according to Eqs . -20d and 20e may be put in the form
(Eq. 68), where Q31 is given approximately by

- 

- 
~~~~~~ zj÷i,2~ 

- ~ (~i+u~ 
-

- 
- • 31 21~~ / 2/~~ /

- 
(zI_l/2 - ¶1-i/2

’

~ + 
~(~ 1+112_-

21~~~~~~ / \ 2v~~ /

+ 
(zIl/2 + Zj l,2~ 

- ~(zI+l/2_
+

21~~ / 2v’~~

- 
- 

- ~(~z_l/2 + a1+112
’\ 

+ ~(~t+l/2 + 
~i+l/ 2\~

21~ 21~~
1 5 3< 1 5 3, (78*)

- :s :. r
* 

•

• / . *5
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Q31 - Q13, 1 ~~ I < 3 < J , (7 8b)

Q33 — Ar
3 

— + 
2P ( 11) 

+ P (z
i l/2) — 2P (...!i)

z4+l/2
‘- J ,  l~~~j~~~i. (78c)

In the numerical solution of the Stefan problem, we follow
the prescription laid out in Eq. 20. We form quantities m~3,starting with

m~j  ~~y (79)

The step corresponding to Eq. 20c In which ~~~~ Is computed is per—
formed in two parts.

First , we compute

— 13 
(80)13

1 3

and, given a small positive constant c.~, we check whether or not

max
ld~I (p~ — p0) ~ c~ . (81)
lIcj IcJ 3

The constant £t is what terminates the solution of the Stef an prob—
1cm and represents an allowable margin of error in the density cal— - 

-

culation. Suppose Eq. 81 is first satisfied for n — n0. Then weset - -

U
- 3 6 - 13

~~~~~ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

~~~~~ ‘~ --

• ~~~~~~~~~ ~~~
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nomi3 — mi3. (82)

For n < n0, we form

m /2 
- Ax1Az3 

- f (~)] + Ar
3 ~~~~kI f(~~i). 

(83)
- k—i

- ( Then we compute

n+l/2

- 

~n+l/2 
— (84)

and let

5’• 

ft 
m~~~ — AxiAz

i [
~n+l/2 - f(P

fl4~~
2)J 

+ Ax1 ~~Q13 f~~~~hl’2~ 5

(85)
~ IL

- 

In place of Eq. 26 we have

H H n0—l

vii — Aa f(p~3
), (86)

n.0

- and Eq. 27 is the basis for the numerical analogs

L
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n0—1 
~

— Az
3 ~~ ~~~

‘ki~~~kj~
n0 k—i

x 1/2 + x1~112 - Xk_l/2 — Xk+1/2) 
(87a)

and

(AlA )
13 

- Ax1 ~~ Q13f(P h/2)

n—O —l -

~ 
~~~~~ 

+ z3~1,~ - Z
1~~~/2 

- zI+l/ 2) 
. (87b)

Finally we determine the new momenta by using Eq. 24. We

calculate quantities ~~ and 1i~ , starting with
X~

3

— 1’xij ~~~ (Au)~ ij

and 

~zi3 
+ ~~ (A~~~~~13

. (88)

If

max
l~~~ I < I  v14 < c 2 (89)
1~~~ J~~~ J -‘

where c2 is a small positive constant, we set

-38 -
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-~~~~~~~~~~ — 0
—

A l  and

- 1  — 0
— 1
~zi3 

(90)

Otherwise, let

max
v+ — 1 ~ i �I V11

. (91)
l�J~~J

• 

Mindful of the sufficient condition for stability of the algorithm
Eq. 24 as given in Eq. 25 , we set

+

A — l .i !.. ~ , (92)p0

— Aa/A, (93)
I

and

— t 

~l’ 
v~ 4• v~ 4 ’ — . (94)

~ i.lv

- - Then we proceed with the algorithm Eq. 24 with this A and Ay, corn—

puting and for 0 ~ p ~ 
p0 where p0 

is the first integer

for which

(p0 + 1) Ay > 
~~~~~

, (95)

- and is a prescribed positive constant with e considered to

be a small number.

-39-
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The numerical step corresponding to Eq. 24c, in which

and are found , is done in two parts. First , we find

5’ (1) p

11p+l/2 — ~ç Q13 v~~ 1
~xiI (96a)xij h.~ Ax1 Az1I-i

and

5’ (1) (1) p
H p+112 

— ç’ ~ Ij “IL ~zi.t (96b)
• zij L~ Ax1 Az1•t—i

Then we compute

I
(1 — ~~~~ ~~~~~~ 

+ ~~~ P
I 

(97a)

and

- (1 - ~~ ) ) pP
13 

+ 
~kI 

(97b)

k—i

Here and Q(l) are found in a manner reminiscent of the den —
vation of P and Q above. The only difference is brought about by
the different way i~ is obtained from g? in Eq. 24 as compared with
the extension of en to in Eq. 20. Specifically, when P1~ as *

calculated by Eqs. 62, 63, and 65 is � 0,

- 4 0 -  ~~~~~

I ft
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~ik 2~~~i � I — l o r 2 5 k ~~~I — 1

— (c~ - c ) A x1 I - k - 1 , (98)

~ . 
(4_4)Ax1 i — k — I

and when Q33 calculated by Eqs. 69 through 71 is � 0,

Q 2 �j s . J o r 2 � L � J
-

- Q — . (99)
(e1 

— e1)Az1 3 — — 1

H If, on the other hand, Eqs. 62, 63, and 65 yield a value of P11 
< 0,

is given by

— 2P(~~
_h/2 ~~~~~~ _ 2P(~~~

12 — 
x1~ -L~ _2~(x ~~j / 2 _—

1k 21~~ / \ 2v’X / \ 2/~~

1-
~ +2P 

(
~~+1~~~~

z
i_ i i2) - 1 � ~ < k � I ,

I .
P
~~
) 

— , 1 k < i I , (lOOb)

I
~

I —4 1 —

- i
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~ (l) 
— 

(Ax j  “
\ +  Ax - 2I ~~ - 

(x 1 112\ + 2P(.~!_.
’
\_ (

xi+i,2\ii 
\2v~~J 

I V W  \ /~J \~/~7 ~~~~~

- (x 
_ X

i+l/2) 
2P(,,..J ) 

- (x  ,
I_ 1/2)

1 ~~ I .  (lOOc)

And if Eqs. 69 through 71 give Q33 
< 0, we calculate from the

alternative formula

Q~~ - Q - 2P(~~~~~/2 + Z11/2 ~~~ 

+ 2P(~ 3~ h/2  + zL+l/2~

2?~~ / 2/~~~ /

+ 2P (z1+l/2 + L-l/~ - 2P (23+1,2 
+ Z

I+i/2
~~ 

,

2if
~~ J 2i~~~ J

l~~~j~~~J, i~~~I5J , j#I, (lOla)

QW - Az - 2~~~~ + 
~Az

3~~ ~~~~~~~~ 2P (—i_\ Hii ~ \2r’Z~I \ /~a 
~

p’
~
j

— ~ ( i+l/2j 
, 1 ~ 3 ~ 3. (l0lb) - -

Finally, the numerical version of Eq. 23 is

p0— 1

— ~~ e~~~
’ (1 — •~~~T) + p

1~~ e ° . (102)
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— 4. SAMPLE CALCULATIONS

~ A ,
We shall describe some calculations that we have made, using

• - the numerical representation of the flow described in Section 3. A
listing of the computer program appears in Appendix A. We shall- outline the results of the calculations one by one and examine them
for any Indications they offer about the accuracy of the code. More
detailed observations about the deficiencies of the present program
and suggested improvements will be given in Section 5.

In each of the calculations, we have found it worthwhile to
• 

!. monitor the total energy as a function of time. In general , energy
will be lost in the part of the algorithm that approximately solves
the hyperbolIc conservation laws (Eq. 6). This follows from Eq. 31,- which expresses the fact that all “collisions” of parcels of fluid

- are inelastic. This energy loss is not just a function of the time
- and space discretization but may persist even in the continuous

limit and , in face , is intimately related to the turbulent or non —
turbulent character of the flow (Ref. 2). Nevertheless, classical
inviscid flows conserve energy, and by examining the variation of

( energy with the t ime we may get an idea either of the degree to
I which the flow Is turbulent or of the error involved in the discrete

approximation of the flow. The energy loss due to the discrete ap—
proximation essentially has two sources : a “diffusive” energy loss
associated with the finite size of Ax and Az, and a “collisional”
loss associated with the finiteness of the time step T and the pos—

- - sibility of different characteristics of the Boltzmann equation

I (Eq. 28) runnIng together in time -r.

(The algorithm that we have described is not guaranteed to
dissipate energy, since energy may be created In the solution of

- 
-
~ 

- the Stefan problem (Eq. 10) and the elliptic boundary value problem
(Eq. 13). However, one can verify that , for the analytical algo-
rithm of Section 2, such energy production does not exceed the col-
lisional loss in the limit as r-’O (Ref. 1). Thus, any energy in—- crease that takes place in the numerical solution of the discrete
equations must reflect the discretization error involved.)

- EVOLUTION OF A LIQUID INITIALLY AT REST AND WITH A
HIGHLY DISTORTED INITIA L F R E E  SURFACE

Our first calculation had I — 3 — 10, Ax~ — Ar ~ — 1,
-. 

T — 0.1, g — 1, and p0 — 1. The initial data were

- ; u —~~3 —
Il- - S

_ _ _  - ~• —--- ---------•---— 
5 

-
i
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t

1 l~~~i~~~2, 1~~~j~~~2

1 3~~~ 1~~~ 4 , l~~~ 3~~~~lO

— 1 5 ~~ I ~ 7 , 1 
~~ 3 ~ 5 (103)

1 8~~~ i~~~ l0, l~~~ j~~~~3

0 otherwise,

and p — — 0, l s~ i , j  < 10. Other parameters for the cal—xij zij —5 —2 —3culation were chosen as £ = 10 , c1 — 10 
~ 

c~ — 10 , = 10, and

Au — 0.1, as defined in Eqs . 38, 67 , 75 , 81, and 26 , respectively.
The calculation was run until time t — 14.

Our original hope in choosing the initial liquid domain
as given in Eq. 103 was that such a highly distorted initial sun—
face would lead to wave breaking and falling oven, with the at—

- - tendant formation of cavities. However, this expectatIon was not
- 

— borne out by the computational output. The numerical results in—
dicated a free surface for which the vertical coordinate was a - -

single—valued function of the horizontal coordinate. In this
case the z—coordinate can be identif led with the total mass in
a column of fluid . Table 1 gives the results for this total mass

- I at times t — 0, 21 4, 6, and 8. We observe that the f ree surface
appears to oscillate in time, with the oscillations getting pro— (2
gressively smaller as time increases. There develops a rather
high peak of the free surface at the side walls (I — 1 and 10) ,
a feature that has dubious authenticity. Rather , this appears (1
to be related to a defect of the numerIcal algorithm of Section 3
with regard to the treatment of normal components of velocities
at rigid boundaries. This point Is discussed more fully in Sec-
tion 5, where we also suggest an improvement.

In Table 2, we show the kinetic energy (KE), potential
energy (PE), and total energy (E) of the fluid system as a func-
tion of time. We note that there is an initial increase in en-
ergy. Of course, this is a spurious effect and indicates the
size of the discretization error made. As time progresses, the
energy appears to decay. We have pointed out above that, for a - *

nonturbulent flow, such decay is not a property of the exact
solution but reflects the error in the finite representation of H

Li
-44 -
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Table 1

Total mass in column i as a function of t.

0 2 4 6 8

1 2 4.171 7.073 7.524 6.240

2 2 3.982 4.665 2.766 3.129

3 10 7.810 4.170 3.222 3.175

4 10 8.090 4.120 3.209 3.699

• 5 5 4.277 3.633 3.466 4.660

6 5 5.577 4.077 4.715 5.284

7 5 4.227 4.155 5.301 5.195

• 8 3 3.675 4.395 5.282 5.218

1 9 3 3.547 4.951 5.046 4.578

1 10 3 3.528 6.567 7.123 6.232

• {
I
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Tab le 2
Kinetic energy, poten tial energy, and total energy as functions of

t, for a highly distorted init ial surface.

t XE PE E t XE PE E

0 0 155 155 7.5 20.37 123.8 144.1

0.5 9.56 152.5 162.0 8.0 22.67 123.0 145.7 — -

1.0 17.63 148.1 165.7 8.5 21.25 122.7 143.9

1.5 23.84 140.6 164.5 9.0 18.50 122.1 140.6

2.0 30.60 132.3 162.9 9.5 16.67 121.5 138.2

2.5 36.20 126.2 162.4 10.0 15.19 121.3 136.5

3.0 36.05 122.4 158.4 10.5 13.99 121.1 135.1

3.5 33.92 121.0 154.9 11.0 13.49 120.5 134.0

4.0 29.19 121.7 150.8 11.5 13.55 119.0 132.5

4.5 23.83 124.6 148.4 12.0 15.10 116.5 131.6

5.0 24.49 127.4 151.9 12.5 15.19 114.7 129.9

5.5 20.95 128.8 149.8 13.0 14.34 113.8 128.2

6.0 18.85 128.1 147.0 13.5 12.45 113.7 126.2

- I 6.5 17.30 126.8 144.1 14.0 11.62 114.3 125.9

7.0 19.32 125.0 144.4 - 

I
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I~
— the evolutionary equat ions . In this problem, because of the ab-

sence of any observed breaking or development of other pathologies
in the flow, we are iflclined to discount the presence of turbu —
lence. The energy decay is such that we would tend not to give
much credence to the quantitative computer results after time — 8 ,
even apart from the unpersuasive character of the data at the side
walls for earlier times.

COMPARISON WITH LINEAR THEORY

j The algorithn presented in this report is decidedly ineff i—
C lent when it comes to solving linear wave problems. First, in

I the linear regime the problem ceases to be a free—boundary problem

~ 1- in any important respects, and methods based on Green’s function
- 

for the unperturbed domain are more effective. Also, a special
burden Is placed on the size of the numerical mesh, as it must be
f ine enough to resolve the linear displacements of the free sun—
face, and yet the assumption of linearity requires that this be

~
- only a small portion of the vertical extent of the computational

• * domain . Nevertheless, it is incumbent on us to compare the results
of a calculation based on our algoritlin with a known solution, and

• - in this respect a linear problem naturally comes to mind.

* The linear solution we compare with is the wave whose sun—
:. face height ía given by

I z(z,t) — 5 + cos ~t cos ~~~~~~, 0 x 20, t 0, (104a)

where

- •  Ii w2 g k t anh k h , g 4 , h - 5 , k a ~~7j . (lO4b )

I Our computation took place on the mesh

F Ax1 — 1, l~ I ~ 20, (105a)

1 l~~~j~~~3
- 

Ax1 
— 0.5 4 

~~~ 3 ~~ 11 , (lO5b)

1 l2~~~j~~~14

r Y~~
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I-
Initial values of m13 

corresponding to the Initial profile

z(x,O) — 5 + cos , (lO6a) )
were provided, and the initial values of the momenta were

~xi3 — 
~zij 

0, 1 � i � 20, 1 � 3 � 14. (lO6b)

These momenta were consistent with the fact that the fluid whose
f ree surface is given by Eq. 104a is at rest at t — 0. Other *

relevant constants for the calculation were £ — 10~~, Cl — 0.005,

£2 — 10 , 
~‘o — ~~‘ P0 — 1, t — 0.1, and Au 0.1. The program

was run up to tim et—5.9. 1-

As we observed in our discussion of the first example, the
z—coordinate of the free surface can be identified with the total

-• mass in a column of fluid . Table 3 shows values of the total mass
In each column for times t 0, 0.5 , 1.0, 1.5, 2.0 , and 2.5. These
are to be compared with the values (Eq. 104) predicted by linear
theory and given in Table 4. As in the first example, we appear
to get an accumulation of fluid at the aide walls. This accumu—
lation becomes noticeable after t — 1.5. By t — 1.0, we appear- I to be departing from the monotone dependence on x predicted by
linear theory. This departure seems to cossnence at the side walls.

- -~ The data for times t > 2.5 indicate greater departures from the
linear solution. It is possible that genuine nonlinear effects 

*

should arise, since the initial height varies from 6 to 4 as x
var ies from 0 to 20. If the program we have described were con-
sidered to be a final product , we would be well advised to con-
sider this point.

Table 5 gives the kinetic energy , potential energy, and
total energy of the fluid as a function of time. A peculiar fea-
ture is that initially the potential energy varies only slightly,
undergoing a slow steady decay . Of course, this behavior is not
consistent with the linear theory. It is only after about t — 4.4
that the total energy remains essentially constant. The kinetic j
energy oscillates from one time to the next and also undergoes a
slower oscillation, which has a peak with center around t — 2.5
and a low with center around t — 4.8. Analysis of the mass totals

-48-
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Table 3
Total mass in column i as a function of t.

- i. _______ ____________ __________ __________ __________ ___________ __________

F ~ ‘-!L~ 0 0.5 1.0 1.5 2.0 2.5

1 5.997 5.956 5.875 5.759 5.614 5.406

2 5.972 5.913 5.748 5.492 5.184 4.889

3 5.924 5.861 5.715 5.552 5.338 5.123

4 5.853 5.795 5.651 5.437 5.191 4.927

5 5.760 5.708 5.581 5.401 5.197 5.021

6 5.649 5.609 5.504 5.328 5.135 4.930
I . 7 5.523 5.496 5.402 5.263 5.108 4.948

8 5.383 5.356 5.290 5.186 5.057 4.909

1 9 5.233 5.208 5.158 5.091 5.013 4.911

10 5.078 5.073 5.056 5.032 4.986 4.914

11 4.922 4.932 4.951 4.958 4.945 4.909
- 

-
, 12 4.767 4.774 4.811 4.861 4.899 4.905

13 4.617 4.627 4.680 4.777 4.873 4.909

14 4.478 4.515 4.556 4.647 4.766 4.886

15 4.351 4.396 4.514 4.592 4.692 4.816
( - 16 4.240 4.274 4.424 4.564 4.648 4.757

17 4.147 4.191 4.326 4.599 4.735 4.819

1 18 4.076 4.124 4.248 4.483 4.876 4.999

19 4.028 4.077 4.197 4.379 4.688 5.217
20 4.003 4.062 4.207 4.442 4.847 5.554

1’

• 1 — 4 9 —
• J
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_ _ _ _ _ _ _-

I 

-* ------ —-



- -

THE JOHNS HOPKINS UNIVERS~TT
APPUED PHYSICS LABORATORY

LAUREL MARYLAND

Table 4

Position of the free surface for a linear wave at the center of cell
ia s  a function of t.

0 0.5 1.0 1.5 2.0 2.5

1 5.997 5.946 5.798 5.569 5.282 4.966

2 5.972 5.923 5.779 5.555 5.275 4.967

: 1 3 5.924 5.877 5.740 5.528 5.262 4.969

4 5.853 5.809 5.683 5.487 5.241 4.971

5 5.760 5.722 5.609 5.434 5.215 4.974 *

6 5.649 5.616 5.520 5.371 5.184 4.978

7 5.523 5.496 5.418 5.298 5.148 4.982

8 5.383 5.363 5.307 5.291 5.108 4.987

9 5.233 5.222 5.187 5.133 5.066 4.992

10 5.078 5.074 5.063 5.045 5.022 4.997

11 4.922 4.926 4.937 4.955 4.978 5.003

12 4.767 4.778 4.813 4.867 4.934 5.008

13 4.617 4.637 4.693 4.781 4.892 5.013

14 4.478 4.504 4.582 4.702 4.852 5.018
5 

15 4.351 4.384 4.480 4.629 4.816 5.022 
—

16 4.240 4.278 4.391 4.566 4.785 5.026

17 4.147 4.191 4.317 4.513 4.759 5.029

18 4.076 4.123 4.260 4.472 4.738 5.031

19 4.028 4.077 4.221 4.445 4.725 5.033

20 4.003 4.054 4.202 4.431 4.718 5.034 [
I
h
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Table 5

Kinetic energy, potential energy, and tota l energy as functions of
t, for a slightly distorted initial surface.

t KB PE E t KE PE E
4b

0 0 1021 1021 3.0 59.82 1004 1064
0.1 13.78 1018 1032 3.1 52.56 1005 1058

- 

45 0.2 31.08 1018 1049 3.2 54.82 1005 1060 —

0.3 28.35 1017 1045 3.3 53.16 1006 1059

0.4 44.76 1016 1061 3.4 51.54 1006 1057
-- 0.5 31.58 1016 1047 3.5 52.88 1006 1059

1. 0.6 43.67 1015 1058 3.6 49.89 1006 1056

0.7 37.55 1014 1051 3.7 50.70 1005 1056

0.8 45.65 1013 1058 3.8 48.24 1005 1054

0.9 42.59 1012 1055 3.9 46.46 1005 1052

:1 - 

1.0 46.61 1011 1058 4.0 45.52 1005 105].

1.1 47.68 1010 1058 4.1 43.50 1006 1049

T 1.2 49.37 1010 1059 4.2  41.41 1006 1047

~ • 1.3 51.94 1009 1061 4.3 42.77 1006 1049
1.4 52.13 1009 1061 4.4 40.20 1007 1047

1.5 54.05 1008 1062 4.5 41.37 1007 1048

- 
1.6 54.23 1008 1062 4.6 40.27 1007 1047

* 1.7 55.65 1008 1063 4.7 40.26 1007 104 7
1.8 56.39 1008 1064 4.8 39.95 1007 1047

1.9 56.97 1007 1064 4.9 40.55 1007 1047

2.0 57.87 1007 1065 5.0 40.01 1007 1047

1 2.1 58.27 1007 1065 5.1 41.24 1007 1048

2.2 59.22 1006 1065 5.2 40.50 1007 1047

2.3 59.46 1005 1065 5.3 41.38 1006 1048

2.4 60.61 1005 1065 5.4 41.10 1006 1047

2.5 60.97 1004 1065 5.5 41.71 1006 1047

2.6 60.79 1003 1064 5.6 41.74 1005 1047

2.7 61.86 1003 1065 5.7 42.73 1005 1047

2.8 58.82 1004 1063 5.8 43.53 1004 1047
. 

2.9 54.60 1004 1058 5.9 44.71 1003 1048

I-i -51 -

A.

_ _ _ _ _  

-5 •L 
- 

*



- — -- - - ~~~~~~~~~~~~~~~~~~~~~ =____ ____ -
~ 

---- -
~~ 

-
~~~ 

-

THE JOHNS HOPKINS UNIVERSITY

APPLIED PHYSICS LABORATORY
LAUR EL MARYLAND

for the different columas of fluid and different times Indicates a
surface that Is relatively flat at t 2.5. By way of comparison ,
the linear theory predicts a surface that is flat at t = 

~~ 2.447.

At this time the kinetic energy would be a maximum, and it would

then decrease to 0 at t = ~~~. In our calculation , the “m inimum”
kinetic energy is about two—thirds the “maximum” value. Thus, from
the point of view of location of the free surface and period of os-
cillation, our calculation gives results as good as can be expected
for the grid we have used; but from the point of view of energy
balance, the picture is not as satisfactory.

Another feature of the flow that can be compared with the
prediction of linear theory is the “pressure.” We do not compute
a pressure, but in the interior of the region of flow the quantity

v takes the place of the pressure for classical hydrodynamlc
T

flows (Ref. 1). In the linear theory, the pressure should be es—
sentially the hydrostatic pressure, or p0g times the distance be-

low the free surface. In Table 6 we give v111 and m11j as

3—1
a f unction of time. After some initial oscillation , the values
of v settle down around t = 1. Thereafter , they appear to agree
very well with the values predicted by the linear theory.

(Note that Eqs. 12 and lOd and e imply that , fo r the ana-
lytical algorithm, Vv~n 0 for xs~D. This is not true of the
the pressure, and, in fact, v will differ  from the pressure in

Sr 2 Sr
a layer of thickness ~~

— g near z = 0 where v will jump from 0 to
2 z

Sr
t

As we observe from Eq. 26 , for the computational scheme
described in this report, v will be a rough measure of the compu—

- 

i tational time taken in solving the Stef an problem (Eq. 10). This
is the longest part of the calculation, and accordingly we may ex— —

pect the computational time overall to increase with the size of - •

the expected values of v , when the method of solution is the one
we have used to date . In the next section, we will discuss more
efficient ways of computing v.

- - 1- ’
~ 
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— 5 2 —

t

•~~~
• 

~~~~~~_‘_~t.E~ ~ - - •5T~
’ ‘~~~~.-~- - •- ~ - - -•- - - I - 

~~~~~~~ ~~~~~ a~i,-~ ø ’ - . - - - .- • -I 
~~~~ — ~ ~4- ~

- •*--~~~~~~~ 5.— *~ -~~~• -.,-. —5-—-- — - 5 —  —~~~~ —=~- -.5- .-*~ 
*— - - - 

- ~~~~~~~-~~~~~ - 

-



THE JOHNS HOPKINS UNIVERSITY

t APPUED PHYSICS LABORATORY

T LAUREL MARYLAND

I

..

Table6

-- Total mass between x lOand x 11 and y 11 ~ as functions of t.

~ 
~~~m11,3 V11,1 ~~ 

~~1
m11,3 V111 ~~ 

~~
1
m11,3 V111

-- 0.1 4.919 0.12901 2.1 4.940 0.09494 4.1 4.780 0.09830

- .  0.2 4.921 0.10557 2.2 4.933 0.09601 4.2 4.786 0.09385

- 
0.3 4.923 0.07182 2.3 4.926 0.09381 4.3 4.795 0.10251

1 
0.4 4.928 0.13092 2.4 4.918 0.09579 4.4 4.813 0.09087

0.5 4.932 0.05875 2.5 4.909 0.09476 4.5 4.841 0.10141
0.6 4.935 0. 12553 2.6 4.900 0.09416 4.6 4.885 0.09525

- 0.7 4.940 0.07098 2.7 4.890 0.10167 4.7 4.940 0.09883
* 0.8 4.944 0.12000 2.8 4.880 0.09101 4.8 4.993 0.09677

0.9 4.948 0.07786 2.9 4.871 0.08565 4.9 5.031 0.10034

t 1.0 4.951 0.10537 3.0 4.861 0.11353 5.0 5.051 0.09633

1.1 4.953 0.09245 3.1 4.850 0.07945 5.1 5.064 0.10168

* 
1.2 4.955 0.09562 3.2 4.840 0.10154 5.2 5.074 0.09318

1.3 4.957 0.09915 3.3 4.829 0.09005 5.3 5.083 0.09861
- 

1.4 4.958 0.09356 3.4 4.818 0.09396 5.4 5.092 0.09601

1.5 4.958 0.09809 3.5 4.807 0.09789 5.5 5.103 0.09886

1.6 4.957 0.09404 3.6 4.797 0.08945 5.6 5.117 0.09541

1.7 4.956 0.09700 3.7 4.789 0.10097 5.7 5.133 0.09870
1 .  1.8 4.954 0.09573 3.8 4.783 0.09340 5.8 5.148 0.09665

• 
1.9 4.950 0.09536 3.9 4.779 0.09755 5.9 5.164 0.09752

I - 2.0 4.945 0.09534 4.0 4.778 0.09741

• 1~

* 
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Since the linear flow is Irrotational , a further test of
the accuracy of our algorithm would be a check on the vorticity
of the computed flow. The same sort of test might also be per—
formed on the data of the first example , since we would expect
that flow to be irrotational in the absence of breaking. We have
not examined the vorticity for these flows in detail because the
preliminary nature of our results does not seem to warrant it at
this time.

COLLISION OF STREAMS WITH JET FORMATION

We performed three runs , with different computational meshes
and time steps, for the flow corresponding to the initial conditions

p
0 

• 0 < x < 2 , 0 < z 7

• 0 0 < x ~~~2, z > 7
p(x ,z) — (107a)

p0 2 < x 5, 0 < z < 2

0 2 < x ~~~5, z > 2

—l0p (x,z) 0 < z < 2
(pu) (x ,z) , (107b)

0 z > 2

and

• 
•

I —lOp (x ,z) 0 < x < 2, z > 2 *

(pw) (x ,z ) 0 0 < x < 2 , 0 < z < 2 . (lOlc)

0 x > 2

For all, three runs , we had g — 1, P0 
— 1, c — 10 ’

~ , £1 
— io 52 , t

C
2 

— l0~~, and y,~ — 10. Otherwise, we had for run 1 5 . - ’

-. 54 -.
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I — 0.1, Axi — ~~ Az
3 

— 1, I — 5, J — 10, Au — 0.1, (lO8a )

T and we ran the problem 10 time steps ; for run 2

t — 0.05, Ax~, — 0.5 , Az3 — 0.5, 1— 1 0 , J 20 , Au 0.05 , (108b)

- 
and the problem was run 20 time steps; for run 3

Sr 0.025, Ax1 — 0.25, Az
3 

— 0.25, I — 20, 3 — 40, Au — 0.025,

• (108c)

5 . .  and we computed the flow for 40 time steps.

Tables 7, 8, and 9 record the kinetic energy, potential energy,
and total energy as functions of time for the three runs. Gener—

* ally we observe that the energy tends to be higher at a given time
for the run with the finer computational mesh. This is in accor—
dance with our observation at the beginning of this section that
the finite grid leads to a spurious energy loss through diffusion
and collisions. However, beyond this energy loss there appears to
be an energy loss for e < 0.3 that is not related to the finite grid

- spacing but that may reflect the presence of turbulence in the flow .
After about t — 0.3 the slower diminution of energy observed may be

- - due primarily to the error inherent in the discretization. (However,
the exact solution would still be expected to exhibit energy loss

~ I - 
associated with the collapse of cavities after t 0.3.) As we ob—
served in the second example, in all three runs the potential energy

- 

varies slowly.

The three runs were compared for their consistency in depict—
* ing the free surface at a given time. The hope is that one can get

- . a measure of the error in a computation by examining the dependence
I of the output on the mesh size . Of course , agreement of calculations
1. and the demonstration of their convergence says nothing about what

they converge to. That is a task for the theory. We chose to be
u rather crude in plotting the free surfaces obtained in order not to
1. give the numerical results any particular advantage. Our criterion

for drawing a free surface is as follows: If p as computed in

I Eq. 39 is ~ ‘~~‘, the cell is included in the “water” region ; if
L p

13 <~~~~, the cell is in the “vacuum” region .

— 55—
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t

Table 7
Kinetic energy as a function of t for three runs.

t Run 1 Run 2 Run 3 t Run 1 Run 2 Run 3

0 1000 1000 1000 0.525 164.04
0.025 628.12 0.550 109.11 158.33
0.050 483.74 575.56 0.575 149.79 - 

*

0.075 519.95 0.600 65.99 103.28 138.34 I

0.100 361.23 404.73 481.68 0.625 130.86

0.125 431.86 0.650 96.00 116.01 ‘

0.150 349.13 392.15 0.675 107.38

0.175 326.13 0.700 60.91 87.38 101.45

0.200 274.86 254.41 301.95 0.725 95.54

0.225 262.88 0.750 76.43 87.07
0.250 218.99 238.81 0.775 73.58

0.275 221.39 0.800 52.89 59.65 64.65

0.300 129.25 170.10 209.67 0.825 59.69

0.325 200.55 0.850 53.32 55.29 -

• 0.350 144.44 193.09 0.875 51.83

0.375 186.75 0.900 44.53 48.28 47.85 -

0.400 92.54 130.18 180.31 0.925 44.25

0.425 174.73 0.950 42.93 43.40
0.450 122.11 171.17 0.975 42.29

0.475 168.95 1.000 39.36 39.81 42.47
* 0.500 74.51 114.61 167.16

I

— 5 6 — H
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* Tab le 8
a Potential energy as a function of t for three runs.

- .  t Run 1 Run 2 Run 3 t Run 1 Run 2 Run 3

0 55 55 55 0.525 49.83

0.025 53.70 0.550 50.73 49.18

0.050 52.78 53.51 0.575 48.33
1. 0.075 53.38 0.600 53.80 50.06 47.39

0.100 51.36 52.70 53.25 0.625 46.66

1 0.125 53.11 0.650 49.25 46.19

0.150 52.66 52.97 0.675 45.80

1 0.175 52.84 0.700 53.95 48.68 45.46
- .  

0.200 51.89 52.59 52.69 0.725 45 .12
0.225 52.52 0.750 48.82 44.75

- 0.250 52.48 52.34 0.775 44.29
0.275 52.18 0.800 52 .80 47.8 1 44.21

- 0.300 52.48 52.32 52.01 0.825 44.05
0.325 51.82 0.850 47.53 43.84L 0.350 52.13 51.64 0.875 43.66

0.375 51.45 0.900 52.12 47.37 43.40

0.400 53.05 51.89 51.21 0.925 43.12

0.425 50.96 0.950 47.17 43.30

0.450 51.59 50.74 0.975 43.40

0.475 50.51 1.000 51.62 46.88 43.52

~ - :  0.500 53.51 51.20 50.24 
_______ —_______ _________ _______
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Table 9
Total energy as a function of t for three runs.

t Run 1 Run 2 Run 3 t Run 1 Run 2 Run 3

0 1055 1055 1055 0.525 213.86

0.025 681.82 0.550 159.84 207.51

0.050 536.52 629.07 0.575 198.13
* 0.075 519.95 0.600 119.79 153.34 185.73

0.100 412.59 457.43 534.93 0.625 177.52

0.125 484.97 0.650 145.25 162.20

0.150 401.79 445.12 0.675 153.19

0.175 378.97 0.700 114.86 136.07 146.91

H 0.200 326.75 307.00 354.64 0.725 140.66

0.225 31,5.40 0.750 125.25 131.81

0.250 271.46 291.16 0.775 117.87

0.275 273.57 0.800 105.69 107.46 108.85

0.300 181.72 222.42 261.68 0.825 103.75

0.325 252.37 0.850 100.85 99.12

- 
*

; 0.350 196.56 244.72 0.875 95.50

0.375 238.20 0.900 96.65 95.65 91.25
0.400 145.54 182.07 231.52 0.925 87.37

0.425 225.69 0.950 90.10 86.71
0.450 173.70 221.92 0.975 85.69

0.475 219.46 1.000 90.98 86.69 85.99

0.500 128.02 165.81 217.40

— 5 8 — 11
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Figure 1 shows the initial water surface . Figures 2 through
31 depict computed water surfaces for various times and various

I runs. In general , the agreement among the figures, especially
those for runs 2 and 3, is rather good. Although we cannot have
too much faith in the runs for later times because of the loss of
energy, it is still not unreasonable to expect them to exhibit
correctly some of the qualitative features of the flow. Thus, we
may expect that for the actual flow a cavity appears in the left

J interior around t — 0.1, and that by t — 0.2 a jet has struck the
right wall x — 5 and a cavity has been formed there. The interior
cavity at the left disappears between t 0.5 and t 0.8, and the

* cavity at the right closes in at the wall around t — 0.7. By t —0.8 the larger cavities have closed in. One’s intuition might
lead one to expect the jet to bounce off the right wall to create
a leftward moving jet. Indeed, we see a hint of such behavior in

-- Figs. 10 and 13. It is possible that the program has suppressed

V this tendency by allowing fluid to accumulate at the right—hand
A wall instead, In a manner reminiscent of the computed flow for the

- 

-- 
first two examples above.
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- Fig. 2 Watsr surface for run 1 at time t — 0.1.
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- • Fig. 3 Water surface for run 2 at time t = 0.1.
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- [ Fig. 6 Water surface for run 2 at time t 0.2.
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Fig. 7 Water surface for run 3 at time t = 0.2.
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s’.’ Fig. 8 Water surface for run 1 at time t — 0.3.
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Fig. 10 Water surface for run 3 at time t 0.3.
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Fig. 13 Water surface for run 3 at time t — 0.4.
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Fig. 15 Water surface for run 2 at time t — 0.5.
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Fig. 18 Water surface for run 2 at time t 0.6.
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Fig. 22 Water surface for run 3 at time t = 0.7.
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5. LIMITATIONS AND IMPROVEMENTS OF THE
PROGRAM

One of the most serious limitations of the program is in
the solution of the hyperbolic conservation laws (Eqs. 6 through
9). We observe from Eqs. 39 and 42 through 56 that our algorithm

1~ allows a diffusion of mass across the computational grid in addi-
tion to the convective flow described by the conservation laws,
and this reduces the clarity of the delineation of the free sur—

- 
face. There are relatively simple remedies available at slight

I cost in computational effort. One such remedy is along the follow—
~ t. ing lines: during the convective process, when we move parcels of

fluid from one cell to another, we may associate with the fluid
so moved not only a mass and momentum, but also a center of mass.

- 
Thus at each time we may assign a center of mass to the fluid in
each cell. And we may consider the fluid in the cell i,j, with

- center of mass (xOijA zØij) to reside in a rectangle of area

A — 4 min(x01~ - x1_1,2, x~~1,2 - xOij) min(z01~ 
-

z
~~
1,2 

- zOij)I

- unless the ratio of the mass in the cell, mjj. to A exceeds

In that case we may consider mu to be uniformly distributed over

_ _ _cell ij with density ~ , as we have done heretofore. By such

L 
X
j

Z
j

a procedure , we can limit the diffusion of mass due to the finite
cell size. As a practical matter, we have found this spurious

L~ ____________ 

diffusion of mass to be greatest in the case where g — 0. When

~~~~~~
g >  0 we 1~avè observed , not uñexpéctedly, that the gravity tends - - - - -

to stabilize the free surface , which is usually confined to one
- .  or two computational cells in thickness.

The novelty of our approach to hydrodynamics lies in the
replacement of the usual divergence condition on the velocity by
the constraint p ~ p0. That part that deals with the hyperbolic

t i  conservation laws is not new, at least f rom a computational point
of view. It may be that other numerical work on such conservation

- -

- -  — 9 1 —
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lava is more satisfactory than our own treatment , and that problems
such as the mass diffusion just referred to have already been ade—
quately handled in other investigations. Work currently in pro-
gress by M. Y. Hussaini (Ref. 5) uses our treatment of the density
constraint in a three—dimensional incompressible flow and solves
the hyperbolic conservation laws using a MacCormack “higher—order ”
hyperbolic solver (Ref. 6).

In the examples reported in the last section , we noted the
need for an improved treatment of the velocities at the rigid
boundaries. Characteristically, we find a rather large outward
normal velocity at the cells adjacent to the rigid boundary. This
sort of behavior is encouraged by our numerical representation of
Eq. 27 as Eq. 87. We may expect a more satisfactory treatment by
regarding the right—hand side of Eq. 27 as an integral over all

x’cR2 and 8’~(x’) extended symmetrically across the rigid boundary
~D.

The determination of v can itself be made more efficient
than the method used in Section 2 , where a Stef an problem was
solved until steady state was reached. For example, one may make
use of the monotone dependence of the solution of the steady—state

“ IStef an problem on p , and also of the fact that this solution may
be obtained by solving a succession of N steady—state Stefan prob—

N - -

lems with initial data p~~� 0, 
~~ 

= ~ (Ref. 7), to obtain

i—i
directly a lower approximation to v , with the remainder of v be-
ing determined iteratively. For example, this would be desirable
in the solution of problems in water of great depth , where v, be—
ing proportional to the pressure, would get quite large. - ,

Ref. 5. M. Y. Hussaini (private cou~unication). 
: -

Ref. 6. R. W. MacCormack, “An Efficient Numerical Method
for Solving the Time—Dependent Compressible Navier—Stokes Equations 1.
at High Reynolds Number,” Comput. Appi. Math., Vol. 18, 1976, p. 49.

Ref. 7. 3. C. W. Rogers , “Steady State of a Nonlinear Evo—
lutionary Equation, Seminaires IRIA, Analyse et Controle de Systimea,
1978.
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An example of small improvements that might be made in the
program is the following: at present, we only solve the constraint
(Eq. 1) approximately, getting p ~ 

p0 + c1, where c~ is given in

Eq. 67. Thus we would expect the density computed in the liquid
domain at each time to exceed p0 by a small amount proportional
to c], and this in turn should lead to some “settling” of the
liquid (in the direction of the gravitational force). This situ-
ation can be ameliorated by solving the Stefan problem with p

0 re-

placed by p
0 

- —4 in the definition of the function f in Eq. lOb,

and replacing the test (Eq. 67) by the test

max
c

1 i � I (P~j  — r 0) ‘ —
~~

l~~~j~~~J

- 

For the future, the first thing we would like to do is to
improve the treatment of velocities at the rigid boundary, espe—

-
~~ cially the numerical representation of Eq. 27. Beyond that , we

are thinking of making the code applicable to the computation of
internal waves in stratified fluids. This would require only a
relatively modest addition to the program as it now stands (Ref. 1).

-
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- 1 Appendix A
PROGRAM DESCRIPTION AND LISTING

1~
The following water wave program was written for the opt i—

mizer and checkout PL/I compilers and executed on ar IBM 360/91
computer at the Frank T. McClure Computin g Center of APL (Ref. 8).

Originally, the program was written as one long program,
- - but we found that initial conditions were easier to program in—

line, rather than read in as input data, so the program was broken
into various sections.

I- The main procedure f irst states various constants for a
- - given run. It also tests certain conditions for convergence , when

to stop and when to print answers , and when to write on a disk in
• 

- order to restart or continue a problem at a future time.

Procedure INITAL computes the x— and z—coordinates of
points in the extended computational grid .

- - Procedure PSAQS computes the matrix elements that simulate
the effect of diffusion in the x— and z—directions by transforming

- quantities of mass and momentum in each computational cell into
-
- Z -  new values through multiplication by the appropriate matrices.

- - Procedure MASMON computes the effect of convection for a
time step on the values of mass and momentum in each computational
cell.

Procedure DENSTY computes a new set of masses for each corn—
pu~iflona1 cell, at the end of each time step by satisfying ~~~~~~~~~~~~~~~~~~~
constraint on the density.

- .  Procedure MOMEN computes the f inal anounta of momentum in
each computational cell at the end of each time step.

Procedure PRNTAL does what its name implies — it prints out

the desired information.

- . Ref. 8. “The Frank T. McClure Computing Center User’s
Guide,” APL/JHU BCS— 1—92 , 1 Sep 1978.
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EXCEPT wHERE NOTEO. ALL VA ’UABLES A$(E S1c.GLE PRECISLO~.
FLOAT BIN ARY NUMBERS. (,j

THE EXCEPTION TO THE RULE A~ E V*’~IABLES I,IMAX,IM1,1M2.....
WHICH FOLLOW THE NORMAL NAMIN (~ CONVENTIONS.

IF a VARIABLE IS DIMENSIONEI), IT WILL ~L NUTFO BY PARENT HLSCS.

WHERE
VARIABLES USED OLSCRIPTION

DA MA IN, PSAUS, STEP SILL OF INDEPENDENT VARIABLE
DENSTY, MOMEN OF EQUATION IOA ,

LABELED “ ta ” IN THE TEAT.

DEBUG MAIM, nENSTY BITU) A TRUTH/FALSE SWITCH TO
MOMEN PHODUCE DE8U~s OUTPUT. ) 

~
06 MOMEN STE’~ SILL OF I~~DEPENDE.~T

VAR IABLE 7 OF EQUATION 22A.

DY MA IM, NASMON , TIME STL~~, LABELED aS •~ 
i. ‘I 

I .
DENSTY, MOMEN IN THE T t x T .

DX ( 2 0 )  MAIN, PSA QS , W IDT HS OF CELLS R~1
INI TA L,  MA SMON . IN EQUATION 36. L
DENSTY, MOM EN

OZ(40) MAIN. PSAQS. HEIGHTS OF CELLS P11
INIT AL , MAS MON, IN EQUATION 36.
DENSTY . MOMEN

EPS M*IN, PQNTAL, SMALL CUT—OFF TO KELP PROM
MAS MON DIV IUIN~’ BY ZERO IN EQUATION 36.

EPS1 MA IN, flE~ STY SMALL PANAMETER WHICH UETERMINES
WHEN DENSITY CnNSTRALNT EQUATION 9~ 7
IS SATISPIED WITH SUFFACIENT
ACCUNACY.

EPS? MA IN SMALL PARAMETER INTRODUCED IN
EQUATION 89. WHICH DETERMINES
WH ETNER LIST TERM ON .t~~,iT—
HAND SIOL. OF EQUATION 13A IS
S I(,NIFICANT.

ERP MAIM. MASMON , 8~ TI1); A TRUTH/FALSE SWITCH
DENSTY TO TLLL THE MAIM PRObMAN

IF CI.RTA JN CONVERGENCE
WAS “ET. U

0 MaIN, P’~NTA L, GRAV ITAT IO NAL CONSTANT,
MASMO W OCCUNR IMb IN EQUATION 6.

GNU MAIN, Mfl ’~EN CUT—UFF ~“ARA MTEM, LAbELED AS
‘ IN EQUATION 65, FOR SOLIJ.

T 1UN O~ EQUATION iSA.

— 9 8 —

—
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WsERE
VARIABLES USED DESCRIPTION

I •~~ 

• 

IMAX MAIN. PSADS. INITAL . NUMBER nF CELLS INTO WHICH
PRNTAL , MASNON, DENSTY. CUMPUTATIONM. GNID IS DIVIDED
MOMEN IN A—DIRECTION,

IM1 MAIN, INITAL. • INAX • 1
1M2 MAIN. INITAL • IMAX • 2
1M21 MAIN, INITAL • 2*IMAX • 1
1M22 MAIN, INITAL • ?‘IMAX • 2
!PL MAIN, PRNTAL, COUNTEN

MOMEN
- ISL MAIN, PRNTAL, COUNTEN

DENSTY- . 12 MAIN, INITAL, MASMUN a 2~ IMAX

• JMA X MAIN, PSAGS. INITAL. NUMBER OF CELLS INTO
PRNTAL , MASMON, DENSTY, WHICH COMPUTATIONAL
MOMEN GHID IS DIVIDED

IN Z— DIPECTIUN.

JMI MAIN, INITAI. • JMA * • 1
- .  JM2 MAIM, INITAL • .JMAX • 2

JM21 MAIN, INITAI. a ?‘JMAX • 1
JM22 MAIN, INITAL a 2*JMAX • 2
,J2 MAIN, INITAL, MASNON • 2 JMAX

M (2O.4O~ MAIN, PRNTAL, MASS IN EACH CELL R 11
MASMON, DENSTY

MONX (20,40) MAIN, PRNTAL, X—COMPONt.NT OF MOMENTUM
MASMON. MOMEN IN EACH CELL H~

• MOMZ(20,40) MAIN, PRNTAL, Z—COMPONE.NT OF MOMENTUM
MASMON, MOMEN IN EACH CELL kjj

• M2VX (20.40) MAIN, OENSTY, COHRLCTIUN TO A—COMPONENT OF

~
. MOMEN MOMENTUM DUE T~ DENSITY CONSTRAiNT.

I LABELED “( 
~~ ~“ IN EQUATION 87A.

M2VZ (20.40) MAIN, flENSTY, CORRECTION TO i—COMPONENT OF
MOMEN MOMENTUM DUE To DENSITY CONSTRAINT,

LABELED “t ~~ “ IN EQUATION 870.

N MAIN. PRNTAL CUUNT(H

NMAX MAIM MAXIMUM FOR THE N COUNTER.

• ONE MAIN, MOMEN TME VALUE 1.0

t ( P120.40) MAIN, PSADS, COUFICIENTS ~TVING EFFECT OF• I DENSTY, MOMEN DIFFUSION IN A~ O IRECTLVN OF MASS
AND L.CUNDONENT OP MOMeNTUM.
GIVEN BY EOUATIONSIGAND)6.

iL .
~ 11

— 
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WH ERE
VARIABLES USED UESCRIPTTON

PCON MAIN. PSADS ~~~~ WMERE~ a~S STEP SIZE OF
INDEPENDENT V’RIABLE a

IN EQUATION bA .

P1(20.40) PSAQS, MOMEN COEFUCIENTS GIVING EFI LCT OF
DIFFUSION jN A—DIRECTION OF A—
COMPONENT OF MOMENTUM. GIVEN BY
EQUATIONS 98 AND 100.

0(40.40) PSAQS, DENSTY COEFFICIENTS GIVING eFFECT OF
DIFFUSION IN Z.OIRECTIUN OF MASS
AND A—COMPONENT OF MOMENTUM,
GIVEN BY EQUATIONS O9 AND 7S.

01(40,40) PSADS, MOMEN COEFFICIENTS GIVING EFFECT OF
DIFFUSION IN Z OIRECTIUN OF Z—
COMPONENT OF MOMENTUM. GIVEN ~Y
EQUATIONSO9AND 101.

P140(20.40) MAIN, MASMON. DENSITY 1P4 CELL R1~ • GIVEN BY
DENSTY EQUATION 80.

RHOC MAIN , DENSTY. CHARACTEHISTIC DENSITY OF FLUID.
MOMEN LABELED I$p I~ IN TEXT.

SODA MAIN , PSAOS */& , W$EREaa IS STEP SIZE OF
INDEPENDENT VARIABLE a ZN EQUATION bA.

TM(40.80) MASMON MASS IN EACH CELL OF EATE~iDEO
GRID~ AFTER CONVECTION , DENOTED
BYm ’kL IN EQUATION S3A.

TMOMX(40.80) MASMON. MOMEN A—C OMPONENT O~ MOMENTUM IN EACH
CELL OF EXTENDED GRID AFTER CON
VECTION. DENOTED BY IA (kL IN EQUATION 53B.

• TMOMZ(40.80) MASMON, MOMEN Z—COMPONLNT OF MOMENTUM Pd EACH
CELL OF EXTENDED GRID AFTER CON
VECTION, DENOTFD BY 

kQ~~~ 
EQUATION 53C.

TPCON MAIN, PSAQS 2/ ~~Th, WHERE ~ a IS STEP’ SIZE Or
INDEPENUENT VARIABLE a IN EQUATION bOA.

TSUa MA IN, PSADS ~~~~~~ WHERE Aa IS STEP’ SIZE OF
INDEPENOENT VARIABLE a IN EQUATION 1OA.

TWO MAIN, PSADS. THE VALUE 2,0
PRNTAL, OENSTY

0(20.40)  MAIN. PRNTAL. A—C OMPONENT OF VE LOC ITY Pd CELL R~MA SMON, MONEN GIVEN BY EQUATION 38A.

• I
• -a

- 100 -

h 
_ _ _ _ _ _
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‘A

WHERE
VARIABLES USED DESCRIPTION

.1 V (20.40) PRNTAL, DENSTY, QUANTITY WHICH DESCRIBES EFFECT
MOMEN OF DENSITY CONSTRAINT UN

MOMENTUM GIVEN BY EQUATION 26.

VMAX MAIN. DENSTY, MAX IMUM UP Vj1 OVER CELLS P11MOMEN LABELED ‘• V~ “ IN EQUATION 91.

V i (20.40) DENSTY. MOMEP4 SCALED VALUES OF Vj j  TO INSURE
STABILITY OF ALGORITHM,
GIVEN BY EQUATION 94.

-

~~ 1(20,40) MAIN , PRNTAL . Z—COMPONLNT OF VELOCITY IN
MASMON, MOMEN CELL R~ GIVEN BY EQUATION 38B.

XMH(B1) PSADS, INITAL , A—COORDINATES OF LEFT IIAND
MASRON, DENSTY SIDES OF CELLS IN EXTENDED

COMPUTATIONAL GRID, GIVEN
BY EQUATIONS 35B AND 43A.

• 
- XPM(60) PSAQ$, I~4ITAL, A—COORDINATES OF RIGHT•MAND

• NASMON, DEP4STY SIDES OF CELLS IN EXTENDED
COMPUTATiONAL GRID, GIVEN
BY EQUATIONS 35B AND 43A.

1 t~ ZMH($ i) PSAQS, INITAL , PRMTAL. 1—COORD INATES OP
• I ~ NASMON, DENSTY OF CELLS IN EXTENDED

• I COMPUTATIONAL 6Mb ,
GIVEN BY EQUATIONS 358
AND 43B.

- 

70 MA IN. PPNTAL, TilE VA LUE 0.
I’ DENSTY. WOM EN

t Z PM( B0) PSAQS, ~N~ TA L., PRNTAL, Z COORD !NAT ES OF
MASMON, nENSTY TOPS OF CELLS IN

• EAT EN DED COMPUTA
I TZONAL GRID, GIVEN

BY EQUATIONS 35B AND 438.

IT

U
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ROGERS I PROc OPTIONS (MAIN)S /~ WATER WAVES 6/23/78 10

- 20
DCL ATAN,SQRT) PUILTINI 30
DCL (INITAL , PRNTAL, PSAQS. MASMON, DENSTY, MOMEN) ENTHYS 40

DCL DISK1 FILE SEQUENTIAL RECORDS
DCL, DISK2 FILE SEQUENTIAL RECORDS

DCL (0,01) (40,40) FLOAT BIN EATS
DCL (P,P1, M,MOMX.MOMZ,14P4O,U,V,W, Vi )(20.40) FLOAT BIN EATs
DCL (M2VX. M2VZ) (20.40) FLOAT BIN EATS
DCL (TMO MX , TMOMZ, TM) (40,00) FL,OAT BIN EXTI
DCL (DX(20). 07(40). *MH(81),ZMH (81), XPH(60).2Pp4(80))

FLOAT ByN EAT)

L 100
DCL (DAt 06. DT. EPS, EPS1. EPS2. 6, GMAX, PCoN, RHOC, SODA, 110

TPCON, TSDA, vM*X) FLOAT BIN EATS 120
DCL (ZO, ONE, TWO, Pb ) FLOAT BIN EATS 130

140 •

DCL (IMAX .JMAX, !SL. IPL,N. IN! .1 2.1 21, 1M22, 12. ~,)M1 ,~
jM2.JM2~ ,JM22, 150

.J2) FIXED BIN (31) EAT, 160
• DCL (I,J.NMAX ) FIXED BIN(31)S 170

DCL (DEBUG, ERR) BIT (1) EAT) 180

ON iINOERFLOWI 190
2oo

DEBUG • ‘l’B 210
• ••/ e~oDEBUG • ‘O’BI 230

ERR • ‘O’BP ~40
ISL. IPL • 0) 250
10 0,0) 260
ONE a 1.0$ 270
TWO • 2.0) 280
Pb a 4,0*ATAN ( ONE ~ 290

• /• INPUT CASE 1 / V / ? 8 4
NMA* • 20 1 - •

IMAX • 105
JMAA a 208
MaO) 340
GaUNE I 330
EPS • ).4E—SS .560
EPS1 • 1.O F—21 370
EP~ 2 • 1,U I—3 S 380

I- --
I

- 102 -
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0* • O. 05E05
-- RHOC • 1.08 400

OMAX • 10.01 410
SODA • SQRT ( DA IS 420
TSUA • 2.0 • SODA S 430
PCON • SQRT( DA/PI II 440
TPCON • TWO • PCONI 450

~. 460
IN! • IMAX • ii 470

• 
- 1HZ • IMAX • 28 480

12 • 2.ZMAXI 490
18)22 a I2~ 2S bOO
18421 • 12 • II 510
JM1 • JMAX • ii 520
JM2 • JMAX • 21 530
J2 • 2•JMAXS 540
IM2i a~~)2 .18 550
JM22 a J2 .28 $60

570
• /• a •~ •/ 580

• 07 a O.05E01
600

MONX,MOISZ,M.RHO,U.W • ZO) 610
620
630

DX • 0.SE0$
~• i. DZ • 0.SEOS

DO 1.1 TO IMAX;
DO Ja1 70 48
M(I.J)  a 0 ,25(05
END) ENDS
DO 1.1 TO 45

• D O J I T O Z4I
M (I.J) • 0 .25(0)

• ENDS ENDI
• 00 1.1 TO IMAX;

00 1.1 TO 4)
MOMX ( I,J) • •10.0~ M( I,J ) S
ENDI ENDS

- . DO 1.1 TO 4S
DO J.5 TO 14)
$OMZ (I.J) • 10.0~N (I,J)SENDS ENDS

LA

Ii

B - 103 -
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PAGE 3
730

CALL. INITALS 740
750

CALL PRNTAL 760
770

/. •/ 780
CAL). PSAOSI 790

$00
810

IF ONE • 1.0 THEN GO TO PP.4) 820
830

a •/ 840
• 850

860
I. •/ 070
NEXT IME ) 880

N a N.1S 890
IF N NMAX THEN GO TO P11413 900

• CALL MASMONS 910
IF ERR THEN GO TO ERROUT, 920

• CALL DENSTY)
IF ERR THEN 00 TO ERROUT) 940
IF VMAX (S EPS2 THEN DO) 950

DO I~~1 TO INAXI 960
DO Ja) TO JMA~~ 970
MONX(I,J) • MOMX (I,J) • MZVA(I.J ) / DY) 980
MOMZ ( I,J) a N~)M7(I,j) • M2V2(I,J) / DT 990
END; ENDS 1000
GO TO OUT; 1010

ENnS 1020
CAL L MOMEN) 1030

1040 
•~~ 1050

OUT 1060
I. 1070

IF MOO ( N,10)sO THEN 1080
• IF NOO(N. 2).0 THEN 1100

IF MOO (N. 51.0 THEN 1090
1110

CALL PRNTALI 1120

t.

Ui
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‘A

~ 1~— e

• I. PAGE ~ 1130
- • IF Hal THEN DO)

WRITE FILE(DISK2) FRON (M))
WRITE FIL ((DISK2) FROM (MOMX)S
WRITE FILE (DISK2) FROM(MOMZ)l
CLOSE FILE (DISK2)S

END)
IF N NMAX THEN 00 TO NEXTIME 1140

WRITE FILE (DISK2) FROM (M)5
WRITE FILE (OISK2) FROM (MOMX)$
WRITE FILE (DISK2) FROM (’4084Z1
CLOSE FIL((OISK2)

• • GO TO FINIS 1150
1140

• - ERROUTS 1170
• PUT SKIP LIST(’HELP’) 1180

- • CALL PRNTALS 1190
FINII 1200

END ROGERS; 1210
• //G,SYSPRINT DO OUTLIM.S0000

• //9.DISKZ DO DSN.RCP,FAV .K0003,DISP.ULD.• IT // DCBa(RECFMaF,LRECL.3200,BLIcSIZEa3ZOO).SPACE.c3200,(s,2),RLSE)

-

~ f t

• I
I

~~~~
. 

I
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INITAL, PROCI 11411 10
INIT 20

DCL (D~~I ‘ . 07 4 0 ) ,  XM PI(81 ) , ZMH (8 1) ,  A PH(6O ) .Z pp,(o 0 ) )  INIT 30
FLOAT BIN EATS INIT 40

DCL ( 1MAX ,JMAX.I M1, 1N2,1N21,1M22,I2,JM1,JM2,Ju21,JM22, 11411 50
J2) FIXED BIN (31) EAT) • 

INIT 60
DCL U, .1) FIXED 8 114(31) 1 INIT 70

INIT 80
XMH(1)aO) INIT 90
DO I~~1 TO IMAX S INIT 100
XNH(I.l) a X M I-4( T )  • DXCI) ) INIT 110
END S INIT 120
DO IaIM2 TO 184211 INIT 130
*8)51(1)  • 2•XMH(IMI,) — AM~~ IM22—I)) PElT 140
END S • 

INIT 150
DO Z•1 TO IV INIT 160
XPH ( I) • *8)51(1.1)1 INIT 170
END S INIT 180

INIT 190
ZMH(1)aO) INIT 200
Of’ J•3 TO JM*XI INIT 210
Z~H (J•1) • ZMP,(J) • 07(J)) 11411 220
ENDS PElT 230
DO JaJMZ TO JM211 INIT 240
ZMH(J ) a 2~ZMH (JM1) — Z Mi4(J M22—J ) INIT 250 j
END) INIT 260
PUT SKIP LIST(’ J *8451 APP) ZMH ZPH’)S 11411 270
DO J.1 TO J2 INIT 280
ZPH (J) • ZMPI(4.I)) PElT 290
PUT SKIP EDIT (J, *8)51(J), XPiI(J). ZMPI (J), ZPHCJ ) INIT 300

(F(4),(4)F(ifl,l)) INIT 310
• END) PElT 320

INIT 330
END INITAL ) • INtl 340

— 106 —
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~~ • 4 PAGE 6
PRNTALS PROC; PRNT 10

f PRNT 20
~ •~ DCL (M,MOMX,MOM7. U,V,W ) (2U,40) FLOAT BIN EATS PRp,sT 30

DCL (ZMH (81), ZPH(80)) FLOAI BIN EATS PRNT 40
DCL (EPS, 6. TwO, 20 I FLOAT BIN EATS PRNT 50
DCL ( IMAX ,IPL,ISL,JNAX ,N I FIXED BIN(3 1) EAT; PRNT 60
DCL (I.J’Il.IE) FIXED slINg (MIN) BUILTINS PRNT 70
DCL (NT, 8)1.1, 8)014*1, MUcIZT. El, Eli . ET2) INIy(0) FLOAT BIN) PRNT 80
DCL SNJ (IHA*) FLOAT A I rES PRNT 90

SMJaZOS PRNT 100
PRt4T 110

Ii • MIN (10,114*X)I PRNT 120• I? a MIN (IMA*,20)) PRNT 130
PUT PAGE EOIT (.FOR N • ‘.N)(A,P(4))) PRWT 140

- •  PUT EDIT )’, •_LOOP TOTAL • ‘itS).,’, _LOOP TOTAL a ‘.I~ L) PRNT 150• (A,F(R))S PRMT 160
• DO 1.1 TO IMAX) PRNT 170

DO Jal TO JMAX PRNY 180
• • MZJ • M(1,,))~ PRNT 190

IF NIJ EPS THEN U(I.J)~ W (I’J) a ZOS PRNT 200
• - ELSE 00) PRNT 210

• U (I.J) MOMX (1,J)/MIJ PRNT 220
- W (I,J) • MOMZ(I,J)/MIJ PRNT 230

(NO) PRNY 240
MT • MT • MIJ PRNT 250

• MOI4ZT a r4OMXT • M~)MA(7.J)$ PRNT 260
• 

• MONZT • $OMZT • MOMZ (I.J) PRNT 270
PRPET 280

Eli • (Ti • MIJ • 6 • (LPs4(.J).ZMII J ) ) / T W O  • PRNT 290
ET2 • (12 • MIJ * (U(I,J)~~~2 • W(I,.J)•’Z)/TwOl PRNT 300
END S END s PRNT 310

I PRNT 320( El • (TI • (12) PRNT 330
PRN1 340

NEQZI PRNT 350
• 00 1.1 TO IMAXI PRNT 360

00 J.i TO JMAAI PRNT 370
SMJ(I) a SM.J(1) • M(I,J)S PRNT 380

• END) END) PRNT 390
1~ 

PRNT 400
) PUT SKIP (2) LIST (’ 8) ‘); PRNT 410

PUT DATA( MT )S PRpJT 420
DO J.JMAX TO 1 RY —iS P8)141 430
PUT SKIP EDIT (J,(H(I,J) 00 Ial TO j1))(F(2),1o F(12’S))S PRNT 440
ENDS PRNT 450

~
;• i:
t.
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PAGE 7
IF IHAX ~ 10 THEN 005 PRNT 460
PUT SKIP; PRNI 470
DO J.JMAX TO 1 BY 11 PRNT 480
PUT SKIP EDIT (J,(M(I,J) DO lail TO 12))(F12),io F(i2,b)); PRNT 490
ENDS PRNT 500

(NO) PRNT 510
PUT SKIP (Z) EDIT) SMJ )(X (2),iO F(12,5)); PRPET 520
PUT SKIP)2) LIST)’ I4OMA ‘) I  PRNT 530
PUT OATA (MONXT) PR14~ 540
DO J aJMAX TO 1 BY — i i  PRNY 550
PUT SKIP EDIT (J,(MOM*(I,J) 00 I~~l TO I 1) ) ( F ( 2 ) ,1 0  F(i2,5))) PRNT 560
END) PRNT 570
IF IMAX )10 THEN 00$ PRNT 580
PUT SKIPS • PRNT 590
DO JaJP4AX TO 1 BY — 1) PRNT 600
PUT SKIP EDIT (J,(MOMX T.J) DO 1 1 1  TO 12))(F(2),10 F(12,5))$ PRNT 610
END) PRPIT 620

(NO) PRNT 630
PUT SKIP)? )  L I S T) ’  MOM2 ‘ I S  PRNT 640
PUT OATA (MOMZT)) • PRNT 650
DO J aJM AX TO 1 BY 1$ PRN~ 660

• PUT SKIP EDIT (u. MOHZ (1,J) 00 1*1 Tu t1))(F)2 ,i0 F(12,S)) PRNT 670
• • END PRNT 680

IF IMAX >10 THEN 00) PRNT 690
PUT SKIP; PRNT 700
DO .JaJMAX- TO 1 BY —1 5 PRNT 710
PUT SKIP EDIT (J, MOHZ (I,J) 00 ( 11  TO 12))(F (2),1O FU2,5))S PRNT 720
ENDS PRNT 730

ENDS PRNT 740
PUT SKIP(2) DATA(~ T1, (12, El); PRNT 750

• IF NaO THEN RETUqNI PRNT 760
PUT SKIP)?) LIST (’ U’) PRNT 770
DO JaJMAX TO 1 BY 1S PRNT 780
PUT SKIP EDIT (J,(U (I,J) DO I~~1 TO I1))(F(2),iO F(12’5)) PRNT 790
ENDS PRNT 800
IF IMAX> 10 THEN 00) PRNT 810
PUT SKIPS PRNT 820

• DO J JMAX 10 1 BY —1 ) PRNT 830
PUT SKIP EDIT (J,(U (I.J) DO i 1 1  TO 12))(F (2),1O ((12,5))) PRNT 840

• END) PRNT 850
ENDS PRNT 860

PUT SKIP(Z) LIST (’ WflI PRNT olO
DO J.JMA* TO 1 BY -1; PRNT 880
PUT SKIP EDIT (J, (W(I,J) ~o I~~1 TO 11))(P(2),lo ((12,51)5 PRNT 890
ENDS PRPET 900

[1
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IF IMAX )10 THEN 003 PRNT 910
PUT SK IP; PRNT 920
DO JaJMAX TO 1 BY ~ iS PRNT 930
PUT SKIP EDIT)J,(W(I,J) DO 1 1 1  TO 12))(F (2),1o F(12~ b I 1 1  PRNT 940
END S PRNT 950

(ND) PRNT 960
PUT SKIP)2) LIST)’ V ’)S PRNT 970
DO J*JMAX TO 1 BY — i i  PRPIT 980
PUT SKIP EDIT (J,(V (I.J) DO 1 1  TO IL ))(F(2),10 FU2’b))S PRWT 990
END) PRPET1000

-- IF IMAX 1O THEN 001 PRNT1O1O
PUT SK IP) PRNT 1O2O
DO J*JMAX TO 1 BY —15 PRNT1U3O
PUT SKIP EDIT(J.(V )I,J) DO 1 1 1  TO 12))(F(2),1O F U 2 , b ) ) $  PRPIT1O4O
ENDS PRNT1OSO

(rEDS PRNT1060
• PRNT 1O7O

• END PRNTAL PRNT 1O8O

I

I

I ~~
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PAGE 9
PSA QSI PROC PSAG 10

DCL (ERFC, UP I RUILTIN) PSAQ 20
DCL (0.01) (40,40) FLOAT BIN EATS PSAQ 30
DCL )P,P) )(20,40) FLOAT BIN (*1 3 PSAG 40
DCL )DX (20)’ OZ (40)’ X14p4)81),ZNH(81), APpfl6O),ZPP)(o0)) PSAQ SO

FLOAT ByN UT) PSAQ 60
DCL CI MAX e JMAX ) FIXED 8IN (31) EATS PSAO 70
DCL )PCON. SODA, TPCON. TSDA, TXPPS, TWO ) FLOAT BIN EAT) PSAG 80
DCL P1CON FLOAT BIN; PSAG 90
DCL (I, J, K, LI FIXED 8IN (31)l PSAQ 100

PSAQ 110
PUT PAGE LIST ) .  THE P~~I,JP’S’)l PSAD 120
TXPH • 2.0 • AP SE) IM A X ); PSAQ 130 • -

PSAG 140
DO 1.1 TO 18)4*5 PSAQ 150

DO Kai TO IMA X )  PSAQ 160
IF I~~•K TH(14 00; PS~ O 170
P)I,K) a PFUN ( )AMH)K).*MH(I))/TSDA I PSAQ 180

• PFUN ( ( A P H ( I S ) . X P P E ( I ) ) / T S O A  ) PSAQ 190
• PFUN ( (TX P H — X P 5 1 ( K )  — * Pr I ) I1) /TSLIA  PSAQ 200— PFUN ) (TX PH — X M~~~K) — A D t i ( I ) ) / T S UA  ) PSAD 210— PFUN ( (TA PH — X P . - ICK )  — A M r i ( I ) ) / T ~~OA ) PSAQ 220
• PFUN ( )TX PH — X 4 p4 ( K )  — * M P 1( I ) ) / T S UA  I PSA Q 230
— PFUN ( ) * P H ) K ) . X M N ( I ) ) / T S L IA  I — PI UN( )XMH)K).*PP1(I))/T5t)A ) $ PS~ Q 240

PS*Q 250
IF K>1 THEN P ( T , K )  • P Cj , K )  • P540 260
PFUN ( )*MH(K)—XPH(I))/TSUA I — PF UN ( )XP H) K) X P r 4 ( I ) ) / T S O A  I PS~ Q 270

— PFUN C ) * M H ( K ) — * M H ( l ) ) / T S UA  ) • PP UN ( ) X P H ) K ) — * M M ( I ) ) / T S U A  ) S PSAQ 280
290

ELSE P( I,K)  x P( 1 , K )  • PSAQ 300
PFUN ( (XMH)I)—*PSl(K))/TSL ~A ) — ,~FUN ( (XP P4(j)—*Ph(K))/T5OA I PSAO 310

— PFUN ( (X M P I ( I )— * N H ( K ) ) / T S O A  ) • PI UN ( (X P H ( I ) — X M M ) K 1 ) / T S DA  I 1 PSA Q 320
PSA Q .130

• ENDS PSAQ 340
ENDS PSAG 350

- i ENDS PSAD 360 F ’
P5*0 370

DO Ia ! TO IM A X; PSAQ 380
390

DO K~~1 TO IM AA S PSAD 400
IF K ’a I TH (14 PCI,!) a PC I , ! )  — P(I ,K)S PSAQ 410

• END ) PSAQ 420
END) P5*0 430

P540 440

•

~ 
~~..
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PAGE 10
DO 1.1 TO IMA X; P540 450

— PUT SKIP)?) EDIT) I HF (S) I S PSAG 460
I PUT EDIT ) (P)I,J) DO Jal TO IMAX) )IF(12,5)) PSAQ 470

ENDS PS~ Q 480
PSA Q 490

PUT SKIP (4) LIST)’ THE UII,J)IPS,IS PS&0 500
DO J.1 TO JNAXS PSAQ 510

• DO L~ i TO 48)4*) P5*0 520
• IF J L  THEN 0cJ,.J)a UZ(JI — 2•PCUN 4 PSAG 530

2.O PFUN ( DZ(J)/TSDA I PSAQ 540
• PFUN ( ZMH(J)/SUD* ) — 2.O’PFUN I (LNH(J ) •7 P 14(J ) )/ ISOA I PS&0 550
• PFUN ( ZPH)J)/SUDA I) PS*0 560• PS~Q $70

ELSE DOS PS*Q 580
a PFUN ) (ZMHCL)+Z”P4(J))/TSDA ) — PSAQ 590

PFUN ( (ZPH (L)•ZNH(JU/TSUA I— PFUN( (ZMII(L).ZPH(JU/TSDA I PS~ Q 600La • PFUN ( (ZPH().)•ZPH(J))/TSOA I) PSAQ 610
PSAG 620

IF .J(L THEN fl(J,L) • Q (J ’ L)  a PFUN ( IZMH(L — ZPH (J))/TSOA 1 PSAG 630
• — PFUN (ZPH (L)—ZPH(JH/TSI)M I — PFUN ( ( Z M PE(L ) —Z M H( J ) ) /TS DA I PS~ 0 640

-~ • PFUN ) (ZPp~~).)—2MHCJ))/1SDA )) PSAO 850
• PSA Q 860

ELSE Q(J .L) a l)J~ L) •PFUNI(Z MPI( JI—ZpH( L ))/TSOA ) PSAQ 670

H • — PFUN ( (ZPh)J)—7PH(L))/TSDA I— P~ UN( (ZMH I .,)—ZMM (L) )/TSDA I PS~ Q 680
• PFUN ( (ZPHCJ) ZM HCL II/TSUA IS PS~ Q 690

H - END) P5*0 700

- ENDS PSA Q 710
ENDS P5*0 720
DO Ia! TO 48)4*; PSAQ 730
PUT SKIP (2I EDIT) I I (F(5) I) PSAQ 740
PUT EDIT ) (0)1,4) DO J~~1 TO JMA*) )(F(12,5))1 P5*0 750

U (P405 P5*0 760

I P5*0 770
PUT PAGE L IST) ’  THE P i ( I , J ) 1 1S$ ) S  PSAQ 780
DO 1.1 TO IMAX I  P5*0 790
PICON • DXCI) — TPCON) PS4Q 800

P5*0 810
P1(1,1) • TWO’PFUN ( DX(I)/TSDA I • PICOP4 PSAQ 820

— PFUN ( XMH)I)/SUDA ) — PFUN ( AP51 (I)ISQOA I PSAQ 830
• TWO’PFUN( (XMH(I),APH(I))/TSDA ) PSAQ 840
— PFUN( CXPH(II4AX)—APPI (T))/SUDA ) PSAQ 850
• TWO~ PFUN ( (TXPH — APP$)II—AMH(I))/ TSI~A I PSAD 860— PFUN ( (XPP4 (IMAA) — XMH (I))/SQUA ,; PSaQ 870

F

3

• 

~~~ ‘
•

• 

11

~~~
• 1.

~~~- 1’I;

~~~~~~~~~~~~~~~~~ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
~~~~~~~



THE JOHNS HOPKINS UNIVERSITY
APPLIED PHYSICS LABORATORY

LAUREl MARYLAND

PAGE 11
DO K~~1 TO IMAX ) PSa0 880
IF I~ aK THEN 00; PSAQ 890
IF K)! THEN PICOP4 a ~FUN ( (XMH(K) XThI(X))/TSD* I PSaG 900

— PFUN) (XPII(K)—XPH (I)I/TSOA I — PFUN ( (*P4H(K )—XNMUI )/TSOA I PSAG 910
• PFUN ) (XPH (K)—XMH )I))/TSDA I; 

• PSA Q 920
ELSE P1CON • ~‘FUN ( (AMH(I) XP84(K)I/rSOA 1 PS*Q 930 *— PFUN ( (XPM(I)—XPH (KI)/TSOA I — PFUN ( (XMP4)I).XMM)K))~~TS DA I PSAO 940

• PFUN ( (XPIE(I)—XM,ECK) )/TSDA I; PS4Q 950
P5*0 960

P1 (1,10 • Two • P1CON — P(I.IC H PSAO 970
END) PSAQ 980

END; PS~0 990
END S P5*01000
DO 1*1 TO IMAX S PS*Q101O
PUT SKIP)?) EDIT) I )(F(5) II PSAQ1O2O
PUT EDIT ) (P1(1,4) 00 Ja~ T4., 18)4*) )(F (12 ,5)IS P5*01030
END S P5401040
PUT SKIP (4) LIST )’ THE 01 (I,J)”S’IS PS*QIQSO
DO JaI TO 48)4*3 P5*01040
01 )4.4) • DZ)J) — T PCON . TwO~ PFUN) DZ)J)/TSDa I P5*01070

— PF UN ( ZMH(J)/SQ D* I — PFUN 4 ZPP’(J)/SODA PSAQIO8O
• TwO • PFUN (ZMPS ),j),ZPtl)J))/TSU* IS PS*01090
DO L~~1 TO JMAX )

IF J-’~L THEN 01)4,).) 
a J)J,L) — TwO4PFUN) (ZMH)J).ZM’l(L))/TSOA) P5*01110

• TWO~PFUN (Z~4H)J).ZPH)L))/TS0A I P5*01120
• TWO~PFUN ( )ZPH)J).ZMH)L))/TSUA I
— TwO’PFUN ) CZPII(J).ZPP,(L))/TS I* )S 

~SAQ1140END ; P5*01150
END) ~S*Q1160
00 I•1 TO 48)4*1 PSAQ1I 7O ¶
PUT SKIP )?) EDIT) I ) ( F ( 5 )  ~~ PS*01180
PUT EDIT) (Q1(!,J) 00 J~~1 Tu 48)4*) 

I)F112,5))s P5*01190
• END S PSAO1200

• P5*01210
DCL DA FLOA T Bt N UTI 05*01220
DCL )0*N ,DZM) )41 ) FL OA t BI~~ 05*01230
DCL CX , CP’ CZ , CMHI M A A )  cLOAT BIN , P5*01240

(7, (P, EM, ( f l ) J MA A )  FLOAT GIrl . 05*01250
CDX?, DZ2, DM1, 0842. Dl. 03. CZM. CZ~~, 178), T0*) FLOAT 81145 PS*Q1260
DCL 11 FI XED B1N 31)S PS*91270

05*01280
00 Ia! TO IMAX PSAO129O
Xc j) • (XPH (I)•XMrl(II)/TWU) 05*01300
(ND) • PS~ Q1310
DO I.? TO IMAX; PSAG132O
DXM)I) • XCI) — XCI—!)) P5*01330
END) PSAU134O

I
I
;
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1 PAGE 12

00 J~ 1 TO 48)4*5 05*01350
7(4) • (ZP M(J).ZM$)J))/TUOS Ps*01360
(ND) PS*01370

7 
DO 4.2 TO JMA*S 05*01380

• 028)14) • 7(41 — ZCJ ~ 1)S PSAO139O
END S P5*01400

PSA01410
-r PSa01420
I DAM )!) a DX )1); OZN)1) • 07(1)5 P5401430

OXM)IM*X •1I a D X(I M AX )S DlM(JM *X.1I a DZ (JM *A)S 05*01440
PS*Q 1450

-‘ TDA a TWO DAS - PS*Q1460
• 00 Is! TO IM AX S 05*01470

DX2 a DX) 1)~~~2 / 12.01 P5*01480
DM1 • 0XH(I)*~ 2S • P540 1490

- DM2 • OXM (I l).,2l PSAO1S0O
IF 1.1 THEN 01 a 0X(1)~~~2) P5*01510

• 1).SE Dl • DX(1—1)’•25 PSAO1S2O
IF IsIMAX THEN fl3 a DX (IMAX )•’2S PSAQ1S3O

ELSE 03 • OXCI .l ) ’2S PSAQ1S4O
Dl a D1/12.O) 03 • 03/12.01 P5401550
CP (II a TDA/)DM2.D3_DX? .DX4 (I) D*M1141I4 (D1_DX2)SDAM)141)/DXM)I) )SPS*Q1560
CMII) a TDA/)DMI•D1—UX?.D*-l (I) )XM(1.1I.C03—UX2I*DAM)L)/OXM(I.1))SPSAQ1S7O

- •  
CZ)II • 1.OEO — CPU ) C H I l l S  PS*Q158o

* END S PSAQIS9O
P5*01600

00 J~ 1 TO 48)4*5 PSAQI6ZO
• 072 • DZ )J)~~~2/l2.0 S

08)1 • DZM (J)~~52 OS*01630
• DM2 • OZM (J~~!)•’2 S PSAQ164O

- .  IF J~ 1 THEN 01 • DZi11~~ 21 PS*01a50
ELSE Dl a DZ (J—1I 42S PSA01DbO

IF JaJMAZ THEN 03 a L)Z(JMAX)*42S P5401670
I ELSE 03 • OZ (J•t)•’2$ PSAO1 680
I. Dl • 01/12.0; 03 • 03/12.03 P5401890

• TDA,(OM2.D3—0Z2 .UZM)JI.QLM )J•!)•(D1~~DZ2)*DLM)J•1)/
0111)4)))

I (54(4) • TDA/(r)Ml.D1—0Z2.UZMCJ)*OIMCJ.1).)D3—0Z2)*DiM (J)/
P5*01730

(Z)J) a 1.0(0 — EP)J) — LM (J)S P5*01740
• END s PSA Q17SO

F
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1;
P*GE 13

P5*01 760
CZM • CZ )1I•CM( 1)S 05*01770
IF CZM ‘a 0. THEN 001 P5*01780

PCI,’). P1 )1,’) ‘ 0.S PSA Q1T9O
PU,!) • CZM • DX(1H 05*01800
0(1,2) a CP !) • DXII) ) 05*01810
P1 (1,!) a )cZIfl—CM)1I )’ 0A(1)S P1(1,2) • 5~U,2)S PS*01820

ENDS PSA Q183O
PSA Q!840

00 1.2 TO ZM*X.1) PSA Q1W5O
IF CZ II ) ‘a 0. THEN DO S PS*Q~~ 60

PCI,’). ~1)I,’) 
a 0~~l 0SAQ1870

PCI,!—!). P1 (1.1—i) • C4(II’DX (I)l PS*01880
P(1,I), Pl)I,T) * C/)II’OA)I)l P5*01890
P(I,1.1), P1)~~.I•1) a C

p (1)*DA(I)S PSAOL900
PS*01920

END S Ps*01920
05*01930

• CZP•CZUMAX) • CP (IMAX )I 05*01940
IF CZP )~~ 0. THEN DOS PSa01950

Il a !M A A — 1S P( II4AA, ’). P l ( I M A A , ’I • ). PSAO1 9GO
P)IMAX ,11), P1 (IMAX ,L1 ) a C~-~(IMAA1 • nX (IMa*H PS*01970
P(IMAX ,IMAX ) • CZP * DXC IMAX) S P5401980

Pl(IMA*,I MA AI a )CZ)IMIA) CPIIMAA ))’OA( IMAA )S P5*01990
(NI)) PSA0~ OO0

PSA Q?0LO
P5*02020

PUT PAGE LIST (’NFw TIlE ~ (I.J)’~~’IS PSAOIQ3O
DO Ia! TO IMAX) PSAO2O4O
PUT SKIPI2I EDIT) I ))F(5) )S PSA02050
PUT EDIT) (P(I,J) DO it! TO 18)4*) )CF (ll,5)I3 PSAU2O6O

• END S PSAQ2O7O
PUT PAGE LIST)’Nr W THE ‘11 (t.4)1’S’)S PSA02QSO
DO Ia! TO 1114*5 PS4Q2090
PUT SKIP)?) EDIT) I ) (~~)5) )$ PSAQ2100
PUT (DIII (P))7,J) DO Jz~ 10 18)4*) ))F(12,SI)s PSAG711O
END S PS*02120

05402130
• [ZN • El (l).FMU )I PS*02140

iF F1 M ‘a 0, TH(P4 fl(P S PS402150
0(l~ ’), (4 lU,’) • u.s P5*02160
0(1.1) a ElM • 1)1 (1)1 PSAQ217O
01)1,1) a (EICI)—(M)1I) • 01(115 P5402180
0(1’?), QH1.?I • FPC1)’D?)l)s PS*07190

(NO ) PS*U~ 2OO

V
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1 I P*GE 14
V DO Ja~ TO 48)4*—IS P5*02210

IF (Z J) )a 0 THEN DOS PS*02220
1 Q)J.•), 01 )9,’) • 0.1 PS*02230

Q(J’J II , 01)4.4—1) a EM)J)’DZ bJ) PSAQ224O
0)4 .4) ,  01 )9.4) • (1(9) • 0119)5 05*02250
Q)J,J.fl, 01)4.4’!) • EP)J) • 01(9)) PS*Q2260

END S PS*02270
t END S PS*02280
• PS*0?290

8 IF EZIJM*A) )a 0 THEN DOS PSAQ2300
I Q )JMA X, .I, (J1)J MAX , ) a 0) PS402310
I 0(JM*X,JMAX—1 s, UHJMAX,JMAA—1 ) • EM)JM*x * OZ (JMAX)S 05*02320

QCJN4X,JM*XI. Q1 (J,4*X,JMA*I a t4(JM*A~ • DZ (4M4*)I 05*02330
ENO PSAQ7J4O

- • PSAQ?350
P5*02360

PUT SKIP)4 I  L I ST C ’ N EW T•IE QII ,J )”S’)S 05402370
DO Zal To 48)4*) 05*02380

-. PUT SKIP (2) EDIT) I I)F)SI II 05*02390
PUT EDIT) )Q (I,J) DO it! TO JM A X ) )1 F 112.5)I S PS*Q2400
END) 05*02410
PUT SKIP(4) LIST)’NEW THE ol (I,J)”S’)) 05*02420
DO Ia! TO JMAXS PS402430

- 
- -  PUT SKIP (2I EDIT) I ))F)S) I S PSA02440

PUT EDIT) (Q1)j,J) DO J~ 1 TO 48)4*) ))F(12,SH; PS402450
• END S

• PS402470
• • • 05*02480

• PFLJN~ PROC 1 7 I RFTU~ NSC FLOAT BIN)) PSA02490
DCL )Z,PZI FLOAT BINS 05*02500
P7 * PCON • CA P)-(Z’.2)) — I’SUOA • ERFC)Z); PSaO2SZO

• - .  RETURN ) oz )) PS*Q2520
• END PFUN S P5*02530

PSAQ2S4O
/* •/PSAG2SSO

PS*Q2 $60

I 
END PSADS) PSAO2S7O

La
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PAGE 15

M*SMONS PROCS ~*S~ 10
MA SH 20

DCL (M,MOM*,MOMZ,~~HO.U, w 1 )20,40) FLOAT BIN EA TS MAS H 30
DCL (TMOMX. TMOMZ. TM) (40,80) FLOAT BIN EAT) HASH 40
DCL (OX (20). 02)401. XMH(81),ZMH (B1), *PH(60),ZPH)8O)) M45M 50

FLOAT 8~N (*74 HASH 60
DCL )ETAM )2. ET*0(2). *IM(2), XIP(2)) FLOAT BINS HASH 70
DCL CDT. (PS. 6 1 FLOAT BIN EAT ) MASH 80
DCL (1 8)4*, 4844*, 12. 4? ) FIXED 81N)31) EATS MASH 90
DCI. ERR RIT)1) EX TS MASH 100

MASH 110
DCL (FLOOR, M*X , ~I~~) ~UILT1 NS MASH 120
DCL (A1 ,A2,60T,TF’MP,TMAX ,00T,AH,XMA*.XP,IM,ZMAX,ZP)FLOAI BIN) MASH 130
DCL)I,IP,I1,I3.J.J3,K,I(M ,L.LM,LP,Ni’.Nl) FIXED BIN (31)S MASH 140

NASH 150
GOT a G’DTI MA SH 160
1108)7 • 8)0HZ — GOT • P45 MASH 170

MASH 180
DO I.! TO IMAAS HASH 190
00 4.1 TO JM*XS MASH 200
IF MCI,9) EPS THFN U1I,J),w(I,J)~~0 HASM 210

ELSF DO) MASH 220
• MOMXCZ ,J I / M(I,J) MASH 230

W (I,J) • 8)0117(1,4) / M (I,JU MASH 240
END) MASH 250

P5,0)1,4) • M( I,J )  / (Os)I)’UZ)J))S MASH 260

• ENDS ENDS MA SH 270
MASH 280

• TM, TM054X, THOM? • OS MASH 290
LOOPI’ DO jUl TO IHA XI MASH 300

DO 4*1 TO 48)4*5 HASH 310
/.‘••• ‘ SUBROUTINE I •“/ HASH 320 f

ZN a 78)54(4) • wII,J)’DT MASH 330
70 a ZPH(J) • ~ (T ,JI’DT S MASH 340
NP•0 (TAM, (TAP , A IM,  X 1I~ = 0) MASH 350
ZMAX a ZPH (JMAX)S MASH 360

8)458) 370
IF ZP ZMA* THEN 00$ MASH 380

IF 28) C ZMAX THEN DOS MASH 390 4
NPaI) (TAM)l)SZHS 1TAP (1)=IMAX ) HASH 400 11

(NI)) MASH 410
FNDS MASS) 420

MASH 430
EL SE 00) /‘ N0i FOPS ZPc1M~ A */ MASH 440

IF ZM ‘a ZHA* THEN 1)05 MASH 450 t
IF 20 —it- lAX THEN DO MASH 460

NPal* (TAM(I)= ~~lAX ET* PU)  a 2’ZM*X • 15$ 54*58) 470
1140* MASH 480

(NIS S MASH 490

:~
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4,

to
MASH 500

ELSE DOS /• NOl FO’) 711 ~ — ZHA* ‘I MASS ) 510
IF ZP ‘ 0 THEN DOS MASH 520

IF ZM ~~ O THEN 005 MASH 530
NPa1) ETAH )1)aZHS ETAP (l)SZPI MASH 540

ENDS MASH 550
ELSE 00$ MASM 560

NP•2) ETAP)1)aZPS MASH 570
** [TAM)?) • 2.744* • 7545 MASM 580

ETAP(2I a 2’ZHaX$ MASM 590
r END) MASS) 400

END) I’ FOW zo~ o •/ MASH 610
MASH 620

ELSE DO) MASH 630
- • NPaII (TAt-UI) • 78) • 2*7114*5 MASH b4O

ET*P)1) a ZP • 2*2114*) NA SH 850
• ENDS MASH 860

END S MASH 470
ENDS /‘ FOR ZP(IMA A / MA SH 880

MAS H 690 
— ‘/NA$H 700

• • MASS) 710
IF NP’O THEN DOS MASH 720

• •••• “ SUBROUTINE 2 ••“•“ / 11458) 730
UOT a 0(1,4) • OTS NA SH 740
AHA X a XPH (IM**)S TM AX a 2 *MAA S MA SH 750
TEMP a IXH H (II • UD T )/TMA *S MASS) 760
KM a TS)AX • )T(MP — FLOUR) TEP4 P))S M4SP 770

MA ‘10
TEMP a )XPH (I)•UDT)/TNAAS MA . (90
KP • TMA* • (T[MP — FLOOR (Te.MP))S MASH 800

M*SM 810
1 IF AP *8) 154(8) 00) MASS) 820
1. IP•1S A IM (1 ) axM S X L PI1) aX P ) 11*554 830

ENDS MA SH 840
ELSE nOs HASH 850

I • IP a 2S *154(1 ) a AM) XII’)?) a AP) AlP) !) • TM A AS HASH 440
E’

~
0) HASH 870

MASS ) 880
- /• ‘•“••‘• SUBROUTINE 3 ••••• ‘••••/ MASS ) 890

I MASH 900

t 00 1 1 1  TO 10) MASS) 910
• 

- 
DO KHal TO I?) MASH 920

IF XM S4IKM )( •XIM II1) THEN IF *IH(I 1)CaX PH)Ku ) THEN 00 TO 541*115 MASH 930r ENDS HASH 940
PUT SKIP LIST (’ERRON—l NO KM~ )S (IV TO (RROUTS MASH 950

, ~~~ ii:

~•i~
•_ 

U - 117 -

II
- -

- ~ ~TcT1~•;J_ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



r — -
~~~~~~~~~~~~~~~~~~~~ 

__________________________

THE JOHNS HOPKINS UNIVERSITY
APPUED PHYSICS LABORATORY

LAUREL. MARY LANS —~ I

ii’
P*GE 17

NEXT !; DO KPaKH TO 12) MASM 960
IF XHH (KP)’XIP)11) TMEN IF XIP(I1)CaXPH(KP, THEN (p0 70 NEXTZ MASH 970
END ; MASH 980

PUT SId e  LIST(’(RRO’)2 ~O *P’) GO TO [5)840075 MASH 990
NEXT?) DO Nla ! TO “40) H*SH1000

DO L$al ‘TO 42$ M*5S)1010
IF ZS)5ICLM)C ETAMCN !) THEN IF ETAr4INL ) (aZ~ H (LM ) THEN GO TO NEAT3 MASH1O20

END) M*SH1030
PUT SKIP)2) DATA)1,J,NP.IP,12,41,ETAM,ETAP,ZMH,ZPII)5 HASMLO4O
PUT SKIP LIST (’FRR054 3 “0 L~~’)$ 00 TO ERROUTS 54*58)1050

NEXT3 DO LPaLM TO J?) 8)458)1040
IF ZHH(LP)([TAP(141) TH(N IF ETAP (N1)’UZP$4(LP) THEN GO TO NE*T4SS4ASNIO7O

END S 8)458)1080
PUT SKIP LIST (’(RR0~~ 4 “0 L~~’1I (*0 10 (P84007; M*S111090

HASH 1100
NEAT4 I HASH!110

8445111120
DO daKM TO ‘cPS 54*5111130
DO LSLM TO LP 54*58)1140

A l a HIN)XPP))K),*!P)I1)) — t~AX)X Mt-4)Id),*IM )Ij))) MASH11SO
• *2 a HIN)ZPH)L).ETAP)NI)) — MAX(ZMPjIL),[T*M(N1))S 84*941160

- 54*941170
T M( Id ,L)  a TM IK,L)  • ,454u ( I ,J)  • A l  • A2 S MA SH 11BO
T MOHA ) K ,L)  • T M O 4 X ) K , L )  • F~PlQ ( I,J)*U(I,9) • A l • ~2S MA SN1I 9O
THOMZ)K,Li • Tv4O~4Z i ” . L)  • ~“Q(Z.J ’s (I,J) • A Z  *25 MA SHI700

END S ~N.j5 /° E’W OF K AND L LOOPS / MASN 121O
(8)0 5 [140) /. (8)0 OF II 4140 N) LOOPS ‘I MASH122O

54*5111230
(140$ I’ END OF NI’~)O DO •/ MA5111240

END) /‘ FOR 4 LOOP 0/ 84*5111250
ENS) LOOP!) I’ END Ot- I LOOP ‘/ MASM126O

8)4941270
13•I2’lS J3•J?•IS MASMI?80

‘44SM1290
DO I~~1 TO tMAA * MASH1300
00 Ja) TO 48)4*) M *SH131O
54(1,4) = TM) I.J) • TM (1I—!,J) • TH)$,J3—4) • TN)I3—I,93 J)$ HASM132O
MOMA(I,J)aTMOMX)T,J)~~TMw4X(13—j,J).TMOMA)I,J3~ J)~~TMOHA(I3~~I,J3.J);MAS,4133O• M0MZ(1,4)aTNOM7CI.J)•TMuMj(L3—I,J)— 1MOML )I.43~ J)—TMOML(13—I ,J3 -,j);MASH1340
(8)05 END S MASHL3SO

M45H 1360
RETURN; MASM13TO

ERROUT , ERS4a ’I’BS M*SM1380
(540 MASHON) 84*58)1390
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PAGE 18

~ •r DENSTY) PROC S DENS 10
DCL. (DEBUG, ERR) B!T(1) EATS DENS 20

DENS 30
DCI. 0(40,40) FLOAT 8154 EAT) DENS 40
DCL. (8). ,42VA , I4PVZ , P. RHO, V, Vt ) (20,40) FLOAT BIN EAT) DENS 50

- DCL (DX (201, 07)40), XMrs (81),ZMH(811, *PH (b0),ZPH ($0)) DENS 60
FLOAT BIN EXTI DENS 70

DCL (0*, OG, EPS1. RHOC, VHA*, 70, ONE, TwO ) FLOAT 8154 (*15 DENS 80
DENS 90

DCL (544* ,  84154) RUILTIPH DENS 100
DCL UMAX. 48)4*, 151) FIXED 8114)31) 1*15 DENS 110
DCL (I. ICSTI., 4, Id. L) FIXED 8114 31); DENS 120
DCL )PRHO, PSUH).PSUM2. QRp40,OSUM1,VSUH2,R5,OHAA ,XMPI,~~HPJ DENS 130

• ) FLO A T ~ j P4S DENS 140
• ‘- DENS 150

V. 142VX.  542VZ a OS DENS 160
ICSTI • 0$ DENS 170
VNAX a ZO DENS 180

• /• 0/DENS 190
STAR_LOOP , DENS 200

• - - IF DEBUG THEN PUT SKIP LIST (IENTEREI) STAR_LOOP’); DENS 210
I S L a I S L • 1S  0(145 220
ICST1 • ICST1 • 11$ DENS 230
DO I•l TO 18)4*) DENS 240
00 4a) TO JMAXS DENS 250

1~ 
RpsO(I,J) a MCI .J) / )DX (I)*UZ (J))S DENS 260

• IF I•4a2 THEN RHOHAX a PSHO ( 1,1) RIlO~~$ DENS 270- ELSE RHOMAX a MAA( ’)HOMAX,)HHOII,J)—PHOC))S 0(145 280
END) (540) DENS 290

• DENS 300

• IF DEBUG THEN PUT SKIP 0*T* (ICSTI, H5,OMAX)) DENS 310
- IF Rp40M4x ‘~ (PS1 It-SEN &O TO FIrSAL_MUMXAZ$ DENS 320

DENS 330
• VMA* • 70) DENS 340

I DO IS! TO IM**; DENS 350
XMPI a XMH (I) • *PH(I)S 0(545 360
DO 4a1 TO JM AX DENS 370

• - PSth)1, PSUM2 a 70$ DENS 380
DO Ida ) TO IMA*S 0(515 390

- PRt-sO a P)K,7) • M**CPSHO (1’.,JF RHOC, ZU)) DENS 400
PSUM! a P5W-il • P84)405 DENS 410
PSUM? a PSUM? • P84MO*(A~4PI — AHII I Id) — XPH(K)) / Two ) DENS 420
END 0(545 430

V(1,.J ) a V (I,J) • 0* • MAX (KHO (I,J) 54110C, ZOl s DENS 440
VMAA a MAX(V(I,J), VMAX)$ DENS 450

- 
84 ( 1,4) a OZCJ).(r)*(I)*MIPI(RMO (1,J),14H0C) • PSUM1)$ DENS 460
M2VXCI,4) a 142VX)1 ,J )  • DZ)J) PSUM2$ DENS 470
ENDS ENDS DENS 480

U
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DENS 490
DO Ial TO IH*A DENS 500
DO Ja! TO JM*XS 0(545 510
RHO)I,J) ~ M(~~,J) / )DA (I)*UZ(4))S DENS 520
END) ENDS DENS 530

DEWS 540
DO Sal TO JMAX S DENS 550
ZHPJ = 7MH (J) • ZPS-’)J) DENS 560
DO Ia ) TO IHAX DENS 570

USD8)), QSUM2 a 705 DENS ~80
00 Lal TO JMA X OCt-45 590
084)40 a Q)L,J)*MAA(RMQ(I,L) HHOC , Z0)S DENS 600
050841 a USUMI • URHOS DENS 410
USUM2 a USD542 • (,I84HU*1Z~4P’JZ HH)L) ZPM)L))/TWOS DENS 620
ENDS DENS 630

DENS 640
M~ I.J) = DX (1).(D7(,J, MJN (84M0)I.J), MMCC) • (4508)))) DENS 650
M2VZ )I,J) a M2VZ)t,.J) • DA (1) USUM2 DENS 660

ENDS END) DENS 670
DEWS 680

IF ICST1 ‘ 999 THEN DOS DENS 690
PUT PAGE LIST (’ICST I ~99 “STOP” ‘)~~ DENS 700
ERH~~’)’B; RETUR N S DENS 710• END S DENS 720
GO TO STA R _LOOP ) DEWS 730

DENS 740
FINAL_ MOHAAZ) DENS 750

IF DEBUG THEN PUT SKIP LIST (’ENTEREU FINA L _MOMX*Z’)S DENS 760
IF DEBUG THEN PUT SKIP UATAI VHA X )S DENS 770
END OEP-4 STY ) DENS 780

I

- •~
j

n

t
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PAGE 20

~ 1 MOMENt PROC) HOME 10
• HOME 20• “ DCL (EXP )BUILTIN HOME 30

DCL (DEBUG. ERR ) RIT (1L (*15 HOME 40
DCL (0,01) (40,40) FLOAT BIN EATS • MOME 50
DCL (P,P1, MOMX ,MOS4Z, U,V,~~, Vi 1 (20,40) FLOAT 8154 (*15 MOME 60
DCL (M2VX, M2VZ) (20,40) FLOAT BIN EAT; NOME 70
DCL (TMOMA. TMOMZ ) (40,80) FLOAT BIN EATS HOME 80
DCL (DX(20)’ DZ(40). 0*. 00. 07. 68)4*, WHOC, VMAA , 70. OWE ) - MOME 90

J FLOAT 8y54 EA TS 
• 
HOME 100

• 3~
_ DCL (IHAX . JMAX , IPI. ) FIXED NIN (31) EAT; HOME 110

HOME 120
DCL )A,EPDG,ETF MP,PSUHI,QSUM1,VHAA11 S FLOAT BINS HOME 130
DCL (I. IP. 4. K ‘LI FI AED 8114(31)5 MOME 140

NONE 150
VMAX 1Z a 1.1 • VMAX S HOME 160
IPSO; “IOME 170
4 a ~~~ • VMAX/R HOCS MOH( 180
DG • DA/A$ HOME 190
IF DEBUG THEN PUT SKIP O*TA (VHAA 11 , A ’ DO, GHAX)) MOME 200

HOME 210
DO 1.1 TO IHAX; HOME 220

• DO 4.! TO 48)4*; HOME 230
V1 (I,J) a VII,j) / VHAXI 1S HOME 240
TMUMX(7,J) • MOMX(I ,J) • M2VA)Z,J) / OT HOME 250
THONZ(1,J) a MOMZ(I~~J) • M?VZ (I,J) / 015 HOME 260

- NOHX (I,J), MOMZ (1,J) • £0; HOME 270
- - (P405 ENDs HOME 280

IF DEBUG THEN flO NONE 290
PUT SKIP )?) LIST)’ Tc4OMX’)S HOME 300• I 00 Jab TO 1 BY — 1 5 HOME 310
PUT SKIP EDIT (J,)TMOMX (I,J) DO 1=1 TO 1U)))F(2),10 IU2,4)S NONE 320
END S HOME 330

• - PUT SKIP)?) LIST)’ TMOML’)l HOME 340
DO Jab TO I BY — iS NONE 350
PUT SKIP EOZT (J,tTMOMZ (1,J) DO I~~) TO 10)))F(2),10 EU2,4))5 HOME 360
ENDS HOME 370

• (NO ; HOME 380
[ HOME 390
( PLUS_LOOP S NONE 400

IF DEBUG THEN PUT SKIP LISTI’ENTER[U I’LUS_LOOP’); NONE 410
IF DEBUG THEN PUT SKIP u )ATA (IP)S HOME 420

I IPL = IPL • iS NONE 430
IF )IP.1)•DG GMAX TH[I~ Do) HOME 440

- (P06 a EX5(—IP006); HOME 450
DO Ta ! TO 1844*; HOME 460

F DO J•l TO JM~ XI HOME 470
MOMX (I,J) • MOMX (),J) • TMOMA (I,4)°LPDG S HOME 480
H054Z(I,J) MOMZ(I,j) • TMQi-jZ)I,4)~~tPflGI HOME 490
END; ENO HOME 500[ RETURNS HOME 510

- ~~~
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B

PaGE 21
END; HOME 520

HOME 530
ETEMP • (XP(—IP.OG)~~(O NE — EAP)—DG)) NONE 540

DO 1=1 TO IM*X HOME 550
DO 4=1 TO JMAXI HONE 560
MONZ (I,J) a 5 4 f l 8 4 7) I , , J) • Tt4UMZ(I,J) (TFMP HOME 570
MOMX (I,J) NO M X ( I , J )  • TMOMA(I,J)*ETEMPS MOM ( 580
END ENDS HOME 590

NONE 600
U, N a ZO)  HONE 610
DO lal TO IM*A; HONE 620
DO i~ l TO JMAX ; NONE 630

DO La) TO JMaX HONE 640
0)1,4) a tJ ( j ,J )  • Q)L.JF V1)I,L ) TNUMA (I,L)/CDX (IFDZ(L))S HOME 650
W ( I,J) a N(~~~J) • Q 1(L,J) V 1 ( I , L ) * T M O M Z ( I , S ) / ( D A ( I ) O U Z ) L ) ) S  HOME 660
END NONE 670

• ENOS END) HOME 680
NONE 690

DO lal 10 1)44*; HOME 700
• DO 4=1 TO JMAX S NONE 710

OSUH1, PSUM1 a 705 HOME 720
DO K ) TO INAX ) NONE 730

PSUN 1 a PSUM 1 • P 1) I c , I ) 0 U( K . J )  HOME 740
OSUMI a QSUHL • P(K,I)•~~(K.4) HOME 750

-
• ENDS HOME 760

NONE 770
• THOMA (I,J) oNE—v1U,J~~ • TMOMX )I,J) • PSUM)5- ~4OME 780

HOME 790
TMOMZ (I,J) a ) O N (— V 1( I , J ) )  • TMO MZ ( L ,U )  • QSsJs~~S HOME dOO
END S ENDS HOME 810

HOME 820
IP a IP • U HOME u30
GO TO PLUS_LOOPS NONE 840
END MOHENS HOME 850

)
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GLOSSARY

~ L c1 
Coefficient in representation of S

~
(.) 

~~, finite difference
• operator

Coefficient in representation of S
~

(.) by finite difference

+ 

operator

c~ Coefficient in representation of S
~
(.) by finite difference

- operator
I

- D Plow domain, domain in Eq. 33

Computational domain

• 
e Coefficient in representation of S

~~
(e )  by finite difference

Ii operator

• 
• - 

e~ Coefficient in representation of S~
(.) by finite difference

operator

e~ Coefficient in representation of S
~~
(e) by finite difference

operator
- f(.) Function defined in Eq. lOb.

g Gravitational constant

- 
1. Non—negative integer

j Non—negative integer

r I Number of computational cells in horizontal direction

• J Number of computational cells in vertical direction

• 1~ 
It Non—negative integer

• Non—negative integer

• ••
• - • 

Mass in

• m~ Intermediate mass in R
U ij

• 
-
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Mass in cell Ru at end of time step

n Non—negative integer , unit vector normal to boundary

P() Function defined by Eq. 73b

~ik Approximation to operator for horizontal diffusion with
reflection at x — 0 and x • X

~ik 
Approximation to operator for horizontal diffusion in
infinite space

Approximation to operator for vertical diffusion with re-
flection at z • 0

Approximation to operator for vertical diffusion in infinite
space

Rectangle defined by Eq. 36

• • S(•) Operator that transforms solution at one time into solution
at later time

I~(.) Approximation to operator tha t updates solution by one time
step

S ( )  Operator for diffusion in horizontal direction in infinite tspace

S
~
() Operator for diffusion in vertical direction in infinite

space

t Time

u Velocity components, horizontal velocity component

u° Initial velocity )
Intermediate velocity

Velocity at end of time step

u Horizontal component of velocity In R
Li Li

v Quantity defined in Eq. 12

- 124 -
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I 

V
jj 

Approximat. value of v in cell ~~~

-i v Vertical velocity component
II vu Vertical component of velocity in

~ 
x Spatial coordinates , horizontal spatial coordinate

X Width of computational domain

ii x~ Horizontal coordinate of centers of computational cells in
ith column

I x~~1,2 Horizontal coordinate of right—hand side. of computational
cells in ith column

Widths of computational cell. in ith column

a Vertical spatial coordinate
.1 Z Height of computational domain

t a Vertical coordinate of centers of computational cells in
1 j th row

Vertical coordinate of tops of computational cells in jth
row

r Heights of computational cells in jth row

~ L

a Pseudo—time variable

- - I [ 
Step of pseudo—time variabl, a

f r Pseudo—time variable

L yo Cut—off parameter for solution of Eq. 13a

t I Step of pseudo—tim. variable -y

A Laplacian operator

3 £ Cut—off to k..p from dividing by zero in Eq. 38

Eq. 81 for approximate satisfaction of density

~~~~~~~ 4- ’ k — ’
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£2 Cut—off parameter that determines how Eq. 13. is solved

~xij Horizontal component of momentum In

~xij Intermediate horizontal component of momentum in ~~~

M zij Vertical component of momentum in R11

~zij Intermediate vertical component of momentum in R~

Momentum in cell Ru at end of time step

Density

p
0 

Density of liquid phase

p0 Initial density

Intermediate density

p Density at end of time step

Time step

H - V Gradient

H •
~

I
.
-

1
1~
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