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ABSTRACT

The report contains the numerical implementation of a theo-
retical algorithm that generalizes the Euler equations for irregular
flows. The main features of the algorithm are described, and the
relevant equations are summarized. The spatial region occupied by
the fluid is then discretized, and the numerical quadrature of the
theoretical algorithm's governing equations is effected. Computa-
tional results are given for the following hydrcdynamic free-boundary
problems: (a) the fall from rest of a liquid with a profoundly non-
linear initial free surface; (b) the motion from rest of a liquid
whose initial free surface is only slightly removed from its equi-
librium position; and (c) the collisions of streams of fluid with
formation of a jet. A program listing is given in the appendix.
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1. INTRODUCTION

As part of a continuing investigation, we have reformulated
inviscid hydrodynamics in a manner that is natural for the study of
the free-surface probl.™. The ultimate purpose of the investigation
is to compute in an efti:::at and reliable way the phenomena at-
tendant to the motion of a rigid body in water with a free surface.

The considerations that have guided our reformulation of
hydrodynamics and the reduction of our generalized theory to the
classical theory when the flow variables are sufficiently smooth
were discussed in Ref. 1, and they need not be repeated here. The
purpose of this report is to see directly what the implications of
the generalized hydrodynamics are for th. numerical solution of
problems with hydrodynamic free surfaces and to present our numer-
ical results.

b e e e e s W

P - the theory is in order. Hydrodynamics as reformulated does not
‘ take on quite a Lagrangian or an Eulerian mode but has some of the
r : advantages of both. The advantage our formulation shares with the
3 Eulerian one is that the equations have as independent variables
the ones of direct physical significance — space and time. The
£ advantage it has in common with the Lagrangian approach is that
| F 1 time-dependent free-surface problems may be solved by solving a
4 : system of equations on a domain that is independent of the time.

;‘ Nevertheless, some recapitulation of the essential ideas of

oy

, g The evolution of an incompressible flow is seen as the

& f solution of a set of hyperbolic conservation laws subject to a
. : constraint. The hyperbolic conservation laws are just the equa-
tions of mass and momentum conservation. In the absence of the
constraint, they are the equations of a perfectly compressible |
(pressureless) fluid. (In N dimensions, we also refer to these |
I. as the N-dimensional inviscid Burgers equation.) The constraint
s

L ]
=

is a one-sided constraint on the density that expresses incompress-
ibility by establishing an upper bound on the amount of fluid that
may occupy any volume of space.

1
3. In practice, in our theory the solution of the combined
conservation laws/constraint is achieved by going from one time
‘ ? to a slightly enhanced one in a "split-step" scheme, in which at
Ref. 1. J. C. W. Rogers, ﬁincompressible Flows as a System
? of Consefvation Laws with a Constraint," Seminaires IRIA, Analyse
i et Controle de Systemes, 1978.

-9 =
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first the conservation laws are solved as if there were no constraint,
and then the constraint is satisfied in a manner that retains the con-
servation of mass and momentum. Thus, if the solution of the evolu-
tionary problem at a given time is thought of as obtained through the
action of a nonlinear semigroup on the initial data, our theory pro-
vides an approximation to the semigroup.

In Section 2, we will summarize the governing equations that
are solved at each time. Some numerical quadratures that enable
these equations to be put in a finitary form suitable for computer
manipulation are given in Section 3. Section 4 gives numerical re-
sults for three sample problems that have been run. The first of
these follows the time evolution of an incompressible fluid that
was initially at rest and whose initial free surface was distorted
in a profoundly nonlinear manner. In the second problem, a com-
parison is made between the computer results and the predictions
of linearized water wave theory. The third example illustrates
the computation of phenomena associated with the collision of two
streams and the formation of a jet. Here there is no exact theory
to compare. Instead, the results of numerical computations are
compared for different mesh sizes and time steps. All the numerical
examples presented here are for problems with two independent space
variables. Section 5 discusses some of the limitations of our
method, possible improvements, and some of our plans for further
computational work. In the belief that nothing removes ambiguity
like an explicit statement of the steps we have gone through to
implement our theoretical ideas numerically, we have included a
program listing in Appendix A.

Several observations are in order. First, the generalized
hydrodynamic theory is by no means completed. Since our theory is
given in constructive fashion through an algorithm to determine the
flow at any time in terms of the flow a time step earlier, the theory
will be acceptable only when we have obtained definitive results for
the construction as the time step goes to zero. Such results will
have to include the regularity of the flow, convergence of the con-
struction to a semigroup in the appropriate function spaces, and
existence of the flow globally in time. Indications to date are
that the conclusion of these tasks in a satisfactory manner will be
concomitant with the development of a theory of inviscid hydrodynamic
turbulence (Ref. 2).

In spite of this reservation, the commencement of calculations
with the generalized theory is by no means premature. For one thing,
the fact that the general formulation reduces to the usual one when

Ref., 2, J. C. W, Rogers,jﬂgiability, Energy Conservation, _
and Turbulence for Water Waves," Seminaires IRIA, Analyse et Controle
de Systemes, 1978,

- 10 -
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the flow variables are sufficiently smooth guarantees that the status !
of the fundamental questions m#::tioned above is no worse in our
theory than in classical hydrodynamics. Accordingly, calculations
based on our approach are no less sound than those based on conven-
tional approaches. To the contrary, the fact that the general theory
makes sense in a wider variety of circumstances and under less regu-
larity requirements on the flow than the usual one suggesis that per-
haps a greater presumption of success in resolving the basic questions
- of existence, regularity, and turbulence may be attached to the gen- |
eral theory than to the classical one. |

e e mewm wam

A second observation relates to the fact that in most cases
of interest the flow of an unstratified, incompressible, inviscid

L fluid is irrotational. The general theory applies to rotational as .
well as irrotational flows. However, for the important special case ij
e of irrotational flows, significant savings in computational time may '

be effected in the classical theory through the use of integral equa- |

tions. An unfinished task is to examine the ramifications of the |4

general theory for initially irrotational flows and to develop, to !

whatever extent it is possible, variations on our algorithm that re-

-- tain its essential character but effect the computational savings .
anticipated for this special case. i

! : Therefore, we do not consider the algorithm we have studied

| ; to be final, by any means, for the majority of cases of practical ]

i ‘s interest. Accordingly, we have not expended great energy in trying
f to perfect numerically the algorithm in the form in which it now

: stands. From a computational point of view, this report should be b

! E & viewed as a preliminary report whose purpose is to show the essen- 1

' : tial correctness of our approach, in practice as well as in theory.

TSP

! We hope these comments put the accompanying numerical work in
| - a proper perspective. While we have not been deliberately careless
E | BT in carrying out the numerical quadratures, we have also not made a
| i number of refinements that could have been made. (These points are i
discussed more fully in Section 5.) Thus, to some extent, the theory :
has been tested under rather adverse conditions. Our expectation is '
that, if the numerical implementation of the theory thus handicapped
yields at all reasonable results, more can be expected of a similar
approach, executed with greater care. We have ventured forth in
P this manner, guided by our faith that the theory, free as it is of
il the comparatively severe regularity requirements of the classical

4 hydrodynamic theory, has an essential robustness that enables it to
carry the weight of even a crude numerical quadrature. :
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2. GOVERNING EQUATIONS

Let D be a domain occupied by the fluid. In the problems
treated in this paper, D is independent of time, and the boundary 5
9D is rigid. D need not be bounded. p will denote the fluid den-
sity. The density constraint is

P =Py (1

where p, is the density of the fluid in its incompressible (liquid)
phase. !

The velocity field is denoted by u(x,t), and, of course, the
momentum density is p(x,t)u(x,t). The evolutionary problem is to
find p(x,t) and p(x,t)u(x,t) given

0%x) = o (x,0) (2a) L.

and 1

%’ (x) = o(x,0u(x,0). (2b) N

We write the solution symbolically as

[p(x,t), p(x,t)ulx,t)] = 5Ct) (0, o%9), 3) 3N

where S(t) is a nonlinear semigroup satisfying

s(c1 + tz) = s(cl) s(:z). (4)

(In some turbulent flows, the system may evolve stochastically even
though the initial state is uniquely prescribed, and in that case
Eq. 4 is a statement of the Markov property of the time evolution
of the flow.) A particular case of Eq. 4 is

o—

.y
| S

s(t) = [S(1)]", (5)

=

4 where t = nt and t is called the time step.

BE -12 -
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|

The algorithm we have introduced (Ref. 1) gives an approxi-

l mation to S(t), which we denote by S(t). S(t) is determined as
follows: we suppose we are given p(x) and p(x)u(x), with p(x)
:l satisfying the constraint ky. 1. First, we solve the hyperbolic
‘ "conservation" laws,

£, + 7+ (En) =0, (x,£)eD x (0,1), (gn), +V + (£nm) = gk,
(x,t)eD x (0,1), (6)

with initial conditions

z
- £(x,0) = p(x), xeD, £(x,0)n(x,0) = p(x)u(x), xeD, @
57 and boundary conditions
e
- nen=0, (x,t)edd x (0,7), (8)
% where n is the unit outward normal to aD. In terms of the solution
.- of Eqs. 6, 7, and 8 at t = T, we define the quantities
2 n NN ;
. : p(x) = £(x,t), xeD, p(x)u(x) = E(x,T)n(x,t), xeD.. 9)
4 ;
' h This completes the first part of our "split-step" scheme.
{ |
; t. Next, we solve the one-phase Stefan problem
14
| § 0, = A£(8), (x,a)eD x (0,=), (10a)
|
i 6 -p, 6 2p
{ £8) = O .

’ (10b)
0 6 Sp

DN
*

0

§ oy
. '

subject to the initial condition

0(x,0) = 3'(:). xeD, (10c)

) T, Ny |
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and the boundary condition
v6en = 0, (x,a)e 3D x (0,»). (10d) .

As o+, 6(x,a) approaches a steady-state value that we denote by
p(x); that is, H

1lim

[V 5]

P(x) = 8(x,a), xeD. (11)

Note that p(x) satisfies Eq. 1,

Continuing, we define

v(x) Ef f [0(x,a)] da, xeD, (12)
0

where 6 is given by Eq. 10, and we determine u(x) as the solution i
of 2

PR = FUx) - £ v + alva(x)], xeD, (13a)

| and subject to the boundary conditions
u'n = 0, xe3D, nx(n*V)u = 0, xedD. (13b)

o With p(x) and p(x)u(x) thus obtained, we define S(t) as the operator
- such that

[p(x), p(x)u(x)] = S(1) [p(x), p(x)u(x)], xeD. (14)

The solution of the Stefan problem (Eq. 10) and the linear
] elliptic equation (Eq. 13) is straightforward. It is the solution
of the Stefan problem that determines the time development of the
free boundary. Explicit numerical algorithms to solve these prob-
lems follow.

- 4 -
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For the Stefan problem, we use a variation on an algorithm
I for the general problem
I u, + Lf(u) = 0, u(x,0) = uo(x), (15)
o when the semigroup associated with L,
&
s(e) = &f, (16)
o is contractive in L1 and L” (Ref. 3). The algorithm approximates
i u(x,nh) by un(x), obtained by making the substitutions
i R S N et ) (17a)
il t h
1 and
Lu-*-SAxh_lu. (17b)
: where A is a positive constant, in Eq. 15. Thus,
P P = 0@ - 3 @] + 1 s £l
b §
L :
; an
d £
|
: % L W) = uy. (18)
4 f 1 ©®
' : i_ The algorithm (Eq. 18) is stable in L™ and L if f satisfies
4 ;
f £ 0% f(u) - f(v) ® A(u -v) foru - v= 0, (19)

Making the obvious substitutions and noting the boundary condition

; F (Eq. 10d), we obtain an algorithm to solve the Stefan problem (Eq.
B 10) by setting A = 1:

4 ] Ref. 3. H. Brezis, A. E. Berger, and J. C. W. Rogers, "A
1 l: Numerical Method for Solving the Problem u, - Af(u) = 0" (to be
3 published).

i By
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%(x) & 6(x,nAa), (20a)
0%x) = §(x), (20b)
0" (x) = 6%(x) - £[6%(x)] + S(Aa) £[6%(x)], (20¢)

where 8" (x) is obtained from 8™ (x) by reflecting values of 8™ (x)
symmetrically across the boundary 9D:

B%(x) = 8%(x), xeD, (20d)
and
™ (xtne) = 6% (x-ne), € = 0, xedD, (20e)

In this case, L = -A and

o
[S(h)u](x) = ——1-7- f e-(x-’ )"/4n u(x')dx'. (21)

(4mh)V/ 2 4

There are many ways to solve the linear elliptic boundary

value problem (Eq. 13) for p u. In terms of the solution of the
parabolic problem .

S A({-o- ¥), (22a)
¥(x,0) = 5T - 2w, (22b)
we get
p(x)u(x) = ]' v(x,y)e dy. (23)
0
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; T An approximate solution of Eq. 22 is obtained by making substitu~
F 3 tions in Eq. 22a of the sort indicated in Eq. 17. Thus, if
P vI(x) & ¥ (x,n8Y), (24a)
5 we get
L :
W0 = @i - 2w, (24b)
) ) = P - 9" 4 2 s & 7. (24¢)
A o A o
.
: : i Here, in accordance with the boundary conditions (Eq. 13b), we ob-
. = tain 7:“ from wn by reflecting the components of lbn parallel to the
E boundary 3D symmetrically and the component of wn perpendicular to
9D antisymmetrically:
3

E‘ VHx) = ¢"(x), xeD, )
b | -
1 s } W x n)(xtne) = (" x n)(x-ne), €= 0, xedD, (24e)
! 1 } V™+n) (xtne) = -@"+n) (x-ne), € 2 0, xedD, (24£)
i L' I The scheme (Eq. 24c) is stable in Ll and L~ if

{ ! A2 ‘];—0 ::g v(x). (25)

[

S(AAy) 1is given by Eq. 21.

[}
L
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The function v(x), which appears in Eq. 24c and is defined
in Eq. 12, is approximated by

v(x) & Aa 2 £16%(x) 1. (26) -
n=0

The term - %Vv in Eq. 13a had its origin in the momentum associated

with the redistribution of mass upon satisfying the constraint (Eq.
1) (Ref. 1). Thus, this term, which appears in Eq. 24b, is computed
approximately from a formula that reflects its origin:

o A il
_ -Z;Vv(x)ﬁ Z/‘x ; x 1 T3 e-(x-x ) /4Aa £[6™(x") dx' .
=0 (4mba) T

27)

In contrast to the solution of Eqs. 10 and 13, the solution
of the hyperbolic conservation laws (Eqs. 6 through 9) poses larger
4 theoretical problems, as it is closely connected with the origins
3 of turbulence and in the general case requires the enlargement of §
- | the class of acceptable solutions to stochastic flows in order to <.
» be well posed (Ref. 2). At this point we come close to the current
limitations of our hydrodynamic theory. In particular, we do not

o it S 2% i B e <.

k1
} now have a reliable algorithm to determine the evolution of the : o

2 flow in probability. Accordingly, we shall assume that all flows |

P studied in this report, whether turbulent or not, evolve determin- -
istically.

| et

I The purpose in regarding Eqs. 6 through 9 as a '"conservation" 2 E
law is to provide a guide for determining the '"weak" solution of T |
Eq. 6 when the initial data p(x) and p(x)u(x) lack sufficient reg- L) |9

ularity for a classical solution to exist for all te(0,t). An ap-
proximate solution of this conservation law can be given in terms
of a distribution function F(x,v,t) satisfying the equation

5 P, + v-TF - g 92— = 0, (x,v,t)eD x R' x(0,1), (28) 1
VA .

F the initial condition

F(x,v,0) = p(x) 8[v-u(x)], (x,v)eD x RV, (29)

- 18 -
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and the boundary condition

F(x,v,t) = F(x,v-2nven,t), (x,v,t)edD x RN x (0,1). (30)

3(x) and g(x)a(x) are given approximately by

- o (x) -fF(x,v,'r)dv. xeD, p(x)u(x) -f F(x,v,T)v dv, xeD. (31)

§ Note that Eq. 28 is a linear equation whose solution can be written

- explicitly. Because of the boundary condition (Eq. 30), the char-

5 acteristics of the equation satisfy

o dx _

: " " (32a)
. -gk -z 2nven 6(t-t,) (32b)
dt K K

| . where the times {t, } are the times when
x(tk)eab (32¢)

and n is the outward normal to 3D at x(tk). The use of the distri-

bution function to solve the conservation law (Eqs. 6 through 9)
has some similarity to the construction of solutions of another
hyperbolic conservation law through the superposition of solutions
of linear equations (Ref. 4),

i
;
:
l E
| :
!
i .
|G
aF r Ref. 4. J. C. W. Rogers, "An Algorithm for a Hyperbolic

PRt

# ——

-y

J Free Boundary Problem," APL/JHU TG 1309, May 1977.
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3. NUMERICAL SOLUTION OF THE EQUATIONS

Let x and z be the two independent spatial variables. We
shall indicate how the equations given in the last section are
treated numerically when

D= {(x,2) | z>0, 0<x <X} (33) :

We approximate D by the computational domain Dc:

D, = {(x,2) | 0<x<X,0<z<2}, (34)

and we partition Dc into rectangles by a grid of lines

]-Ikx-xi+1/2) (z-zj+1/2) =0, 0s1i&£I,0jsJ (35a)

4 with r

F X102 % 00 ®y_gy2 < Fyyyp FOX 1ELET, xp =X,

for 18§ 7, 2 z. (35b) L

2172 0 2412 < 2441/2 J+1/2 =

The fundamental dependent variables are mij’ the mass in the

T

rectangle -
: !
Rig = ®o1y20 ®44172) ™ o120 2302720 "
k 1
3 and "xij (resp. “zij)' the x-component (resp. z-component) of momen- i;
tum in the same rectangle. Each of these quantities should be o’
labeled by another index to distinguish the time at which it is i
measured. However, for purposes of simplicity and in the spirit of =

the analytical description of the algorithm in Eqs. 6 through 14,
we do not carry this index along and only indicate how to find these
quantities at one time from their values one time step beforehand.

-
Ll ]
S A
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We first show the effect of solving the hyperbolic conser-

vation law (Eqs. 6 through 9) on the quantities mij’ uxij' "zij‘

Here we use the approximate form of the algorithm in Eqs. 28
through 31. The first step is to take account of the effect of
gravity on L J:

Vggy = Vpqy T Ty (37

Next we compute the velocities uij and "ij’ Given an appro-
priate small number €>0, we have

0 uij<e
“1j = "xij mijEt: (38a)
mij
and
? mij<e
vy uzi[ G (38b)
mij ij
The mass density is
m
ij
13 bx bz, * (39)
where
bx, = X341/2 = *4-1/2° Az:l " 2541/2 " %y-1/2° (40)

Our numerical solution of Eqs. 28 through 31 proceeds as if
p(x), u(x), and w(x) are each constant in rectangle R1 j with values

P 13° uij' and wij’ respectively. The boundary conditions (Eq. 30)
hold on the rigid part of 3D:

-1 -
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r = {0} x (0,2) U ¢0,x) x {0} U {x} x (0,2). (41) g

On BDC-P, we allow fluid to leave the computational region and never : |

return.

With these boundary conditions, the problem becomes determi-
nate. In Eq. 37, we have taken account of the effect of gravity.
There remains to solve an equation like Eq. 28 with g = 0 and the
boundary conditions (Eq. 30). The equations of the characteristics
are Eqs. 32 with g = 0. For our computational domain Dc the solution

of these equations is straightforward. One need only translate each
point of each rectangle Rij along its appropriate characteristic for

a time v, find its new location in the computational grid, and, in ] |
addition, ascertain the number of reversals of the normal component .
of velocity that have taken place at ', in accordance with Eqs. 32.

o

s ot il

Different cases arise, according to whether the characteristic
for a point of a rectangle Rij has or has not been reflected at z = 0,

TN

or whether the characteristic has left the computational grid. A

similar situation arises with regard to reflection of characteristics

at x = 0 and x = X, in particular, whether the total number of such

reflections is even or odd. -

T

Let ;ch be a point in the original computational domain and

let ;*(:)eDc be its new location after time t, if its characteristic 5
>

does not leave Dc' We may map each such point ; into a point ;Y;)
of the rectangle (0,2X) x (0,2Z) according to the following prescrip-

tion. 5

i x* (x) N, even ' 3

x(x) = “ , (42a) i

2X~x* (x) N, odd 1

-8

3 $h 2% (x) N, even - J
i z(x) = o s (42b) -
22-2*(x) N, odd

3
2 e
.

- 22 -
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where N, is the total number of reflections of the characteristic

1
at x = 0 and X, and N2 is the number of reflections at z = 0. We
define
X41/2 " 2X - X)1-141/2° I+1 < 1< 21, (43a)
By41/2 = 22 = By5 44y IS IS 2. (43b)

With Eq. 43, the definition (Eq. 36) of Rij may be extended to
1121, 1<3 <2,

Points ;eDc whose characteristics lead after time T to a
point X*eD_ will have
g
X(P)elxF, (x*,22-2%), (2X-x*,z*), (2X-x*, 22-z*)}. (44)
Equivalently, let
Rij,ee = (xR [x*()eR,), 1<1<T, 1< <T, Igkg],

12«3, (45a)

and
i'ij ;e = (xeRy |x(x)eR p}, 1<1<I, 1<3<J, 1<k<2I,
1< £ <27, (45b)
Then
Regsue ™ Regse U Regsoreni, e U Reggi, 2001-2 U Riggome1-k, 254120
1€1<1, 1€ <J, 1€k<I, 1<L<J. (46)

Fluid in R

193kl will have its x-velocity reversed if I + 1< k< 21
’

and its z-velocity reversed if J + 1 < £ < 2J,
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It follows from Eq. 32 with g = 0 and the assumption that u
and w are constant throughout Rij that we can write

1(10.1) J(L'-lJ.:l)
{x(x)|xeR, } = . NP (47a)
1 a1 pm1 508
where
kij;as = [E-(iojpu)’ €+(iojoa)] x [n-(i.J.B). n+(i.J.B)]. (47b)

and I(1,j) is 1 or 2, according tc whether all characteristics
from R, , have been reflected at x = 0 and X an equal or unequal

i]
number of times, respectively, and J(i,j) 1s 0, 1, or 2, according e
to whether all characteristics from Rij have left the computational f

grid, or whether those remaining have been reflected at z = 0 an
equal or unequal number of times, respectively. To find I(4,]),

J4,3), Ei, ni, we do the following.

w We first construct

;f g
5! z;j = 24,12 + Wiy T (48)
3 1f i
| &
é sz 22 and 2, 22: J(L,9) = 0; (49a)
+ - - -
zij 2 Z and zij <Z: J,j) =1, n (1,5,1) = zij’ :
3 14
and n (1,3,1) = Z; (49b)
: 5 ‘i
z1j £ -Z and ziJ s -Z: J(1,§) = 0; (49¢)
z;J £ -Z and sz > =Z: J(1,3) =1, n (1,3,1) = z, ;
| and nt(1,4,1) = 22 + zI&; (49d) Ei

B B =
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- 0 < zij < 2 and zij 20: J(,3) =1, n (1,3,1) = zij’
and n+(1,j,1) = sz; (49e)
+ - =
: 0 < O < Z and 24y < 0: J(i,j) =2, n (4,3,1)
+ + - - +
= 0,n (1,3,1) = zij’ n (1,3,2) = 2Z + zij’ and n (1,3,2) = 2Z;
(49f)
+ - -
-2 < zij £ 0 and -Z < zij <0: J(,3) =1, n (14,3,1)
=22 + 2, and n'(1,3,1) = 22 + z., (49g)
zij' and n »J, zij. g
q Next we find the unique integer m such that
xij = Xy_1/2 + uijt + 2m X (50a)
satisfies
:j £ o
hi 0 xij < 2X (50b)
“: { and the unique integer m+ such that
3 > + +,
J % : X1y = *41/2 + gyt + 2m X (51a)
3 !
E L satisfies
§ 0€ x, < 2X (51b)
, ) - S
4 e
F , If
' - -
+ - - - + +
| & Xgy > Xyt I,0) = 1, €(4,3,1) = x;,, and £ (1,5,1) = x,
E d 3 (52a)
z' -
I §
X i

|
: ? - 25 -
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Xgy s Xyt LD = 2, € @WLD = 0,67(L,3,1) = X,

£7(1,4,2) = x,, and £7(1,3,2) = 2X, (52b)

Since p, u, and v are assumed constant throughout Rij for

each 1 and j, we have for the mass and momentum associpted with
the points yeDc such that x(y)e R p» 1<k« 2I, 1<2x2J,

I J
* -
e " 2 2 Ry neleyys (53a)
i=]1 j=1
I J
* o
i=1 §=1
E | I J
| * =
- i=1 j=1

where IAI is the (Lebesgue) measure of the set A. From Eq. 47,
f | I(4,1) J(L,1)
IRij;kl.l 5 z 2 Ikij;ae ﬂRk,Cl (54)

E ' a=1 B=1

From Eqs. 47b and 36,
l?(ij;aeﬂ Reel = m{m“(5+(i'3’°)’ Xet1/2]
. = max [5-(193’3)’ xk-l/z]’ 0}

X max {min[n+(i.JsB)» z£+1/2]

%: . : ~ max [n-(i.J.B). 21_1/2]» 0} . (55)

- 26 =
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L |

b The approximate numerical solution of the hyperbolic conservation
4 law is completed by setting, with the help of Eq. 46, for 1< i <
Iand 1< j< J,
n * * * *
Bet TP "Mt 3 YN 20 T Momei1, 0040 (56a)
¥ n * * * * 56b)
ety = Vxdy T Mx2I+1-1,4 + Mxi,2041-§ © Mx2T+1-1,2541-4, (
n * + * * % (56¢)
Mz13 T Mzag T Vzare1-4,3 T Vzd,2041-3 T Yz2141-4,2041-3° ¥
We must now transcribe the algorithms for solution of the
one-phase Stefan problem and the elliptic problem (Eq. 13) to their
numerical context. As we can see in Eqs. 20c and 24c, the numer-
ical implementation of the algorithms requires an appropriate nu-
merical representation of the operator S(h) in Eq. 21. First,
observe that S(h) can be factored:
| h g 1 h -
e | 5 9z ox
| S(h) = e e £ Sz(h) Sx(h), (57a)
1 % f ; where
| L
R 11 1 - (x-x")2/4n
ES R s, Wul (0 = —Lorm f e u(x')dx'. (57b)
(47h) 1
‘ R

e

To the level of accuracy we have been considering, func-
tions operated on by sx will be constant on each interval (x1-1/2’ {

‘1+1/2)' Thus, denoting the characteristic function of a set E by
x(E), and letting

R
| |
= |
1k ' ! Xy = X[xy_y /90 %441/90)s o
Eis .

P [ !
e
. "

7 —

[} =97 -
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we will want to replace Eq. 57b by __g

S(hu = Yu, S (), (58b) .
] 1
where uy is the value of u associated with cell i. When b 3
(ax,)
i

is sufficiently small, it is most convenient to approximate Sx(Au)x1
by a function that is also constant on each interval (xk-1/2’ xk+1/2)

and, furthermore, that is zero when |k - i| > 1. Thus, we shall
write approximately

- 0 +
Ci Ci Ci (59)
b Bl el T e L e

where ci and cg are to be found. We shall determine the coeffi- il
cients by requiring that the first three moments of x be equal for p
the expressions on the left- and right-hand sides of Eq. 59. Re- )

3 ferring to Eq. 57b, we easily calculate it

|

v' 1 fsx(Aa) xqdx = Ax,, (60a) ig

| fx Sx(Aa) x dx = x, bx, , (60b) ?5
x2 S_(Aa) x,dx = (x,2 + 1(ax,)2 + 280) Ax (60¢) [

x 1 R $ i}

where

T
$rasameny
S —

x5

1
7®172 ¥ Xq4972)¢ (60d)

# g N
et

i Equating Eqs. 60a through 60c with the corresponding moments of
the right~hand side of Eq. 59, we obtain the equations

SE- - 28 -

(77 T s S < W ety
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+cox+cx

B Bgg ™% T T Xen "

N
¢y [*31

2. 1 2
xy + 12(Axi) + 2Aa.
The final result is

cy = 3Aa[Axi 1/2(Axi 1 + Ax + Ax

c+ = 3Aa[Ax

1 +Ax + Ax

14172 8%y
0 -
ey 1 - ¢, - ¢
where

akia
:2( + Ax

84172 41"

141

-1

1 2 0.2 .1 gy Bk 1
+<I7(Ax1_1) ] + cy [x1 + TE(Axi) ] + cy [x1+1 + TE(Axi+1) ]

st
)]

(6la)

(61b)

2

(61c)

(62a)

(62b)

(62¢)

(62d)

Thus, for a function u -:E:ui Xgs it follows from Eqs. 58b and 59

that we can write 1

fR‘kj Sx(Au) udxdz -??ﬂ‘ uiAzj.

where

-2

(€3a)
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c:'.Ax:l k=1-1
chx1 k=141
B, = s (63b)
ik &
ciAx1 k=1+1
0 |k - 4] > 1

In Eq. 20c, we observe that Sx(Au) operates on functions

that have been continued symmetrically across the boundaries
x = 0 and X. Thus, if one were to represent numerically the ef-
fect of Sx(Aa) at cell k on a function f that has the value fi

in cell i1 and is extended to a function ?'according to the pres-
cription (Eqs. 20d and e), the result would be

I
1 - 1
Bx, 2 gik * B zpikfi’ (64)
1 i=1
where
'1’41k 2 S35 £Y -1ox 2 52k €T -1
P.m{ (e teyax d=sk=i (65)
ik b Tl .

0 +
(cI + cI)AxI i=k=1

All the quantities in Eq. 65 are calculable through Eqs. 62 and
63b, with the convention that

Axo - Axl/Z - Axl, (66a)

Ax = AxI+1 - AxI. (66b)

I+1/2

- 30 -
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Similar results hold for the approximation of the operator

Sz(Aa). Let
s, = Xz +z ) (67a)
] 2'"3-1/2 j+1/27°
MZygrsn —;‘-(Azj + 88,0, (67b)
Azo = Azl/Z = Azl. (67¢)
AzJ+1/2 - AzJ+l = AzJ. (67d)

Then the effect, evaluated in cell £, of Sz(Aa) operating on a
function f that has the value f j in cell j and is extended sym-
metrically to a function f according to Eqs. 20d and 20e, is,

for s 2 sufficiently small,
(az,)
B
J
1 - 1
Bz, XN Bz, 2 ety e
] i=1
where
sz 2 £§3 fJor2 sl <J
le > ’ (69)

(eI + eg)Azl j=L=1

-3 -




THE JOHNS HOPKINS UNIVERSITY I
APPLIED PHYSICS LABORATORY -

LCAUREL. MARYLAND

ejAzj L=3-1

0

ejAzJ L=
g, - : (70)
- +A L +1

ej zj 3j

0 2 - 3] >1
and
e, = 3Aafaz (8z, ., + Az, + bz, )] e (71a)
3 j-1/2*"%3-1 3 j+1 3
+ -1
ey = 3Aa[Azj+1/2(Azj_1 + bz, + Azj+1)] , (71b)
3 0 g v - 3 +

ej 1 ‘j ej. (71c)

When Aa is not small enough, some of the quantities P11 or
ij given by Eqs. 65 and 69 may be negative, and in that case the
»? approximate representations of Sx(Aa) or Sz(Aa) that have been
| given above will lead to instabilities in the computation.

| Accordingly, if, for example, P11 < 0, it will be necessary
_3 for us to obtain a better representation of S_(da)x, than that af-
forded by Eq. 59. Referring to Eq. 57b, we look at

FRee1/2 . ‘
- |
1 o~& 4bay !

S_(Aa)x, = —l € (72)
- 1 (4nAa)1 2

X=Xi41/2

gy

when x is in the kth cell. Consistent with the accuracy of the

)
| S|

numerical quadrature we have been using, we replace gik in Eq. 63
by the integral of Eq. 72 over the kth cell. For k > 1, this is f

b e i o i st e
D &=
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!

ny

Xe+1/2
?ik -4 Jr
Y4rAa
*k-1/2

x-X
1-1/2 2
e-E /4Aa dE dx

X"X4+1/2

wp (B2~ M) | (Ferr/2 T Fanig2

2/Ba

0-1/2 ~ *3-1/2

2/ba

etll2 " %4112

S T aangr e
~

by

B YT T e ——————

P + P q (73a)
2VAa 2/ha
where
; e s Ll
N 1] P =5 [ -2 [ an). (73b)
| g
i
} j When k < 1, one obtains
bl |
; -
| % ?ik - ¥, (74)

? If Sx(Aa) operates on a function that has been continued

symmetrically across the boundaries x = 0 and X, the result may
be put in the form (Eq. 64) where now P1k is given approximately

-3 =
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p wplik=if2” Fewaja)  _f Beedia T Xienfa
i 2/ha 2/8a

N ' VB 5 V) WY ™ Vi Ml OV
2/ 2/ba

2v¥Aa 2VAa

x + X +
& P( 141/2 7 Me-1/2) P( 141/2 * *k+1/2

2VAa 2VAa

X + X +
i P( 1-1/2 7 *k-1/2 | _ P( 1-1/2 © *k+1/2
P

2V8a

P Bl o V7 Bl T V7 D (it S V7 Bl T2 V7
2Vha

el 77 By 7

I Bl T V7 Rl TS V) N
»
2vAa 2VAa

l1s1i<ksl, (75a)
Py =Py 18 k<is T, (75b)
Pii-hi-z Pik y 1€ 1T, (75¢)

ked

1<k<I
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Similarly, if Qj j calculated by Eqs. 69 through 71 is < 0,

we calculate Q.1 L according to the following procedure. Let

512 * T %4172

2
= -£°/4ba
= e dg dz. (76)
jt Y4rha f -/;
Ze-1/2 2341/2

When j¥&, 33 ¢ 1s given by equations similar to Eqs. 73 and 74,
For £ = j, we find

Az
ajj-Azj-ZeE+2P2—;1_—. . (77)
Aa

The effect of Sz(Aa) evaluated at cell £ operating on a function

that has the value £ j in cell j and has been extended symmetrically

across z = 0 according to Egs. 20d and 20e may be put in the form
(Eq. 68), where Qj L is given approximately by

z -z z -z
sz - P £-1/2 j#1/2 - P 2+1/2  “4+1/2

2/ba” 2/ha’
B %7 T 1 | O 7Y i W
2/ha Z/AT

Z + 2z z + z
sp(ltr2” 3-1/2) o Zesr/2 T %312

2Vha 2Vha
_p a2t Bnge) | o Zese t Ree
2/ba 2Vba ’
lgi<lel, (78a)
- 35 =




THE JOHNS HOPKINS UNIVERSITY
APPLIED PHYSICS LABORATORY

LAUREL MARYLAND

QJL = Qe 1< L<3<7J, (78b)
Az z z
Q .Az-zféﬁq.zp_l...p_t]ig.-zp_i
13 3 . 2v/Aa VAo Yo
z
+P —l/t_l—/-z- . 1< j<J. (78¢)
Aa

In the numerical solution of the Stefan problem, we follow

the prescription laid out in Eq. 20. We form quantities m:j,
starting with

0 v
m s n

13 14° (79)

The step corresponding to Eq. 20c in which m?}l is computed is per-

formed in two parts.
First, we compute

n
m

| i
P1y " Bx 0 (80)

3

and, given a small positive constant €1» we check whether or not

max a
}:;.:JI (913 - po) < €. (81)

The constant el is what terminates the solution of the Stefan prob-

lem and represents an allowable margin of error in the density cal-
culation. Suppose Eq. 81 is first satisfied for n = n,. Then we
set

)

o ———y
| (ERRONER. |
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Byy T My (82)

&
»
|

For n < n,, we form

n+l/2 n n n
mij = AxiAzj [pij - f <pij>] + Az:l ZPki f(pkj)' (83)

Then we compute

o tl/2
olf2 _ 1

P (84)
ij AxiAzj

and let

J
n+l n+l/2 n+l/2 n+l/2
m:lj = AxiAzj [pij - f(pij )] + l.\xi ZQLJ f(pu )
£2=1
(85)

In place of Eq. 26 we have

no-l

| vy, z ba £03,), (86)
1 ; n=0

B T ————

; } and Eq. 27 is the basis for the numerical analogs
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n
(Au)xij = Azj z szif(ij)

n=0 k=1
X-]: X + x - - (87a)
2\ *1-1/2 7 *141/2 T *k-1/2 T *k+1/2
and
no-
n+l/2
(Au)zij = Ax, z ; Qljf<’1£ )
n=0 =1

x 3 z + z -z = 2
2 {"1-1/2 j+1/2 £-1/2 2+1/2) *

(87b)
Finally we determine the new momenta by using Eq. 24. We

calculate quantities up and up , starting with
e’ g

"?uj - 'x‘fxij + = (aw) j
and

Mgty = Vpsy LA COI R
If

max

el

where € is a small positive constant, we set

- 38 -
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"xij " uxij

and

- 0
Y213 T Y21y (90)

Otherwise, let

4+ max
v =1S{<I v
15§53

13° (91)

Mindful of the sufficient condition for stability of the algorithm
Eq. 24 as given in Eq. 25, we set

‘ +
3 A=1.1 %3— ’ (92)
0

| Ay = ba/A, (93)

3 i ’ and

(1 .
v = > (94)
13 1.1v+

PO —

Then we proceed with the algorithm Eq. 24 with this A and Ay, com-
{ P P <p <

puting uxij and uzij for 0 <p Py where Py is the first integer

for which

P T e, m e -

-
et

(po + 1) Ay > ¥ (95)

=Y
and Yo is a prescribed positive constant with e . consgidered to

be a small number.
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The numerical step corresponding to Eq. 24c, in which

upI} and uZI} are found, is done in two parts. First, we find
J Q +3F P
L2 z 23 Vik  Mxig (96a)
xij Axi Azt
£=1
and
J Q(1) 1) P
p+l/2 _ 2 £y Vie Vzit (96b)
Mz1j bx, bz,
£2=1
Then we compute
I
P+1/2 v 1) p+l/2
Wy " Q- v w4 z Pre Vs ihia)
k=1
and
I
ptl _ (1) p+l/2
Mz13 a- Vi ) WP oy Z Py Voky ° (97b)
k=1

Here P(l) and Q(l) are found in a manner reminiscent of the deri-
vation of P and Q above. The only difference is brought about by

the different way $n is obtained from wn in Eq. 24 as compared with

the extension of 6" to 6" in Eq. 20. Specifically, when P
calculated by Eqs. 62, 63, and 65 is > 0,

i1 as

- siaw 2 Sy
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P:I.k 2si1iSI-1lor2ksI-1
1) _ 0 - e
Pik (c_1 - cl)Axl {i=k=1 , (98)
0 +
(cI - cI)AxI i=k=1

and when Qj j calculated by Eqs. 69 through 71 is = 0,

Q 2%£) £Jor2<l cJ
ey e

= ik . (99)
it (eg - el)Az1 j=4=1

If, on the other hand, Eqs. 62, 63, and 65 yield a value of Pi

(1)
{ P 1k is given by

£ =%

3 i
! - X - X - X
‘ ! 1) 2P("k.uz 1+1/2> _2P<‘k+1/2 1+1/2> _2P<"k-1/2 1-1/2)

. s 2/8a 2/8a 2/6a
| U
)
El z z - X
| | op [ EHL/2 ~ Tim1/2) By 158k =1, (100a)
1 - 2/Aa
f k- Pﬁ) - PS) y 1%ke<i€1, (100b)
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Ax x x x
p(1) o gp| —L +Axi-2/5%-1' i-1/2 +2P( 1) pfitL/2

11 2/5a VAs e Vaa
X - %/ ® =X X~ %172
- p|—-iL2), 2 o ] el
VAo YAa /E&.
1<is571, (100c)

And if Eqs. 69 through 71 give ij < 0, we calculate Q;i) from the

alternative formula

o® o, - op[ Z1z12 T Pe-1y2) o f Zae12 * Zenagn
ae e 2/ka 2/ka

+ 2P

Lo VLI 2 V) W BT V) S 2oV
2/Ba 2/8a

1357, 18257, jiL, (101a)

A
QD = a2 -2ﬂ+2p:1§-P —zi‘—l-/—z>+2p fl—)

4 I 4T 2/8a) © \ Via ey
z
~pf-dEl . y&ym g, (101b)
/Ao
Finally, the numerical version of Eq. 23 is
Ny P PAY
A P _-pAy - oy 0 -0
ui.1 z "ij e l-~e"™ ") + u“ e . (102)
p=0

LR S
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4. SAMPLE CALCULATIONS

We shall describe some calculations that we have made, using
the numerical representation of the flow described in Section 3. A
listing of the computer program appears in Appendix A. We shall

g outline the results of the calculations one by one and examine them
for any indications they offer about the accuracy of the code. More
detailed observations about the deficiencies of the present program

< and suggested improvements will be given in Section 5.

i

In each of the calculations, we have found it worthwhile to
monitor the total energy as a function of time. In general, energy
will be lost in the part of the algorithm that approximately solves
the hyperbolic conservation laws (Eq. 6). This follows from Eq. 31,
which expresses the fact that all '"collisions" of parcels of fluid
are inelastic. This energy loss is not just a function of the time
and space discretization but may persist even in the continuous
limit and, in fact, is intimately related to the turbulent or non-
turbulent character of the flow (Ref. 2). Nevertheless, classical
inviscid flows couserve energy, and by examining the variation of
energy with the time we may get an idea either of the degree to
which the flow 1is turbulent or of the error involved in the discrete
‘ approximation of the flow. The energy loss due to the discrete ap-
f - proximation essentially has two sources: a 'diffusive" energy loss
i associated with the finite size of Ax and Az, and a "collisional"

loss associated with the finiteness of the time step T and the pos-
: sibility of different characteristics of the Boltzmann equation
{ (Eq. 28) running together in time Tt.

,.«.Tv.—mwv.v.ﬁ_.—w

g

(The algorithm that we have described is not guaranteed to
i dissipate energy, since energy may be created in the solution of
L the Stefan problem (Eq. 10) and the elliptic boundary value problem
(Eq. 13). However, one can verify that, for the analytical algo-
p rithm of Section 2, such energy production does not exceed the col-
; lisional loss in the limit as t+0 (Ref. 1). Thus, any energy in-
crease that takes place in the numerical solution of the discrete
equations must reflect the discretization error involved.)

EVOLUTION OF A LIQUID INITIALLY AT REST AND WITH A
HIGHLY DISTORTED INITIAL FREE SURFACE

Our first calculation had I = J = 10, Axi - Azj =1,

T=0.1, g=1, and I 1. The initial data were

r - 43 -
)
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B
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|
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1 1<1<2,1<3i< 2
1 3<1<4,1<3<10
mij- 1 5€£1<7,1<3J<5 (103)
1 8<1i< 10, 1< j<3
0 otherwise,

= = f -2
and uxij "zij 0, 1< 1, j=<510. Othefzparametets3 or the cal

culation were chosen as € = 10 °, € = 10—, €, = 107, Ny - 10, and

Aa = 0.1, as defined in Eqs. 38, 67, 75, 81, and 26, respectively.
The calculation was run until time t = 14,

Our original hope in choosing the initial liquid domain
as given in Eq. 103 was that such a highly distorted initial sur-
face would lead to wave breaking and falling over, with the at-
tendant formation of cavities., However, this expectation was not
borne out by the computational output. The numerical results in-
dicated a free surface for which the vertical coordinate was a
single-valued function of the horizontal coordinate. In this
case the z-coordinate can be identified with the total mass in
a column of fluid. Table 1 gives the results for this total mass
at times t = 0, 2, 4, 6, and 8, We observe that the free surface
appears to oscillate in time, with the oscillations getting pro-
gressively smaller as time increases. There develops a rather
high peak of the free surface at the side walls (i = 1 and 10),
a feature that has dubious authenticity. Rather, this appears
to be related to a defect of the numerical algorithm of Section 3
with regard to the treatment of normal components of velocities
at rigid boundaries. This point is discussed more fully in Sec-
tion 5, where we also suggest an improvement.

In Table 2, we show the kinetic energy (KE), potential
energy (PE), and total energy (E) of the fluid system as a func-
tion of time. We note that there is an initial increase in en-
ergy. Of course, this is a spurious effect and indicates the
size of the discretization error made. As time progresses, the
energy appears to decay. We have pointed out above that, for a
nonturbulent flow, such decay is not a property of the exact
solution but reflects the error in the finite representation of

- bl -

wasn oy
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Table 1
Total mass in column i as a function of t.

\;\Q\ 0 2 4 6 8
1 2 4.171 7.073 7.524 6.240
2 2 3.982 4,665 2.766 3.129
3 10 7.810 4,170 3.222 3.175
4 10 8.090 4.120 3.209 3.699
5 5 4,277 3.633 3.466 4.660
6 5 5.577 4,077 4,715 5.284
7 5 4,227 4,155 5.301 5.195
8 3 3.675 4,395 5.282 5.218
9 3 3.547 4.951 5.046 4,578
10 3 3.528 6.567 7.123 6.232
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Table 2
Kinetic energy, potential energy, and total energy as functions of
t, for a highly distorted initial surface.

t KE PE E t KE PE E

0 0 155 155 7.5 20.37 123.8 144.1 .
0.5 9.56 152.5 162.0 8.0 22.67 123.0 145.7 |
1.0 17.63 148.1 165.7 8.5 21.25 122.7 143.9 i
1.5 23.84 140.6 164.5 9.0 18.50 122.1 140.6

2.0 30.60 132.3 162.9 9.5 16.67 121.5 138.2 ; i

2.5 36.20 126.2 162.4 10.0 15.19 121.3 136.5
3.0 36.05 122,4 158.4 10.5 13.99 121.1 135.1
3.5 33.92 121.0 154.9 11.0 13.49 120.5 134.0 :

k'i 4.0 29.19 121.7 150.8 11.5 13.55 119.0 132.5
1 4.5 23.83 124,.6 148.4 12.0 15.10 116.5 131.6
i | 5.0 24.49 127.4 151.9 12.5 15.19 114.7 129.9

5.5 |20.95 | 128.8 | 149.8 | [13.0 | 14.34 | 113.8 | 128.2
| 6.0 |18.85 | 128.1 | 147.0 | [13.5 | 12.45 | 113.7 | 126.2
| 6.5 |[17.30 | 126.8 | 144.1 | 14,0 | 11.62 | 114.3 | 125.9 SNE
\ 7.0 |19.32 | 125.0 | 144.4 |8
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” the evolutionary equations. In this problem, because of the ab-
sence of any observed breaking or development of other pathologies
- in the flow, we are inclined to discount the presence of turbu-

lence. The energy decay is such that we would tend not to give
much credence to the quantitative computer results after time = 8,
s even apart from the unpersuasive character of the data at the side
walls for earlier times.

. COMPARISON WITH LINEAR THEORY

The algorithm presented in this report is decidedly ineffi-
5 cient when it comes to solving linear wave problems., First, in
the linear regime the problem ceases to be a free-boundary problem |
in any important respects, and methods based on Green's function |
s for the unperturbed domain are more effective. Also, a special |
burden is placed on the size of the numerical mesh, as it must be |
7 fine enough to resolve the linear displacements of the free sur-
face, and yet the assumption of linearity requires that this be
only a small portion of the vertical extent of the computational
. - domain. Nevertheless, it is incumbent on us to compare the results
3 of a calculation based on our algorithm with a known solution, and
= in this respect a linear problem naturally comes to mind.

T

g i The linear solution we compare with is the wave whose sur-
’ face height is given by

I i. z(x,t) = 5 + cos wt cos 12%, 0 x££ 20, t= 0, (104a)
|
E i

L where

v...-v.-
T -

w! = gk tanh kh, g = 4, h = 5, k = J5. (104b)

U,
.

e
i

Our computation took place on the mesh

P

bx, =1, 15 1 %20, (105a)
1£5%3

sz, = (0.5 4€3%11, (105b)
126 55 14

- &7 =

¥ - - i
B T S —————
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Initial values of mij corresponding to the initial profile

z(x,0) = 5 + cos ’2'—3 . (106a)

were provided, and the initial values of the momenta were

uxij - uzij =0, 1<41i <20, 1 <j s 14, (106b)

These momenta were consistent with the fact that the fluid whose

free surface is given by Eq. 104a is at rest at t = 0. Other

relevant constants for the calculation were € = 10—5, € = 0.005,

-3
€, = 10 7, Yo
was run up to time t = 5.9.

= 10, Po = 1, T = 0.1, and Aa = 0.1. The program

As we observed in our discussion of the first example, the

g z-coordinate of the free surface can be identified with the total
F | mass in a column of fluid. Table 3 shows values of the total mass
| in each column for times t = 0, 0.5, 1.0, 1.5, 2.0, and 2.5. These
| are to be compared with the values (Eq. 104) predicted by linear
| theory and given in Table 4. As in the first example, we appear
' to get an accumulation of fluid at the side walls. This accumu-

™

| lation becomes noticeable after t = 1,5. By t = 1.0, we appear

i to be departing from the monotone dependence on x predicted by

‘ linear theory. This departure seems to commence at the side walls.
E. The data for times t > 2.5 indicate greater departures from the

' linear solution. It is possible that genuine nonlinear effects

i should arise, since the initial height varies from 6 to 4 as x

k- varies from 0 to 20, If the program we have described were con-
sidered to be a final product, we would be well advised to con-
sider this point.

Table 5 gives the kinetic energy, potential energy, and
total energy of the fluid as a function of time. A peculiar fea-
ture is that initially the potential energy varies only slightly,
undergoing a slow steady decay. Of course, this behavior is not
consistent with the linear theory. It is only after about t = 4.4
that the total energy remains essentially constant. The kinetic
energy osclllates from one time to the next and also undergoes a
slower oscillation, which has a peak with center around t = 2.5
and a low with center around t = 4.8, Analysis of the mass totals

- 48 -
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Table 3

Total mass in column i as a function of t.

PR 0 0.5 1.0 1.5 2.0 2.5
1 5.997 5.956 5.875 5.759 5.614 5.406
2 5.972 5.913 5.748 5.492 5.184 4.889
3 5.924 5,861 5.715 5.552 5.338 5.123
4 5.853 5.795 5.651 5.437 5.191 4,927
5 5.760 5.708 5.581 5.401 5.197 5.021
6 5.649 5.609 5.504 5.328 5.135 4.930
7 5.523 5.496 5,402 5.263 5.108 4.948
8 5.383 5.356 5.290 5.186 5.057 4.909
9 5.233 5.208 5.158 5.091 5.013 4.911

10 5.078 5.073 5.056 5.032 4.986 4.914

11 4.922 4.932 4,951 4.958 4,945 4,909

12 4.767 4,774 4,811 4.861 4.899 4.905

13 4,617 4,627 4,680 4,777 4.873 4.909

14 4.478 4,515 4,556 4,647 4,766 4.886

15 4.351 4.396 4,514 4.592 4.692 4.816

16 4.240 4,274 4,424 4,564 4.648 4,757

17 4,147 4.191 4,326 4.599 4.735 4.819

18 4.076 4,124 4,248 4.483 4.876 4.999

19 4,028 4,077 4,197 4.379 4.688 5,217

20 4.003 4.062 4,207 b, bbs2 4.847 5.554
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Table 4

Position of the free surface for a linear wave at the center of cell
i as a function of t.

\?FQ\\\ 0 0.5 1.0 1.5 2.0

1 5.997 5.946 5.798 5.569 5.282

2 5.972 5.923 5.779 5.555 5.275

3 5.924 5.877 5.740 5.528 5.262

4 5.853 5.809 5.683 5.487 5.241

5 5.760 5.722 5.609 5.434 5.215

6 5.649 5.616 5.520 5.371 5.184

7 5.523 5.496 5.418 5.298 5.148

8 5.383 5.363 5.307 5.291 5.108

9 5.233 5.222 5.187 5.133 5.066
10 5.078 5.074 5.063 5.045 5.022 4,997
11 4,922 4,926 4,937 4.955 4.978 5.003 |
12 4,767 4,778 4.813 4.867 4.934 5.008

13 4.617 4,637 4.693 4,781 4.892 5.013
14 4,478 4,504 4,582 4,702 4.852 5.018 o |
15 4.351 4,384 4.480 4.629 4.816 5.022 ;
16 4,240 4,278 4.391 4.566 4.785 5.026 ?
17 4,147 4.191 4,317 4.513 4,759 5.029 .
18 4,076 4.123 4.260 4,472 4.738 5.031 3
19 4,028 4,077 4,221 4,445 4,725 5.033

20 4.003 4.054 4,202 4,431 4,718 5.034 !
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Table 5

Kinetic energy, potential energy, and total energy as functions of
t, for a slightly distorted initial surface.

—

t KE PE E t KE PE E

0 0 1021 1021 3.0 59.82 1004 1064
0.1 13.78 1018 1032 3.1 52.56 1005 1058
0.2 31.08 1018 1049 3.2 54.82 1005 1060
0.3 28.35 1017 1045 3.3 53.16 1006 1059
0.4 44.76 1016 1061 3.4 51.54 1006 1057
0.5 31.58 1016 1047 3.5 52.88 1006 1059
0.6 43,67 1015 1058 3.6 49.89 1006 1056
0.7 37.55 1014 1051 3.7 50.70 1005 1056
0.8 45.65 1013 1058 3.8 48.24 1005 1054
0.9 42.59 1012 1055 3.9 46.46 1005 1052
1.0 46.61 1011 1058 4.0 45.52 1005 1051
1.1 47.68 1010 1058 4.1 43.50 1006 1049
1.2 49.37 1010 1059 4,2 41.41 1006 1047
1.3 51.94 1009 1061 4.3 42.77 1006 1049
1.4 52.13 1009 1061 4.4 40.20 1007 1047
1.5 54.05 1008 1062 4.5 41.37 1007 1048
1.6 54.23 1008 1062 4.6 40.27 1007 1047
1.7 55.65 1008 1063 4,7 40.26 1007 1047
1.8 56.39 1008 1064 4.8 39.95 1007 1047
1.9 56.97 1007 1064 4.9 40.55 1007 1047
2.0 57.87 1007 1065 5.0 40.01 1007 1047
2.1 58.27 1007 1065 5.1 41.24 1007 1048
2.2 59.22 1006 1065 5.2 40.50 1007 1047
2.3 59.46 1005 1065 5.3 41.38 1006 1048
2.4 60.61 1005 1065 5.4 41.10 1006 1047
2.5 60.97 1004 1065 5.5 41.71 1006 1047
2.6 60.79 1003 1064 5.6 41.74 1005 1047
2.7 61.86 1003 1065 5.7 42.73 1005 1047
2.8 58.82 1004 1063 5.8 43.53 1004 1047
2.9 54,60 1004 1058 5.9 44.71 1003 1048
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for the different columns of fluid and different times indicates a
surface that is relatively flat at t = 2.5. By way of comparison,

the linear theory predicts a surface that is flat at t = 2—: = 2,447,
At this time the kinetic energy would be a maximum, and it would
then decrease to 0 at t =-%. In our calculation, the "minimum"

kinetic energy is about two-thirds the "maximum'" value. Thus, from
the point of view of location of the free surface and period of os-
cillation, our calculation gives results as good as can be expected
for the grid we have used; but from the point of view of energy
balance, the picture is not as satisfactory.

Another feature of the flow that can be compared with the
prediction of linear theory is the 'pressure." We do not compute
a pressure, but in the interior of the region of flow the quantity
35 v takes the place of the pressure for classical hydrodynamic
T
flows (Ref. 1). In the linear theory, the pressure should be es-
sentially the hydrostatic pressure, or o8 times the distance be-

14

f low the free surface. In Table 6 we give vll,l and EE mll,j as
k| j=1
a function of time. After some initial oscillation, the values

‘| of v settle down around t = 1. Thereafter, they appear to agree
| very well with the values predicted by the linear theory.

(Note that Eqs. 12 and 10d and e imply that, for the ana-
lytical algorithm, Vven = 0 for xedD. This is not true of the

| the pressure, and, in fact, 2 v will differ from the pressure in

{ 2
| 2 T
3 a layer of thickness %—-g near z = 0 where . will jump from 0 to
' 2
| - 3-8 pge)
2 0

As we observe from Eq. 26, for the computational scheme
described in this report, v will be a rough measure of the compu-
tational time taken in solving the Stefan problem (Eq. 10). This
; is the longest part of the calculation, and accordingly we may ex-
pect the computational time overall to increase with the size of
the expected values of v, when the method of solution is the one
we have used to date. In the next section, we will discuss more
efficient ways of computing v.
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Table 6
Total mass between x = 10 and x = 11 and v11, 1 as functions of t.

14 14 14
- t jz_:l“'u.J 1,1 || e | £"1,9] 1L, t ;L:l“'u,j 11,1

VR o

0.1 4,919 | 0.12901 | (2.1 4.940 [0.09494 4.1 4.780 |0.09830
0.2 4.921 | 0.10557 | [ 2.2 4.933 |0.09601 4.2 4,786 | 0.09385
0.3 4.923 | 0.07182 | (2.3 4.926 |0.09381 4.3 4.795 |0.10251
0.4 4,928 | 0.13092 | (2.4 4,918 |0.09579 4.4 4,813 | 0.09087
0.5 4,932 | 0.05875| | 2.5 4,909 |0.09476 4.5 4,841 |0.10141
0.6 4,935 | 0.12553 | | 2.6 4,900 (0.09416 4.6 4.885 |[0.09525
0.7 4,940 | 0.07098 | |2.7 4.890 |0.10167 4.7 4.940 |0.09883
0.8 4,944 | 0.12000( |2.8 4,880 |0.09101 4.8 4,993 |0.09677
0.9 4.948 | 0.07786 | 2.9 4.871 |0.08565 4.9 5.031 |0.10034
1.0 4,951 | 0.10537 | (3.0 4,861 |0.11353 5.0 5.051 | 0.09633
1.1 4,953 | 0.09245| (3.1 4.850 [0.07945 5.1 5.064 |0.10168 1
. 1.2 4.955 | 0.09562 | |3.2 4.840 |0.10154 5.2 5.074 | 0.09318
| 1.3 4.957 | 0.09915 | |3.3 4.829 |0.09005 5.3 5.083 |0.09861
1.4 4,958 | 0.09356 | 3.4 4.818 |0.09396 5.4 5.092 | 0.09601
! 1.5 4.958 | 0.09809 | |3.5 4.807 |0.09789 5.5 5.103 | 0.09886
1.6 4.957 | 0.09404 | |3.6 4.797 |0.08945 5.6 5.117 | 0.09541
1.7 4.956 | 0.09700 | |3.7 4.789 |(0.10097 5.7 5.133 |0.09870
1.8 4.954 | 0.09573 | |3.8 4.783 10.09340 5.8 5.148 | 0.09665
1.9 4.950 | 0.09536 | |3.9 4.779 [0.09755 5.9 5.164 | 0.09752 ;
2.0 4.945 | 0,09534 | (4.0 4.778 |0.09741 ‘1
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Since the linear flow is irrotational, a further test of
the accuracy of our algorithm would be a check on the vorticity
of the computed flow. The same sort of test might also be per-
formed on the data of the first example, since we would expect
that flow to be irrotational in the absence of breaking. We have
not examined the vorticity for these flows in detail because the
preliminary nature of our results does not seem to warrant it at
this time.

COLLISION OF STREAMS WITH JET FORMATION

We performed three runs, with different computational meshes
and time steps, for the flow corresponding to the initial conditions

c

o 0<x<2,0<2z<7
0 0<x<2,2z>7
p(x,z) = (107a)
o 2 <ixi< 50 <z < 2
L0 2:<ix < 5, 2> 2
-10p(x,2) 0<z<2
(pu) (x,2) = . (107b)
0 2> 2
and
-10p (x,2) O<xw<2; 2>2

(ow) (x,2) = 0 0<x<2,0<z<2,. (107¢)

0 x > 2

For all three runs, we had g = 1, pj = 1, € = £ Rl

€, = 10—3, and Yo = 10. Otherwise, we had for run 1

- 84 -

——




I

r-'v":"' T — i _— - T ey 1

THE JOHNS HOPKINS UNIVERSITY
APPLIED PHYSICS LABORATORY

LAUREL. MARYLAND

Tt = 0.1, Axi =1,4, =1, I =5, J=10, Aa = 0.1, (108a)

3

ed e e el

and we ran the problem 10 time steps; for run 2

- t = 0.05, Axi = 0.5, Az, = 0.5, I = 10, J = 20, Ac = 0.05, (108b)

]

and the problem was run 20 time steps; for run 3

T = 0,025, Axi = 0.25, Az, = 0.25, I = 20, J = 40, Aa = 0.025,

. 3
(108¢c)

and we computed the flow for 40 time steps.

Tables 7, 8, and 9 record the kinetic energy, potential energy,
and total energy as functions of time for the three runs. Gener-
ally we observe that the energy tends to be higher at a given time
| ; for the run with the finer computational mesh. This is in accor-
| dance with our observation at the beginning of this section that
E| the finite grid leads to a spurious energy loss through diffusion
ki and collisions. However, beyond this energy loss there appears to
i be an energy loss for t < 0,3 that is not related to the finite grid
_ : spacing but that may reflect the presence of turbulence in the flow.

| After about t = 0.3 the slower diminution of energy observed may be
due primarily to the error inherent in the discretization. (However,
the exact solution would still be expected to exhibit energy loss
associated with the collapse of cavities after t = 0.3.) As we ob-
served in the second example, in all three runs the potential energy
varies slowly.

i The three runs were compared for their consistency in depict-
g : ing the free surface at a given time. The hope is that one can get

: a measure of the error in a computation by examining the dependence

E | of the output on the mesh size. Of course, agreement of calculations
§ U and the demonstration of their convergence says nothing about what

§ they converge to. That is a task for the theory. We chose to be

fF D rather crude in plotting the free surfaces obtained in order not to

; { give the numerical results any particular advantage. Our criterion

H for drawing a free surface is as follows: If p13 as computed in

Eq. 39 1s k'%, the cell is included in the 'water" region; if
p1j < %3 the cell is in the '"vacuum" region.

L 23
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Table 7 ‘
Kinetic energy as a function of t for three runs. 1

t Run 1 Run 2 Run 3 t Run 1 Run 2 Run 3
0 1000 1000 1000 0.525 164.04
0.025 628.12 | | 0.550 109.11 | 158.33
0.050 483.74 | 575.56 | | 0.575 149.79
0.075 519.95 | [ 0.600 | 65.99 | 103.28 | 138.34
0.100|  361.23 | 404.73 | 481.68 || 0.625 130.86
0.125 431.86 | | 0.650 96.00 | 116.01
| 0.150 349.13 | 392.15 [ | 0.675 107.38
3 0.175 326.13 | | 0.700 | 60.91 87.38 | 101.45
1 0.200| 274,86 | 254.41 | 301.95 | | 0.725 95.54 |
2 0.225 262.88 | | 0.750 76.43 | 87.07
| 0.250 218.99 | 238.81 | | 0.775 73.58 k
| 0.275 221.39 | | 0.800 | 52.89 59.65 | 64.65 b
‘ 0.300| 129.25 | 170.10 | 209.67 | | 0.825 59.69 |
| 0.325 200.55 | | 0.850 53.32 | 55.29 |
i 0.350 146,44 | 193.09 | | 0.875 51.83 &
1 0.375 186.75 | [ 0,900 | 44.53 48.28 | 47.85 5
b | 0.400 92.54 | 130.18 | 180.31 || 0.925 44.25 ||
0.425 174.73 | | 0.950 42,93 |  43.40 i
0.450 122,11 | 17117 | | 0.975 42.29 {8
f 0.475 168.95 | | 1.000 | 39.36 39.81 |  42.47 -
- 0.500 74,51 | 114.61 | 167.16

- 56 -
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- Table 8
L Potential energy as a function of t for three runs.
s t Run 1 Run 2 Run 3 t Run 1 Run 2 Run 3
0 55 55 55 0.525 49.83
0.025 53.70 | | 0.550 50.73 49.18
0.050 52.78 53.51 | | 0.575 48.33
0.075 53.38 | | 0.600 53.80 50.06 47.39
0.100 51.36 52.70 53.25 | | 0.625 46.66
0.125 53.11 | | 0.650 49.25 46.19
4 0.150 52.66 52.97 | | 0.675 45.80
4 0.175 52.84 | | 0.700 53.95 48.68 45.46
t 0.200 51.89 52.59 52.69 | | 0.725 45.12
! : 0.225 52.52 | | 0.750 48.82 44.75
k| Rt 0.250 52.48 52.34 | | 0.775 44,29
' b1 0.275 52.18 | | 0.800 52.80 47.81 44,21
i % L 0.300 52.48 52.32 52,01 | | 0.825 44,05
- R 0.325 51.82 | | 0.850 47.53 43.84
L1 L 0.350 52.13 | 51.64 | | 0.875 43.66
=] 0.375 51.45 | | 0.900 52.12 | 47.37 | 43.40
2 0.400 53.05 51.89 51.21 | | 0.925 43.12
t Rl 0.425 50.96 | | 0.950 47.17 43.30
; B gf 0.450 51.59 50.74 | | 0.975 43.40
, a2 0.475 50.51 | | 1.000 51.62 46.88 43.52
r 0.500 53,51 51.20 50.24

——
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Total energy as a function of t for three runs.

Table 9

t Run 1 Run 2 Run 3 t Run 1 Run 2 Run 3

0 1055 1055 1055 0.525 213.86
0.025 681.82 0.550 159.84 207.51
0.050 536.52 629.07 0.575 198.13
0.075 519.95 0.600 119.79 153,34 185.73
0.100 412.59 457.43 534.93 0.625 177.52
0.125 484.97 0.650 145,25 162.20
0.150 401.79 445,12 0.675 153.19
0.175 378.97 0.700 114.86 136.07 146.91
0.200 326.75 307.00 354.64 0.725 140.66
0.225 315.40 0.750 125.25 131.81
0.250 271.46 291.16 0.775 117.87
0.275 273.57 0.800 105.69 107.46 108.85
0.300 181.72 222,42 261.68 0.825 103.75
0.325 252.37 0.850 100.85 99.12
0.350 196.56 244,72 0.875 95.50
0.375 238.20 0.900 96.65 95.65 91.25
0.400 145,54 182.07 231.52 0.925 87.37
0.425 225.69 0.950 90.10 86.71
0.450 173.70 221.92 0.975 85.69
0.475 219.46 1.000 90.98 86.69 85.99
0.500 128,02 165.81 217.40
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Figure 1 shows the initial water surface. Figures 2 through
31 depict computed water surfaces for various times and various
runs. In general, the agreement among the figures, especially
those for runs 2 and 3, is rather good. Although we cannot have
too much faith in the runs for later times because of the loss of
energy, it is still not unreasonable to expect them to exhibit

e eed sl

>

L correctly some of the qualitative features of the flow. Thus, we
may expect that for the actual flow a cavity appears in the left
interior around t = 0.1, and that by t = 0.2 a jet has struck the

T right wall x = 5 and a cavity has been formed there. The interior

*» cavity at the left disappears between t = 0.5 and t = 0.8, and the
cavity at the right closes in at the wall around t = 0.7. By t =

T 0.6 the larger cavities have closed in. One's intuition might

lead one to expect the jet to bounce off the right wall to create

a leftward moving jet. Indeed, we see a hint of such behavior in

Figs. 10 and 13. It is possible that the program has suppressed

| this tendency by allowing fluid to accumulate at the right-hand

—~ wall instead, in a manner reminiscent of the computed flow for the
first two examples above.
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Fig. 1
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Initial water surface at time t = 0.
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5. LIMITATIONS AND IMPROVEMENTS OF THE
PROGRAM

One of the most serious limitations of the program is in
3 the solution of the hyperbolic conservation laws (Eqs. 6 through
9). We observe from Eqs. 39 and 42 through 56 that our algorithm
allows a diffusion of mass across the computational grid in addi-
tion to the convective flow described by the conservation laws,
and this reduces the clarity of the delineation of the free sur-
face. There are relatively simple remedies available at slight
cost in computational effort. One such remedy is along the follow-
ing lines: during the convective process, when we move parcels of
fluid from one cell to another, we may associate with the fluid
so moved not only a mass and momentum, but also a center of mass.
Thus at each time we may assign a center of mass to the fluid in
each cell. And we may consider the fluid in the cell 1,j, with
center of mass (XOij’ inj) to reside in a rectangle of area

A = 4 min(x ) min(z

013 ~ *1-1/2' *1+41/2 T *o0ij o1y - %3-1/2°

| | Zy41/2 ~ %0197

unless the ratio of the mass in the cell, mij’ to A exceeds Py

‘ : ; In that case we may consider mij to be uniformly distributed over
cell 1,j with density 3;2%;_’ as we have done heretofore. By such
i

a procedure, we can limit the diffusion of mass due to the finite
cell size. As a practical matter, we have found this spurious
{ diffusion of mass to be greatest in the case where g = 0. When
! g > 0 we have observed, not unexpectedly, that the gravity tends
e to stabilize the free surface, which is usually confined to one

or two computational cells in thickness.

o ———

N € e P T

e -

The novelty of our approach to hydrodynamics lies in the
replacement of the usual divergence condition on the velocity by
b | { the constraint p ¢ Po* That part that deals with the hyperbolic

o g

conservation laws is not new, at least from a computational point
2 ¥ of view. It may be that other numerical work on such conservation

EL -1 -




THE JOHNS HOPKINS UNIVERSITY
APPLIED PHYSICS LABORATORY

LAUREL MARYLAND

laws is more satisfactory than our own treatment, and that problems
such as the mass diffusion just referred to have already been ade-
quately handled in other investigations. Work currently in pro-
gress by M. Y. Hussaini (Ref. 5) uses our treatment of the density =
constraint in a three-dimensional incompressible flow and solves

the hyperbolic conservation laws using a MacCormack "higher-order"

hyperbolic solver (Ref. 6).

In the examples reported in the last section, we noted the
need for an improved treatment of the velocities at the rigid
boundaries. Characteristically, we find a rather large outward
normal velocity at the cells adjacent to the rigid boundary. This
sort of behavior is encouraged by our numerical representation of
Eq. 27 as Eq. 87. We may expect a more satisfactory treatment by '
regarding the right-hand side of Eq. 27 as an integral over all

2

x'eR” and e“(x') extended symmetrically across the rigid boundary

aD.

The determination of v can itself be made more efficient
than the method used in Section 2, where a Stefan problem was
solved until steady state was reached. For example, one may make
use of the monotone dependence of the solution of the steady-state

Stefan problem on 3, and also of the fact that this solution may

be obtained by solving a succession of N steady-state Stefan prob-
N

lems with initial data Py 0, Z

i=1
directly a lower approximation to v, with the remainder of v be-
ing determined iteratively. For example, this would be desirable
in the solution of problems in water of great depth, where v, be-
ing proportional to the pressure, would get quite large.

py = 3 (Ref. 7), to obtain j

Pef., 5. M. Y. Hussaini (private communication).

Ref. 6. R. W. MacCormack, "An Efficient Numerical Method
for Solving the Time-Dependent Compressible Navier-Stokes Equations
at High Reynolds Number," Comput. Appl. Math., Vol. 18, 1976, p. 49.

Ref. 7. J. C. W. Rogers, ''Steady State of a Nonlinear Evo- ;
lutionary Equation, Seminaires IRIA, Analyse et Controle de Systémes, d
1978.
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An example of small improvements that might be made in the
program is the following: at present, we only solve the constraint
= (Eq. 1) approximately, getting p g CI + €1» where € is given in

S Eq. 67. Thus we would expect the density computed in the liquid
domain at each time to exceed Po by a small amount proportional

to €19 and this in turn should lead to some "settling" of the

- liquid (in the direction of the gravitational force). This situ-
o ation can be ameliorated by soiving the Stefan problem with Py Te-
€
" placed by Po - —% in the definition of the function f in Eq. 10b,
! and replacing the test (Eq. 67) by the test
max
' n e1
_ o < =2
i 154 51 (oij o) 2

3 ; ISJSJ b

For the future, the first thing we would like to do is to
improve the treatment of velocities at the rigid boundary, espe-
cially the numerical representation of Eq. 27. Beyond that, we
| q are thinking of making the code applicable to the computation of
| : internal waves in stratified fluids. This would require only a
| relatively modest addition to the program as it now stands (Ref. 1).
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Appendix A
PROGRAM DESCRIPTION AND LISTING

The following water wave program was written for the opti-
mizer and checkout PL/I compilers and executed on ar IBM 360/91
computer at the Frank T. McClure Computing Center of APL (Ref. 8).

Originally, the program was written as one long program,
e but we found that initial conditions were easier to program in-
§ line, rather than read in as input data, so the program was broken
into various sectioms.

The main procedure first states various constants for a
- given run. It also tests certain conditions for convergence, when
to stop and when to print answers, and when to write on a disk in
order to restart or continue a problem at a future time.

Procedure INITAL computes the x- and z-coordinates of
1 7 points in the extended computational grid.

Procedure PSAQS computes the matrix elements that simulate
the effect of diffusion in the x- and z-directions by transforming
quantities of mass and momentum in each computational cell into

.- new values through multiplication by the appropriate matrices.

Procedure MASMON computes the effect of convection for a
,‘ E L. time step on the values of mass and momentum in each computational

§ cell.
: 3 ? i Procedure DENSTY computes a new set of masses for each com-
E putational cell at the end of each time step by satisfying the =)
i E i constraint on the density.
¥ §
£ 3
b | i i Procedure MOMEN computes the final amounts of momentum in
- : each computational cell at the end of each time step.
] Y/ £
| B 3
| B & Procedure PRNTAL does what its name implies — it prints out
{ b the desired information.

Ref. 8. "The Frank T, McClure Computing Center User's
Guide,' APL/JHU BCS-1-92, 1 Sep 1978.
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1

EXCEPT WHERE NOTEDes ALL VARIABLES AKE SINGLE PRECISION
FLOAT BINARY NUMBERS.

THE EXCEPTION TO THE RULE ARE VARIABLES loIMAXeIM]9IM2recce
WHICH FOLLOW THE NORMAL NAMING CUNVENTIUNS,

3

[ -
T 7

[

IF A VARIABLE IS DIMENSIONEUs IT wILL 8BE NUTFD BY PARENTHESES,

i
L.

WHERE )
VARTIABLES USED DESCRIPTION
DA MAINy PSAQS STEP SIZE OF INDEPENDENT VARIABLE 3
DENSTY, MOMEN OF EQUATION 10 A, !
LABELED "Aa " IN THE TexT, :
DERUG MAINs NENSTY BIT(l)4a TRUTH/FALSE SWITCH TO ,
MOMEN PRODUCE DEBUG VUTPUT, 3
06 MOMEN STEP SIZt OF INDEPENDENT
VARIABLE 7 OF EQUATION 22A. "
. i
oT MAINy MASMON, TIME STEP, LABELED AS “r w L
DENSTY, MOMEN IN THE TexT,
DX (20) MAINy PSAQS, WIDTHS UF CELLS R;; I
INITALy MASMONS IN EQUATION 36. J
DENSTY, MOMEN
DZ(40) MAIN, PSAQSs HEIGHTS UF CELLS Rjj i
INITAL, MASMONS IN EQUATION 36. U
DENSTY, MOMEN
% EPS MAINs PRNTAL S SMALL CUT=OFF TO KEEP FROM ‘j
3 MASMON DIVIVING BY ZERO IN EQUATION 38. L,
EPS1 MAINe DENSTY SMaLlL PAKAMETER WHICH UETERMINES

WHEN DENSITY CANSTRAINT EQUATION 81
: IS SATISFIED wyTH SUFFLICIENT
: ACCURACY.

£

i+ EPS?2 MAIN SMALL PARAMETER INTRODUCED IN
EQUATION 89, WHICH DETERMINES
WHETRER LaAST TERM ON WiGHT=-

e W

:
Oy
- 98 -

X HAND SIOt OF EQUATION 13A 1S
SIGNIFICANT,
3
: ERR MAINg MASMON, BIT(1)3 A TRUTH/FALSE SWITCH
3 DENSTY TO TeLL THE MAIN PRUGRAM
IF CERTAIN CONVERGENCE
WAS MET, B
; ] MAINy PRNTALS GRAVITATIONAL CONSTANT,
1 MASMON OCCURRING IN EQUATION 6.
4 GMAX MAINy MOMEN CUT=UFF PARAMTERe LABELED AS U
2 "y " IN EQUATION 85, FOR SOLU-
1 : TION UF £QUATION 13A, B
Bl =

W
5
-
een
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i WHERE
¥ 3 VARTABLES USED DESCRIPTION
% L} © gMax MAINs PSAQSs INITALs NUMBER nF CELLS INTO WHICH
f PRNTALs MASMONe DENSTY, CUMPUTATIONAL 6rID IS DIVIDED
B MOMEN IN X=DIRECTION,
P U M1 MAINs INITAL = IMAX o ]
§ IM2 MAINe INITAL = IMAX & 2
B M21 MAINe INITAL = 24IMAX ¢ |
& } IM22 MAINe INITAL = 2®IMAX ¢ 2
% y 1PL MAINs PRNTAL» CUUNTER
i MOMEN
B ISL MAINy PRNTALY CUUNTER
i ] DENSTY
B 12 MAINs INITALy MASMUN = 20 IMAX
B JMaXx MAINe PSAQSs INITAL» NUMBER OF CELLS INTO
i ] PRNTAL, MASMONs DENSTY, WHICH COMPUTATIUNAL
e MOMEN GRID IS DIVIDED
§ IN Z=DIRECTION.
1§ M1 MAINs INITAL . gMAX o ]
. JM2 MAINy INITAL = JMAX o 2
; JM21 MAINs INITAL 2 28JMAX ¢ ]
& JM22 MAINy INITAL = 28JMAK ¢ 2
: ; Je MAINs INITALs MASMUN = 28MAX
: B M(20040) MAINy PRNTALS MASS IN EACH CELL Rj;
! MASMON, DENSTY
4 ] |
| i | MOMX (20560) MAIN, PRNTAL, X=COMPONENT OF MOMENTUM
g MASMUN, MOMEN IN EACH CELL Rj
MOMZ (20940) MAINy PRNTAL, Z=COMPONENT OF MOMENTUM
MASMONg MOMEN IN EACH CELL kii
A M2VX (20940) 'MAINy DENSTY, CORRECTIUN TO X=COMPONENT OF
I MOMEN MOMENTUM DUE Tn DENSITY CONSTRAINT,
3 l LABELED "(Apm ), " IN EQUATION 87A.
; M2VZ(20940) MAINs DENSTY, CORRECTIUN TO 7-COMPUNENT OF
. MOMEN MOMENTUM DUE TO DENSITY CONSTRAINT,
i [ LABELED “( Am ), * IN EQUATION 878.
3 N MAINs PRNTAL COUNTER
[j NMAX MAIN MAXIMUM FOR THE N COUNTER,
3 ONE MAINs MOMEN TRE VALUE 1.0
1 P(20040) MAINe PSAQS COEFFICIENTS GIVING EFFECT OF
i DENSTYs MOMEN OIFFUSIUN IN A=DIRECTIUN OF MASS
1 > AND L<CUMPONENT OF MUMENTUMs
GIVEN BY EQUATIONS 85 AND 75.
4 ' ‘@1
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VARIABLES
PCON

P1(20+40)

Q(40040)

Q1(40+40)

RHO (20940)

RHOC

SQDA

T™(40+80)

: TMOMX (40+80)

-t TMOMZ (40,80)

TPCON

TSDA

TwO

U(20940)

,;M ?;:‘. fyigin

‘¥ég§%,A,
R it T

i
L]
L4

e
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WHERE
USED

MAINy PSAQS

PSAQS, MOMEN

PSAQS, DENSTY

PSAQS, MOMEN

MAINy MASMON,
DENSTY

MAINy DENSTY,
MOMEN
MAINs PSAQS

MASMON

MASMONs MOMEN

MASMON, MOMEN

MAINy PSAQS

MAIN, PSAQS

MAINy PSAQS,
PRNTALe OENSTY

MAINy PRNTALY
MASMON, MOMEN

UESCRIPTION

~Ba/xe WHEREAalS STEP SIZE UF
INDEPENDENT VARIABLE a
IN EQUATION 10A.

COEFF ICIENTS GIVING EFFECT OF
DIFFUSIUN IN X-DIRECTIUN OF X=
COMPUNENT OF MOMENTUMe GIVEN BY
EQUATIONS 98 AND 100.

COEFFICIENTS GIVING ELFFECT OF
DIFFUSIUN IN Z<DIRECTIUN OF MASS
AND A=CUMPONENT OF MOMENTUM,
GIVEN BY EQUATIONS 69 AND 78.

COEFFICIENTS GIVING EFFECT OF
DIFFUSION IN Z.DIRECTIUN OF Ze
COMPUNENT OF MOMENTUMe GIVEN gY
EQUATIONS 99 AND 101.

DENSITY IN CELL Rjj » GiVEn BY
EQUATION 80.

CHARACTERISTIC DENSITY OF FLUID»
LABELED "Po "™ IN TEXTe

vAay WHEREAa 1S STEP SIZE OF
INDEPENDENT VARIABLE a IN EQUATION 10A.

MASS_ IN EACH CELL OF EATENDED
GRID’ AFTER CONVECTIUNy DENOTED
BYm®,, IN EQUATION 53A.

X=CUMPONENT OF MOMENTUM IN EACH
CELL OF EXTENDED GRIO AFTER CON<
VECTIONs DENOTED BY 'y «y IN EQUATION 538.

Z=COMPONENT OF MOMENTUM IN EACH
CELL OF EXTENDED GRID AFTER CON=

VECTIONs DENOTFD BY u®,  IN EQUATION 63C.

2vAa/my WHERE Aa IS STEV SIZE OF
INDEFENUVENT VARIABLE a IN EQUATION 10A.

2/Aay wHERE Aa IS STEF SIZE OF
INDEFENVENT VARIABLE a IN EQUATION 10A.

THE VALUE 2.V

X=COMPONENT OF VELOCITY IN CELL Ry
GIVEN BY EQUATION 38A.

- 100 -
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WHERE

VARIABLES USED

V(20040) PRNTAL s DENSTY»
MOMEN

vMax MAINy DENSTY,
MOMEN

V1(20+40) DENSTY, MOMEN

W(20040) MAINy PRNTAL
MASMON, MOMEN

XMH (81) PSAQS, INITAL.
MASMON, DENSTY

XPH(60) PSAQSy INITAL.
MASMON, DENSTY

ZMH(81) PSAQSy INITALe PRNTALS

MASMON, DENSTY

20 MAINs PRNTAL,
DENSTY, MOMEN

ZPH(80) PSAQS, INITALe PRNTAL»

MASMON, DENSTY

UESCRIPTION

QUANTITY wHICH DESCRIBES EFFECT k

OF DENSITY CONSTRAINT UN
MOMENTUM GIVEN BY EQUATION 26.

MAXIMUM OF Vij OVER CELLS Rjj o
LABELED * v* = IN EQUATION 91.

SCALED VALUES OF Vvij TU INSURE
STABILITY OF ALGORITHM,
GIVEN BY EQUATION 94.

Z=COMPONENT OF VELOCITY IN
CELL Rj; GIVEN BY EQUATION 38B.

X=COORDINATES OF LEFT=HNAND
SIDES OF CELLS IN EXTENDED
COMPUTATIONAL GRIDs GIVEN
BY EQUATIONS 35B AND 43A.

X=COURDINATES oF RIGHT=HAND
SIDES OF CELLS IN EXTENDED
COMPUTATIONAL GRIDs GIVEN
BY EQUATIONS 35B AND 43A.

£=COORDINATES OF B80TTOMS
OF CELLS IN EXTENDED
COMPUTATIONAL GHIDe
GIVEN By EQUATIONS 358
AND 438B.

TRE VALUE 0,

Z=COORDINATES OF

TUPS OF CELLS IN
EATENDED COMPUTA=
TIONAL GRIDs GIVEN

BY EQUATIONS 358 AND 438.
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PAGE

1
ROGERS! PROC OPTIONS (MAIN)} /e WATER WAVES 6/25/78 L4
DCL (ATAN9SQRT) RUILTINY
DCL (INITAL» PRNTALs PSAQSe MASMONs DENSTYs MOMEN) ENTRYS
DCL DISK]1 FILE SEQUENTIAL RECORD
DCL DISK2 FILE SEQUENTIAL RECORD)
DCL (Q+Q1) (40,40) FLOAT BIN EXTSH
DCL (PyP1y MoMOMX 9oMOMZ 9y RHOSUsVewy V1 ) (20040) FLUAT BIN EXTH
DCL (M2VXe M2VZ) (20940) FLOAT BIN EXTH
OCL (TMOMXy TMOMZs TM) (40480) FLOAT BIN EXTS
DCL (DX(20)s DZ(40)s XMH(B1)sZMH(BL) 9 XPH(60) ¢ZPH (80))

FLOAT BN EXTH

DCL (DAs DGe DTy EPSy EPS1le EPS2s Go GMAXy PCANe RHOC» SQDA,
TPCONy TSDA, VMAX) FLOAT BIN EXTI
DCL (ZOs ONEs TWOes PI) FLOAT BIN EXTH

DCL (IMAXoUMAX o ISLoIPLOINIMIoIM2eIM2)oIM22¢12,UM]aJuM29UM2] 92 M22,
Je) FIXED BIN(31) EXTH

DCL (IsJoNMAX) FIXED BIN(31)}

DCL (DEBUGy ERR) BIT(1) EXT!S

ON UNDERFLOWI
/708

DEBUG = 183
ey

DEBUG = 08¢

ERR = 1018}

ISLe IPL = 08

Z0 = 0,0

ONE = l.o'

WO = 2.0'

Pl ®= 4,0%ATAN( ONE )

R PR L T L Y 3 Py oy

/e cencdeweces  [NPYT CASE T/A7TH
NMAX = 20%

IMAX = 109

JMAX = 201

N=20#§

G=UNE ¢

EPS » 1,0E~5)

EPS1 = 1, 0E=28

EP52 = ] ,06=30

Rl A

- 102 -

s e

SIREL )

- Ny ‘,ﬂr
o ® O

CHTRAS Y
SRR

10
20
30
40

100
110
120
130
140
150
160
170
180

190
200
210
220
230
240
250
260
270
¢80
290

340
350
360
370
380

Py

P by

 ——ty
b d

B
\
.Ev.
L
i
‘
'c':’.
3
;&
&
2
pe




THE JOHNS HOPKINS UNIVERSITY
APPLIED PHYSICS LABORATORY

LAUREL, MARYLAND

L e B

m._‘

13 PAGE 2
DA = 0,05E0¢

. RHOC = 1,09

i GMAX = 10404

de SQDA = SQRT( Da )V .
TSUA = 2,0 ® SQDA!}

— PCON = SQRT( DaA/PI )}

i TPCON = TWO ® PCONS

IM] = IMAX ¢ 13
IM2 = IMAX ¢ 2}
12 = 2#IMAX)
IM22 = [2+2}
IM21 = 2 ¢ 1}
JM]l = JMAX ¢ 13
JM2 = JMaX ¢ 23
J2 = 20JMAXI
. JM2l = J2 ¢ 11§
JM22 = J2 ¢ 2%

Py,

/7@ e ene 0Te ces eve Nee CRe TEa CEe Te? At Son ee® =S ce® wee §/

B oy

0T = 0,0S5E0}

by

4 MOMX ¢ MOMZ yMsRHOsUsW = 203

DX = 0,5€0%

DZ = 0,5E0})

DO Isl TO IMAX}S

DO J=] TO &)

M(IeJ) = 0,25€E00

END} END}

DO Is1 TO &%

00 J=]l TO 14}

M(IeJ) = 0,25E0%

END? END}

DO I=1 TO IMAXs

D0 J=]1 TO &}

MOMX(IoJ) = =10,0%M(JeJ)}
END?} ENDY

DO I=1 TO &}

DO J=5 TO 14}

MOMZ (IsJ) = =10,0°M(JoJ)
END} END}

- ‘ f ‘ . -

:*u [ S |

L R —— IR — I

————y

400
410
420
430
440 '
450 :
460
470
480
490
500
510
520
530
540
550
560
570
580

600
610
620
630
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PAGE 3
730 -
CALL INITALS 740 §
750 4
CALL PRNTALS 760
770 -
/70 e cee oo cee Cve cee ces TCa cee TE® Ce® See ee® =0 caw e &/ 700 ¢
CALL PSAQS} 790 !
800 y
/easaentaanes 810
IF ONE = 1,0 THEN GO TO FINII 820
XYY Y] 830
/70 et coe 0ete Cce cve See CEe SCA Gen SO% ce® V.o ces S=S caw eee §/ 840
3 850
860
/0 et ces eee Soe cee Tee CCe TTa Cee CTEE Ce® See ees ST can ge= §/ 870
NEXTIME: 880
N = Nelld 890
IF N > NMAX THEN GO TO FINI¥ 900 -
CALL MASMONS 910 i
IF ERR THEN GO YO ERROUTS 920 {
CALL DENSTY!S 930
IF ERR THEN GO TO ERROUTS 940 E
4 IF VMAX <= EPS2 THEN DO} 950 »
] D0 I=] TO IMaxi 960 L.
; D0 J=] TO JmMaxs 970
MOMX (ToJ) = MOMX(IeJ) ¢ M2VR(IeJ) / DTS 980 A
1 MOMZ (TeJd) = MOMZ(IeJ) ¢ M2VZ(IeJ) /7 DTS 990 [
; ENDI  ENDJ 1000 i
- GO TO OUT!# 1010 5
ENNS 1020
CALL MOMENS 1030 i
3 1040 4
. /0 Cen wce ece Cee coe wee eEe CEL Ces BEE ce® See eee =0 cce eaee §/ loso
2 ouT: 1060
/70 1070
¢ IF MOD(N910)=0 THEN 1080
£ IF MOD(Ne 2)=0 THEN 1100
IF  MOD(Ne S)=0 THEN 1090
oy 1110
CALL PRNTAL? 1120
L8
&
5
%' - 104 -
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[ PAGE &
; 1130
: . IF Nal THEN DO}
E T WRITE FILE(DISK2) FROM(M)}
i WRITE FILE(DISK2) FROM{(MOMX)}
WRITE FILE(DISK2) FROM(MOMZ)}
= CLOSE FILE(DISK2)$
i END$
P U IF NCNMAX THEN GO TO NEXTIMES 1140
¢
! WRITE FILE(DISK2) FROM (M)}
£ 1 WRITE FILE(DISK2) FROM(MOMX) 4
¢ 4 WRITE FILE(DISK2) FROM(MOMZ)}
| = CLOSE FILE(DISK2)
-
i 80 TO FINIS 1150
; 1160
g e ERROUT? 1170
; PUT SKIP LIST(YHELP')} 1180
| CALL PRNTALS 1190
i FINT 1200
] END ROGERS} 1210
/7G¢SYSPRINT DD OUTLIMa50000
A /7/6,DISK2 DD DSN=RCP,FAV,ROGD3+DISP=0LDs
i 77 DCB= (RECFMaF o LRECL=3200,BLKSIZE=3200) s SPACE= (32000 (6+2) yRLSE)
3 . X
N
b L
;
)
-
ry
BL <
1
b | %
-
| P
S
A - 105 -
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PAGE S
INITALS: PROCS

DCL (D&dcYy DZ(40)9 XMH(B1)9ZMH(B1) 9 XPH(60) ¢ZPH (80))
FLOAT BIN EXTS
DCL (IMAXoUMAXoIM19IM2¢IM2]19IM229120UM]0JUM29UmM2] ¢UM22)
J2) FIXED BIN(3]1) ExTH ;
OCL (Is J) FIXED BIN(31)3%

XMH(1)=0§

00 I=1 TO IMAX}

XMH(I®l) = XMH(I) « DX(I)}

END3

DO I=IM2 TO IM21%

XMH(I) = 2®#XMH(IM]1) = XMW (IM22-])}
ENDS

DO I=1 TO 2%

XPH(I) = XMH(I+1)8

END3

ZMH (1) =08

DO JUsm) TO JUMAXS

IMH(Jel) = ZMH(J) « DZ(J)}

END$

DO J=JUM2 TO JM21%

IMH(J) = 2%ZMH(JM]1) = ZMH(JUM22=J)}

ENODS

PUT SKIP LIST (¢ J XMH APH ZMH ZPH') }

00 us=1 TO u2i

ZPH(J) = ZMH(J+1) 3

PUT SKIP EDIT(Js XMH(J) e XPR(J)y ZMH(J) e 2ZPH(J))
(F(&) o (G)F(10s1))3

r ENDS

i

END INITALS

- 106 -
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INIT
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INIT
INIT
INIT
INIT
INIT
INIT
INIT
INIT
INIT
INIT
INIT
INIT
INIT
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INIT
INIT
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INIT
INIT
INIT
INIT
INIT
INIT
INIT
INIT
INIT
INIT
INIT
INIT
INIT

10

20

30

40

50

60

70

80

90
100
110
120
130
140
150
160
170
180
190
200
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240
250
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340

— PR,

)

Ty

I R A




|
|

THE JOHNS HOPKINS UNIVERSITY

APPLIED PHYSICS LABORATORY
LAUREL. MARYLAND

ol e A B S S AR

PAGE 6 .
PRNTALt PROCH PRNT 10
PRNT 20
DCL (MoMOMX9MOMZ, UeVoeW ) (20940) FLOAT BIN EXTH PRNT 30
DCL (ZMH(81)s ZPH(B0)) FLOAT BIN EXT3 PRNT 40
DCL (EPSy Gs» TwO. 20 ) FLOAT BIN EXTH PRNT SO
DCL (IMAXeIPLISLoJMAXIN ) FIXED BIN(3]1) EXTH PRNT 60
OCL (IsJellel2) FIXED BINs (MIN) BUILTINS PRNT 70
DCL (MTy MIJe MOMXTe MOMZTe ETe ET1le ET2) INIT(0) FLOAT BINS PRNT 80
DCL SMJ(IMAX) FLOAT BINS PRNT 90
SMJU=201% PRNT 100
PRNT 110
I1 = MIN(109IMaAX)S PRNT 120
12 = MIN(IMAX,20) PRNT 130
PUT PAGE EDIT('FOR N = "oN) (AsF (4))} PRNT 140
PUT EDIT(' ®_LOOP TOTAL = *3ISLey s_LOOP TOTAL = *91IPL) PRNT 150
(AsF (B)) S PRNT 160
DO I=] TO IMAX}S PRNT 170
DO J=]1 TO JUMAX} PRNT 180
MIJ = M(IeJ)} PRNT 190
IF MIJ<EPS THEN U(Isd)s W(IsJ) = 203 PRNT 200
ELSE 00%¢ PRNT 210
U(Ied) = MOMX(LsJ)/MIUl PRNT 220
W(IeJd) = MOMZ(IeJ)/MIys PRNT 230
ENDS PRNT 240
MY = MT ¢ MIJS PRNT 250
MOMXT = MOMXT ¢ MOMX(1eJ)} PRNT 260
MOMZT = MOMZT « MOMZ(leJ)} PRNT 270
PRNT 280
ET]l = ET]1 & MIJy ® G ® (ZPH(J)®ZMH(J))/TwO} g PRNT 290
ET2 = ET2 ¢ MIU ® (U(leJ)®®2 ¢ W(lsJ)®®2)/,TWOy PRNT 300
END} END3 PRNY 310
PRNT 320
ET = ET]1 + ET2} PRNT 330
PRNT 340
NEQZ PRNT 350
DO I=]1 TO IMAX}S PRNT 360
DO J=]1 TO JMAX} PRNT 370
SMJU(I) = SMJ(I) « M(IWJ)} PRNT 380
ENDS END?S PRNT 390
PRNT 400
PUT SKIP(2) LIST(* M 93 PRNT 410
PUT DATA(MT) PRNT 420
DO JsJMAX TO 1 RY =13 PRNT 430
PUT SKIP EDIT(Ue(M(IsJd) DO I=1 TO I1))(F(2)9l0 F(1295))8 PRNY 440
END} PRNT 450

- 107 -
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PAGE 7

IF IMAX>10 THEN DOS PRNT 460
. PUT SKIP# PRNT 470
DO J=JMAX TO 1 RY el PRNT 480
PUT SKIP EDIT(Js(M(Isd) DO I=11 TO I2))(F(2)910 F(12+5))% PRNT 490
END3 PRNT 500
FENNE PRNT S10
PUT SKIP(2) EDIT( SMJ ) (X(2)9el0 F(1295))3% PRNT S20
PUT SKIP(2) LIST(! MOMA ") PRNT 530
PUT DATA (MOMXT)$ PRNT 540
DO J=JMAX TO 1 RY =1% PRNT 550
PUT SKIP EDIT(Je (MOMX(IsJ) VO I=1 TO I1))(F(2)10 F(12¢5))% PRNT 560
END3 \ PRNT 570
IF IMAX>10 THEN DO} PRNT 580
PUT SKIP} 3 PRNT S90
DO J=JMAX TO 1 RY =13 PRNT 600
PUT SKIP EDIT(Js (MOMX TeyJ) LU0 I=11 TO I2))(F(2)910 F(12s5))3% PRNT 610
END3 PRNT 620
END} PRNT 630
PUT SKIP(2) LIST(! MOML "3 PRNT 640
PUT DATA(MOMZT)? : PRNT 650
DO J=JMAX TO 1 RY =138 PRNT 660
PUT SKIP EDIT(Ue (MOMZ(19sJ) DO I=1 TU I1))(F(2)910 F(1&95))8 PRNT 670
ENDS PRNT 680
IF IMAX>10 THEN DO% PRNT 690
PUT SKIP$ PRNT 700
DO J=sJMAX TO 1 RY =1% PRNT 710
PUT SKIP EDIT(Js (MOMZ(IsJ) DO I=11 TO I2))(F(2)910 F(1l295))3 PRNT 720
END}S PRNT 730
ENDS PRNT 740

PUT SKIP(2) DATA(FTls ET2s ET)} PRNT 750 {

IF N=0 THEN RETUR’N$ PRANT 760 ;
PUT SKIP(2) LIST(v un) PRNT 770

DO J=JMAX TO 1 BY =13 PRNT 780 ;

PUT SKIP EDIT(Js(U(led) DO I=1 TO I1))(F(2)910 F(1295))% PRNT 790 i

END} PRNT 800 :
IF IMAX>10 THEN DO% PRNT 810
3 PUT SKIP} PRNT 820
DO J=JMAX TO 1 RY =1} PRNT 830
PUT SKIP EDIT(Js(U(Isd) DO L1=11 TO I2))(F(2)910 F(1295))3 PRNT 840
2 ENDS ~ PRNT 850
ENDS PRNT 860

PUT SKIP(2) LIST(* weyd PRNT 870 )

DO J=JMAX TO 1 RY =11 PRNT 880 )

PUT SKIP EDIT(Jy(W(IeJ) DO I=1 TO [1))(F(2)9s10 F(1295))1% PRNT 890 e
END} PRNT 900
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1F IMAX>10 THEN DO PRNT 910
PUT SKIPS PRNT 920
DO JaJMAX TO 1 RY =13} PRNT 930
PUT SKIP EDIT(Jys(W(IsJ) DO I=11 TO I2))(F(2)910 F(12e5))8 PRNT 940
END¢ PRNT 950
ENOD3$ PRNT 960

PUT SKIP(2) LIST(® ve)d PRNT 970
DO J=JMAX TO 1 RY =1} PRNT 980
PUT SKIP EDIT(JetV(IeJd) DO I=1 TO IL))(F(2)910 F(1295))% PRNT 990
END? PRNT1000
IF IMAX>10 THEN DO} PRNT1010
PUT SKIP} PRNT1020
DO J=JMAX TO 1 RY =1} PRNT1030
PUT SKIP EDIT(Js(V(Ied) DO 1=11 TO I2))(F(2)910 F(l2e5))3 PRNT1040
ENDS PRNT1050
ENDE PRNT1060

PRNT1070

END PRNTALS PRNT1080
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PSAQSt PROCH PSAQ 10
DCL (ERFCy» EXP ) RUILTINS PSAQ 20 y
DCL (QeQ1) (40,40) FLOAT BIN EXTH PSAQ 30 i
DCL (P,P] ) (20¢40) FLOAT BIN EXTH PSAQ 40 {
DCL (DX (20) s DZ(40) s XMH(B81)9ZMH(BLl) s XPH(60) yZPH(80)) PSAQ 50
FLOAT BTN EXTH PSAQ 60
DCL (IMAXy JMAX) FIXED BIN(31) EXTS PSa@ 70 {
DCL (PCONy» SQDAs TPCONs TSDAs TXPHs TWO ) FLOAT BIN EXTS PSAQ 80 f
DCL PICON FLOAT RINS PSAQ 90 ’
DCL (Ie Js Ko L) FIXED BIN(31)% PSAQ 100
PSAQ 110 {
PUT PAGE LIST(¢ THE P(IéJ)}"S")} PSaAQ 120 ’
TXPH = 2,0 ® XPH( IMAX )3 PSAQ 130
PSAQ 140
DO I=1 TO IMAX}S PSAQ 150 1
DO k=1 TO Imax? PSAQ 160 {
IF I~=K THEN DO} PSAQ 170 .
P(I¢K) = PFUN( (XMH(K)*XMH(I))/TSDA ) PSaAQ 180
¢ PFUN( (XPH(K)®XPH(I))/TSDA ) PSAQ 190 ¢
@ PFUN( (TXPH = XPH(K) = XPH(I))/TSULA ! PSAQ 200 f
« PFUN( (TXPH = XMM(K) = XPr(I))/TSDA ) PSaQ 210 {.
= PFUN( (TXPH = XPH(K) = XmMr(I))/T3VA ) PSAQ 220
¢ PFUN( (TXPH « XMW (K) = XMH(I))/TSvA ) PSaAQ 230 .
= PFUN( (XPH(K)®XMH(I))/TSCA ) = PFUN( (XMH(K)*xPH(I))/TSDA PSAQ 240 5
PSAQ 250 L.
IF K>1 THEN P(IeK) = P(lsK) ¢ PSAQ 260
PFUN( (XMH(K)=XPH(I))/TSUA ) = PFUN( (XPH(K)=XPH(I))/TSDA ) PSAQ 270 4
o PFUN( (XMH(K)=XMH(I))/TSUA ) o PFUN( (XPH(K)=XMH(I))/TSDA ) 3 PSAQ 280 i
PSAQ 290 {
ELSE PUIeK) = P(leK) ¢ PSAQ 300 o
PFUN( (XMH(T)=XPH(K))/TSUA ) = PFUN( (XPH(T)=XPH(K))/TSOA ) PSAQ 310
e PFUN( (XMH(T)=XMH(K))/TSUA ) ¢ PFUN( (XPH(I)=XMH(K))/TSDA ) % PSAQ 320 ;
PSaAQ 330 {
ENDS PSAQ 340 ;
+ END} PSAQ 350
END} PSaAQ 360 i)
: PSAQ 370 }{
= D0 I=]1 TO IMAX% PSAQ 380
P(Isl)=DX(1)} PSAQ 390
DO k=] TO IMAXS PSAQ 400 pan
IF K~=1 THEN P(1s1) = P(IsI) = P(IsK)}$ PSAQ ¢10 }
END}§ PSAQ 420 i
ENDS PSaQ 430
PSAQ &40

+ prm— g
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00 Is] TO IMAXS PSAQ 450
PUT SKIP(2) EDIT( I )(F(5) )} PSAQ 460
; PUT EDIT( (P(I1,J) DO U=l TO IMAX) ) (F(1245))% PSAQ 470
: ENDS PSAQ 480
¢ PSAQ «90
- PUT SKIP(4) LIST(¢ THE Q(IsJ)nS0)} PSAQ 500
i T DO J=1 TO JMAX}Y PSAQ 510
¢ 1 DO L=1 TO Jmaxi PSa@ 520
% IF JsiL THEN Q(JeJ)= DZ(J) =~ 2%PCUN o PSAQ 530
§ 2,0*PFUN( DZ(J)/TSDA ) PSAQ 540
' T e PFUN( ZMH(J)/SUDA ) = 2,0%PFUN( (ZMH(J)*ZPH(J))/TSDA ) PSAQ 550
¢ i’ ¢ PFUN( ZPH(J)/SQDA )§ PSAQ 560
£ PSAQ ST70
f ELSE DO} PSAQ 580
Ly Q(JsL) = PFUN( (ZMH(L) ¢ZMA(J))/TSDA ) = PSAQ 590
g 1 PFUN( (ZPH(L)eZMH(J) ) /TSUA )= PFUN( (ZMH(L)+ZPH(J))/TSDA ) PSAQ 600
g - o PFUN( (ZPHIL)*ZPH(J))/TSDA )} PSAQ 610
} PSAQ 620
g v IF J<L THEN Q(JeL) = Q(JoL) & PFUN( (ZMH(L)=ZPH(J))/TSOA ) PSAQ 630
£ 3 = PFUN( (ZPH(L)=ZPH(J))/TSNA ) = PFUN( (ZMA(L)=2MH(J))/TSDA ) PSAQ 640
n’ e PFUN( (ZPH(L)=ZMH(J))/TSDA )} PSAQ 650
1 PSAQ 660
E e ELSE Q(JeL) = W(Jel) *PFUN((ZMA (J)=ZPH (L} )/ TSOA) PSAQ 670
i i = PFUN( (ZPh(J)=ZPH{L)I)/TSOA )= PFUN( (ZMH( ) =2MH(L))/TSDA ) PSAQ 680
: £ LU o PFUN( (ZPH(J)=ZMH(L))/TSDA )3 PSAQ 690
X § ENOS PSAQ 700
i END? PSAQ 710
P ENOS PSAQ 720
£ DO I=1 TO JMAX} PSAQ 730
PUT SKIP(2) EDIT( I )(F(S) )} PSAQ 740
PUT EDIT( (Q(l,J) DO J=l TO JMAX) ) (F(124y5))# PSAQ 750
i‘ END# PSAQ 760
PSAG 770
" PUT PAGE LIST(¢ THE P1(IeJI"S0)} PSAQ 780
' DO I=1 TO IMAX} PSaQ 790
] PICON = DX(I1) = TPCON PSAQ 800
I PSAQ 810
4 Pl(IsI) = TWORPFUN( DX(I)/TSDA ) « PLCON PSAQ 820
® PFUN( XMH(I)/SUDA ) = PFUN( XPh(I)/7SQDA ) PSAQ 830
{ - ¢ TWOSPFUN( (XMH(I)*APH(1))/TSDA ) PSAQ 840
‘ [. = PFUN( (XPH(THMAX)=XPH(T))/SQDA ) PSAQ 850
3 ¢ TWORPFUN( (TXPH = APH(I)=AMH(I))/TSpA ) PSAQ 860
= PFUN( (XPH(TMAX) = XMH(I))/SGUA )} PSAQ 870
[.
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D0 K=] TO ImMax$ PSAQ 880 5
IF I-~sK THEN DO} PSAQ 890 .
IF K>I THEN P1CON = PFUN( (XMH(K)=XPH(1))/TSDa ) PSaQ@ 900 |
« PFUN( (XPH(K)=XPH(I))/TSDA ) = PFUN( (XMH(KyeXMH(I))/TSDA ) PSAQ 910 1
¢ PFUN( (XPH(K)=XMH(I))/TSDA )} PSAQ 920 ol
ELSE P1CON = PFUN( (XMH(I)=XPH(K))/TSDA ) PSAQ 930 97 |
= PFUN( (XPH(I)=XPH(K))/TSDA ) = PFUN( (XMH(I)=XMM(K))/TSDA ) PSAQ 940
e PFUN( (XPH(])=XMH(K))/TSDA )} PSAQ 950 .
PSAQ 960 !
Pl(IeK) = TWO ® PI1CON = P(IsK)} PSAQ 970 ¢
END? PSAQ 980
ENDS PSAQ 990
END} PSaQ1000
DO I=1 TO IMAX} PSaQ1010
PUT SKIP(2) EDIT( I )(F(S) )} PSAQ1020
PUT EDIT( (P1(I,J) DO J=1 TU IMAX) ) (F(12+5))% PSAQ1030
END} PSAQL040
PUT SKIP(4) LIST(? THE QL(I1sJ)"S")} PSAQ10S50
DO J=) TO JMAXS PSaQ1060
Q1(Jed) = DZ(J) =« TPCON ¢ TwO®PFUN( DZ2(V)/TSDa ) PSAQl0T70
= PFUN( ZMH(J)/SQDA ) = PFUN( 2ZPNh(J)/SQDA ) PSAQ1080 i
¢ TWO ® PFUN( (ZMH(J) +ZPrn(J))/TSDA )} PSAG1090 {
00 L=1 TO JMaxi PSaQllo0 :
IF J==L THEN Q1 (Jel) = W(Jel) = TWORPFUN((ZMH(J)eZMH(L))/TSDA) PSAQl110
o TWOSPFUN( (ZMH(J)eZPHI(L))I/TSDA ) PSaQll20o .
o TWOSPFUN( (ZPH(J)*ZMH(L))/TSDA ) PSAQ1130 }
e TWOSPFUN( (ZPR(J)*ZPH(L)I/TSHA 93 PSAQ1140 L
END3 PSAQ1150
ENO} PSAQ1160
i DO Isl TO JMAX3 PSAQ11TO {
! PUT SKIP(2) EDIT( I )(F(5) )3§ PSAQ1180 i
| PUT EDIT( (Cl(TeJ) DO U=l TV JUMAX) ) (F(12+5)) PSAQ)190
| END PSAQ1200 %
PSaQl210 H
& DCL DA FLOAT BTN EXT3 PSAG1220 {
DCL (DXMyDZM) (41) FLOAT BING PSaAQ1230 E
kY DCL (Xy CPo¢ CZo CM) (IMAA) FLOAT BINY PSaQl240
l (Zy EPy EMy EZ) (UMAA) FLOAT BINe PSAQl250 ‘
. (DX29s DZ2s DMls DM2s Dle D3s CZMy CZPy EZmy TDA) FLUAT BINS PSAQ1260 | &
5 DCL Il FIXED BIN(31)} PSaAQl1270 :
PSAQ1280
DO I=1 TO IMAXS PSAQ1290 [
X(I) = (XPHUI)exMA(I))/TWOS PSAQ1300 }
B ENDY . PSA@1310 L
E DO I=2 TO IMAX} PSAQ1320
: DXM(I) = X(I) = X(I=1)% PSAQ1330 £y 4
END? PSAQ1 360 l ]

b Ld donsle o
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00 u=] TO JMaxi
Z(J) = (ZPH(J) eZMH(J))/TwO}
ENDY
00 J=2 TO JMAXS
0ZM(J) = Z(J) = Z(J=1)}
END?

DXM(1) = DX(1)} OZM(1) = DZ(1)}
DXM(IMAXel) = DX (IMAX)S DZM(JUMAXel) = DZ(JMAX)§

TDA = TWO®DA}
D0 I=]l TO IMAX3
OX2 = DX(I)*®®2 / 12,0¢%
DM]l = DXM(])ee2y
DM2 = DXM(]¢]l)ee2)
IF I=] THEN D1 = DX(])®®2}
ELSE Dl = NX(]=))®e2}
IF I=IMAX THEN N3 = DX (IMAX)#e2}
ELSE D3 = DX([e])*®2}
Dl = D1/12,03% D3 = 03/12,014

PSAQ1350
PSAQ1360
PSAQL13T70
PSAQ1380
PSAQ1390
PSAQL400
PSAQlél0
PSAQl420
PSAQl430
PSAQl 440
PSAQl14S50
PSAQl 460
PSAQl4T0
PSaAQl480
PSAQ1490
PSAQ1S00
PSAQ1S510
PSAQ1520
PSAQ1530
PSAQ1S40
PSAQ1550

CP(I) = TDA/(DM2+4D3=DX2+DXM(I)®DXM(1+]1)*(D1~DXx2)*DAM([*])/DXM(]))$PSAQLIS60
CM(I) = TDA/ (DM eD1=DX2*DXM([)@DXM(le]1) ¢ (NI3=UX2)#DAM(L)/DXM(I+1))8PSAQLISTO

CZ(I) = 1.0E0 = CP(l) = CM(1)}
END#

00 u=1 TO Jmax}i
DZ2 = DZ(J)®w2/12,0%
OM] = DZM(J)®®2y
DM2 = DZM(J*]l)@»e21
IF J=] THEN D] = DZ(1)%#2}
ELSE D1 = DZ(J=]1) %2}
IF JUsJMAX THEN D3 = DZ(UMAX)®#2}
ELSE D3 = DZ(Jel)ee2;
D] = Dl/12,.0% V3 = D3/12,0}%

EP(J) = TDA/ (DM24D3=DZ2+UZM(J) #DLM(U*]) +(D1=DZ2) *DLM(Je1)/

DZM(J) )3

EM(J) = TDA/(NM14D1=DZ24UZM(J) #DLM(U*]) +(D3=DZ2)*DLM(J)/

DLM(JUel) ) B
EZ(J) = 1.0E0 = EP(J) =~ EM(JU)I
END?

=113 -
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PSAQ1580
PSAQ1590
PSaAQ1600
PSaQlel0
PSAQl620
PSAQ1630
PSAQ1640
PSAQ1650
PSAQ1660
PSAQLl670
PSAQ1680
PSAQ1690
PSAQ1700
PSAQ1710
PSAQl720
PSAQ1730
PSAQ1740
PSAQ17S50
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CZM = CZ(l)eCM(1)}
IF CZM >= 0, THEN D03
P(le®)e Pl(1e®) = 0,8
P(lel) = CZM @ DX(1)
P(le2) = CP(1) ® DX(1)$
Pl(lel) = (CZ(1)=CM(1))® OX(1)3 Pl(l92) = P(le2)%
END?

00 I=2 TO IMAX=)}

IF C2(1) >= 0, THEN DO}
P(Ie®)e Pl(1e®) = 0,13
P(loel=l)e Pl(lol=1) = CH(]I)®DX(])}
P(Iel)e Pl(Ie1) = CZ(D)®UX(I)Y
P(lelel)s P1(ivIel) 3 CP(I)®DA(I)Y

ENDS
ENDS

CZP=CZ(IMAX) o CP(IMAX)$
IF CZP >= 0, THEN DOS
Il=IMAX=1} P(IMAARy®) s Pl(IMAAW®) = 0,4
P(IMAX9I1l)e Pl(IMAXe[]) = CM(IMAR) ® pX(IMAX)?
P(IMAXeIMAX) = CZP * DX(IMAX)S
PlIMAXeIMAX) = (CZ(IMAX)=CP(IMAX))®DA(IMAX)}
ENDS

PUT PAGE LIST('NFw THE P(IevI¥50)}

DO I=] TO IMaXs

PUT SKIP(2) EDIT( I ) (F(S) )%

PUT EDIT( (P(Ie¢J) DO JU=1 TO IMaX) ) (F(1245))%
ENDS

PUT PAGE LIST(INFW THE Pl (1esJ)"S*)}

DO I=] TO IMAX}

PUT SKIP(2) EDIT( [ )(F(S) )8

* PUT EDITIt (P1(1e.) DO uU=] TU IMAX) ) (F(12¢5))3
ENDS

, EZM = EZ(1)eFM(1)}
] IF FZM >= 0, THEN D03
Q(le®)y Ql(1lo®) = 0o
QUlel} = EZM ® DZ(1)}
! Qlelel) = (EZ(1)=EM(1)) ® pL(1)4
Q(1+2)y Q1(192) = EP(1)80Z(1)}
ENDY

ik ‘?.?“"-_7-“ *;‘1 ‘-4 i

-

¢

&

- 114 -

o
3 -.(P!:

T
¥,

»

-

A Mg

PSAQ1760
PSAQLT770
PSaAQ1780
PSAQ1790
PSAQ1800
PSaQl8l0
PSAQLlH820
PSaQl830
PSAQ1840
PSAQ1E50
PSAQl 860
PSaQlsTo
PSAQ1880
PSaAQ1890
PSaAQ1900
PSaAQ1910
PSaQlYv20
PSaQl930
PSaQ1Y40
PSAQ1950
PSAQ1960
PSaQ1970
PSAQ1980
PSAQ199%90
PSAQez000
PSaAQ2010
PSAQ2020
PSAQ20U30
PSAQ20640
PSAQ2050
PSAQ2V60
PSAQ2070
PSAQ2080
PSAQ2090
PSAQR100
PSaQ2llo
PSaAQ2120
PSaAQ@2130
PSAQ2140
PSAQ21S0
PSaAQ2l60
PSAQ2170
PSAQ2180
PSaAQ2190
PSAR2200
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D0 J=2 TO UmMaX=1} PSaQ2elo

IF EZ(J) >= 0 THEN DU} PSAQ2220

Q(Je®)y Ql(Je®) = 0ol PSAG2230

Q(Jed=1)s Ql(JoJd=1) = EM(J)®D2(U)} PSAQ2240

Q(Jed)e D1(JeJ) = EZ(J) @ DL(UID PSAQ2250

g Q(JeJel)s Ql(Jedel) = EP(Y) ® DZ(J)Y PSaQ2260

E = END? PSAQ2270

i ‘ ENDS PSAG2280

! PSAQ2290

3 IF EZ(JMAX) >= 0 THEN DUS PSAQG2300

£ Q(JUMAX,®) ¢ Q1 (JMAXs®) = 0} PSAQ2310

: 1 QIJMAX g JMAX=110s QL (JMAXsJUMAX=]1) = EM(JMAX) * LZ(JMAX) S PSAQ2320

PO Q(JMAX o UMAX) o Gl (JMAXIJUMAX) = EL(JMAX) ® DZ(JMAX)} PSAQ2330

v END} PSAQ2340

o PSAQ2350

i PSAQ2360

i PUT SKIP(4) LIST('NEW THE Q(Isu)"S*)} PSAQR2370

: D0 I=1 TO JMaXs PSAQ2380

B PUT SKIP(2) EDIT( I )(F(S) )3 PSaAQ2390

§ ! PUT EDIT( (Q(I,J) DO J=1 TO JMAX) ) (F(l2¢5))% PSAQ2400

t L END? PSAQ2410

PUT SKIP(&) LIST('NEW THE Ql(Is)®"S")} PSAQ2420

£ 00 l=1 TO JMaxi PSAQ2430

: ;‘ PUT SKIP(2) EDIT( I )(F(S) )3} PSaAQ2¢40

' PUT EDIT( (Ql(IsJ) DO U=1 TU JUMAX) ) (F(12sS))}y PSAQ26450

E END} PSAQ2¢60

i PSAQ2470

E i PSAQ2480

£ 3 PFUNt PROC ( Z ) RETURNS(FLOAT BIN)$ PSAQ2490

3 ; Se DCL (Z+PZ) FLOAT BINS PSAQ2500

£ PZ = PCON ® EXP(=(Z%%2)) = (*SUDA * ERFC(2)3% PSAG2510

E RETURN( PZ )} PSAQ2520

l; END PFUNS PSAQ2530

. PSAQ2560

3 /7% BE cee eO" Cee eee GSe® ese Seae Toe TeE aee SToe eew ST ce® ecee ./PSﬂozsso

PSAQ2560

b [E END PSAQS} PSAQ2570
*,‘ %
i
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MASMON: PROC3H MASM 10 -
MASM 20 i
DCL (MoMOMX9MOMZ ¢+RHO9Us W ) (20940) FLOAT BIN EXTH MASM 30 H
DCL (TMOMXe TMOMZe TM) (40¢80) FLOAT BIN EXTH MASM 40
DCL (DX(20)¢ DZ(40)e XMH(B1) +ZMH(Bl) s XPH(60) 4ZPH(80)) MASM S50
FLOAT BN EXT? MASM 60 {
DCL (ETAM(2i9+ ETAP(2)e XIM(2)s XIP(2)) FLOAT BINS MASM 70 {
DCL (DTs EPSe 6 ) FLOAT BIN EXT} MASM 80
DCL (IMAXe JMAXs 129 J2 ) FIXED 8IN(31) EXTy MASM 90 c
DCL ERR BIT(1) EXTH MASM 100 i
MASM 110 !
DCL (FLOORy Maxey MIN) RUILTING MasSM 120 :
DCL(ALl9sA29GOToTFMP o TMAX sUDT s XMo XMAK s XP 9 LMeZMAX s ZP)FLOAT BINI MasSM 130
DCL(IoIPsIlol3¢JeJIsKeRMaLoLMoLPINPIN1) FIXED BIN(31)9 MASM 140
MASM 150 }
GDT = G*DT3 MASM 160
MOMZ = MOMZ = GNT & M} MASM 170
MASM 180 i
DO I=]1 TO IMAXS MASM 190 ]
DO J=1 TO JMAX} MASM 200 :
IF M(IsJ)<EPS THFN U(lsJ)ow(lsJu)=013 MASM 210
ELSFE DO% MASM 220 5
UCTod) & MOMX(IsJ) 7/ M(IeJ)} MASM 230 i
4 W(led) = MOMZ2(I4J) 7 M(Ieu)} MASM 240 §
: ENDI MASM 250
. RHO(IesJ) = M(IeJ) 7/ (DA(I)*0Z(J))Y MASM 260 £
L END? ENDS MASM 270 §
1 MASM 280 i
E | TMe TMOMXe TMOMZ = 03 MASM 290
LOOPI: DO 1=]1 TO ImaAX3 MASM 300 2
1 DO J=1 TO JmAX} MaSM 310 ]
3 FAXIIYI L] SUBROUTINE 1 (XXX V] MASM 320 {
3 IM = ZMH(J) ¢ W(lsJ)®DT} MASM 330
IP = ZPH(J) * W(leJ)®DTH MASM 340
NP=0§ ETAMy ETAPy XIMe XIP = 0} MASM 350 f
ZMAX = ZPH (JMAX) MASM 360 {
MASM 370 .
i IF ZP >= ZMAX THEN DO} MASM 380
IF ZM < ZMAX THEN DU¥ MASM 390
NP=13 ETAM(]1)=2ZM} ETAP(1)=2MaX} MASM 400
ENDY MASM 410
ENDY MASM 420
MASM 430
1 ELSE DO /® NOW FOR ZP<IMaAX @&/ MASM 440
d IF ZM <= =ZMAX THEN DO} MASM 450
v IF 2P > =ZMAX THEN DO3 MASM 460
NP=1t FTAM(1)=/MAXS ETAP(l) = 2%#72MAX ¢ 2P} MASM 470
ENDS MASM 480
END 3 MASM 490
3
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ELSE 003 /% NOW FOR ZM > <ZMAX ®/
IF 2P > 0 THEN DOI
IF ZM>=0 THFEN 00%
NP=18 ETaMm(1)aZMi ETAP(1)aZP¢
END}
ELSFE DO3
NP=23 ETAP())=ZP}
ETAM(2) = 2872vAX o ZM}
ETAP(2) = 2#ZMaXi
END?
ENDS /% FOR ZP>0 ®/

ELSE DO}
NP=]3 ETAM(1) = ZM + 29ZMAX}
ETAP (1) = ZP ¢ 2%ZmMAX}
END3
ENDY
ENDY /® FOR ZP<i(MAX @y

MASM
MASM
MASM
MASM
MASM
MASM
MASM
MASM
MASM
MASM
MASM
MASM
MASM
MASM
MASM
MASM
MASM
MASM
MASM
MASM

/7 cen cnn ePe cte CRe Cen ewe Ve CEE SES Lee Gee eee == cee == §/MASM

IF NP>0 THEN DO
/eeeses  SURRQUTINE 2 sensesnee/
UOT = U(IsJ) ® DNTH
XMAX = XPH(IMAX)S TMAX = 2®XMAXY
TEMP = (XMH(I) « UDT)/T™AX}
XM = TMAX ® (TEMP = FLOUR(TEMP))

TEMP = (XPH(I)eUDT)/TMARS
XP = TMAX ® (TEMP « FLOUR(TEMP)) S

IF XP > XM THEN DO}
IP=14 XIM(1)=2xmi XIP(1)=xP}
END3
ELSE N0}
IP = 23 XIM(1) = XM} Xx1IP(2) = AP} XIP(1) = TMAAS
END3

/00800000000 SUBROUT!NE 3 avsaatases/

00 I1l=] 7O P}

D0 KM=] TO I2%
IF XMH(KM) <sXIM(I1) THEN IF XIM(I))<=XPH(KM) THEN GO TO NEXT1}
ENDS

PUT SKIP LIST('ERROR=]1 NO KM?)} GV TU ERROUTS
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MASM
MASM
MASM
MASM
MASM
MASM
MaASV
MA“
MA -
MASM
MASM
MASM
MASHM
MASM
MASM
MASM
MASM
MASM
MASM
MASM
MASM
MASM
MASM
MASM
MASM

500
5i0
520
530
540
550
560
570
580
590
600
610
620
630
060
650
660
670
680
690
700
710
720
730
740
750
760
770

180
7190
800
810
820
830
860
850
860
870
880
890
900
910
920
930
940
950
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NEXT1: DO KP=KM TO 121% MASM 960 ;
IF XMH(KP)<XIP(11) THEN IF XIP(Il)<=XPH(KP) THEN GU TO NEXT23 MASM 970 g
END} MASM 980 |
PUT SKIP LIST(1ERROR~2 NO KP?)} GV TU ERROUTS MASM 990 L}
NEXT2: DO Nl=l TO NP3 MASM1000 g
00 LM=]l TO J2t MASM1010
IF ZMH(LM)<=ETAM(N]) THEN IF ETAM(N]1)<aZPH (M) THEN GO TO NEXT3I$MASM1020
END} MASM1030 :
PUT SKIP(2) DATA(IsJoNPesIPs12vN)sETAMIETAP1ZMKeZPH) § MASM1 040 ' =
PUT SKIP LIST('FRROKR=3 ~NO LM0)} 60 TO ERROUT} MASM]1050 h
NEXT3: DO LP=LM TO J2} MASM1UVE&0
1F ZMH(LP)<FTAP(N]1) THEN IF ETAP(N])<=ZPH((P) THEN GO TO NEXT4IMASM1070
ENDS MASM] 080
PUT SKIP LIST('FRROR=4 ~O LP*) GU TU ERROUT}H MASM1090
MASM1100
NEXT43 MASM1110
MASM1120
DO K=KM TO KP3 MASM1130
DO L=LM TO LP} MASM]1140
Al = MIN(XPH(K) ¢XIP(I1)) = MAX(XMH(K)oXIM(I1))3} MASM1150
A2 = MIN(ZPH(L) oETAP(N1)) = MAX(ZMH(L)ETAM(N]1))$ MASM1160
. MASM1170
TM(KoL) = TM(K4L) & RHO(IsJ) ¢ Al * A2% MASM1180
TMOMX (KoL) = TMOUX (KoL) o RHO(IoJ)R®U(TI9d) ® A1 * a2} MASM1190 i B
TMOMZ (KoL) = TMOMZ (KoLl o ~HO{IeJ)®®(IeJ) ® &) & A2} MASM1200 {
ENDS ENU3 /¢ ENU OF K AND L LOOPS ./ MASM1210 *
END3 END3 /® END OF I1 AND Nl LOOPS #/ MASM1220
MASM1230 i
ENDS /% END OF NP>0 LO  *, MASM1240 {
ENDS /% FOR J LOOP ./ MASM1250 -
ENO LOOPIS /e END OF I LVOP ~/ MASM]1260
MASM1270 [
13=]211% J3=y2e1 MaSM]1280 {
MASM1290 1
D0 I=1 TO IMaXxs MASM1300
00 U=l TO JMaXy MASM1310 :
M(Tod) = TMUTey) ¢ TM{TIJd=14J) & TM(l9J3=J) ¢ TM(I3=19sU3=Y)} MASM1320 }
MOMX (] oJ)STMOMX (Tod) =TMUMX ([3=1sJ) ¢TMOMA (19J3=J)=TMOMA(I3=19J3=) IMASM1330
MOMZ (TeJ)=TMOMZ (T9J) +TMUMZ ([3=19J)=TMOML (T oJ3=U)=TMOML(]3=10J3~J) IMASM]1340
END} ENDS MASM1350 >
MASM1360 >
RE TURNY MASM1370 {
ERROUYT ERR=']1'8% MASM] 380
END MASMON} MASM1390 ’
]
¢
| - 118 -
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DENSTY: PROCH

DCL (DEBUGs ERR) BIT(1) EXTS

DCL Q(40+440) FLOAT BIN EXT?

DCL (Me M2VXe M2VZ, Py

RHOy Ve V1) (20+40) FLUAT BIN EXTH

DCL (DX(20)y DZ(40)9 XMH(81)9ZMH(BL) s XPH(60) ZPH(80))

FLOAT BIN EXTH

DCL (DAs DGy EPSle RHOCe VMAXy ZOe ONEs TwO) FLOAT BIN EXTI

DCL (MAXy MIN) ARUILTING

DCL (IMAXy JUMAX,y ISL) FIXED BIN(31) EXTH
DCL (le ICST1ls Js Ks L) FIXED BIN(31)S
DCL (PRHOy PSUM] «PSUM2s QRHUIQSUM] s uSUM2yRHOMAX ¢ XMP 1 ¢ LMPY

) FLOAT BIN}

Ve M2VXy M2VZ = 0%

DENS
DENS
DENS
DENS
DENS
DENS
DENS
DENS
DENS
DENS
DENS
DENS
DENS
DENS
DENS
DENS
DENS
DENS

/7% PEE CEe CEE POE CEOE PO GED VEE PEW BEOE AN T, T CRE Ce® oe® ./DENS

ICST1 = 04
VMAX = 201
STAR_LOOP:

IF DEBUG THEN PUT SKIP LIST('ENTERED STAR_LOOPY)}

ISL = ISL « 1}
ICST1 = ICST1 « 143
00 I=] TO IMAXS
00 Jsl TO UMAX}

RHO(IeJ) = M(IeJ) 7/ (DX(])®VZ (U
IF 1eJ22 THEN RHOMAX = RHO(lyl)=RHOL}
ELSE RHOMAX = MAX (RHOMAXy (KHO(IosJ)=RHOC)) $

ENDY END3J

IF DEBUG THEN PUT SKIP DATA(ICSTle RHOMAX)$
IF RHOMAX <=EPS]1 THEN GU TO FINAL_MUMXAZ}

VMAX =3 Z0%
DO I=1 TO IMAX}Y
XMPI = XMH(I) o APH(I)S
DO J=]l TO JMAX}S
PSUMLly PSUMZ2 = 701
DO K=1 TO ImaX?

PRHO = P(KsI) ® MAX(RHO(KyJ)=RHUCy Z0)3

PSUM]1 = PSUM] ¢ PRHOUS

PSUM2 = PSUM2 ¢ PRHO® (XMP] = XMH(K) = XPH(K)) 7/ Twuil

END?S

V(led) = V(Isd) ¢ DA ® MAX(KHO(IvJ)=RHOC, 20)

VMAX = MAX(V(IsJ)e VMAX)}

M(Iod) = DZUJ)®(DX(I)*MIN(RHO(IsJ) 9RHOC) + PSUM]1) S
M2VX (IeJ) = M2VX(19sJ) ¢ DZ(J)®PSUM2}

END?S END3S
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DENS
OENS
DENS
DENS
DENS
DENS
DENS
DENS
DENS
DENS
DENS
DENS
DENS
DENS
DENS
DENS
DENS
DENS
DENS
DENS
DENS
DENS
DENS
DENS
DENS
DENS
DENS
DENS
DENS

10

20

30

40

S50

60

70

80

90
100
110
120
130
140
150
160
170
180
190
200
210
220
230
240
250
260
270
280
290
300
310
320
330
340
350
360
370
380
390
400
410
420
430
440
450
460
470
480
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PAGE 19 :5
DENS 490 B
DO I=1 TO IMaXs DENS S00 :
DO J=1 TO JMAX} DENS 510
RHO(IeJ) = M(IeJ) 7 (DA(I)®UVZ(J))} DENS 520
ENODS END? DENS S30
DENS 540
DO Jsl TO JUMAXS DENS 550
ZMPJY = ZMH(J) o ZPH(J) DENS 560
DO I=]1 TO IMAXS DENS S70
dSuMle QSUM2 = Z20% DENS 580 i
DO L=] TO umaxi DENS 590 {
QRHO = Q(LsJ)*MAR(RHU(IsL)=HHOCs ZO) 3 DENS 600
QSUM]1 = QSUM] + QRHOI DENS 610
QGSUM2 = QSUM2 ¢ WRHO® (ZMPJU=ZMH(L)=ZPR(L))/TWO} DENS 620
END3 DENS 630
DENS 640
M(Ied) = DXU(I)®(DZ2(J)SMIN(RNO(IeJ)s KHOC) ¢ WSUM]) DENS 650
M2VZ(IedJd) = M2VZ(IeJ) + DX(l)®uSum2i DENS 660 i
END$  END? DENS 670 {
DENS 680
IF ICST]1 > 999 THEN DO? DENS 690
PUT PAGE LIST(eICST1 > 999 MSTOP"® ')} DENS 700 i
ERR=11983  RETURNY DENS 710 !
ENDS DENS 720 :
GO TO STAR_LOOPS DENS T30
DENS 740 [
FINAL _MOMXAZ? DENS 750 !
IF DEBUG THEN PUT SKIP LIST('ENTERED FINAL_MOMXAZ')} DENS 760 t
IF DEBUG THEN PUT SKIP DATA(VMAX)S DENS 770
END DENSTY} DENS 780
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MOMEN? PROCSH

OCL (EXP )BUILTINI

DCL (DEBUGe ERR) RIT(1) EXTS

DCL (QyQl) (40,40) FLOAT BIN EXTI :

DCL (PoPls MOMX ¢ MUMZ o UsVelwy V1 ) (20940) FLUAT BIN EXTH

DCL (M2VXe M2VZ) (20940) FLOAT BIN EATH

DCL (TMOMXy TMOMZ ) (40+80) FLOAT BIN EXTH

DCL (DX(20)s DZ(40)e DAs DGe DTy GMAXe KHOCe VMAXe Z0O9 ONE)
FLOAT BYN EXTH

DCL (IMAXe JUMAX, IPL ) FIXED BIN(31) EXTs

DCL (A+EPDGIETEMPsPSUM] sQSUMI9oVMAX]L]1 ) FLOAT BINS
DCL (19 IPe Jo X oL) FIAED BIN(31)}

VMAX1]l = 1.1 ® vmaxi

IP=0}§

A = 1,1 & VMAX/RHOCS

DG = DA/A}

IF DEBUG THEN PUT SKIP DATA(VMAX1ly Ae DGe GMAX)S

DO Is=] TO IMAXS
DO J=1 TO JMAX}
Vi(Ied) = VIIey) 7/ vMAXI]
TMUMX (T9J) = MOMX(TeJ) ¢ M2VX(]eJ) / DT}
TMOMZ (TeJ) = MOMZ(I9J) * M2VZ(IsJ) 7/ DTS
MOMX (IeJ) e MOMZ(1eJ) = 204
ENOS ENOE
IF DEBUG THEN DNO3
PUT SKIP(2) LIST(" TMOMA ) 3
DO J=]10 TO 1 BY =13
PUT SKIP EDIT(Je (TMOMX(I9J) DO I=1 TO 10))(F(2)910 E(l204))}
ENDS
PUT SKIP(2) LIST(® TMOML) §
DO J=10 TO ) BY =11
PUT SKIP EDIT(Je(TMUMZ (I9J) DO I=] TO 10))(F(2)910 E(1206))}
END3
END3}

PLUS_LOOP:
IF DEBUG THEN PUT SKIP LIST('ENTEREV PLUS_LOOP'")
IF DEBUG THEN PUT SKIP DATA(IP)S
IPL = IPL + 113
IF (IP+1)®*DG > GMAX THEN DO}
EPDG = EXE (=1P®DG)
DO I=1 TO IMAX3
DO J=1 TO uUMmaX?
MOMX (IoJ) = MOMX(leJ) ¢ TMOMX(IsJ)®EPDGS
MOMZ (T9J) = MOMZ(19J) ¢ TMOMZ(IeJ)*EPDGS
ENDS ENDS
RETURN?}
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120
130
1640
150
160
170
180
190
200
210
220
230
240
250
260
270
280
290
300
310
320
330
340
350
360
370
380
390
400
410
420
«30
440
450
«60
479
480
490
500
510




APPLIED PHYSICS LABORATORY

LAUREL. MARYLAND

r—-;—ﬂk ~ e s ———— S Lt~ T a
THE JOWNS HOPINS UNIERSITY H
J

[
[ N——— |

PAGE 21
ENDS MOME 520 -}
MOME 530 ;|

ETEMP = EXP(=IP®NG)*(ONE = EXP(=DG))} MOME 540
DO I=1 TO IMAX3} MOME 550
DO J=1 TO JUMaXi MOME 560
MOMZ (I9J) = MOMZ(IsJ) & TMUMZ (I9J)®ETEMPS MOME 570
MOMX (I9J) = MOMX(IeJ) ¢ TMOMX(Tsu)®ETEMP} MOME 580
END?$ END$ MOME 590
MOME 600
Us W = 203 MOME 610
DO I=]1 TO IMAX} MOME 620
DO J=1 TO JMAX} MOME 630
DO L=1 TO Jmaxi MOME 640
U(Iod) = U(Ted) ¢ QLI ®VI(ToL)®*TMOMX(ToL)/Z(OX(I)®*DZ (L))} MOME 650
W(led) = W(IeJd) ¢ QL(LeJ)*V]I(IoL)®TMOMZ (Is )/ (DACI)®DZ (L))} MOME 660
END3 MOME 670
END? ENDS MOME 680
MOME 690
DO I=1 TO IMAX} MOME 700
DO J=1 TO JMAX}$ MOME 710
QSUM1, PSUM] = 20% MOME 720
00 K=1 TO IMax} MOME 730
PSUM]1 = PSUM] « Pl (KeI)®U(KIJ)} MOME 740
QSUML = QSUMY ¢ P(KsI)®W(KeJ)} MOME 750
END}$ MOME 760

MOME 770 i

TMOMX (19J) = (ONE=V1(IeJ)) # TMOMX(LleJ) & PSUM]I- MOME 780 H

3 MOME 790 !
TMOMZ (I9J) = (ONE=V1(IeJd)) ® TMOMZ(LlsJ) + QSUM1S MOME #00
END3$ END3 MOME 810

MOME 820 i

IP = IP + 1} MOME 830 A
GO TO PLUS_LOOPS MOME &40
END MOMENS$ MOME 850

el e
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GLOSSARY

Coefficient in representation of Sx(-) v, finite difference

operator

Coefficient in representation of Sx(°) by finite difference

operator

Coefficient in representation of Sx(-) by finite difference

operator
Flow domain, domain in Eq. 33

Computational domain

Coefficient in representation of Sz(°) by finite difference

operator

Coefficient in representation of Sz(o) by finite difference

operator

Coefficient in representation of Sz(-) by finite difference

operator

Function defined in Eq. 10b.

Gravitational constant

Non-negative integer

Non-negative integer

Number of computational cells in horizontal direction
Number of computational cells in vertical direction
Non-negative integer

Non-negative integer

Mass in Rij

Intermediate mass in R

1)
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5,()

5,(*)

e e

el

Mass in cell Ri at end of time step

A
Non-negative integer, unit vector normal to boundary
Function defined by Eq. 73b

Approximation to operator for horizontal diffusion with
reflection at x = 0 and x = X

Approximation to operator for horizontal diffusion in
infinite space

Approximation to operator for vertical diffusion with re-
flection at z = 0

Approximation to operator for vertical diffusion in infinite
space

Rectangle defined by Eq. 36

Operator that transforms solution at one time into solution
at later time

Approximation to operator that updates solution by one time
step

Operator for diffusion in horizontal direction in infinite
space

Operator for diffusion in vertical direction in infinite
space

Time

Velocity components, horizontal velocity component
Initial velocity

Intermediate velocity
Velocity at end of time step

Horizontal component of velocity in Rij

Quantity defined in Eq. 12

3 i s S
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v1j Approximate value of v in cell Rij

w Vertical velocity component

wij Vertical component of velocity in Rij

x Spatial coordinates, horizontal spatial coordinate

X Width of computational domain

x, Horizontal coordinate of centers of computational cells in
ith column

X41/2 Horizontal coordinate of right-hand sides of computational
cells in ith column

Ax1 Widths of computational cells in ith column

2 Vertical spatial coordinate

Z Height of computational domain

'j Vertical coordinate of centers of computational cells in
jth row

zj+1/2 Vertical coordinate of tops of computational cells in jth
row

Azj Heights of computational ceils in jth row

a Pseudo-time variable

Aa Step of pseudo-time variable a

Y Pseudo-time variable

Yo Cut-off parameter for solution of Eq. 1l3a

Ay Step of pseudo-time variable vy

A Laplacian operator

€ Cut-off to keep from dividing by zero in Eq. 38

€ Cut-~off in Eq. 81 for approximate satisfaction of density

constraint
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xij

M214

=

zij

o

©

T4

o|

Cut-off parameter that determines how Eq. 13a is solved
Horizontal component of momentum in R:lj
Intermediate horizontal component of momentum in Rij

Vertical component of momentum in Rij

Intermediate vertical component of momentum in Ri 3

Momentum in cell R1 at end of time step

3
Density

Density of liquid phase
Initial density

Intermediate density
Density at end of time step
Time step

Gradient

Py [ . [
H . avosuand
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