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3

SCATTERING BY PERIODIC SURFACES WITH SINUSOIDAL
HEIGHT PROFILE-A THEORETICAL APPROACH

PART I: THEORY
1. INTRODUCTION

Many of the procedures used to study scattering from periodic surfaces
are based on the original approach used by Lord Rayleigh in 1907 [1] in which
a discrete spectrum of outgoing plane waves is assumed for the scattered
field. Difficulties occur in applying boundary conditiors since this form
of the scattered field does not necessarily apply at the scatter surfaces |
(2,3]. Other approaches to study scattering from periodic surfaces include |
.- perturbation techniques [4,5] variational methods [6] and the physical optics
or Kirchhoff approximation [7,8,9). All of these methods are of limited
vaiidity. Only recently,with the availability of high speed computers, has
the evaluation of rigorous formulations of these problems become practical and

es"S5

|
“_
i
|

(1] Lord Rayleigh, The Theory of Sound, Vol. II, Dover Publications, New
York (1945).

(2] Lippmann, B. A. (1953), "Note on the Theory of Gratings", J. Opt. Soc.
Amer. 43, 408.

(3] Uretsky, J. L. (1965). "The Scattering of Plane Waves from Periodic
s“ff.cﬂ‘,"Ann. Phyac. 33, 400_427.

(4] Miles, J. W. (1954), "On Nonspecular Reflection at a Rough Surface", }
J. Acout. Soc. Amer., 26, 191-199.

(5] Katsenelenbaum, B. A. (1955), "The Perturbation of an Electromagnetic t
Field for Small Deformations of a Metal Surface”, J. Tech. Phys. (USSR),
25, 546.

[6] Meecham, W. C., (1956), "Variational Method for the Calculation of the
Distribution of Energy Reflected from a Periodic Surface", J. Appl.
Ph!.. 3_7.. 361—3670

(7] Brekhovskikh, L. M. (1952), "Diffraction of Electromagnetic Waves at
. Uneven Surfaces”, J, Exp. Theor. Phys., USSR, 23, 275-304.

(8] Senior, T. B. A. (1959), "The Scattering of Electromagnetic Waves by
a Corrugated Sheet", Canad. J. Phys., 37, 781-797 and 1572.

(9] Beckmann, P. and Spizzichino, A. (1963), "The Scattering of Electro-
magnetic Waves from Rough Surfaces, Macmillan, New York.




reliable results beenobtained [10-15]. Am. excellent survey of work done on

scattering from periodic surfaces can be found in the report by Tong and
Senior [13].

The present study uses an independent approach to the problem of scatter-
ing from periodic metal surfaces. It is basically an adaptation and exten-
sion of the physical optics approximation into a rigorous theory which
applies to surfaces with radii of curvature not necessarily large compared
to vavelength. The specific problem being considered is that of scattering
of plane vaves from a sinusoidally varying perfectly conducting surface. The

current induced in this surface (which produces the scatter radiation) is
assumed to have the form

K=KF
P

wvhere :8 is the physical optics approximation of this current - or a suit-
ably chdsen modification of it - and F is a Fourier Series expansion with

a fundamental period equal to the period of the surface (to satisfy Floquet's
theorem for periodic structures). By imposing the so called extended boundary
condition, i.e., the physical constraint that the field radiated by the in-
duced surface currents into the lower (shielded) half-space cancels the inci-
dent plane wave in this region, a linear system is obtained for the complex
Pourier coefficients of the current distribution. The matrix elements of this

(10] Zaki, K. A., and Neureuther, A. R. (1971), "Scattering from a Perfectly

Conducting Surface with Sinusoidal Height Profile, TE Polarization"
IREE Trams., AP-19, 208-214.

(11] Zaki, K. A., and Neureuther, A. R., (1971), "Scattering from a Perfectly

Conducting Surface with a Sinusoidal Height Profile, TM Polarization" IEEE
h‘n.o. ”-19’ 7‘7-7510

(12] Green, R. B., (1970), "Diffraction Efficiences for Infinite Perfectly
Conducting Gratings of Arbitrary Profile," IEEE Trans., MTT-18, 313-318.

(13) Tong, T. C~-H and Senior, T. B. A. (1972), “Scattering of Electro-
magnetic Waves by a Periodic Surface with Arbitrary Profile", University
of Michigan, Dept., of Electrical and Computing Engineering, Radiation
Laboratory, Scientific Report No. 13, AFCRL-72-0258.

[14] Hessel, A. and Shmoys, J., “Computer Analysis of Propagation Reflection
Phenomena,"” Polytechnic Institute of Brooklyn Scientific Report, Con-
tract number DAABO7-73-M-2716 August 1973.

{15) Ikuno, H. and Yasuura K., "Improved Point-Matching Method with Applica-
tion to Scattering from a Periodic Surface," IEEE Transaction Antenna
and Prop., AP-21, pp 657-662, September 1973.
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system and the inhomogeneous terms are integrals which can be evaluated lead-
ing to closed form expressions in terms of Bessel functions. Numerical eval- 1
uation of the theory thus involves solution of a linear system. But since
the coefficients of this system are closed form expressions,no time consum-

ing integrations are involved in setting-up the coefficient matrix. Solu-
tion of this system (after appropriate truncation) then allows the determina- .
tion of the scattered field in the upper (illuminated) half-space away from ]
the conducting surface; the complex amplitudes of the plane wave spectrum b
of this field are series of Bessel functions. By relaxing the degree of |
truncation of the linear system in the numerical evaluation (i.e., by r
increasing the order of the system actually evaluated) ,it should in principle

be possible to arbitrarily increase the accuracy of the approach, although this |
has not yet been demonstrated. ‘

One of the reasons for conducting the present study was to investigate
whether or not the specular reflection coefficient of periodically corrugated
metal surfaces is significantly dependent on the direction of polarization of
the incident field. Thus both TE~ and TM-polarization of this field are
considered where TE-polarization denotes the case that the electric field
strength 1s diretted parallel to the direction of the surface grooves and
TM~polarization the case that the magnetic field strength has this direction.
Interest in this polarization question stemmed from the need to verify the
superiority of TM- over TE-polarization in minimizing false guidance of micro-
wave scanning beam landing systems [16]. Reflections from large metal
structures near runways such as hangars (which usually have periodically
corrugated walls and doors) or rows of parked airplanes are a likely cause of
misinformation received by landing aircraft, and the question arises if such
reflections can be reduced by appropriate choice of polarization. The
numerical results confirm experimental evidence that TM-polarization in ¢
general leads to substantially less specular reflection than TE-polarization, in
particular in the practically interesting range of low incidence angles (near
grazing). At grazing incidence itself the specular amplitude reflection co-
efficient of course is -1, for both TE- and TM-polarization.

For a summary of the new theory we refer to a preceding shorter report
[17) which also discusses the case of circular polarization of the incident
field. It is shown in this report that circular polarization is highly effec-
tive in reducing higher order grazing lobes with the same polarization (cir-

(16] Demko, P. S., (1972), "Polarization/Multipath Study", Tech. Memorandum

VL-5-72, Avienics Laboratery, U.S. Army Electronics Command Ft. Monmouth,N.J.

[17] Schwering, F. and Whitman, G., (1977) "Scattering by Sinusoidal Surfaces", ;
Tech. Rept. ECOM-4496, Communications/ADP Laboratory, U.S. Army Electronics 3
Command, Fort Monmouth, N.J.
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cular with the same sense of rotation) as the incident wave. On the other
hand, grating lobes with the opposite sense of rotation are, in general,
present with significant amplitudes. Such grating lobes, however, would not
be received by an airborne antenna polarized for optimum reception of the
primary microwave beam.

2. FORMULATION OF THE PROBLEM

Consider a perfectly conducting sinusoidally varying surface defined by
the relation

x
(<)
z = f(x) =hsin (2r—3), ~=<x,y <o (D

A uniform plane wave is assumed incident upon this surface at an angle of
@ degrees with a suppressed time dependence exp (iwt); see Fig. 1. The
field strength components of the primary wave are in the case of TE-polar-

ization

P - .1k(x 8in® - z cosd) (2a)
y

P P

M B 7] ') 4

il 4 S e ¢ /_2 DR W, X
& *\/ e R ik 9x

and in the case of TM-polarization

WP = e—ik(x 8in6- z cosb)

. P P L
/:_9_3’-- T T, TR

v, X ik 32z °’ u, ik  ox

In the TE-case,the electric field strength of the primary wave is assumed to
have unit amplitude and in the TM-case, the magnetic field strength; k = <
is the wave number. A

As it is well known from the theory of optical gratings, the incidence power
is scattered into a finite number of discrete directions em

A
-me- 8ind + m i (3a)

where A is the wavelength and m is any integer in the range

- %(1 + 8ind) < m ¢ %(1 ~ 8inb) (3b)

The scatter field,in other words, comprises a finite spectrum of propagating
plane waves carrying the real power reflected by the surface. This spectrum
is supplemented by an infinite but discrete set of evanescent plane waves as-
sociated with the integer m values outside the range (3b). For such m-
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_ values the propagation angles (3a) become complex, describing inhomogeneous
waves exponentially decreasing in the positive z-direction. In the case of
i TE-polarization,the scatter field thus takes the form

E® - Z B(l)‘-:l.k (x :1n0- +z coaen)
y m
il n=-w
s 8 (4a)
u JE 3E
. ‘/_o,,s. % _L,./le_ns.-l_ e
€0 X ik 23z o 2 1k ax
and in the case of TM-polarization
H; o Z Hn(‘l) e-:lk(x sinem + z cosem)

8 35® (4b)
0 o Ny M, e i
n X ik 3 ° u z ik ax
o o
where Em(l) and H&l) are the complex amplitudes of the component plane waves
of the scatter field. Using 8.:3 it can be seen that these component waves,

except for a common factor e~ ing, are periodic in x with the period d of

the surface profile (Floquet's theorem). They have therefore been termed
space harmonics.

3. INTEGRAL REPRESENTATION OF SCATTER FIELD AMPLITUDES

In the case of TE-polarization,the incident field induces y-directed
currents in the metal surface. The electric field strength of the scatter

field can be derived from this (unknown) current distribution Ky(’b) according
to the relation

E;(x,z) - - w;:° f xg,(xo) H‘S”(kr)dso
5 (5a)

where the integration is taken over the profile of the scatter surface So3
and r is the radial distance between source and field point:

r = {(x—xo)2 + (2_20)2}5

The kernel of the integral i.e., the Hankel function (multiplied by - j/4) is
the two-dimensional Green's function of free space. Meanwhile, for T™M-
polarization, the magnetic field strength of the scatter field can be derived
from the current distribution in the metal surface, Kt(xo) which, in this case,
i flows normal to the y-direction (but, of course, tangential to the surface):

2 2)
o (x,0)= § f NCRE IS ds,
)

[+}

(5b)




where 3/ 3 denotes the derivative normal to the surface §,.

Since the integrals in eqs. (5a) and (5b) extend over an infinite range,
they are not amenable to numerical evaluation. However, because of the
periodicity of the surface profile, these integrals can be transformed into
integrals extending over one period only. Using Floquet's theorem we conclude
that the surface current densities K (x,) and K, (x ) are periodic with d,
apart from a phase factor exp(-ikx u!n 0) determined 7 the incident plane

wave. Hence

-ikx sinet (x )

RByxyd= o (6a)
K.(x) = e 'meit(xo) (6b)
where
Ky (x ) = Ky (@) (6c)
(6d)

Kt (x°+d) = Kt (d)

Subdividing integrals (5a) and (5b) into sums of integrals, each extending
over one period only of the scatter profile, we obtain after interchanging

summation and integration

d/2 =
E;(x,z) - - %’E’fgx(x-xo,:-zo)l(y(xo) \/1-0-:0 dxo (7a)

-d/2

d/2
B (x,2) = -1- gn(x—x .z-zo)l(t(xo)dxo ()

-d/2

vhere ‘8 and & are given by

- L
= in®
8g(x-x ,2-2)) = Z Bo(z) [k{(x-xo-nd)z + (:-:o)z} ]}o N (7¢)

By(x-x » 2-2o) '{( '.3—' - %—)Z 8(2)[k{(x-xo-nd)

. z_:o)zy ]}e-inkd sind

(7d)
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We have expressed the surface element ds_ and the differential 3/ an, (in !
the expression for 8y in terms of X and z ¢

{

- ‘/ 02 ‘

dso 1+ z dxo |
___ )

’ 12 0 3x lo)

where z, and zo are the height and slope respectively of the surface profile.
Hence, with eq®(l).

b
o/ ST

dz x

h ()
x dxo 2w 3 cos (2n 3 (8)

We now apply Poisson's summation formula [18], [19] which we write in a
form appropriate for our present purpose:

Z B [k { Geox ma)? + (2-2 )2 ) 4g-inkdstnd

9
> %_d. ic 8‘:‘5‘ ‘.-ik[(x-xo)ainq.ﬂz-:oIcosen]
me-—
wvith
8inf = sin® + m A/d (9a)
and
Re (coaen)o. In(cosem)<0 (%)

Then equations (7a) to (7d) reduce-after interchanging integration and sum-
mation a second time-te space harmonics representations in accordance with
eqs. (4a) and (4b). In the case of TE-pclarization we obtain

® - Z e s e (10a)

y
m=e—=oco

(18] Felsen, L. B. and Marcuvitz, N. (1973), "Radiation and Scattering of
Waves", Prentice-Hall, New Jersey.

{19] Morse, P. M., and Feshbach, H. (1953), "Methods of Theoretical Physics-
Part I," McGraw-Hill, New York.
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with

d/2
- /"_o " ik(x 8in®_ + z_ cos@ ) 2
Bu 2d eo cosem Ky(xo)e s » v . 1+zo dxo
-d/2 (lla)
and in the case of TM-polarization
(- -

H® = :5: H(:) o ik(x ainem +z coaem) (10b)

y &t
g . L K (x )elk(x, sing +z cosf) f1.s' tand, ] dx (11b)
m 2d dlzt (6) o o

In both cases we assume z 3 h = Max (z:d) to insure convergence, and
Re(cosem) >0, In(cosan) < 0
to satisfy the radiation condition (see eq. Ob)).

Note that while eqs. (7a) to (7d) represent the scatter field at all
points above the scatter surface, including the space range within the
grooves, the space harmonics representation (10a) and (10b) converge in the
space range z > h but may diverge within the grooves. Hence this repre-
sentation camnnot, in general, be used to formulate the boundary condition
Et&ng = 0 at the metal surface (Rayleigh Hypothesis [20]) For our present
purpose the space harmonics method is appropriate: the scatter problem is

solved using an approach which does not require explicite formulation of
this conventional boundary condition.

4. CALCULATION OF INDUCED SURFACE CURRENT DENSITIES

Equations (10a) to (11b) provide a representation of the scatter field
of the periodic surface in terms of the (unknown) current distribution induced
by the incident plane wave. To determine this currenmt distribution we use the
following approach. The metal surface is assumed removed while the current
distribution existing in this surface is maintained in place. If an apn-
proximation is used for this current distribution, deviating from the actual
current density, then a field will exist not only in the half-space above but
also in the half-space below the current carrying surface. This latter field
can be derived by a procedure similar to that employed in calculating the
field in the upper half-space; the condition that this field must be identi-

cally zero is then utilized to determine the correct current distribution
on the metallic surface.

Equations (7a) to (7d) hold for z > 0 as well as for = < 0. Inserting

[20] For a discussion of Reyleigh's method and it's limitations see Tong and

Senior [13], or Millar, R. F., "Some Controversial Aspects of Scatter-

ing by Periodic Structures, XVII General Assembly of URST g
Warsaw, August, 1972, i y o » Session VI-S",
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Poissons summation formula (9), while observing that in the lower half-space
z<z, we obtain in the case of TE-polarization

z; _Z En(.z) e~1k(x sing - z cosd ) (12a)
me=co
(2) 1 % 4 s ik(x_ 8in8 0_) 2
o] X 8in - Z_cos (]
R a E; c;;;ﬁ .{‘Ky(xo) e o m o m 1+zo dxo
-d/2 (13a)

and in the case of TM-polarization

Ty (2) -ik(x sin6 - z cos® ) (12b)
Hy :E: Hh e m m
we e
H:z) - % ‘[ Kt (XO)eik(xo 51nem o zo cosem) (1""2:, tanem)dxo
-d/2 (13b)

As before, the propagation angles 6, are given by eqs. (9a) and (9b). To
insure convergence it is assumed that z <~h = Min (z ); for z and z' see
eqs. (1) and (8), respectively. In the lower as in the upperohnlf-sSace the
scatter field is thus obtained as a superposition of space harmonics i.e.,
as a discrete spatial spectrum of propagating and evanescent plane waves
whose x-dependence-except for a common phase facter-is periodic with the
period d of the surface profile. The propagation directions em of the upper
and lower half-spaces correspond to each other; they are related by imaging
at the plane z = 0,

The current distribution existing on a metal surface is now obtained from
the condition that the field in the lower half-space must be identically zero.
This means that the space harmonic of order zero must cancel the incident
plane wave (it travels in the same direction) and that all higher order space
harmonics must vanish. Hence for TE-polarization

8(2) 3 0 for m¢¥Q (14a)
m

1 for m =@

and for T™M - polarization

0 form¢ 0 :
™ . (14b)
» -1 for m = 0

9
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These equations in conjunction with eqs. (13a)
integral relations for the

these equations it

€
= —2—- '
'S("o) \/ o Ky(xo )

cogf

/€
s o = _~ik{(x_ 8ing - gz cosf)
2 ;;—- fll;la e o () Fy(xo)

Kc(xo) e e-ik(xo aind - gz, cose)l,.t(xo

where F_ and F, are Fourier s
period Yof the surface profil

e [21]):

[ ]
E,H i2mn
Fy,t(xo) Z Cn e
n--ﬂ

Note that expressions

by eqs. (6a) and (6b)

closely resembling the
expression for
F_ 1s replaced b unity (first order
u&ity. expression (15a) for K&
physical optics approximation?
fication enhances computational accuracy
an integral equation for

= 0 at tae metal sur
:i::'uh

en evaluated in the vicini
[21] actor Ve /uo appear
Egc{tﬂz.f d ggrsﬁstgoénn! e pr

magnetic field strength in the TM-case.

(15a) and (15b) satisf
and observe, furthermor

however,

Furthe
rmulat

obtained by fo

front of the exponential
placed by cos® + 8. siné.

(23] See reference [13) on page 2.

10

and (13b) form a set of
current distributions

is expedient to write Ky and Kt

eries with a fundamental period equal to the |

y Floquet's theorem as expressed
e, that a
physical optics approximation
» eq. (15b), becomes identical with
approximation).
reduces to a modified versidn [22] of the
it has been found that this modi-

ace, will yield exactly this modified approxima-
ty of the singularities of its kernel [23)

intihc expression for Ky but not in cthat
zation :
2m.¥§‘3&v.“!%‘

[22] The physical optics approximation would result if the
function (phase term) in eq.

and K. . To solve
in thi following form:

(15a)

: (15b)

%o
(15¢)

functional dependence
has been chosen. The
this approximation if

If F_ is replaced by

rmore,it has been shown that
ing the boundary condition

t £ th
cace and"Sf the

tfeP

=case an

factor coe9 in
(15a) were re-
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Inserting eqs. (15a), (15b) and (15¢) into eqs..(13a) and (13b) and
performing the integrations leads to closed form expressions in terms of
Bessel functions. Thus,

2 3

- X h Xo i

(2)_ 1 cosb E _12n[ (m+n) 242 sin(2m—) (cosb-cosb ) {
N TSt fzcn. oA . m]dxo ¢
~4/2"" (16a) |

cos8 T . mtmtl L
cosem Z 1) Jm(ahr) cn

n=-o

and
/2 B &
“(2) g 1 ‘ zcﬂ ol2m [(m+n) i s 4 sin(zw—%) (cose-cosem)]
m d n

=00

-d/2 5

[1+2n % cos (2":°

) tanem]dxo

- z D™, G2n) = e o) + Ty G2m)] €8 (26b)

N=m=00

mén Pm H
- Z D= (abm) 1 I (aon) €

N=eo
with
%o ™ 'h—;‘(cose-cosem), " &".’.:l tanem ’

where ﬁm anglzc em are defined by eqs. (9a) and (9b). With these expressions
for En(a and Hmz). conditions (14a) and (14b) reduceBto thenfolloving
for the unknown current coefficients C o and cn: i

linear systems

Z(-n“ 3 m (92 c: -0 for m ¥ 0 (17a) ;
n=-c
Y D™ (@) EracEal formeo _ (17b)

ne-=w




P
i:(-l)n[l-(n'h) t] ’m‘“z-)": =0 form¢g 0 (17¢)
ns= o

1\ - P .
Z( 173,00 7 Uy O + Jn-l(‘”)]czl: . c: *oF (cf-l » cfl) s
n- a

form= 0 (174)

Eqs. (17b) and (17d) yield explicit expressions for the zero order coeffi-

cients cg and cg, respectively:
E
co -] (18a)
Haoy-loc oot ) (18b)
o 2 '+l -1

Using these expressions in eqs. (17a) and (17c), the linear systems for the
higher order current coefficients take the form:

Z.'A‘nc:--%o’"'Ilo +2, ciiy @

N®&=oco
n¥0
' Apy = D" T (agy) (18c)
“[n 6, 23 Jas -1, +2 ‘e
mn + 2 mo'n mo’ T = Ifr cen T (18d)
n-.@
n¥0 " n Pn
B, = (1) [1-(m);; Jotn (Cop) ]
"1 for n = +1
6+ -

0 for n ¥ +1

Solution of the linear systems (18c) and (18d) requires a matrix inver-
sion vhich is efficiently handled by available computer routines. A parti-
cular advantage is that all matrix coefficients and inhomogeneous terms are
closed form expressions in well-known functions so that no time consuming
numerical integrations are involved in computing the coefficients of the
matrix to be inverted, though a routine for Bessel functions of complex
arguments is needed. Inversion of course requires truncation of the in
principle infinite linear systems. We assume without proof that the current
distributions computed will converge towards the actual distributions when
the degree of truncation is relaxed, i.e., when the order of the linear
systems is step by step increased. As the critique of the Rayleigh method
has shown such assumptions have to be regarded with caution. In contrast to
the Rayleigh hypothesis, there are no obvious physical reasons for doubting
the validity of the present approach; but problems have been encountered in the
numerical evaluation when the groove depth (2h) exceeded 1 to 2 vavelengths.
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(See part II of this report).

5. SERIES REPRESENTATION OF SCATTER FIELD AMPLITUDES

When the Fourier coefficients CE and Cu ,» of the current distributions
Ky and Ky are known, evaluation of tRe plung wave amplitudes of the scatter
fleld in the upper half-space is straight forward. In the case of TE-polar-
ization we obtain by insertings eqs. (15a) and (15c) into eq. (1lla)

g1 . _ 1 cosb fdlz Z cE eiz"km*n);g' +% sin(2¥ 3‘2) (cos® +cos8el ,
m d cosby J_gq/7 n (o
n.—w

(19a)

cos® mén+l E
cosem 2: 1) Jm+n(alm)cn
n-a

and in the case of TM-polarization by using eqs. (15b) and (15c) in eq.
(11b)

a’z :
gt o1 f ch eﬂﬂ[(mﬁt)' dﬁ +l;- sin{2r axg) (cosb + cosem)]

m aJ-4/2 (19b)
N=|eo
o(1-2n %-cos(zqgg) tané ) dx,
i - _qyarintl Pm H
- Z (-1) [1+ (m)alm] I tn @10 Cp (19¢)
: (; n=—co
f where in both cases
h : h
Qym = 27 A(cose+ cosqm)) Pm 2n E-tanem (19¢)

: i We have used here eqs. (1) and (8) for z, and 2z' , eq. (9a) for sinfm, and
' have furthermore assumed that the Fourier series of the current distribu-
tions converge sufficiently to permit interchanging summation and integra-
tion.

- —
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. 6. CONSERVATION OF POWER DENSITY AND RECIPROCITY THEOREM

f Two physical criteria are used to check the validity of our numerical

; results. They are conservation of power and reciprocity. The former requires
that the power reflected per unit area from a perfectly conducting surface
equal the power incident per unit area upon the same surface, i.e.,
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Su= 5 ReGE x B%-m)

is the normal component of the Poynting vector and n is a unit vector per-
pendicular to the surface. In the present case it is convenient to formu-
late this condition for one period of the metal surface, utilizing a plane
horizontal test surface subtended between two adjacent maxima of the surface
profile (to insure convergence of the space harmonics representation of the

scatter field). For the primary power incident through the test surface we
obtain with eqs. (2a) and (2b)

€
d o
plnc - _ 3 \’uo cosb for TE-polarization (20a)
a [Y 8 £
3 -e—o- cos or TM-polarization

and for the reflected power propagating through this surface we obtain by
using eqs. (4a) and (4b)

[
d _°-Z IE(]')I?' cos® for TE-polarization (20b)
refl pihi i >
» o
d »
3 \/¢—° Z Iun(ll)lz cosby, for TM-polarization
o

vhere the summation is limited to the propagating space harmonics i.e., to
spectral orders m satisfying condition (3b). Eq. (20b) expresses the fact

that the space harmonics are mutually orthogonal over one period. Conserva-
tion of power thus requires

ZIE‘:DIZ cosfy for TE-polarization (20c)
cogd «( M

Zln:1)|2 cosfy, for T™-polarization (204)
™

providing a criterion for checking the accuracy of the computed results.

The second physical condition tested is reciprocity. As shown in
appendix A, the Lorentz reciprocity theorem applied to the problem of
periodic surface scattering may be stated as follows: If a plane wave inci-
dent from direction 6® produces a space harmonic of order m propagating in
the direction 0: = - 67, then a plane wave arriving from direction 6P pro-
duces a space harmonic of the same order m traveling in direction BB = -2

14
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[24] and the complex amplitudes of the two space harmonics are related by

(E:I))‘ cose: - (Eél))b cosez (21a)
for TE-polarization and by
(H:l)). cosB; - (H':n)b 0089: (21b)

for TM-polarization. We have assumed here that the two incident waves have
equal amplitude and phase.

The power and reciprocity criteria supplement each other. While the
former criterion checks on the accumulated bower of all propagating space
harmonics, the reciprocity criterion tests the amplitude and phase of
individual space harmonics.

APPENDIX A

Reciprocity Relation for Periodic Surface Scattering

Two TE-polarized plane waves, with propagation angles o and ob.

a _ ik(x sind®-z cose®) e, a1
“inc = ¢

€ a a
a _ /o cdk(x sind -z cos8 )(Sx soat” & e, sino®)

=inc V y,
and
Eb o o-ik(x sineb—scoseb) (A.2)
e e
-inc “y

€ b b
" ’_g_e—ik(x 8ind -zcoso )(e sold” + o sine)
=inc Mo -X -z

[24] The minus signs in the relations O = -e® and 0: = - 8% are a matter of
definition. Propagation angles of incident and scattered waves (in-
going and outgoing waves) are counted with opposite signs; see Fig. 1.
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are assumed incident on a periodic metal surface with height profile (1),
i.e.,

:o-hdu(zw%) -® <Xy <+ w (A.3)

The respective scatter fields are denoted by e ¢ and n: . ljb « In

- . -
the space range above the surface grooves, >.§ax1lco) - h.cthogg scatter
fields can be expressed by their space harmonic representations:

= 'y
a _Z ‘: o~ 1k(x sing  + :cooo:).

!nc & -y (A.8)
2 a a
!:c p /1: Z g: o 1k(x sing + zcoso ) (e, coue: +e, ainO:)
and
- b b
!:c % Z B: .-tk(x -n\e. +z coo&m) gy (A.5)

ne=wn

= b b
D i e b _-ik(x sinb_ + z cos6 ) b b
Bee \/% E .!‘ e m n’(-e, cosd + e sind )

vhere e , e , e are the unit vectors of the x,y,z -directions, respec-
tively, and’ frolt eq. (%9a)

a a A
sing = sind +m 3 (A.6)

= 3ind +n%~ for -» < m g =,

The Lorentz reciprocity theorem applied to the two dimensional problem
considered have states that

b b
sind -

RI sé(g‘ x B-E® x B*)'nds =0 , (D)
s

vhere !‘, g‘ and Bb, _l!b are arbitrary electromagnetic fields, S is any

closed comtour not containing (active) sources, and n is a unit vector
normal to S. We chose

a a a a _a a
L Einc . §lc’ L ‘-‘inc ” gac
b a a b b b
y- -!-mc o Ete' g gine " gse

and apply the reciprocity relation to the contour

8-81*82*‘334'8‘
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shown in Fig. A.2 where S, has the length d of one period of the metal sur-
face, §) and S3 have arbigrary height, and S4 follows closely the metal sur-
face. Clearly, the contribution of S, to the reciprocity integral RI is
zero since at the metal surfeace ga, E0 = 0. On the remaining portion of

the contour the scatter fields may be expressed by their space harmonics
representations (A.4) and (A.5).

We now make the assumption that the direction of arrival of the inci-
dent field E ey ggnc coincides with the propagation direction of one of the
space harmonics (spectral order m = m"of the scatter field E:c = E:é . In

other words, {25)

-o® = 62, (A.8)
Then, as can be shown from eqs. (A.6), the ropaggtion direction of one of
the space harmonics of the scatters field E » Hoo will by necessity
coincide with the direction of arrival of In¢ident field E;nc' g:nc:
b
-o% = o, (A.9)

The order of this space harmonic, m > m', is the same as in eq. (A.8) and
from (A.6) and (A.8)

m' = --% (ainea + sineb) (A.10)

With a later application in mind we note that if eqs. (A.8) and (A.9) are
satisfied, the propagation directions of scatter field (b) are those of
scatter field (a) imaged about the 2z - axis, and vice versa. This statement
is verified by adding eqs. (A.6) and utilizing eq. (A.10) to show that

a 9 i3 A
sinbl + sinen (m+n-m') q (A.11)
from where it follows that
b a
em._m = - em . (A.12)

Using eqs. (A.1), (A.2), (A.4) and (A.5) we now formulate the reciprocity
integral (A.7):

{25]) With regard to the minus signs in eqs. (A.8) and (A‘9) see Fig. 1;
angles of arrival (62,0P) and scatter angles (63, 8p) are counted with
opposite signs.
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€ : X, 8 a
3 / _o 12v(m’ X + 2(cous® + cose®)]
u My f{' AR [-g (-mo‘-uno")« (co:@'-coseb)]

81+ 82483 " .

b 127 (a'-m) X + Z(cos0®-cosal ]
* Z !I . A o . [1x(lin0‘-sin0=)+s' (coue.%oseg)] .
[™Y 1Y

.121.[(.'-)5 + %(coseb-cow:)] b

[-0-!x (siné —eine:) -e, (coaeb-ﬁcoae;) ]

a
DN -
M= -y
a b _12nf(@'-m-n)X - Z(cos8®+cosed)]
v Z nl ‘n - d 2 - . -e (cine.-sineb)-e (cose'-cosﬂb))
. -x m n’ =gz ™ n

*ndS

(A.13)

: s We have utilized here eqs. (A.6), (A.10) and (A.11) to write the exponents
E | of the integrand in a form which shows that the integrand is periodic in x
, i with the period d of the metc. surface. As a consequence of this periodi-
city, the contributions of S, and s3 to RI cancel each other (observe

that n =-¢ _onS, and n = + "e_ on "S,). Furthermore, only those terms of
the integrand wh%u x—dcpcndo;‘ phase factors reduce to unity yield a non-
zero contribution when integrated along S;.

« a b i*

-ik 8 +cosb ]

RL = ,;:d{zn:.cow:.-u:.coﬂ::ZS: Ye._‘c z(cos ' co8 m'—m) !i
b _— |

. .- |

(cos® -cosé , ) i

The last term within the parenthesis (sum term) vanishes because of eq. (A.12) : : 4
The reciprocity theorem (A.7) thus reduces to the condition {

n:. cono:. - l:. couO:. (A.15)

from direction 62 produces a space harmonic traveling in direction -6°, then
& plane wave incident form direction 6 will generate a space harmonic of the
same order propagating in direction -6%. If the two incident waves moreover
have the same amplitude and phase then the two space harmonics considered
also have equal phases while the ratio of their amplitudes is equal to the

This result may be stated in the following fashion. If a plane wave incident i
|
i
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inverse ratio of their direction cosines.

Application of the reciprocity theorem to TM-polarized fields follows
the same pattern as used here for the case of TE-polarization. The result-
ing relation

a b
H:. cos . = H:. cosem. (A.16)
corresponds in all respects to condition (A.15). Ha, and Hb. are the b
complex amplitudes of space harmonics propagating in directTons -eﬁ =0
and -eg = 82, respectively, generated by incident plane wavesbof unit am-
plitude, zero phase and respective angles of arrival 6~ and 6.

APPENDIX B

Physical Optics Approximation: Summary of Formulas

With regard to the coordinates and surface parameters we refer to Fig. 1
of the main text. If the groove width of the periodic surface is suffi-
ciently large, d >> A, then it is reasonable to assume that the current
density in this surface is primarily determined by local effects. In other
words, it may be assumed that the current in each surface element is the
same as if this surface element were part of an infinite metal plane
(tangent plane) having the same slope as the surface element. Then for
TE-polarization

Hi(xo’zoz + z:) HZ(XO ’zd) (B-l)

K x
y(xo) 2 5
1+z°

-2 /_Eg cosf + 2} sin@ e--ik(xo sinb-z¢ cosf)

Yo - Ten
‘/ 1+z°

and for TH—poiarization

Kc(xo) :5"2H;(xo’zo) - _2e-ik(xo sinf-z5 cosb), (B.2)

where Hz, H?, HP evaluated at x,,2p arethe magnetic field strength components
of the incident”plane wave at the metal surface, 6 is the angle of incidence
and zp and zj are the height and slope of the surface profile as given by
eqs. (1) and (8):

Zo = h sin(2r =)

i s B Xo
z, 2w 4 cos(2m d)

In the TE-case the electric field strength and in the TM-case the magnetic
field strength of the incident plane waves have unit amplitudes.




The complex amplitudes of the apace harmonics of the scatter field are
obtained by using current distributions (B.1) and (B.2) in eqs. (1la) and
: (11b) respectively. Thus for TE-polarization

x2
l(1)_ _ 1 cos® Ieian _x% + kzg (cosd + cosby) (1+z' tand) dxo  (B.3)
] d cosfy x o

and for T™M-polarization

x
n(1)_ e }1? [ e%.(21m % + kzy(cosd + cosby) (1-z tandw) dxo (B.4)
L]

1

vhere 6, is defined by eq. (9a). If shadow effects are taken into account,
the integration is limited to the subrange in which the metal surface is
directly illuminated by the incident plane wave while in the geometrical
shadow zones the surface currents are assumed to be zéro; See Fig. B.1.

The Iimits of the ramge of integration in this case are determined by the
relations:

= "]
x] +htand sin(2r —) = hVtanZo - GO+ x- )

(B.5)
x, = %{1— % coo-l(%;% ctge)}

If shadows effects are nnﬁ,loctod Oor no geometrical shadawing occurs

(i.e., for 6 < tan"‘l(!i— ﬁ)) the integration is performed over a full period

of the surface profile i.e., over the range -d/2 g xo & d/2. In this case :
the integrals (B.3) and (B.4) can be evaluated in closed form leading to ?
identical expressions for TE-and TM-polarization: 4

wp
ED « gMa 1)1 + 2] Jn (o1m) (.6)

m 1+ cos(6 +
= D (cos® + cosbm)cosém In (@1m) .

h
with Py = 2r 3 tangy

Glm = 27 %(coce + cosfnm)
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