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CONVERSION FACTORS, U. S. CUSTOMARY TO METRIC (SI)
UNITS OF MEASUREMENT i

U. S. customary units of measurement used in this report can be con-

verted to metric (SI) units as follows:

R r———

Multiply By To Obtain

inches 2.54 centimetres !
feet 0.3048 metres
pounds (mass) per 16.01846 kilograms per cubic |

cubic foot metre |
pounds (force) 4. 448222 newtons j
pounds (force) per 689L.757 pascals

square inch
pounds (force) per 47.88026 pascals

square foot i
feet per second 0.30L48 metres per second i

degrees (angle) 0.01745379 radians
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RESPONSE AND STABILITY OF EARTH DAMS DURING
STRONG EARTHQUAKES

PART I: INTRODUCTION
Bac ound

1. With the failure of the Lower San Fernando Dam during the San
Fernando earthquake of 9 February 1971, the attention is directed towards
the problem of rational design of earth and rockfill dams against strong
earthquake ground motion. With the aid of a high-speed computer and a
very sophisticated method of finite element analysis using the nonlinear
properties of the materials at the time of failure and knowing the
ground motion characteristics of the San Fernando earthquake, it is
possible to back-analyze and give the cause of this failure, Seed et

ST .-

al. (1973). But for the designer, who has yet to fix a dam section,
to satisfy himself about the soil properties obtained from laboratory

tests and assume the ground motion characteristics of a future event,
the use of the finite element method is not economical. Moreover,

the results obtained bj a sophisticated method with doubtful input data
are equally doubtful. Therefore, the use of a sophisticated method
with doubtful input cannot be Justified unless, of course, the method
is equally costly and can be used with equal ease--not the case with
the finite element method. On the other hand, simplified methods, such
as those based on linear analysis of response and limit equilibrium
analysis of stability, have produced results comparable to those of

the finite element method. What is needed, therefore, is further
refinement of the simplified approach without adding extra cost or

time to the designer but with a more extensive use of information about
the process of analysis. Thus, within the bounds of present-day knowl-
edge regarding the soil parameters and the ground motion input, a
simplified method of approach to the design of earth dams is desirable.




Purpose

2. The purpose is to provide a comprehensive method for such an

analysis. In order to analyze the stability of a dam during an earth-

i TORE PSSR ©

quake, the following information is needed:

a. The inertia forces that are being generated in the dam
during an earthquake.

b. The resistance of the dam against these forces, along
with the preexisting static forces.

c. The possible consequences when the resistance is not
sufficient to withstand these forces temporarily.

These three factors are discussed in Parts II, III, and IV, respectively.
In Part V, the proposed method is used to study the effect of the San
Fernando earthquake on the Lopez Dam in California, United States of
America.
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PART II: INERTIA FORCES AND SEISMIC COEFFICIENTS
IN EARTH DAMS

Inertia Forces

3. Earth dams are not absolutely rigid, and when excited into
oscillations by strong earthquakes, they will respond in a manner that
will be dictated by (a) the geometry of the dam, (b) the material
properties of the dam and its foundation, and (c) the nature of the
ground movements. Depending on circumstances, the ground movements mey
cause accelerations to develop in the body of the dam with associated
fluctuating stresses, which may be larger or smaller than those of the
ground.

4., During a strong earthquake, which may last from a few seconds
to a few minutes, the ground accelerations will fluctuate with time in
magnitude and direction. A dam to which this excitation is applied
will respond in a manner that is determined by its resilience and its
capacity to dissipate energy. The lower its capacity to dissipate
energy, the greater will be its response. Moreover, the dam will seek
out the periods of ground movements and respond strongly to those with
which it can resonate. Consequently, an earthquake cannot be specified
by an acceleration alone, nor can a dam be assumed to be rigid.

5. To make the problem amenable to analysis, it is necessary to

make assumptions to obtain such solutions as various authors have done.

For instance, Ambraseys and Sarma (1967) give a table of these solutionms,

which is reproduced here for easy reference (Table 1). Ambraseys and
Sarma (1967) and Sarma (1968) deal with the problem of the dam on the
rigid foundation and present design curves. Since it is not always
possible to assume the foundation to be rigid, it is thought better to
produce another set of curves which will take the depth and the shear
modulus of the foundation into consideration.

6. Thus, for the sake of analysis, the following assumptions are
made regarding the geometric configuration of the dam. We define the
geometry by Figure 1:
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Figure 1. Geometry of dam-foundation system

a. A triangular untruncated wedge is resting on a layer
underlain by base rock.

b. The length of the dam is much greater than its height.
¢. The dam is symmetrical about a vertical axis.

d. The slopes are flat.

e. It vibrates in shear only.

7. Under these assumptions, a one-dimensional shear beam analysis
can be applied. Slight deviations from these assumptions do not affect
the result. For example, Ambraseys (1960) has shown that when the top
width of the dam is less than 10 percent of the base width of the dam,
the wedge behaves as an untruncated wedge. The same author has also

shown that when the length of the dam is larger than four times the

height, a one~dimensional solution applies. Two-dimensional solutions
by Clough and Chopra (1965) and Hatanska (1955) have shown that for
slopes flatter than 1:1.5 a shear beam solution applies.
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8. Regarding the properties of the material, we assume that the
material for both the dam and its foundations are linearly elastic,
homogeneous, and isotropic but that the properties of the dam and the
foundations are different. Also, the material has an energy dissipating
capacity or damping.

9. For small values of inertia forces, the dam behaves elasti-
cally, but the stress--*rain behaviour of the material over the stress
range in question is not elastic. However, with proper use of damping

values, an average linear relationship may be used. The elastic proper-

" ties of the dam are most conveniently introduced in terms of the shear

wave velocity of the material. For zoned dams, when more than one type
of soil is used, a weighted average value may be used. Elastic proper-
ties of soil generally vary with depth, but'the actual variation is not
exactly known; therefore, its use cannot be justified in a simplified
solution.

Energy dissipating mechanisms

10. The various kinds of energy dissipating mechanisms present in
the dam foundation system are as follows:

a. Viscous damping. In this case, energy loss is propor-
tional to the velocity. With pure viscous damping in
elastic material, there is no residual displacement at
the end of vibrations. In the vibration problems for
analysis, this is the most convenient form of damping.

b. Hysteretic damping due to nonlinearity. This is the

energy loss due to nonrecoverable work done when the
material is strained into an inelastic zone. In this
case, there may be permanent deformations of the struc-
ture at the end of vibrations. This kind of damping
varies with the level of strain.

c. Radiation damping. This is the energy loss dve to non-
rigidity of the base rock when some of the vibrational
energy is filtered back into the base rock. This depends
on the relative properties of the structure and the base
rock.

In reality, all three energy-dissipating mechanisms are present. Since
viscous damping provides an easy method of solution, we lump all of
these into one equivalent viscous damping term. As a result, the dis-
placement that is computed is much less than the real one. On the other
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hand, the stresses and, therefore, the inertia forces that are com-
puted with equivalent viscous damping become realistic. Even though
the pure viscous damping is a frequency-dependent characteristic, in
vibration problems this damping is assumed to be constant for all
frequencies.

1l. There is no direct way to estimate the equivalent viscous
damping. The only possible way is vibrating real structures and re-
calculating the damping from the response of the structure. Alterna-
tively, it may be possible to separate the radiation damping from the
other two. In this case, the radiation is considered to be part of the
problem, but the solution to this problem does not exist at present.

12. The nature of ground movements depends on various factors,
such as the source mechanism, the distance of the site from the source,
and the geological conditions of the wave path from the source to the
site. The radiation of energy from the structure to the base rock also
affects the input ground motion.

13. The earthquake parameter that can be predicted with some
confidence is the maximum ground velocity. Otherwise, there is no way
of predicting a future ground motion. One possible method is to look
through the library of existing records of strong motion earthquakes
and find the one that was produced under similar conditions of source,
distance, and geology. An alternative is to select a few records that
have different frequency characteristics and normalize the amplitudes
to obtain the expected ground velocity. For the purpose of this
analysis, we assume that the earthquake ground motion is an arbitrary
disturbance.

Derivation of governing
equations and solutions
1k, Let us consider the response of an elastic untruncated

wedge, resting on an elastic foundation layer underlain by a rigid
base (Figure 1). We consider the vibrations to be in shear in one
dimension only, i.e., perpendicular to the y-axis and in the plane

of the paper. It can bé shown that the equations governing the vibra-
tions of the dam foundation system when the base of the system is

10
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subjected to a ground acceleration g(t)* are:

a. For the dam

2

9 u o, aul 1 [~ ' -

= ek mdc LS S N i
1

b. For the foundation layer

2
9 u2 1 .. o
= —— lu. + cﬁ + g(t)] cae (2)
2 212 2
Ay 82

where

u, = displacement in the dam and the layer, respectively,
%
measured relative to the base

y = vertical coordinate

81,52 = shear wave velocity in the dam and the layer, respectively

ﬁl,ﬁe = absolute acceleration of a point on the dam and the layer,
respectively

¢ = damping coefficient for both dam and layer

ul,u2 = velocity of a point in the dam and the layer relative to
the rock, respectively

15. These assume that the damping coefficient for both the dam

and the foundation layer is the same. The boundary conditions are

ul(h,t) = u2(h,t) (3)
u2(H,t) =0 (4)

3

-a-:i =0 at y=0 (5)

* For convenience, symbols and unusual abbreviations are listed and |
defined in the Notation (Appendix G).
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G kw2 af y=h (6)

where

height of dam
time
total height from crest of dam to rock level

t
n

Gl,G2 = shear modulus of the material of the dam and the layer, '
respectively

The initial conditions are at rest, i.e.
ul(y,O) = u,(y,0) = ﬁl(y,O) = 4,(y,0) = 0 (1)

16. The solutions of these equations give (Ambraseys (1960b) and
also Appendix A):

$ wEan)

w (y,t) = s 3 0<y<h (8)
n=1 a'nPo(Q9m.’n)
e Ll (9)
s e By s BSY S H 9
u2(y,t) a P (q,m,n) -
n o
n=1
where
JO,J 1= Bessel function of the first kind of order zero and the
first kind of order one, respectively
a_ = n®® root of the equation m ten q(E )/r (Z) (10)
n n N\ n
J. (=
Po(q,m,n) = _i__nl mq + m2 sin2 (qan) + cos2 (qan)

cos ()

- g;— sin (q;n) cos (q:n) (11)

12
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L
4 n_{a
i3 I\'n . ~ H-y
Mo(y) - (#35) sin (qan H-h) (12)
q= m(H-h)le/(hPl) (13) 1
L
m= 8P [Ps (1k)
PERTRE i T R T e
T T g(t)e” "on sin [wn(t-r)] at (15)

o

n
2 5 .
w =uw 1-2" = demped and undamped circular frequency,

- o respectively, of the dam foundation system (16)
Sl o
i TR N undamped circular frequency of the
nth mode of the dam foundation system (17) 3
| C

A= e = damping as a factor of critical,
on assumed the same for all modes (18)

T = variable of integration

17. There is no way of proving, at least not to the knowledge
of the author, that the solutions ul(y,t) and u2(y,t) obtained by
applying the Laplace transform technique satisfy the governing equa-
tions. Therefore, we apply the limit tests. For H=h , the solution
ul(y,t) converges to the well-known case of the dam on the rigid base,
which is

2J (a y/n)
e 1L RLET Cw o

} n=1

where & represents nth root of the equation Jo(an) =0. For h=0,

the solution u, converges to the well-known case of the layer on a

2
rigid base, which is

13




' n _ 4 cos [(2n-1)n/2 y/H
o 2 (-1) (2n-1) = San (20)

n=1

18. There is another indirect test that can be applied to test
the solution, which is based upon the transient part of the solution.
The solution obtained through the Laplace transform technique includes
the transient part of the solution. For the undamped solution, the
relative displacements u

1
ment at any time before the first arrival of the wave to the point in

and u, should equal the ground displace-

question. Solution uy is obtained as convolutions of two functions

Fl and é , and u, is obtained as convolutions of F2 and g ,

where for the undamped case

2J (a_y/h) sin (S.a t/h
F(y,t) =Z— A - e (__1% ) s;h>y >0 (21)
anPo(q.m.n) s,a /h
M (y) sin (S.a_t/h
Folys) o wadi - g_l 2 ) ;H>2y>h (22)
anPo(q,m,n) Slan/h

If the solution is true, then

F(yst) =t for 0<t< (H-y)/s, (23)

and
Fi(yst) =t for 0<t< [(H-h)/82 + (h-y)/sll (24)

19. For a set of typical values of m, q , and y , these two
functions are evaluated numerically for t increasing from zero. Func-~
tion F2
cerned. For values of y/h > 0.2 , the function F1 also converged to

was found to converge rapidly to t during the period con-

1k
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Figure 2. Convergence test for the function Fl(y,t)
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t (Figure 2); for smaller values of y/h , particularly for y =0 ,
the convergence is very poor, and it is assumed that it will converge
to t with very large n .

20. If the two solutions are correct, then

2J (a_y/h)
2‘ o i MR (25)
a P (q,m.n) o
no
oM (¥)
2_ = 2 =1 (26)
anPo(q,m,n)

where tbn and wn are the nth mode shapes for the dam and the layer,

respectively.

21. For the set of typical values of m, q , and y , the con-
vergence of Ze#n and 2% is tested and found to be not uniform at
all points of the dam (Figure 3). However, convergence can be achieved
with very large numbers of modes except at the top part of the dam.

22. Double differentiation of functions uy and u, now yields

;-.ll(abs) = ul + g = zd’nsa.n (27)
and aa(abs) = ;2 + g = Ewnsan (28)
4 mi21 -2 uin o -Aw__(t-1)
where 8 = o { g(t)e "Ton sin [mn(t-t)]d'r
B
+ 2)‘“’on.[ g)t-t) cos [wn(t-‘t)]d‘t (29)

From here on, we shall drop the term (abs) from ul(a.bs) and '1.12(abs) i

and simply write uy and u, to refer to absolute accelerations, but

16
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w o, U, and ﬁl , and &2 will still refer to relative displacement
and velocity, respectively. !
23. In view of the nonuniform convergence, the numerical values

of ; and u, are obtained in the following way:

1 2 j
3 « ‘
4 = z ¢, S.n * z ¢ San (30)
n= J+1

and

=
[}

J @
3 z ¥ San * 2 I (31)

n=1 J+1

If we assume that the response acceleration San(t) of a pendulum of |
period T , such that T equals 0.05 sec or less, is equal to the '

ground acceleration, i.e., the pendulum behaves as a rigid one, then

3 3

iy

Ep e NS R A (32)
n=1 n+l

i 3

2= ) WSt |1-) v, (33)
n=1 n=1

and J 1is so chosen that

Tb+l'i 0.05 sec
24, Thus, for a given ground acceleration #(t) , the complete
response time history ﬁl can be computed at various heights of the
dam. From these time histories, the maximum value of ﬂl e and u2 it
can be determined at different heights of the dam and the layer. We can 4
determine the magnification M_ of ground acceleration (gmax) at a point

y = ah given by

18
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Seismic Coefficients

25. From the solutions of ul and ﬁ2 , it is seen that the
accelerations induced in the dam and in its foundations are not constant
with respect to height or in time. However, most of the stability

analysis techniques prefer to have the accelerations constant with

height. According to Seed and Martin (1966), Ambraseys and Sarma (1967),

and Sarma (1968), if the potential sliding surface can be defined in
advance, then an average seismic acceleration can be computed for that
surface that will be a function of the ground vibrations and periods of
the dam.

26. The "average seismic coefficient" is defined as that factor
which, when multiplied by the weight of the sliding mass, gives the
maximum inertia force that will act on the mass during a particular
earthquake. Thus

F
= _jax
K= (34)
where
K = average seismic coefficient
Fmax = maxiumum inertia force on the potential sliding mass
W = weight of the sliding mass

For convenience of comparison, we shall express the seismic coefficient
in terms of the maximum ground acceleration instead of the acceleration

due to gravity as

£l
E"J

(35)
Menax

where M represents total mass of the sliding body. In order to

Ak




compute X , therefore, we have to determine the total inertia forée
F and the total mass M of the sliding body.

27. In Figure lUa, consider an element of the sliding mass of
thickness dy and width b(y) at a depth y from the crest. The mass

of the elemental slice is

dm = pb(y) dy (36)

where p 1is the mass density. The corresponding absolute acceleration
at the depth y at an instant t is {i(y,t) where 4 =1, if y <h,

1
and U = u2 if y > h . Then the inertia force on this elemental slice
is
dF = U dm
= pb(y)u(y,t) dy (37)

Then, the total mass M of the sliding body is

ah
M= [ obly) ay (38)
o
and the total force F is
ah
F = f pb(y)i(y,t) dy (39)
o

As can be seen from Equation 39, F is a function of both o and t .
We can evaluate the complete time history of the function F and find
the absolute maximum value of it at some instant that will give Fmax 4
for a given base motion. Thus, knowing Fmax s, M, and the maximum
value of the ground acceleration P can determine Ku ,» which
will be a function of o . For convenience of computation, we may

determine a quantity

4
M

A(a,t) = (k0)

20
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and then compute

Ala,t)
A {a max (k1)
> €max

One-parameter sliding wedge

28. 1In order to compute the average seismic coefficient, it is
essential to define the potential sliding surface in advance. The most
convenient is the one suggested by Seed and Martin (1966), Ambraseys

and Sarma (1967), as shown in Figure 4b. These sliding wedges have a

horizontal base, and the slip surfaces pass through the apex of the dam.

The seismic coefficients computed for these surfaces become indeperdert
of the base width of the sliding wedge, and these are also independent
of the slopes of the dam. The only parameter that is required to de-
scribe such a surface is a the depth of the base of the sliding
surface from the crest. As can be seen, these surfaces can be defined
only in the dam and the foundation layer cannot be included.

For such a surface,

b(y) = By (42)
where B 1is a constant and
J J
y,t) =4 (y,t) = § o8+ a(t) (1 -3 %) (43)
n=1 n=1
Then
ah J
y o5, +&t)|\1-F o Jay
A(G t) = o] n=1 n=;
i« ah
IR
o}
h ah J ah
Sanf y¢n<hr+z(t)b[' vay-gt) ¥ [ v &
n=1 [} n=l o
ah
y dy
22
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Then

J J
Mait) = 3 43,005, + B(1) [1 -3 “n‘“’] (u)
n=

n=1
where ah
; ye, dy
01, (a) = S (b5)
Sy

o

As shown in the Appendix B

th(ugg)

41 (a) = (16)

aanPo(q,m,n)

Four-parameter sliding wedge

29. Because of the inability of the one-parameter sliding wedge
to include a part of the foundation layer, Ambraseys and Sarma (1967)
devised the four-parameter sliding wedge as shown in Figure Lec. 1In
these wedges, the four parameters are the depth of the point C from the
crest (a), the slope of the dam, and the two angles 6 and Y. It was
assumed that the position of the point C is fixed. But in reality, the
position of the point C can also be changed, which of course increases

one parameter and seems unnecessary.

30. For such a surface, assuming pl = 92 =p
ah
F=J pb(y)t, dy 0<acxl (47)
or
h h
F = f epb(y)Y; dy +j Pb(y), dy if a > 1 (48)
o
and
h
M= f pb(y) ay (49)

o
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L
1 Therefore, using Equations 32 and 33 for 0 <a <1,
ah J J
S v ¥ o, +e)1- ¥ ¢) dy
A = [e) _El n=1 " ( 0)
a ah ) >
b
: 6/' (y) ay
=
This yields
J J
B = n2__:1¢’hn(m)san +8(e) |1 - n§1 ¢k (a) (51)
where
ah
S vy)e, ay
¢hn(6) =2 =% for o<1 (52)
S v &
o
Similarly, when a > 1 ,
A =
e i
P o ) O 0
by o s +g(t)|1-Y% ¢ dy+ﬁfby v.s +g(t)1- ¥ v Jay
0 Végl b o ggﬁ & 4_$§1 T AZ; (53)
S ) &
o
This also yields,
J J
Ay = 3 o lalsy, s pel1c 3 b () (54)
where i

h h
' So(v)e, dy + lj“nhr)wn dy
1 o4 (a) = 2 for a >1
n oh

l af b(y) ay

See Appendix B for ¢An(a) ¢

(55)
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Discussions and Design Curves

31. The single parameter by which a dam-layer system can be
represented is its fundamental period. The fundamental period and the

higher modes are functions of four factors - S1 s h, m, q . These
represent !

S T ol AR A

et Al

(a) The shear wave velocity of the material of the dam = S
(b) The height of the dam = h .

(c) The shear wave velocity of the foundation

1 °

151
layer = m .
P2
(d) The height of the layer on which the dam is situated
P
=41,
me !
The fundamental period of the dam-layer system is then given by |
T, = 2w b (56)
o
where Ei is the 1st root of the equation
= I (a)
m tan(qa ) = —— (57)
B J.(a )
1
32. The higher roots of the equation give the higher mode
periods of the system. These periods are given by |
T Tlallan (58)

Figure 5 gives the values of :i for a combination of values of m and
q . These curves can be used to determine the fundamental period of
the dam-layer system. Some higher roots of the equation are given in a
tabular form in the Appendix C.

33. The following earthquake acceleration records are chosen in
order to determine the maximum accelerations at various heights of the
dam. These records were chosen mainly because of their differences in
frequency characteristics. The ground motions, acceleration, velocity,

25




Ist root of the equation
m tanlqdy) = J(3)/J (G))

7)) s1 p‘l
« "5;0,
3
L é _Sy(H-h
N T§,h
i FUNDAMENTAL PERIOD, T,:
e 27h
T = —
155, m
0 0.
— 03
;=::::; 35
) Q75
o) N0
N5
\20
o
O - WY R 1G5 0

Figure 5. Fundamental period of dam-foundation system

and displacement spectra of these.records are shown in Figures D1 through
D9 (Appendix D). An example (the Port Hueneme record) is shown in
Figure 6. The records are
a. San Fernando Earthqueke 1971 - Pacoima Dam 3 components
b. Imperial Valley Earthquake 1940 -

El-Centro Record 2 components
¢. Koyna (India) Earthquake 1967 -

Koyna Dam Record 2 components
d. Parkfield Earthquake 1966 - Cholame,

Shandon Array No. 2 1 component
e. Port Hueneme Record 1957 1 component

Another record, which. is used for the study of the Lopez Dam is added
later. This record is

f. San Fernando Earthquake 1971 - Deconvoluted and
modified version.
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34, In Figures T and 8 the effects of m and q are shown. It
appears that for m 1less than 0.2, there may be some convergence
problems, particularly in the upper part of the dam, when the predomi-
nant period of the earthquake ground motion nearly coincides with the
fundamental period of the dam-layer system. For values of m 1less than
0.7, there is some megnification in the response of the dam, compared
with the response of the dam on the rigid base. The magnification is
largest for values of m about 0.25. The magnification is also af-
fected by the value of q/m as shown in Figure 8. The magnification
is different at different heights of the dam and at different periods
of the dam-layer system.

35. Figure 9 is an explanation of Figures E-2 through E-12T7 (Ap-
pendix E) that show, in spectra form, the maximum response of dams of
various fundamental periods, and m and q factors subjected to the
first nine of the earthquake records listed above. The responses are
calculated for a damping value of 20 percent critical for all modes. A

maximum of 20 modes was used. The values of m and q that are chosen

are
m=_C 0.5 1.0
q=0] 0.125 | 0.25
0.25 0.50
0.375 | 0.75
0.50 1.00
0.75 1.50
1.0 2.00

36. These sets of q values correspond to depth of layer to
height of dam ratios of

H = b oo/, 172, 3/4, 1, 1-1/2 and 2 for Py =P

2

At the same time, the seismic coefficients for one-parameter and four-
parameter sliding wedges are computed and shown in Figure 9 in spectra
form. In this figure, Figure 9a gives the values of the amplication
factor Mn (the maximum acceleration at a point divided by the maximum
ground acceleration), for values of a = 0, 0.2, 0.4, 0.6, 0.8, 1.0, 1.2,
1.4, 1.6, 1.8 if the depth of the layer is greater than, or equal to

29
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Figure 8. Response at crest of dam versus q/m
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the height of the dam. For smaller depths of layer, the number of i
curves is curtailed at the corresponding point. For example, q/m = 0.5 .
represents a layer depth which is half the height of the dam. Therefore,
@ = 1.4 is the last curve as the total depth from the crest of the dam
to the base rock if y = 1.5h .

37. Figure 9b gives the seismic coefficients K; for one-
parameter sliding wedges (seis. coef. 1) for values of a = 0.2, 0.k.
0.6, 0.8, and 1.0 .

38. Figure 9c gives the seismic coefficients E; for four-
parameter sliding wedges (seis. coef. 4) for values of o = 0.2, 0.k,
0.6, 0.8, 1.0, 1.2, 1.4, 1.6, 1.8, 2.0 when the layer is greater than,
or equal to, the height of the dam. For smaller layer depths, the
number of curves is curtailed at the corresponding o level, the last
curve being an odd one representing a wedge touching the base rock.

For example, for gq/m = 0.5 , the next to last curve is for o = 1.L4 ,
and the last curve is for a = 1.5 . The other parameters for the

45 deg, ¥ = 80 deg, slope = 1:2.5 .

39. Figure 10 is an explanation of Figures F-2 through F-15 (Ap-

four-parameter wedges are 6

pendix F) that show the envelopes of the nine earthquake acceleration

e A B AR RIS Al 58 =

records. These envelopes can be used to determine the maximum values
of seismic coefficient when the frequency characteristics of probable
ground motion are unknown.
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PART III: STABILITY ANALYSIS

Critical Acceleration of Slip Surfaces

40. In Part II, the inertia forces and the seismic coefficients
are determined for the dam and its foundations. The problem then is to 1
determine whether the dam section will be able to withstand these forces.

k1. A very convenient term to describe whether a given slip
surface will be able to withstand these forces is the critical accelera-
tion. The critical acceleration is defined as that horizontal acceler-
ation which is required to bring a slip surface to a state of limiting
equilibrium, and this term is therefore analogous to the factor of
safety. If the critical acceleration for the slip surface is larger
than the corresponding seismic coefficient, then the surface has a
factor of safety greater than one and is therefore safe. In contrast to
the static problem of determining the minimum factor of safety for the
entire section, a minimum critical acceleration for the section for the

earthquake problem is not meaningful. As shown in Part II, the seismic

e S AR B o A e NS

coefficients for slip surfaces at different heights are different. The
surface that produces the minimum critical acceleration could be safe
against the corresponding seismic coefficient, but another surface with a
higher critical acceleration may not be safe, particularly in the upper 4
part of the dam. Therefore, it will be necessary to determine the
critical acceleration for slip surfaces at various heights of the dam.
42. According to Sarma and Bhave (19T4), without the change of
strength characteristics and change of pore pressures, the critical
acceleration for any given slip surface bears a relationship with the
factor of safety; therefore, the critical acceleration can be used as a
measure of the static factor of safety. However, any change in these
conditions, such as the increase of pore pressures due to earthquake
loading, removes these relationships. It has been shown (Sarma, 1973) p
that for a given dam section and for static condition or pseudo-static
condition of earthquake loading with horizontal accelerations, the de-
termination of the critical acceleration is easier than the determination

34
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of the factor of safety. The advantages of using a critical accelera-
tion solution instead of a direct factor of safety solution i re men-
tioned in Sarma and Bhave (19TL).

43, In this analysis, it is assumed that the earthquake accelera-
tion is constant along the height. It is known that the earthquake

-

L acceleration is not constant along the height, and that is why the
seismic coefficient was defined in Part II. Therefore, an analysis
is made to study the effect of the acceleration distribution on the
critical earthquake load (Valenzuela, 1975). From this limited study,

it is found that the critical earthquake load for a given slip surface

is minimum when the acceleration distribution is constant and is not
minimum when the accelerations are increasing towards the crest. Thus,

' the use of a constant acceleration with the seismic coefficients for that
' surface produces conservative results. But the use of the critical
acceleration with constant distribution cannot produce the critical
surface, whereas the use of varying acceleration can. However, the use

L of varying acceleration for design purposes is not suggested, for the

variation is not known in advance.

Existing Methods of Stability Analysis

L4, It is accepted that the pore water pressures in a dam increase
with cyeclic loading induced by earthquakes. Since increase in pore
pressures reduces the total strength, this plays an important part in
the stability of the dam section. But before going into the solution
of the problem for earthquake loading, it is necessary to examine the
problem of the stability analysis both for static and earthquake condi-
tions. What follows below is an assessment of this problem. From this
we will see that different techniques can be developed that will be
suitable for specific types of problems. For example, to analyze an
existing slip surface in a dam or a slope, the technique of solution
should be different from that required for designing a dam. Since in
the design of dams, one can reject a slip surface on the basis that
the surface is not kinematically admissible, the existing slip surface

S R, D
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must produce a kinematically admissible solution. Thus, the assumptions
may be varied to suit the problem. But whatever the technique, the so-
lution is based on the limit equilibrium principle.

45. There are several methods of stability analysis in existence.
All of these have certain things in common:

a. These methods are based on the limit equilibrium principle
which defines the factor of safety or the critical
acceleration.

b. They employ the Mohr-Coulomb failure criterion with
rigid-plastic models.

c. All of these apply a method of slices.

d. They are based on assumed slip surfaces.

These methods differ in
e. The shape of the assumed slip surfaces.

f. The handling of the indeterminancy of the problem as
shown later.

46. Before proceeding further, we need to define a few terms.

a. Simplified solution. A solution which does not satisfy
all the static equilibrium conditions. Assumptions are
made to obtain the solution in a simple form. Most of
the available solutions, including Bishop's simplified
method (1955), Kenney's method (1956), and even Janbu's
generalized method of slices (1957), fall into this
category.

b. Rigorous solution. A solution which satisfies the
complete equilibrium condition of statics. The implied
forces obtained from the solution may not be acceptable.

c. Acceptable solution. A rigorous solution which has the
added criterion of the implied forces satisfying the
criterion of acceptability. The basic criteria are:
the forces must not violate the Mohr-Coulomb failure
law, no tension is implied, and the direction of forces
must be kinematically admissible.

Our aim is to obtain an acceptable solution with the least possible
effort.

L7. In the method of slices, the possible failure mass is divided
into n slices (Figure 11). For each slice, the known and unknown forces
and their points of applications are shown. For n slices, we have the
following (6n-2) unknowns:

36
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numbers of the normal force N
n numbers of the shear force T
(n-1) numbers of the body force E
(n-1) numbers of the body force X
(N-1) numbers of the point of application of E
n numbers of the point of application of N

3 in the form of factor of safety or critical

accelerations

Figure 11. Stability analysis by method of slices

48. From the static equilibrium conditions of each slice, we
have the following equations:

E:Moment =0
2Vertical forces = 0
ZHorizonta.l forces = 0

The Mohr-Coulomb failure criterion gives T = f(N) ; hence, for n
slices we have n equations. In order to obtain a rigorous solution,

therefore, one has to make 2n-2 assumptions. If more assumptions are

made, more unknowns must be introduced. Now let us look into the various
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available solutions and see how these assumptions are made.

a.

Bishop's simplified method: In this method, the assump-
tions are n numbers of points of application of N ,
and (n-1) numbers of the magnitude of X (X = 0). Since
one more assumption is made than required and no unknown
is introduced, one known condition must be sacrificed.
In this case, the condition that is not satisfied is
En+1 # 0 . For circular slip surfaces this error is
small, and the result is therefore mostly acceptable.

Janbu's generalized method of slices: The assumptions

are n numbers of points of application of N , and

(n-1) numbers of points of application of E . Again

there is one more assumption than is required. In this

case, the condition that is not satisfied is M_# 0 for
. n

the last slice.

Kenney's method: The same assumption as Janbu's is made,
and the equation that is not satisfied is En+l #0 .

Morgenstern and Price method (1966): The assumptions

are n numbers of point of application of N , and

(n-1) numbers of the relationship between X and E .
Since they have made one assumption more than is required,
an extra unknown A is introduced. This method, there-
fore, satisfies static equilibrium conditions rigorously.

Sarma's method (1973): The assumptions are n numbers
of points of application of N , and (n-1) numbers of
relative magnitudes of X . As in Morgenstern and
Price's method, an extra unknown A is introduced;
therefore, it is a rigorous solution.

49. The necessary and sufficient number of independent assumptions

that are required are (2n-2). If one can make these assumptions satis-

factorily, a rigorous solution can be obtained. Some possible combina-

tions of assumptions that one can make are given below.

a.

(n-1) numbers of relationship between X and E , and
(n-1) numbers of point of application of E or N . A
method of solution based on these assumptions is provided
herein.

(n-1) numbers of point of application of E , and (n-1)
numbers of point of application of N . This means that
Janbu's method can be a rigorous one by assuming that the
point of application of the last N is unknown and then
determining it as part of the solution.

(n-1) numbers of magnitudes of X , and (n-1) numbers of
point of application of E or N . This method is not

38
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recommended, as the solution depends on the absolute
magnitude of X , which may be very difficult to guess.

d. n numbers of relative magnitude of N and (n-1) numbers
of point of applications of E or N introduce an
extra unknown in the form of A . Since this is a very
simple solution, it is also provided here.

New Methods of Stability Analysis

50. It may be possible to find other sets of assumptions, but
whether any one of these assumptions will provide acceptable solutions
is debatable. What follows below are two new methods of solutions of

stability of slopes.

Method 1

51. Figure 12 shows a slip surface in a given slope. The slip
surface is formed of segments of n straight lines. We subdivide the
sliding mass into n slices, but the slices need not be vertical and

the edges of the slices need not be parallel. The force on the slice i

Figure 12, Stability analysis - method 1
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is shown in the inset. We assume that under the action of the horizontal|
acceleration kcg , the slip surface is in limiting equilibrium.
52. From the vertical and horizontal equilibrium of the slice,

Ni cos a, + Ti sin a, = Wi + xi+1 cos 61+l - Xi cos Gi
- Ei+l sin 6i+1 + E, sin Gi (59)
where
a = the slope of the base of the slice with respect to the hori-

zontal
§ = slope of the side of the slice with respect to the vertical

T. cos a, = N, sina, = k W, + X,
i i i i ci i+

1 sin Gi+l - Xi sin Gi

+ E cos Gi+

e - Ei cos Si (60)

1
where kc is the critical acceleration required to bring the stresses
on the probable failure surface to a state of limiting equilibrium.

The limiting equilibrium condition of the slip surface gives

T, 4 (Ni - Ui) tan ¢} + cib, sec a, (61)
where
¢i and ci = shear strength parameters at the base of the slice i
U = force exerted by the pore water pressure on the base
of the slice
b = width of the slice

Even if the mass contained within the slip surface is in a state of
limiting equilibrium, the mass will not be able to move unless shear
surfaces are formed within the sliding mass. Let us assume that the
body forces X and E on the slice boundaries are such that they are
in a state of limiting equilibrium as well. Then

X = (E - PW) tan ' + ¢c'd (62)

Lo
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where
3‘ and ¢!

PW

the average strength parameters at the slice edges

the force exerted by the pore water pressure on the
side of the slice

Putting Equations 61 and 62 in Equations 59 and 60 and eliminating N

Ti » Xi , and X

i ’

141 > ¥€ obtain

B, =8 -bk +Ee, (63)

where

o = Wisin(¢i-ai)+Ricos ¢i+Si+lsin(¢i-a{-61+l)-Sisin(¢i-ai—61) e

cos(9-0,+9},. -8, )sec(d],,)

' W, cos (¢! - a,)
g Ll (65)
cos (0f = a; + ¢j - 8;,9) sec.éj,,

cos (¢! - a, + ¢' - 8.) sec ¢!
= i i_ i i _i- (66)
cos (@] - a; + @1, - 8;,) sec i,

& = '
Ri = c:{b:.L sec a, Ui tan ¢i (67)
e ) )
8; ( jd; - PW, tan ¢i) (68)
Thus
Bovy ™ 8y = Dk, * Bye, = (an 3 an-len) 13 (bn = bn-len)kc
+ En--lenen-l

Therefore, proceeding further with the recurrence relation




= +
b ks n-1%n t & o%penq * e to n terms)

+
n1n * bn-Zenen+l ... to n terms)

+ El i en—l c €pp v &
Since in the absence of external forces ¥
El 0 n+l -0
LSl n i @
n n-1n n-2nn-1 °°°

Once the value of kc is determined, all E forces can be determined
from the recurrence relation (Equation 63) and then Equation 62 gives all
the X forces. Equations 59 and 61 will give

Ni = (Wi + X cos Gi+ - X, cos Gi - E

1% sin 8,

i+l i+l

cos Oi

+E, sin §, - R, sin ui) (70)

i i cos (}i - ai)
and then Equation 61 will give all values of Ti .

53. 'In order to complete the solution, we have to obtain the
points of applications of N and E forces. For this we make the
second set of assumptions. Let us assume the point of application of
all E forces is known. Then taking moment about the corner of the

slice, we obtain
1, = {Wi(xgi - xi) - chi(ygi - Yi) + Bz, - E [?i+1 + b, sec a, sin

(ai‘+ 614-1)] + x1+1bi sec a, cos (a:i + 5“1)}/101 (71)

k2
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where (xgi, ygi) are the coordinates of the center of gravity of the
slice.

54. Alternatively, we may determine zy by assuming 1i
known, in which case the last ln should be determined as part of the

solution.

as

55. For acceptability, all forces (i.e., N, , X; ,and Ei) must
have a positive result, and 1, must be within the slice, preferably

within the middle third.

i

56. In obtaining the solution, it is assumed that shearing exists
between the slices. The assumed angle 61 may not be the critical one,
and it is therefore necessary to try various angles of Gi . The set of
61 that will produce minimum kc will be the critical set. The tech-
nique of achieving this minimum value will be: fix all but one Gi A
and change this Gi gradually to obtain the minimum. Then, fixing
this angle Gi » proceed to another point until all the Gi's are tried
and the smallest value of kc is reached. It is assumed that the

changing of the order of 6, will not produce a different result. How-

ever, this point is not cheiked. It is seen that the assumption of
Gi = 0 for all slices produces a nonconservative result, but only
slightly. Hence, for routine procedure, 61 = 0 can be used.

57T. This solution can be converted to another form: fix Gi =0
L in ¢' and c¢' . It is

seen that as FL is increased from 1.0, the critical acceleration drops.

and introduce a local factor of safety F

The minimum kc value obtained previously corresponds to a local factor
of safety of about 1.1 in the homogeneous case. However, this is an
observation from a very small number of test cases and requires further
observation.

58. In this method of solution, ;W and ¢’ s, Which represent
the internal strength of the material of the sliding mass, play an
important part. The higher the values of ¢' and c¢' , the higher the
critical acceleration is. In other words, the higher the shear strength
of the material inside the sliding body is, the lower the shear strength
required at the biﬁe of the slip surface to maintain static limiting
equilibrium. Thus, in the stability analysis of the existing slip
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surfaces where the strength on the slip surface may be in the residual
state, instead of in the peak state which may exist inside the sliding
body, it will be found that the required residual strength is lower than
that obtained with the assumption that the peak strength is equal to the
residual strength. The effect of the internal strength of the material
could not be studied in any of the previous stability analysis methods.*

59. Since the moment equilibriums of the slices do not play any
part in the determination of kc (they are essential for the complete
solution), the slices can be as big as possible and, in fact, are con-
trolled by the change of the angle of the slip surface. Also, the posi-
tion of the point of applications of E or N forces has no effect on
kc , whereas all previous methods are dependent on this assumption. The
comparison of this method with the Sarma (1973) method has shown that
changing the point of applications has more effect on the production of
acceptable results than on the value of kc 5

60. In the strictest sense, this method is not applicable to de-

termining the factor of safety of any surface except the probable failure

surface. For any given surface, a factor of safety exists, but the
surface may not fail. However, for the probable failure surface, we may
use the factor of safety to mean actual reduction of the strength param-
eters of the material and not just the strength along the slip surface.
In this case, the method is applicable. It is best suited for existing
slip surfaces where kinematic considerations are already satisfied.

61. Figure 13 presents an example of this method, and gives its
comparison with results from the Sarma (1973) method for a homogeneous
case.

Method 2

62. This method is given here to show the ease with which a rig-
orous solution of the stability analysis of earth dams and slopes can be
_ obtained in terms of the critical acceleration factor. Therefore, the
method will not be developed completely; and no examples will be given.

* Sarma's (1973) method determines the shape of the X force distribu-
tion on the basis of the internal strength. Because of the factor
A involved in the solution, the exact effect is not deterministic.
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Figure 13. Comparison of method 1 with Morgenstern-Price

and Sarma methods
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63. The method is based on the assumption that the shape of the
normal force distribution on the slip surface is known, but the magni-

tude is not known. The slip surface is formed of segments of straight

lines, and the forces on the base of the slip surface are as shown in
Figure 14. From the vertical and horizontal equilibrium of the whole

sliding body,
(] ; =
2911 + Ui) cos a, + ET:L sin a; 2wi
- ' =
zTi cos a; Z(Ni + Ui) sin a, kczwi
The Mohr-Coulomb failure criterion gives

T. = N! tan¢i+c'b sec o

i i i7i i
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Figure 14. Stability analysis - method 2

We assume that

' =
N} = AP, (75)
where Pi is known and A is to be determined. Eliminating Ni and
T, from Equations 72, 73, T4, and 75, we obtain :

- ' -
> Z(Wi cib, tan a, U, cos a.l)

s fPi cos (¢:!L - ai) sec ¢! (76)
3 (e, - U; sina,) + Ay P, sin (¢f - a;) sec ¢}
kc = fﬁ- (77)
i

64. Since the solution depends on Pi , the following expression

for P:l gives acceptable results in many cases. If oi and oi +1

are the normal stresses on the two edges of the slip line segment, then

o! + 0!
—!'—zi-"-]-'--h1 sec a, (78)
where
o' = [cos ¢'yh(1l - Ru) - ¢'(sin B * sin 0')] s l:%"s—%in g (79)
46
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and
R = — (80)

u = pore pressure at the point under consideration

B =2a- ¢ (81)

65. In order to compare the result with that obtained from the
other method of slices, it is necessary to divide the sliding body into
vertical slices as in Figure 11 and then to determine the interslice
forces and their points of application. From the vertical and hori-

zontal equilibrium of the slice

= ' 'l -
Xi+l (Ni + Ui) cos a, + T, sin @, - W, o+ X; (82)

By = T, cos @, - (Ni + Ui) sin @ - kcwi + Ei (83)
Since A 1is known from the solution, Ni from Equation 75 , and Ti
from Equation T4, starting from known initial condition of Xl = E1 =0
all X and E forces can be calculated.

66. After determining the X and E forces, the points of
applications of E and N' forces can be determined by assuming the
position of one of these quantities as in method 1.

67. This method appears to be suitable for quick computation of
kc for a slip surface and should give acceptable results for existing
slip surfaces. However, it is not easy to see whether it will give
acceptable results for any assumed slip surface. Thus, it appears that
for design of dams where one has to start with assumed failure surfaces,
Sarma's method (1973) is most preferable and that for the analysis of
existing slips, the first method presented herein is preferable.

Stability of Slopes Under Earthquake Conditions
with Dynamic Pore Pressure

68. Under the earthquake loading conditions, the inertia force
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as well as the excess pore pressure generated by the earthquake play an
important part in the stability of the dam and its foundations. Until
now, this excess pore pressure was introduced into the analysis as
equivalent static pressure. Seed and Martin (1966) proposed using the
total strength determined under appropriate cyclic loading conditions
for the stability analysis. Seed et al. (1969) extended this idea to
develop the finite element method for studying the liquefaction poten-
tial of the dam during an earthquake, and Seed et al. (1973) used this
method for the analysis of the Tower San Fernando Dam in California,
which was affected by the San Fernando earthquake of 1971. However,
since this is a finite element method, it is outside the scope of this

report.

69. The method presented herein is an effective stress method which

can take into account the excess pore pressures developed during cyclic
loading. This method uses the concept of the pore pressure parameters
which was originally defined by Skempton (195L4) for static loading
conditions.

Dynamic pore pressure parameter An

TO. Cyclic loading tests on saturated samples of cohesionless

soil show that the pore pressures increase with every cycle of loading

until failure by large strain or liquefaction occurs (Lee and Seed, 196Ta;
Lee and Seed, 196Tb; Peacock and Seed, 1968; Martin et al., 1975). This

pore pressure depends primarily on the applied cyclic shear stress and
the number of cycles. Martin et al. (1975) proposed a set of formulas
to determine the change of pore pressure ratio Au/o&o against the
number of cycles for a given stress ratio AT/O;O in a simple shear
test, where Au is the pore pressure, o;o is the effective consoli-
dation pressure, and At is the applied shear stress. The same
relationships are replotted in Figure 15 to show the variation of
Au/a",° against At/o"ro for a given number of cycles. From these

curves we see that

Au AT
o= A oi -1y
Vo vo
48
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Figure 15.’ Pore pressure response in simple shear test (data
from Martin et al., 1975)

RSN R e

where An is the pore pressure parameter that is a function of the num-
ber of cycles and the level of stress ratio. However, for the initial

part of the curve, the curves appear linear; and An is a function of

AR G AR S N

the number of cycles only. Higher order equations for these curves can

easily be found if desired.
Tl. Initial failure is defined as that state in which the Mohr's

circlerof stress first touches the failure envelope. From the geometry

of the Mohr's circle, Figure 16, we obtain

Au

;£=1-'11§"3-f- (85)
vo vo
where
(1 + k)2 tr-n)® ;
R= 5 S sin2 ¢' - -——~??Jl- (86)

T2. This relationship is shown dotted in Figure 15 . Eguations
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Figure 16. 1Initial failure in cyclic simple
shear test

Equations 84, 85, and 86 are derived for simple shear tests where the ini-
tial stress conditions are represented by o;o and koo;o in which ko
is the coefficient of earth pressure at rest. Equations 85 and 86 are
derived assuming that ko remains unchanged until the initial failure.
T3. In the slope stability problem involving dams and slopes,
simple shear conditions do not represent the true state. Neither does
the triaxial test condition where either nc rotation of the principal
stresses are allowed or they are rotated through 90 deg}* However,
in the dam during earthquakes, the rotation will be small (Seed, 1968).
Therefore, the consolidated, undrained, triaxial test with anisotropic
consolidation appears to be nearer the truth, and we may assume that
the pore pressure parameters will not be affected by the rotation of
the principal stresses. From the limited test data available in the
literature on triaxial cyclic test results, utilizing both isotropically
and anisotropically consolidated samples, we see a similar pattern to

the simple shear tests; and we may write for the initial part

* A table of factors for converting U. S. customary to metric (SI) units
of measurement is presented on page 3.
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Ao
Auste iy :
;é':- A o (87)

and for the anisotropic consolidations, perhaps

Ao
GT'AL:—= % ;,'—l:- (88)
3c(1+k ) 3e(1+k )
where
oéc = confining cell pressure for consolidation
Aol = change in axial stress
k =a! /o! (88)

c lc’ "3e

However, Equation 88 will need extensive laboratory verification to see
whether or not An is independent of E; . The parameters An in
triaxial tests are different from those of the simple shear tests.

T4. Equations 87 and 88 suggest that the Skempton (1954) equa-

tion can be adopted for dynamic pore pressure as well, and we may write
bu = Bfao, + A (80, - 40,)] (90)

where B is a pore pressure parameter.
The analysis

T5. In this analysis, the suffix o denotes the preearthquake
conditions, the suffix d for dynamic loading conditions. The method
is based on Sarma's (1973) technique of determining kc , the critical
acceleration factor.

T6. Let us consider a possible slip surface in a slope as shown
in Figure 17. We subdivide the sliding body into n vertical slices.
Before the earthquake the slice is acted upon by forces as shown in the
figure. Let us assume that there is a factor of safety Fo under
static conditions for this surface. We may find this value of Fo ,
the interslice body forces Eo and Xo , and the normal and shear
forces at the base of the slices No and T° by any of the rigorous

analysis methods.
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T7T. Let us now assume that a horizontal earthquake load kW is
applied, under the influence of which limiting equilibrium is achieved.
In that case, k 1is equal to kc . From Figure 1Tc, we may then write

Ny cos @ + T, sin a = W - DX, (91)
T4 cos a - N, sin a = k W + DE, (92)
T, = (Ng = U - DU;) tan ¢' + c'b sec (93)
where
DUd = the dynamic pore pressure developed under the influence of

ch
weight of the slice

W
DX and DE are as shown in Figure 17.

78. At this stage, let us introduce the hypothesis proposed by
Sarma (1975). This hypothesis states that if a possible failure plane
is acted upon by a normal stress o' and a shear stress T and the
shear stress has a factor of safety F , then the state of stress in all
planes will be the same as that in which the material has a strength
property given by ¢' = tan-l(tan $'/F) and ¢' = ¢'/F . Under this

hypothesis, it is possible to draw the Mohr's circle of stress for static

conditions, Figure 1Tb. From the geometry of the circle,

ci’o & to(tan ¥ + sec wé) (9k)
oé,o nigl % ro(tan vy - sec ! (95)
where
cé = c'/f‘g
¥, = tan (tan ¢'/F_). Adding u_ (u = pore pressure at the

base of the slgce) to both sides

AT RGP A g
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0y o = O * Toltan ¥y + sec y;) (96)
By gm0, F to(tan ¥, - sec ¢é) (97)
0 = stress component
L Similarly, for the dynamic loading conditions, we shall have
%) .4 = % + td(tan ¥y + sec W&) (98)
°3,d =g, + rd(tan wa - sec w&) (99)
We define
(doy =0y 4= (100)
and

Ac3 = 03’d = 03’0 (101)

and therefore Equation 90 gives
Au = B[?03 + A (80, - Ao3ﬂ

Multiplying both sides by b sec a , we have, with wa = ¢'

DUd = B{(I‘I(1 - No) + Td[tan ¢$' -~ sec ¢'(1 - 2A)] - To[tan w(‘)
- sec ¥2(1 - 2Aﬂ}(102)
T79. Eliminating N, and T, from Equation 102, with Equations

d d
91 and 93, we obtain

DUd =a-> DXd (103)

where

B(a - No) + dq - Toqo

1l- Bbo - eq

(104)
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| B = B(C + £a)/1 - B(b_ - eq) (105) |
{ a=(W+ U, sin o tan ¢' - c'b tan a cos ¢' sec(¢' - a) (106)

b = tan a tan $'/(1 + tan o tan ¢') (107) i

= cos ¢' sec(¢' - a) (108) ?

r
o}
n

(c'd + W tan ¢' - U, cos a tan ¢') cos ¢' sec(¢' - a) (109)

e = tan ¢'/(1 + tan o tan ¢') (110)
f = sin ¢' sec(¢' - a) (111)
q = tan ¢' - sec ¢'(1 - 2An) . (112)
q, = tan y! - sec y!(1 - 24 ) (113)

= i Vo " —
N (W + U, sin a tan §! clb tan a) cos wé sec (wé a)
2 ' Py
DX° cos y! sec (wo a) (114)
T° = (céb + W tan wé - U, cos a tan *8) cos wé sec (wé - a)

| - DX_ sin y! sec (wé - a) (115)
R =1 L'.
Vo © ton (t‘“’ Fo) (116)
ot e
F, (117)

Now eliminating Nd and Td from Equations 91, 92, and 93, we obtain

| ' DX, ten (¢' - a) + DE

A 4 = W tan (¢* = @) + (c'b sec a cos ¢'

} - U, sin ¢') sec (¢' - a) - (a - sbxd) sin ¢' sec (¢' - a)
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and rearranging terms

DX, [ﬁan (¢' - @) - b sin ¢' sec (¢' - a)] + DE; = e k W (118)

where
D=Wtan (¢' - a) + (c'db sec a cos ¢' - U sin ¢') sec

(¢* - a) - & sin ¢' sec (¢' - o) (119)

summing for all slices and since EDEd =0
Yox,[tan (¢' - @) - b sin ¢' sec (o' - o] +k Tv=2D (120)

80. Let us assume that the point of application of Nd forces
are known and that the coordinate of this point is XY which, for
practical purposes, can be the middle point of the base of the slice.
Then taking moment about the centre of gravity of the whole sliding
body (xg,ys) and remembering that the net moment -® W and kW about

the centre of gravity is zero, we have

z(Hd cos a + Td sin ¢x)(xm - xs) + 2 (Td cos o

- Nd sin a) (ym - yg) = 0 (121)

and using Equations 91, 92, and 118 in Equation 121,
szd {(xm - xg) + (ym - yg) Eba.n (¢* - a) - b sin ¢* sec (' - u.)]}
=Twlx, - x)) +TDly, - y,)  (122)
The problem now is to find a set of Xd forces which will satisfy

Equation 122.
81. Let us assume that the shape of the Xd force distribution
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is known but not the magnitude. Then we can say that §

X3 =2Q (123)

R et

where Q 1is known but A is unknown. Then DXd = A(Qi+l - Qi) for the
ith slice = AP Then Equations 120 and 122 become

AYP[tan (¢' - o) - B sin ¢' sec (¢' - a)] +k FW =TD  (124)
AZP {(xm - xg) + (ym ~ yg) [tan (¢' - a) - b sin ¢' sec (¢' - a)]}
5 Zw(xn - xg) * Eﬁ(ym - yg) (125)

Therefore, A and kc can be solved. The rest of the soluggon will
follow the same pattern as in Sarma (1973) and is not shown here. f

Procedure

82. A procedure for applying the above method of analysis can
be summarized as follows:

a. Determine Ap parameters for various cycles, say 1
cycle, 5 cycles, 10 cycles, 20 cycles, etc., from
anisotropically consolidated, undrained tests for
different materials of the dam.

b. For each set of A, values, determine the kc values
for the possible slip surface. Therefore, we obtain the
critical accelerations for a corresponding number of
cycles.

c. From the strong motion record and the average seismic
coefficient for the sliding mass, find the equivalent
number of uniform cyclic seismic coefficient of k¢
(Seed et al., 1969). If the available number of cycles
is more than the number of cycles required for failure,
the factor of safety will drop below one. Since the
available number of cycles will depend primarily on the |
choice of the record, it is better to consider the 4
critical acceleration for 10-20 cycles as the most crit-
ical value and to compute the probable displacement on
the basis of it.

5T




PART IV: DISPLACEMENT CRITERION OF DESIGN

83. Within the limit equilibrium principle, a factor of safety
smaller than one represents failure. This signifies that when the
factor of safety is less than one, the mean strength along the failure
surface is less than that required to maintain equilibrium. Therefore,
a section of the dam or embankment will slide along the failure surface
and will come to rest again at a time and place when the new mean
stresses do not exceed the strength. Depending on the amount of rela-
tive displacement, which may vary from a fraction of an inch to a few
yards, the structure will be said to be safe or to have failed. It is
therefore obvious that a factor of safety less than one cannot be per-
mitted under the static conditions, as the stresses producing this stage
will exist until large displacements change the geometry of the structure.

84. However, under earthquake conditions, it may be possible to
allow the factor of safety to drop below one, as this state will exist
only for a very short time. Nevertheless, the consequences of allowing
the factor of safety to drop below one must be known, and this can be
measured in terms of relative displacements of the sliding mass relative
to the main body of the structure. Newmark (1965) proposed the sliding
block technique to measure this displacement, later Ambraseys (1973)
proposed the upper bound formula, and Sarma (1975) showed that displace-
ments can be computed on the basis of simple pulses once the critical
acceleration is known.

85. Sarma's (1975) work is based on the effective stress prin-
ciple. The displacements were computed on the basis of the assumption
that the pore pressures at the base of the sliding block remain constant
during movement. In contrast to laboratory testing, where pore pres-
sures continue to rise after the factor of safety has become equal to
one in cyclic loading, any attempt to increase the earthquake load only
increases the displacement, creating dilatency in the slip zone and
thereby reducing the pore pressure. In the case of slope failures,
therefore, the assumption that pore pressures remain constant during

movement is rather conservative.
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86. It is also assumed that the critical slip surfaces can be
converted into plane slip surfaces. The shear strength properties of
this plane surface which separates the sliding block from the main body

g et o

of the structure are the average ¢' and c' . The pore pressure is

equal to that at incipient failure (Figure 18). |

At

acceleration is kcg , the driving and the resisting forces are equal,

A
Figure 18. Sliding block model
87. The sliding block is subjected to a horizontal earthquake E
acceleration kg , which imparts a horizontal load kW on the sliding
block, as shown in the figure. The earthquake acceleration is greater
than the critical acceleration kcg , which was determined for the
original slip surface.
88. The driving force D on the sliding block is
D =W sin B + kW cos B (126) ; :
where
W = the weight of the sliding block
B = the slope of the sliding plane
and the resisting force R is
3 R=(Wcos B - kW sin B - Uf) tan ¢' + c'L (127)
? where L is the length of the sliding block. When the earthquake : p
i

which gives
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W sin B + kcw cos B = (Wcos B - kcw sin B - Uf) tan ¢' + c'L (128)
where Uf is the force due to pore pressure at failure.

Using Equation 128 in Equation 127
R=WsinBg +kWcos B - (k - kc)w sin B tan ¢' (129)

where k is the seismic coefficient as a function of time. Since the
earthquake acceleration kg is greater than the critical acceleration,
D is therefore greater than R . Under the action of the net driving
force (D-R), the block will move down the slope; and by Newton's Law,
this net force will give the acceleration % of the block relative to

the base. Thus

¥g4=Dp-R
g
i
_y cos (¢' - B)
VTt (x = k) (130)
or ‘,5,
' -
%= E,°°:°§¢¢, Bl - k) (131)

Since the earthquake acceleration kg is a function of time, Equa-
tion 131 can be evaluated to determine the total displacement x at
the end of the earthquake.

89. For a rectangular pulse of duration T/2 and amplitude
kmg - Figurg 19a, the solution of Equation 131 gives

b 200

Lx

m_ cos ¢' Sy &
2 cos (¢' - B) 2 (km/kc 1) (132)
k gT
m
where
xm = permanent displacement of the block relative to the base

k = maximum value of the seismic coefficient

predominant period of an accelerogram or twice the duration
of the pulse

==
]
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k() k(t)

Figure 19. Forms of acceleration pulses used
for computation of displacement

For a triangular pulse of duration T/2 and amplitude kg, with a
peak at time AT/2 , Figure 19b,

Lx
m

os¢’ 1
¥ coé%b? - 377= Eﬁ.{h(l = kc/km)(l . kc/km)
2-
-[1 - A(kc/km)z] }(kc/km)

for 0 <k/k, <[ -ya=n]a o @)
= %[(1 - x/x )3 (2e2V1 -2 - )

2
kmgT

for (1-Y1-A) /A <k /k < 1 (234)

For a half/sine pulse of duration T/2 and amplitude kmg , Figure 19c,
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cos ¢' . e 2 2
Rl ¢ o (Kc/km sin q)</(2r kc/km)
k _gT
m
for 12>k /k > 0.725
2 2
= (kc/km +a -7+ cos“a/2 cot a/2)/w (135)
0 <k, /k <0.725 (136)
where
a=a+k/k (cos a - cos q) (137)
and
Al M
a = sin (kc/km) (138) ;
90. The solution for earthquake records is obtained by assuming %

piece-wise linear acceleration. Since the problem is that of a slope
failure, the critical acceleration required to move the body up the
slope is assumed to be very large, and no reversal of displacements
occurs.

91. Between the times ti- and ti , the acceleration k_can

1
be written as

k.-k
5 i "i-1
k(t) =k, . + (t-t, .) (139)
i-1 ti-ti-l i-1
then the solution of Equation 131 gives
2
a k,-k (=%, .)
cosé' X i -1 i-1 X
cos(e'B) " g = (kjyk)(t-ty )+ Tty 2 . (1ko)
2 3
S K. (t=t, ;) : e B (=t ;)
cos(¢'-B) g i-1 "¢ 2 ti-ti-l 6
+ xi-l(t'ti-l) +x (1k1)
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where X is the downslope velocity of the sliding block relative to its

original position.
92. The procedure for determining the displacement for earthquake

record will then be to

a. Scan the earthquake record from the beginning until the
pulse is bigger than k_ . This will give the initial
conditions. Determine the velocity and displacement at
the end of the linear pulse, which provides the initial
conditions for the next pulse.

|o

It is possible that the movements may stop in the middle
of a decreasing pulse. This will be indicated by the
change of the sign of the velocity; in which case, the
time for zero velocity is interpolated, and the dis-
placement is computed up to that time only.

c. Once the movement is stopped, it will not start unless
the pulse is bigger than kc . Therefore, we are back
in step a.

93. The total displacement at the end of the record gives x
The maximum acceleration in the record gigg§_ﬂgm_4,gnd,the,predominant

——

period of the acceleration spectfﬁ£<gives T . We can therefore compute

Jagd

Yo s R

hxm/kmgT2 . The earthquake acceleration time history is not symmetric

about the zero axis, and it is therefore necessary to compute the dis-

SR i

placement X, by changing the signs of the accelerations.

9. TFigure 20 shows the quantity (l/C)(hxm/kmgTe) computed against
kc/km for the four cases mentioned above. This figure shows that for
kc/km > 0.5 , the triangular pulse and for kc/km < 0.5 , the rectangular
pulse effectively give the displacement from an earthquake record,

e LT

where km for the pulse is the maximum of the acceleration record and
T for the pulse is the predominant period of the record. Also, it is
seen that the absolute displacement for kc/km > 0.5 is very small for
real earthquake records. C represents cos (¢' - B)/cos ¢' .
95. The use of the sliding block technique for computing the
displacement demands the following from the dam:
a. A critical acceleration kcg .

b. An average o' .
¢. An average slope angle B8 .

oty
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96. The methods presented in Part III will give the critical ac-
celeration kcg . From this solution we can draw the force-polygon for
the entire sliding surface, as shown in Figure 21. The slope of the
shear force vector can be used as the slope angle B . From the same
solution, we can obtain the average shear stress 1 and the average
effective normal stress n' on the slip surface. Since we can compute

c' , the average angle ¢' can be obtained from

av
T - ¢!
P P | _&v (1k2)
av n
T
w
N
v
8 = Shear force vector KW

N=Normal » »
[ —

O 1+ 2 3 4 sxwois

Figure 21. Vector diagram of forces
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" PART V: ANALYSIS OF THE LOPEZ DAM

97. In this part, the Lopez Dam of California is analyzed by the
method mentioned in the previous chapters, and the stability of the dam
is checked against the San Fernando Earthquake of 9 February 1971. The
probable ground motion at the Lopez damsite during this earthquake is
supplied by the U. S. Army Engineer Waterways Experiment Station (WES).
This record is a modified version of the Pacoima Dam record. The record
is shown in Figure 22, along with the integrated velocity and displacement
records. The three spectra are shown in Figure 23. The cross section of
the Lopez Dam is shown in Figure 24. The material properties, as supplied

by the WES, are skown in the Table 2.

Seismic Coefficients

98. The presence of the debris in the upstream side creates an
asymmetric section. However, for the sake of analysis, the debris will
be neglected in finding the inertia forces and the seismic coefficients.
The average shear wave velocity for a nonhomogeneous section can be

computed in the following way:

b
bl b2 b3

99. Consider an elemental slice of thickness dy . Assuming
constant strain along the entire width, the net shear force T across

the section is

- du
T (Glbl + G2b2 + G3b3) s
_ du 2
=5 2.5i°5by (143)

The average shear stress is therefore
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ZONE 7moist 750( 's
(pct)  (pef) (fps)

DEBRIS 107-0 1300 700
SLOPE 133-0 1468 750
CORE 123-0 1393 850
FOUND, 1275 142-4 1000

85 | Twatér Tevels
80 | | debris & slope
64 ~
ol |
@ i i

L foundation
21 |

Figure 24. Lopez Dam

t
T (1k4k)
and therefore the average shear modulus is
pim.n
e Zsipibi (145)
The average shear wave velocity is therefore
1/2
g ot ZS?p.b
av s e A
R o S e (146)
Pav Z P1%

However, for all practical purposes, a linear average can be assumed,

so that
s =i DERY (147)
av b i'i

Thus for the Lopez Dam section, considering the moist densities, the
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Table 2
Lopez Dam - Material Properties

Zone 1 Zone 2 Zone 3 Zone k4
Properties Debris Slope Core Foundation
c¢' , psf 0 0 560 224
%' 4o, 8° 41.8° 2. 5° 38.5°
L YgatPef 130 146.8 139.3 1k2.4
YmoistPCf 107 133 123 127.5
S ft/sec 700 750 850 1000
Al* 0.3 0.3 0.6 0.2
As* 1.0 1.0 2.0 0.9
Alo* 1.9 1.9 2.2 1.7
Aeo* 2.2 2.2 2.5 2.0

* An = pore pressure parameter A at u cycles.

average shear wave velocity is 795 ft/sec; and the average density is
128 lb/ft3. The shear wave velocity of the foundation layer is 1000 ft/
sec, and the density is 127.5 lb/ft3. Therefore, m = Slpl/sépz = 0.8
and q = m(H - h)pe/hpl = 0.71 . For this pair of values of m and q ,

i V. 15 AU SN B

the first root of the transcendental equation

% J (a)
m tan (qan) = =2 _? (148)
Jl(an)

is ;i = 1.34 , which is obtained from Figure 5 of Part IT (also com-
puted numerically in this case).

100. Thus, the fundamental period of the dam-layer system is
. -32%}- = 0.27 sec - (149)

Saval

Figure 25 shows the seismic coefficient spectra for the period to range
from 0.2 to 0.4 sec for the modified version of the Pacoima Dam record
for the pair of values of m and q mentioned above.

101. If, on the other hand, the debris is not neglected but is

T0
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MODIFIED PACOIMA DAM
RECORD
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Figure 25. Seismic coefficients if debris is neglected
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Figure 26. Seismic coefficients if debris is
considered part of foundation
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considered as part of the foundation, so that the dam height is reduced

by 20 ft and the layer thickness is increased by the same amount, then

the values of the two parameters become m =1 and q = 2.4 . For this
pair of values Zl = 0.54 , and the fundamental period of the dam-layer
system becomes

T, = 0.37T* sec (150)

102. Figure 26 shows the seismic coefficient spectra for this case
for the period to range from 0.2 to 0.4 sec. From Figures 25 and 26, we
can replot the seismic coefficients for the two periods in question (Fig-
ure 27). The maxima of the two will give the design seismic coefficients.
In this analysis, this is obtained entirely from the first case. The

point at the crest of the dam is obtained from the point response.

fo) Crest of Dam

201~
Debris level

S
0.

8

Loyee el Figure 27. Seismic coefficient

versus depth

Depth from Crest (ft)
g

o
(@)
|

Lopez Dam

e case |
« case?2
— design

o | =
(o] o5 1.0 .5 2049
Seismic Coefficients

* The assumption of an untruncated wedge is not strictly applicable in
this case. However, it is considered to be a reasonable approximation.
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Critical Accelerations

103. The Lopez Dam section is analyzed by the limit equilibrium
principle using the Sarma (1973) method, with the computer program
written by the author for the CDC 6400-6600 computer at the Imperial
College of Science and Technology, London. The various probable slip
surfaces and their critical accelerations are shown in Figure 28.

104. WES supplied cyclic triaxial test data indicating the prob-
able values of the pore pressure parameter An for various cycles,
shown in Figure 29; and the results are tabulated in Table 2. These
An values are used to determine the critical accelerations for a few
upstream surfaces which were considered critical. As far as the dy-
namic pore pressures were concerned, only the material below the water
table is assumed to be affected by the earthquake loading. The results
of the analysis are also tabulated in Table 3.

105. From the results we can see the following:

a. There will not be any postearthquake slope failure due

to liquefaction. Even the worst case can withstand a
critical acceleration of 0.2 g with 20 cycles of pore
pressure development, which means, in other words, that
without an earthquake, there will be a factor of safety
greater than one (a critical acceleration of 0.2 g
corresponds to a static factor of safety of approxi-
mately 1.6 without earthquake).

b. Even without any dynamic pore pressure development, the
critical accelerations of some surfaces are smaller than
the design seismic coefficients (Figure 30). Therefore,
during the earthquake, the factor of safety of the
structure will drop below one; and some slip surfaces
will develop.

Displacements

106. Figure 31 shows the dimensionless displacement graph for
the modified version of the Pacoima Dam record. The assumed predominate
period is 0.4 sec. There are two peaks in the acceleration spectra,
one at 0.2 sec and the other at 0.4 sec; however, the velocity spectra

shows that 0.4 sec is perhaps more important than 0.2 sec. Table L
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Table 3
Results of Stability Analysis

Surface c 2 kc kc kc
No. No DPP* Pp¥* = ] cycle 5 cycle 10 cycle
6 0.79 0.59 0.55 0.53
7 0.72 0.5k 0.4k 0.36
8 0.66 0.50 0.34 0.28
9 0.67 0.48 0.33 0.27
10 0.85 0:52 0.37 0.32
11 0.70 0.50 0.46 0.39
12 0.73 0.51 0.30 0.2k4

k
e

20 cycle

0.53

0.35 -

0.27
0.26
0.30
0.37
0.22

* Dynamic pore pressure.
¥% PP = pore pressure.

Crest of Dam

o 1 ] 1
1of °
20} °
o — — — ———_] Debri level
30- . " 0
2
§ 40 o x o
o Pas & o Layer level
E
€50 + 2 e
=
g Design Seismic Coef.
60 =
upstream surfaces
no dynamic pwp.=
70+ 20 cycl‘:y » pu: =:
stream surfacesx
nodynamic pwp
FYe 8
ilaians o

-
6 O0s5 10 15 209

Figure 30. Comparison of criti-
cal accelerations and design
seismic coefficients
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Table 4
Computed Displacements

" X Displacement
Yy = ah K c c No DPP#* B
ft m No DPP#* 20 cycle CH#* in, 20 cycle deg
‘
L 10 1.25 0.40 - 1.0 T.2 - 20
20 1.15 0.45 - 120 2.8 — 17
30 1.05 0.66 0.25 1.0 0.2 1k 7
r Lo 0.94 0.70 0.30 1.0 0.06 5.2
50 0.80 0.73 0.22 1.0 - T.3

* Dynamic pore pressure.
cos(¢' - B

*% =
¢ cos ¢'

is assumed 1.0.
shows the various values needed for computing the displacements at dif-
ferent levels and also gives the computed displacements from Figure 31l.
From the table, it can be seen that the mr.ximum relative displacement
at the top of the dam will be about T in., which will mean a vertical
drop of about 2.5 in. and horizontal spread of about 6.5 in. Deeper
slides will have negligible displacement without the dynamic pore pres-
sure considerations.

107. With a dynamic pore pressure equivalent to 20 cycles of
loading, the deeper slip surfaces are affected. But the displacements
are still small, the maximum being about 1lb in. This displacement does

not show any appreciable drop of the crest level, but it will show as a
crack in the debris at about 100 ft from the toe of the dam.
108. Thus, if the assumed ground motions were correct, the simpli-

fied analysis shows that the Lupez Dam of California should withstand the
E San Fernando earthquake of 9 February 1971 with a very minor amount of
damage. There would be about a 2,5-in. slumping of the crest with a cor-
responding bulge on the side near the top 10 ft of the dam. There should
i be some cracking of debris about 100 ft away from the dam, which would be

caused by a small movement of a deeper slide.
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PART VI: CONCLUSIONS

TSRO S —

109. The method of analysis and design of earth dams under earth-
quake loading conditions, which is developed in this report, is a simple
one. The work in the second part is an extension of the original work
done by Ambraseys and Sarma (1967), which now includes the presence of
a foundation layer. The presence of this layer does seem to affect the
response instead of merely changing the fundamental period. The rest of
the conclusions that can be drawn are the same as those in the original
paper mentioned above. For example, the upper part of the dam is af-
fected more than the lower part, and a deeper slide has a smaller seismic
coefficient than a slide on top of the dam. The various seismic coef-
ficient spectra will help the designer in computing the seismic coef-
ficients for his dam.

110. The stability analysis method with the dynamic pore pressure
parameters is a simple method and is appropriate for design purposes.

However, the dynamic pore pressure parameters need further study. Per-

e IR

haps a high order curve would be more appropriate than a linear one; but
with the present available data, this is superfluous.

111. The displacement criterion of design is still a matter of
opinion. However, the displacements computed for the Lopez Dam do not

seem to disagree with the field behaviour.

A s S i iR

112. The analysis of the Lopez Dam is used more as an example of

—

the concept of this method of analysis than as an attempt to analyze it
in detail. For example, the response of the dam and the seismic coef-
ficients are not shown in the time history sequence; only the maximum
values are picked up. The seismic coefficients for particular slip
surfaces are not computed but are taken from appropriate graphs. Thus,

the analysis shows that the concept is a simple one.
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APPENDIX A: SOLUTION OF THE GOVERNING EQUATIONS
FOR A DAM-FOUNDATION SYSTEM
é
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1. The equations of motion of a dam-layer system subjected to a
ground motion are:
2

du u
3 iy | et .
gl s 5 [y + ey + 2] (A-1)
y S
1
2
9 u
2 sl .
% sk [ﬁ2 + cu, + g(tﬂ (A-2)
ay S2
The boundary conditions are:
aul
= =0 at y=0 (A-3)
u, = 0 at y=H (A-L)
g =, At y=h (A-5)
aul ou
G].F:GQa_y_ at y =nh (A-6)

The initial conditions are at rest:

W =Su.=u =u =0 at t=0 (A-T)

Applying Laplace transforms to Equations A-1 and A-2 with the conditions
in Equation A-T,

au. du. -
; + i . -—d}- = —;— (P2 + cp).\I + m (A-8)
ay? ¥ T 1 g2
% 3
a% -
2 - t
2 a2 (p° + cplu, + ) (A-9)
P -
y 2 2
A2

O AR T LA A 50~

——
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where the bar signifies the Laplace transform of the function. Let

2 -
E2eR_y?, ana Bl (A-10)
Sl s1
Equations A-8 and A-9 then become
2— f—
d™u du
e Lk | 2= -
+=—==%k"u +g (A-11)
2 1
dy y dy
2= 2
d u S
: = —; kzﬂa +g (A-12)
dy S,
The transformed boundary conditions are
duy
7‘-};=o at y=0 (A-13)
Eé =0 at y=H (A-1k)
U = u, at y =h (A-15)
dKl diIa
Gl—a}-= G2-d? at y=h (A-16)
Solution of Equation A-11l with Equation A-13 gives
23 s Ei_ .
u, = CI_(ky) > (A-17)

k

and solution of Equation A-12 with Equation A-1k4 gives




Sl sl
B sinh | == k(y - H) cosh( == ky

S, 2
u, = + B G - (A-18)
2 S 2 S
3 k 1
cosh 5 cosh -S-—
2 2

where B and C are unknown constants and Io() is the modified Bessel
function of order O .
Equation A-15 then gives

Sl
sinh [_S k(h - H)]
+

S
cosh (S—l kH
2

3 (A-19)
Ak
Io(kh) cosh (E’ kH)

2

B 2

=T (kn) S
2 cosh (—l- kH)
Sy

C

R

Equation A-16 gives

W A

o S o B

o] ©
n =

au,
. —a; (A-20)

mmm||—-ml\>
L ]
glmg' |

8, S
cosh | = kx(h - H) sinh kh
5,fy Sy z
= + & (a-21)

8292 Il(kh) =B Sl 2
cosh 5 kH cosh( kﬂ)
2

mmlwm mml»-'

c

where Il() is the modified Bessel function of order 1.

Put
(]
.i.l-. =m (A-22)

=a (A-23)
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Equations A-19 and A-21 therefore give

o EL—[Io(kh) sinh (bk) - mI,(kh) cosh (bk)]

k, mIl(khT sinh (ak) - Io(kh) cosh (ak)

Substituting Equation A-25 into Equation A-19 yields

7 o 1
o i? uT (kn) sinh (ak) - I_(kn) cosh (ak)

Putting Equation A-26 back into Equation A-1T yields

& I (ky)
u, = & ° -1
1 kQ[Io(h) cosh (ak) - mIlTkhj sinh (ak) ]

Similarly, substituting Equation A-25 into Equation A-18 yields

S S

Io(kh) cosh gl-k(y - h) + mIl(kh) sinh gl-k(y - h)
= Sy 2 2
u2 = K2 S -1
I (kh) cosh == k(h = H) - mI.(kh) sinh (ek)
[¢) 82 1

(A-24)

I e BT

(a-25)

(A-26)

(A-27)

(A-28)

2. The inversion of Equation A-27 and Equation A-28 can be ob-

tained by applying Melin's inversion theorem. We can write

]
®|
L2
=

' ul

u, =‘E . F2

where fi and fé are Laplace transforms of F, and F,, and

therefore

A5

(A-29)

(A-30)
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t
w = L E (G- (a-31)
c S
1
(r)F (t - 1) ar (A-32)

e
o
1
o\.sﬁ
N

Therefore, the problem is to obtain F1 and F2 from

IR I (ky)
By [1 (kh) cosh (akT - mI, (xn) sinnh (ak) ~ ] (A-33)

s s
I (kh) cosh == k(y - h) + mI_(kh) sinh = k(y - h)
o 5, 1 5,

B 2
Yo T_(kh) cosh (ak) - ml,(kn) sinh (ak) 1f (a-34)
From the inversion theorem

si vitw. ot ¥ I (ry) =
Fy ™ 5%t f (p2+_cp)|_I°(rh) cosh (ar) - mI, (rh) sinh (er)

S S
I (rh)cosh -—-h(y-h) + mI (rh)51nh —— r(y-h)
2

Si (+ic ept
F, = =—
T W e T (rh)cosh(ar)aL_(FR)sTanlar)
- 1| dp (A-36)
where 3 2 1/2
r =3 (p° + cp)
1
A6
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To apply the theory of residues, the poles are at p=03; p = -c ; and
at those values of p = pn that make

Iorh cosh ar - mIlrh sinh ar = 0 (A-3T7)

The roots of Equation A-3T are all imaginary. Let rh = izg be the

roots. Then

arge
=_S 41 /.2 nl
Dow- ok one = L 5 (A-38)
h
are the poles, and Equation A-3T becomes
Jogg —
— =m tan qa_ (A-39)
J.a
1ln
where
P
SRR WP 5 5
g 5 = (A-40)
Put &
anS
T " Yon W
and
c=2\w (A-42)
n on
then
P o= *de 41 - Y0 (A-43)
3. The residues at p =0 and p = -c are zero, therefore
« pnt -
n=1 42 d R £
PS + ¢ S &
n Py & Io(rh)cosh(ar) mIl(rh)sinh(arﬂ

B

AT

S s e - et

3
¢
]
q
|
i
!




Pt J (a_)cos % -iq-(y-h) -mJ. (a_)sin ﬁ'— -a—n (y-h)
> o« e B o' n 82 h 1* n S2 h
" 2 i kel o e L)
n=l p_ + cp ES[IO(rh)cosh(ar)-mIl(rh)sinh(a.r)] ¢
P=P,
Let

D= %5 [Io(rh) cosh (ar) - mIl(rh) sinh (a.r)]

IR - % 2 2 {hIl(rh) cosh (ar) + aI_(rh) sinh (ar)
2
2Sl\lp + cp
I.(rh)

- mh sinh (ar) [Io(rh) - —le—] - maIl(rh) cosh (ar)}

for p = 1 when rh = i;n

(2p + ¢) 38 L5 s i
D = ih = Jl(a.n) cos (qa.n) + qu(an) sin (qan)
.’281"1)n + cpn

o e o =
+ m sin (qa.n) Jo(a.n) - = + qul(an) cos (qan)
n

ih(2p_+c) J.(a ) EN s
2 1.0 rq + m2 sin2 Qa, + cos2 Qa,

; . m
“ z,. cos (qan) L
pi pn 1)n

ol

sin (q;n) cos (q;n)]
n

+ o L p (a,m,n) (A-L6)

2
2sl pn Y cpn

A8

e P e




where
J. (a )
Po(q,m,n) = 3 n_ mq + m2 sin2 qa,
cos (qa_ )
n
‘ + cop® qa. - = sin qa_ cos qa_ | (A-4T)
L * n n
n
At pn = -An e + imon 3 An
R, o2
D=2+1i3T p(amn)yfl -2
1
Therefore
At imon"l = A
o\ )e e Jo(any/h)
Fl(t) = S1
-82ac 5
l™n h 2
2 [1s po(q,m,n) 1l- An]
h
2
At e 1-At
2 e e J (a y/n)
+ 85a%
ln[i-tl ( mn)\/l-kg]
h2 s pO q,m, n
r et J.__—
n on s 2 2
5 e Jo(any/h) imon‘ll - Ant -:lmon 1 - Ant
= Sl or: e -e
- wonia.npo(q,m,n)‘}l - An!
L
| ¢ “a¥%n® . -
' 2 * Jo(any/h) 2 2
: = 81 — sin won"l - Ant (A-48)
L anpo(q.m,n) -w 1 - 2%
b on n
' ¢
£ Similarly,
%
£ A9
A 4 T— e Tt
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L
r
== f = H.-—ix -\ w t( o 2)
. 32 2mJl(a.n) sin (qan g ) W sin ©on 1 ).nt (A-L9)
ey ==
cos (qa )a p_(a,m,n) TR S
on n
3 Equations A-31 and A-32 then yield the solutions for ul(y,t) and
y
- uz(y,t) given in the main text.
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APPENDIX B

SEISMIC COEFFICIENTS




. 1. For the one-parameter sliding wedge

h
yé_ dy

fhvdy
(o]

fhy 2J (a y/h) &
a p (q,m,n)
o anpo q,m,n

2

O\n

¢ln(a)

-

LI (aa )
1

—r a (B-1)

aanpo(q.m,n)

2. For the four-parameter sliding wedge, no such simple form
exists. In computing ¢hn(a) , there are three possibilities, depending
on the geometry of the sliding wedge. :

Case 1: The entire sliding surface is in the dam: o <1 .

Case 2: Part of the sliding surface is in the foundation, but
the exit points are in the dam: o > 1 .

Case 3: Part of the sliding surface is in the foundation, and
the lower exit point is in the foundation: a > 1 .
3. Sarma (1968) determined these seismic coefficients by comput-
ing the accelerations in the dam first and then numerically determining
the seismic coefficient. But it is possible to formulate the seismic
coefficients analytically for the three cases separately.

Case 1:

ah
S v oy
¢4 (a) = e
n h
b(y) dy

-

B2

sy EERAE P PRI

A A
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S AR e vty

Denominator = fh b(y) dy

o

Qa

—

lh a2h ah
b (y) dy + fh by(y) dy + &fh bo(y) &y

i 2 {
where |
B (B, - B )
s S - - i | :
bl(y) i Y 9 bz(y) Blh + a - (Y -~ alh) ’
il 2 1
B,(oh - y)
B.(y) = —2
3 ia - (12;
Therefore,

2
h
Denominator > [B102 + Bz(a - al)]

alh a2h ah
Numerator = ‘! bl(y)On dy + 'c[h bz(YMn dy + &[h b3(}’)¢n dy

1 2
.
B, a.h (a,B, - a.B.)h a.h B, - B, a,h
1 1 2°1 1 2 2 2 1 2
o B R b+ [y &
lo 2 1 a.h 2 1l a.h
1 1
0132h ah 32 ah
¢ dy - yé_ dy
o -0 n a-a n
2 2h 2 °2h
2 B a B Q
2h 1 1 — 2 a — 2 e
’-a- (q,m,n) al ;' Jl(alan)- a-a2 [: Jl(a a.n)-: Jl(u2an)]
nPo'dsM» n n n




v
b a.B, - a.B
e T = =
v [BESINT (a_, ay) - BESINT (&, al)]
= "% |
aB2 = 5 o |
+ BESINT (a_.a) - BESINT (a_a,)
a = oasf nl n 2
f
- where

R

BESINT (a ,a) = 'of J (ay) dy

Thus,
¢hn(a) = Numerator/Denominator
Case 2:
h ah
f by)e dy + ﬁf b(y)e dy
L0
F ¢hn(a) o ah i
J oly) ay ‘
o
|
N

2
h
Denominator = =3 [Bla2 + B2(u - ul)]

CASE 2
alh uah h
Numerator=f bl(y)‘bndy*'ﬁf be(Y)¢nd¥+fb3(y)¢ndY
o h ¢, h
1 2
B, a.h (a,B, - a.B,)h a,h
1 1 2°1 172 2
+ J o (y) dy === yo_ dy + ¢, dy
ﬁ?h3 n alBr n a, = 0 &l;h n
B B a.h aB.h h B h
2 1 2 2 2
e o [ y¢ndy"'ca--u af¢ndy' a-a fy¢ndy
2 1 h 2 h 2° a,h
p & 2 2
B4
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i
B h 2 B o i
2 g? 2h of 1 My - i
+ (ah - y)y_dy = = = ¢ = J (a.,a) i |
Za uzs n & D (q,m,n) al = 1="1n 1 |
n‘o n ‘
!
B. w8 o a B i
2 Xk 2 1 - 2 1 - i
* e f J (.8 ) « =5 P la.a M ~ —J.(a) "
a2 - [a 1'"2™n Y 1 n ZQ - °25 = 1n |
n n n
-
a (a B, - a.B.)
2 - 2°1 172 - —
<3 Jl(azan)] + s [BEstir & 0,) - BESINT (300, )] |
n L
: /
a32 i ¥l ﬁlJl(;n)
+ [BESINT (a_,1) - BESINT (a_,a )] + 1
- n n. 2 =
2 cos (qan)
e (H/h - ll? sin (qa_) - sin (qa B/ - o
(a0 - azf q2; 2 n n H/h - 1
n

_(H/h -1)(a - 1) o }
n

qa
Case 3:
L h ah
| J oo, ay + [ v(y)v, ay
| : ¢hn(a) i ah 5
| J o) ay
o

a.h h
Denominator = fl bl(y) dy + f b2(y) dy + jp b3(y) dy
o alh

where

B
1
b, (¥) 5, y
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(8, - B,) |

b2(}') = B,h + —= 2 (y - alh) and i

B3(uh -y)

b3(y) i~

h2
Denominator = e [Bl + B2(1 - ul) + B3(a - l)]

Numerator

]
o\"_‘p
«
<
&

+

3
+u_lﬁ[ (ah - y)v, day

2h2

& p (a,m,n) \"1

a B, -B o
1 - 2 1 - 1
v Jl(alan) e e Jl(a.n) - = Jl(a
a 1 a
n n n

lan) !

Q IHIIJ

oI

(Bl-- a,B,) 5o i
+ T—_—;;;—[BESINT (_,1) - BESINT (a.n,al)]

nJ. (a ) B 2
N S 3 (H/h - 1) = - Héh-a
+ — = 1) qaae [sin(qan) - sin (qan 5/h - l) !
n

cos qa
qn

_{#/b - i‘_) (0 - 1) cos (q:n)] ‘1 s
a8 Bh B

! CASE 3
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APPENDIX C:
ROOTS OF THE EQUATION
m tan (qan) = Jo(an)/Jl(an)

L.
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ROOTS OF EQUATION M.TAN(Q.AN)=JO(AN)/J1(AN)
1010000000000 40 0100000000010 0 00000000 0000 040000090000 0100009600003 00-00 0000 000

M= 1.000
Q= .250
i 1.8774
2 L. 3ukk
3 6.8703
L 9.4152
5 11.9457
6 1k.4523
7 16.9515
8 19.4631
9 21.9868
10 2k.5081
11 27.0183
12 29.5235
13 32.0352
14 3k4.5547
15 37.0732
16 39.5845
3y 42,0921
18 Lh 6041
19 47.1218
20 49.6390
M= 500
Q= .125
X 2.2563
2 5.1492
3 T.9720
L 10.6397
5 13.1736
6 15.7793
T 18.5585
8 21.4531
9 24,3984
10 27.3519
11 30.274k
12 33.1114
13 35.7882
14 38.3206
15 40.9171
16 43,6907
17 46.5835
18 49.5287
19 52.4821
20 55.4064
M= 0
Q= 0
1 2.4048
2 5.5201
3 8.6538
N 11.7915
5 14,9309
6 18.0710
T 21.2163
8 2k.3525
9 27.4933
10 30.6346
11 33.7762
12 36.9171
13 40.0584
14 43,1998
15 46.3412
16 49.4820
17 52.6241
18 55.765T
19 58.9070
20 62.0485

. 500

1.L4934

3.6063

5.7708

7.8423

9.9259
12.0480
14.1309
16.2177
18.3294
20.4161
22,5047
24.6117
26.7003
28.7901
30.89LL
32.9841
35.0747
37.1771
39.2677
L41.3589

.250

2.1032

4.6135

6.7769

9.1594
11.8779
1k4.6492
17.2027
19.36k42
21.7250
24,4396
27.2133
29.7715
31.9362
34.2913
37.00L47
39.7788
42,3391
LL.5038
46.8576
kg.s5701

.T50

1.2238

3.1241

4.9329

6.7356

8.5349
10.3019
12.1211
13.9030
15.7036
17.5025
19.2890
21.0967
22.8796
24,6856
26.4740
28.2716
30.0692
31.8591
33.6619
35.4492

375

1.9407

3.9859
6.0396
8.6100
11.0926
13. 0064
15.2375
17.8545
20.16L47
22.0479
24 . 4770
27.0719
29.1645
31.1715
33.7338
36.2293
38.1483
40,367k
L2.9844
ks.3016

c2

1.000

1.0312
2.7612
4,2832
5.8958
T.4ko5
9.0353
10.5883
12.1759
13.7332
15.3172
16.87T1
18.4584
28.0200
21.5997
23.1626
24, Th11
26.3852
27.8827
29.4473
31.02L41

. 500

1.7727

3.4996

5.6739

8.0771

9.8089
11.9487
1k4.3616
16.0986
18.2293
20.6448
22,3841
24,5112
26.9282
28.6689
30.7936
33.2120
34.9530
37.0763
39.4948
41,2369

1.500

.7803
2.2156
3.4266
4.7003
5.9713
T.2055
8.48Th
9.7281

10.9907
12.2530
13.4981
14,7684
16.0154
17.2758
18.5360
19.7849
21.0508
22.3005
23.5597
24,8190

. 750

1.4591

2.9465

5.1122

6.5901

8.5779
10.3526
12.0084
1k4.0852
15.5130
17.6754
19.1678
21.1383
22.9269
2L.5716
26.6543
28.0797
30.2411
31.7365
33.7031
35.4950

2.000

.6262
1.8256
2.8824
3.8954
L.9731
6.0221
7.0509
8.1154
9.1633

10.1980

11.2572

12.3k407

13.3424

1k4.3988

15,4464

16.4858

17.5405

18.5877

19.6286

20.6821

1.000

1.2109
2.6526
L. b1sT
5.7817
7.5670
8.919L4

10.7126

12.0594

13.856h

15.2000

16.9992

18.3406

20.1418

21.4821

23.2843

24,6234

26.4261

27.76L4

29.5684

30.9058

A ke,




ol i Sl e

G aeinach il e o e s S Rt

APPENDIX D:

ACCELERATION RECORDS OF FIVE EARTHQUAKES
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In each of the following figures (Dl-D9), & represents accelera-
tion, velocity, displacement records, and energy flux plots; and b rep-

resents acceleration, velocity, and displacement spectra of strong motion
records.
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APPENDIX E:
SEISMIC COEFFICIENTS AND POINT ACCELERATION SPECTRA
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APPENDIX F:

ENVELOPE OF SEISMIC COEFFICIENTS AND POINT

ACCELERATION SPECTRA
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APPENDIX G:

NOTATION
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PART II é
th !
& The n~ root of the equation Jo(an) =0 |
;; a*® root of the equation m tan q(;;)/Jl(;;) %
b Width of crest ‘
B Unknown constant
c Damping coefficient for both dam and layer '
c Unknown constant
F Total inertia force

Maximum inertia force

B
&
e dia

F1 A function defined in the text
F2 A function defined in the text
g Acceleration due to gravity
g(t) Base accelerations %
B Maximum base acceleration 1
G1 Shear modulus of the material of the dam
G2 Shear modulus of the material of the layer
h Height of dam
H Total height from crest of dam to rock level
3 Square root of -1 {
Io Modified Bessel function of order zero : ?
Il Modified Bessel function of order one 4
Jo Bessel function of the first kind of order zero
Jl Bessel function of the first kind of order one
K Average seismic coefficient expressed as a fraction of gravity
X Average seismic coefficient expressed as a fraction of the ’
maximum ground acceleration !
L Length of dam ‘
The ratio Slpl/S2p2
¢ M - Total mass of the sliding body 1
:b M A function defined in the text {
t M, Amplification factor, magnitude of ground acceleration %
P° A function defined in the text
q The ratio m(H—h)p2/hpl) 4
' : G




- SRR A - TR A

P12k,
$

¢, (¥)
o1 Lok

v, (v)

M)
n’ on

PART III

wo‘u”»

o 0|0

B b=

DU

= 0

F L L O NE

Response acceleration
Shear wave velocity in the dam and in the layer, respectively
Time

Horizontal displacement of a point in the dam and in the
layer, respectively, relative to the rock base

Velocity of a point in the dam and in the layer, respectively,
relative to the rock base

Absolute acceleration of a point in the dam and in the layer,
respectively

Weight of the sliding mass

Vertical coordinate

The depth of the base of the sliding surface from the crest
Damping as a factor of critical

Mass density

Mass density in the dam and in the layer, respectively
Angle of slope with the horizontal

nth mode shape for the dam

Shape function for one-parameter and four-parameter sliding
wedge, respectively

nth mode shape for the layer

Damped and undamped circular frequency, respectively, of the

nth mode of the dam-foundation system

Pore pressure parameter
Dynamic pore pressure parameter
Width of the slice

Pore pressure parameter

Cohesion at the base of the slice in terms of effective stresses

Average cohesion at the side of the slice

Cohesion at the base of the slice i

Dynamic pore pressure developed under the influence of kcw
Total normal force on the side of the slice

Interslice body force

Factor of safety

G3

B

i
i
i




Part III (Continued)

Fo Static factor of safety
FL Local factor of safety in the side of the slice
h Height of the section above the slip surface

Slice number

e

k Seismic coefficient 1
kW Horizontal earthquake load

kc Critical acceleration
ko Coefficient of earth pressure at rest
E; Coefficient of anisotropic consolidation y

1 Distance of the point of application of the normal force at the
base of the slice from the edge of the slice

N,N' Normal force at the base of the slice in terms of total
stresses and effective stresses, respectively

No Normal force at the base of the slice
PW Force exerted by the pore water pressure on the side of the

slice :
T Shear force at the base of the slice §
% Shear force at the base of the slice %
u Pore pressure at the base of the slice {
U Force exerted by the pore water pressure on the base of the
slice
Weight of the slice
x Horizontal coordinate
xg, & Coordinate of the center of gravity of the whole mass
xm, & Coordinate of the point of application of the normal force
X Shear force on the side of the slice section

Xo Interslice body force

Height of the point of application of E fcrce above the
slip surface

: a Slope of the base of the slice with respect to the horizontal
Density of the material

§ Slope of the base of the slice with respect to the horizontal |
Au Change of pore pressure due to cyclic loading '




L
Part III (Continued) _
b %
o, Change in axial stress 3
Ao3 Change in cell pressure
AT Applied cyclic load in simple shear test
A An unknown to be determined from the solution
: o Stress component
3 a' Normal stress at the base of the slice
o;o Vertical consolidation pressure
oic Axial pressure for consolidaton
oéc Confining cell pressure for consolidation
T Shear stress
¢i Shear strength parameter at the base of the slice i
E‘ Average strength parameter at the edge of the slice ‘
PART IV ;
c;v Average cohesion in terms of effective stresses i

D Driving force

PeTs SeASS

k The maximum value of the seismic coefficient
L Length of sliding block

B

i R

n' Average effective normal stress on the slip surface

R Resisting force

Predominant period of an accelerogram or twice the duration
of the pulse

Uf Force due to pore pressure at failure
\U Weight of the sliding block

x Instantaneous displacement of the sliding block relative to
the base |
x  Instantaneous velocity of the sliding block relative to the f
base i
b 4 Instantaneous acceleration of the sliding block relative to
the base
X, Permanent displacement of the block relative to the base
B Slope of the sliding plane |
; T Average shear stress on the slip surface 4
é
G5

3
z
i




’ In accordance with letter from DAEN-RDC, DAEN-ASI dated
22 July 1977, Subject: Facsimile Catalog Cards for
Laboratory Technical Publications, a facsimile catalog
card in Library of Congress MARC format is reproduced
below.

Sarma, S K

Response and stability of earth dams during strong earth-
quakes / by S. K. Sarma, Department of Civil Engineering,
Imperial College of Science and Technc.ogy, London, U. K.
Vicksburg, Miss. : U. S. Waterways Exeriment Station ;
Springfield, Va. : available from National Technical Informa-
tion Service, 1979.

82, [188] p. : ill. ; 27 cm. (Miscellaneous paper - U. S.
Army Engineer Waterways Experiment Station ; GL-79-13)

Prepared for Office, Chief of Engineers, U. S. Army,
Washington, D. C., under Grant Agreement No. DAERO-75-G-010.

References: p. 80-82.

1. Dam stability. 2. Earth dams. 3. Earthquake engineering.
4. Earthquake resistant structures. 5. Earthquakes.

I. London. University. Imperial College of Science and Tech-
nology. Dept. of Civil Engineering. II. United States. Army.
Corps of Engineers. III. Series: United {tates. Waterways
Experiment Station, Vicksburg, Miss. Miscellaneous paper ;
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