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SUMMARY

A coordinate-free approach to linear prediction is developed. The results
extend those obtained by Watson (1972) and they are applied here to the estimation
of random effects in mixed linear models. The treatment is self-contained and
gives a study of when the BLU and LS predictors are identical. In part 1I the

methods will be applied to the closely related topic of estimating missing values

in the analysis variance.
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sl Introduction

Problems in linear models or in the analysis of variance gain in clarity when
they are perceived as simple extensions of the old Pythagorean theorem. The
coordinate-free approach to univariate linear models provides an immediate means
of access to such a geometrical picture, and allows a unified approach to problems
which are usually thought of as different or unrelated such as the estimation of
missing or mixed-up observations, or the fitting of models when extra data are
present in the analysis of variance. Indeed these problems formed the basis
of Kruskal's (1961) early advocacy of the coordinate-free viewpoint, and the
purpose of these papers is to show how problems involving the prediction of

unobserved or unob vable random variables fit into the same picture.

The main results of this first paper are shown to include ones concerning
linear predictioh within a classical linear model framework, due to Watson
(1972), as well as others due to Henderson (1963), Searle (1974) and Harville (1976)
relating to the "estimation" of random effects in mixed linear models. With this
background, the estimation of missing or mixed-up values in designed experiments
naturally suggests itself, and in the second paper we prove that the solution to
this problem is identical to the best predictor of the unobserved values. This
result extends and proves an observation of Fairfield-Smith (1957).

We start in section 2 with some basic definitions and properties of linear
models with a possibly singular covariance matrix. Our main sources here are
Kruskal (1961, 1968), Drygas (1970), Eaton (1972) and Rao (1974). Section 3 gives
a derivaction of the best linear unbiased predictor (BLUP) for a vector of new
values. It generalizes Watson's (1972) result in that the treatment span
(model subspace) is allowed to intersect with the null space of the covariance
operator and its main difference with Harville's (1974) approach is our avoidance
of the Zyskind-Martin class of g-inverses. In section & we obtain conditions
under which the BLUP is identical to the LSP , and the paper concludes by
making the connection with the classical approach to prediction and with the

treatment of mixed linear models.
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§2 A coordinate-free approach to univariate linear models

Let 9 be a finite dimensional vector space (the data space) of dimension n ,

and J a linear manifold of & . The sp 9 is endowed with the inner

product
x,y) = xty

where x* denotes the transpose of the column vector x . Other inner products
will be defined on @ later on. In particular, since the covariance operator will
be allowed to be singular, it will be necessary to introduce a semi-inner product,
that is, a nonnegative inner product.

A vector of n scalar observations is a realization of a P-valued random
vector and we make a slight departure from conventional notations in that
instead of using capital letters for the observed values, lower case letters
will be used for all vectors and capital letters for linear operators(or their
matrix representations). Linear spaces will be denoted by script letters with
the corresponding capital letters for the orthogonal projections onto them with
respect to (.,.) defined above.

The expectation Ey of y is the unique vector 1 of 9 such that

for all a ¢ 9

Ea,y) ={a,1) .

This definition does not depend on the choice of a particular inner product on
9 . The vector t will be assumed to lie in the subspace J of 9 .
The covariance cov(y) of y 1s the unique linear operator V on 9

such that for all a,be 9D

¢W[(‘.’>.o-’>] - <"“> .

The operator V 4s nonnegative definite and symmetrical, hence {a. Vb)) 1s
a semi-inner product on 9 , we will denote it by (a.»v ={a,Vb) . We have
var(Ca,y>] = (a,Va) = Ca,apy = llall] . Clearly the definition of V does

depend on the inner product used.
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For any subspaces A, B of 9 and linear operator C , we write

Atef(ze® :{z,a)=0 forall acA}, CA={Ca:acA),

A+B=({a+b:8c¢A,beB) and A+8B 1iswritten A0B yhen

A nB= {0) . Finally we denote the kernel (or null space) of C by

Xc)={ze9D:cz=0) and the range of C by R (C) = (Cz : z e D} . We

now prove the following results due to Rao (1974).

Lemma 2.1 Let y be a random vector with Ey ¢ J  and cov(y) = V . Then

y belongs to J +R(V) with probability one.

Proof: We first note that J +R(Vv) = (Pn X(v))* . Then, for all

zeJ' nX(V) we have

ECz,y> = {z,1>= 0 ; varlz,y>={z,Vz)=0 .

Hence for all z ¢ J* n Xw) , {z,y> =0 with probability one. This shows
that y ¢ C]" nx(V))‘ with probability one or, equivalently, that y € J +R(V)

with probability one.[]
Lemma 2.2 J+R((v) =Te V] .

Proof: We first show that J n v - (0) . If VIbc J ,where T=1-T ,» then
v 2612 « vV/%T,9 %> « (b, TVTb) = 0 whence Vib = 0 . Then we have
TeRAV) = TJeTRV) = T+ Rv) 2T @ WR(T) = J @R(VT) . But since

rank (VT) = rank (TV) we must have equality.l]

When J o VI s a proper subspace of the Euclidean space of dimension n ,
i.e. when V is singular, we take the data space ? to be that subspace rather
than the whole space. Now every direct sum decomposition of a vector space defines

projections onto ore of the components along the other and in our case we write

these as P Xx=x and P X = Xy 4 where

v : V749
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x=x +x

» :lca.xzc\ﬂ‘

1 2

is the unique decomposition of x € DT eV . The range space and kernel of

and are clearly J and ﬂ" , and vice versa, respectively,

P P
v g

and on 9 we have

h-

P + P 1. (1)
v+ Vg

These projections are directly related to the projections Pg v of ¥ onto

’
J defined relative to the semi-inmer product (.,.>, by (1) R(By ) <7
v 7.V ’
and (4i) for all ye¢9 and t eJ, lly - Pg vyllz < |lv - t": ; equivalently,
(ii)' mg v® TV . The following relation is given by Rao (1974)
A

=1 - P% on 9 . 2)

P
3 v v
We now derive the best linear unbiased estimator (BLUE) of a linear functiomal

<t.‘l> , T €J , where, without loss of generality, we can restrict ourselves to

coefficients t ¢J , since for all z ¢ 9, {z,1> = {Tz,1) . Any linear

unbiased estimator of (t,t) 1s of the form (z,y) where z ¢ I is such that

Tz =t , that is, 2z =t - u for some u¢7". Such an estimator is the BLUE of

{t,1) if it minimizes E({z,y) - (t,t)]z = |t - ull‘z, » that is, using the
definition above, 4f G =P ¢t . Hence the BLUE of (t,t) 1is
v
»
Lt - Pg‘ t,y) or, using (2),
v

’ 4

!P >
o’ f

By letting t range over an orthonormal basis of J it is easily seen that the

‘ BLUE of Ey =1 is P y , and this estimator is uniquely determined on 2 . '

Jivg




cRis

When V 4s not singular, in which case 9 1s the entire Euclidean space,

A S A PR D

the BLUE P y 4s identical to P 1Y e the orthogonal projection of the i
v

v 7,

data onto J w.r.t. (.,.) o
v

s

"» The following result gives a necessary and sufficient condition for the BLUE - ‘

of Ey to be identical to the least squares estimator (LSE) of Ey . The proof

PO

is particularly simple. ; A

Lemma 2.3 The projection onto J along v? is identical to the orthogonal
projection T onto J if and only if V leaves J (or equivalently 7")

invariant.

Proof: Clearly if V leaves 7"‘ invariant, then P = P =T
I 9

Conversely, if T = P , then T=P ; this implies R(T)= R(p )
vy g vI'ig ’

or, equivalently, 71 =V .0 t j

Problems of best linear unbiased estimation with singular covariance matrices

were approached differently by Philoche (1971) who first defined an inner product
restricted on R(V) , <{vx,Vy)) L {Vx,y)> which is identical to (.,.) a4 i §d 4
v

on R" when V is not singular. Philoche then defines the class of Gauss-Markov
operators, that is, linear operators that are the identity on J and whose
restriction to R(V) coincides with the orthogonal projection from R(V) onto
RV) nT weret. &Ko) v + "hen the discussion is restricted to the space

J+ R(V) to which the data belongs with probability one, we find out that all

the operators in the class defined by Philoche coincide with the unique operator

vt ;
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$3. Linear prediction
Assume that we do not observe all of y , but only a "part" " of it and
we want to use the observations " to predict y . More precisely, suppose

that 9 s the direct sum of two orthogonal subspaces
9 91 ° 92

reflecting the decomposition
Y=y *y,

of the full data vector y into the observed part - Dly and the unobserved

part y, = Dy . With this notation our model becomes

Ey, ¢ :71 3)
cov (yi) - l)ivD1 i=1, 2 (%)
and cov (yl.yz) = Dlvbz ’ (&)

where 71 = Diﬂ are the model subspaces for the observed and unobserved data

respectively.

The problem is to find the best linear unbiased predictor (BLUP) of Yy
(or equivalently of y ) based on the realized values of ¥y v i.e. to find A
such that EllAyl - yzllz is minimum subject to !-‘Ay:l = Eyz . Our approach to
find the BLUP of y, is as follows: (1) we form an estimate il of the mean
3. Dlt of vy (1i) then we use this to get an estimate ?2 ‘of the mean
1, =D, of y, (111) finally we use the deviation y, - i‘ of vy from
its estimated mean to give an indication of Y- 1 - The BLUP of Y, will

then be of the form T, C(y1 - 11) .

e e e i i
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We will need the following two lemmas. The first lemma is a general result
on symmetric nonnegative operators for which a proof can be found in Eaton (1972,
proposition 3.31). The second lemma is an extension of proposition 4.3 in Eaton

(1972) to the case of a general nonnegative covariance operator.
Lemms 3.1 R(D,VD,) < R(D,VD,) and symmetrically R(D,¥D,) < R(D,WD,) .

Lemma 3.2 If z 4s a random vector with Ez ¢ A and nonnegative definite
cov(z) =W, and if F 4is a linear operator from A to a linear space 8,

then the BLUE of FEz 1is FE: where ¥z is the BLUE of Ez .
We now make the following important assumption:
dim :71 = dimJ (6)

A consequence of (6) is that for every 1 € 71 , there is a unique 1 = Hxl ed
such that Dlt =1 . This correspondence is clearly linear so we can define an
operator u:ﬁl +9 such that Md =0 if d ¢ 9 0 J, and DM, = 1, for all
T, € 71 - Now by lemma 2.1 y, is restricted to the linear space 71 ® (Dlwl)ﬂi

with probability one and so the unique BLUE of Ey, = 1, is "l':1 =

It follows from lemma 3.2 that Hil is the BLUE of Ey = 1 using ¥y o and that

D,Mi. is the BLUE 3

MYy 2 of Eyz - D21 based on the observed data Y .

With these preliminaries we can now give our theorem, the assumptions and

notations being as in (3), (4), (5) and (6).

Theorem 3.1 The BLUP of Yp based on Y1 has the form
T § p
ypm i, (nzvol)( ) £ r‘) (y1 - 11> )
i=]1

k k
-1 & a
where 121‘ 4 F; 1s a symmetric g-inverse of D VD, 1§of Fy » T, 1s the BLUE

of !yl and iz-nznﬁl is the BLUE of Ey, based on Yy -

P Y
P |
:71| (nlvnl)ﬂ1

e SR b BATHAAR 5 s U RI
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Proof: For any predictor of the form Ayl the unbiasedness condition nyl - Eyz

is equivalent to Ml.. Dzml for all T, € 71 » 1.e. AT

the following decomposition, where il =1~ 1'1 z

1 " Dzlﬂ'1 . This implies

o T ) e o B
or

Ay = B, S W - ®)
Further, it can be assumed without loss of generality that

RB*) < R(T,(,W,)T)) ; 9)
indeed ﬁl’x =0 and cov ('r'lyl) - Tl(nlvml)i1 , hence by lemma 2.1
Ty, ¢ R“1‘°1V°1)T1) .

Now the mean square error EIIAy1 - y2||2 can be expanded as

— 2
l:ll(n.lmln1 + BT)D, - D))yll" =
tr wzml(nlvnl)rlmuzj + 2 tr [Dzn‘rl(blvnl)rls*.w tr (BT, (D, VI

1Py D )1‘18*]

1

+ tr anvnzj -2 tr (nzntlnlvnzl -2 tx tn‘rlnlvnzl .

A standard argument using derivatives or completing the square shows that B

corresponding to the minimum mean square error satisfies

BT, (0,vD))T, = D,VD,T, - D,MT, (D,VD))T,

and hence, using (9),

P
- = -1
B = (D,wWT - "me("lv"l"ﬂizl’j E
P -1 o A P
vhere 5§1.’ l’ is the symmetric g-inverse of 1“’1“’1”1 - jzoejzj in

spectral form, with e - 0.

%

g g
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Substituting B into (8) gives, after regrouping terms,
. L B ek
¥, = DMT { ( 1)11(5-1 )71]’1 +(n2vn1)'rl(j§1ej zj)rlyl . (10)

Letting DIVD have spectral decomposition

1
k
D,vD, = LR . E=0,
i=0
then by lemma 3.1 { F 2 f ) 1 1 is the identity on R(D VD,) , and so
T2
1-1 1'1
D,VD, = D,VD, {f )1 v, . Q1)
By checking that T. ( j Ej) T (D satisfies conditions (i) and (ii)'
j'l
(section 2) we see that it coincides with P , and so by using (2) we have
g4,p. v
) et Rk |
(rmyra(( 5757
DVD)T ( ) =]1-P . (12)
i Jlj ? ICRL N

Hence, by substituting (11) and (12) into (10), we have

- s
Yy ®NM N ¥yt (°2V°1)(”1 Fx)(’1 <y 1’1)
1@, 7 1@, Y]

=1 is the BLUE of

and, since T 1

is the identity on J, and

P y
A CATCR R

Ey, , the proof is complete.[]

o e e . kS . —
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§4. When are the BLUP and the LSP identical?

It is easy to verify that the least squares predictor (LSP) of y, based

on y, is
¥y =DMy

that is, the LSP of Yy is identical to the LS estimator of Eyz based on ¥y -
This expression is much simpler to evaluate than the expression for the BLUP.
Moreover the LSP does not involve the usually unknown covariance operator V .
It is thus of interest to look for conditions under which the BLUP can be replaced
by the simpler expression for the LSP. The following result generalizes a theorem
proved by Watson (#972); the framework at the beginning of section 3 continues to

apply and 71 is assumed to be a fixed subspace of 91 .

Theorem 4.1 For every J ¢ 9 such that DI:] - :71 and dinJ = dmﬂl . the
LSP of y, ¢ 92 coincides with the BLUP of y, if and only if

(i) “’1"’1)71 c 71

(i4) R(Dlvnz) c :71 -

Proof: First assume that (i) and (ii) hold. By lemma 2.3 P Y04 ke
EATCRL R

and hence il - ;2 » and by using the expression of §2 given in (10) it is easy

nn

to see that the second term is zero if (i1) holds. Conversely, assume that for

any J such that dhg-dhgl we have

k
~ =1 -
DMy, = DMT, *(Dz"“x)(glfx F‘)<y1 - 11) g

Since this identity must hold in particular for J -71 , that is for 72 - {0} ,
ve must have (a) DMI\y, = DMT, and (b) (D,¥D)(Zf}'F,)(y, = %,) = O .
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Relation (a) must hold in particular for 72 such that dhlaz = dimJ and so

3% R

Now using the cxpnui'.on of the second term in (10) and the fact that (Dlwl)ﬂi c 7;

since M is bijective. This implies that (°1v°1’71 c ﬂl by lemma 4.1.

we can conclude that 7: c x(nzvnl) or equivalently that R‘DZVDI) c 71 . This

.

completes the proof.[
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§5. Applications

To show how our results relate to classical results let us specify a basis
in /) such that vectors are arrays of coordinates in that basis, and linear

operators are given a matrix representation.

.

Watson (1972) considered a linear model
i i

where 12 and €, are nx 1 random vectors, x1 is a known and possibly
singular n x k design matrix, 8 is a k x 1 vector of unknown parameters,
l-::1 =0 and vare
find the BLUP of

1" [ , a nonnegative symmetric matrix. The problem was to

ypuxgete,

where the column vector xy belongs to the column space C(xi) of XI (the

row space of X, ) , var €, " 02>0 and cov (yl.yz) = Yy . These equations

can be expressed in the following way:

7 7 B ] ¥ b 0 ] [00..0] &0
Y 11 B+ H . -1l . .| 8+ %
0 0...0 0
0 0...0 0 y €
- = - - — .J -zJ - ;s - LZ-J

Letting y* = (yt y!) . L (lt x’) and ¢t = (ct c!) we can write these as
y=X8 +¢

where in the notation of section 3, Ey ¢ C(X) = J, and




13 -
3 7] o= ui0 [~ B 7 0]
F ¢ X, -‘JI.C -:72. riy|=v, r - | =pw, , .
0...0 ()
....... S S L e e O ST 38
2
0. -0 xs Y' 10 0% .0 410
L -l 5 J 5 J - . ‘.
B R Fols 50t 7 Z
. . . 4
: - | =D, and | . w4 ¥ 1= 0w, .
0...01}0 0...0
b gt e s o T A v Pt e H
% 0 0}o i‘
0...07 0 oitls W J
i N J

The condition x, € C(xf) is equivalent to the assumption made that dim?l =dimJ .

T

It is easy to see that if [ has spectral decomposition Z 3161 » then theorem 3.1
i=0

implies that

b g
- " -1 a
yy = x38 + Y*(lez* °1) (yl - xls) A

where 5 is a BLUE of B . This expression for the BLUP was obtained by Watson
(1972) under the assumption that C(xl) c C(I) , but it can be seen from theorem 3.1

that this hypothesis is not indispensable.

Other corollaries of theorem 3.1 include (1) the fact that the prediction of
8 vector of new values is equivalent to the separate predictions of each component
of the vector, that is, the BLUP of an r-dimensional vector is the vector of BLUP's
of each coordinate; (ii) a best predictor of the values of individual observations
vhen only the sum (or the values of some linear combination) of these observations
has been observed; (11i) an alternstive derivation of results concerning estimation

in mixed models. We now consider this last topic in greater detail.
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Problems involving prediction in mixed models have been implicit in the
literature on animal and plant breeding for many years, see especially
Henderson (1963), and for more recent results Searle (1974), Henderson (1975)

and Harville (1976). These models are usually formulated as
y=X8+2Zu+e

vhere y is a vector of n observations, X a known n x p matrix, Z a known
n x q matrix, 8 a vector of p unknown parameters ("fixed effects") and u a
vector of q random variables (“"random effects"). It is usually assumed that

Eu =Ec = cov (u,e) =0, cov(e) = [

The problem is then to "estimate" a linear combination
z = k*8 + mu , k ¢ C(X*) .
Clearly the mixed model can be reformulated as

Ey « C(X) , cov (y) = zAZ* + |

and the "estimation" problem is simply that of predicting a random variable z

whose mean and variance are related to that of y : the BLUE of Ez can be deduced

immediately from the BLUE of Ey , varz = m*Am and cov (y,2) = ZAm . By using the

above correspondence between the classical and coordinate-free approaches, theorem

3.1 allows us to express the BLUP of z as

BLUE of E:z effective residuals
z = | based on + cov (z,y) x [ inverse x [ of observed
BLUE of Ey of cov (y) ) model

b 4
i1.e. z =kt + (n*AZ*)( ) :;101 )(y - X8)
i=1

r
where B is a BLUEof 8 and ) 8,6, 1s the spectral form of cov (y) .
i=0

(nxn, n.n.d.) and cov(u) = A (q x q, n.n.d.]

{
[

A b it




- 15 -

We thus see that the estimation of random effects in mixed models is not
a suil generis problem; it can be incorporated within the class of problems of
prediction of an unobservable random variable from a realized value of one that

i can be observed.

We close this section by emphasizing three points in the preceding discussion.
Firstly, we alvays need a condition to insure that the mean of the unobserved
variable can be estimated. Secondly, as should be clear, when the observed and
unobserved quantities are uncorrelated, the latter quantity is predicted by the
BLUE of its mean. And finally we remark that a singular design matrix causes no
problem in a geometrical approach, nor does the singularity of the covariance

matrix provided discussion is restricted to the subspace in which the data falls

with probability one.

Acknowledgements: I am grateful to Dr G.S. Watson for bringing the topic

of prediction to my attention and to both him and Dr T.P. Speed for useful

discussions on the subject.
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