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SUWARY

A cootdinate—free approach to linear prediction is developed. The results

extend those obtained by Watson (1972) and they are applied here to the eatination

of random effects in mixed linear models. The treatment is self—contained and

gives a study of when the BLU and L$ predictors are identical . In part II the

method s will be appli ed to th. closely related topic of eatinating missing values

in the analysis variance .
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~1 Introduction

Problems in linear models or in the anal ysis of variance gain in clar i ty when

they are perceived as simple extensions of the old Pythagorean theorem. The

— 
coordinate—free approach to univariate linesr models provides an imsediate means

of access to such a geometrical picture, and allows a unified approach to problems

which are usually thought of as different or unrelated such as the estimation of

missing or mixed—up observations, or the fitting of models when extra data are

present in the analysis of variance. Indeed these problems formed the basis

of Kruskal’s (1961) early advocacy of the coordinate—free viewpoint, and the

purpose of these papers is to show how problems involving the prediction of

unobserved or unobservable random variables fit into the same picture.

The main results of this first paper are shown to include ones concerning

linear predictioti within a classical linear model framework, due to Wa tson

(1972), as well as others due to Henderson (1963), Scan s (1974) and Harville (1976)

relating to the “estimation” of random effects in mixed linear models. With this

background, the estimation of missing or mixed—up values in designed experiments

naturally suggests itself, and in the second paper we prove that the solution to

this problem is identical to the best predictor of the unobserved velues. This

result extends and proves an observation of Pairfield—Smith (1957). 4
We start in section 2 with some basic definitions and properties of linear

models with a possibly singular covariance matrix. Our main sources hero are

Kruskal (1961, 1968), Drygas (1970), Eaton (1972) and k.o (1974). Section 3 gives

a durivutiun of the bust linuar unbiased prudlti.ur (BLUP) fut a vector ~~1 new

values. It generalizes Watson’s (1972) result in that the treatment span

(model subspace) is allowed to intersect with the null space of the covar lance

operator and its main difference with Narville ’s (1971.) approach lit our avoidance

of the Zyskind—Martin class of g—inv.rses. In section 4 we obtain conditions

under which the ILUP is identical to the LSP , and the paper concludes by

making the connection with the classical approa ch to prediction snd wi th the

treatment of mixed linear models.
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~2 A coordinate—free approach to unlvaniate linear models

Let 0 be a finite dimensional vector apace (the dats spac e) of dimension n

and ~ a linear manifold of 0 . Th. space 0 is endowed with the inner

product

(x ,y> —

where x5 denotes the transpose of the column vector x . Other inner products

will be defined on 0 later on. In particular, since the covariance operator will

be allowed to be singular, it will be necessary to introduce a sem i—inner product ,

that is, a nonnegative inner product.

A vector of n scalar observations is a realization of a 0—valued random

vector and we make a slight departure from conventional notations in that

instead of using capital letters for the observed values , lower case letters

will be used for all vectors and capital letters for linear operators (or their

matrix representat ions) . Linear spaces will be denoted by script letters with

the corresponding capital letters for the orthogonal projections Onto them with

respect to ( ‘ ‘S>  defined ebove.

The expectation Ey of y is the uniquo vector t of 0 such that

for all a c O

Et(a,y> .(a,t>

This definition does not depend on the choice of a particular inner product on

0 . The vector t will be assumed to lie in the subspac e ~ of 0
The covariance cov(y) of y is the unique linear onerator V on

such that for all .b c 0

cov((a,y),(b,y)) — (a,Vb)

The operator V is noltne$stiVe definite and s y e trical , hence (a,Vb) is

a semi-in ner product on 0 , we will denote it by (a~~, = (a.Vb> . We haVe

vart(a ,y>] .<a Va> — <a a), • IIa II~ . Clearly the definition of V does

depend on the inner product used.

F
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For any subspaces A , B of 0 and linear operator C , we write

A~ — (z c 0 (z~a>— 0 for all a c A ) , CA = (Ca a c A)

A + 8 = (a + b : a C A • b ( 8 ) and A + 8 is written A • B when

A n 8 — (0) . Finally we denote the kernel (or null space) of C by

X(C) = (z c 0 : Cs = 0) and the range of C by R (C) — (Cs : z c 0 i . We

now prove the following results due to Rso (1974).

Leliuna 2. 1 Let y be a random vector with ~ y c and cov(y) — V . Then

y belongs to ~ +R(V) with probability one.

Proof ; We first note that ~~+ R(V) = (?Ln X(V))i Then, for all

z c 7 n X(V) we have

Z(z,y> .<z,t> = 0 ; vas<z,y> (z,Vz)= 0

Hence for all & c 0 X(V)  , (z ,y> — 0 with probability one. This shows

that y £ a
L BX (V) ) L with probability one or , equivalently, that y c ~ + R(V)

with probability one.t1

Lemna 2.2 ~~+~~ (V) =~~~.V ?L .

Proof: We f irst itl,ow thnt ~ n V~~ • (0) . If VTb ~ , where j  = I — T , then

II V112
ib II2 

= <V
1
~
’2Th,V1~

2ib) — (b , b >  — 0 whence VTb = 0 . Then we have

~~.~~(Fv)= ~~.TR(V) -~~~ + R(V) ~~.~vQ(~f) •~~ .R(vT) . Sut since

rank (Vi ) — rank (TV ) we must have equality.fl

When ~7 • V?L is a proper subapace of the Euclidean space of dimension n

i.e. when V is singular , we take the data space to be that subspsce rather

than the whole space . Mow every direct sum decomposition of a vector space defines

projections onto ore of the components 
~~~ the other and in our case we write

these as P x - x  and P x x  , whereI 2

TTI~~ • -~ 
- - - - - V 

- - 

_
~~i _ ~~~~~
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x .z
1 +x 2 , 1I1 C~~~, x

2 t V ~7~

is the unique decomposition of I c 0 — • VP . The range space and kernel of

P and P are clearly ~ and V?L , and vice versa, respectively,
JIV ~J

L

and on 0 we have

P +P — 1. (1)

~jv?4
~ v~~?

These projections are directly related to the projections ~~~ of 0 onto

J defined relative to the semi—inner product <.,.>~~ 
by (i) R(P

~~V
) c

and (ii) for all y c 0 and t e , ily — P.j ,1y0 2 � fi” — tIl~ ; equivalently,

(ii) ’ TVP
~~v — TV . The following relation is given by Rao (1974)

P — I — n  on 0 . (2)

We now derive the best linear unbiased sstimsto~ (BLUE) of a linear functional

i • where, without loss of generality, we can restric t ourselves to

coeff icients t c~~ , since for all S C  0, (z,~~> — <Tz,r> . Any linear

unbiased estimator of <t,t) is of the form (z ,y> where z c 0 is such that

Tz • t , that is, a — t — u for some u C • Such an estimator is the BLUE of

if it minimize. E( (&,y> — <t ,r>]
2 

— lit — uIl~ , that is, using the

defin ition above , if G — P • Hence the BLUE of (t ,r>  is

~ ‘V
(t — P~~~~t•Y> or, using (2),

<t,P~~~~y)

By letting t range over an orthonormal basis of ~ it is easily seen that the

BLUE of Ly — t is P y , and this estimator is uniquely determined on 2) .
~ I v~1’

— 

.

- - -  -— -—--  —~ -~~~~~~~~~~~ ——  — - — - ~_~_ _ i _~ . 4
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When V is not singular , in which case 0 is the entire Euclidean space,

the BLUE P y is identical to P _1y , the orthogonal projection of the

~ IV~
’L

data onto w.r.t.

The following result gives a necessary and sufficient condition for the BLUE

of ly to be identical to the least squares estimator (LSE) of ~y . The proof

is particularly simple.

Leimna 2.3 The projection onto ~ along V~~ is identical to the orthogonal

projection T onto ~ if and only if V leaves ~7 (or equivalently ?
L

invariant.

Proof : Clearly if V leaves ?~ invariant , then ~~~~~~ — P 1 — T

Conversely, if T • P , then ~ — P ; this implies R(~). R(P )
v711:7 V~~I

or , equivalently, ?~ — v?L .0

Problems of best linear unbiased estimation with singular covariance matrices

were approached differently by Philoche (1971) who first defined an inner product

restricted on R(V) , <<Vx,Vy>> v 
= <~~‘•~~> which is identical to < ‘ > V

on when V is sot singular . Philoche then defines the class of Gsuss—Msrkov

operators , that is , linear operators that are the ident ity on 7 and whose

rea~riction to ~(V) coincides with the orthogonal projection from R(V) Onto

R(V) n w.r.t. ((.,•)) ,,, . When th . discussion is restricted to the space

+ R(~i) to which the data belongs with probability one, we find out that .11

the operators in the class defined by Philoche coincid e with the unique operator

IV ~~

_ _ _ _  

- 

- ~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~ . _ _ _ _
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~3. Linear prediction

Assume that we do sot observe all of p , but only a “part ” y1 of it and

we want to use the observations y1 
to predict y • More precisely, suppose

that 0 is the direct sum of two orthogonal subspac.s

0= • 02

ref lecting the decomposition

y .y 1 + y2

of the full data vector y into the observed part y1 • D1y and the unobserved

part y2 = D2y . With this notation our model becomes

cow (y j ) — D~VD~ i 1, 2 (4)

&nd coy (y1,y 2) D1VP2 , t~
)

where — are the model subapaces for the observed and unobserved data

respectively.

The problem is to f ind the best linear unbiased predictor (BLUP) of

(or equivalently of y ) based on the realized values of y1 , i.e. to find A

such that ZIIAy1 — y2 112 is minimum subject to ~~y1 — 
~~‘2 Our approach to

f ind the BLUP of y2 is as follows : Ci) we form an estima te o f the mean

— of y1 ; (ii) then we use this to get an estimate i2 
‘of the mean

— of y2 ; (iii) finally we use the deviation y1 — of y1 from

• its estimated mean to give an indication of 12 
— ‘2 • T he ISLUI’ of y2 w i l l

then be of the form + C(y~ — ~~
)

: -

~ 

- - . —  — -~~~~- -~~-- - -—-- -~- - -  -

~~ _ _ _  - L 1 ~~~~~ --
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We will need the following two leemas. The f irst leema is a general result

on symsetric nonnegative operators for which a proof can be found in Eaton (1972,

proposition 3.31). The second leems is an extension of proposition 4.3 in Eaton

(1972) to the case of a general nonnegati ve covaria nce operator.

Leema 3.1 R(D1VD2) C R(t 1VD~) and symsetrically R(D2VD1) c R(D2VD2) .

Leimna 3. 2 If z is a random vector with Ez £ A and nonnegative definite

coy (z) — W , and if F is a linear operator from A to a linear space B
then the BLUE of FEz is F~~ where ~~t is the BLUE of Ez

We now make the following important assumption:

— dim (6)

A consequenc e of (6) is that for every Il £ 
l • there is a unique t — Hi

1 
£

such that — -t
1 
. This correspondence is clear ly linear so we can def ine an

operator H : ~ 0 such that Md — 0 if d ~ 0~ 1 and D1Mi1 ~~ 
for all

• Now by leimsa 2.1 y1 is restr icted to the linear space l •

with probability one and so the unique BLUE of — r~, is - P

It fo llows from l~~~a 3.2 that M~1 is the BLUE of Ey — r using y1 , and that

D2H~1 is the BLUE 12 of Ey 2 = D2i based on the observed data

With these preliminaries we can now give our theorem, the assumptions and

notations being as in (3), (4), (5) and (6) .

Theorem 3.1 The BUJP of y2 based on y1 has the form

- ‘2 + (D2v01) (
~~~ f

_l
F)  (yj  - (7)

where 
~ 

f~~F~ is a s y .tric g—inverse of D1VD1 = • is the BLUE
i—l i—0

of Ey1 and ~2 — D 2M~1 is t he BLUE 0E Ey2 based on

-

~~~~~ 
~~~~~~~~~~~~~~~~~~~~~ 

—
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Proof : For any predictor of the for. Ày1 the unbiasedness condition EAy — Ey

is equivalent to Ar1 • D2Mr1 for all c , i.e. AT1 — D2MT1 . This implies

the following decomposition, where — I —

Ày1 — AT1y1 + 1~l

or

Ày1 
• D2MT1y1 + 1T1y1 . (8) L

Further , it can be assuaed without loas of generality that

R(B~) C R(~1(D1VD1)i~1) ; (9)

indeed ZT1y1 — 0 and coy (~1y1
) • ~1

(D
1VD1)~1 , hence by 1~~~a 2.1.

T1y1 c R(~1a 1vD1)~F1) .

Now the mean square error EIIAy 1 — y211 2 can be expanded as

EJ~ (D2MT1D1 + BIr1D1 — D2)y11 2 
=

tr LD2IfT1(D1VD1)T1M*D2 J + 2 tr LD2MT1(D1VD1)T1B*~+ tr [BT1(D1VD1)T1B*J

+ tr ID2VD2
’J — 2 tr (D2MT1D1VD2J — 2 tr 1B~11D1VD2) .

A standard argument usi ng deriva t ive. or completing the square shows that B

correspond ing to the min imum mean square error satisfies

— D2VD111 — D
2MT1(D

1VD1)~1

and hence, using (9),

— 

i — (D
2VD~~1 — D

2MT1(D
1 P1)i1)Ze~~E~ 

—where 
~ 

e4
3 i4 is the symaetric g—inverse of T1(D1VD1)T1 — ~ e4 E4 in

j.l~~ ~ j— O

spectral form, with e0 - 0

H - - 

_ _ _____________________ 

—I.-!— --‘-----~~--
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Substituting B into (8) gives, after regrouping terms,

- D2MT1{I — (Divi~1)~ 1(~~~e;
1E~);]Y1 +(D2~m1);(~~~e;

1zj);y1 . (10)

Letting D1VD1 have spectral decomposition

D1VD1 
— 

~ 0
uiPi ‘ fo — ~

then by lemna 3.1 ~~P (Zf
_1
F)D1VD i~ the identity on R(n1

VD2) , and so

D2VD1 — D2VD1(~~~
f ’Fi)DlVD1 . (11)

By checking that ~i1(~~~e;
1Ej )i1(D1vb1) satisfies conditions (i) and (ii)’

(section 2) we see that it coincides with P 
1 , and so by using (2) we have

(D1~~1)~1(~~~e;
1Ej); - 1 - 

~~~ 
. (12)

Henc e, by substituting (11) and (12) into (10), we have

— D2)ff lP:7 p.L)
~1 

+ (Dv~)(zf
_l
F)(y — 

~:7 >
7.LYl)

and , sinc e T1 is the identity on and P 1y1 
= 11 is the BLUE of

~~~

the proof is complete.[J

_______  ____ 
-T
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14. When are the BLUP and the LSP identical?

It is easy to verity that the least squares predictor (LSP) of y2 based

on y1 is 
-

D~MT1y~

that is, the LSP of y2 is identical to the LS estimator of Ey2 based on y1
This expression is much simpler to evaluate than the expression for the BUIP.

Moreover the LSP does not involve the usually unknown covariance operator V .

It is thus of interest to look for conditions under which the BLUP can be replaced

by the simpler expression for the LSP. The following result generalizes a theorem

proved by Watson ( 972); the framework at the beginning of section 3 continues to

apply and is assumed to be a fixed subspace of 0
1

Theorem 4.1 For every c Ø  such that — and d i m T  = dim 1 , the

LSP of y2 c 02 coinc ides with the BLU? of y2 if and only it

(i) (D1VD1) 1 ~ l

(ii) R(D1VD2) C

Proof: First assume that Ci) and (ii) hold. By lemna 2.3 P 1y1 — T1y1?
~
I

and hence = , and by using the expression of 
~2 given in (10) it is easy

to see that the second term is zero if (ii) holds. Conversely, assume tha t for

any such that dim — dim
1 

we have

- D
2N~1 +(D2vi1)(~ f

lT
1)(

~ — il).

Since this id entity mus t hold in particular for — , that is for 
2 

— ~~
we must have (a) D~ fr1y1 • and (b) (D2VD1) (ZfrF

~
)(Y 1 — • 0 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 



—11 —

Relation (a) must hold in particular for 
~2 

SUCh that din~12 — dia T and so

L T1y1 
— since H is bi.ject ive . Thu implies that (D1VD1)~1 c 

~l 
by leema 4.1.

Now using the expression of the second ter , in (10) and the fact that (D1VD1)7~ c

we can conclude that c X(D2VD1) or equivalently that R(D2VD1) ~ 
~l 

This

completes the proof .0

I

A

I
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l.~~ Applications

To show how our results relate to classical results let us specify a basis

in 0 such that vectors are arrays of coordinates in that basis, and linear

operators are given a matrix representation.

Watson (1972) considered a linear model

where y
1 

and Cl are a x 1 random vectors, is a known and possibly

singular n ~ k design matrix, ~ is a k ~ 1 vector of unknown parameters,

— 0 and var — I , a nonnegative symoetric matrix. The problem was to

f ind the BLUP of

where the column vector x2 belongs to the column sp ace C(Xt ) of (the

row space of ) , var £ 2 — ~2 s 0 and coy (y1,y2) — y . These equations

can be expressed in the following way:

- . - • 
0 0 O . . O  0

p1 — I1 g +  • — • R +  .

0 0 . . .0  0

0 0 . . . 0  0 y~ 
.

Letting y’ . 

~,t 
i~) , 1~ — (Ef x~ ) SII4 t* — (ef t~ ) we can write th ese ~s

y X ø + C

where in the notat ion of section 3, ly a C(I) — ,

~~~~~ --- — — —v-- — — 

~~~~~~~~~~~
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- : I :
C Xl ~l , C  . “

~~2 ’  ~ y = V , I 
~~~

. — D 1VD1 ,
0 . • . 0  ‘ 0

0 . 

-

~~ 0 . 
-:1~; . -

_
0 ... 0 I 0

_ _
0 . . . 0 

-

: . D2~~2 and : : —

0 ...0 0 
— ——— -————————— .t——

o . . . o  ~2 o . . . o : o

The condition x2 £ C(Xp is equivalent to the assumption made that dim 71 — din:! -

It is easy to see that if I has spectral decomposition 
~ , then theorem 3.1

i—0
implies that

— x~~ + y*(~~~g;
1cj) (~1 — x1A)

where ~ is a BLUE of $ . This *~xpressLon for the BUJP was obtained by Watson

(1972) under the assumption that C(11) c C(I) , but it can be seen from theorem 3.1

that this hypothesis ii not indispensable .

Other corollaries of theorem 3.1 include Ci) the fact that th. prediction of

a vector of new value s is equivalent to the separate predictions of each component
of the vector , that is , the BUJP of an r—diaensional vector is the vector of BLUP’s

of each coordinate; (ii) a best predic tor of the values of individual observations

when only the sum (or the values of s~~ linear combination) of these observations

has been observed; (iii) an alternative derivation of results concerning estimation

in mixed models, We now consider this last topic in greater detail .

~~~~~~~ 

-
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Problems involving prediction in •ixed models have been implicit in the

literature on animal and plant breeding for many years , see especially

Henderson (1963), and for more recent results Searle (1974) , Henderson (1975)

and Harville (1976). These models are usually formulated as

y - X$ + Zu + c

where y is a vector of a observations, X a known n ~ p matrix, Z a known

n ~ q matrix, B a vector of p unknown parameters (“fixed effects”) and u a

vector of q random variables (“random effects”). It is usually assumed that

Eu — Ec — coy (u,c) — 0 , coy (c) — I (n x n , n.n.d.) and coy (u) — A (q x q , n.n.d.

The problem is then to “estimate” a linear combination

z — k*$ + m*u , it £ C(x*)

Clearly the mixed model can be reformulated as

Ey ~. C(X) , coy (y) — ZAZ * + I

and the ‘estimation” problem is simply that of predicting a random variable z

whose mean and variance are related to that, of y : the BLUE of Er can be deduced

imesdiately from the BLUE of Zy , var z — m*Aa and coy (y,g) — ZAn . By using the

above correspondence between the classical and coordinate—free approaches, theorem

3.1 allows us to express the BLUF of z as

of Ez\ /effect ive \ / residuals
— ( based on ) + coy (z ,y) a ( inverse ) a ( of observed

\BLUE of Ey/ of coy (y) / \ modul

i.e. — k*~ + (m*AZ*)(~~~g 1Gj )(y — Xü)

r
where $ is a BLUE of B and } g~C~ is the spectral form of coy (y)

i-0

.1-
~

H 

_ _ _ _ _ _ _

,~~~~~~~ ~~~ —- —--- — 

—

~~~~~~~ —
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We thus see that the estimation of rando. effects in mixed models is not

a sui generis problem; it can be incorporated within the class of problems of

prediction of an unobservab le random variable from a realized value of one that

can be observed .

We close this section by e~~hasizing three points in the preceding discussion.

Firstly, em alv.ys seed a condition to insure that the mean of the unobserved

variable cam be estimated. Secondly, as should be clear , when the observed and

unobserved quantities are uncorrelated, the latter quantity is predicted by the

BLUE of its mean. Md finall y we remark that a singular design matrix causes no

problem in a geometrical approach, nor does the singularity of the covariance

matrix provided discussion is restricted to the subspace in which the data falls

with probability one.
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